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s:intro

Random walk on random walks: low densities

Oriane Blondel * Marcelo R. Hildrio | Renato S. dos Santos *

Vladas Sidoravicius %9 Augusto Teixeira |

October 12, 2017

Abstract

We consider a random walker in a dynamic random environment given by a
system of independent simple symmetric random walks. We obtain ballisticity
results under two types of perturbations: low particle density, and strong local
drift on particles. Surprisingly, the random walker may behave very differently
depending on whether the underlying environment particles perform lazy or non-
lazy random walks, which is related to a notion of permeability of the system.
We also provide a strong law of large numbers, a functional central limit theorem
and large deviation bounds under an ellipticity condition.

1 Introduction and main results

The present article is a continuation of the works [10, 12] concerning the behaviour
of a random walker in a dynamic random environment (RWDRE) given by a system
of independent simple symmetric random walks. These works are focused on the high
density regime in one and higher dimensions, respectively. Here we will consider the low
density regime in one dimension, and also the case of a strong local drift on particles.
As indicated in [10, 12], the main challenge in this model stems from the relatively poor
mixing properties of the random environment. In fact, these properties become even
worse as the density decreases, which poses additional difficulties in our setting. A brief
overview of connections to the literature will be given in Section 1.1 below.

Let us introduce the environment over which we will define our random walker. Let
Z. = NU{0} where N is the set of positive integers. Fix p > 0 and let (N(z,0)),ez
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be an i.i.d. collection of Poisson(p) random variables. Let (5%%).czen be a collection
of simple symmetric random walks on Z, independent of (N(z,0)),cz and such that
(S — 2),ez.en are centered, independent and identically distributed. We call S** with
i < N(z,0) a particle. We then let N(z,t) :=>" 7,y Ligei_yy, Le, N(z,t) is the
number of particles present at the space-time point (z,1).

To define the random walker X = (X}).ez, , let po, pe € [0,1]. For a fixed realization
of N = (N(,t))sez ez, , X is defined as the time-inhomogeneous Markov chain on Z
that starts at 0 and, when at position x at time ¢, jumps to x + 1 with probability

po if N(z,t)=0, or pe if N(z,t)>1, (1.1)

and jumps to z—1 otherwise. The parameters p,, ps € [0, 1] thus represent the chance for
random walker to jump to the right in the absence (respectively, presence) of particles.
It will be also convenient to define the local drifts

Vo :=2po — 1, 04 :=2pe — 1. (1.2)

The case v,v, > 0 is called non-nestling and has already been treated in [12]. Here, we
will focus on the case
Ve < 0 < v, (1.3)

meaning that random walker has a local drift to the right on empty sites, and no drift
to the right on sites occupied by particles.

An important parameter in our analysis will be
g = P(SY" =0) € [0,1). (1.4)

When ¢y > 0 we say that the random walks S** are lazy.

Surprisingly, the asymptotic behaviour of the random walker may strongly depend
on whether gy = 0 or gy > 0. Indeed, for small values of p,, the random walker may
develop a positive speed if ¢o > 0 and a negative one if go = 0. This is related to a
notion of permeability: if p, = qo = 0, the random walker cannot cross any particles
that it meets to the right, and we say that the system is impermeable to the random
walker. If either p, or gy are positive, it is possible for the walker to cross particles in
both directions, and we call the system permeable.

Let P? denote the joint law of N and X for a fixed density p > 0. In order to
describe our results, we introduce the following condition:

Definition 1.1 (Ballisticity condition). Fized p, po, pe, qo and given v, # 0, we say
that the ballisticity condition with speed v, is satisfied if there exist v > 1 and c1,co €
(0,00) such that

Ux

]P"’(Eln e N: Xy < |ve]n — L) <cexp{—c(log L)’} VL eN. (1.5)

[04]

Condition (1.5) is reminiscent of ballisticity conditions from the literature of random
walks in static random environments such as Sznitman’s (7”) condition (cf. [22]). Such
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t:ballisticity permeable

vallisticity impermeable

t:limits permeable

a condition provides control on the backtracking probability of the random walker that
can be very useful in obtaining finer asymptotic results, see e.g. Theorem 1.4 below.

Note that, if p = 0 (i.e., if no particles are present), the random walker has a global

drift v,, which is positive under (1.3). Our first ballisticity result states that, in the
permeable case, perturbations around p = 0 still lead to a positive speed.

Theorem 1.2. Assume (1.3) and ps V qo > 0. There exist p, = p,(Po, De, qo) > 0 and
Vs = Us(Po, Doy Go) > 0 such that, for any p < ps, (1.5) holds with v = 3/2.

Our second ballisticity result shows a radically distinct behaviour for perturbations
of p, around the impermeable case.

Theorem 1.3. Assume qo = 0. For any p, € [0,1], p > 0 and v € (1,3/2), there exist
Ve = vy (p) < 0 and p, = pi(po, p,y) € (0,1) such that, if ps < py, then (1.5) holds.

Theorem 1.3 may be seen as a manifestation of particle conservation in our dynamic
random environment. Indeed, when gy = 0, this conservation forces the random walker
to interact with environment particles that it crosses; see Section 4.2.

The difference in the ballistic behaviour of the two cases is illustrated by the phase
diagrams in Figure 1.

Lazy environment Non-lazy environment
p p
v, <0
Vi > 0 /
| |
T T
0 1 Do 0 1 P

Figure 1: Phase diagrams corresponding to lazy and non-lazy particles

As already mentioned, the ballisticity condition (1.5) can be used to study further
asymptotic properties of the random walker. The following theorem summarizes new
results as well as previous results from [12].

Theorem 1.4. Fix 0 < p, < po <1, p >0, qo € [0,1) and assume that (1.5) holds
with v, # 0. Assume additionally that

a) Pe >0 if v,>0 (1.6)

or
b))  po<1l if wv,<0. (1.7)

Then there ezist v = v(Po,De, o, p) € R and 0 = 0(po, Pe, G0, p) € (0,00) satisfying
vu, > 0, |v] < |vy| and such that the following hold:
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1. (Strong law of large numbers)

Xn
lim — =v P’-a.s. (1.8)

n—oo N

2. (Functional central limit theorem) Under PP, the sequence of processes

(—XL””U\_/EWM)QO, neN, (1.9)

converges in distribution as n — oo (with respect to the Skorohod topology) to a
standard Brownian motion.

3. (Large deviation bounds) For any € > 0, there exist constants c1,co > 0 such that

g

At this point, a few remarks are in order:

X
— =
n

> e) < cremeloen)” iy € N. (1.10)

1. Theorems 1.2 and 1.3 are proved with the help of a renormalization scheme taken
from [10]. In fact, given the setup developed therein, our problem is reduced to proving
two triggering theorems, which are key a priori estimates on the probability of certain
undesired events (cf. Section 3). This step is here much more involved than in the high-
density regime considered in [10, 12]: for Theorem 1.2, it is proved through a careful
analysis of the behaviour of X under decreasing densities and, for Theorem 1.3, by
comparison with the front of an infection model (cf. Section 4).

2. Theorem 1.4 is proved via a regeneration argument as in [12]. Note that the assump-
tion p, > pe implies no loss of generality. The conditions on p,, p, in items a) and b)
can be seen as ellipticity assumptions, as they allow the random walk to take jumps in
the direction of v, independently of the environment. Under b), the conclusion already
follows from [12, Theorem 1.4] (and reflection symmetry); in this case, the ellipticity
condition can be in fact relaxed using techniques from the proof of [10, Theorem 5.2].
The proof of the theorem under a) will be given in Section 5 below. The control of the
regeneration time is here different, as the asymmetry in law of occupied /empty sites in
the random environment leads to different monotonicity properties once the roles of p,
and p, are exchanged (cf. Section 5.1). We are presently unable to extend this analysis
to the non-elliptic case, i.e., when p, = 0.

3. Under the conditions of Theorems 1.2 and 1.4, it is possible to show that the speed
v in (1.8) above is a continuous function of p in the interval [0, p] (cf. Remark 4.8 of
[12]). In particular, for fixed p, > 0, v — v, as p — 0. When p, = 0, we also expect
that v, in Theorem 1.2 may be taken arbitrarily close to v, by making p sufficiently
small, but we are currently not able to prove this.

4. Our results could be presumably extended to higher dimensions and more general
transition kernels, but extra work would be required. The approach of [10] does not

4

e:LLN perm

e:FCLT perm

e:LD'perm



help here, the problem being again the asymmetry between occupied/empty sites in the
environment. For 2-state transition kernels, the approach of [8] could be possibly made
to work, however several technical steps would need to be adapted.

5. A crossover from positive to negative speed of a RWDRE is also obtained in [15],
where the random environment is a simple symmetric exclusion process. The transition
is observed when varying the jump speed of the exclusion particles. We also mention
[1], where very interesting symmetry properties of the speed are obtained (in particular
for the case where the environment is given by the East model).

The rest of the paper is organized as follows. A short overview of the literature in
our context is provided next in Section 1.1. Technical statements start in Section 2,
where we provide a convenient construction of our model. Theorems 1.2-1.3 are proved
in Section 3 by application of a renormalization setup from [10]; the proof relies on two
triggering theorems that are in turn proved in Section 4. Finally, in Section 5 we prove
Theorem 1.4 by means of a regeneration argument.

1.1 Connections to the literature

Models of random walks in random environments have been studied since many years.
The setup of the present paper fits in the context of RWDRE in interacting particle
systems, as introduced in [4, 5]. One motivation for RWDRE in one dimension comes
from the static version (i.e., where the environment is constant in time), which is known
to exhibit, in some regimes, anomalous behaviour such as transience with zero speed
[21] and non-diffusive scalings [16], in sharp contrast to usual homogeneous random
walks. These phenomena are related to trapping effects, whereby regions of the lattice
with atypical environment configurations tend to hold the random walker for abnormally
large times. Since in the dynamic case the trapping regions may disappear, the question
is raised of whether the phenomena remain. This question is up to now only partially
answered in the literature, mostly by identifying regimes with no anomalous behaviour.
For example, [2, 5, 9, 14, 19] identify general conditions under which laws of large
numbers and central limit theorems hold, and [1, 7, 13, 17, 15] study particular examples.
We also mention the works [3, 4, 6, 11, 18, 20|, concerning other asymptotic results.
For further discussion, we refer the reader to [10, 12] and the references therein.
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2 Construction

In this section, we provide a convenient construction of our random environment and
our random walker by means of a point process of trajectories as in [12].

Define the set of doubly-infinite trajectories
W:{w:Z—>Z: |w(i+1)—w(i)]§1Vi€Z}. (2.1)

Note that trajectories in W are allowed to jump to the left, jump to the right, or stay
put. We endow the set W with the o-algebra VW generated by the canonical coordinates
w— w(i), i € Z.

Let (S%'),ez.ien be a collection of independent random elements of W, with each
S&t = (Sg’i)gez distributed as a double-sided simple symmetric random walk on Z
started at z, i.e., the past (S7})s>o and future (S;")sso are ii.d. and distributed as a
simple symmetric random walk satisfying (1.4).

For a subset K C Z?, denote by Wy the set of trajectories in W that intersect K,
e, Wk :={weW: JieZ, (w(i),i) € K}. We define the space of point measures

Q= {w = Zdwi; w; € W and w(Wy,;) < oo for every y € Z4 x Z}, (2.2)

endowed with the o-algebra generated by the evaluation maps w — w(Wx), K C Z2.

For a fixed initial configuration n = (n(z))sez € Z%, we define the random element

W= Z Z 0gei € Q) (2.3)

2€Z i<n(z)

and, for y € Z2, we set
N(y) == w(Wiy). (2.4)

Let U = (Uy)yez be ii.d. Uniform[0, 1] random variables independent of w. We
define the space-time processes YV = (Y)¥),ez,, y € Z* by setting
Yy =,

(2L, <poy — 1,1) if N(Y¥) =0, (2.5)
) _ Yy Y, =t°
Y”“‘Y“{ (Cluyysn ~11) i N =1 "EE

For y = (x,t) € Z?, we define the random walkers XV = (X¥),ez, by the relation
YY = (XY,n+t),ie., XY is the spatial projection of VY. Writing X = X°, one may
check that the pair (N, X) has indeed the distribution described in Section 1.
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For n € Z% fixed, we denote by P, the joint law of w and U = (U,),ezixz. For
p > 0, denote by v, the product Poisson(p) law on ZZ. We write P? = [ P,v,(dn), i.e.,
P is the joint law of w and U when 7 is distributed as v,. Our configuration space Wlll
be taken as € := Q x [0, 1}ZdXZ, equipped with the product o-algebra.
An important observation is that, under P?, w is a Poisson point process on €2 with
intensity measure ppu, where
p=> P (2:6)

and P, is the law of S+ z as an element of W. Note that, under P?, the law of (w, U) is
invariant with respect to space-time translations; in particular, the law of Y¥ — y does
not depend on y.

We will need the following definition.

Definition 2.1. For w,w’ € Q, we say that w < w" when w(A) < W'(A) for all A e W.
We say that a random variable f: Q — R is non-decreasing when f(w, &) < f(', &) for
allw < w' and all £ € [0, 1}22. We say that f is non-increasing if — f is non-decreasing.
We extend these definitions to events A in o(w,U) by considering f = 1. Standard
coupling arguments imply that B?(f) < EP(f) for all non-increasing random variables
fand all p < p'.

Remark 2.2. The above construction provides two forms of monotonicity:
(i) Initial position: If x < x’ have the same parity (i.e., v’ —x € 27), then

X < x@m o ynezvieZ,. (2.7)

(i1) Environment: If v, > v,, then XY is non-increasing (in the sense of Definition 2.1)
for anyy € Z?, n € Z...

3 Renormalization: proof of Theorems 1.2-1.3

In this section, we apply the renormalization setup from Section 3 of [10] to reduce the
proof of our main results to the following two triggering statements:

Theorem 3.1. Assume p, V qo > 0. There exists ¢ = ¢(po, Pe, qo) > 0 such that
PL (X, < LY%1) < cexp {—c¢M(log L)?} VL eN. (3.1)

Theorem 3.2. Assume qo = 0. For any p > 0, there exist © = 9(p) < 0 and ¢ > 0
such that the following holds. For any L € N, there exists p, = P+ (p, Do, L) (0,1) such
that, if pe < p4, then

P’ (Xﬁ > @f)) < cexp {—c’l(log f))3/2} : (3.2)

The proof of Theorems 3.1-3.2 will be given in Section 4. Next we use [10, Corol-
lary 3.11] to show how these two theorems respectively imply Theorems 1.2 and 1.3.
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Proof of Theorem 1.2. Define a local function g : Q — [—1, 1] by setting

1 if U, o if N(0) =0 and U, o,
g(w,U)z{’ if Uo < po, or i N(0) = 0 and Uy <p (3.3)

-1, if Uy > p, or if N(0) > 0 and Uy > p.,

i.e., the function g returns the first step of the random walker X O for a given realization
of w,U. Then we define a function H : Q x Z — {0, 1} by

H((w,U),2) = Lig(uu)=2)- (3.4)

In words, H decides whether a jump z is correct (H = 1) or not (H = 0) for a given
realization of w,U according to whether the actual random walk X° would take z as
its first jump or not. Recall now the definition of a (0, L, H)-crossing in the paragraph
after equation (3.41) of [10], and note that

0:10,00)NZ — Zis a (0, L, H)-crossing if and only if

o, = X/ for every t € [0,L) NZ and some y € {0,...,L} x {0}, (35)

i.e., the only (0, L, H)-crossings are the trajectories of the RWDRE with initial position

in {0,...,L}. Recall also the definition of averages along a crossing o,
1 n+L—1
Xo(w,U) =+ Y 90 (@, U), (3.6)

to note the following correspondence between events: for any L € N, v > 0,
{EI (0, L, H)-crossing o : xJ < 19} = {EI xe{0,...,L—1}: Xéx’o) —x < ﬁL}. (3.7)
Since, for v, € (0, 1),
pLe (Eln >1: X0 <on— L) < pL <E|n > L/2: X° < U*n>, (3.8)

we only need to bound the right-hand side for some v, € (0,1). Now, by (3.7), transla-
tion invariance and Theorem 3.1, for all L large enough,
pLe <E| a (0, i, H)-crossing o with y? < jfl/w) < LpLe (Xg < i15/16>

Theorem 3.1 .

< cL exp { —c *log ﬁ)Q} < exp(—(log ﬁ)S/Q).

(3.9)

Noting that the events in (3.7) are measurable in o(N(y),U,: y € By ) (where By 1, :=
([-2L,3L) x [0, L)) NZ?), and are non-decreasing by (1.3), we verify the assumptions
of Corollary 3.11 in [10] (taking v(L) = p(L) = L™'5/15 and L = L; for some k: large
enough), obtaining v, € (0,1), p, > 0 and ¢ > 0 such that, for all p < p,,

P? (X2 < mn) <P? (3 a (0,n, H)-crossing o with y? < v*> (3.10)
< ¢ 'exp (- c(log n)3/2)

for all n € Z,. To conclude, sum over n > L/2 and apply the union bound to (3.8). O
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Proof of Theorem 1.3. This time, we define g : Q — [~1,1] as

(3.11)

-1, if Uy < pe A po, or if w(Wy) =0 and Uy < p.,
g(w,U) = .
1, otherwise.

For y € Z?, define a space-time process iy, t € Z, by setting, analogously to (2.5),
Y=y and Y, =YY+ (g(0p(w,0)),1), teZ,. (3.12)

Denote by XV the first coordinate of Y. Note that, by invariance in law of w under
reflection through the origin, X¥ has the same distribution as —X¥. Setting H : QXZ —
{0,1} as in (3.4), we analogously obtain (3.5)—-(3.7) with X substituted by X.

Fix now v € (1,3/2) and take k, as in Corollary 3.11 of [10]. Fix p > 0 and consider
an auxiliary density p > 0, to be fixed later. For this p, let ¥ < 0 as in Theorem 3.2;
we may assume that |0 < 1. Fix k > k,, po € [0,1] and let p, be as in Theorem 3.2 for
L= L;. Reasoning as in the proof of Theorem 1.2, we see that, if p, < p,, then

P? (EI a (0, L, H)-crossing o with yJ < ]@|) < LP? (Xg > fﬂ?)

Theorem 3.2 .

<  cLexp{—c'(log f/)S/g} < exp(—(log L))

(3.13)

whenever k (and thus L) is large enough. The events in (3.7) (with X replaced by X)
are again measurable in o(N(y),U,: vy € By ), and are either always non-decreasing,
or always non-increasing (depending on whether p, > p, or not). Applying [10, Corol-
lary 3.11] (with v(L) = |0|, p(L) = p) we obtain p,, ¢ > 0 depending on p such that

[PPee <X2 > fm) < ¢ exp (- c(logn)?) (3.14)

for all n € Z,. Now we note that, using the explicit expression for p,, mentioned
in the proof of [10, Corollary 3.11], we may choose p in such a way that (3.14) is
still valid with p in place of ps. To conclude, sum (3.14) over n > L/2 and use
{3n>1: X2>dn+ L} C{3dn > L/2: X > on} together with a union bound. [

4 'Triggering: proof of Theorems 3.1-3.2

Here we give the proofs of Theorem 3.1 (Section 4.1) and Theorem 3.2 (Section 4.2).

4.1 Permeable systems at low density

Throughout this section, we assume p, V ¢o > 0 (and v, > 0 > v,). As mentioned in
the introduction, we call this case permeable since the random walker is able to cross
over particles of the environment. The usefulness of this condition comes from the
fact that X may be coupled with an independent homogeneous random walk X with
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drift v, (which we call a “ghost walker”) such that, whenever the initial configuration n
consists of at most one particle that is not at the origin, there is a positive probability
that X,, = X,, for all n € Z,. In fact, we will show that this probability decays at
most exponentially in the number of particles of the environment. This suggests the
following strategy: whenever a “ghost walker” is started to the left of X, it can “push”
X to the right. This may happen with small probability but, if enough time is given,
many trials are possible and so there is a large probability that at least one of them
succeeds.

In order to implement this idea, we work first in a time scale at which typical empty
regions in the initial configuration remain empty, and the number of particles between
such regions is relatively small. This ensures that X does not move very far to the left,
and that the “ghost walkers” do not meet too many particles on their way. The original
scale is then reached via translation-invariance and a union bound.

We proceed to formalize the strategy outlined above. In the following, we state two
propositions which will then be used to prove Theorem 3.1. Their proofs are postponed
to Sections 4.1.1-4.1.2 below.

First of all we define the ghost walkers. For (z,t) € Z?, put

7éx,t) = I,
(

_ _ 1 lf U o (x,t) < po
X CL‘,t) e X§x7t) (Xs ’ 7S+t) - ’ E Z .
s+1 T —1 otherwise. i i

(4.1)

Then X @ is a simple random walk with drift v, started at 2. For T € [0, o0], let
GUY = [ X@D = X vs € [0,T]} (4.2)

be the good event where the random walk X @8 follows X ®4 up to time T. A com-
parison between X and X @Y on this event is given by the next lemma.

Lemma 4.1. Fiz (z,t) € Z* with v € 2Z. If X; > = and Ggfc’t) occurs, then
Xy > XY for all s € [0, T).
Proof. Follows from Remark 2.2(i) and the definitions of X, X, Ggf 2 O

To set up the scales for our proof, we fix «, 5, 5" € (0, 1) satisfying

O<%<5’<6<a<25<% (4.3)

and we let
T, = i2|20;'LP|, i €[0,M]NZ where M = ivoLa_ﬁ, (4.4)
6, = |L7]. (4.5)

We assume that L is large enough so that ¢, M > 1.
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picrossingtraps

If po = 0, it is not possible to couple Xl(x’t) and )_(l(x’t) if there is a particle at (z,1).
Thus, if we aim to control Ggfc’t), we should have N(z,t) = 0. To that end, define

A

Z :=max{z < =20;: N(z,0)=0Vze€Z,|r—=z <2} (4.6)
to be the center of the first interval of 4/ + 1 empty sites to the left of the origin in

the initial configuration. Then set

X_:_{Z—XL if Z -t € 2Z, ()

7 — fr +1 otherwise.

Note that X_ € 2Z.

In order to use Lemma 4.1, we must control the probability that X crosses X_
before time L*. This is the content of the following proposition, whose proof relies on
standard properties of simple random walks and Poisson random variables.

Proposition 4.2. There exist c,e > 0 such that, for all large enough L € N,

a .
pL ( min X, < X_) <ce ¢, (4.8)

0<s<Le
The next proposition shows that, with large probability, one of the G(T)f”Ti) 's occurs.
Its proof depends crucially on the permeability of the system.

Proposition 4.3. There exists ¢ > 0 such that, for all large enough L € N,

1 _ X —
]P)L 16 U G%T_,Ti) N {Xq(:i(_,Tz) > Lﬂ} >1-— ce™¢ 1(logL)2‘ (49)
1€[0,M—1]

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. First we argue that, for some constant ¢ > 0,

pEe ( sup X, < Lﬂ> <ce~¢ 81 v [ eN. (4.10)

0<s<L
Indeed, by Lemma 4.1, the complement of the event in (4.10) contains the event
: (X-,T%) v (X-.T5) B
{min X=X N U e Pape =)
i€0,M,—1]
which by Propositions 4.2-4.3 has probability at least 1 — ce~¢ ' (log L2,

Now let o4 be the sequence of random times when the increments of X are at least
LP ie., 0y := 0 and recursively

Opp1 = inf{s > o: X, — X, > L} k>0 (4.11)
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Setting K :=sup{k > 0: o, < L}, we obtain

K-1
Xp =Y Xop, = Xo,+ Xy — X, > KLP — (0041 — o). (4.12)
i=0
On the event
BLZ:{Uk+1—Uk§LQVI{ZO,...,K}, (413)

we have K > L'=® — 1. Therefore, by (4.12), on By, we have
X, > LVt [P > L (4.14)

for large L since 1 — o+ > 15/16 > a > . Thus we only need to control the
probability of By. But, by the definition of X,

_1 -t
Pt (Bf) <PV (3 (z,t) € [-L, L] x [0,L]: sup XV < L/3>

s€[0,L]

_ 1 —
<cL*Pt < sup X, < L*3> < e o8 L) (4.15)

0<s<Le>

where we used a union bound, translation-invariance and (4.10). This completes the
proof of Theorem 3.1. O

4.1.1 Proof of Proposition 4.2

Recall the definition of Z in (4.6). The idea behind the proof of Proposition 4.2 is that,
with our choice of scales, the interval [Z — U, Z+ 0 1] remains empty throughout the
time interval [0, L?]. Since inside this interval X behaves as a random walk with a
positive drift, it avoids X_ < Z — £, + 1 with large probability.

We first show that Z — 2¢;, > —L? with large probability.

Lemma 4.4.

pL TS (Z — 2, < —LB) < e (4.16)
Proof. We may assume that L is large enough. Let Ejy := 0 and recursively
Eii1 :=max{z < E: No(z) >0}, k>0. (4.17)
Then (E), — Epy1)r>0 are i.i.d. Geom(1 — e‘L_%) random variables. Let
K :=inf{k > 0: |Ex1 — Ex| > 401} (4.18)
Then K + 1 has a geometric distribution with parameter e~ Thys
pLTs (K i1 iLﬁ_ﬁf) <(1- 6_4L*(1/1676/))%L/37ﬁ3’
< 4%Lﬁ—5,67i(1/1676’)Lﬁ—5, log L < cefc_lLﬁ_B,. (4.19)
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Since |Z — 20,| < 40, (K +1),
_ 1 A 1 1 , _178-8"
pLe (Z — 2, < —L5> < PL7 (K 1> ZLM) < e (4.20)

by (4.19). This finishes the proof. O

Next we show that, with large probability, the particles of the random environment
do not penetrate deep inside the empty region up to time L%. Let

E:={Ny)=0Vye|Z—1tl,,Z+1(]x]0,L}. (4.21)

Lemma 4.5. There exists ¢ > 0 such that
PLTT0 (£8) < pem t LTI, (4.22)

Proof. For x € Z, the random variable
AA[L('CE) = Z Z L3 se0,00]: S2iefomty ot} (4.23)
2¢e—20y,24201] i<N(2,0)

has a Poisson distribution with parameter

M(r)=L"1% > PEse0,L: S € [x— Ly, +11)), (4.24)
2¢w—20y, 24207

where S*! is a simple symmetric random walk started at z as defined in the introduction.
By standard random walk estimates, we have

2 —1728'
I)SQZP< sup |S™| Zk) <c Z e em < cL%e e T (4.25)

k>[L SG[O,LO‘] k>|_LﬂlJ

Therefore, by Lemma 4.4 and (4.25),

1

_ ~ ~ _1 N _1 ~
pL e (NL(Z) > o) <PL® (Z < —Lﬁ> L PLT (Elx € [~L7,0]: Ni(z) > 0)

c—1rB-8" L (B=B")A (2B —a)

< ce” +eclPsup A\p(x) < ce"e : (4.26)

Since N(z,0) = 0 for all z € [Z — 20y, ZAA—I— 2] by definition, N, (Z) is equal to the total
number of particles that enter [Z — (1, Z + (1] x [0, L%]. This completes the proof. [

Let now, for t € N,

HJ(:) = inf{s >0: X0 7= (L}, (4.27)
7Y = inf{s >0: X"~ 7 =—¢,+1} '

be the times when the random walk X (%% hits the sites Z + {7 or 7 — fr + 1. Let
Dy = {HY > HY A (L* - 1)Vt e [0, L]} (4.28)

The last lemma of this section shows that also Dy, has large probability.
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Lemma 4.6.
,1LB’

_ 1
PL (DS | EL) < ce”© (4.29)

Proof. Fix t € [0, L®] and note that, on the event &, X% — 7 s up to time HJ(rt) A

HY A (L = t) equal to X¥" — Z. The latter is a random walk with drift v, > 0, so
by standard estimates we obtain

1 1
pL0 (H(t) < HY A (LY — 1) ’&) < (lgg){(“) <l + 1)
<cem M < e (4.30)
The proof is completed using (4.30) and a union bound over ¢ € [0, L?]. O

With Lemmas 4.4-4.6 at hand we can finish the proof of Proposition 4.2.

Proof of Proposition 4.2. By Lemmas 4.5-4.6,
PE (D) >1—ce @ & (4.31)

where € := ' A (8 — ') A (28" — ). The proof is finished by noting that, since X must
hit Z in order to reach Z — f; +1 > X_, if Dy occurs then X, > X_ V s € [0,L%. O

4.1.2 Proof of Proposition 4.3

The proof of Proposition 4.3 follows two steps that are presented in Lemmas 4.7 and
4.9. We first show an lower bound on the probability of G, N Ay. This lower bound
is provided in Lemma 4.7 and decays exponentially in the number of particles in 7.
Intuitively speaking this can be interpreted as if the walker had to pay a constant price
to ignore each particle.

Then in Lemma 4.9 we show that, if the initial configuration has a logarithmic
number of particles and we are given enough attempts, the walker is very likely to
ignore all of them.

For (z,t) € Z* and T € [0, o0, let
" . 1
A(T = {Xﬁx:t) —x > Ve Vse [O,T]} . (4.32)

When (z,t) = (0,0), we will omit it from the notation for both Ggf’t) and Agf’t).
For n € Z%, denote by

nl == _n(z) €[0,00] (4.33)

Z2€EZL
the total number of particles in 7. Note that |N(-,t)| = |n| a.s. under P,,.

The first goal of the section is the following key lemma, providing a lower bound on
the probability of G N Ay when |n| < oo and 7(0) = 0.
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Lemma 4.7. There exists p. € (0,1) such that

inf P, (GoNAy)>pf VE>0. (4.34)

n: |n|<k,mn(0)=0

In order to prove Lemma 4.7, we will need an auxiliary result. For a set B C Z and
two configurations 7, £ € Z% satisfying £ <n (Le., (x) < n(z)Vz € Z), let

i) = { 1060 Bael 439

For A C Z*, we write N(A) = (N(y))yea and Us = (U,)yca. The following lemma is a
consequence of the i.i.d. nature of the particles in the environment.

Lemma 4.8. Let A C Z* and B C Z. For any two configurations § < n € Z% and any
measurable bounded function f,

E, [f (N(A),Ua) | (57 )i<e(o)ee8] = Bype [f (N(A), Ua)]

. 4.36
a.s. on the event {S:*NA=0VneZi<Ez),z¢e€ B}. (4.36)

Proof. For (z,t) € Z?, let

NPz t) =) Z Lgiig+Y, > 1{Sf,i:x}. (4.37)

z¢B 1<i<n(z 2€B £(z)<i<n(z

On the event in the second line of (4.36), f(N(A),Ua) = f(NP4(A),U,) and the latter
is independent of (S (Z’i))igg(z),ze 5. To conclude, note that N?¢ has under P, the same
distribution of N under P, 5.. O

We can now give the proof of Lemma 4.7.

Proof of Lemma 4.7. We start with the case ¢y > 0. We claim that one may assume
n(z) = 0 for all z < 0. Indeed, apply Lemma 4.8 with A = {(z,t) € Z%: = > iv.t},
B = (=00, —1]NZ and &£(z) = n(2)1{.<0y to obtain

Py(Goo NAs) > P(SS =12 AVn € Z) P 5e(Goo N As)
where nP¢(2) = 0 for all z <0 and |[pP¢| = |n| — |£]. We thus let

Di = inf P (Goo N Aso). (4.38)

In|=kn(z)=0V 2<0

It is clear that -
=Py(As) = P (X > SvonVn € Zy) > 0. (4.39)

Let A" = (Ufzo{(z,z)}) U{(z,t) € Z*: t > 3,z > Lust} and B = {1,2}. We say that
“S#t avoids A if S2* ¢ A’ for all n € Z. Since qo > 0,

p = inf P(S*! avoids A") > 0. (4.40)

z€B

15

e:permeability

defetaB

e:localeventslocal

defNB

prlperml

e:inductionbase



We will prove that, for all £ > 0,

pr > pF,  where p.. := pop (4.41)

by induction on k. Let |n| > 1, n(z) = 0 for all z < 0, and assume that (4.41) has been
shown for all & < |n].

Assume first that 7(1)+7(2) > 1 and put £(2) = n(2)1{1,23(2). Noting that GooNAs
is measurable in o(NN(A’),Uy), use Lemma 4.8 and the induction hypothesis to write

Pn(Gooa Aoo) > En H I]-{Szvi avoids A’}Pn (Goo N Aoo } (Szyi)ZEB,igg(z))

2€B,i<&(2)
> Pl g = Pl > pll (4.42)
If n(1) +n(2) =0, let
7:=inf{n € N: N(X,, + 1,n) + N(X,, +2,n) > 1}. (4.43)

Note that 7 < oo a.s. since X has a positive drift while the environment particles are
symmetric. Let 7,(r) = N(X; + z,7) and note that, since the random walks are all
1-Lipschitz, 7,(z) = 0 for all z < 0. Furthermore, X is equal to X until time 7 since it
meets no environment particles up to this time. Thus, using the Markov property and
(4.42) we can write

P, (Gs NAse) > P, (AT NGEn A A(XT,T))
= ]En [HATPFIT (Goo N AOO)]
> ppll TP, (M) > pll (4.44)

*k )

completing the induction step.

We turn now to the case ¢y = 0, p, > 0. In this case, we can actually control

pr = inf P(Ge NAx) = inf inf P,(GY NAYL), (4.45)

Inl=Fk y€Z? |nl=k

where the second equality holds by the Markov property, particle conservation and
translation invariance. Let p.. := pepop where py is as in (4.39) and

p = P(S% avoids A”), A" :={(z,t) € Z*: t > 1,2 > Ju.t}. (4.46)

Then we can prove (4.41) by induction in a similar way as for the previous case.
Indeed, suppose first that 1(0) > 0. Note that, since X; = 1 when Uy < p,,

Py (Goe N A) 2 B, (U < o G0 N ALD) = P, (GILY 1 AGY)

Z p.En H 1{50,1‘ avoids A//}H;D77 (G(O})’l) N Ac(i;l) | (So’i)ign(o)) . (447)
i<n(0)
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Noting that G N ALY is measurable in o(N(A"),Uyan), we may apply Lemma 4.8
with B = {0}, £ = nl, followed by the induction hypothesis to obtain

Py (Goo N Aao) = pap™ ™ ppyy oy = papplil " (4.48)
If n(0) = 0, define
=inf{n € N: N(X,,n) > 1} € [1, ). (4.49)
Setting 7, (z) = N(X, + x,7), use the Markov property and (4.48) to write

P, (1 < 00,Go NAs) > Ey [Lir<oo} 1a, By, (Goo N As)]
> pepp 1P, (1 < 00, A,). (4.50)

Now note that G occurs if 7 = oo and use (4.50) to obtain

Py (Goo N Aso) =P (7 = 00, Aso) + Py (T < 00, Goo N As)
> e pp'”' 1 {P, (T = 00, Ass) + Py(7 < 00,As0) } = p‘"l (4.51)

*3k )

concluding the proof. O

Next we use Lemma 4.7 to show that, if |n]| is Sufﬁciently small and is empty in an

Ti)s

interval of radius ¢, around 0, then one of the G( 's occurs with large probability.

Lemma 4.9. There exist 6,e,c > 0 such that

inf P, U GOT)QAOT) Zl—ce’c_lLE_ (452)
n: [n|<dlog L, '
n(2)=0V z€[—£p,01] i€[0,My—1]

Proof. For p, is as in Lemma 4.7, fix 6 > 0 such that 510gpi* < a — . Fix n with
In| < dlog L, n(z) =0 for all z € [, ().
Put n:(x) := N(z,t) and use the Markov property to write, for k > 0,

k+1 c
P, (ﬂ (G%Ti) N A%ﬂ)) N {77Tz+1 (O) = 0})

=0

k
H 1 G(OT)OA(OT)) Ao . (0)=0} ]P)”Tkﬂ ((GT1 N ATI)C)] . (4.53)

i+1
=0

Since |n7,,,| = |n| < dlog L and 57, ,(0) = 0 inside the integral, by Lemma 4.7 we may
bound (4.53) from above by

k

(1— [P p, (ﬂ <G<T°17Ti) n AgvTﬂ)C N {17, (0) = 0}) . (4.54)

1=0
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We conclude by induction that

[Mp]-1 .
Pn ﬂ (G'S%Tl) N A,g?l’TZ)) N {TITZ (O) — 0} S (1 o L(Slogp*) | Mg |
1=0
< cem el (4.55)

where ¢, := a — [+ dlogp, > 0 by our choice of §. Now, using standard random walk
estimates as in the proof of Lemma 4.5, we obtain

P, (3t € [0, L°]: n,(0) > 0) < ce~* 'L (4.56)
for some &' > 0, so we may take € := &’ A ¢g,. O

Finally, we gather all results of this section to prove Proposition 4.3.

Proof of Proposition 4.3. Note that, if X_ > —L°+1, then A%”Ti) C {)_(g(”m > L°}.
Therefore, by Lemma 4.4, it is enough to show that

_1 ) ) € -
PEEL N (G%—’Tﬂm‘ﬁ"m) N{X_ > —L° +1} | <ce® (el (457)
1€[0,M—1]

By a union bound and translation invariance, the left-hand side of (4.57) is at most

LR ) (6T Al ne (4.58)
1€[0,M,—1]
where &7, = {N(Z,O) =0Vze [—KL,EL]}.

Recalling the definition of T}, ¢, in (4.4), we note that, since all our random walks
are 1-Lipschitz, there exists ¢; > 0 such that the indicator functions of G(Tol ’Ti), A§,91 i)
and &y, are functionals of Ua, N(A) with A := [—c;L?, ¢, LP] x [0, L®] N Z*.

Let B :=7Z\ [~(c; +1)L?, (c; + 1)L?], put

Np = Z Z 1{ase[o,La]: SZte[—e1 LB ,c1 L)} (4.59)

2€B i<N(z,0)

and, analogously to (4.35),

@)= { 0 e (460
Lemmas 4.8 and 4.9 imply that
L[ Mol .
pL m (G(T(?Ti) mAg%Ti)) Nne&r
i=0
L [Mp]—-1 .
<P,y (Ne>0) + B |15,P [ () (627 nAl™)
i=0

5

<P <]VL > O) +P* (|| > élog L) + ce (4.61)
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Reasoning as in the proof of Lemma 4.5 (see (4.23)—(4.25)), we obtain
1 ~ - —a
Pl <NL > O> < ce” ¢ R , (4.62)

1
while, since |7”| has under PX ™ a Poisson law with parameter at most cL~(1/16=5),

L (%] > dlog L) < (cL~(10-9)"1%E < geme os L (4.63)

Combining (4.58)—(4.63), we obtain (4.57) and finish the proof. O

4.2 Perturbations of impermeable systems

In this section, we assume gg = 0. As already mentioned, the main strategy in the proof
of Theorem 3.2 is a comparison with an infection model, which we now describe.

Recall the random walks S* from Section 2. Define recursively a random process
&(z,i,m) € {0,1}, z € Z,i € N,n € N by setting

£(2,4,0) =1 if 2 >0,z € 2Z and i < N(z,0),

4.64
£(2,4,0) =0  otherwise, (4.64)

and, supposing that £(z,4,n) is defined for all z € Z, i € N,

1 if i < N(z,0) and
E(zi,n+1) = 32 € Z,i € N with n(#,i',n) = 1,8 = §%1, (4.65)
0 otherwise.

The interpretation is that, if £(z,7,n) = 1, then the particle S** is infected at time
n, and otherwise it is healthy. Then (4.65) means that, whenever a group of particles
shares a site at time n, if one of them is infected then all will be infected at time n + 1.

We are interested in the process X = (X,) ez, defined by
X, =min{S*": 2 €7Z,i < N(z,0) and £(2,4,n) = 1}, (4.66)

i.e., X, is the leftmost infected particle at time n. We call X the front of the infection.

~ Note that, by (4.64) and since gy = 0, all infected particles live on 2Z. In particular,
X,, € 27 for all n > 0. This implies the following.

Lemma 4.10. If p, = 0, then X,, < X,, for all n > 0.

Proof. Since the processes are one-dimensional, proceed by nearest-neighbour jumps,
are ordered at time 0 and the difference in their positions lies in 27Z, we only need to
consider what happens at times s when X, = X,. For such times, X,,; = X, — 1 since
pe = 0, and thus X 1 < )_(8+1. O

The advantage of the comparison above becomes clear in light of the following.
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Proposition 4.11. For any p > 0, there exist v < 0, ¢ > 0 such that
P? (X, > oL) < cexp {—(logL)*?/c} V LeN. (4.67)

Proof. Follows from Proposition 1.2 of [10] once we map 27 to Z and apply reflection
symmetry. O

We are now ready to finish the:

Proof of Theorem 3.2. Fix p > 0 and L € N. Suppose first that p = 0. By Lemma 4.10
and Proposition 4.11, there exist v < 0, ¢ > 0 independent of L such that

PP (X; > 0L) <P? (X} > 0L) < ce(oa D e (4.68)

Note now that, since X; is supported in a finite space-time box, the probability in the
left-hand side of (4.68) is a continuous function of p,. Thus we can find p, > 0 such
that, if ps < p,, then (4.68) holds with ¢ replaced by 2¢, concluding the proof. O

5 Regeneration: proof of Theorem 1.4

In this section, we extend the results of Section 4 of [12] to the case v, < v, and give
the proof of Theorem 1.4 under the conditions of item a).

Fix p > 0. We assume that (1.5) holds with v, > 0 and some v > 1. We assume
additionally that p, > 0. In the sequel, we abbreviate P = P”.

ooooooooo

ooooooooo

oooooooooo

oooooooooo

oooooooooooooooooooo

ooooooooo

ooooooooo
--------

Figure 2: An illustration of the sets Z(y) (represented by white circles) and /(y)
(represented by filled black circles), with y = (z,n) € Z*.

Define v = %v*. For x € R and n € Z, let Z(x,n) be the cone in the first quadrant
based at (z,n) with angle v, i.e.,

Z(x,n) = £(0,0) + (z,n), where Z£(0,0) = {(z,n) € Z%;x > vn}, (5.1)
and 7(x,n) the cone in the third quadrant based at (z,n) with angle v, i.e.,
7(x,n) = 7(0,0) + (z,n), where 7(0,0) = {(x,n) € Z*: x < vn}. (5.2)

(See Figure 2.) Note that (0,0) belongs to Z(0,0) but not to (0, 0).
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Fixed y € Z2, define the following sets of trajectories in W:

W?f = trajectories that intersect Z(y) but not /(y),

7 . . .
W, = trajectories that intersect /(y) but not Z(y), (5.3)
W, = trajectories that intersect both Z(y) and 7 (y).

Note that W,°, W,” and W form a partition of W. We write ¥,, to denote Y;). For
y € Z?, define the sigma-algebras

Gh=0(w(A): ACW,,AeW),I=217,+, (5.4)
and note that these are jointly independent under P. Define also the sigma-algebras

Us =0 (U,: z€ Lly)),

Y (5.5)
7 .
U, =oU.: z€ 7(y)),

and set

Fy=6/ VGl VU, . (5.6)

Next, define the record times
Ry =inf{ne€Z,: X, > (1 —0)k+ on}, ke N, (5.7)

i.e., the time when the walk first enters the cone

Ly :=Z((1 —=0)k,0). (5.8)

Note that, for any k € N, y € Z, if and only if y + (1,1) € Zx1. Thus Ry1 > Ry + 1,
and Xp, 41 — Xg, = 1 if and only if Ry = Ry + 1.

Define a filtration F = (Fj)ken by setting
Fp = {B € o(w,U): YyeZ2 3B, € F, st. B{Yn, =y} = B,N{Y, = y}}, (5.9)

i.e., Fj is the sigma-algebra generated by Yg,, all U, with z € /(Yg,) and all w(A)
such that A C Wyik U W;Rk. In particular, (Y;)o<i<r, € Fr-

Finally, define the event
AY={Y" e Ly)Vie L}, (5.10)
in which the walker remains inside the cone Z(y), the probability measure
PA()=P(-|w(Wy) =04, (5.11)
the regeneration record index
T = inf {k: e N: w(W{ﬁRk) =0, A" occurs } (5.12)

and the regeneration time

The following two theorems are our key results for the regeneration time.
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Theorem 5.1. Almost surely on the event {T < oo}, the process (Yrii —Y;)icz, under
either the law P( - | 7, (Y;)o<icr) or P4( - | 7,(Y;)o<i<s) has the same distribution as
that of (Y)icz, under P4(-).

Theorem 5.2. There exists a constant ¢, > 0 such that
E [e®e)"] < 0o (5.14)
and the same holds under P~.

Theorem 5.1 is proved exactly as in [12]. Theorem 5.2 was proved in [12] in the
non-nestling case and in the case v, > v,. In the following section, we will fill the
remaining gap by showing that it also holds when v, > 0 > v,.

We may now conclude the:

Proof of Theorem 1.4. One may follow word for word the proof of Theorem 1.4 in [12]
(Section 4.3 therein). O

5.1 Proof of Theorem 5.2

In what follows, constants may depend on v,, v,, v, and p.
Define the influence field at a point y € Z* as

h(y) = inf {l €Zy: w(W,/ N W;(u)) = 0}- (5.15)

Lemma 5.3 (Lemma 4.3 of [12]). There exist constants ¢,,c, > 0 (depending on v,, p
only) such that, for all y € 72,

Plh(y) > 1] < ce™ @, 1€Z,. (5.16)
Set
! s n) (5.17)
= " € = — .
4log (pi.) ’ 42 ’
and put, for T' > 1,
T =T, T"=|5logT]. (5.18)

Define the local influence field at (xz,n) as
h'(z,n) =inf {l € Zy: W(Wf—Lu—@)JT',n W, OW. )= 0}. (5.19)

Then we have the following.

Lemma 5.4 (Lemma 4.4 of [12]). For all T > 1 it holds P-a.s. that
P (hT(y) > [ ‘ ;Fy_(L(l_ﬁ)JT/’O)) < 016_021 Vy S ZQ, l e Z+, (520)

where c,, ¢, are the same constants of Lemma 5.35.
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For y € 72, denote by
k(y) == max{k € N: y € £} (5.21)

the index of the last cone containing y. Note that x(Yg,) = k. Then define, for ¢ € N,
the space-time parallelogram

Pi(y) = (£W)\ Ley+e) O (y +{(z,n) € Z: n < t/0}) (5.22)

and its right boundary
O"P(y) = {z € Z*\ Py(y): z— (1,0) € P(y)}. (5.23)
We say that “YY exits P;(y) through the right” when the first time ¢ at which ;Y ¢

Pyi(y) satisfies Y} € 07P,(y). Note that, if y = Yx,, this implies Y} = Y, ,,.

In order to adapt the argument in [12], we will need to modify the definition of good
record times given there. For this, we need some additional definitions.

For y € 72, let

. +
Wy= |J W ae e NWENWE g (5.24)

263+PT/ y)

and, for y;,y, € Z*, denote by 7;1 4, the trace of all trajectories in w that do not belong
to I/Vy1 or intersect /(y2). Let Y¥1¥2 be the analogous of Y'¥2 defined using 7;1 ., instead

of T. Note that, since v, > v, by monotonicity we have X2 > X for all yy, y, € Z>
and ¢t S Z+.

We say that Ry is a good record time (g.r.t.) when
T

Wiy) <T" VyedPr(Yr,_,),

UYRk+(l7Z) < Pe Vi= 0, ce ,T” — 1,

W(W)éRk m W;Rk+(T”,T”)) = 0’

Y* exits Pr: (Yr,+ o) through the right,
Whefﬁ Yk = Y¥¥2 with Y1 =Yr, .., Y2 = Yr, 1 ). Note that (5.25) is the same as
{w(Wy,,__,) =0} and that, when (5.26) happens, Y, ., =Yg, + (1", 1").

The main differences with respect to the analogous definition in [12] are:

1. In (5.25), we require a small local field not exactly at Yx, but in every point of
Ot Pr(Yr, ,.), aset to which Yr, belongs with large probability.

2. We do not require (5.28) for Y but only for )N/; we will see that, if the record time
is good, then the same holds for Y with large probability.

We will need the following consequence of (1.5).
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c:manygrts

p:manygrts

Lemma 5.5.
P(X, >nv,¥VneZy)>0. (5.29)

Proof. Fix L > 1 large enough such that

1
P(Ine€Zy: X, <nv,—L(1 —v,)) < 2 (5.30)

which is possible by (1.5). If ¢ > L, then

P(X,>nv,VneZy)

>IP’(U“<p.‘v’@—0 L—lXT(LL’L)—LZHU*—(1—0*>LVTLEZ+)

=pt{1-PB3neZ,: X, <nv,—(1—v)L)}

> Lk =0 (5.31)
as desired. O

As in [12], the following proposition is the main step to control the tail of the
regeneration time.

Proposition 5.6. There exists a constant c; > 0 such that, for all T > 1 large enough,
P[Ry, is not a g.r.t. for all1 <k <T]<e VT, (5.32)

Proof. First we claim that there exists a ¢ > 0 such that, for any k > T",
PRy is a gr.t.|Fu_q] > cT°18@) as. (5.33)

To prove (5.33), we will find ¢ > 0 such that

P[(5.25) | Fgagrdiz c a.s., (5.34)
P[(5.26) | (525) s ezl ©5Pe) a.s., (5.35)
P[(5.27) | (525)5(5.26 ) Fpssgndcziac a.s., (5.36)
P[(5.28) | (5:25)5(5.26 ) 527}y Fpagud coz a.s. (5.37)

(5.34): Fix B € Fj_p/. Summing over the values of Yz, , and using a union bound
we may write

P((5.25)", Bhsmuy Y, P(W"(1) >T" Yo, =1, By,) - (5.38)

Y1E€Z2 y2€01t P (y1)

Noting that yo — ([ (1 —0)])T”,0) —y; € Z2 for large enough T', we may use Lemma 5.4
and |01P,(y)| < t/v to further bound (5.38) by

SieeT'p(B) < LenT102P (B) (5.39)
v v
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where the last inequality uses the definition of e. Thus, for T' large enough, (5.34) is
satisfied with e.g. ¢ = 1/2.

(5.35): This follows from the fact that (Uy;, +(1)ien, is independent of the sigma-
algebra o(w(A): A C WYR}C—T’> V Fi with respect to which (5.25) is measurable.

(5.36): We may ignore the conditioning on (5.26) since this event is independent of
the others. Since (5.25) is equivalent to w<WYRk—T/) =0, for B € Fj_r we may write

P((5.27), (528 By s Bw(WE, NWF, A\ ) =0,(5.25), B o

YRy
- Z IP) (UJ(Wyi N Wg;;—i—(T”,T”) \ Wyl) = 07 YRk = Y2, YRk,T/ = Y1, W(Wy1) = Oa By1>
yl,y2€Z2:
y2—y1EN2
= (VAT \ W) = 0)
Z;’Ql;ylz/leéN2 X P (YRk = Yo, YRk_T/ = Y1, W(Wm) = 07 By1>
Z ]P) (LU(WJ) — 0) ]P) ((5.25), B)e:,nanygrts?» (5.40) e:manygrts3

where the second equality uses the independence between o(w(A): A C Wy, \Wyl)

and Fy, Vo(w(A): AC Wyl), and the last step uses the monotonicity and translation
invariance of w.

(5.37): We may again ignore (5.26) in the conditioning since this event is independent
of all the others. Note that (5.25) N {Yg,_,, = y} = (5.25), N {Yr,_,, = y} where

(5.25), € o(w(A): A C Wy), and similarly (5.27) N {Yg, =y} = (5.27), N {Yr, = y}
with (5.27)y € Fy+(rr,rry. Now take B € Fj_v and write

P ((5.28), (5Qz)xg(‘mégx&g;:manygrts4
= Z ]P’()N/yl’yQJr(T”’T”) exits Pr/(y2 + (T",T")) through the right,
91792622: YRk — y2’ YRk—T’ —= y1’ (527)3/2, (35,32153‘;)»@;147 Bxpfy)/grtsél (541) e:manygrts4

y2—y1 EN2

Since Y7 is independent of F, V o(w(A): A C Wy), the last line equals

3 P(yyl,m(T",T”) exits Pp(ys + (T",T")) through the right)

y1,y2€22:
vl en? X IP(YRk — o, Y, o = 0, (5.27),,, (5:25) Bw)w
> P (X, > nv, Vi € Zy)P((5.27), (5.25)5B) pmamercs GI0) J—

where for the last step we use X¥* > X7 and translation invariance. Now (5.37) follows
from (5.42) and Lemma 5.5.

Thus, (5.33) is verified. To conclude, note that {Ry is a g.r.t.} € Fypyz for some
¢ € N independent of 7. Indeed, this can be verified for each (5.25)—(5.28) using the
observation that, if an event A € F, satisfies AN {Yg, =y} = 4, N {Yg, = y} with
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Ay € Fypwp), then A € Fi 4. Hence we obtain
P (Ry is not a g.r.t. for any k <7T)

T
<P (R(EH)W is not a g.r.t. for any k < —T’)
c

c T1+6log(po/\Po) c L
< — < -T2 5.43
_exp{ T }_exp{ — } (5.43)

by our choice of € and 4. m

To prove Theorem 5.2, we can now proceed as in the proof of Theorem 4.2 in [12],
with a few modifications as follows. Defining the events E; and Es as in equation (4.52)
therein, we may assume that R y7ji7v4 < T and that Ry is a g.r.t. with & < 07T

To show that w(W{ﬁR ) = 0, we may use the same arguments therein once we note
k+T"

that, on ES, Y, € 0" Pp/(Yg, ., ). From this together with (5.25) it follows that ’EZ
coincides Wijh T inside Z(z), where y = Yg,_,, and z = YR, ;- On ES this implies
that Y7 = Y}* € Z(2) for all t € Z, i.e., A™+17 occurs. Thus 7 < Rpuqv < T, and
the proof is concluded as before.
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