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operators
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aXLIM UMR-CNRS 7252, Université de Limoges, Limoges, France; bCentro de Modelamiento Matematico (CMM),
Universidad de Chile, Santiago, Chile

ABSTRACT

By using a regularization method, we study in this paper the global existence and uniqueness property of
a new variant of non-convex sweeping processes involving maximal monotone operators. The system can
be considered as a maximal monotone differential inclusion under a control term of normal cone type
forcing the trajectory to be always contained in the desired moving set. When the set is fixed, one can
show that the unique solution is right-differentiable everywhere and its right-derivative is right-
continuous. Non-smooth Lyapunov pairs for this system are also analysed.
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1. Introduction

Sweeping processes were proposed and thoroughly studied by Moreau in the seventies [1-4], which
can be written as follows
x(t) € =Nc@)(x(1)) ae. t € [0, T],

x(0) = xg € C(0),

where N¢()(-) denotes the normal cone operator of the convex set C(t) in the sense of convex analysis
in a Hilbert space H. Existence and uniqueness of solutions of such systems and their classical variants
(subjected to perturbation forces, prox-regular state dependent set C(t,x), second-order sweeping
processes ...) have been considered by many authors in the literature (see, e.g. [5-10]). In this paper,
we are interested in a variant of sweeping processes associated with maximal monotone operators of
following form

x(t) € —Ax(t) — Nep(x(t)) ae. tel0,T],
(1)

x(o) = X0,

where A : H = H is a set-valued maximal monotone operator and N¢)( - ) denotes the proximal
normal cone operator of the closed, prox-regular set C(t) in Hilbert space H. The system (1) can be
considered as a maximal monotone differential inclusion under control term u(t) € N¢( (- ) which
guarantees that the trajectory x(¢) always belongs to the desired set C(t) for all t € [0, T]. When
C(t) = Cisafixed, closed and convex subset of H, under some qualification conditions, e.g.

CNint(dom A) # @ or int(C) Ndom A # @, 2)
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Figure 1. Counter-example for the prox-regular case.

then A(-) + N¢(-) is a maximal monotone operator [11] and hence the existence and uniqueness of
solutions can be obtained [12]. However, the situation is different when the closed set C is assumed to
be prox-regular instead of being convex. For example, let H = R? and define B : R? — R?, (x, y) =
(y, —x). It is easy to see that B is a single-valued, continuous and monotone mapping with dom(B) =
R2. Hence B is maximal monotone. Let A = B+ N where B = B(0, 1) denotes the closed unit ball in
R2. Clearly, A is maximal monotone with dom(A) = B. Let C; = B(0,1/2) and C; = B(3/2,1/2).
The sets C; and C, are closed and convex. Thus C = C; U C; is prox-regular (see Section 2) and
int(C) Nint(dom A) # ). However, it is not difficult to see that the system

x(t) € —Ax(t) — Nc(x(t)) ae. t €][0,T],
(3)
x(0) = xo = (1,0),

has no absolutely continuous solutions. Indeed, if the differential inclusion (3) has an absolutely
continuous solution x( - ), then this solution must be a constant function x( - ) = x¢. The fact that
0 ¢ A(xo) + Nc(xo) constitutes a contradiction (Figure 1).

Consequently, for problem (1) involving prox-regular set C, one needs more than the classical
qualification condition (2) to ensure the existence of solutions. It is natural here to suppose that
C C int(dom A). If A coincides with the subdifferential of a proper, lower semi-continuous and
convex function ¢ : H — R U {400}, i.e. A = 3¢, then the global existence and uniqueness of
solutions are guaranteed. This is a particular case of evolution associated with primer lower nice
function studied in [13]. For general A and C(t), if xo € C(0) N int(dom A), we can prove the
existence and uniqueness of local solutions (see Proposition 3.5). The global result can be obtained if

rge C:= | J C(t) C int(dom 4), (4)

0<t<T

and A° (the minimal norm operator of A) is linearly bounded on C(%), i.e. [A%x| < a(t)|x|| + B(t)
for all x € dom(A), a.e. t € [0, T] for some a( - ), B(-) € L*>([0, T]; Ry) (see Theorems 3.2 and 3.3).

For the particular case when the moving set C( - ) is expanded, i.e. C(s) C C(t) forallt > s > 0,
and A = d¢ with ¢ : H — R U {400} proper, lower semi-continuous and convex function then
the global well-posedness result, Lyapunov stability and some asymptotic behaviours of solutions are
provided without the linear growth condition for A® (see Theorem 3.6). To the best of our knowledge,
there have been no results about Lyapunov stability for general sweeping processes, which is known
to be a hard problem. When C(-) = C is fixed, one can show that the unique solution x( - ) is
right differentiable everywhere and x™( - ) is right continuous. Then some criteria for non-smooth
Lyapunov pairs for such system are given.



The paper is organized as follow. We recall some basic notations, definitions and results which
are used throughout the paper in Section 2. In Section 3 the existence and uniqueness of solutions of
(1) are proved. In Section 4, we study some regular properties of solutions when C(t) = C and give
criteria to weakly lower semi-continuous Lyapunov pairs by using proximal analysis. Section 5 ends
the paper and contains some concluding remarks.

2. Notations and preliminaries

Let us begin with some notations used in the paper. Let H be a Hilbert space. Denote by (-, ) , || - ||
the scalar product and the corresponding norm in H. Denote by I the identity operator, by B the unit
ball in H and B, = rB, B,(x) = B(x,r) = x + rB. The distance from a point s to a closed set C is
denoted by d(s, C) or dc(s) and

d(s,C) := inf ||s — x]|.
xeC

The Hausdorff distance between two sets C, C; is defined by

dy(C1, Gy) = max{ sup d(x;,Cy), sup d(xz,Cl)} .

x1€Cy x6Cy

Denote by
= {c € C: |c|| = inf ||c’||} and [|C]| := sup ||c]|.
ceC

ceC

It is known that if C is closed and convex, then C° contains exactly one element. The set of all points
in C that are nearest to s is denoted by

Proj(C,s) :={x € C: ||s — x|| = d(s, C)}.
When Proj(C,s) = {x}, we can write x = proj(C, s) to emphasize the single-valued property. Let
x € Proj(C,s)and t > 0, then the vector ¢(s —x) is called proximal normal to C at x. The set of all such
vectors is a cone, called proximal normal cone of C at x and denoted by N (C, x). It is well-known
[14,15] that £ € NP(C, x) ifand only if there exist some o > 0,8 > 0 such that
(E,y —x) <48y — x||? for ally e CN B4 (x).

The regular-Fréchet normal cone N F(.), the limiting Mordukhovich normal cone N L(.) and the
Clarke-convexified normal cone N€( - ) are defined, respectively, as follows

NF(C,x) := {E€H:VY58>0,90 >0s.t. (£,y —x) <8|ly — x| forally € CN By (x)},

NiCx):={6eH 3¢, —> & weakly and &, € NP(C,xn),xp — x in C}
={6e€H:3& — & weakly and &, € NF(C,x,), x, — x in C},

NC(C, x) := N (C, x).
If x ¢ C,one has N?(C,x) = NF(C,x) = NI(C,x) = N¢(C,x) = ¥ and forall x € C:
NP(C,x) c NF(C,x) c NY(C,x) c N°(C,x).
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If C is prox-regular then these normal cones are coincide. In this case for simplicity, we can write
N(C,x).
Definition 1: The closed set C is called r-prox-regular (r > 0) iff each point s in the r-enlargement
of C

U,(C):={weH:dw,C) <r},

has a unique nearest point proj(C, s) and the mapping proj(C, -) is continuous on U, (C).
Proposition 2.1 [10,16]: Let C be a closed set in H and r > 0. The followings are equivalent

(1) Cisr-prox-regular.
(2) Forallx € Cand& € NX(C,x) such that ||| < r, we have

x = proj(C,x + &). (5)
(3) Forallx € Cand & € NX(C, x), we have

H
(§,y—x) < 7||y—x||2 VyeC.

(4) (Hypo-monotonicity) For all x,x' € C, £ € N}*(C,x), &’ € NL(C,x') and &,€' € B we have
/ / 1 2
(-8, x—x) = —;||x—x|| .

Let us recall the definition of proximal subgradient and asymptotic subgradient of a proper lower
semi-continuous function by using proximal calculus.

Definition2: Letg : H — R U {400} be a proper lower semi-continuous function and x € H at
which ¢ is finite. One say that £ is a proximal subgradient of ¢ at x, denoted by & € dpg(x) provided
&,-1) € Nel;i (p(x, @(x)). And £ is called a singular subgradient of ¢ at x, denoted by & € dxcp(x)
provided (£,0) € NeLPi (p(x, 0(x)).

It is known that £ € d,¢(x) if and only if there exist sequences (x)ken C R4, (Xk)keN> (k) keN
such that o — 07, xy —¢ X, & € Ope(xg) and axéx — & (see, e.g. [17]).

In the following, we summarize some known definitions and results concerning maximal mono-
tone operators. The domain and graph of a set-valued operator A : H =% H are defined, respectively,
by

domA:={xeH: A(x) #0}, gph A:={(x,y) :x € H,y € A(x)}.

The operator A is called monotone ifforallx,y € H,x* € A(x),y* € A(y), we have (x* —y*,x—y) >
0. In addition, if there is no monotone mapping B such that gph A is contained strictly in gph B,
then A is called maximal monotone. When A is a maximal monotone operator, the minimal norm
operator A® of A is a single-valued mapping defined by A° : H — H,x > (A(x))o.

Proposition 2.2 [12]: Let A : H = H be maximal monotone and let . > 0. Then

(1)  the resolvent of A defined by J{* := (I + LA)~! is a non-expansive single-valued map from H
to H.
(2) the Yosida approximation of A defined by A, = %(I — ]f) = (A + A™YH) 7L satisfies
(i) forallx € H, Aj(x) € A(Jx),
(ii) A, is Lipschitz continuous with constant % and maximal monotone.
(iii) Ifx € dom A, then ||A; x| < ||A%]|, where A%x is the element of Ax of minimal norm.
(3) Ifx) — xand (Axxy), is bounded as .. — 0 then x € dom A. Moreover, if y is a cluster point
of (A;x3) as A — Otheny € A(x).



Proposition 2.3 [12]: Let A : H = H be maximal monotone. Then

(1) A is sequentially weak-strong and strong-weak closed.
(2) Adislocally bounded in int.dom A), the interior of dom A.
(3) Let T > 0. Define A : L*([0, T]; H) = L*([0, T]; H) by

y(-)e Ax(-) iff y(t) € Ax(t) ae t €][0,T].

Then A is also maximal monotone.

We finish this section with a version of Gronwall’s inequality (see, e.g. Lemma 4.1 in [18]).

Lemma2.4: LetT >0begivenanda(-),b(-) € LY([0, T]; R) with b(t) > 0 for almost all t € [0, T].
Let the absolutely continuous function w : [0, T]1 — Ry satisfy

(1 —a)w (t) < al®)w(t) + bW (), ae. te[0,T], (6)

where 0 < « < 1. Then for all t € [0, T], one has

t t t
Wlfol(t) < Wlfa(())exp (/ a(t)dz’) —}—/ exp (/ a(t)dt) b(S)dS (7)
0 0 s

3. Existence and uniqueness of solutions

In this section, we study the existence and uniqueness of solutions of (1) by using a regularization
approach and some properties of a classical class of perturbed sweeping processes. First, let us make
the following assumptions. Let r > 0 be given.

Assumption 1: For each t € [0, T], the set C(t) is non-empty closed and r-prox-regular.

Assumption2: Themapt — C(t) is absolutely continuous, i.e. there exist a non-decreasing function
v : [0, T] = Ry with v(0) = 0 such that for all0 < s <t < T, one has

dr (C(1), C(s)) < v(t) = v(s). 8)

Assumption 3:  The set-valued mapping A : H = H is a maximal monotone operator.

One has the following lemma, which is a similar result to Proposition 1 in [6]. We give here a
different proof, where the idea can be used later in the proof of Theorem 3.6.

Lemma 3.1:  Assume that Assumptions 1, 2 are satisfied and f : H — H be a Lipschitz continuous
function. Let x( - ) : [0, T]1 — H be the unique solution of the differential inclusion (see, e.g. [6] for the
existence and uniqueness of solutions)

x(t) € =Nc) (x()) + f(x(t)), ae te]0,T],
x(0) = xg9 € C(0).
Then for almost every t € [0, T], one has
1%() = F @) < 90 + If @] ©)

Proof: Fix some t > 0 such that x( - ) is differentiable at ¢. From the r-prox-regularity of C(t), one
has

(x(1) — f(x(1)),c — x(1)) < Blle = x| Ve € C), (10)
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where 8 := W (see Proposition 2.1). Let ¢ > 0 be small enough. Since x(t+¢) € C(t+¢) €
C(t)+(v(t+e)—v(t))B, thereexistc, € C(t) andy, € Bsuchthatx(t+¢) = co+ ¥ (Et+€)—v(£))ye.
Choosing ¢ = ¢; in (10), one has
(x(t) — f(x(1)), x(t + &) — x(8)) < (v(t + &) — v()(x(t) — f(x(£)), ye)
+ Bllx(t + &) — (vt + &) — v(t)ye — x()1*.

Dividing both sides by ¢ and let ¢ — 0, it implies that
(x() — f(x(®)), x(1)) = v(ONx(@) — f(x(E)].
Hence

15(8) = fF@DIP < (e() — fx(0)), f (1)) + V() %) — f (D))
< %@ = fEEIAf @) 4 v(1)).

Then the result follows. O

We start with a global existence and uniqueness result for problem (1). Let us denote the range of
C(-) byrge C defined as follows

rge C == U C(1). (11)

te[0,T]
Theorem 3.2:  Let Assumptions 1, 2 and 3 hold. Suppose that

(i) rge C C dom A;
(i) there exists a(-),B(-) € L*([0, T]; Ry) s.t. |[A%x)|| < a(t)|lx|| + B(t) Vx € C(t), for a.e.
t €[0,T]

Then for each initial condition xy € C(0), there exists an absolutely continuous solution x(-) of problem
(1) on [0, T1].

Proof: For each A > 0, denote A, the Moreau-Yosida approximation of A. Then A : H — H is
1/A-Lipschitz continuous. We consider the following approximate sweeping process

% (t) € —A;x.(t) — Ny (% (t)) ae. t € [0, T],
(12)
x.(0) = x9 € C(0).

For each A > 0, the differential inclusion (12) has a unique solution x, ( - ) on [0, T'] (see, e.g. [6]). By
Lemma 3.1, we have
15, (8) + Apxa (D < [[Asxa I + v(8). (13)

Note that [[A,x. ()] < A% (1) < a(®)l|lx (0] + B(t). Hence
X (DI = 2[[Anxx (DI + v(8) < 20(D)[Ix2. (]| + 2B(8) + v(D).
By using Gronwall’s inequality, one obtains that
% (DI < xoe® + (2b + v(T))e" := M
where a := fOT a(s)ds, b:= fOT B(s)ds. Let
(1) == Ma(t) + B(D).
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Then £ € L*([0, T]; R4) and
5 () + Apxa (D) < &) +v(t) and [[Ax.(D)] < &) ae. t €[0,T] (14)

Given some A, > 0. From the prox-regular property of C(¢) and Proposition 2.1, one has for
ae. t €[0,T]

lxn(t) —x,(DOI2 (15)

(.(6) + A () = (1) = A (1) x.(8) = % (1) = LT“”

Note that A is a maximal monotone operator and
(D) = () + AAyx () with Ayx; (1) € A(xa(1)).
Therefore,

(Arxn (8) — Apxp (£), %3 (8) — x,(8)) = (Apxp (8) — Apxp (8), hxa(t)
+AAx(E) — ];Lx,u(t) - MA//.xu(t»
(Arxp (8) — Apx(8), LA (F) — A X, (F))

1 2 2
_;()L“Akxk(t)” + 1l Apxu (D1

v

A%

v

1 2
—;1()» + w)E-(t).

From (15), we get

1

O+ WEXD) + 2(S(t)r+V(t))

d
30 ® - xu (D] < ll26, (£) — %, (D12 (16)

N |

Using Gronwall’s inequality (Lemma 2.4) and noting that x; (0) = x,(0) = xo, one has for all
te[0,T]:

t t .
ll,.(£) — x, (D> < %(A - u)/o exp (f Wdr) £2(s)ds

Low g ey,

<
-2
where
e =) qo,rmy and 2 := 1§C) 2o, y:)-
Consequently,
1
10 = 5Ol = o DI ) forallt € 071 4

Hence (x,.( - ))aso is a Cauchy sequence in C([0, T]; H). As a consequence, there exists a function
x(-) € C([0, T]; H) such that x;, — x uniformly on [0, T] as A — 0 and

1
. (£) — x(B)|| < Ecze“ﬁ”“”/’ﬁ. (18)

Using Proposition 2.2 and the fact that [|Ayx, ()| < &(¢) for a.e. t € [0, T], one has x(t) € dom(A)
for a.e. t € [0, T]. Furthermore, x(¢t) € C(t) because x;, (t) € C(¢t) for all A > 0 and C(¢) is closed.
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Since %, (t)|| < 2&(t) + v(¢) for almost all ¢ € [0, T], there exists a sequence A, — 0 such that X, ,
converges weakly to some v( - ) € L*([0, T]; H). Classical arguments permit us to show that x = v
(see, e.g. [12]). On the other hand, we have

A, %, @) <&@) forae. tel[0,T]

Hence, there exist a subsequence, still denoted by (A, x;,(- ), and y(-) € L2([0, T]; H) such that
Ay, %, converges to y weakly in L2([0, T]; H)). Then we obtain

Xy, + Ay, %, converges weakly to x + y in L*([0, T); H).

Using Mazur’s lemma, for each , there exist an integer T'(n) > n and real numbers s, > 0 such that
Egl) Skyn = land ZZS;,) Sk (X, + Ay Xy, ) converges strongly to x + y in L2([0, T]; H). Extracting

a subsequence, we may suppose that

T(n)

D sknlE (1) + Ay (B) — X(8) + ¥ (£) as n — +00,
k=n

forallt € [0, T]\ N for some negligible set N C [0, T']. Fixed t € [0, T]\ N, from the prox-regularity
of C(t), one has

. t) + v(t
(X)\k (t) + A}»kx)»k (t)’y — X (t)> = _% ||)’ — Xk (t)”z) V}/ € C(t) (19)
Hence,
T(n)
An() =) skl (8) + Anxa, (6,7 — %, ()
k=n
. T(n)
E(t) + (1)
> =22 ) skally —x OI, Yy € Co). (20)
k=n
Note that since x;, (f) — x(t) as 1 — +00, we have
T(n) T(n)
D Skn(Ea (1) + Axxa, (0, X(6) — x3, (D) < E®) +7(0) D sallx(®) — x2, ()] — 0.
k=n k=n
Thus
T(n)
An =Y Sknlin, () + Aps, (B),y — x(1)
k=n
T(n)
D Senling () + Ap 2, (8, X(8) = x,, (1))
k=n
= x@®) +y@®),y —x()) as n —> +oo.
On the other hand
T(n)
D stally = %, O — lly — (011,
k=n



since x;,,(t) — x(t) as n — +00. Passing to the limit as # — +00 in (20), we get

(x(@) +y @),y —x(t) = —Wny —x®)? VyeC@).
Therefore
x(t) +y () € —Nc (x(1)). (21)
Let us recall that
Ay, %, (1) € A(y, %2, (1)) forae. .t e[0,T], (22)

and A, x,, converges weakly to y in L2([0, T]; H). In addition Jx, %y, converges strongly to x in
L2([0, T1; H)) since

Ixn%r, () = XN < Way X, () — 2, (D] + [, (£) — x(D) |
= AnllAx,Xn, DI + [, (1) — x(D) ]|
< A (0) + %, (1) — x()|| — 0 as n — +o0.

Consequently, by using Proposition 2.3, one has
y(t) € Ax(t) forae.t e[0,T]. (23)
From (21) and (23), we deduce that
x(t) € —Ax(t) — Nc)(x(t)) forae.t € [0,T],

which completes the proof of Theorem 3.2. O

Under some additional assumptions, we can prove a uniqueness result. The following theorem is in
this sense.

Theorem 3.3:  Let Assumptions 1-3 hold and suppose that
rge C C int(dom A). (24)

Then, for given initial condition xo € C(0), the problem (1) has at most one solution.

Proof: Let x1( - ),x2( - ) be two solutions of (1) satisfying the initial conditions x1(0) = x2(0) = xo.
Since A is locally bounded on rge C, there exists some p > 0 and K > 0 such that A is bounded by K
on B(xo, p). Note that x; ( - ), x,( - ) are continuous, then there exists some positive constant T/ < T
such that x;([0, T']) C B(xo, p),i = 1,2. There exist f;( - ) € —Ax;(-) such that for a.e. t € [0, T']

xi(t) € fi(t) — New (xi(0),  i=1,2.
Using a similar argument as in Lemma 3.1, one has
I%i(8) = fi®Oll < i@l + v(®) < K +v(D).
From the monotonicity of A and the prox-regularity of C(¢), one obtains

s
(10 — (00 —0m) = @)~ O, aet 0T



Consequently,

2(K + (1))
r

d
! lx1(t) — 201> < lx1(t) = x2(0)1I%,  ae t €0, T
Using Gronwall’s inequality, one has [|x (t) — x2(¢)|| < 0 for all ¢ € [0, T'], or equivalently x; = x,
on [0, T'].
Suppose now that there exists t; € [0, T] such that x;(f;) 7# x2(f1). Let

E:={te[0,t]:x1(t) #x()}.

Since t; € E and E is bounded from below, there exists o := inf E where o € (0,¢;] and for all
t € [0,a) : x1(t) = x2(t). By the continuity of x;( - ) and x2( - ), we have x; () = x3(a) which
implies that @ < ;. With the same argument as above, there exists some T” > 0 such thatx; (-) = x(+)
on [0, + T'] . This constitutes a contradiction with the definition of & = inf E. Thus x1(-) = x2(+)
on [0, T]. O

Let us provide an example in parabolic variational inequalities.

Example 3.4: Let Q be a bounded subset of R” and H := £3(Q), U := H*(Q) N H(l)(Q). Let be
given ¥ € £2(0,T; U), M € £2(0, T; Ry) such that y( - ) is k-Lipschitz continuous with respect to
the supremum norm. For each t € [0, T], we define

C@) := Ci(t) U Ca(),

where
Cit)={veU:v>1yY(t) ae on Q; [|[Av| < M(t)},

and
CGt)={veU:v<y()—1lae on Q; |[Av] < M(t)}.

It is easy to see that for each ¢, the set C(¢) is closed, prox-regular (but non-convex) since C; (t), C2(t)
are two disjoint closed, convex sets and ||[v; — vz|| > /m(2) for all vi € C;i(t),v2 € Cy(t), where
m(2) is the volume of €. Furthermore, C( - ) is k-Lipschitz continuous since v ( - ) is k-Lipschitz
continuous. Let be given ug € C(0). We consider the following parabolic variational inequalities with
a moving obstacle : find u(t) € C(t) such that u(0) = up € C(0) and for a.e. t € [0, T], there exists
8; > 0 satisfying

/ it(t)(v(t)—u(t))dx+f Vu(t) - (Vv(t) = Vu())dx > =8 |v(t) —u@®)|%  Vv(t) € C(t). (25)
Q Q

Let us define the operator A : H — H as A := —A, where A is the Laplace operator. Then A is a
self-adjoint maximal monotone operator with dom(A) = U and dom(A) = H (see, e.g. [12,19]). It
is easy to see that

/ Au(t)(v(t) — u(t))dx = / Vu(t) - V(V(t) - u(t))dx, Yu,v € U.
Q Q
Then the problem (25) can be rewritten as follows

u(t) € —Au(t) — Negyu(t), (26)
and all the assumptions of Theorem 3.2 are satisfied. Thus, for uy € C(0), there exists an absolutely
continuous solution u( - ) of (26), or equivalently, of (25). In addition, if M ( - ) is a constant function,

by using Remark 1, one deduces the uniqueness of solutions.
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Remark 1: In Theorem 3.3, we can also relax the condition rge C C int(domA) by the assumption
that A is locally bounded on rge C, i.e. for all x € rge C, there exists K > 0, p > 0 such that A is
bounded by K in B(xo, p) N rge C.

The following proposition gives us the local result requiring only xo € C(0) N int(dom A).

Proposition 3.5:  Let Assumptions 1-3 hold. If xo € C(0) N int(dom A) then problem (1) has a
unique local solution.

Proof: Since xy € int(dom A), A is locally bounded at xp. Hence there exists some p > 0and K > 0
such that A is bounded by K on B(xo, p). Let

T* .= (v4+2K)"Y(p/3) >0, ie. v(T*) +2KT* = p/3,

and
(f [|A%X|| = 0, we set Ao := 400).

P
)\0 =
3| A%

Consider the sequence of functions (x; )o<x<x, where x; (- ) is the unique solution of the approximate
sweeping process (12). Let

Ty = sup{t : [[xp(t) — xoll < p/3, Vt €[0,7]}.

It is clear that T > 0. We will prove that T, > T* for all > < Ag. Suppose there exists some A < Ag
such that T < T*. From the definition of T3, one deduces that

1%:.(To) — xoll = p/3. (27)

Note that A; x, (t) € A(uxx (1)) and [[Axx ()] < [[Axxoll + [lx. (1) — x0ll /A < Aol + p/(32) for
all t € [0, T ] (since A, is 1/A-Lipschitz continuous). We have

T2, (8) — xoll < Iaxa () — x2 (O + lxn(t) — x0ll < AllArx (DI + 0/3
< Mol A%l +20/(3) < ps

for all t € [0, T]. Hence J3x, (t) € B(xg, p) and thus ||A;x, (t)]] < K for all t € [0, T;]. From (14),
one has %, (t)|| < 2K + k¢ for a.e. t € [0, T} ]. Therefore,

T;.
[l (T3) — xoll < / [l (0 [|dt < 2KT* +v(T*) = p/3,
0

which is a contradiction with (27). In conclusion, the sequence (x3 )o<x<1, satisfies for a.e. t € [0, T*]

lx.(t) — x0ll < 0/3, Ao =K,
(28)
lxx () + Apx (D S K +v(t), llx@® < 2K + v(2).

Similarly to the proof of Theorem 3.2, there exists a solution x( - ) of problem (1) on [0, T*] such that
lx(t) = xoll < p/3 V¥t €[0,T"].

We prove that it is also the unique solution of (1) on [0, T*]. Let y( - ) be another solution of (1)
on [0, T}] for some positive T} < T*. It is sufficient to prove that y(-) = x(-) on [0, T{]. Note
that A is bounded by K on B(xg, p). If [[y(t) — xoll < p/3, VYt € [0, T{], then similarly to the
proof of Theorem 3.3, two solutions coincide on [0, TT]. If there exists some ¢ € [0, T}) such that
lly(t) — xoll > p/3 then there exists positive T; < T} such that ||y(t) — xol| < p/3 forall t € [0, T5)
and

Iy(T5) — xoll = p/3. (29)
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Therefore, y([0, T5]) C B(xo, p) and hence for all ¢t € [0, T} ], one has [[(t)|| < 2K 4 v(t). We
deduce that

I¥(T5) — xoll < 2KT5 4+ v(T) < 2KT* +v(T*) = p/3,
which is a contradiction with (29). O

Remark 2: Ifrge C C int(domA), then for a given initial condition xo € C(0), one can define
the unique solution on its maximal interval of existence (by Proposition 3.5). The solution can be
extended globally for the particular case where A = d¢ with ¢ : H — RU {400} a proper Isc, convex
function and C(s) C C(¢) for any t > s > 0, but A® is not necessarily satisfied the linear growth
condition. In addition, the Lyapunov stability and some asymptotic behaviour of the unique solution
can be obtained.

Theorem 3.6: Let the Assumptions 1, 2 hold. Consider the case A = d¢ where ¢ : H — R U {400}
is a proper Isc convex function and C(s) C C(t) for anyt > s > 0. Suppose that C(t) C int(dom 9¢)
forallt > 0. Then the differential inclusion

x(t) € —0¢(x(t)) — Ncr) (x(t)) a.e. t € [0,400),

(30)
x(0) = xg € C(0),
has a unique global solution x( - ) satisfying
d s
3P @) + X0 < 0, for ae. t 2 0. (31)

In particular, ¢ is a Lyapunov function of the problem (30). Furthermore if ¢ is bounded from below on
rge(C) then g = , liI_P (x(t)) existsand x € L*([0, +00); H) with fo % (s)]12ds < @(x0) — @oo-
— 400

Proof: Itis clear that ¢ is a maximal monotone operator. From Proposition 3.5, there exists a unique
solution of problem (30) defined on its maximal interval of existence [0, Tmax) (0 < Tmax < +00).
There exists a mapping £ : [0, Tmax) — H such that £(¢) € dp(x(t)) and x(¢) € —&(t) — Nc(x(1)).
Since ¢ is locally Lipschitz continuous on rge(C) (as d¢ is locally bounded on rge(C)) and x( - ) is
locally absolutely continuous on [0, Thax), then ¢ o x( - ) is differentiable a.e. on [0, Trax). Fix some
t € (0, Tmax) at which x( - ) and ¢ o x( - ) are differentiable. By the convexity of ¢ and the fact that
£(t) € 0p(x(t)), we get for every ¢ > 0 that

p(x(t+e)—px(t)) x(t+e)—x(t)
- > - E()),

(32)
W(X(l‘—s)_)g—(ﬂ(x(f)) < (X(tﬂ?_);x(t))%-(t».
By letting ¢ — 07, we obtain .
a(ﬂ(x(t)) = (x(),§(1)). (33)
On the other hand, we have
x(t) +§(t) € —=Nee) (x(1)).
There exists some y > 0 such that
(X(1) + &), x(t) — ) < yllc —x®* Ve e C®). (34)

Taking ¢ = x(t —¢) € C(t — &) C C(t) in (34) for some ¢ > 0. Dividing both sides of the
inequality above by & and letting ¢ — 07, one deduces that

(x(t) + @), x(t)) < 0. (35)

12



From (33) and (35), we imply that

d
PO + %) < 0. (36)

We prove now that Ty = +00. Suppose that Ty < +00. Fix some x € C and let o =
9% )1l, B = llo(x) — (09°(x),x)|. For every y € C, we have

() > o(x) + (39" (x),y — x) > —alyll — B.

By (36), for all 0 <'s < t < Tpax, one has

t
le(t) = xII* < (¢ — S)/ I£()[17ds < (£ — ) (9(x(5)) — @ (x(1))). (37)
By setting s = 0 in (37), we obtain

Ix(£) = x0lI* < t(p(x0) — (x(1))) < Tmax (@ |x(®) || + B + @ (x0)).-

Therefore sup |[|x(¢)|| < o0 and hence sup (— @(x(t))) < +00. From (37), one obtains
t€[0,Tmax) t€[0,Tmax)

that (x(t))¢e[0,T,.) 15 @ Cauchy sequencein H. Hence xpmax := lim  x(¢) exists and xmax € C(Tmax)-
t—

Using Proposition 3.5, there exist some § > 0 and a unique solution of the differential inclusion

y(t) € —09(¥(t)) — Ncir(¥(1)) ae. t € [Tmax> Tmax + 61,
(38)
)’(Tmax) = Xmax € C(Tmax)-

Define z(-) = x(-) on [0, Tpmax) and z(-) = y(-) on [Tmax> Tmax + 81. Then z( - ) is the solution of
(30) on [0, Trhax + 8], a contradiction. Hence Tpx = +00.

As a consequence, ¢ o x( - ) is non-increasing on R due to (36). Hence if ¢ is bounded from
below on rge(C) then lim;_, 1 @(x(t)) = @ exists and from (36), one has x € L([0, +00); H)
with 57 %()]12ds < ¢ (x0) — @oo- O

Example 3.7: Consider the non-regular electrical circuit described in Figure 2 of [5]. The evolution
of the current x( - ) through the load resistance R > 0 is governed by

x(t) + %x(t) € —Ncp(x(t)) ae. t > 0,x(0) = xo with C(t) = [c(t), +00),

where c(t) is a current source and L > 0 is the inductance of an inductor. If ¢(-) : [0, +00) — Ris
non-increasing absolutely continuous then all the assumptions in Theorem 3.6 are satisfied with
px) = %xz. Then one obtains that the function ¢t — |x(¢)| is non-increasing and the limit
y ;= lim |x(#)| exists. In addition, one has

t—+00

—+00
f %(s)[12ds < |xo| — y-
0

Remark 3: In the case where C(t) = C C int.domA) for all ¢t > 0, it is sufficient to obtain the
existence and uniqueness of solutions of our initial problem (1) if one of the following conditions
holds: A = 3¢ or A° is linearly bounded on C.
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4. Some regular properties of solutions and non-smooth Lyapunov pairs

In this section, in order to study the Lyapunov pairs of problem (1), we restrict ourself to the case
where C(-) = C does not depend on time. Lyapunov analysis of time dependent case is not an easy
task due to the lack of regularity of the solutions. In addition, we suppose that C C int.dom A) is
closed, r-prox-regular and either A? is linearly bounded on C or A = d¢ where ¢ : H — R U {400}
be a proper Isc, convex function. From the previous section, for a given xy € C, the differential
inclusion

x(t) € —Ax(t) — Nc(x(t)) ae. t €[0,400),

(39)
x(0) =x0 € C,

has a unique solution x( - ) defined on [0, +00) which is locally absolutely continuous. We will
show that x( - ) is right-differentiable for all + > 0 and x*( - ) is right-continuous. This result can
be considered as a generalization of [20, Theorem 3.2], when A is a single-valued and Lipschitz
continuous function. In this context, the notion of weakly lower semi-continuous Lyapunov pair for
problem (39) as well as the proximal, asymptotic subgradients play an important role in our analysis.
The following lemmas will be useful.

Lemma 4.1: Forall x € C, the set A(x) + N¢(x) is closed and convex.

Proof: Clearly, forall x € C, the sets A(x) and N¢(x) are closed and convex (and thus weakly closed).
Hence A(x) + Nc(x) is convex. Let z, = x, + yn € A(x) + Nc(x) such that x,, € A(x),y, € Nc(x)
and z, — zp for some zy € H. Since (x,) is bounded, there exist a subsequence, still denoted
by (x,) and some xop € H such that x,, converges weakly to xp in H. Since A(x) is weakly closed,
Xo € A(x). On the other hand y, = z, — x, converges weakly to zo — xp =: yo € Nc(x). Thus
z0 = X0 + yo € A(x) + Nc(x) and the conclusion follows. O

Let x( - ) be the unique solution of (39) satisfying x(0) = x¢. Using the Lemma 4.1, one can define
the functionv : Ry — Hbyv(t) := (— Ax(t) — Nc(x(l‘)))0 and vy :=v(0) = (— Axy — Nc(xo))o.
Lemma4.2: We have

[voll < liminf [[v(¢)]]. (40)
t—0t
Proof: If liminf,_, o+ ||v(¢)|| = 400 then the conclusion holds. If lim igf lv(®)| = ¢ < 400, then
t—0
there exists a sequence (t,),>1 such thatf, — 0" and lirr lv(ty) || = o In particular, the sequence
n——+0oo

(v(t1))n=1 is bounded hence there exist a subsequence (v(t,,))k>1 and & € H such that (v(t;,))k>1
converges weakly to . Recall that

V(tn) = (= Ax(ty) = Ne((tn))” = (f(tn) = NeGe(tn )" € f(tn) = Ne(x(tn),
forsomef (t,,) € —Ax(t,). Hencef (t,, ) —v(t,,) € N(C; x(t,,)). The sequence (f(tnk))k isbounded
for k large enough since A is locally bounded hence there exist a subsequence, still denoted itself and
some y € H such that f (¢, ) converges weakly to y in H. Due to the closed-graph property of A, one

must have y € —Axp. On the other hand, we can find some 8 > 0 such that ||f(t,,) — v(t,)Il < B
for all k > 1. Using the prox-regularity of C, one has

(f (tn) — ¥(tn)s € — x(tn,)) < gnc —x(ty)|?> forallce C, k> 1. (a1)

Let k — +00, we get

(y —&,¢c—x9) < 2E||c—xo||2 forall c € C. (42)
r
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Thus y — & € Nc(xp) or equivalently § € y — Nc(xp) € —Axp — Nc(xp). Therefore,

Ivoll = 161l < liminf [[v(t,) |l = lim |lv(t)]l = e, (43)
k— 400 n—+00
due to the weak lower semi-continuity of the norm and the conclusion follows. O

Lemma 4.3: Let x( - ) be the unique solution of (39) satisfying x(0) = xo. Then one has

lim sup

H x(t) — xo
t—0t t

| = voll (44)

where vg = ( — Axg — Nc(x0))°.

Proof: Since A islocally bounded on C, there exist some p > 0 and K > 0 such that A is bounded by K
on B(xp, p). Note that x(-) is continuous, there exists some positive T such that x([0, T]) C B(xo, p).
We have

x(t) — f(t) € =N¢(x(t)) ae. t € [0, T],
(45)
vo — fo € —Nc(xo),

for some fy € —Axg, f(t) € —Ax(¥) and ||x(t) — (O] < |f(®)] < K for ae. t > 0. Using the
prox-regularity of C and the monotonicity of A, one has

K
(k) = v0,x(8) = x0) = —lx() — xoll%, (46)

which implies that

1d K
——lx(t) — x0lI* < llvollllx(t) — xoll + —Ilx () — xo]|*. (47)
2 dt r

Using Gronwall’s inequality (Lemma 2.4), one obtains for all ¢ € [0, T] that

t K(t— t Ks
() = xoll < Ivol / 519 ds = [y / e¥ds (48)
0 0
Hence,
. x(t) — xo 1tk
limsup || ———| < [lwoll lim — [ erds=[wll.
t—0+ t =0t t Jo
The proof is completed. O

Lemma 4.4: There exist some K > 0, T > 0 such that for a.e. t € [0, T], one has

IEOI < Ivolle™/”. (49)
Proof: There exist some p > 0 and K > 0 such that A is bounded by K on B(xp, p). Let x(- ), y(-) be
the unique solution of (39) satisfying initial conditions x(0) = xo, y(0) = x(h), respectively, where h
is small enough such that there exist some positive T and x([0, T']), y([0, TT) C B(xo, p). Similarly as
in Theorem 3.3, with k¢ = 0, one has

lx(t) — y(OIl < llxo — yolleX/", forall t € [0, T]. (50)
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Note that y(t) = x(t + h) for all ¢ > 0. From (50), we deduce that

Hw})l_x(t)u < HMHJQ/', forallt € [0, T]. (51)

Fix some ¢ € [0, T] such that x(t) exists. Taking the limsup in both sides of (51) as h — 0% and using

Lemma 4.3, one gets

%) < lIvolleXt/T.

Thus (49) follows. 0
Now we are ready to formulate the regular properties of the differential inclusion (39).
Theorem 4.5:  Let x( - ) be the unique solution of problem (39) satisfying x(0) = xo. Then we have
0
() x(t) = v(t) = ( — Ax(t) — Nc(x(t))> for a.e. t € [0, 4+00).
(ii) Forall t* € [0,+00), the right derivative x* (t*) exists and satisfies
0
() = (= A = Ne(x(9))
Furthermore x* (- ) is right-continuous on [0, +00).

Proof: Let E = {t € [0,400) : x(t) exists}. It is clear that the Lebesgue measure of [0, +00) \ E is
zero.

(i) Fixt* € E.Let y(-) be the unique solution of problem (39) with initial condition y(0) = x(¢*).
Then y(t) = x(t + t*) for all t > 0. Applying Lemma 4.3, we get

lim sup ‘y(t)_ty(o) < H (—Ay(0) — Nc (y(0))° ) (52)
or equivalently,
htmzlip w < (—Ax(t*)—Nc(x(t*)))O . (53)
Hence .
X < H ( — Ax(t") — NC(X(t*))> . (54)

0
On the other hand #(t*) € —Ax(t*) — Ne(x(t")), thus (") = (= Ax(t*) = Ne(x(t)) ) .
(ii) It is sufficient to prove this property for t* = 0. Using (i) and Lemma 4.4, there exist some
K > 0,T > 0such that for all ¢ € [0, T] N E, we have
IO < lIvoll e/, (55)
where v(t) = ( — Ax(t) — Nc(x(t)))o. It follows from (55) that

limsup [[v(H)] < lIvoll. (56)

t—0t,teE

On the other hand, from Lemma 4.2 we deduce that

[voll <liminf |lv()| < liminf |lv(£)]. (57)
t—0t t—0t,teE

16



From (56) and (57), we obtain

lim [v(®)[| = [[voll. (58)
t—0t,teE

Thus for any sequence (t,),>1 C E such that t, — 07, we have
vt — llvoll as n — +o0. (59)

Then (v(tn))n>1 is bounded and therefore there exist some v* € H and a subsequence
(v(tnk))k>1such that v(t,,) converges weakly to v* as k — +o0. Similarly as in Lemma 4.2,
we can prove that v* € —Axy — N¢(xp). On the other hand, thanks to (59), we have

VIl < liminf [[v(t,)|l = lim [lv(ta)] = [Ivoll. (60)
k—+o00 n—+00

By the definition of vy, we obtain v* = vy and the set of weak cluster point of (V(tn))n>1
contains only vy. Consequently v(t,) converges weakly to vo. Taking into account (59), one
deduces that v(t,) converges strongly to vo. In conclusion, we get

lim  v(t) = v. (61)
t—07,teE

Due to the absolute continuity of x( - ) and (i) in Theorem 4.5, for all & > 0, we have

h h
x(h) — xo :/ x(s)ds :/ v(s)ds, (62)
0 0
where v( - ) is locally integrable and satisfying (61). Now we prove that
1t
hl_l)n& Y /0 v(s)ds = vp. (63)

Let ¢ > 0 be given. From (61), there exists § > 0 such that for all s € E,s < §, we have
[lv(s) — voll < €. Hence, for all h < §, one gets

Hzquohv(s)ds—vOH < ;l/oh lv(s) — vollds

1
=7 [v(s) — vollds
[0,h]NE
€
< — ds =e€.
h Jionne

Therefore (63) is proved. From (62), the right derivative x™ (0) exists and satisfies
iH(0) = v = (— Axp — Ne(x0))’. (64)
Then taking the limit in both sides of (51) as h — 0, we deduce that forallt > 0 :
X @1 < 15 )1,

or equivalently,

K
vl < [IvolleXt/r.
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Therefore
limsup [[v(®)[| < IIvoll.

t—0t
Using (57), we obtain lim; .o+ [|[v(#)]| = |lvll. Similarly as in (61), we can prove that
lim v(t) = vp, which means that x*( - ) is right-continuous at 0. The proof of Theorem

t—0t
4.5 is completed.

O

Next, let us consider the non-smooth lower semi-continuous Lyapunov functions for problem (39).
First, we recall the definition of a Lyapunov pair, as in [19]. Denote by

I'w(H) :={¢: H—> RU {+00}| ¢ is proper and weakly Isc},
and
'y (H) :={¢ : H— Ry U{+400}| ¢ is proper and lsc}.

Definition3: LetV e I',(H), W € ' (H) and a > 0. We say that (V, W) is an a—Lyapunov pair
for problem (39) if for all xp € C, we have

t
eV (x(t; x0)) —i—/ W (x(t; x0))dr < V(xo) forall t >0, (65)
0

where x(t; xo) denotes the unique solution of problem (39) starting at xo. If a = 0, then (V, W) is
called a Lyapunov pair. In addition, V is called a Lyapunov function if W = 0.

We have the following theorem which gives necessary and sufficient conditions of a Lyapunov pair.
Note that, since A is locally bounded on C, we do not need to check for the singular subdifferentials
asin [19].

Theorem 4.6: LetV € I'y(H), W € ' .(H), a > 0 and dom V C C. Then the following assertions
are equivalent:

(i) Forall xg € dom V, we have
t
eV (x(t; x0)) —i—/ W (x(t; x0))dr < V(xg) V> 0.
0

(ii) Forall xy € dom V, there exists p(xo) > 0 such that

t
e“'V(x(t; xo)) +/ W(x(r; xo))dr < Vi(xg) Vtelo0,p(xp)].
0
(iii) Forally € C, we have

sup (£, (= Ay — Ne)") +aV(y) + W(y) <o. (66)
EeopV(y)

(iv) Forally € C, we have

sup min Ey)Y+aVy)+ W) <0,
§€0pV () y*e(~Ay—Nc(»)) B, Ayl)
(67)
sup min (€,y") < 0.
§€000 V() y*e(—Ay—Nc(»)) B0, Ayl)
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Proof: Without loss of generality, suppose that W is Lipschitz continuous on bounded sets (see [19,
Lemma 3.1] or [14]). The plan of the proof is the following:

(1) < (ii) and (ii) = (iii) = (iv) = (ii).

(i) < (ii): see Proposition 3.2 [19];

(ii) = (iii) : Lety € C,& € 3pV(y). Then y € dom V and (¢, —1) € Ne};i v (3 V(). From (ii), one
infers that

t
(x(t;y),e_“tV(y) _ e—at/ W(x(r;y))dt) cepiV Vt e [0,p(¥)].
0

By the definition of Nel;i v, V(y)), there exists 8 > 0 such that for all ¢ € [0, p(y)], one has

t
«aam@mwxwvw—éﬂﬁ»wmnwwﬂ—@m@m
2

<B

>

t
(x(t;y),e_””V(y) - e_‘"/o W(x(r;y))dr> - (V)
which is equivalent to

(E.x(t:y) —y) = m(t) < Bllx(t; y) — y|I> + pm* (D), (68)

where
t

m(t) == (e — 1)V(y) — e_“t/ W(x(r;y))dt.
0

Dividing both sides of (68) by t > 0, letting t — 0% and taking into account that x7(0; y) =
(—Ay—Nc ()/))0, one obtains

(£, (= Ay = Nc»)") +aV(y) + W(y) < 0.

(iii) = (iv) : Obviously, one has ( — Ay — Nc(y))0 € ( — Ay — Nc(y)) N B(O, [[Ay|). Thus, (iii)
implies the first inequality of (iv). It remains to check the second inequality of (iv). Let £ € 90 V (¥).
Thanks to [17], as we discussed in Section 2, there exist sequences (@k)keNy C Ry, (Vi)keN> (Ek)keN
such that ax — 0%, yx —¢ », & € dpe(yx) and axér — §&. For each k, one can find Vi €
( — Ay — Nc(y)) N B(O, |Ay||) such that

(6 yE) +aVye) + W) <0. (69)

Since the sequence (y) is bounded, one can extract a subsequence, without relabelling, and some
y* € (— Ay — Nc(») NB(O, [[Ay|) such that y} — y* weakly. Multiplying both sides of (69) by a
and let k — 400 then one obtains that

(&)%) <0,
which implies the second inequality of (iv).

(iv) = (ii) : Let xop € dom V. Since A is locally bounded at xo, there exist ¢ > 0 and K > 0 such that
A is bounded by K > 0 on B(xp, 2¢). On the other hand we can find some T > 0 such that

t
2|x(t; xo)—x0||+|(e—“f—1)V(x0)—/ W(x(t; x0))dt| <&, Vte[0,TI. (70)
0
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In particular, A(x([0, T1; x0)) is bounded by K. Define functions & : [0, T] — R4,y : [0,T] — R,
zy 0 [0,T] > H x Rand n : [0, T] — Ry as follow

t
h(t) := fo W(x(t; xo))dr, y(t) = e_“t(V(xo) - h(t)),

1
z(t) i= (x(t; x0), ¥ (), n(t) == 5dz(z(t),epi V).

As in [19], n is Lipschitz continuous on every compact interval in (0, T) and for all t € (0, T), one
has

acn(t) = d(z(t),epi V)Bcd(z( -),epi V) (t) £ 0,

where ¢ denotes the Clarke subdifferential. We have then an estimation of dcn as in Lemma 4.7. Let
0 < s <t < T. By using Gronwall’s inequality one has

e Min(t) < e Moy (s), (71)

where M is defined in Lemma 4.7. Let s — 0 then one has d(z(t), epi V) = 0 which implies that

t
eV (x(t; x0)) +f W(x(t; x0))dT < V(x0).
0

Since it is true for all ¢ € [0, T], one obtains ii) with p(xg) = T. O

The following technical lemma is useful for the proof of Theorem 4.6.
Lemma 4.7: There exist M > 0 such that for almost all t € (0, T), one has

dcn(t) C (— o0, Mn(D)].

Proof: Lett € (0, T) such that x(-; xp) is differentiable at ¢. If z(t) € epi V, then dcn(t) = {0} and
the conclusion holds. Otherwise, assume that z(t) ¢ epi V. By using [19, Lemma A.3] and noting

that ||x(¢; xp)|| = || ( — Ax(t; xg) — Nc(x(t; xo)))OH < K, we obtain

u ( — Ax(t; x9) — N¢ (x(t; xo))> N KB
denycw| | @0- , . (72)
() eM Iz —ay(t) — e W (x(t; x0))

where M := Proj (z(t), epi V) N (IB%(xo, ) x [y@),y) + 8]). Then it is sufficient to prove that for
all (u, u) € M and Vx € ( — Ax(t; xo) — N¢ (x(t; xo))) N KB, we have

u X
<Z(t) - > > < M’?(t), (73)
" —ay(t) — e "W (x(t; x0))

for some M > 0. Since (u, &) € Proj(z(t),epi V), the vector z(¢) — (u, u) = (x(t; x0) —u, y (£) — ) €
Ng;i v, w)andu € dom V C C.Wehavey (t)—pu < 0.If y (t) — 0 = Othen x(¢; x0) —u € 950V (1)
andify (t)—u < Othen xl(f_xi;)(;)“ € 9pV (u). From iv), there exists u* € (—Au—Nc(u))NB(0, [[Aul|)
such that

(x(t; x0) — wu*) < (v (1) — ) (aV (W) + W(w)). (74)
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Note that u € B(xy, €), hence ||u*|| < ||Au| < |AB(xp,2¢))|| < K. We can write x = x4 + xn
and u* = u}} + uf; such that x4 € —Ax(t; x0), u} € —Au, xy € —Nc(x(t; x9)) and uy, € —Nc(w).
Therefore [xy]l < llx|l + llxall < 2K, luyll < lu*l| + u}ll < 2K. Let B := ¥ (recall that C is
r-prox-regular). Thanks to the maximality of A, the prox-regularity of C and (74), one has

(x(£: x0) — u,x) = (x(£; x0) — U x4 + xN)
= (x(t; x0) — thXa — Uy + Xy — uly) + (x(t; x0) — u, u*)
< Bllx(t; x0) — ull* + (y (t) — w)(aV (w) + W (w)).

Note that we already have y (t) — u < 0.If y (t) — u < 0 and suppose that V(u) < y(¢). One obtains
a contradiction

d(z(1),epiV) < d(z(1), (u, y (1)) < d(z(D), (u, ) = d(z(t), epiV).

Henceif y (t) — u < 0, we have V(u) > y (t). Therefore,

(n—y®)) (¥ (&) — VW) < 0.

Consequently,

(x(t; x0) — w,x) +a(u —y O)y (&) + (1 — y () e " W (x(t; x0))
< Bllx(t; x0) — ull® + (v (t) — w(aV(w) + Ww) +a(n — y@®)y @)
+ (1 —y®)e " W(x(t; x0))
< Blix(t; x0) — ul* + a(u — y () (¥ (1) = VW) + (u — y () (W (x(t; x0)) — W(w))

2 Lw
< Bllx(t; x0) — ull” + Lwlw — y (O llx(t; x0) — ull < (2 + ﬁ) n(t),

where Ly is the Lipschitz constant of W on the ball B(xg, max{e, K}). Therefore Lemma 4.7 holds
with M = 2 4 B. m

5. Conclusion

By using a regularization technique, we study in this paper the existence and the uniqueness properties
of a new variant of non-convex sweeping processes involving maximal monotone operators. Some
regular properties of the solutions are refined when the moving set is fixed. It is showed that the
unique solution is right-differentiable at any t > 0 and its right-derivative is right-continuous. Non-
smooth Lyapunov pair for such system is also considered by using the proximal and asymptotic
subgradients. The Lyapunov analysis of the sweeping process (1) is an open question and is not an
easy task due to the lack of regularity of the solutions.
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