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Abstract

This work deals with free transport equations with partly diffuse sto-
chastic boundary operators in slab geometry. Such equations are governed
by stochastic semigroups in L' spaces. We prove convergence to equilib-
rium at the rate O (¢ ZFFDTT (t — +oo) for L' initial data g in a
suitable subspace of the domain of the generator T" where k£ € N depends
on the properties of the boundary operators near the tangential velocities
to the slab. This result is derived from a quantified version of Ingham’s
tauberian theorem by showing that Fy(s) := lim.—o, (is +¢ — T) ' gex-
ists as a C* function on R\ {0} such that ‘ %Fg(s)
s = 0 and bounded as |s| — oo (0 <j < k). Various preliminary re-
sults of independent interest are given and some related open problems
are pointed out.

C
S [pGFn near

1 Introduction

This paper is devoted to rates of convergence to equilibrium for one-dimensional
free (i.e. collisionless) transport equations with mass-preserving partly diffuse
boundary operators. We provide a general L' theory relying on a quantified
tauberian theorem [II]. In linear or non-linear kinetic theory, various non-local
(combinations of specular and diffuse) boundary conditions are physically rel-
evant, see e.g. [I4][23] and the references therein. Furthermore, general free
transport equations with smooth vector fields and positive contractive bound-
ary operators are well posed, see e.g. [3][4]. On the other hand, the existence of
an invariant density and the return to this equilibrium state for solutions to free
transport equations has not received much attention; see however [I][5][15][26]



for the vector field v.V, with a Maxwell diffuse boundary operator with con-
stant temperature; in this case, the invariant density is given by a maxwellian
function. The L' convergence to this maxwellian equilibrium goes back to [5]
while the analysis of rates of convergence was considered more recently in [I][15]
after some numerical investigations in [26]; we will comment below on some re-
sults in [I][15]. We note that collisionless transport semigroups present a lack of
spectral gap which make them akin to collisional linear kinetic equations with
soft potentials. More recently, the authors of [2I] provided a convergence the-
ory to equilibrium for a general class of monoenergetic free transport equations
in slab geometry with azymuthal symmetry and abstract boundary operators.
In this abstract model, the existence of invariant density is characterized and
shown for a general class of partly diffuse boundary operators. Our aim here
is to derive a quantified version (with algebraic rates) of this convergence the-
ory from a quantified version of Ingham’s tauberian theorem [I1]. We provide a
general theory based on some natural structural conditions on the boundary op-
erators in the vicinity of the tangential velocities to the slab. To keep the ideas
of this work more transparent, we restrict ourselves to monoenergetic models;
(non-monoenergetic free models in slab geometry could be treated similarly, see
Remark . Besides the main result on the rates of convergence, our construc-
tion provides us with various new mathematical results of independent interest.
Several open problems are also pointed out.

We note that a special quantified version of Ingham’s theorem for "asymptot-
ically analytic" Cp-semigroups (see [I1] Corollary 2.12) was already used for the
first time in kinetic theory to deal with spatially homogeneous linear Boltzmann
equations with soft potentials where the generators are bounded [18].

Finally, we point out that there exists a substantial literature on rates of
convergence to equilibrium for collisional (linear or non-linear) kinetic equa-
tions relying mostly on entropy methods. In particular, collisional kinetic
equations with soft potentials exhibit algebraic rates of convergence, see e.g.
[6][7][12][18][25] and references therein.

We consider here the monoenergetic free transport equation in slab geometry
with azymuthal symmetry

of of
E(t,x,v) + v%(t,az,v) =0, (z,v)eN (1)
f(O,LE,U) :g(l‘vv) (2)

where
Q=(-a,a) x (—1,1)

(with @ > 0). The boundary conditions are
o] f(t, —a,v) = aq [v] f(t, —a, —v) + B1 K ([ 2, () (v>0),  (3)

0] £(t, a,v) = az v] f(t,a, —v) + By Ka (| £ (1)) (v <0) (4)

where
a; >0, BiZO, Oéi‘i‘ﬁi:l (i:172)§ (5)



here f~,(t) (resp. fi(t)) denotes the restriction of f(¢,—a,.) (resp. f(t,a,.))
to (—1,0) (resp. to (0,1)),

1 fZa(®) : (=1,0) 3 v — |v] f(¢, —a,v)

[ £ (1) £ (0,1) 20 — f(t,a,v)

and K; (¢ = 1, 2) are stochastic (i.e. positive and norm preserving on the positive
cone) weakly compact operators

Ky: LY((—1,0); dv) — L*((0,1); dv),

Ko: L'((0,1); dv) — L'((—1,0); dv).

The weak compactness assumption implies that K; has a kernel k;(.,.), (1 =
1,2) (see remark in [I3], p. 508); it also plays a key role in several places
of this work. Note that the boundary conditions are convex combinations of
specular (deterministic) parts and diffuse (random) ones modeled by K; (i =
1,2). We point out that for the physical model in slab geometry with azymuthal
symmetry,

ve (—1,+1)

is not a "velocity" but rather the cosine of the angles of the monoenergetic
velocities (of particles moving in the slab) with an oriented axis perpendicular
to the slab. In particular, the tangential velocities to the slab correspond to

v=20

i.e. to the degeneracy of the vector field Ua%' These tangential velocities turn
out to play a natural and fundamental role in our construction. Finally, we
note that the boundary conditions are local in space, i.e. we have two separated
boundary conditions (one at = —a and another one at © = a) even if one can
imagine much more complex models including a coupling of the fluxes at —a
and at a.

It is known that the problem is well-posed in L' (2) in the
sense of semigroup theory and the corresponding Cy-semigroup is stochastic
(i.e. norm preserving on the positive cone), [2I]. We deal here with the partly
diffuse model

Br+62>0 (6)

only, i.e. we assume that at least one boundary condition is at least partly
diffuse. It is known that under condition (@ the semigroup admits an invari-
ant density, [2I]; (see below for the details). Furthermore, the Cp-semigroup
converges strongly to its ergodic projection as time goes to infinity provided
that

BlﬁZ > 0;

[21]. The lack of spectral gaps for such collisionless kinetic models means there
are no obvious rates of convergence to equilibrium.



Our aim here is to give a quantified version of the convergence theory given
in [2I]. We provide a systematic functional analytic treatment based on a quan-
tified version of Ingham’s tauberian theorem [I1]; see Section [2| below. This
tauberian theorem turns out to be usable in semigroup theory provided that the
restrictions of the resolvent (of the generator) and some of its derivatives to a
suitable subspace extend to iR\ {0} and satisfy suitable estimates. We point out
that for the stochastic kinetic semigroups we consider here, 0 always belongs
to the spectrum of the generator; it may happen (e.g. if 3, = 1 or 55 = 1)
that the whole imaginary axis is included in the spectrum of the generator. The
object of this work is to show how to obtain systematically such estimates on
the resolvent provided that one of the boundary conditions is completely diffuse,
ie.

Bi=1or By =1, (7)
under suitable structural conditions to be stated below. (For the obstruction
to the treatment of the general case @7 see Remark ) Note that need
not be the completely diffuse model which corresponds to 5; = 8, = 1; for
instance the case of a diffuse boundary condition at x = —a and a specular
boundary condition at * = a is covered by our theory. Even if we do not
treat completely the more general model @, some of our statements are given
under this general assumption and various mathematical results of independent
interest are provided. The result which has motivated our whole construction
is the following:

If the initial data g belongs to the domain of the generator and if

/ lg(z,v)]| |v|_(k+1) dxdv < 400
Q

then the solution to converges to the equilibrium state in L' norm
at the rate .

0 (t‘2<k+1>+1) , (t = +00) (8)
where k£ € N is an integer depending on natural structural properties of the
boundary operators near v = 0 (i.e. near the tangential velocities to the slab).

To our knowledge, this is the first systematic quantitative result in collision-
less kinetic theory for L' initial datum.

Indeed, until now, the sole known quantified L' results in collisionless kinetic
theory are much better rates obtained for bounded initial datum in balls with
Maxwell diffuse boundary conditions and constant boundary temperature. More
precisely, in dimension 3, the rate of convergence in L' norm is O(¢~!) if the
initial data is radial (in space and in velocity) and is dominated by a maxwellian
function (see [I] Theorem 4.1); this result was improved in ([I5] Corollary 2)
where the rate is shown to be O(t~%) in dimension d < 3 for bounded initial
datum; (see [I][15] for additional results which we do not comment on here).
We point out that Maxwell diffuse boundary conditions refer to boundary op-
erators which are (local in space and) rank-one in velocity. Finally, we mention
that quantitative time asymptotics have never been dealt with for partly diffuse
boundary operators.




Let us give a more precise view on the mathematical construction behind
the rate of convergence . Let

Wi(Q) = {f € LY(Q); v% € Ll(Q)}

(v% is understood in the sense of distributions) be endowed with the norm

0
11w, = 171+ o5 |

where
+a +1
ol = [ [ lst@ldedo. g€ L@,
—a -1

According to classical trace theory (see [8][9]), the elements of Wy () admit a
trace on
{—a} x (=1,+41) and {a} x (—1,+1)

belonging to the weighted L'-space
L' ((=1,41); |v|dv).

More precisely, the trace operator is surjective, continuous and admits a con-
tinuous lifting operator. For any f € W1(Q), we denote by f~, (resp. f1,) the
restriction of f(—a,.) to (—=1,0) (resp. to (0,1)), i.e.

fZor (51,0) 30 = f(=a,0); fX,:(0,1) 30— f(~a,v).
Similarly
for (=1,0)3v— fla,v);  fo: (0,1) 30— f(a,v).
We keep in mind that
fa fo € LN((=1,0); [vldv) and fX,, fi € L' ((0,+1); [v]dv).

We define also
hE(w) = | fE(v), hE,(v) =|v] f5,(v)

and keep in mind that

h=,, h; € L' ((=1,0); dv) and AT

—a?

ht e L' ((0,+1); dv).
Define
O1 =Ry + B Ky L' ((—1,0); dv) — L' ((0,+1); dv)

where
Ry: L' ((=1,0); dv) — L' ((0,41); dv)



is a specular reflection operator defined by (R1¢) (v) = p(—v) and
Oz = agRo + By K> : L' ((0,+1); dv) — L' ((—1,0); dv)

where
Ry : L' ((0,4+1); dv) — L' ((—1,0); dv)

is the reflection operator defined by (R2¢p) (v) = ¢(—v) while the parameters
a;, B; (i =1,2) satisfy the convexity condition . The transport operator

To : D(To) € L' (Q) — LY(9),
indexed by O := (01, 05), is defined by

__,9f
Tof = U%

on the domain
D(To) = {f € Wi(Q); h¥, = O1h=,, hy = O2h}.

It is known (see [21]) that Tp generates a stochastic (i.e. mass preserving on
the positive cone) Co-semigroup (e'70);>¢ and, for g € L}(Q),

f=A=To)'g, (ReX>0)

is given by

1 x
flz,v) = 56_%(z+a)hta Jr/

—a

A gy L
e OV gy, v)dy (v>0) ()

1 @ 1
flaw) = e MO 4 [T gy 0<0) (10)

0] |v]
with
B, = (-G 0 B0, ( / e-ﬁ<a-y>g<y,v>dy) (1)
+(1- G0y (/ e T gy, ) dy>
he = O (h++ / ei<w>g<y,v>dy) (12)
and 2)a 2la
Grf =01 (¢ BP0, (B0 ) (13)

2)a
where the operator "e~ ToT " refers to the multiplication operator by the function

e~ Tl . For the sake of simplicity, if no ambiguity may occur, the different (nat-
ural) L! norms as well as their corresponding operator norms are denoted by



the symbol ||| . Note that |G| < e *¢Re* (Re A > 0) and ||Go|| = 1. Under the
general assumption @, the essential spectral radii of the stochastic operators

Go = 0105 : L' ((0,4+1); dv) — L' ((0,+1); dv)

Go = 0505 : L' ((—1,0); dv) — L' ((—1,0); dv)

are strictly less than 1; in particular, Gy and éo admit 1 as an isolated eigenvalue
associated respectively to the eigenfunctions

ho € LY ((0,41); dv) (14)
and _
ho € LY ((=1,0); dv)
with ~ _
Ogho = ho and 01h0 = ho. (15)
Furthermore, Tp admits 0 as eigenvalue (i.e. (etTO)
if and only if

+>0 has an invariant density)

U ho(v) i 0 ho(v) e
/0 d +/ dv < o0 (16)

v ~1 vl

in this case, a space homogeneous invariant density is given by

1 v v
wow):{ e e, )

[v]
see [21] for all these results. We note that requires that the kernels of the
diffuse parts K; vanish (in an appropriate sense) at v = 0. For example, (16) is
not satisfied in the purely diffuse case (i.e. 8; = 8, =1) if
inf ki(v,0") >0 (i=1,2). (18)

(v,v’

Of course, the object of this paper is meaningful only if (etTO) />0 Das an invari-
ant density. A sufficient condition ensuring is given in Theorem [f] below,
(see also Remark @ Actually, the present paper is built on much stronger
structural assumptions (see below) so that the existence of the invariant density
is guaranteed.

If (170),.,
the normalization fQ ¥y = 1, the invariant density v, is unique and the Cpy-
semigroup (etTO) is mean ergodic with ergodic projection

P:gﬂ(/ﬂg>%, (19)

LY(Q) = Ker(To) @ Ran(To)

is irreducible (a criterion is given in Theorem (7)) then, under

>0

i.e.



and the mean ergodic convergence

t
s lim ¢* / eTods = p
t—+o00 0

(slimy_, o refers to strong limit) holds where P is the projection on Ker(Tp)
along Ran(Tp).

The convergence

s lim efo=p
t——+o0

is proved in [2I] under the condition 5,55 > 0 by using a result (from [24])
on partially integral semigroups; (a new approach of this result is considered in
[22]).

We point out that if were not satisfied then (etTO)t>0 would be sweeping
with respect to the sets B

(—a,a) x[(=1,=e) U (e, +1)] (¢>0)
in the sense that the total mass of 70 g concentrates in the vicinity of v = 0
(i.e. around the tangential velocities) as t — +o0, i.e.

/75/ etTog zv|dxdv+// (e°g) (z,v)|dadv —0  (20)

as t — +oo, [2I]. Actually, the following alternative holds: (etTO) 4 is either
strongly convergent if an invariant density exists or is sweeping in the sense
otherwise; (i.e. a Foguel-like alternative holds, see [I6], Theorem 5. 10. 1, p.
130).

Thus, we are concerned here with quantitative time asymptotics of strongly
convergent kinetic models; (the relevant open question for the non-convergent
kinetic models is whether we can quantify their sweeping behaviour , see
Remark [32] (ii)). To this end, a key preliminary result is that

re (Gis) <1 (s € R\{0})
(r, refers to spectral radius) and
{A€C; ReA>0}23 N — (1 -G\t e (LM Q)

extends continuously (in the strong operator topology) to iR\ {0} . Various tech-
nical estimates are given in this paper. We can summarize them in two key
statements. Let k € N, k # 0; (the integer k comes from the structural assump-
tions).

The first statement is: if

/ / | |k+1 dmdu<+oo
—a v



then
{AeC; ReA>0}2A— (A\—To) tgc L'(Q)

extends continuously to iR\ {0} and, with

Fy(s)= lim (\=To)'g, (21)
Re A>0

the ma
g R\ {0} > s — F,(s) € L'(Q)

lies in C* (R\ {0}; L*(Q2)) with the uniform C* estimates

Jj+1
<c(Yla-co)") ==
p=0 |U|

where C > 0 is a constant, see Theorem
The second statement is:

—Fy(s)

dJ .
Hdsj (0<j<k, s#0)

sup [|(1—Gis) 7| <00, (n>0)
[s|=n

and there exists a constant C > 0 such that
C
[(1—Gis)7t|| < 2 (for small s € R\ {0}),

see Theorem 23]
It follows that

47

sup @Fg(s) <400 (n>0,0<j<k)

[s|>n

and there exists a constant C > 0 such that

d C
- < -
‘ dsiFg(S)H = 520D
and consequently a quantified version of Ingham’s theorem (see Corollary

below) implies
e'Tog — (/ g> o
Q

for any initial data g € D(Tp) such that H‘UI%H < +00, see Theorem

Apart from Theorem and Theorem (which hold under the general
condition 8, + 85 > 0), the paper is based upon a set of structural assumptions

. A priori, Assumptions , which say that

[l =Y O o T and o] 05 [T are bounded (0 < p < k),

(0 < j <k) (for small s € R\ {0})

k

=0 (t_2<k+1>+1) , (t— 400) (22)




are checkable. Indeed |v|™” R;|v)’ (i = 1,2) are always bounded while the
boundedness of [v| 7 K; [v]’ (i = 1,2) is a condition on the kernel of K; (i = 1,2)
in the neighborhood of v = 0. On the other hand, are checkable only
if Oy is a kernel operator (or if Oy is a kernel operator); this explains why the
condition ", =1 or By, = 1" appears in different statements. We point out
that the need for conditions on the kernels of K; (¢ = 1,2) near the tangential
velocities (i.e. v = 0) is not fortuitous since the existence of an invariant density
already requires a condition in the same spirit, see and ([18).

The fact that W — 1 (k — o0) shows that if there exists C; > 0 such
that

(this occurs if the structural assumptions are satisfied for all k € N) then the
quantified version of Ingham’s tauberian theorem provides us with the rate

& c;

deFg(s)H < W (0<[s|<1, j€EN)

O(ll),(a>0). (23)

t2+s

It is a priori unclear whether we can reach the limit rate O (%) or can go

4o (note that much better
rates of convergence occur for bounded initial datum in balls, see [I][I5]). We
refer to Remark 31| and Remark [32| for different open problems suggested by our
construction.

Our paper is organized as follows:

In Section 2] we give a corollary of a quantified version of Ingham’s theorem
[11] which implies the rates of convergence

beyond this rate for the kinetic semigroups (etTO)

||etTg — Pg|| =0 (tiW) , t— +o0

for bounded mean ergodic Cy-semigroups (etT) >0 On a Banach space X with
ergodic projection P (and generator T) for initial data

g€ D(T)N (Ker(T) + Ran(T)) (24)

provided that F,(s) := lim._.o, (e+is—T) g (s # 0) exists, lies in C* (R\ {0} ; X)
for some k € N and satisfies the estimates

sup HF;-”(S)H < 400 and HF;”(S)H < C|s|7°‘(j+1), 0<j<k 0<]s|<1).
ls|>1

In Section we give a sufficient criterion for the existence of an invariant
density of (etTO) >0 A sufficient criterion of irreducibility of (etTO) >0 1S given
in Section ] The combination of the last two results implies that the Co-

semigroup (etTO)t>O is mean ergodic. Because of the importance of 1) a

sufficient criterion for a given g € L'(£2) to belong to the range of Tp is given

10



in Section [§] Section []is devoted to o(Tp) N4R, the boundary spectrum of the
generator; while 0 € o(Tp) is always true, we show that the imaginary axis is
equal to the boundary spectrum at least when 3, =1 or 3, = 1. In Section [7]
we explain why

F,(s):= lim (e +is—To) 'g (s#0)

e—04

exists and lies in C* (R\ {0}; L*(Q)) if [, |g(z,v)] | "% dadv < 400 and
if the boundary fluxes h™, and h, given by with A = is (s # 0)
are C* functions of s € R\ {0} and their jth derivatives belong to suitable
weighted spaces depending on j (1 < j < k). Such conditions depends heavily
on the existence of (1 — G;s)~" (s # 0) and its derivatives in s (in suitable
spaces) which are thus the cornerstone of this work. The existence and estimate
of (1 —Gis)™* (s # 0) are postponed until Section Under the general
condition

B+ By >0, (25)

we show that 7, (|Gis|) < 1 (s # 0) where |G5| is the linear modulus of G5 (see
[10]). The proof relies on strict comparison of spectral radii of positive operators
in a context of domination [19]. We show also the key estimates

sup [[(1— G| < +o0 (>0, ReA > 0)
[A=n

1

fo-enl-0 (s

) (A—=0, ReA>0, A #£0). (26)
The proof of is quite involved and relies on a second order expansion about
s = 0 (uniformly in € > 0) of a suitable function related to R 3 s — ||Geys]| -
In Section [8] we show by induction the key estimate of the derivatives

d? = 1
‘dyU—Gm” <o)y fla-a)T T (1<i<k)
L(L (dv); L (o] ~F = do)) 1=0

by exploiting a differential equation satisfied by R\ {0} > s — (1 — Gys) 1. It is
at this place that we need that at least one of the boundary conditions must be
completely diffuse. In Section [0} we deduce the estimate on the left flux

j+1 l g
<o(Siu-a1)|
Ll(\v|”"’1+”dv) =0 |’U‘

and a similar estimate on the right flux h;. In Section we sum up the
previous estimates in the statement

J+1 " g
<C (Z (1= Gis) ™| ) H|U|k+1
=0

d’ht,
dN

(0<j<k)

di
HdeFg(S)

(0<j <k s#0).

11



Finally, in Section we deduce the algebraic estimates of on iR\ {0}

d7
sup || ——Fy(s)|| < +oo, (n >0, 0<j<k)
|s|>n || A8
&’ C g .
] ] [l ICEEELR

and derive, from the quantified version of Ingham’s theorem, the rate of conver-

gence
etfog — </ g) Yo
Q

for any initial data g € D(Tp) N LY (£ \v|d++1)

As far as we know, all these functional analytic results on collisionless kinetic
theory appear here for the first time. Some open problems suggested by our
construction in slab geometry are pointed out in Remark and Remark [32]
below. We note that this work could be extended to non-monoenergetic free
transport equations in slab geometry with more general reflection operators
R; (i = 1,2), see Remark However, its extension to multidimensional-space
geometries is an open problem, see Remark For the sake of simplicity, in
all the paper, we will denote by the same symbol C' various positive constants
occuring in our different proofs and statements.

k

—0 (t_2<k+1>+1) , (t — +00)

2 A quantified version of Ingham’s theorem

Let X be a complex Banach space. For any f € L™ (Ry, X), we define its
Laplace transform by

~

+oo
f()\):/o e Mf(t)dt (Re) > 0).

Let n € R. We say that in is a weakly regular point for f if there exist € > 0
and h € L*((n —e,n+¢),X) such that

f(a +4.) — h(.) in the distributional sense on (n —¢e,n+¢) as o — 04.

The weak half-line spectrum sp,,(f) of f is defined as the set of all real numbers

7 such that in is not weakly regular for f. Then sp,(f) is a closed subset of R
and there exists F' € L}, (R\sp,(f), X) such that

loc

~

fla+i.) — F(.) in the distributional sense on R\sp,,(f) as o — 04, (27)
see e.g. [2] Lemma 4.9.9, p. 326. We give now a quantified version of the

classical Ingham’s tauberian theorem (see e.g. [2] Theorem 4.9.5, p. 327). This
version is a special case of ([II] Theorem 2.13 (a)).

12



Theorem 1 Let X be a complex Banach space and suppose that f belongs to
L= Ry, X), is Lipschilz continuous and sup,s fg f(s)dsH < 4o00. Suppose

furthermore that sp,(f) C {0} and F (given by ) lies in C* (R\ {0}; X) for
some k € N. If sup|4>q ||F(j)(s)|| <400 (0<j<k) andif

|[FOs)| = cls ™0 (0<j <k 0<s <)

for some constants C >0, a > 1 then

k

1F@l =0 (#7707 ), (2 = +o0).

Now suppose that (etT) +>0 18 @ bounded Cy-semigroup with generator T'

on X, and that f(t) = e¢Tg (¢t > 0) for some g € X. Then f is a bounded
continuous function. It is Lipschitz continuous if g € D(T') and has uniformly
bounded primitive if g € Ran(T). Recall that the Laplace of f is given by
(LfY(N) = R(\,T)g for ReA > 0. Hence, by a calculation similar to that in
([1], Eq. (1.2)) we see that f satisfies the assumptions of Theorem [I| provided
that g € D(T) N Ran(T) and R(A,T)g extends continuously to a sufficiently
smooth function on ¢R\ {0}. Note that, crucially for us, this is possible for
particular initial values g € X even if iR C o(T). We obtain the following
corollary of Theorem [I]

Corollary 2 Let (etT)t>0 be a bounded Cy-semigroup with generator T on a

complex Banach space X and let g € D(T) N Ran(T). Suppose that R(\,T)g
(Re X > 0) extends continuously to iR\ {0} and that

Fy(s) := h%l R(is+¢,T)g
e—U4
lies in C* (R\ {0} ; X) for some k € N. If sup|g>1 HFg(j)(s)H <400 (0<j<k)

and if
|[F9@)| <™, o<k 0<s <)

for some constants C > 0, a > 1 then
76 = 0 (77 H77) (= +29)
In this paper, we need the following simple consequence of Corollary [2]

Corollary 3 Let (etT)t>O
erator T on a complex Banach space X with ergodic projection P. Let

be a bounded mean ergodic Cy-semigroup with gen-

g € D(T)N (Ker(T) + Ran(T)).
Suppose that R(A, T)g (ReX > 0) extends continuously to iR\ {0} and that

Fy(s) = lim R(is+¢,T)g

E—>0+

13



lies in C* (R\ {0} ; X) for some k € N. If sup g1 HFéJ)(s)H <400 (0<j<k)
and if
|FOs)| < cls0, 0<i<h 0<s<)

for some constants C' > 0, a > 1 then
|e'Tg — Pg|| = O (t—m) , (t = +00).

Remark 4 Theorem [1] can be complemented by the statement that if F €
C>® (R\{0}; X) and if there exists a constant C > 0 such that

HF<J'>(3)H <O s Ut G eN, 0<s<1)
then || f(t)] = O((@)E)7 (t — +00), (see [11] Theorem 2.13 (b)).

3 On existence of invariant density
We complement a result from [21].

Theorem 5 We assume that either O1 = K, and both [v| ™" Ky and |v| ™" Ky |v]
are bounded or Oy = Ky and both |v|™" Ky and |v|™" Ky |v| are bounded. Then
@) 1s satisfied and consequently (etTO)t>O has an invariant density.

Proof. Without loss of generality, we may suppose that 5, = 1 and therefore
a1 = 0. We know that Gohg = ho and Gohg = hg. Thus

K1 (aaRg + ByK2) ho = ho

SO OthT(v)dv<oo. By

ho = Ok = ayRohg + By Kaho.

By assumption Kyhg € L! (ﬂ) if hg € L* (il“> . Since L' (ﬂ> is invariant

[o] [v [v]
under Ry we have EO eL! (ﬂ) |

[v]

Remark 6 The assumptions in Theorem [ can be weakened. For instance, we
can replace the boundedness of |1)|71 K1 by the assumption that

\U\_l KRy K, and |v|_1 K K>K; are bounded.

Indeed, since [K1 (aaRs +62K2)]2 ho = ho then hg € L' (%) provided that
[o] 7' Ky (agRy 4 BoK>2) Ky is bounded.

14



4 On irreducibility of (e'7°);5g
We give two complementary irreducibility criteria.
Theorem 7 We assume that either O1 = K1 or Oy = Ks. If
Go =010 : L' ((0,+1); dv) — L* ((0,+1); dv)
is irreducible and if Oq is strict positivity preserving in the sense that
h(v) >0 a.e. = (O2h)(v) >0 a.e.
then (et10),>¢ is irreducible.
Proof. Note that
(1-G)'=3G, (A>0)
so that for any nonnegative h and h*
(1= G\)7rh,h*) > (GIh,B*), (j €N, A>0).

Since Gy is irreducible then for any non trivial nonnegative h and h* there exists
an integer j (depending a priori on h and h*) such that (G)h,h*) > 0. Since

lim (G h, h*) = (G)h, h*)
A—=04

then (G%h,h*) > 0 for A small enough. Since A\ — (G4h,h*) € R, is nonin-
creasing, an analyticity argument shows that

(GSh,h*) >0, (A>0)

and finally ((1 — G\)"'h,h*) > 0 so (1 — G»)"*h > 0 a.e. Thus gives
h*, > 0 a.e. for any non trivial nonnegative g and 1] gives h, > 0 a.e. since
Os is strict positivity preserving. Finally (1 — Tp)™" is positivity improving or
equivalently (e!T0),> is irreducible. m

Remark 8 Note that Gg is an integral operator with kernel q(v,v’). The irre-
ducibility of Gy amounts to

/ (/ q(v,v’)dv’) dv >0
0,1\s \Js

for any measurable S C [0,1] such that S and [0,1]\S have positive measure.
In particular, this the case if q(v,v") > 0 a.e. Note that Oy = ayRs + B5K5 is
automatically strict positivity preserving if as > 0.

15



Remark 9 Another irreducibility criterion is a "dual" version of Theorem [7
Assume that either O1 = K1 or Oy = K. If

Go = 0,01 : L' ((=1,0); dv) — L*((~1,0); dv)

is irreducible and if Oy is strict positivity preserving then (€'10);>q is irreducible.
Indeed, it is easy to see that

~ \—1 a a
he = (I - G,\) O, [6‘32“01 (/ e T g(y, v) dy) + (/ 6‘3(“‘y)g(y7v)dy>}

— —a
=~ _29q —22q
Gy = Oge” v*01e™ vl

ht,=0h", =0 (e—ﬁmhg +/ e_ﬁ(y“)g(y,v) dy)

—a

a

+

and then it suffices to exchange the roles of hT, and h; and to argue as previ-

ously.
5 On the range of Ty

According to Corollary [3] the knowledge of the range of the generator is a key
point. To this end, we describe now a useful subspace of the range of Tp.

Theorem 10 We assume that either O1 = K and both |v| ™" Ky and |[v| ™" Ky ||
are bounded or Oy = Ky and both |v|™" Ky and |v|”" K |v| are bounded. We
assume additionally, in the first case, that Go = O102 is irreducible or, in the
second case, that Go = 0201 is irreducible. Let g € L*(Q). If

Lyen (28)

|v]
/ g=0 (29)
Q

Proof. Note that (e!70),>¢ is a stochastic semigroup so that

and if

then g € Ran(To).

/ Top =0, ¢e D(To)
Q

and consequently is a necessary condition for g € L'(£2) to belong to
Ran(Tp). We consider the case 5; = 1. Let

g-: (y,’l)) € (_a’a) X (_LO) - g(y,v),

g+ (y,v) € (_a7a) X (07+1) - g(y,v)

16



and

7= | ) dy, §e(v) = / " e 0) dy.

—a

Note that by assumption

d d
G e L ((—1,0); |”> and gy € L1 ((07+1); |”|> .
v v

By inspection of @D, for solving (A—Tp) f = g with A = 0, it suffices
that is satisfied,

0,04 (§+) + 04 (ﬁ_) S Ran(l — Go), (30)

that h', given by , is such that

ﬁhfa € L' ((0,41); dv) (31)

and that 1
mhg: " |02 (ht,+94) € L' ((-1,0); dv). (32)

Note that 1 is an isolated algebraically simple eigenvalue of Gy = 0105 associ-
ated with the eigenfunction hq (see (14)) so that

Ran(1 — Gy) is closed in L' ((0,+1); dv).
By the Fredholm alternative
Go (§+) + Oq (/g\,) S Ran(l — Go)

if and only if Go (g4+) + O1 (g—) is orthogonal (for the duality pairing) to the
dual eigenfunction hf € L ((0,+1); dv) i.e.

<G0 (§+) + Ol (/g\*) 7h3> =0

or
(Go (9+) , ho) + (01 (9-) , hg) = 0.
Since
(Go(9+), hg) = ( G+, Goho) = ( G+, ho)
we have

@+ +01(9-),hg) = 0.

On the other hand, Go : L' ((0,+1); dv) — L'((0,+1); dv) is integral pre-
serving, i.e.

1 1
/ GOSDZ/ o Vo e LN ((0,41); dv)
0 0

17



so G§1 =1 and h§ = 1. Thus

1 1
/§++/ 0, () =
0 0

Since O; is also integral preserving we have

1 0
0, (3) = / 5
0 —1

1 0
[a+ [ 3 -
0 —1
which is nothing but . Hence is satisfied. Note that
L' ((0,41); dv) = Ker(I — Go) @ Ran(1 — Gy)
and Ran(l — Gp) is invariant under Gg. It follows that on Ran(l — Gy)
(1-Go) ' =I+Go(1-Go)™"

and finally amounts to

ht, = (1=Go) " [0102(g4) + 01 (3-)]
= 0102(G1) + 01 (§-) + Go (1 — Go) " [0102 (G4) + O1 (3-)]

shows that h*, € L' ((0,+1); %) since 10, is bounded. Note that

1 1 ~
m a = mOQ (hi—a + g+)
1 - 1 —~
= mRQ (hi—a + g+) + mKQ (hi—a + g+)

1 ht, G 1 ht,
— Rl hg R A g+ ).
] ol ol ) ol ol ol

. dv
ht,+gy €L’ ((o +1); 8 |>

Since

we have, using our assumption,

ht, g . dv
|K2"<|| ||>€L(“°)||>
L ol ey 8 eLl(( 1,0); d”)
o 2 Ry T o

This shows (32]). The case 85 = 1 can be treated similarly. m

We always have

18



Remark 11 We do not know whether @) 18 a mecessary condition for g to
belong to Ran(Tp).

6 On the boundary spectrum of T

This section is devoted to the analysis of o(Tp) NiR. Note first that the type of
(e'T0); is equal to 0 since (€'70);>( is a stochastic semigroup. Thus 0 € (7o)
since the type of (€/79);>( coincides with the spectral bound of its generator,
see e.g. [20].

Theorem 12 Suppose that O1 = K and that |v\71 K7 is bounded (or Oy = Ky
and |v| "' Ky is bounded). Then iR C o(Tp).

Proof. A simple inspection of (A — Tp)~'g shows that it consists of two parts,
the first one being

Hyg := X{v>0}/

—a

x a

_a(p_an 1 _ A (y—g) L
A y)gg(y,v)dy+x{y<o}/ R

g(y,v) dy
|v]

which is nothing but (A—7y) g where Ty is the classical free transport operator
with the "zero incoming" boundary condition. It is well known (see [I7]) that
o(Tp) = {A € C; ReX < 0}; (33)

(the proof is given there in L?(£2) but is the same in all L? spaces (p > 1)). Let
us regard this result in a slightly different way. Indeed, let

Q4 =(—a,a) x (0,1) and Q_ = (—a,a) x (—1,0).

We note that L!(Q,) and L*(2_) are invariant under (A—Tp) ™! (or equivalently
under (e!70);>0) and therefore Tp splits as Ty = T, @ T~ where Tj are the
generators of the restrictions of (e'”?);>¢ to the subpaces L' (21). Thus

(1) g = [

—a

x

_a(pean 1
e vl y)gg+(y7v)dy

and u )
A (y—w
(/\*To_)’lg—:/ e T )mg—(y,v)dy

where g1 are the restrictions of g to L'(Q4). As in [17], we can show that
o(Ty) =o(Ty) = {\ € C; ReX < 0}.

In particular

lim ||(e +is —T,") 7| =+ (s €R) (34)
e—04
and
lir(r)l (e +is—Ty)7'| =+oo (s€R). (35)
e—U4
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(i) Suppose first that 8, = 1 and that |v| " K, is bounded. We know that
(A —To) g is given for positive v by

1
S BEORE (= T) gy

where

ht,=(1-G\) 'Oy [egzaOz (/ eﬁ(“y)g(yw)dy) + </ 6ﬁ'(y+“)g(y,v)dy>} :

Note that
(1 — G)\)_101 =01+ G)\(l — G)\)_IOI

and G = 0167%0267%. According to Corollary 25/ (1 — Gx)~! (ReA > 0)
extends continuously to iR\ {0} (in the strong operator topology). It follows
that the norm of the operator (depending on A = ¢ +is; € > 0)

1
LYQ) 3 g — —e 2@t e LYQy)
v
remains uniformly bounded when ¢ — 0, (Vs # 0). Finally (34) implies that

lim su e+is—Tp) ! =400 (s#0
e04 HgHng( O) g||L1(Q+) ( 7é )

whence is € o0(Tp) (Vs #0).

(ii) Suppose now that 8, = 1 and that |v| ™" K, is bounded. It is easy to see
that (A —Tp) !g can also be given by

1 VN
f(x,v)zae_%(“‘“)hfa—‘,-/ e gy, 0)dy (0> 0)
—a

A A
[v

1 2 uemy, G Ay 1
fla) = e B+ [0 gy < 0)

|v]
where
-1 a a
hy = (I - G)\) 0, {eW“Ol (/ e T gy, ) dy) + (/ eﬁ(“y)g(yyv)dyﬂ
Gy = Oge_%%Ole_\TAlM
and

a

ht, =0.h-, =0, (e—ﬁzah; +/

—a

e_ﬁ(’y"'“)g(y, v) dy) .
In particular, (A — Tp)~tg is given for negative v by

1 .
e TP e L (A= Ty ) g

]
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By noting that
~ —1 ~ ~
(I—GA) Os = 05 + Gr(1 — Gy) 10,

and using the fact that (1 — G5)~' (Re\ > 0) extends continuously to iR\ {0}
in the strong operator topology (see Remark , we see as before that (35|)
implies

lim sup [|(e +is—To)* =400 (s#0

0y o ”I<)1 || O g”Ll(Qi) ( 7é )

and is € 0(Tp) (Vs#0). m

Remark 13 A priori, it is not clear whether iR C o(Tp) for more general
partly diffuse models.

7 The objects to be estimated

Note that Hyg = (A — Tp) g does not extend to iR for all g because of .
On the other hand, we can extend it on a suitable subspace. Indeed, let k €
N, (k # 0). It is easy to see that H,g extends to the whole closed half space
{\ € C; Re\ > 0} with the C* norm estimates

Hyg| < (2a)’ (0<j <k Rer>0) (36)

|5 T
N o+

< +o0. Actually, to estimate (A — Tp) 1g up to the

provided that Hlv\%
imaginary axis, the key point is to estimate in C* norm the boundary terms

Le-detope L -fre-o-
|v]

v

Consider first

1
Zemwl@ta)pt

v
Note that a priori T, € L1((0,+1]; dv). Since

ok (le—%(x+u)h+a>

k .
- 1 _a oF
_ 3 dara) O e
oN" ( ) Y ( ¢ ) oxe7 (=)

7=0

_ i(@)(_wa)jle Sra) Oy
J v v ONe—i e

Jj=0

our main concern is to estimate the norms
1 o 1ot
T —a 2 _
] ONF [u]® OAF—1

L 9,4

o[ OAT

1 +
|U|k+1 -

5 g eeey

in

{AeC; ReX >0, \+#0}.
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8 Operator estimates up to the imaginary axis

Since

hja = (1—G,\)_101 [e—mfoz (/ e—%(a—y)g(yﬂ)) dy) + </ e‘ﬁ(y-&-a)g(yw) dy)}

then the key object to deal with is the resolvent (1 — G\)~! where

2 22
Gy = 0O1e” T Oge” Tl
Note that G is defined on the closed half space {\ € C; Re A > 0} and |G| <

e~4aReX (Re X > 0). The derivatives of Gy

% - (o o)

Jj=0

p L P 1 —2a 1 — 22
20 Z(a‘)Ol(W ">O2<|v|p—je ) o=

=0

are uniformly bounded on {\ € C; ReA > 0} (for the usual operator norms)
provided that

1
- are bounded operators (0 < j <p < k). (37)

175 Va——
o o

We need also the additional conditions

d
G : L'((0,+1]; dv) — L'((0,+1]; HTUH)
v
and d d
LGy L0, 4+1); dv) — L((0,+1]; )
d\ v

or more precisely

1 1
770102, —¢

1 1 1
|v|k+1 01— 05 and — 0102 — are bounded operators.  (38)

lwF 7 vl i v

Remark 14 If O; or Os is weakly compact then at least one of the two is
an integral operator and consequently Assumptions @ are checkable in
principle.

We will show, under the condition $; + 85 > 0, that r, (G)) < 1 (ReA >
0, A # 0) and (1—G))~! extends continuously (in the strong operator topology)
to iR\ {0}, (see Corollary . We are ready to give our key estimates of the
derivatives of (1 — Gy)~! in terms of H(l -G
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Lemma 15 Suppose that @ are satisfied. Then there exists a constant
C > 0 such that for all s € R, s# 0

Proof. Note that

o B = oy .
-5 (1=Gi) <O |-G (1<ji<k).

L(LY (dv); L (o] ~* 1+ dv))

(1-G\) '=T+G\(1-Gy)! (39)
and p
5(1—@)—1 =(1-G) G\ -Gyt (40)
SO
d
- Gh o= (I+G(1-GN) NG (I+G(1-Gy)
= Gl)\ (I + G)\(l — G)\)il) + G)\(l — G)\)ilG//\ (I+ G)\(l — G)\)il)
and show that
d d
(=G L0, 41 dv) — L0, +1]); —)
d\ v

and that there exists a constant C' > 0 such that

|0

Let us show by induction that

<o (14 a-a) +lla - o).

L(L*(dv); Lt (|v|~*dv))

& o . 1 o dv ,
(1= G O o) = P04 ) (<)
and there exists a constant C > 0 such that
Jj+1 l
L3l o)
=1

(41)
We already know that this statement is true for j = 1. It suffices to show that
if 1 <p < k and that if

'1_@

L(LY(dv)sL (Jo] == *Tdv)) (

j+1

D G/\)1||l> (1<j<p)
=1

‘1@

<C
L(L(dv); L (o] 7* 7 dv))
then estimate is true for j = p+ 1. Let

JO) = (1-Gy)!
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According to , f(A) satisfies the differential equation

F'N) = NG N (42)
Differentiating p times we get

L Z(S)(j)\f> e G O)
S ) (5
(1) () £ () (o) (2
0
) () () ()

Note that [v| #7117 > |U|7k71+j/ (j < j') shows that

3

LY (|51 dv) € L (jo] 71 dw)

and
k—14j
||50||L1(\v|—k—1+.i’dv) < ||<P‘|L1(|u\*’°*1+jdu) Vi € L'(Jv| I dv).
Thus o o
|5 r00 < s
L(L (dv)) L(L(dv); L (o] 7™ dw))

and (by assumption)

am m+41
| 5 <o (1 £y If(A)Il> (m<p-0
L(L(dv); Lt (Jo|7F 1™ dw)) =1
SO L
am m+ .
| s <0 (1 + 31l ) (m<p—0).
L(L (dv)) =1

—gq—m+1

By the derivatives %G(A) are uniformly bounded for the natural
operator norms. Similarly,
da

SOV s L do) — L2 (Jol ™7 do) € L1 (Jol P dv) (g < p)

and
d4
| 570

()

d4
< Hd)‘qf
L(LY(dv); LY (Jo|~* = +Pdv)) L(L (dv); LY (Jo]~F = +9dv))

24



so (using the assumption)

H Y

B

L(LY(dv); L (o] ~F~ 1P dw)) L(LY(dv); L (Jo] ~F~ 1+ dv))

IN

q+1
c (1 +> IIf(A)II’"> (¢ < p).

On the other hand
m+1 q+1 m+1 gt+1 m+1q+1
(1 +> f(A)l> <1 +> ||f(A)||T> =1 LD IF DS T IFI
=1 r=1 =1 r=1 =1 r=1
Since m < p — q we have
I+r<m+14+q+1<p+2

and there exists C' > 0 such that

dr+t pt2 .
—f <C(1+)) IfIF -
HCMPH L(LY(dv); L1 (Jo] =~ H+Pdw)) lzzl
Finally
dpt1 dr+1 (pr1)+1
el <[ =\
L(LY (dv); L1 (|v| =R~ 1P+ dv)) L(LY (dv); L1 (o] ~F =P dv)) 1=

LFOI

and hence we are done. m

9 Estimates of boundary fluxes

We note that if

dv dv . .
Oy : L'((0, +1; W) — L'((0, +1]; MT—H) is bounded
ie. if )
k+1 .
MT-HOI lv]** is bounded (43)
then gives

hira _ (1 . G)\)_lol |:€_ 2|ﬁr 04 (/ 6_%(G—y)g(y7v) dy> + / e_ﬁ(y‘l‘a)g(y’v) dy)]
= G\(1-G\7'0s [e‘QiaOz (/ e gy, v)dy | + (/ e T gy, ) dyﬂ

1016 T 0, </ e_ﬁ(a‘y)g(yw)dy)JFO1 </ e—|3<y+a>g(y,v)dy>

—a
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and

1% —57 0102 [|[(1 = G 7| Iyl

—a||L1(|v\ (k+1) o) <

+ || ——=010s| |lg]| + O o]**!

| |k+1 ‘ |k+1 H| |k7+1

o dPht, .
Leibnitz’s rule shows that ﬁ is given by

P p d] dr— 7 ora a N a (y+a)
Z( j > <d/\j(1GA)1> PRV [016 T Oy / e*?(“’y)g(y,v)dw()l/ ¢TI gy, 0) dy

=0 e

or indeed by

>y (7)) (a-cn) x

7=0

3 ( L >(2a)m0 L /“ e (g — )P 9.v)_ dy

o\ om Hol™ * o

3 () (ma-e0) (o [ o aro i,
= i) \dN —a 0"

Finally, Lemma [I5] implies:

Lemma 16 Suppose that @ are satisfied. There exists a constant
C > 0 such that

i+ Jjt+1
T <c (z - Gisrlw) H | 0<i<h,
LA (Jo|7* 1 Pdv) =0
We deal now with h_ .
Proposition 17 Suppose that @ are satisfied. If
|’U|_(k+1_p) Os [v|"™ 7P is bounded (0 <p < k) (44)
then there exists a constant C > 0 such that
||h;||L1(|U|*<’f+1>dv) <C [||hta||L1(|v<k+1)dv) + %-&-1 ]
[l
dPhy P ldPint,
‘ T sy = € Z ran . Ivl%“ (L<p<k).
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Proof. Note that

or
+ a
— k+1 —22a h—a —2(g— g(y,v)
hy =0, ||v] (e ol wEs +[ae v(a=y) o dy)]
shows that
- —(k+1) k41 + )
|ha ||L1(\y|_(’“+1>dv) < H|U| Oz vl H Mh—aHLl(v|—<k+l>du) + o ] :
Leibnitz’s rule gives
dPh; " & 2\ dPIRY
a ) Os | [ — (e Tl ) ———=2
N JZ_;J( j ) ’ [(d/\J(e ) N ]
a
+(=1)P0, [/ e—%(a—y)(a _ y)pg(y;f)) dy]
_a v
p —ipt
1 _2adP/RT
= Z ( p ) (—QG)jOQ —€ 2|$‘ 77@
par N [v]? dAPTY
+(—=1)?Oq [/ e~ v @V (g — )pg(y;?v) dy]
—a v
or
dPh- P lp , 1 1 _2a dP AT
2 = . ] (=2a)’0 P~ i =@
e j_0< j ) (~20)/0, lm e M

1y [ e U
H(=1)PO, [vk“ p/ e y)(a_y)pgigﬂ) dy}

—a

so there exists a constant C’ > 0 such that
P
‘ < O ||lo]" "M 0, |v|’““‘”H >
L1 (Jv|7F =P dy) j=0
This ends the proof. m
Finally, Proposition [I7] and Lemma [16] imply:

Corollary 18 Suppose that @ are satisfied. There exists a con-
stant C > 0 such that

A 1! g
<C 1-G)™ —
i S (;w ) ) H|

Remark 19 Note that and are checkable since they are always satis-
fied by the specular parts of the boundary operators O; (i = 1,2) and checkable

for the diffuse parts.

dpfth_ra
d\P~I

dPhy
ax?

Li(Jo| =+ do)

dh;

Y 0<j<k).
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10 On the resolvent on the imaginary axis

Combining Lemma Lemma Corollary Corollary and using
the limit Fj(s) defined by we get:

Theorem 20 Let k € N and let @ be satisfied. Let

Z = { geL'(@); —¥ eLl(Q)}

[v]

be endowed with the norm ||g|l, = . For any g € Z,

g
‘U|k+1

{ANeC; ReA>0}2)N— (A—Tp) tge LY
extends continuously to iR\ {0} as a C* function Fy(.) and there exists a con-
stant C' > 0 such that
E

@Fg(s)

Jj+1
<C <Z ¢! Gis)1||l> lgll, (0<j<k, s#0).

=0

11 Existence and estimates of (1 — G))™!

The preceeding sections show that the existence and estimate of (1 —Gy)~! for
A =1is (s # 0) are the cornerstone of this work. We start with a general result.

Theorem 21 If 8 + 85 > 0 then r,(Gx) <1 (ReX >0, A#0).

2Xa

Proof. We have G, = 016_%026_W and Gg = O105. Note that 0105 is
stochastic so 7, (Gp) = 1. Accordng to [21], ress(Go) < 1if 8,4+ 55 > 00 7,(Gp)
is an isolated eigenvalue of Gy with finite algebraic multiplicity. We know that

2Xa

IGAll = “016‘%026‘W < e aRed ~14f Re)d >0

since |e Tof < e 22ReX Tet A =ia (a € R). Note that the (operator) modulus

|G| of G (see [10]) is such that

_2a 2l

‘016 T Oge M| < 0104 = Go
and e o

]016 P Ose™ T £ Gy (a#0)
so by [19]

_2xa _2a
T5(|O1e” T Oge” T |) < 1o (Gp) =1

whence

2Xa 2Xa

r5(01e” 7T Oge” 1) <1 (a#0)
and 7,(Gy) <1 (ReA>0, A#£0). =
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Remark 22 We can show similarly that 1. (Gy) <1 (ReX >0, X # 0) where
Gy = 026*%2“0167ﬁ2“.

We complement now Theorem [21] in different directions by adding suitable
assumptions.

Theorem 23 Let K; (i =1,2) be compact and let 81 + S5 > 0. Then:
(i) If B; > 0, By > 0 and, for almost all v", k1 (v",.) € L>(—1,0) then
ey = suppy s, [GAll < 1 (n>0). If the kernels ki(.,.) of K; (i = 1,2) are

continuous and K, \v\_z K5 is bounded then there exists ¢ > 0 such that
|GAll < 1—=E[ImAl> (A — 0).
(i) If 81 > 0, By = 0 and, for almost all v", ki (v"”,.) € L>®(—1,0) then

Cp 1= SUD|\|>y |G3]| <1 (n>0). If the kernel k1(.,.) of K1 is continuous and
K, |v|_2 Ry K1 is bounded then there exists ¢ > 0 such that

[G3]| < 1—2¢lmA* (A — 0).

(A similar statement holds if ; =0 and B4 > 0).
(i4i) In particular, in both cases (i) and (ii) we have

lilll>p (1 =G| < 400 (1>0) and ||(1—Gx)7Y|=O0(ImA| ") (A —0).

Proof. Note that |G| < e **ReA (ReA > 0) so we may restrict ourselves
to the strip {A; 0 <ReA <1}. Let A = ¢ +is, e € [0,1]. Without loss of

generality, we may restrict ourselves to the case 8, > 0. This case subdivides
into two subcases:

B1>0and By >0 (45)
or
B1 >0 and B, = 0. (46)
Consider first the case (45]).
_2)a _ 2)a _ 2)a _2)a
Gy = 0Oqe T Oge Pl = (a1 Ry —|—51K1)6 [v] (OtQRQ +62K2)6 vl

2Xa 2Xa

= 51ﬂ2Klei Wl Koe ol 4+ Hy

where

2Xa 2Xa 2Xa

_2Xa _2Xa _2ia _2Xa _2Xa _
Hy, =ajagRie I Roge” T +a189R1e I Kge™ T + [ agKie” T Rge™ 10T,

We have
IGAl < 818, | e B K| + s + 018, + Bra
B182 “Kle—%K2H +(1=81) (1= B2) + (1= p51)By+ b1 (1= By)

_2Xa
= 51 K M K| +1- 18
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SO GAll <1 — B8, (1 — HKle_%KQH) . (47)

21.€n -~

I K5 where K. > has the kernel

Note that Kle_QI'ATIaK2 = Kje~

~

ka(v,0") = 6_2‘57?]{52(’0 V") < ka(v, ).

We have
0 1 1
/ ki(v,v")dv =1, / ka(v,v")dv < / ko(v,v")dv = 1.
-1 0 0
Since
2 0 isa lA
Kie~ = / dvky (v, v)e” Tl / ka(v,0") f(v")do' (48)
-1 0
1 0 2isa ~
= / {/ ki(v" v)e” T g(v,v)dv} fdv'
o L/
then

2isa -~

1
HKle Tl KQH < sup /
v’ €(0,1) JO

0
/ ki(v" v)e” T oo (v, v "dv| dv".

-1

We recall (see [27], Thm 1.39, p. 30) that for any complex function h € L(p),

‘/hdﬂ’=/|hdl~b

if and only if there exists a constant a such that ah = |h|. It follows that

0 2isa ~ 0 -~
’/ ki(v" v)e” Tl ka(v,0") do </ k1 (v",v)ka(v,v") dv
1 —1

otherwise there exists a constant « such that

o~

Tha(v,0) = ki (v, 0)ka(v,0")

aki (v v)e”

so ae” B =1 and @ = e is not a constant. Thus, for ReA > 0 and A # 0,

/01 /01 (/_01 kl(v//w)%z(v,v’) dv) dv”
/o1 </_01 (0", 0)ka(v, V') dv) dv" = 1.

/klvv o kg (0, 0') do

dUH

N

/Okl(v L) T g (v,0") do

-1

IN

Let us show that for any constant ¢ > 0

sup  sup sup dv” < 1. (49)

c<|s|<c~1e€l0,1] v’
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Let us argue by contradiction by supposing that this supremum is equal to
~ 2¢ea
1. Note that ko(v,v’) = e 1T kay(v,v") and K5 is weakly compact, i.e.

{k2(~71}/); U, € (071)}

is a relatively weakly compact subset of the unit sphere of L!'(—1,0) (at this
stage we do not need the compactness of K3). There exist €, — ¢, v;- — w,

sj — s € [c,c7!] and g € L'(—1,0) such that
ka(.,v}) — g weakly in L'(—1,0). (50)

and

0 2isja  2eja
/ ki (v, v)e” T e_ITJ\kg(v,v;) dv| dv”
-1

/

1
— sup  sup sup/
c<|s|<c~1e€f0,1] v JO

dv” = 1.

0 isa -~
/ k(0" v)e” Tl ky(v,v') do

-1

Since the sequence {kg(.,”[);-)}j is equiintegrable and since, for almost all v”,
ki(v”,.) € L*°(—1,0) we have

0 2isja 2eja
/ ki(v”,v)e” e TT ky(v,0}) dv — 0 (17— 0-)
uniformly in j and implies

2isa 2ea

0 2isja 2e5a 0
/ key(vv)e” T efT{\kQ(v,v;) dv H/ ki(v”,v)e” e Tl g(v) dv
- -1

2isja 2esa

1
0 J

‘/ k(v v)e” e T ky(v,v)) dv
-1

0 isa ea
— '/ ey (v, v)e” T e~ Bl g(v) do
-1

and similarly

0 2¢eja 0 ca
/ ki (v",v)e” T ky(v,v}) dv —>/ (v, v)e” T g(v) dv.
-1 -1

Since

/

then

0 QiSju. 26]'0.
/ ki(v" v)e” T efWkQ(v,v;) dv
-1

0 1 25ju,
</ </ kl(v”,v)dv"> e T ky(v,v)) dv) — 1.
-1 \Jo

This last limit shows that ¢; — 0 and

/_01 (/01 kl(v”a”ﬂ”") g(v) dv =1
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or indeed

/01 (/_01 ke (v",v)g(v) dv) do =1
dv" = /01 </01 ley (v, v)g(v) d@> w1

Hence

/

and the inequality

0 v
/ (v, v)e” T g(v) dv

-1

0 2isa 0
/ ki(v" v)e” Tl g(v) dv S/ ki1(v",v)g(v) dv
—1 —1

implies the equality

0 ea 0
/ (v, v)e” o g(v) do :/ ki1 (v" v)g(v) dv

-1 -1

which is not possible since s # 0. This ends the proof of . Hence

__2isa =~
sup sup HKle ol KQH <1
c<|s|<c~ 1 e€]0,1]

and (47) gives
sup  sup [|Geyis| < 1. (51)
e<|s|<e-1 c€[0,1]

We have

2isa =

1
HKle_WKgH < sup /
v'e(0,1) Jo

0 v
/ ki(v",v)e” Tt e~ To ko (v,v")dv| dv".

-1

Let us show that lim|y o “K167%K2" = 0 uniformly in € € [0, 1]. By weak

compactness of K; (i = 1,2) (and an equiintegrability argument) it suffices to
show that for any § > 0

/ (v, v)e” T e Tl kg (v, v)do
-1

1
lim  sup / " =0 (52)
ls|=00 4re(0,1) /6§

uniformly in € € [0,1] . If K5 is compact then {ka(.,v"); v € (0,1)} is a relatively
compact subset of L'(—1,0) and consequently, for almost all v” € (0,1),

{kl(v”, .)e_%kg(.,v’); v €(0,1), e €0, 1]}

is a relatively compact subset of L'(—1,—6). A Riemann-Lebesgue argument
gives
-0 2isa 2ea

lim ki(v",v)e” Tl e” Tl ky(v,0")dv =0
[s|—o0 J_1
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uniformly in v" € (0,1) and € € [0,1]. Finally, holds by the dominated
convergence theorem. Hence

cy = sup [|Gy]| <1, (n>0)
[A|=>n

and

sup [[(L=G\) 7| < (X —¢yp)™", (n>0).
IA|>n

Let us analyze the function

1
R>s— sup /
v’ €(0,1)

0
/ ey (v, v)e” T a (v, 0') do| dv”’

-1

(depending on € € [0,1]) in the wvicinity of s = 0. Consider first

2

) \/</_1 fwr o) COS(%WW) dv)2 (/ 01 (07, 0)sin 2 oo ) o)

and let
2

ue(s,0,0") 1= </O Fa (v, 0) c0s( 228 Voo (v, ) dv>2+</o (0", 0) sin( 222y (v, ) dv)

1 |'U| —1 |U|

(e comes from Eg(v,v’) = e_%kg(v,v')). We may write uc(s) or u(s) for
simplicity. We note that

2

2 0
(0,0, 0" (/ ke (v, 0) ko (v, 0') dv) < (/ k1 (v, v)ke(v,v") dv) = (0,0, 0").
-1

We have

% = —4a </_01k1(v v)cos(| | dv) /01 Fa(v i (2|S?)E2(v V') dv

o[ e >(/i e

S0 %(O,v’,v”) = 0. We have

0 isa -~
'/ kl(U”7U)67 2‘”‘ kQ(UaU,) dv
—1

SO



is such that

0
55 ( u(s,v’m”)) =0
S s=0
and
9%u o (%)2
872< Ry v,,)) C 1aEVu- o
0s2 T 2 U
p PN
_ 129 (%)
2 2\/uu
SO
92 1 9%u (0 o "
—( u(s,v’,v”)) — 92 0 0 7
0s2 a=0 2 u(07vl,1}”)

On the other hand

82 0 ~ 0 k //7 =N
<883> = —8d® (/ k1 (v",v)ka(v,0") dv) / 1(11721))]62(0’1),) dv
5=0 —1 -1 |
0 " 0 "
+8a? (/ ng(v,v’) dv) (/ ng(v,v') dv)
—1 [l 1l

2 . .
SO —# (‘383) . is given by
s=

(/01 ke (0", 0) ko (v, ') dv) (/01 W%(v, V') dv) - (/01 WEQ(U,U') dv)

Since we have strict inequality in the Cauchy-Schwarz inequality which is to say

we see that

2

(v ") = ( (0 0)oa(00) dv) (/0 %05 0, 0) dv>—</0 MO0 E ) dv) >0

1 1 o 1 vl

and is continuous for smooth (say continuous) functions k; and ks (¢ comes

again from ky(v,v') = e_QIETTkQ(v,v’)). Now

52 92

Vau(s,v',v") = /u(0,v,v") + 5 92 ( u((,v’,v”))

where ¢ € (0, ) or ¢ € (s,0) according as s > 0 or s < 0. Write it as

Va0, 0,07 — /u(s, 07,07 = § (-5’; ( u(g,vf,uﬁ))) .
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For smooth (say continuous) functions k1 and ks

2y o

9? o

i () i (Vi) -

(as s — 0) uniformly in (v',v"”) and € € [0,1]. On the other hand

2,,
—Sfiz (g 5 (0,9, v )) = c.(v',v")

SO
2
18uOU/U// N 42 7o
10w — a0 = — (v, )

2 \/u(0,v',v") u(0,v',0")

is (say) continuous and bounded away from zero uniformly in € € [0,1]. Hence

2 C/;(U/, ’U”)

\/UE(O,U/,’UH)—\/U,E(S,’U/,UN)Z% 5

for s small enough. Let

1 ~ /
3= inf inf)/ GV a s,

e€[0,1] v’ €(0,1 2
Thus,
0 ~ 0 ea o~ 2 (ot o
[ ) ao-| [ o B R a2 5 EE
for s small enough. Thus
2isa/\ 52
/dv'// kq(v” v)kg(vv ) dv— /dv"/ k(0" v)e” Tl ko(v,0") do 2?

and

> % / (v, v") 4
0

0
215@/\
/ ki(v" v)e” Tl ko(v,0") do 5 5

-1

1
1—/ dv”
0

so that taking the infimum in v’ € (0,1) and € € [0, 1] on both sides

0 isa o~
/ kl(v”,v)672ﬁ\ ka(v,v") dv

-1

1
1— sup sup /dv”
e€[0,1] v’ €(0,1) JO

2 1~/ 1 17 2
> 2 it it / EWD) g » 5
2 ecl0,1]v7€(0,1) Jo 2 2
i.e.
_ 2)a 82/\
1— sup HKle ol KQH > —p0.
c€(0,1] 2
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Hence

IN

SUP] |Getisl] <1 — 5,65 (1 — sup HKle it K2H> 1— ﬁlﬁQ%B

e€l0,1 e€l0,1]

This ends the proof in the case (45]).
Consider now the case . In this case 85 =0 and ag =1 so

_2Xa _ 2Xa
Gy = (Q1R1+51K1)6 vl Roe™ vl

2Xa 2Xa 2Xa

_2Xa _2Xa _2Xa _
= oque To] R2€ o] +51K16 Tol RQ@ ol

It follows that

2 _2Xa _2Xa 2/\(1 _2xa\ 2
G)\ = (alRle 1ol Tl +51K1€ o] R26 [o] )
= (Oll-Rle ) (alRle vl 2672\1?)
2>\ >\ 2 = _2)a
(ﬁlKle >( 1 Kie 'l Roe \v\)
+ (01316 ) (BlKle _2\?7)
+ (Bu1re B Rpe B (alRle )
= B%Kleiii\)\ R2€ \vl Kle \v\ RQG W +H>\
where
Hy = odRie” P Rpe™ B Rie B Rye B
+0151R1€7%R287%K167WR2672M
_2Xa _2Xa _2)a __2Xa
+(X1B1K1€ vl R26 [v] Rle [o] RQ@ CI
Hence

IGRII < 8% ||Rre B Roe™ B || 4+ (1= 1) +2.(1 - 1) 8,
= B HKlej"Ai’?Rﬁf%KlH +[1=8,+ 5] -6
15 (1 e B R )
It is easy to see that

0 isa 0 ca
K1672\AT\QRQ€7%K1]E:/ k1 (0", v) (e4v / e%vkl(v,v’)f(v’)dv’> w
1 -1

2Xa 2Xa 2Xa
so that Kyje™ °I Roe™ 1o K7 has the same structure as the operator Kie™ *I Ko
considered previously (see (48)). In particular, arguing as previously, one sees
that for any 0 < ¢ < ¢/

_2)a _2a
sup sup HKle ol Roe ™ vl KlH <1
c<|s|<c— 1 e€[0,1]
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SO

sup  sup ||GZ,.] <1 (53)
e<|s|<c—1 e€[0,1]

and .
lim HKle v \Rge TKlH =0
|s]—o0
uniformly in e € [0,1]. Finally, as previously, ¢, := sup >, ||G§\H <1 (n>0)
and there exists ¢ > 0 such that
|G|l <1-2mA® (A — 0).

Since 75(Gy) < 1 for ReA > 0 and A # 0 (see Theorem [21]) then for A # 0

1-a)"' = iG i 2j+§:G2J+1 iGijJrG*iGij
i= =0 =0 j=0 Jj=0
= 1-@) '+ 0-63)!
and 1 X 2
1 A

Ja-en7| = = &3 T TR S Tl
Finally supy >, H(l - G,\)_IH S and

Ja-c07 < ﬁw <26 Im A2 (A —0).

Remark 24 (i) We have also a similar statement with Gy = Oge_%QaOle_ﬁQG

instead of Gy.

(ii) The compactness assumption on K; (i = 1,2) (which is used in the study
of the norm of |G, or ||G3|| as |s| — oo only) could be avoided by analyzing
G3 in the case (i) and G3 in the case (ii) (and using Dunford-Pettis arguments).
Such a proof is however too cumbersome to be presented. Note that K; (i = 1,2)
are compact if the kernels k;(.,.) of K; (i =1,2) are continuous.

Corollary 25 Let 8, + 85 > 0. We assume that for almost all v € (0,1),
k1(v”,.) € L*®(=1,0) (and for almost all v"" € (—1,0), ko(v",.) € L>°((0,1))).
Then

fAeC; ReA>0} 3N — (1 -Gy

extends continuously (in the strong operator topology) to iR\ {0} .

Proof. Let A = is (§#0) and N\ = g +is; — p (I — o00). By the part of
Theorem [23| which does not rely on the compactness of K; (i = 1,2) (see (51)
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and ) there exists ¢ < 1 such that HG || < ¢ VIl and then we can pass to
the hmlt in

o0

(1-Ga) ' f=U+G\)(1-G3)  f=U+Gn)Y (G

7=0

as ¢ — 04 and s; — § to show that (1 — GAl)flf — (1 - Gi)f1
m

F (= o).

~\-1
Remark 26 We have also a similar statement with (1 — GA) instead of
(1- G)\)_l
Remark 27 In Theorem [23, the continuity assumption on the kernels ki and

ko could probably be replaced by a piecewise continuity assumption; we have not
tried to elaborate on this point here.

12 Rates of convergence to equilibrium
We give first algebraic estimates of the resolvent on the imaginary axis.

Theorem 28 We assume that O1 = Ky or Oy = Ks. Let the kernels k;(.,.) of

K; (i = 1,2) be continuous. Let k € N and let (37)(33)(43){{4) be satisfied.
Then, for any g € Z,

{ANEC; ReA>0}2)N — (A—-Tp) tge LY
extends continuously to iR\ {0} as a C* fucntion
R\ {0} > s — F,(s) € L'(Q)
such that )
&7

757 Fo(5)

sup <400 (0<j<k) (54)

|s|>1

and there exists a constant C > 0 such that

Proof. By Theorem

j+1
’ (ZHl— is) 1|I>|Igllz (0<j<k s#0).

The fact that s — ||(1 — Gys) 1” is uniformly bounded outside any neighbor-
hood of 0 shows (54]). It suffices to prove . ) for small s. By using Theorem

47
@Fg(s)

C )
g 9z (0<5 <k, 0<[s| <1). (55)

dj

dsj
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IN

p+1 p+1 1 _(C p+2 c p+2_
SOl =G Z(;) - (@) (&)

=0 =0
2
(O Sy — 8 1
- C—s =0\ e | B0

This ends the proof. =
We are now ready to prove the main result of this paper.

Theorem 29 We assume that O = Ky or Oy = Ks. Let the kernels k;(.,.) of
K; (i =1,2) be continuous and let (e'©) be irreducible. Let k € N and let

t>0
(@ be satisfied. If

g € D(To) and / lg(z,v)| |v|7(k+1) dxdv < 400
Q

e'fog — (/Qg) Yo

Proof. The ergodic projection of (etTO)t>0 is given by Pg = (fQ g) 1, where
¥y is given by and is normalized in L*(£2). Then

fioro= Lo Lo~ o= ([5) (L) »

Furthermore
sa-ro= o ([ o) pvec '@
T3\ 9 —1rg9)= 79— g
|v] |v] Q) o] "

because of . The assumptions in Theorem are satisfied so ¢ — Pg €
Ran(To). Since g — Pg € D(Tp) then Theorem [28) and Corollary 3| end the
proof. m

then
=0 (t_m> , (t — 400).

Remark 30 A sufficient criterion of irreducibility of (etTO)t>0 is given in The-
orem [} The continuity of the kernels k;(.,.) (i = 1,2) could probably be relazed,

see Remark 27

Remark 31 A priori, the rates of convergence given in this paper depend on
the condition 5, =1 or By = 1. Two kinds of assumptions appear in this work:
The "kernel” assumptions @) which can be checked only if f; = 1 or
By =1 (see Remark and the "non-kernel” assumptions which are
satisfied even by the reflections conditions (see Remark@). (Note that Theorem
and Theorem hold under the very general condition B, + B9 > 0.) The
extension of the theory to the general case 31 + By > 0 (or at least to the case
B185 > 0) should depend on a weakening of the "kernel” assumptions which are
used essentially in the proof of the key Lemma 15
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Remark 32 Three additional open problems are worth mentioning.
(i) We have seen that the quantified Ingham’s theorem provides us with the
1

rate of convergence O | —— | for any € > 0 if the structural assumptions are
t2+e

satisfied for all k € N, see . Whether one can reach the limit rate O (%)

(or can go beyond this rate) in the context of kinetic theory is an open problem.
Note also that if there exists a constant C > 0 such that

d7

ﬁFg(S) <C s P (GeN, 0< s <1) (56)
5

then another quantified version of Ingham’s theorem (see Remark |4]) gives the
rate O( @) Howewver, in practice, the verification of seems to be out of
reach.

(i) A completely open problem is to quantify the sweeping phenomenon (@)
in case of lack of invariant densities.

(iti) We know (see Theorem [19) that the imaginary axis is the boundary
spectrum of the generator if B; = 1 or By = 1. The extension of this result to
more general partly diffuse models is an open problem.

Remark 33 This work could be extended to non-monoenergetic free models in
slab geometry

of of
E(tvxvvvp) + pvax

where Q = (—a,a) x (=1,1) x (0,400) with stochastic partly diffuse boundary
conditions

(t,z,v,p) =0, (z,v,p) €Q

“+o0 0
|U| f(ta 7(1,’(),/7) = Q1 |U| f(ta —a, 7vap)+ﬂ1 / dp// kl(vvvlap) p/)f(ta fa,v’,p/)dv/
0 —1

forv e (0,1) and

“+oc0 1
o] £(t,a,v, p) = au [o] £t 0, —v, p)+B; / dp' / ka(v,0', py p) (1 a, 0!, )
0 0

for v € (=1,0) under the convexity condition (@ Indeed, the approach taken
in [21)] could be extended to this model and the arguments of the present paper
could be adapted accordingly. We have not tried to elaborate on this point here.

The specular reflection Ry : L' ((—1,0); dv) — L'((0,41); dv) defined
by (Rip) (v) = @(—v) could also be replaced by a more general deterministic
boundary operator of the form (Ryp) (v) = ¢({(v)) where ¢ : (0,4+1) — (—1,0)
18 a smooth measure-preserving function. A similar remark applies to Rs.

Remark 34 We are confident that our formalism could extend to multidimen-
stonal (in space) geometries with partly diffuse boundary operators. However,
such an extension is not straightforward at all and faces serious additional prob-
lems we hope to be able to deal with in the near future.
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