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ABSTRACT. We introduce a non-linear paracontrolled calculus and use it to renor-
malise a class of singular SPDEs including certain quasilinear variants of the periodic
two dimensional parabolic Anderson model.

1. INTRODUCTION

We show how to renormalise a class of general quasilinear equations of which one of the
simplest examples is the following parabolic SPDE:

Opu(t,x) —a(u(t,x))Au(t, z) = &(x), uw(0,7) =up(z), x€T%t>0, (1)

with a: R — [\, 1] for A> 0 a uniformly bounded C*® diffusion coefficient, and [|a®||p <1
for k=0,...,3. We assume that £ € >~ 2(T?) with 2/3 <a <1 where ' *(T?) is the Besov
space B% o(T?). This would apply to the space white noise on T?, for example. In this
case we only expect that u(t,-) € %(T?) and the term a(u(t,-))Au(t,-) is not well defined
when 2a — 2 < 0. Eq. (1) is a quasilinear generalisation of the two—dimensional periodic
parabolic Anderson model (PAM).

Let us remark from the start that the framework we will consider below allows to deal
with a class of equations of the form

ar(u(t, z))owu(t, x) — az(u(t, x))Au(t, z) = (az(u(t, x)), t, x), reT?t>0, (2)

where a1, ag are sufficiently smooth non-degenerate coefficients and £(z,¢,x) is a Gaussian
process with covariance

E[&(z,t,x)E( t 2| =F(z,2)Q(t —t',x — z), z, 2’ €eT? t,t' 2, 2 €R,

with F' a smooth function and @ a distribution of parabolic regularity p > —4 /3. This
includes the space white noise discussed before or a time white noise with a regular depen-
dence on the space variable or some noise mildly irregular in space and time.

Also the scalar character of the equation or of the non-linear diffusion coefficient will not
play any specific role and we could consider vector—valued equations with general diffusion
coefficients provided the template problem (7) below remains uniformly parabolic.

For the sake of clarity and simplicity we will discuss mainly the basic example (1) since
this contains already most of the technical difficulties. The fact that one can handle models
as general as (2) can be considered a direct byproduct of the techniques we will introduce
below.

Recently Otto and Weber [33]| and Bailleul, Debussche and Hofmanova [7] investigated
quasilinear SPDEs in the context of pathwise methods and in a range of regularities com-
patible with the ones we will consider in this paper.

e In [33] the authors obtained a priori estimates for equations of the form

ou(t, ) — a(t, ©)02u(t,z) = f(u(t,x))E(t, x), (t,z) € T?
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where both space and time variables take values in a one dimensional periodic
domain and their noise can be white in time but colored in space, essentially
behaving like a distribution of parabolic regularity in (=4 /3, 1). In order to do
so they introduce a specific notion of modelled function and related estimates.

e Bailleul, Debussche and Hofmanova in [7] obtain local well-posedness for the gen-
eralised parabolic Anderson model equation

Opu(t,x) —al(u(t,x))Au(t,z) = g(u(t,z))(x) t>0,2€ T2 (3)

The authors obtain the same result as the one presented in Section 6 of our work,
without the machinery of nonlinear paraproducts introduced here, but using only
the basic tools of paracontrolled analysis and some clever transformations.

On the other hand, we remark that the apparently innocuous vectorial formu-
lation of (3)

2
Ot ) = osy(u(t. ) T ult @) = glu(t. 2 >0 ET?

is out of reach of the techniques used in [7], while can be treated flawlessly in our
framework.

Let us state one simple result that can be obtained via the theory developed in this
paper:

Theorem 1. Fir 2/3<a<1. Let £€ *~2(T?) be a space white noise with zero average
on the torus, ug € € an initial condition and a:IR— [\, 1] for some A >0, a € C3(R) and
||a(k)||Loo <1VkeO,...,3. Let (&, upc)e>0 be a family of smooth approzimations to &, ug
obtained by convolution with a rescaled smoothing kernel and u. the classical solution to
the Cauchy problem

Opue — a(ug) Aus =&+ JEM u(0) =ug e (4)

a(ue)?’
Then we can choose the constants (0:)->0 and a random time T > 0 in such a way that
the family of r.v. (us)e>0C LF(T?) almost surely converge as e — 0 to a random element
uwe LH(T?), where £ is the parabolic space C([0,T], #*(T2))NC**([0,T], #°(T?)).
This element can be characterised as the solution to a paracontrolled singular SPDE
(see below for more details).

In order to devise a suitable formulation of eq. (1) and obtain a theory with u €
% we decompose the non-linear diffusion term in the lh.s. with the help of Bony’s
paraproduct [31] and write

0w —a(u) < Au= €+ ®(u) (5)

with
O (u) :=a(u) o Au+a(u) = Au (6)
where <, = are standard paraproducts and o denotes the resonant product (see below for
precise definitions). Now the Lh.s. is always well defined irrespective of the regularity of
the function u and the problem becomes that of controlling the resonant product a(u) o Au

appearing in the r.h.s. . A key point of the analysis put forward below is that this term
can be expected to be of regularity 2 —2 > a — 2 so better than the leading term &.
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Our approach can be described as follows. For an equation of the form
Opu — a1 (u)Au = az(u)é,
we consider at first a parametric “template” problem with constant coefficients

o (n,t,x) — mAI(n,t,z) =n&(t,x), (7)

where now 1 = (ny, n2) are fixed numbers. A nonlinear paraproduct I« will allow us to
modulate the parametric solution ¥ with the coefficient a(u) = (a1(u), az(u)) as to capture
the most irregular part of the solution w itself. As a consequence, the paracontrolled Ansatz

u=T«(a(u),?) +u'

will define a regular remainder term u* which solves a standard PDE. With this decompo-
sition the resonant products appearing in the equation can be estimated along the lines of
the standard paracontrolled arguments introduced in [15] and all the arguments introduced
there can be extended in a straightforward manner to the quasilinear setting.

This approach has been inspired by the parametric controlled Ansatz of Otto and
Weber [33]. At variance with their approach we use the parametric Ansatz in the context
of the paradifferential calculus and consider more general noise terms.

Usefulness of paraproducts in the analysis of non-linear PDEs is by now well estab-
lished: see for example the seminal paper of Meyer [31], the early review of Bony [10],
the recent books of Alinhac and Gérard [1] and Bahouri, Chemin, and Danchin [3]. Let
us mention also the interesting paper of Hérmander [25] where paradifferential operators
allows to bypass the Nash—Moser fixpoint theorem in some applications where the loss of
regularity prevents straightforward use of standard Banach fixpoint theorem. The main
observation in that paper is that, with the aid of paradifferential operators, it is possible
to identify a “corrected” problem for which standard Banach fixpoint applies.

Paracontrolled calculus for singular SPDEs has beed introduced by Gubinelli, Imkeller
and Perkowski [15] (see also the lecture notes [17]) and used to study various equations
like the KPZ equation [16], the dynamic ®3 model [11] in d =3 and its global well-posed-
ness [32], the spectrum of the continuous Anderson Hamiltonian in d = 2 [2|. By using
heat—semigroup techniques paracontrolled calculus has been extended to the manifold
context by Bailleul and Bernicot [4].

Non-linear generalisation of the classic bilinear paraproducts already appeared in
the notion of paracomposition introduced by Alinhac [10]. Non-linear versions of rough
paths have been considered by one of the authors in order to study the Korteweg—de Vries
equation [14]. Non-linear Young integrals were used by one of the authors in joint work
with Catellier [12] to study the the regularising properties of sample paths of stochastic
processes processes. See also the related work of Hu and Le [24] on differential systems in
Holder media. Relevant to this discussion of non-linear variants of rough paths is the work
of Bailleul on rough flows [8] and their application to homogeneisation [6]. By looking at
the composition f(g(z)) as the action of the distribution ¢4, on the function f, non-linear
constructions can be linearised at the price of working in infinite-dimensional spaces:
this is the approach chosen by Kelly and Melbourne to avoid non—linear generalisations
of rough path theory in their study of homogeneisation of fast—slow system with random
initial conditions [26]. It is worth mentioning also Kunita’s theory of semimartingale vector
fields [27] which occupy a place in stochastic analysis quite similar to that which these
recent developments occupy in the landscape of rough paths/paracontrolled distributions
theories.
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Paracontrolled calculus is currently limited to “first order” computations. This limita-
tion is also ubiquitous in the present work. Even if, in practice, this is not a big issue, and
the calculus is still able to deal with a large class of problems, it makes the paracontrolled
approach less appealing for a general theory of singular SPDEs. Let us remark that recently
Bailleul and Bernicot [5] developed an higher order version of the paracontrolled calculus.
However, apart from these recent development, whose impact is still to be assessed, the
most general theory for singular SPDEs has been developed by Hairer [19, 20, 13] under
the name of reqularity structures theory. Regularity structures are a vast generalisation
of Lyons’ rough paths [28, 30, 29] which give effective tools to describe non-linear oper-
ations acting on certain spaces of distributions, their renormalization by subtraction of
local singularities and their use to solve singular SPDE. Regularity structures have been
successfully applied to all the models mentioned so far [19, 18], to other models like the
Sine-Gordon model [22] (which however can also be handled via paracontrolled techniques)
and to study weak universality conjectures [21, 23]. In their current instantiation it does
not seem possible to solve quasilinear SPDEs via regularity structures. The results of
the present paper hint to the fact that a non-linear version of regularity structures is
conceivable, at least in principle. Indeed one can imagine models depending on additional
parameters and modelled distributions acting as evaluations of the parametric models at
certain space—time dependent values of the parameters. It would be interesting to pursue
further this intuition.

The structure of the paper is the following. In Section 2 we introduce our basic tools: the
non-linear paraproduct decomposition and some related commutation lemmas. In Section 3
we introduce the paracontrolled Ansatz which allows to transform the singular problem (1)
into a well-behaved PDE. In Section 4 we discuss the apriori estimates, the uniqueness of
the solution of the transformed PDE and its continuity w.r.t. the random data and the
initial condition, we introduce also the algebraic structure which allows to renormalise the
model. Section 5 deals with the renormalization of the stochastic data and the construction
of the enhanced noise associated to white noise. Section 6 deals with the extension of the
results to more general equations, in particular with equation (3) or with noise whose law
depends on the solution itself. Finally Appendix A reviews some reference material on
Besov spaces and proves some technical lemmas.

Notations. We will denote &¢ := Bg‘om(TZ) the Zygmund space of regularity o € R
on the torus T2. See Appendix A for the definition of the general Besov spaces By 4
the Littlewoord-Paley operators (A;);>—1 and the basic properties thereof needed in this
paper. If V is a Banach space and T > 0, we denote C#V the space of a—Hdélder functions

in C7V :=C([0,T]; V). We introduce parabolic spaces .£% := C%/Q 70N Cr#® with norm

Ifllzs=1flgarzgo+ | fllopee: (8)

Moreover for convenience we denote 7% :=Cr%*. We will avoid to note explicitly the time
span 1" whenever this does not cause ambiguities. We will need also spaces for functions
of (n,t,z) where 7 is an additional parameter in [\, 1] for A € (0,1) which we denote C’;V
with norm

[Ellcky = sup — sup |9 F(n,-)[lv, (9)
ne[N, 1] n=0,....,k

where V is a Banach space of functions on [0, 7] x T?, in our case V = ¢% or V = _£%.
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We will denote by K; .(y) = 22K (2(z — y)) the kernel of the Littlewood-Paley
operator A; and Q; +(s) = Q;(t — s) =2%Q(2%(t — s)) a smoothing kernel at scale 2% in the
time direction where @) is a smooth, positive function with compact support in R4 and
mass 1. We introduce also the shortcut P; , = K1 .= Zj<i71 K; 5. Another notation
shortcut widely used in this article is to write f%y for integrals on T? or R with respect
to the measures dr and dy without specifying the integration bounds, whenever this
does not create ambiguity. Finally, we will note 6ty = f(¢,z) — f(s,y) and &, fiy = f(s,

y)+7(f(t,2) = f(s,y)) for T€0,1].

2. NONLINEAR PARAPRODUCTS

In this section we introduce the nonlinear paraproduct and related results that will be used
in Section 3 to analyse equation (1).

Let ¢: [0, T] x T? = R, and h: R x [0, T] x T? — R be smooth functions. We can
decompose the composition h(g(-),+) via nonlinear paraproducts as follows. Define

Mg h)(ta) == 3 [ Poaln)Ko ool ). .2) (10)

Ho(g,h)(t,x) = Z Kk,x(y)Kq,z(z)h(g(t7y)vtvz) (11)
k~gq Y Y%

H>(g,h)(t,{£) = Z Kk,x(z)Pk,z(y)h(g(t7z)vtay)' (12)
E YYE

This gives a map
(9,h) = Tlo(g,h) :=T1<(g, h) +Tlo(g, h) +11-(g, k) = h(g(-), -) (13)
that can be uniquely extended to
o ¢4 x C26]— 3" pe(0,1),7€R, p+7>0,

thanks to the following bounds:

Lemma 2. (Nonlinear paraproduct estimates) Let g € ¢4 for some p € (0, 1),
g€N1], and he C’%%% for any y€R. Then

M<(g, Wllez Sllle,zz 109 ) pncorn S llglleg Ihllcres

and

IT<(g1, h) =< (g2, W)l &y S lg1 = g2ll orresl|Pll o1 ey
IML-(g1, h) =T (g2, )| proen S g1 = g2llerr=(llgnllgg + g2l wg) Ihllc2e
g = gollegllcrs -
Moreover if p+ v >0 we have also
IMo(g, M)l ot S IR llcagyllgll«s,

IMLa(g1, 7) — TLo(g2, W)l i < llgs — gellcrm(llgallg + gellag) IRz
g — gall g IRl
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In particular if p+ v >0 the composition Ils(g, h) = h(g(+), -) is linear in h and locally
Lipshitz in g:

Mo (g Mgz S Mhllcrgzllalies.
Mo (g1, h) =T (g2, Ml ¢ S Nl91 = g2llen (L + g1l e + [l g2l ) 12l o260

Proof. Using the fact that
1Ak (g(t,y), t, )l S 27 Rl ey s

AR g(t,y),t,) — Dch(g(t, y'), b, )lLee S27 I hllcagylgller eely — y'17,
and

AR g1(t, y),t, ) = Arh(ga(t, y),t, )l S 27 [kl cagzllor — gallor e,

we obtain the bounds on II<(g, k), II-(g, h), Ils(g, h) and II-(g1, h) — II<(g2, h). We
proceed to estimate the term IT. (g1, h) — 1. (g2, h). We will use the following notation for
brevity:

0922 =g1(t,y) — galt, z) and  6rg5¥:=ga(t,2)+7(g1 (L, y) — galt, 2)).
Then

Kk,x(Z)Pk,z(y)[h(gl(ta Z)v tv y) - h(QQ(tv Z)a ta y)]‘

y?Z

— / o 1}Kk,x(Z)Pk,x(y)[87lh(57'92z7 Y )5g2z 8nh(57'92a:v Y )5.9 ]
Y,z2,TE

</ Kal2) Pra(y) 5605905 .1, ) 0ot — 32) 0082
y,2,t€[0,1],0€[0,1]

+

/ Kioa(2) Pro(y)0uh(6- 932 1, ) (5987 — 5042)
y,z,7€[0,1]

S g1 = g2llerr=(lgrlcree +lo2lloree) Ihllcze e 277% D 2770
g<k—1

+lg1 — g2llcree HhHC}]CT%” 27rk Z 27
g<k—-1

With the same reasoning we can bound the norm of II5(g1, h) — Is(g2, h). O

We will need the following time-smoothed nonlinear paraproduct

with @ € C°(R) with total mass 1, and Q; «(s) := 2%Q(2%(t — s)) as specified in the
introduction. In (14) we use the convention that a continuous function ¢ — g¢(t) on R4 is
extended to R by defining g(t) = g(0) for ¢t <0. This preserves the Hélder norms of index
in [0,1]. The modified nonlinear paraproduct enjoys similar bounds to the regular one.

Lemma 3. Let g€ CrL*>®, g€ [\, 1] and he C.&7 for v€(0,2). Then

Mg, Mllg3 S hllc,ey and  [[T«(g, M)l £35S 0llc, 23

Moreover, I1 (g, h) is linear in h and:
M«(g1, ) = «(g2, W)l &3 S 191 = gallerr=llpllcrey.

M« (g1, h) = 1«(g2, W)l £3. S llg1 = gallerr=lhllcs #-
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Proof. The norm ||II«(g, h)||cy#~ can be treated in the same way as in Lemma 2. We

estimate [[IL«(g,h)| /240 as follows:
T
1A« (g, h)(t1) — AjIl«(g, h)(t2)[| L
< Sup K] T Z Ql t1 (y)[Aih(g(S,y),tl,z)—Aih(g(s,y),tg,z)]
i
ssup| [, / [Qis(5) — Qi) P2 (1) Aihg(5, 1), 2, 2)
i~g Y YS
5 ||h(7 t1, ) - h( 12, )HCU%O + ‘tl - tQ‘v/QH}LHCn%%'
The second inequality can be obtained easily with the same techniques used so far. O

Remark 4. Using the Fourier support properties of the kernel P, , it is easy to see that
it has mass 1. Therefore, the paraproducts (10) and (14) when g(¢, z) = g is a constant
smooth function become V(¢,z) € R x T

(g, h)(t,2) = h(g,t,x)=Ils(g,h),
H«(gvh)(tvx) = h(g,t,SU).

2.1. Nonlinear commutator.

The next technical ingredient is a commutator lemma between the non-linear parapro-
duct of (14) and the standard resonant product. It will be needed below to analyse a term
of the form I1x(g, h) o All«(g, h), then we will specialise our discussion to this specific
structure. Notice that in the following the various space—time operators act pointwise in
the parameter 7, in the sense that, for example:

Lemma 5. We define the map A: C>([0,T],T?) x C3C>([0, T], T?) — C>([0,T], T?) by
A(g,h):=[l1«(g,h) o Allx(g, h)] = o (g, ho Ah).
Then for all p€(0,1), v <R, >0 such that 2y =2+ p—e>0 and g € [\, 1], we have

[A(g, W)l gz 2402 S HQH,%%HhH%'}?%%
and

IACg1,h) = Aga D)l gzr-20-< < Nlg1 = gallerr=(llgll g + lg2ll 2 o) IR 1255
2
+lg1 = g2l 2o llPllcaes -

As a consequence A can be uniquely extended to a locally Lipshitz function
N ZE X C2g— @70 2 0e,

Proof. Let A(t,z):=11«(g,h) o All«(g, h)(t,z) . We can approximate A(t, z) with its
value for a fixed g = g(¢, z), to obtain

AA(t, ) = /qu g, h) 0 ATl «(g, h))(t, 2)
_ /qu V(T <(g(t, 2), h) o AT« (g(¢, 2), B))(t, 2)
+ [ Kyl (Mg, 1) = Talo(t,2). ) 0 AT(g(t,2). )(02) (15)

+/Kq,z 2)(«(g, h) o A(ll«(g, h) —1«(g(t, 2), h)))(E, 2)- (16)
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with the remainders (15) and (16). To estimate the first term notice that
AjATL«(g(t, 2), W))(¢, 2) = Ajll«(g(¢, 2), Ah)(E, 2)
and that, by Remark 4
ATLlat. 2 (02) = [ Ko (Maglt 2, 1) (1,2
= [ Kimlatt.2).0.2)
= Dib(glt,2),t.)(2)
This yields

(H_«(g(t, Z)v h) o AH-«(g(tv Z)a h))(ta Z) = Z AiH-«(g(ta Z)v h)
= Z Aih(g(tvz)ata')(Z)Aj[Ah(g(th)ata')](Z)
i~j

= Ily(g, ho Ah)(t, 2).

We proceed then to estimate (15) and (16). We obtain
[ Eaa U9, 1) = Ta(g(t,2), ) 0 AlL( (1,2, W2

= [Kuule) 3 (ATlg (0 2) = ALt 2) W DA AT g(t,2) D))

i~j24
Using Lemma 3 we have
[AATI«(g(t, ), h)(t, 2)| S 207 [l 7.
Lemma 6 gives
|Ai(T«(g, k) = T«(g(t, 2), W) (t, 2)| S 270V g wallhllcagr

and thus (15) is bounded by 27(27+p727€)q||g‘|j%||h/||2@/"/.
T

We can easily bound (16) in the same way, and this proves the first inequality. For the
second inequality, Lemma 3 yields

| AAIL(g1, B) (¢, 2) = DAL« (g2, h)(t, 2)] S 2377 g1 = galloprsllhlloa gy

and using the second inequality of Lemma 6 we obtain the desired bound.

The extension of A to £ x C7.£7 is standard (see e.g. the proof of the commutator
lemma in [15], Lemma 2.4). O

Lemma 6. With the same assumptions of Lemma 5 we have

AT« (g, h)(t, 2) = Adl(g(t, 2), h)(8, 2)| 277 g wpllhll e

and

|Aill«(g1,h)(t, 2) — Adl«(g1(t, 2), h)(t, 2) — Adl (g2, h)(t, 2) + Adl«(g2(t, 2), ) (¢, 2)|

2672 Nlg1 = gall wallhllcagy + 191 = gellcrr=(llg1ll 2z + | g2ll #g) IRl 247 ]
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Proof.
[Aiﬂ-«(ga h) - AiH-«(g(tv Z)a h)](ta Z)
= > / K () Qri(5) Pe—1,0(y) OnAxh(6-g; Y t, ) (8g;Y + 69,7
k~si T,Y,S,T

AN

Z/ |,2(2) Qe t(8) Pr—1.a ()| 1 Og Ak llcroelt — 5172l g | cpraera o
k~1 T,Y,S8,T

+y / i, 2(2) Qi t(8) Pr1,2(y) |0 Akh | crreely — 2]l gl s,

k~1 T,Y,8,T

< 2709250, gl o+ loles)

where we used the notation 6g;Y = g(s,y) — g(t, 2), 0-g;Y = g(t,2) +7(9(s,y) — g(t,2)) and
Lemma 22. This proves the first bound.

The second inequality can be obtained in the same way with the techniques already
used here and in Lemma 2. O

2.2. Approximate paradifferential problem.
In this section we construct an approximate solution to the equation

(Or—g<A)u=f, u(0,-) =0, (17)

with data f € 72 and g € 4., for some fixed p,y € (0,1). The idea is to obtain it via a
certain class of paradifferential operators. We introduce the operator . acting on functions
of (n,t,2) by

(Z2U)(n,t,z):=0U(n,t,z) —nAU(n,t,z). (18)

We will also use the notation ., := 0y — m A with g € R.
Observe that if u does not depend on 7 we can define

(g, #)ui=T(g, Zu) (19)

and from definition (10) with h = _2u we obtain I14(g, & )u= 0 — g < Au.
We can describe the commutation between the differential operator . and the para-
product I1«(g,-) via the following estimate:

Lemma 7. Let p€(0,1), y€R. Let U € C’%?f% and g € LY such that g € [\, 1]. Define
U(g,U):=R1+ Rs
with Ry and R as in (22), (23). Then for every € >0

W (g, U)llgpin—2-e S A+ llgllerr=)llgll #2Ullcres - (20)
Moreover, ¥(g,U) is linear in U and

1W(g1,U) = W (g2, U)llgprr—2-S |91 = gall 25 (L+ |91l 25 + 92l ) U [l 246 -
In particular, we have
\11(97 U) :H«(ga XU) - H<(ga X)H«(g7 U) S CT%I)+7_2_E (21)

whenever this expression makes sense.



10 PARACONTROLLED QUASILINEAR SPDES

Proof. We start considering g € C°([0, 7], T?) and U € C2C>([0,T], T?), and prove (21)
in this setting. Notice that [ «(g(t, y), & 4, U) = ZLU(g(t, y)). As a consequence, we
can estimate

(g, fU)( > (g fﬂ«(g 0))(t,2)
= (g, 20)(t0) - / Pha(0)(Z 50, Dil1 (9. U))(t. )

(g, 2U) (e —Z / Pra(y)(0ATI« (g, U)) (¢, 2)
+Z /p,w 9(t, ) (AATT« (g, U)) (¢, 2)
~ (g, 2U —0U)(t,2) +Z/PM 9(t, 9) (AT« (g, AV)) ¢, 2)

+Z/p,” ot 1) (ARA T g, ) (E ) z/PM (A0, (g, Ut 2)

with the commutators

[A7H-<<(ga)]U = AH-«(97U)_H-<<(Q7AU)7
[0, T«(g,)]U = Ak« (g,U) — Axll«(g,0U).
We have
g, 2V =00)(0.0)+ Y [ Pra)at. )(AiTTg. AV (t.3) = Ralt,a)
k Y
with the definition
Ri(t,x):=
> /y,’SPk,z(y)Kk,z(Z)R,z(y’)Qi,t(S)[g(l%y)—9(8,y’)]AAiU(g(say’),tz) (22)
ki Vi

and
Z /sz 9(t, y) (A[A, (g, )IU)(E, x) — (Ak[0:, L« (g, )]U)(E, 2)] = Ra(t, )
with the definition

Roti) = 3 [ P el2)Qualo)g(t ) AP ) AT (9(5,1).1,2)
ki JYY'ss

+2; /y y st,z(y)Kk,z(z)Qi,t(s)g(t7 VP (y)VAU(g(s,y'),t,2)

S [ PR QP AU ol ) ). (29
ki Juys
Indeed:
([8{/,1_[«(9,')](])(15,1') = Z/ (atQi,t)(S)R,x(y)(AiU(g(say)7t7$))7

([A, T«(g, =) ta JAP; 2(y)(AiU (g(s,y),t,2)) (24)

+2Z ta IVP; (y) (VAU (g(s,y),t,2)).
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This shows that (21) holds for smooth functions.
With the techniques used in Lemma 6 we can estimate

AR (12 S S (27 gl gprago+ 2 gl )2C- MU g, e
k~q

By the spectral support properties of the commutators we have that

A T<(g, )0 lgqeo-2 S Nallag U lezecs.
12400 T g, MU llegzme S (24757270 gl przgo + 227779 g g ) 1U ey
This yields
IRallygro-2-2 S (14 lgllon=) gl 241U gy

We have so far proved (20) and then (21) follows by continuity. The local Lipshitz depen-
dence on g can be obtained via similar computations. O

Remark 8. If f does not depend on n we consider the parametric problem

(8t_77A)Uf(777t):f7 Uf(nao)zov nep‘al]a (25)

which is solved by
¢

Uf(n,t)z/ en2(=2) fds.
Remark that 0

t t
8nUf(?7,t)—/ e =8)(t —s)Afds and 92U s(n,t) —/ e =9 (1 — 5)2A2 fds.
0 0

We have, thanks to the well-known Schauder estimates of Lemma 21 (since n> \):

1Utllozzg:= sup  sup (04U ()|l 23 SIS Nl oq-2 (26)
n=0,1,2 n€[A,1]

We define then
u(t,z) :=Ilx(g,Uf)(t, x) (27)
and observe that u(t,z) is an approximate solution of equation (17), indeed

(O —g=A)yu=Tlx(g,LN«(g9,Uy) =N«(g,LUy) —¥(g,Uy) = f —¥(g,Uy)

and the estimation in Lemma 7 together with the bound (26) yield immediately the fol-
lowing inequality:

V(g Up)llgprv—2-2 S gl oM+ llgllorze) 1 f g2 (28)

3. PARACONTROLLED ANSATZ

In order to give a meaning to the PDE in (5) with initial condition ug € %, our initial
goal will be to get informations on solutions  =6(g) of the equation

8t¢9—g—<A0:§,

for a fixed g€ %, 2/3<a <1, g€ [\, 1]. Using the results of Section 2.2, we consider to
this effect the parametric problem

(O —nA)d(n,t)=¢,
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for n €[\, 1]. We will consider the stationary solution of this problem which has the form

9r.) = [ e gds = (—a) e (29)

and in order for (29) to be well defined we impose that the noise ¢ has zero mean on T?
(this is a simplifying assumption which can be easily removed, e.g. at the price of adding a
linear term to the equation). We can control (29) by bounding its Littlewood-Paley blocks
with a Bernstein lemma for distributions with compactly supported Fourier transform ([3],
Lemma 2.1) to obtain:

[z 28 = 10lc2erg S €l g (30)
We define now for every ¢ € [0, 7]
0(t, ) :=1lx(a(u),?).

Thanks to Lemma 3 we have the bound (|| #a < [|¥]|c, 22 < [|€]l¢a-2 . We observe that
this definition together with Lemma 7 gives

O —a(u) <A=& —Y(a(u),?)

with H\I’(a(u),19)||%%a—2—5§ Ha(u)H?g%HfH #o-2 - We expect then U(a(u),?) to be bounded
in & %O‘_Q_E for any € > 0. At this point let us introduce the Ansatz

u=0+ut. (31)

Remark 9. Notice that we are not making any assumption on the existence of such u,
which is the subject of Section 4. Our aim here is to find the equation that a couple
(u,ut) € % x 3 verifying (31) must solve, in order for u to solve (5).

Observe that
O — a(u) < Au= (0 — a(u) < A0+ (0; — a(u) < A)ub =&+ (0, — a(u) < A)uf — U (a(u),?).

It follows that «* must solve

(0 — a(u) < A)ubf = ®(u) + V(a(u),?) (32)
wH(t =0) =ud = ug — M (a(up), 9)(t=0) € ¥

with ®(u) =a(u) o Au+a(u) > Au, and if we can make sense of the resonant term a(u) o Awu,
it is reasonable to expect uf(t,-) € #2* Vt € (0, T]. Indeed, take U*:=Ug to be the solution
of

LUH) = Q=D UHm) =Q Uk, t=0)=0 (33)

for some Q = Q(uf) to be determined and 75 € [\, 1]. Using again Lemma 7 as shown in
Remark 8 we have

(0; — a(u) < A« (a(u), U = Q(uf) — ¥(a(u), U?).
For n €[\, 1] we define ﬁtug(n) = e"mug so that f(ﬁtug) =0, with . as in (18).
We set
ut =T (a(u), U + T (a(u), 2uf) . (34)
Taking
Quf): =®(u) + ¥ (a(u),9) + ¥ (a(u), U*) + ¥(a(u), Zuf) ,
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we obtain that U* solves equation (33) if and only if uf solves equation (32). As we will
see, Q(u?)(t) belongs to 2“2Vt € (0, T] but not uniformly as ¢ — 0. However it belongs
to =2 uniformly as t— 0.

It remains to control the resonant term a(u) o Au appearing in ®(u). We have

a(u) o Au=a(u) o A + a(u) o Auf.

By paralinearization (see Theorem 25) a(u) = a'(u) < u + Rq(u) with [[Re(u)| g2 <
1+ ||u||2gja,, and then

a(u) o AB=(a’'(u) <u)o A+ R,(u) o Af.

In order to use the commutator lemma (Lemma 26) we can estimate a’(u), recalling that
ae(0,1), as

la’(W)llgg < lla”l|ellull #5
and write
a(u)o A =a'(u)(uo Ab)+ C(a'(u),u, AB) + Ra(u) o A6.
Then, Ansatz (31) gives
a(u) o AG=a'(u)(0 o AB) + a'(u)(uf o AG) + C(a'(u),u, A) 4+ Ry(u) o AB.
Summarizing, we have:

®(u) = a'(u)(@oAb)+a(u) = Au+ a'(u)(uf o AB)
+C(a'(u),u, AB) + Ry(u) 0o A + a(u) o Au

Thanks to the nonlinear commutator (Lemma 5), we can decompose the resonant term
6 o A6 to obtain

d(u) = a(u) = Au+a'(u)(ufo AB) + C(a'(u), u, Ab) + Ry(u) o A + a(u) o Au
+a'(u)A(a(u),?) 4+ a'(u)ly(a(u), O2)
and Aa(u),9) € 327 27¢ if u e .£$. Here we defined

i~j
Finally, recalling the decomposition of uf in two terms (34) we obtain

®(u) = a'(u)llo(a(u), O2) + @1(u) + Po(u)

where
®1(u) = a(u) = Au+C(a'(u),u, A8) + Ro(u) o A0+ a'(u)A(a(u), )
+a'(u) (M «(a(w), Uﬁ) 0 Af) +a(u) o All«(a(u), U¥),
Do(u) = a'(u)(I1<x(a(u), ﬂuo) A0) + a(u) o All x(a(u), ﬁug)

Thanks to Lemma 2 the terms a/(u)I1¢(a(u), ©2) and ®;(u) can be estimated in 5" 2,
provided ©, € CQ%QO‘ 2 (see Section 5). On the other hand the term ®(u)(t) can be

estimated in %2~ % only for strictly positive times ¢ > 0 due to the lack of regularity of the
initial condition ug which a priori lives only in #®.

Note moreover that the specific form of ¢ allows to deduce that if we replace ©5 by
Oy =0Oy— H with H € C’2 & 202 then this is equivalent to consider an equation for u of

the form

Owu(t,x) —a(u(t,x))Au(t,x) = &(x) — a’(u(t, z))H (a(u(t, x)),t, ).
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Let us resume this long discussion in the following theorem:
Theorem 10. Assume that £€ €%, ug€ @2 H € 0727%4}. ue Ch%? is the classical solution
to the equation
8,5@6(75,56) —a(u(t,x))Au(t,x):f(x) —a'(u(t,x))H(a(u(t,x)),t,x), U(O)ZUO, (36)
up to time T >0 if
u=Tly(a(u),d+Ut+ 2 ug),
where ¥ is the solution to eq. (29) and U* is the solution to the PDE
(0 —nA)UH () = F(u,U% up)  U¥(n,00=0  5e[A,1] (37)
with
F(u,U%ug) = a'(u)llg(a(u),02) + @1(u) + Po(u) + ¥(a(u),9) + ¥(a(u), U
+W(a(u), Puf)
and Oy=vYv0 AV — H.
Definition 11. For any a € R we define X C C%%O‘ X 07272”20‘*2 the closure of the image
of the map
(p,H)€Cr5?x Cag%— J(p,H)=(p,poAp—H)€Cr5? x C;¢"
(in the topology of C’%?o’a X C%%Qad).

We call the elements in X' enhanced noises. In the next section we will exploit the
space X for 2/3 <a <1 to solve equations (37) and (31).

4. LOCAL WELLPOSEDNESS

The main result of this section is the local well-posedness for equations (31) and (37) when
(0,02) € X* and ug€ ¢ for 2/3 <a < 1. This yields a unique solution to (36), thanks to
Theorem 10.

Theorem 12. Let o >2/3. Then for any (9,02) € X and ug € €* there exists a time
T >0 depending only on ||(¥,02)||xo and ||uolla up to which the system of equations (31)
and (37) has a unique solution (u,U?) € £F x C%f%‘s for all 6 <« such that 26 +a > 2.
For any fixed 7 >0 there exist a ball B; C ¢“ x X% such that the solution map

Sr: (ug, ¥, 02) € By (u, UY) € ¢ x CE&%
1s well defined and Lipshitz continuous in the data.

Remark 13. The proof is based on a Picard fixed point argument. In order to obtain a
small-time contraction we carry on our estimates of U? in the space C%f 25 C’%f 2,

Proof. (Theorem 12) Let Gr=_2F x C’%f%‘s. We introduce the map
T: (u,U%) € Gpr (Ty(u, U?), Tya(u, U%) € Gr
by
Lu(u, U) :=Tx(a(u), 9) + T «(a(u), Tya(u, U#)) + T x(a(u), Zu)
and
(0 = ) ye(w, UH)(n) = F(u, USuf), Ty, UH()(0)=0, A 1],
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We will establish that this map is a contraction in the space Gr.

First, we have to show that there exists a ball B C Gr such that I'(B) C B. We have
the bound HﬂugHC}?g% S ||ug||g% . It is easy to obtain, using the estimates of Section 2
and Lemma 21:

|

S T+l ) (1 + 1€l ga-2)lubllga(1+ U] 02 35)

for some x> 0.
By the assumption that (9, ©2) € X* we deduce that there exists M > 0 such that
102 2202 < M. We have
n

To bound the term ®2(u) we observe that ||ﬁtug||cg%aza §t75||ugH #o thanks to Lemma 21.
This gives

and then T'j:(u, U?) is bounded in C?,f % for T small enough. We have also

/0 e A0 (@ (u) + W(a(u), V) + U (a(u), UH) + ¥(a(u), 2u)]uds

c2o3

T
/0 e_"A(t_s)[a’(u)HQ(a(u),@2)]5ds

<To9(] 2l o,
ooy (1 +[Julleg)]l z\lcgg;a 2

T
[emaas ST ul )3+ el 2ol

2 26
CL LT

ITu(u, US| S €l ga—2+ ubllza+ | Tyatu, UHe,z5

20—
7 Cye(u, UR)l c2 235

S léllga-2tllufllga+T

and these bounds show that I'(B) C B. The contractivity of I';4(u, U¥) can be obtained in
the same way. Now consider I',(u, U%): we have

T <(aur), Uf) = M«(a(us), US)| 25
20 —«
S T 7 (|Uf = Uflle, o2+ lwr — usllopr| US| o1 g2s)
while for the other terms in T'y(u1, U) — Ty(ug, US) we remark that

sup [|ua,s — uo — tz,s + vl oo St/ |lur — ual] ez ) oo
s€10,¢] [0,t]

Then V0 < e < a, using Lemma 3 and Lemma 22:
M« (a(u1), V) —T«(a(ug), Dl zg S lla(ur) — aluz)lorr<l|?lc1 24
[[ur — wal|opres||€ || o

T/ ||us — uall peszp €l -2

AR ANRYAN

T2 w1 — uz| 24 [[€ |l a2
With the same reasoning we estimate

T (a(u), Z2uf) — T «(a(uz), Zu)| 25

g T5/2||u1—U2HC;/2LOO||ﬁug||c},z%

S
S T2 |lur — g g |[uf | 2
and then I' is a contraction for small times.

The uniqueness of the solution (u,U*?) € £% x C’%f %9 and the Lipshitz continuity of the
localized solution map X, can be proved along the same lines via standard arguments. [J
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5. RENORMALIZATION

At this point we want to construct an enhanced noise = associated to the white noise &.
Already in the standard setting of the generalised PAM model with constant diffusion
matrix, the construction of the enhancement requires a renormalization since the resonant
product ¥ o A is not well defined.

Let 1 € S(T?) be a cutoff function and let ¢.(z) =2y (z /€). Then define a regularised
noise by & = 1. * ¢ and let 9. = (—nA)~1&. Notice that

Ha(o) = {9, 2) o 0.0, )] = B0, ) S0, == > L
kez*\{0}

where

Z 1/J ~|log5|

keZQ\{O}

as € — 0. Subtracting the diverging quantity H. to 9J. o A, and then taking the limit as
€ — 0 delivers a finite result.

Theorem 14. Take a <1 and let Z. = (&, Z2): =(&, V.0 AV, — H.). Then the family
(E0)e CXY converges a.s. and in LP to a random element E= (£,Z5) € X*.

Proof. The proof is a mild modification of the proof for PAM [15]. In order to establish
the required C’2 & 202 pegularity for 2y we follow the computations for the case where the
diffusion coefﬁment is constant. We have only to discuss the additional regularity in the n
parameter. In order to do so observe that

Za.e(n Z[[Aﬂ )A;AD ()]

where [] denotes the Wick product with respect to the Gaussian structure of &. Then we
have

OnZa,c(n) = [A00(mAAI(] + D [Aid(n)A;A00:(n)],

ZN] ZN_]
and

025ac(n) = 3 [0 AA0(n)]+ Y [Aw-(n)A;A020.()]

inj i~
+Z 2[Ai0nIe(n) A A0y (n)].
i~

Now the computations relative to the regularities of these additional stochastic objects
are equivalent to those for the term =3 . where one or two instances of ¥.(7) are replaced by
Gaussian fields of similar regularities of the form 0,J.(n) and 872,195(77), a direct inspection

of the proof allows us to deduce that we have almost sure #2*~2 regularity for these
terms and also for random fields 95 =2 . for any finite n. This allows also to deduce that

the random field is a.s. smooth in the parameter 7. Similar computations allow to prove
continuity in € for € > 0. The rest of the proof is standard. O

In conclusion we see that in order to be able to use this convergence result we need to
modify our approximate PDE and consider instead

Opue — a(us)Aus =& — a/(UE)HE(a(UE))

which gives the renormalised equation (4).
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Our well-posedness results for the paracontrolled formulation of this equation together
with the convergence result in Theorem 14 allow to deduce that u. — u in &% for any
2 /3<d<a<1 and that the limiting process u satisfies a modified version of eq. (1), namely

Opu — a(u)oAu=¢, u(0) =uy,
where a(u)oAu denotes a renormalized diffusion term given by

a(u)oAu:=a(u) < Au+a'(u)ly(a(u), Z2) + P1(u) + Po(u). (38)

6. NONLINEAR SOURCE TERMS

Let us start by discussing the presence of a u dependent r.h.s. in eq. (1). We want to solve
Ou — a1 (u)Au=az(u)f

where a1 is a non-linear diffusion coefficient as before and as: R — R is another bounded
function with sufficiently many bounded derivatives. We rewrite this equation as

M<(a(u), 2 )u=as(u) <&+ ai(u) o Au+ag(u) o &+ ai(u) = Au+ ag(u) = &

where now a(u) = (a1(u), as(u)) is a vector valued non-linearity. Since we don’t need u to
depend on any parameter n= (7, 72), we have defined & as

Z(n):=0—mA

and used the identity - (a(u), -2 )u = (0¢ — a1(u) < A)u, similarly to what we have done
n (19).

Notice that the non—linear paraproduct can be extended trivially to the vector valued
case in such a way that, for example,

x((g1, 92), b) (t, ) = | Quls) Pray)(Aihl(1(s, ), 9205, ), 1))

i
As before we make the Ansatz
u=TIx(a(u),d) +u
where now 9 solves

Z(n)9(n) = (0 — mA)I(n) =n2§,

for n=(m1,m2) € [A\,1] x [-L, L] where L is a large but fixed constant. The bounded domain
is important to be able to have uniform estimates and reuse the estimates proved above
in the simple situation of 72 =1. The solution of this equation is

A A
Observe that 0 n
M(a(w), & )u=T(a(u), ) (a(w), 9) + T(a(u), £ )u?

and recall that (Lemma 7) I<(a(u), &)« (a(u),?) =x(a(u), £9) + ¥(a(u),?). Now
(L) () = (0 =mA)I(n,t,2)=E(n),  n=(m,n2) €A\ 1] x[-L, L]
with Z(n)(t,z) = n2¢£(z) and then
M« (a(u), £9) =T«x(a(u),Z) =az(u) K &.

In conclusion

< (a(u), 2 ) x(a(uw),d) =az(u) K+ ¥(a(u), )
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and the equation for uf reads

M= (a(u), Zu¥) = a1(u) o Au+as(u) o & + [as(u) < € — as(u) < €]
+ai(u) = Au+az(u) = € — ¥Y(a(u), )

where now all the terms on the r.h.s. can be treated as remainder terms. Let us just
remark that the commutation term as(u) < £ — as(u) < £ has a standard treatment via
Lemma 27. Of course, the first two terms require to be treated as resonant terms. Note

that, modulo terms of order #5352 (or £%/2¢2~2 as defined in Lemma 21) the terms
ai(u ) o Au+ asg(u) o £ are equivalent to

af ()L (a(u), 9 o AY) + ah(u) (L «(a(u), 9) o &)

and that by computations similar to those of the previous sections one can prove that

(H«(a(u),9) 0 &) =T (a(u), 0o &) + &7

so the resonant terms are comparable to the sum of the two terms

at(u)e(a(u), 9o AY) + ay(u) e (a(u), 9o &)

which require renormalization of the form

al(was(w?  aj(u)as(u)
al(u)2 N al(u) N (39)

and the convergence follows with the same arguments of Section 5

We remark that the structure of the second renormalisation term, which is due to the
r.h.s. in the equation, is the same of that found by Bailleul, Debussche and Hofmanova
in [7].

Remark 15. Our approach works straightforwardly for the equation
Auu(t, ) — aij(u(t, )0 u(t,z) = g(u(t,z))é
with a:R— Ma(R) such that ¥, ja(u)ijz; ;> Cla[2 Vo € R for C'>0 and 03:= 52—
) x; xj

To see that, let a(u) :=(a;j(u), g(u)) € R® and n=(n; ;j,ny) €R®. Let £ (n):= 0 — 1 ;0%
and Z(n) := ny¢ with the uniform ellipticity condition 7, ;7i; x; x; > Clz|> Ve e R% Tt

is easy to verify that Lemma 7 and Lemma 5 hold w1th1n this setting, just considering
nonlinear paraproducts for functions depending on 5 parameters. We have then:

uw=Tx(a(u),d+ Ut + 2ul)
with 9(n) stationary solution of .£9(n)=2(n), & wf:= e"is%; "uf and U*(n) which solves

ZU¥(n) =1o((a(u),d'(u)), 1) +Mo((a(u), a'(u)), ©2) + Q(u, UF)

with Q(u,U%) € 2°7 275,01 € CHCH 822 =19(n) o 1 3779(n), Oa(n, n') =(n) 015 & and
Uf(t=0)=0. Note that we can write ¥ as

X 82, 5 ‘(K
o =ny [ hear o) =n - ke\(0)
0 MijRikj

From the uniform ellipticity condition we have that ||| Ckga S < ||€]|#e, and Schauder
estimates analogous to those of Lemma 21 hold as well.
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Now consider the renormalization. We have

/
3k ZM”“’“’%,

Hi(n,n'):==E(©1(n,n))

H5(n,n'):=E(Oa(n,n')) = ngng Z
keZ?\{0} Zl Jn”k ki

The convergence of ©f — Hf, ©5 — H5 in Cécn,n’) #2*=2(T?) can be obtained with the
techniques used in [15], Section 5.2.
7. FULL GENERALITY

Within the framework of the present work we are actually able to treat equations of the
form

Opu(t, z) — ar(u(t, z))Au(t, z) = £(az(u(t, z)), x) (40)

where &(ng, z) is a Gaussian process with covariance

B[ (2, )& (712, )] = F (12, 712)0 (2 — )

where F' is a smooth covariance function. Let as before 2/3 <« < 1. In this case we can
take as a parametric equation

5(77)?9 = atﬁ(na 2 l’) - 771A’l9("7= t, .’E) - 5(7727 .’E)

whose solution ¥ is a Gaussian process, smooth with respect to the variable n = (191, 72)
which we assume taking value in a compact subset of IR? for which 7; > A > 0 with fixed
A. Letting a(u) = (a1(u), a2(u)) we can rewrite the Lh.s. of eq. (40) in the form

0w — a1 (u)Au=1Ily(a(u), Lu)
and the r.h.s. as
§(az(u(t, x)), z) =Te(a(u), E)
where Z(n,x) = £(n2, ). Now we perform the paraproduct decomposition to get
I<(a(u), Zu) —I<(a(u),Z2) = (a(u), =) +s(a(u), Du)
+IIy (a(u), Z2) + s (a(u), Du).

with () :=mA. Let Z4(n):=e!™? as before, and invoke the paracontrolled Ansatz in
the usual form

u=Tlx(a(u),d+ U+ ﬁug)
Using that
I (a(u), LM< (a(u), 9+ U+ 2uf)) = Hu(a(u), £ +U+ 2ul))
+U(a(u), 9+ Ut + 2ub)
and observing that we can take £ =Z and that fﬁug =0 to get
T« (a(u), LU = F(u,U?)
where

+1lo(a(u), Du) +11-(a(u), E) + s (a(u), Du)
=) — M(a(u), E)] — U(a(u), ¥ + Ut + Zul)
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which is solved by U? satisfying
LU= F(u,UY).

Indeed T1<(a(u), F(u,U%) = F(u, U%), since F(u,U¥) does not depend on the additional
parameter. Remark that the term Il (a(u), Z) — I[I«(a(u), =), which does not appear in
the simpler case, can be treated with Lemma 28.

It remains now to discuss the handling of the resonant products under the paracon-
trolled assumption, namely II,(a(u), Z) and Ils(a(u), ®u). Next lemma is a paralineariza-
tion result adapted to our non-linear context.

Lemma 16. Assume that u€ ¢4 and Z € C;% 7} then if v +2p >0 we have
C(u, Z) :=1o(a(u), Z) —uoTl((a(u), a'(u)), DZ) € €32
where DZ((n,n'),t,x) =, 0i0nZ(n,t,x).
Proof.
o(a(u), Z)(t,z) = Z /yzKi,x(y)Kj,a:(Z)Z(a(u(ta y):t,z)

- Z > / l2) Pra(2") Ko o) Z a(u(t, ) 1, )

I
ZN] Y,2,2°,%2

_Z Z / B K 2(y)Kj 2(2)Pr 2(2") Ky -(2") [ Z (a(u(t, y)), t, 2") — Z(a(u(t, 2")),t, 2)]
A y,2,2',2

_Z Z/ o ,2(2)Pr,2(2")Kj 2(2") x
. Jy

i~j 2,2 2

X [Z ap(u(t, 2"))out? 8a,Z (au(t, 2")), t, 2')
y4
+Z Z // //Kz T (Z)Pk-,z(Z")Kk,z(z')O((5uig,,)2)872,Z(a(u(t, y)),t,2")

i~g kg

and observe that the first term is equal to uoIl((a(u),a’(u)), DZ) while the second term
can be easily estimated in 7. O

Using this result and Lemma 28 we can expand

o(a(u),Z) = uoH<(( (u),a'(u)), DE) + 7322

).a
I(a(u), 9) o TL<((a(u), a/(u)), DE) + 3
= To((a(u),a'(w)), 9o DE) + £

and similarly, noting that
< ((a(u), a’(w), (PD)u) = T<((a(u),a'(u)), (DD)T«(a(u),¥)) + 7"
= T<((a(w),d'(w)), (DD)Y) + &5
where (DD)(n, n’) =n1A, we have
o(a(u), 2u) = uwoll-((a(u),a'(w)), (DD)u) + 732
= T«(a(u),d)oTl<((a(u),d'(u)), (DD)I) + &7
= TIs((a(u),a’(v)), 9o (DD)Y) + ¢5" 2
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Finally the equation for U¥ reads
LU =T((a(u),a'(u),9 o DE+19o (DD)I) + &5 2

This equation can be solved essentially as we did in the simpler context. We see that the
general enhancement has the form

(&,90DE+1 0 (DD)Y)
which of course will require renormalization like we did before. In particular
(Yo DE+ o (DD)I)(n, 1) = v(n)o 20,8 (112, +) +9(1) © ﬁiAﬁgn)
= o (A7) 0 08 ey ) (AT () 0 € )
where we used that n1AY¥(n) =—&(n2,-). Now observe that

E[(A™(12,+)) 0 &2, )] = —F (12, 2) 0
and that

E[(A71E(n2, ) 0 Opabe(mrz; )] = —(OLF) (112, m2) 0

with 01 F denoting the derivative with respect to the first entry.
In the end the renormalized enhanced noise is obtained as the limit in X'“ of (&, =2 ()
where

/ /

Ea,e(n, 1) =—%<A—1se<m, )) © yoe(, ) +Z—%(A‘1§e(nz, )) o &x(na, ) — He(n, 1)

with

! /
H(n, ) :%W)(m, ?72)05—%1’(?727?72)05-
1

We remark that if we take F'(n2, 7j3) = 121, we reobtain the situation treated in
Section 6, indeed in this case

oy, Fy = Bax(w)  di(was(w?
Ho(afu). ' (u)), Hy) = 2o, - SO0,

which coincides with (39).

Remark 17. Consider the more general equation (2), where the noise depends explicitly
on time, e.g. with a covariance

E[f(na t, x)ﬁ("?’a tla .T/)] :F(na U’)Q(t - t/7 T—= w/)

with F' a smooth function and @ a distribution of parabolic regularity p > —4 /3. First note
that the coefficient a;(u) € [A, 1] in front of the time derivative can be eliminated trivially
by dividing.

In order to handle the time dependence of the noise, the framework of this paper will
still apply, provided we consider space—time paraproducts instead of paraproducts which
act only on the space variable. This can be done exactly following the lines of the paper [15]
where time paraproducts were considered in the paracontrolled approach to solutions to
SDE driven by gaussian signals.

The constraint of regularity p>—4/3 does allow to treat a noise which is white in time
and smooth in space, but not a space—time white noise. It is well known that the first order
paracontrolled approach on which the present paper is based does not allow to treat this
kind of irregular signals in full generality.



22 PARACONTROLLED QUASILINEAR SPDES

Appendix A. Besov spaces

In this Appendix we collect some classical results from harmonic analysis needed in the
paper. For a gentle introduction to Littlewood-Paley theory and Besov spaces see the
recent monograph [3|, where most of our results are taken from. There the case of tempered
distributions on R? is considered. The Schauder estimates for the heat semigroup are
classical and can be found in [15, 17].

Fix d € N and denote by T¢= (R /(27Z))? the d-dimensional torus. We focus here on
distributions and SPDEs on the torus, but everything in this Appendix applies mutatis
mutandis on the full space RY, see [15]. The space of distributions 2’'= 2'(T?) is defined
as the set of linear maps f from C> = C>(T¢, C) to C, such that there exist k € N and
C >0 with

[(fs o) :=1f(p)| <C sup [|0¥p| poo(Ta)
[u|<k

for all ¢ € C*. In particular, the Fourier transform .Z f: Z? — C, .Z f(k) = (f, e”*¥), is
defined for all f € 7', and it satisfies |.# f(k)| < |P(k)| for a suitable polynomial P. We

will also write f(k)=.% f(k). Conversely, if (g(k)) rezd is at most of polynomial growth,
then its inverse Fourier transform

Flg=02m)1Y " e Fg(k)
kezd

defines a distribution, and we have .# ~L.Z f = f as well as .Z.Z ~1g= g. To see this, it suf-
fices to note that the Fourier transform of ¢ € C™ decays faster than any rational function
(we say that it is of rapid decay). Indeed, for u € N& we have |k*§(k)| = |.Z (9"g) (k)| <
10%g |1 (Tay for all k € 7. As a consequence we get the Parseval formula (f, @) =
(2m) =43, f(k)@(k) for f€ 2" and p € O

Linear maps on 2’ can be defined by duality: if A: C'°° — C is such that for all k€ N
there exists n € N and C >0 with sup),|<x [[0*(Ap)||Le < C sup|, < [[0p]], then we set

(*Af, o) = (f, Ap). Differential operators are defined by (9“f, @) = (=1)HI(f are). It
©: Z%— C grows at most polynomially, then it defines a Fourier multiplier

e(D)f=7F T f),
which gives us a distribution (D) f € 2’ for every f € 2'.

Littlewood-Paley blocks give a decomposition of any distribution on 2’ into an infinite
series of smooth functions.

Definition 18. A dyadic partition of unity consists of two nonnegative radial functions
X, p € C®(RY, R), where p is supported in a ball Z = {|x| <c} and p is supported in an
annulus & ={a <|z|<b} for suitable a,b,c>0, such that

1. x+ Z];o p(277)=1 and
2. xp(277)=0 for j =1 and p(2=)p(277-)=0 for all i,j >0 with |i — j|>1.
We will often write p_1=x and p;= p(277-) for j > 0.

Dyadic partitions of unity exist, see [3]. The reason for considering smooth partitions
rather than indicator functions is that indicator functions do not have good Fourier prop-
erties. We fix a dyadic partition of unity (x, p) and define the dyadic blocks

Ajf=p;(D) f=F Np;f), j=-1
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We also use the notation

Sif= Y Aif
i<j—1

and notice that '

Af(x) = / Kio) f(w)dy,  Sif(x)= / P; () f(y)dy

with K »(y) =29K (2/(z — y)), Pj.(y)= > i<j_1Kia(y), K radial with zero mean.
Every dyadic block has a compactly supported Fourier transform and it belongs there-
fore to C'°. It is easy to see that f= 2]271 Ajf=limj 005 f for all fe 2’
For a € R, the Holder-Besov space ¢ is given by % = ng’oo(?rd, R), where for p,
q € [1,00] we define

o o d , - 1/q
By g=Bp(TLR) =S fe€ 2" flpg,=( D @A fller)?] <ooy,

jz-1

with the usual interpretation as £°° norm in case ¢=oo. Then B} , is a Banach space and
while the norm ||| g2 = depends on (x;, p), the space B} ; does not, and any other dyadic
partition of unity corresponds to an equivalent norm.

If a«€(0,00) \N, then & is the space of |« | times differentiable functions whose partial
derivatives of order |« | are (o — || )-Holder continuous (see page 99 of [3]). Note however,
that for k € N the space #* is strictly larger than C*, the space of k times continuously
differentiable functions.

The following lemma gives useful characterisation of Besov regularity for functions that
can be decomposed into pieces which are localized in Fourier space.

Lemma 19.

1. Let o be an annulus, let « € R, and let (uj) be a sequence of smooth functions such

that Fu; has its support in 27.&/, and such that ||u;||re S279% for all j. Then

u= Z u;€ ¢ and ulla < sup {29%||u;| Lo}
j>—1 j2-1
2. Let # be a ball, let « >0, and let (u;) be a sequence of smooth functions such that
Fuj has its support in 2.7, and such that ||u;||r~ S277% for all j. Then

u=3 uwer® and fulaS sup {29uyl|z=).
> 7z

The Bernstein inequalities of the next lemma are extremely useful when dealing with
functions with compactly supported Fourier transform.

Lemma 20. Let & be an annulus and let Z be a ball. For any k € Ng, A > 0, and
1< p< g< oo we have that

1. if u € LP is such that supp(.Fu) CAZ, then

kt+d(L1-1
max 0% ulle <A T ful s
HEN®:|u|=k

2. if u € LP is such that supp(-Fu) C \e, then

)\k||u||Lp <t max ||0*ul e
HENE:|pl=k
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We recall the following standard heat kernel estimations (see [3], Chapter 2).

Lemma 21. (Schauder estimates) Let V; = f Fen(t— Bpeds and P g = e"tug, with
n=A. We define £ T and C’,’?fo‘, CI;?KT forkeN asin (8), (9) and introduce the norm

lvllegse= sup ot )z

0,

Then for any v €[0,1) and a € R

~

te[0,T] te[0,T

sup 07| Villotga-2s < sup 615yl pame VBE[0,1)

Vilickgg-2s S TPlvllgg— VBE[0,1)

HVHCf]f%_Qﬁ 5 TB_(SH’UH?:%%Q_Q vﬁ€[071)7V5€[076]
T _ —

Wleseg S T2 7 lollgggn VoEly—2,7), 00,220 41]

_a=8

[Zwollcrga S 2 Juollgs VB<a

n
B-as
12 o= 2 sunllcrga S 570Nt =572 " lluoll 0

Vt#selR*,ﬁgaJrQ,ée{O,l—B_a]

We need the following interpolation lemma:
Lemma 22. Let v€(0,2), 0<e<~y andu€e. &) . Then
lell pgra=zrzpee S llull 2

Proof.

sup

Hut—USHLoo 2 : HAzut zusHLoo z : ||Azut zusHL"O
\
st |t_8‘7/2 e/2 57£t = 8‘7/2 e/2

v/2—¢/2
i>n 8|

and choosing 271 < |t — s|'/2< 27" we obtain

A'LL iU || [,
> T T S Tl el

<n i<n

A’LL Ug || [, i —
e ”Swé i < i)y Y 2-iamten
i=>n

i>n

and this gives the result. U

Terms of the type ||a(u(t,z))|| o with a: R — R cannot be estimated directly with their
Holder norm. In the following lemma we note some bounds used in Section 4.

Lemma 23. Let a € C§ uniformly bounded and v € £%= %N Ca/gfo, then
la(u)llzg < ||a||L°°+Ha’HLoo(||U||C;/2go+HUH%;E)JFHa”HLoollu||C;/2go||U||sf;z
S L lullzg+ [lullZs,

(u1) —a(ug)||l ze S llur —usl| 2 (1+ uallwg + [Juzllws)?,
a(ur) —a(u2)llgg < llur —u2llgo (1 + lualleg + [[uzllzg) -

=
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Proof. The bound on ||a(u)||#g is trivial. We estimate ||a(us) — a(us)||¢o as

/Z K o(2)[a(u(t, 2)) — a(us, z>>]\ - / oy A Gt ) s, 2)

< / Kio(2) 3 [Ajult,2) — Aguls, 2)] K. .(w)a! ()
z,w,T€[0,1] ko

" /Z w,T€[0 I}Ki7x(z) Z [Aju(t, z) = Aju(s, 2)] Kk, »(w)a'(5u5)

k<j~i

" /Zw €0 I}Ki7x(z) Y [Ajult,2) = Ajuls, 2)] Kk 2(w)a'(553))

k~jZi

If £ > —1 we have
/Kk,z(w) Tusw /Kk z Tusw) - al(éTugi)]

and then the first term above becomes

/ Kio(2) ) [Ajult,2) = Aju(s, 2)] K :(w)a" (05 (0u0)2) [buf? — dus?]
Z,W,T,0 §<kni

Sla"llzellu = usllgo D /IKk,z( Mlw = z|*[[ulleg 127 0" || oollus — usl gollul w5
ki 7Y

The second term is

/ 0 1]Ki,x(2)z [AjU(t, ) — Aju(g’ )](Z) Pj,z(w)a,((sTu?fu)

i~

S lue = sl ol P z(w)a (9| oo S Hlue — us|[golla’]| oo

The third term can be estimated as the first one when k£ > —1. Otherwise we just bound
it as

S llue = uslgolla”| Loe.

/ o 1}Ki7x(2) Z [Aju(t, ) — Aju(s,)](2) K—17Z(w)a/(5ru5w)

JSN

For the three terms together we have the bound
la(ut) = alus)|lgo S [lus — usllgo(lla’l| oo + [la”|| oo u [l o)
With the same technique we obtain
la(ur) —a(u2)ll garzgo S lla'llzellur —uall arzgo
Hlla"leellur = uall pas2gpollur — uall e
Hla" || Loollur — uall cas2 pollur — u2lfg

and this gives the second estimate. The third one can be obtained easily. (]

A.1. Bony’s paraproduct.
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In terms of Littlewood—Paley blocks, the product fg can be decomposed as
fg=Y_ > AifAjg=f=g+f-g+foy

j>—1i>-1

Where the paraproducts f < g and f > g and the resonant product f o g are defined as

j—2
f=g=g=f:=% > ANifdjg and  fogi= Y AifAjg.

j>—1i=—1 li—j1<1

We will often use the shortcuts ZiN]. for Z\@;j\q and Zi<j for ZK].A. Of course, the

decomposition depends on the dyadic partition of unity used to define the blocks Aj;, and
also on the particular choice of the pairs (i, j) in the diagonal part. The choice of taking
all (i, ) with |i — 7] <1 into the diagonal part corresponds to property 2 in our definition
of dyadic partitions of unity.

Bony’s crucial observation [9, 31| is that the paraproduct f < g (and thus f > g) is
always a well-defined distribution. Heuristically, f < g behaves at large frequencies like
g (and thus retains the same regularity), and f provides only a frequency modulation of
g. The only difficulty in constructing f g for arbitrary distributions lies in handling the
resonant product f o g. The basic result about these bilinear operations is given by the
following estimates.

Theorem 24. (Paraproduct estimates) For any B €R and f,g€ 2’ we have

1f < gllgsSpllfllce<llglles, (41)
and for o <0 furthermore
1f<gllga+s Sap 1 fllz=llgllgs (42)
For a+ >0 we have
1f o gllgats Sap |l fllzallglles. (43)

Bony proved also a basic paralinearisation result, soon after improved by Meyer. We
give here a particular version suited to our purposes.

Theorem 25. Let a€(0,1), f€(7%)* and F € C3(R¥;R) then

Rp(f):=F(f)-F'(f)=< fe&*
with
IRF(f)l g2 SIF lc2(1+ | fllze)?.

Moreover the map f+ Rp(f) is locally Lipshitz and
IRE(f) = Re()llg2a SIFllca(t+ (| fllga+ | Fllz)?] F = flle

The additional key ingredient at the core of the paracontrolled approach is the following
commutation result proved in [15], Lemma 2.4:

Lemma 26. Assume that o, 3,y € R are such that a + 4+ ~v>0 and 5+ v <0. Then
for f,g,h e C> the trilinear operator

C(f,g9,h):=((f=<g)oh)—f(goh)
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allows for the bound

ICCfs 9, Mg SN fllzallgllgsllhlle, (44)

and can thus be uniquely extended to a bounded trilinear operator

C:goxgBx g gh+y,

We will need the following two lemmas to compare standard and time-smoothed para-
products. The first one has essentially the same proof as [15|, Lemma 5.1.

Lemma 27. Let p€(0,2), vy€R. Then for every € >0 we have the bound

lg<h—=g=<hllgprr—<Sllglloprgpollhlleg -

The second lemma has a standard proof.
Lemma 28. Let ge £, he C}]%% with pe (0,1), yeR. We have, Ve >0

M<(g,h) =T«(g, M)l gprr—= S gl 24 1Ml crery -
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