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We have performed atomistic simulations of the phonon-limited high field carrier transport in

h110i Si nanowires with small diameter. The carrier drift velocities are obtained from a direct

solution of the non-linear Boltzmann transport equation. The relationship between the drift veloc-

ity and the electric field considerably depends on the carrier, temperature, and diameter of the

nanowires. In particular, the threshold between the linear and non-linear regimes exhibits impor-

tant variations. The drift velocity reaches a maximum value and then drops. These trends can be

related to the effects of quantum confinement on the band structure of the nanowires. We

also discuss the impact of the different phonon modes and show that high-energy phonons can,

unexpectedly, increase the drift velocity at a high electric field. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4928525]

At a low electric field E, the charge carriers in a semi-

conductor acquire a finite drift velocity v ¼ l0E, where l0 is

the mobility. However, at a high electric field, v becomes a

sub-linear function of E and eventually saturates when any

further kinetic energy gained from the field is lost to the lat-

tice. In bulk Si, the electron velocity saturates at about

107 cm/s (at T¼ 300 K) when the carriers in any of the six

equivalent conduction band valleys get scattered to another

valley by the emission of optical phonons.1,2 In bulk GaAs,

the situation is different because the conduction band fea-

tures a single low-mass valley at C and four heavy-mass val-

leys at 0.3 eV higher. As a consequence, the velocity

continuously increases with the electric field as long as the

electrons occupy only the lowest valley but reaches a maxi-

mum and then drops considerably once the electrons get

scattered to the heavy-mass valleys.3

Therefore, the transport properties at the high-electric

field depend on the interplay between the different bands or

the valleys of a material. This suggests that similar effects

could be achieved with quantum confinement. In this letter,

we show that h110i oriented Si nanowires (SiNWs) with

small diameter that have received significant attention over

the last decade4–9 exhibit remarkable variations in the evolu-

tion of the drift velocity with the electric field. For this pur-

pose, we solve the non-linear Boltzmann transport equation

(BTE) on top of atomistic electron and phonon band struc-

tures.10–13 We find that the drift velocity in SiNWs first

increases at a low electric field, then saturates, and might

eventually drop. We predict saturation velocities of electrons

and holes smaller than in bulk Si at room-temperature peak

below the bulk saturation velocity (�107 cm/s).2,14 We relate

these trends to the effects of quantum confinement on the

band structure of electrons and holes. We also discuss the

role of the different phonon modes and show that high-

energy phonons can, surprisingly, increase the drift velocity

at a high electric field.

Modeling high-field transport is a difficult task, which is

usually achieved by using Monte Carlo methods in the bulk

Si2,14 and Si layers.15–17 In the latter case, confined sub-

bands are usually computed in the envelope function approxi-

mation. More recently, Monte Carlo simulations have been

performed on SiNWs using tight-binding (TB) band struc-

tures.12 All these calculations, however, assume that the car-

riers are coupled to the bulk phonons. Yet, recent studies on

the low-field transport in small diameter SiNWs, based on

fully atomistic descriptions of the electrons and phonons,18–21

have shown that the carriers couple in a complex manner to

many phonon modes due to the strong confinement. At the

high field transport, the situation is even worse because, in

principle, the hot carriers have enough energy to excite pho-

nons in the whole spectrum. Therefore, our aim in the present

work is to explore the high-field transport taking all the possi-

ble electron-phonon scattering processes into account.

Unlike previous theoretical works that used the Monte

Carlo method to solve the BTE, we use MINPACK, a non-

linear equation solver, in order to compute the distribution

function directly. Under a homogeneous electric field E, the

distribution function fik of band i at a k-point k is the solution

of the BTE

�eE

�h
rkfik ¼

X

jk0 6¼ik

Wik;jk0 fik 1� fjk0ð Þ �Wjk0;ikfjk0 1� fikð Þ
� �

:

(1)

The scattering rates Wik;jk0 are calculated with the same meth-

odology as in our previous works on the low-field trans-

port.19,21 The electronic band structure and wave functions are

self-consistently computed with a sp3d5s� TB model on a reg-

ular grid of 1024k points.11,22 We assume a gate-all-around
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configuration with a 2 nm thick HfO2 gate oxide and a target

charge density n ¼
P

ik fik=l ¼ 106 cm�1 (where l is the

length of the unit cell). The phonon band structure and wave

functions are calculated with a Valence Force Field model.23

The carrier-phonon scattering rates are computed with

Fermi’s Golden rule19 for all phonon modes and all electronic

states at 1 eV from the conduction or valence band edge. The

gradients rkfik are evaluated numerically. These coupled

equations are then solved exactly using MINPACK. The drift

velocity is finally given by v ¼
P

ik fikvik=
P

ik fik.

The conduction band structure of a h110i-oriented, 5 nm

diameter SiNW is plotted in Fig. 1. There are two kinds of

valleys: Low energy and low mass Z valleys at k¼ 0

(m� � m�t ¼ 0:19 m0), and larger mass X, Y valleys above

42 meV at k ¼ 60:42� 2p=l (m� � m�l ¼ 0:92 m0). This

behavior results from the strong anisotropy of the conduction

band of the bulk Si.11 Both kinds of valleys are fourfold

degenerate (with spin).

Fig. 1 shows the variations of the distribution function

in this SiNW at T¼ 77 K. fik departs from Fermi-Dirac statis-

tics, which results from the balance between carrier accelera-

tion by the electric field and carrier scattering by the

phonons. At the low electric field (Fig. 1(a)), the distribution

function still looks (almost) symmetric with respect to the

conduction band minima (CBMs); yet, the electric field

accelerates and drags the electrons from the negative to posi-

tive group velocity states (Fig. 1(b)). Some of these electrons

are backscattered to the negative group velocity states by the

phonons, and that is why the variations of the distribution

function are not symmetric with respect to the CBMs in Fig.

1(b). At the high electric field, the distribution function is

clearly asymmetric with respect to the CBMs (Fig. 1(c)),

most of the electrons being accelerated in the positive group

velocity states. A few of the electrons are, however, trans-

ferred from the low mass valleys at k¼ 0 to the heavy mass

valleys at k ¼ 60:42� 2p=l (Fig. 1(d)).

The drift velocity v and the effective mobility lðEÞ ¼ v=E
are plotted as a function of the electric field E in Fig. 2(a), for 2

and 5 nm diameter SiNWs at T¼ 77 K and T¼ 300 K, respec-

tively. As shown in Fig. 1, the drift velocity at T¼ 77 K

increases linearly with the field at first, then saturates, and

eventually drops due to the valley transfer. However, the

temperature widens the distribution function and smoothens

out the effects of valley transfer, which are hardly visible in

the 5 nm diameter SiNW at room temperature.

In general, the drift velocity in the saturation regime is

comparable but is smaller than that of the bulk Si. At T¼ 300 K,

the drift velocity is v ¼ 0:74� 107 cm/s at E ¼ 105 V/cm in

the 5 nm diameter SiNWs, which is below the bulk value

FIG. 1. Conduction band structure of a

h110i-oriented, 5 nm diameter SiNW

(gray lines). The distribution function

fik at T¼ 77 K calculated for an electric

field E¼ 100 V/cm (a) and E¼ 10 kV/

cm (c) is represented by the size of the

black dots. (b) and (d) Same but the

size of the dots represents the change

Dfik in the electron distribution func-

tion when increasing E from 100 to

200 V/cm (b), and from 10 to 20 kV/

cm (d). (b) and (d) Blue dots indicate a

decrease in the distribution function

and red dots an increase.

FIG. 2. Drift velocity and effective mobility of electrons (a) and holes (b) as

a function of the electric field in h110i SiNWs with a diameter of 2 nm

(dashed line) and 5 nm (solid line) at T¼ 77 K (green lines with square

markers) and T¼ 300 K (red lines with dot markers), respectively. The

blue stars on each curve indicate the threshold field Esat. In the bulk Si,

Esat � 1:5� 104 V/cm for electrons and Esat � 4� 104 V/cm for holes at

room temperature.2
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(�107 cm/s). This reduction may be explained by the stron-

ger electron-phonon interactions in SiNWs.19,21 As in the

bulk Si, the drift velocities near the saturation slightly

increase with the decrease in temperature, reaching v ¼ 0:94

�107 cm/s at E ¼ 105 V/cm and T¼ 77 K.2

We can define a threshold field Esat for the saturation re-

gime as the lowest field such that v > 0:8vmax (where vmax is

the peak velocity). Esat is indicated as a star in Fig. 2. Since

the low-field mobility l0 is much more dependent on the di-

ameter and temperature than vmax, wires with larger mobility

l0 exhibit lower Esat � 0:8vmax=l0, i.e., the effective mobil-

ity starts to degrade at lower field (inset of Fig. 2(a)). l0 is

actually smaller in the 2 nm SiNW than in the 5 nm diameter

SiNW because of the enhancement of the electron-phonon

interactions with decreasing diameter.

We now turn to the case of holes. Quantum confinement

in SiNWs splits heavy- and light-hole bands.11,21 In h110i
SiNWs, the highest sub-bands have a strong light-hole charac-

ter. For example, in a 5 nm diameter NW, the first heavy hole

sub-band is the fourth one, so that the splitting between heavy-

and light-hole sub-bands is about 46 meV (Fig. 3). The evolu-

tion of the distribution function of holes with respect to the

electric field is similar to that of electrons. Fig. 1(d) shows that

the holes can be transferred from the top light-hole to the

nearby heavy-hole sub-bands at a very high electric field.

The drift velocity and the effective mobility of the holes

are plotted as a function of the electric field in Fig. 2(b). At

E ¼ 105 V/cm, the drift velocity is v ¼ 0:56� 107 cm/s at

T¼ 300 K and v ¼ 0:75� 107 cm/s at T¼ 77 K for a 5 nm di-

ameter SiNW. It is slightly smaller than the drift velocity of

electrons, although similar saturation velocities are expected

for electrons and holes in the bulk Si (around 107cm/s).2

Fig. 4 shows the phonons that actually limit the drift ve-

locity in a 5 nm diameter SiNWs. Here we plot lð�hxÞ, the

mobility accounting for phonons with the energy below �hx
only. In the bulk Si, the holes are mostly coupled to the

acoustic phonons and to the LO/TO branches near C
(�hx � 62 meV). In the case of electrons, the f-type inter-

valley scattering (e.g., X! Y; Z) is dominated by phonons

with energies around 19, 47, and 59 meV, while the g-type

inter-valley scattering (e.g., þZ ! �Z) is dominated by

phonons with energies around 12, 19, and 62 meV. As shown

in Figs. 4(a) and 4(b), the active phonon modes in SiNWs

belong to the same categories but can be distributed in

slightly broader ranges because the selection rules are partially

lifted by confinement. Also, the role of the different modes is

strongly dependent on the temperature and electric field. At

T¼ 77 K, the carriers are mostly scattered by acoustic pho-

nons at the low electric field E¼ 100 V/cm.19 The distribution

function, however, widens with increasing electric field,

which enhances acoustic phonon scattering and opens paths

for spontaneous optical phonon emission. Interestingly, the

mobility at the high electric field can increase when more pho-

nons are taken into account, which is rather counter-intuitive.

This is because the emission of high-energy phonons brings

electrons back to the bottom of the low-mass Z valleys at

k¼ 0, which limits valley transfer by the electric field and

low-energy phonons, as shown in Fig. 4(c). Likewise, the

emission of high-energy phonons packs holes in the top light-

hole bands and limits the population of the heavy-hole bands.

At room temperature, all phonons have sizeable effect what-

ever be the field. Yet, the high energy phonons backscatter

FIG. 3. Valence band structure of a h110i-oriented, 5 nm diameter SiNW

(gray lines). The size of the dots represents the change in the hole distribu-

tion function when increasing the electric field from 10 to 20 kV/cm at

T¼ 77 K. Blue dots indicate a decrease in the occupation probability and red

dots an increase.

FIG. 4. lð�hxÞ calculated for electrons (a) and holes (b) in a h110i-oriented,

5 nm diameter SiNW. lð�hxÞ is the mobility accounting for phonons with

energy below �hx only [hence the total phonon-limited mobility is

lð�hx > 65 meVÞ]. The results are shown for E¼ 100, 1000, and 5000 V/cm,

and for T¼ 77 K (green lines with open symbols) and T¼ 300 K (red lines

with filled symbols). (c) The change of the electron distribution function at

E¼ 5000 V/cm and T¼ 77 K when increasing the limit of phonon energies

from 42.5 to 65 meV. Blue dots indicate a decrease of the distribution func-

tion and red dots an increase.
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carriers in the lowest sub-bands and limit the mobility at the

low electric field, while they again hinder valley transfer and

increase the drift velocity at the high electric field.

In order to have a deeper understanding of this behavior,

we have also performed Non-Equilibrium Green’s Functions

calculations24 on a model system. We have considered elec-

trons in either parabolic (effective mass) or non-parabolic

(two-bands25
k � p) bands, with dispersionless acoustic pho-

nons, and the above three f and three g inter-valley processes.

These simulations confirm that the high-energy g-type pho-

nons on top of the acoustic and f-type phonons can have a

beneficial impact on the carrier velocity. This effect is

enhanced by the strong non-parabolicity of the Z valleys at

k¼ 0, since the emission of high-energy phonons from a

quasi-linear band does not result in a significant slow down

of the carriers.

In conclusion, we have shown that the quantum confine-

ment in h110i SiNWs alters the relationship between the drift

velocity of carriers and the electric field in a considerable

manner. The drift velocity indeed reaches a non-linear re-

gime at a threshold field which depends on the charge car-

rier, the temperature, and the diameter of the nanowires.

Above that threshold field, the drift velocity can exhibit a

peak instead of a straight saturation as in the bulk Si due to a

valley transfer effect. Strikingly, scattering by high-energy

phonons can limit that valley transfer and actually increase

the drift velocity at the high electric field. In spite of these

differences, the drift velocity at E ¼ 105 V/cm is only

slightly smaller in SiNWs than in bulk Si. These trends can

be related with the effects of the confinement on the band

structure of the nanowires.

This work was supported by the French National

Research Agency (ANR) project “NOODLES” ANR-13-

NANO-0009-02. The calculations were run on the TGCC/
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