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A REALIZATION THEOREM FOR SETS OF LENGTHS
IN NUMERICAL MONOIDS

ALFRED GEROLDINGER AND WOLFGANG A. SCHMID

ABSTRACT. We show that for every finite nonempty subset of N> there are a numerical monoid H and
a squarefree element a € H whose set of lengths L(a) is equal to L.

1. INTRODUCTION

In the last decade the arithmetic of numerical monoids has found wide interest in the literature. Since
numerical monoids are finitely generated, every element of a given monoid can be written as a sum
of atoms and all arithmetical invariants describing the non-uniqueness of factorizations are finite. The
focus of research was on obtaining precise values for the arithmetical invariants (e.g., [2, 211 [3]), on their
interplay with minimal relations of a given presentation (e.g., [§]), and also on computational aspects
(e.g., [13} [14] and [11] for a software package in GAP). A further direction of research was to establish
realization results for arithmetical parameters. This means to show that there are numerical monoids
whose arithmetical parameters have prescribed values. So for example, it was proved only recently
that every finite set (with some obvious restrictions) can be realized as the set of catenary degrees of a
numerical monoid ([22]). The goal of the present note is to show a realization theorem for sets of lengths.

Let H be a numerical monoid. If « € H and a = uy + ... + uy, where uy,...,u; are atoms of H,
then k is called a factorization length of a and the set L(a) C N of all factorization lengths is called the
set of lengths of a. Further, £L(H) = {L(a) | a € H} denotes the system of sets of lengths of H. It is
easy to see that all sets of lengths are finite nonempty and can get arbitrarily large, and it is well-known
that they have a well-defined structure (see the beginning of Section Bl). As a converse, we show in the
present paper that for every finite nonempty set L C N>, there is a numerical monoid H and a squarefree
element a € H such that L(a) = L (Theorem B3)). In fact, we show more precisely that the number of
factorizations of each length can be prescribed. Several types of realization results for sets of lengths are
known in the literature, most of them in the setting of Krull monoids (see [20, [16, 23| 12], [I5, Theorem
7.4.1]). However, we know that if H is a numerical monoid, then £(H) # L(H') for every Krull monoid
H’ (see [18, Theorem 5.5] and note that every numerical monoid is strongly primary).

It is an open problem which finite sets of positive integers can occur as sets of distances of numerical
monoids. Based on our main result we can show that every finite set is contained in a set of distances of
a numerical monoid (Corollary BA4]). There is a vibrant interplay between numerical monoids, and more
generally affine monoids, and the associated semigroup algebras ([5, @ [7]). In Corollary B0 we shift our
realization result from numerical monoids to numerical semigroup algebras. In Section Hl we study the
question which finite nonempty sets are sets of lengths in all proper numerical monoids (Theorem [F.T]).
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2. BACKGROUND ON THE ARITHMETIC OF NUMERICAL MONOIDS

We denote by P C N C Z C Q the set of prime numbers, positive integers, integers, and rational
numbers respectively. For a,b € Q, let [a,b] = {z € Z | a < x < b} be the discrete interval of integers
lying between a and b. If A/B C Z, then A+ B = {a+0b | a € A b € B} denotes the sumset and
kA = A+ ...+ Ais the k-fold sumset for every k € N. If A = {my,...,mi} C Z with m;_; < m; for
each i € [2, k], then A(A) = {m; —m;_1 | i € [2,k]} C N is the set of distances of L. Note that A(A) = ()
if and only if |A] < 1.

By a monoid, we mean a commutative cancellative semigroup with identity element. Let H be a
monoid. Then H* denotes the group of invertible elements, q(H) the quotient group of H, and A(H)
the set of atoms (irreducible elements) of H. We say that H is reduced if the identity element is the only
invertible element. We call Hyoq = H/H* the reduced monoid associated to H. A numerical monoid is
a submonoid of (N, +) whose complement in Ny is finite. Every numerical monoid is finitely generated,
reduced, and its quotient group is Z. For any set P, let F(P) denote the free abelian monoid with basis
P. Then, using additive notation, every element a € q(F(P)) can be written uniquely in the form

a= Z lpp,
peP

where I, € Z for each p € P, and all but finitely many [, are equal to 0. For a = )"
set |a| = cplp € No and call it the length of a.

We recall some arithmetical concept of monoids. Since our focus is on numerical monoids we use
additive notation. Let H be an additively written monoid. The (additively written) free abelian monoid
Z(H) = F(A(Hyeq)) is called the factorization monoid of H and the canonical epimorphism 7: Z(H) —
H,eq is the factorization homomorphism. For a € H and k € N,

Zy(a)=Z(a) =7 Ya+ H*) C Z(H) is the set of factorizations of a,
Zyp(a) =Zi(a) ={z € Z(a) | |z| =k} is the set of factorizations of a of length k, and
Lr(a) =L(a) = {|z| | z€Z(a)} C No is the set of lengths of a.

peP lpp € ‘F(P)v we

Thus, by definition, L(a) = {0} if and only if a € H* and L(a) = {1} if and only if a € A(H). The
monoid H is said to be atomic if Z(a) # @ for all a € H (equivalently, every non invertible element is a
finite sum of atoms). We call

e L(H)={L(a) | a€ H} the system of sets of lengths of H, and
o A(H) =Uprep A(L) the set of distances (also called delta set) of H.

Every numerical monoid H is atomic with finite set of distances A(H), and A(H) = ( if and only if
H = No.

3. A REALIZATION THEOREM FOR SETS OF LENGTHS

The goal of this section is to prove our main realization theorem, namely that for every finite nonempty
subset L C N> there exists a numerical monoid H such that L is a set of lengths of H (Theorem B.3).
We show the existence of this monoid by an explicit recursive construction over the size of L. Instead of
working with numerical monoids directly, we work in the setting of finitely generated additive submonoids
of the nonnegative rationals. Additive submonoids of (Q>¢,+) are called Puiseux monoids and have
recently been studied in a series of papers by F. Gotti et al. (e.g., [19]). In the setting of Puiseux
monoids all arithmetical concepts refer to addition and not to multiplication of rationals. In particular,
an element a of a Puiseux monoid H is said to be squarefree if there are no nonzero elements b,c € H
such that a =0+ b+ c.
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Clearly, the constructed numerical monoid heavily depends on the given set L. This is inevitable
because for every fixed numerical monoid H, sets of lengths have a well-defined structure. Indeed, there
is a constant M € Ny (just depending on H) such that every L € L(H) has the form

(3.1) L=y+ (L'u{vd|vel0,l}UL") C y+dZ,
where d = min A(H),y € Z, L' C [-M,—1], and L” C Id + [1, M] (JI5, Theorem 4.3.6]).
We start with a technical lemma.

Lemma 3.1. Let k € N>o. Then there exist pairwise distinct nonzero ci,...,cp € [—k:k_l,k:k_l] with
c1+ ...+ cx =0 such that for all primes p > (k + 1)k*~1 the following property holds: if ly,... I € Ny
such that Zle lic; =0 mod p, then

lh=...=lp=0 or =...=1lp=1 or h+...+1l > k.

Proof. Fori € [1,k — 1] we define ¢; = k'~1, and we set ¢, = — Zi.:ll ¢i. Then clearly,

k-1 k-1 . Bl
= =) M=o

Now we choose a prime p > (k 4+ 1)k*~! and [1,...,lx € Ny such that Zle licc = 0 mod p and
Zle l; > 0. We may distinguish the following two cases.
CASE 1: Zf;ll lic; > por e, < —p.

Ifp < S e, < (0 1) ex—1, then

k k—1

k+ 1)kF1
DD S DR S pt
i—1 i—1 Ck—1

Ck—1

If p < li|ck|, then

k -
Zlizlk2L>M2kz+l.
P |ck| |k
CASE 2: Zf;ll lic; < pand lxc, > —p.
Since Zle lic; = 0 mod p, we infer that Zle l;c; = 0. Suppose that there is a j € [1, k] with
l; > k. Since at least two elements of Iy, ...,[; are positive, it follows that Zle l; > k. Suppose that
l; € [0,k — 1] for all i € [1,k)]. Since 0 = 3% l;¢;, the definition of ¢1,.. ., ¢, implies that

k—1 k—1
Zliki‘l = Zlkki—l .
=1 =1

By the uniqueness of the k-adic digit expansion, we infer that I; =), for all ¢ € [1,k — 1]. If I; = 1, then
li=...=lp,=1.Ifly >1,then Iy + ... + 1l = kly > k. O

The following proposition will be our key tool to do the recursive construction step in Theorem
For every prime p € P, we denote by v,, the usual p-adic valuation of the rationals, that is, for ¢ € Q\ {0},
vp(g) the integer j such that ¢ = p/ ¢ with integers a, b such that p{ ab. Moreover, we set v,(0) = oc.

Proposition 3.2. Let k € N>o and H C (Q>o,+) be a finitely generated monoid with No C H and
A(H) C Q1. Then there exists a finitely generated monoid H' with H C H' and A(H) C A(H') C Q<
such that the following properties are satisfied:

(a) For alluw € H with u <1 we have Zg(u) = Zg (u).
(b) Zpg:(1) = Zg(1) W{q1 + ... + q}, where q1,...,q, are pairwise distinct and A(H') = A(H) &
{ar, - a}-
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Proof. We set
A(H) = {Z_IZ_}
where a;,b; € N with ged(a;,b;) = 1 for all i € [1,s]. Let c1,...,cx € [—kF~1 k¥=1] such that all
properties of Lemma [3.] are satisfied. We choose a prime number p € N such that
ptlem(by,...,by) and p> (k+ 1)k,
and we define

G = prc for every i€ [1,k].
kp

By construction, we have g1 + ...+ g = 1 and v, (¢;) = —1 whence ¢; ¢ H for all ¢ € [1, k]. We define
H/ = [Haqla .. 7%] - (Q203+)

to be the additive submonoid of nonnegative rationals generated by the elements of H and by q1, ..., gx.
Thus H' is generated by A(H)U{q1, ..., qr} whence finitely generated. Since H' is reduced, [I5, Propo-
sition 1.1.7] implies that H’ is atomic and

We continue with the following assertions.

Al. {q1,...,q} C A(H').
A2. Let u € H and suppose that u has a factorization z € Zy (u) which is divisible by some element
from {q1,...,qx}. Then either u >1or z=¢q; + ...+ qx € Zp (u) (whence in particular u = 1).
Proof of A1l. Assume to the contrary that there is an ¢ € [1, k] such that ¢; ¢ A(H'). Since ¢; ¢ H,
it is divisible by an atom from A(H')\ A(H) C {q1,...,qx}, say ¢i = ¢; +b with j € [1,k] \ {i} and
be H'\ {0}. We claim that b ¢ H. Since 0 # b = q; — q; and 0 # |¢; — ¢;| < 2k~ < p,
Ci — Cj
V%—M=V( ﬁz—l
n( j "\ T

which implies that b ¢ H. Thus there is an [ € [1,k] such that b = ¢, + d with d € H' C Q>¢. Since
p> (k+ 1EF1 > 3K > |¢;| + |ej] + |, it follows that

2 : ’
p+%+{l>p+c=qu
kp kp

a contradiction. O[Proof of A1]

Proof of A2. Since u has a factorization which is divisible by some element from {q,...,qx}, there are
l1,...,lx € Ng and v € H such that

k k
u:v+Zliqi and Zli>0'
i=1 i=1

Since v, (u) > 0 and v, (v) > 0, it follows that

0<vy(u—v)= Vp(i lith‘) = Vp(X:f_1 Lip szf—l lz‘Cz‘)
i=1

Gi=¢gt+tat+d>q +aq=

whence Zle lic; =0 mod p. Therefore Lemma 3] implies that

k
li=...=1ly=1 or }:h>k
1=1



A REALIZATION THEOREM FOR SETS OF LENGTHS 5

It Ele l; > kand j € [1,k] with ¢; = min{q¢i,...,qx}, then

!
_ _ pPFe
(3.3) ufv+;liqi2(k+1)qu(k+1)k—p>1,
where the last inequality uses that p > (k + 1)k*=1 > (k+ 1)|¢;|. If [y = ... =l = 1, then

1
u:Zliqurv:qlJr...JquJrv:1+v.
i=1
Thus v > 0 implies © > 1 and v = 0 implies u =1 and z = ¢q1 + ... + qk- O[Proof of A2]
If u € A(H), then u < 1 by assumption and A2 implies that v is not divisible by any element from
{q1,...,qr} and therefore u € A(H'). Thus we obtain that A(H) C A(H') and together with A1 and
B2, it follows that

(3.4) A(H') = A(H) w{qL, .. ax}-
Thus, we have that
(3.5) Z(H)=F(AH)) Cc F(A(H") =Z(H") and Zg(u) C Zgy(u)

for every w € H. If u < 1, then A2 implies that Zy(u) = Zy (u).
It remains to show Property (b) given in Proposition B2l namely that

ZgMW{g +...+at =Zp(1).

We see from Equation B.3]) that Zg(1)W{qg1 + ...+ ¢} C Zg(1). Conversely, let z be a factorization
of 1 in H'. Then either z € Zy (1) or z is divisible (in Z(H’)) by some element from {g1,...,qx}. In the
latter case A2 implies that z=q1 + ...+ q, € Z(H'). O

Theorem 3.3. Let L C N>y be a finite nonempty set and f: L — N a map. Then there exist a numerical
monoid H and a squarefree element a € H such that

(3.6) Lla)=L and |Zg(a)| = f(k) for everyke L.

Proof. Every finitely generated submonoid of (Q>g,+) is isomorphic to a numerical monoid (cf. [19]
Proposition 3.2]) and the isomorphism maps squarefree elements onto squarefree elements. Thus it is
sufficient to show that, for every set L and every map f as in the statement of the theorem, there is a
finitely generated submonoid H of the nonnegative rationals with Ng € H and A(H) C Q< such that
the element a = 1 € H is squarefree in H and has the properties given in (B.4]).

Clearly, it is equivalent to consider nonzero maps f: N>o — Ny with finite support and to find a monoid
H as above such that |Zy(1)| = f(k) for every k € N>5 and 1 is squarefree in H. For every nonzero map
f:N>o — Ny with finite support ), -, f(k) is a positive integer and we proceed by induction on this
sum.

To do the base case, let f: N>o — Ny be a map with ), o, f(k) = 1. Let k € N>, with f(k) = 1. We
have to find a finitely generated monoid H C (Qsg, +) with A(H) C Q~; and pairwise distinct atoms
q1,---,qr € H such that Zg(1) ={q1 + ... + qx }-

We proceed along the lines of the proof of A2 in Proposition Indeed, we choose ¢y, ...,c, €
[~KkF=1 kF=1] such that all properties of Lemma [31] are satisfied and pick a prime number p € N with
p> (k+1)kF1. We set

_bta

(2 kp
and define H = [q1,...,qx] C Q>0. By [15, Proposition 1.1.7], A(H) C {q,...,qx}. Since for all (not
necessarily distinct) 7, s,t € [1, k] we have ¢. < ¢s + g, it follows that ¢, € A(H). Thus we obtain that
AH) ={q1,...,qx}. Since ¢1 + ...+ qr = 1, it follows that {¢1 + ... + qx} C Zg(1). To show equality,

for every i€ [1,k]
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let Iy,...,lx € Ny such that 1 = Zle l;q;. Tt follows that Zle lic; = 0 mod p. Therefore Lemma 3.1
implies that

k
lh=...=1l,=1 or le>k
i=1

It Zle l; > kand j € [1,k] with ¢; = min{qi,...,qx}, then

Pt

>1,
kp

!
(3.7) L= ligi> (k+1)g = (k+1)
i=1

a contradiction. Thus I = ... = = 1 and the claim follows.

Now let NV € N>y and suppose that the assertion holds all nonzero maps f: N> — Ny with finite
support and with >, ., f(k) < N. Let fo: N>o — Ng with >, -, fo(k) = N. We choose an element
ko € N>o with f(ko) # 0 and define a map fi: N>y — Ny as f1(ko) = fo(ko) — 1 and f1(k) = fo(k) for
all kK € N> \ {ko}. By the induction hypothesis, there exists a finitely generated monoid H; C (Q>¢,+)
with Ng € Hy and A(H;) C Q< such that |Zy, x(1)] = fi(k) for every k € N>o and 1 is squarefree in
H,. By Proposition B2 there exist a finitely generated monoid Hy C (@0, +) such that

Zp,(1) =Zu, () W{q + ... +aqr },

where q1,...,qx, are pairwise distinct and A(Hp) = A(H1) W {q1,...,qr,} C Q1. Since qi,...,qx,
are pairwise distinct and since 1 was squarefree in Hy, it follows that 1 is squarefree in Hy. Moreover,
Zyy k(1) =Zg, k(1) for all k € Nxo \ {ko} and Zp, ko (1) = Z, ko (1) W{q1 + - . . + g, }- In particular, we
have |Z g, (1) = fo(k) for every k € N>s. O

We continue with a corollary on sets of distances. Let H be an atomic monoid with nonempty set of
distances A(H). Then it is easy to verify that min A(H) = ged A(H), and the question is which finite
sets D with min D = ged D can be realized as a set of distances in a given class of monoids or domains.
The question has an affirmative answer in the class of finitely generated Krull monoids ([I7]). If H is a
numerical monoid generated by two atoms, say A(H) = {ny,na}, then A(H) = {|na —n1|} whence every
singleton occurs as a set of distances of a numerical monoid. There are periodicity results on individual
sets A(L(a)) for elements in a numerical monoid ([9]), but the only realization result beyond the simple
observation above is due to Colton and Kaplan ([I0]). They show that every two-element set D with
min D = ged D can be realized as the set of distances of a numerical monoid. As a consequence of
Theorem we obtain that every finite set is contained in the set of distances of a numerical monoid
(this was achieved first by explicit constructions in [6l Corollary 4.8]).

Corollary 3.4. For every finite nonempty subset D C N there is a numerical monoid H such that
D c A(H).

Proof. Let D = {d,...,d;} C N be a finite nonempty subset. By Theorem there is a numerical
monoid H such that L = {2, 2+4dy,2+d1+da, ..., 24+d1+. . .+dy} € L(H) whence D = A(L) C A(H). O

Let K be a field and H a numerical monoid. The semigroup algebra

K[H] = { Z an X" | a € H for all h € H and almost all a, are zero} C K[X]
heH

is a one-dimensional noetherian domain and its integral closures K[X] is a finitely generated module over
K[H]. Thus K[H] is weakly Krull, Pic(K[H]) is finite if K is finite whence it satisfies all arithmetical
finiteness results established for weakly Krull Mori domains with finite class group (see [I5] for basic
information). However, all results on £(K[H]) so far depend on detailed information on the Picard
group and the distribution of height one prime ideals not containing the conductor in the Picard group.
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Corollary 3.5. Let K be a field, L C N>o a finite nonempty set, and f: L — N a map. Then there is a
numerical monoid H and a squarefree element g € K[H| such that

Lrim(g) =L and |Zgimi(g)| = f(k) for every k€ L.

Proof. By Theorem[B.3]there is a numerical monoid H and a squarefree element ¢ € H having the required
properties. Clearly, the additive monoid H is isomorphic to the multiplicative monoid of monomials

H ={X"|heH}CK[H].

Since K[H]* = K*, the monoid H” = {¢X" | h € H,c € K*} C K[H] is a divisor-closed submonoid
and H/! = H'. Thus for every k € L and the element g = X¢ € K[H| we obtain that

red —
1Z k)6 (X)) = 200 k(X)) = |20 1 (X)) = |Z k()| = f(K)

whence the assertion follows. O

4. COMPARING THE SYSTEMS L(H) OF NUMERICAL MONOIDS H

In the previous section we showed that for every finite nonempty subset L C N>o there is a numerical
monoid H such that L € £L(H). One might even go a step further and ask which sets L are sets of lengths
in many or even in all numerical monoids.

These questions have already been answered in Krull monoids with finite class group and prime divisors
in all classes, and we briefly recall the situation (see [I8, Section 3] for details and further references). To
begin with, it clearly makes sense to restrict our attention to monoids with are not half-factorial i.e., to
monoids H having some L € L(H) with |L]| > 1. Let H be a Krull monoid with finite class group G' and
prime divisors in all classes. Then H is half-factorial if and only if |G| < 3. If |G| > 4, then the standing
conjecture is that £(H) # L(H') for all Krull monoids H’ having prime divisors in all classes and class
group G’ not being isomorphic to G. For every finite nonempty subset L C N>y there are finitely many
abelian groups, say Gi,...,G, such that L is a set of lengths in £(H) provided that the class group G
of H is not isomorphic to any of the groups G, ..., G,. Furthermore, for the intersection of all systems
L(S) of non-half-factorial Krull monoids S with prime divisors in all classes, we have

(£(S)={y+2k+[0,k] | y, k € No}.

The situation is quite different for numerical monoids. Clearly, numerical monoids are isomorphic if
and only if they are equal, and Ny is the only numerical monoid which is half-factorial. It was a surprising
result by Chapman et al. that there are distinct numerical monoids Hy and Ha such that L(H;) = L(H>)
(AD). In contrast to this, here we prove that there are only precisely three sets which are sets of lengths
in all numerical monoids. Note that in every (additively written) atomic monoid H with zero-element 0
and with H # H* we have {0} = Ly (0g) (by our convention) and that {1} = Ly (u) for every u € A(H).

Theorem 4.1. We have
() £H) = {{o},{1},{2}},

where the intersection is taken over all numerical monoids H C Ny. More precisely, for every t € N>g

we have
N £ = {{0}. {1}, {2}},

|ACH)|=t
and for every s € (2, 5] we have
(N £(H) = {0}, {1}, {2}, {3}},
|A(H)|=s

where the intersections are taken over all numerical monoids H with the given properties.
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Proof. By the observation above, we know that {0} and {1} are elements of each of the intersections.
If H is a numerical monoid with A(H) = {ni1,...,n}, where t € N>p and 1 < ny < ... < ng, then
L(2n1) = {2}. Thus {2} is an element of each of the intersections as well.

For m € N> and d € N, let H,, 4 be the numerical monoid generated by {1+ (m—1)d,14+md,...,1+
(2m — 2)d}; note that this is a numerical monoid because ged(1+ (m —1)d,..., 1+ (2m — 2)d) = 1, and
14+ (2m — 2)d < 2(1 + (m — 1)d) guarantees that each of the generating elements is an atom. By [6l
Theorem 3.9]

A(Hm,a) = {d}.
Thus, for distinct d and d’, we get that L(H, q) N L(Hp,,a) cannot contain sets of cardinality greater
than 1, in other words this intersection is a subset of {{k} | k € No}. This implies that each of the

intersections in the statement of our result is contained in {{k} | £ € No}.
To complete the proof of our result, it suffices to establish the following assertions.

A1l. For every m > 2 and for every k > 4, there is a numerical monoid H with |A(H)| = m such that
(b} ¢ £(H).

A2. For every m > 6, there is a numerical monoid H with |A(H)| = m such that {3} ¢ L(H).

A3. If |A(H)| = 3, then {3} € L(H).

A4. If |A(H)| = 4, then {3} € £(H).

A5. If |A(H)| = 5, then {3} € £(H).

Proof of A1l. Let m > 2 and let H be the numerical monoid generated by A = [m,2m — 1]; note that
A(H) = A. First, we assert that it suffices to show that {4} ¢ L(H). Let k > 5, and let a € H with
k€ L(a), say,a = a1+...+a, with a; € A(H). Assuming {4} ¢ L(H), it follows that a’ = a1 +as+az+as
has a factorization a’ = a + -+ + a; with a] € A(H) and [ # 4. Then, a} +... +a;+as +... +a, is a
factorization of lengths [ + k — 4 of a, whence L(a) # {k}.

Now, let a € H with 4 € L(a). This means that a is in the 4-fold sumset of A, that is a € 44 =
[4m,8m —4]. If @ > 5m, then a —m € 44 and 4 € L(a —m). Thus 5 € 1+ L(a —m) C L(a), showing
that L(a) # {4}. If a < 5m — 1, then a — (m + 1) € [2m,4m — 2] = 24 and 2 € L(a — (m + 1)). Thus
3e€l+Lla—(m+1))CL(a), and again L(a) # {4}. O[Proof of A1]

Proof of A2. Let m > 6 and let H be the numerical monoid generated by
A={m}Ulm+3,2m—1]U{2m + 1,2m + 2} .

We note that A(H) = A. For the 2-fold, 3-fold, and 4-fold sumsets of A we obtain that
2A = {2m} U 2m + 3,4m + 4],
3A={3m}U[3m+3,6m+6], and
4A = {4m} U [4m + 3,8m + §].

which implies that 34 C 24 U4A. Thus for every a € H with 3 € L(a) it follows that L(a) N {2,4} #
0. O[Proof of A2]

Proof of A3. Assume to the contrary that there exists a numerical monoid H with three atoms, say
A(H) = {ni1,n2,n3} with 1 < n; < mn2 < ng, such that {3} ¢ L(H). Since 3 € L(2n; + n2), the
element 217 + ne must have a further factorization length. Since 2n; 4+ ny cannot be a multiple of ny, it
follows that max L(2nq 4+ ng) = 3. Thus, 2 € L(2n;1 + n2) and it follows that 2ny + ny = 2ns. Similarly,
we infer that 3m; must have a factorization of length 2. Since 3n; < 2n; 4+ ny = 2ng, it follows that
3ng € {2712,712 + ng}.

Suppose that 3n; = no + ng. Then, using the just established equalities, no — n; = (2n1 + ng) —
3n1 = 2n3 — (n2 + ng) = ng —ng =: d. Thus ny = n; + d and ng = ny + 2d which implies that
3n1 = ng + ng = 2n; + 3d whence n; = 3d. Since ged(ni,na,ns) = 1, it follows that d = 1 whence
(n1,n2,n3) = (3,4,5). However, since L(11) = {3}, we obtain a contradiction.
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Suppose that 3ny = 2ny. Then no — ny = 2(ng — na), say ng — no = d. Then ny = ny + 2d,
3ny = 2n; + 4d whence ny = 4d,ny = 6d, and ng = 7d. Since ged(ny,ng,n3) = 1, it follows that d = 1
whence (n1,n2,n3) = (4,6, 7). However, since L(15) = {3}, we obtain a contradiction. ~O[Proof of A3]

Proof of A4. Assume to the contrary that there exists a numerical monoid H with four atoms, say
A(H) = {n1,n2,n3,n4} with 1 < ny < ng < nz < ng, such that {3} ¢ L(H). Then as in A3 we obtain
2 € L(3n1) and 2 € L(2n; + ng) which implies

(41) 2TL1 —+ no Z 2TL3 .

If 2n1 + n3 would have a factorization of length at least four, then

ED
2n1 +ng > n1 + 3ng > (2n1+n2)+n2 > 2ns +ng,
a contradiction. Thus 2 € L(2n1 + n3) which implies 2ny + n3 € {na + n4,2n4} and hence
(4.2) 2n1 +ng > ng +ny4.

If 2n1 + n4 would have a factorization of length two, then 2ny + ny < 2n3 but

2n1 +ng > 2n1 +n9 > 2n3, a contradiction.
Therefore, 2n; + n4 has a factorization of length at least four which implies that

2n1 +ng > nq + 3ng = (2711 +n2)+n2+ (TLQ 7711)

()
(4.3) > 2ng+ng+ (ng —n1) = (2n1 +n3) + (ng —ny) + 2(n2 — nq)

&2
Z 7’L2+TL4+(TL3*TI,1)+2(TL2*TL1).

Consequently, we infer that
2n1 > ng + (n3 —n1) + 2(na —ny) whence 3ny > ng +n3 + 2(ng —ny) > na + ng

which implies that 3n; € {2n3,ne + n4,n3 + ng,2ng}. If 3ny = 2n3, then 2ny + ny > ng + ny whence
2n1 +nz = 2n4 and if 3ny > no + ny, then 2ny + n3 > no + ny whence 2ny + n3 = 2n4. Thus in any case
we have 2n1 + n3 = 2n4 and we can improve the last inequality in (£3]) whence

2TL1 —+ ngy Z 2TL4 + (ng — nl) + 2(7L2 — Tll) .

Therefore, 2nq1 > ng + (n3 —n1) +2(n2 — n1) and adding n; we obtain that 3n; > ng +ns+2(ny —nq1) >
ns + ng. This implies that 3n; = 2ny4, a contradiction to 2 € L(2n + ns). O[Proof of A4]

Proof of A5. Again, assume to the contrary that there exists a numerical monoid H with five atoms,
say A(H) = {n1,n2,n3,n4,n5} with 1 < ny < ng < nz < ng < ng, such that {3} ¢ L(H). Then as in
A4 we obtain that 2 is an element of L(3n;), of L(2n1 + ns), and of L(2n, + n3). Moreover,

(4.4) 2n1 +no > 2nsz and 2nq +nz > ne +ny .

We proceed to show that 2 € L(2ny +mn4). Assume not. Then, L(2n; +n4) contains an element greater
than or equal to 4 and it follows that 2ny + ng > ny + 3ns. Similarly to A4 we get that, using (4I),

2n1 +ng > ny + 3ng
= (2n1 + n2) + na + (na — nq)
> 2n3 +ng + (n2 —ny)
whence ng > ng+(ns—n1)+2(ne—n1). In combination with 2n;1+ns > no+ny, that is, ng > ng+nas—2n4,
we get that ny > ng + (n3 — n1) + 3(n2 — n1) — ny. Equivalently, ny > (ns — n1) + 3(ne — n1) and

5n1 > n3 + 3ny. This yields 3ny > ng + n3. Moreover, 2ny + ng > ny + 3no, means ni + ny > 3ng, and
this implies 2n;+n9o < 3ng < ny+ng. Thus, 2n;+ng € {na+ns, 2n3}. Yet, since 2ny1+ns > 3n; > na+ns
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this is a contradiction, both 2n; + no and 3n; would need to equal 2n3. This contradiction shows that
max L(2ny 4+ n4) < 4, and whence 2 € L(2n1 + ny).

We consider the possible factorizations of 2n; + n4 of length 2. The factorization must not contain
ny or ng. Moreover, 2ny + ny4 is strictly greater than 2n; + ne > 2ns and 2ny + ns > no + ng. Thus,
2n1 + ng € {na + ns,n3 + ns,2ns5} and we distinguish these three cases.

CASE 1. 2ny +n4 = ng + ns. Since 2n; + n3 < 2ny + ng = n2 + ns and since by (@) we have
2n1 + ng > ng + ny, it follows that 2n; + ng € {na + n4, 2n4}. We distinguish the two cases.

Case 1.1. 2n; + n3 = ny + ng. Since 2n3 < 2n; + ny < 2ny + ng = ng + nyg, we get that 2n; + ny = 2ns.
Considering differences we get that ny — ng = ns — ng and moreover ng — ny = (ng — n3) + (N2 — ng3).
Thus, ng —ng = 2(n3 — ng). We set d = nzg —ny. We have that 3n; € {2n2,na +ns3}. We distinguish the
two cases.

Case 1.1.1. 3n; = 2ny. Considering differences we get ny — ny = 2(n3 — na) = 2d. Consequently,
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 3d,n1 + 5d,ny + 7d). From 3n; = 2ny we infer that nqy = 4d. We
get d =1, and (n1,n9,n3,ng,ns) = (4,6,7,9,11). Thus, n1 + ng = ns, a contradiction.

Case 1.1.2. 3n; = ng + nz. Considering differences we get that no — n; = ng — ney = d. Thus,
(n1,na,n3,n4,n5) = (n1,n1 + d,n1 + 2d,ny + 4d, ny + 6d). From 3n; = ng + ng we infer that ny = 3d
whence ny + no = nyg, a contradiction.

Case 1.2. 2n1 + n3 = 2n4. We get that 2ny + no € {2n3,n3 + na}. We distinguish the two cases.

Case 1.2.1. 2ny + ny = 2n3. Considering differences we get that nz — ny = 2(n4 — ng). Moreover,
ng —ng = (ns —ng) + (n2 — ng). Thus, setting d = ny — n3 we have nz — ny = 2d and ny —ny = 4d. We
have that 3n; € {2n2,n2 + n3} and distinguish cases.

Case 1.2.1.1. 3n; = 2nq. Considering differences we get that no — n; = 2(ng — ng) = 4d. It follows that
(n1,n2,n3,n4,n5) = (n1,n1 +4d,ny + 6d,ny + 7d,ny1 + 11d). From 3n; = 2ny we infer that n; = 8d. We
get d =1, and (n1,n9, ng,ng,ns) = (8,12,14,15,19). We check that L(35) = {3}, a contradiction.

Case 1.2.1.2. 3n; = no + n3. Considering differences we get that no — ny = ng — no. It follows that
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 4d,n1 + 5d,n1 + 9d). From 3n; = ny + ng we infer that ny = 6d.
We get d = 1, and (n1,n2,n3,n4,n5) = (6,8,10,11,15). We check that L(27) = {3}, a contradiction.
Case 1.2.2. 2n1 +ng = ng + ng. It follows that 3n; € {2na,no + n3, no + n4, 2ns3}. We distinguish cases.
Case 1.2.2.1. 3n; = 2nsy. Considering differences we get that n3 — no = ngs — ng =: d. Moreover,
ny—ny = (ng—ng)+ (n3 —n2) = 3d and ngy —ny = ns —ng. Thus, (n1,n2,n3,n4,n5) = (n1,n1 +3d, nq1 +
4d,ny + bd,ny + 8d). From 3n; = 2ny we infer that ny = 6d. We get d = 1, and (ny1,na, ng, ng,ns) =
(6,9,10,11,14). We check that L(26) = {3}, a contradiction.

Case 1.2.2.2. 3n; = ny + ng. Considering differences we get that ng —ne = ng —ng =:d and ny —ny =
ng—ng = 2d. Moreover, ngy—nq = ns—ns. Thus, (n1, ne, ns, n4, ns) = (n1, n1+2d, n1+3d, n1+4d, n1+7d).
From 3n; = ny + n3 we infer that ny = 5d whence nqi + ns = ns, a contradiction.

Case 1.2.2.3. 3ny; = no+ny4. Considering differences we get that no—n; = nz—ns =: dand ng—ng = ng—
ng = d. Moreover, ng—ny = ns—n4 = 3d. Thus, (n1, ne, n3, n4, ns) = (n1,n1+d, n1+2d,n1+3d, n1+6d).
From 3n; = ny + ny we infer that ny = 4d whence ni + ns = ns, a contradiction.

Case 1.2.2.4. 3n; = 2n3. Considering differences we get that no —ny = ny — ng =: d and n3 — ng =
ng —n3 = d. Moreover, ng —ny = ns — nz + (n2 — n3) and thus ny — ng = (ng — n1) + (n3 — n2) = 4d.
Thus, (n1,n2,n3,n4,n5) = (n1,n1 +d,ny + 2d,ny + 3d,ny + 6d). From 3n; = 2n3 we infer that ny = 4d.
We get d = 1, and (ny,ne, ng,n4,ns) = (4,5,6,7,10). Thus, ny + n3 = ns, a contradiction.

CASE 2. 2n; +n4 = ng + ns. Since 2ny + ng < 2ny + ng = nz + ns, it follows that 2ny + ng €
{n2 4+ n4, 2n4,n2 + n5}. We distinguish the three cases.
Case 2.1. 2ny + nz = no + ng. We get that 2n; + no = 2n3. Considering differences we get that
ng —ng = (ng —na) + (n5s —nyg) and n3 —ns = (ng —ns) + (ne —ng). It follows that ny —ng = 2(n3 — n9)
and n5 —ng = (ng —n3) — (ng — na). We set d = ng — ns to get ny — ng = 2d and n5 — ngy = d. We infer
that 3n; € {2n2,n2 + n3} and distinguish the two cases.
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Case 2.1.1. 3n; = 2n9. Considering differences we get that no — ny = 2(ns — na) = 2d. It follows that
(n1,na,n3, ng,ns) = (n1,n1+2d,n1 +3d,n1 +5d,n; +6d). From 3n; = 2ny we infer that n; = 4d whence
ny1 4+ ny = ns, a contradiction.

Case 2.1.2. 3ny; = na + ng. Considering differences we get that no — ny = ng — no = d. It follows that
(n1,n2,n3,n4,n5) = (n1,n1 + d,n1 + 2d,n1 + 4d,nq1 + 5d). From 3n; = ng + ns we infer that n; = 3d
whence ny + ny = ny4, a contradiction.

Case 2.2. 2n; + ng = 2n4. We infer that 2ny + ns € {2n3,n3 + n4} and distinguish the two cases.

Case 2.2.1. 2ny + ny = 2n3. Considering differences we get that nz — ny = 2(n4 — ng). Moreover,
ng —ng = ns —ng + (n3 —ng) and thus ns —ny = 2(ng — n3). We infer that 3ny € {2n2,n2 +n3, no +nq}
and distinguish three cases. Set d = ng — na.

Case 2.2.1.1. 3n; = 2ns. Considering differences we get that no —ny = 2(ng — n2) = 4d. Thus, it follows
that (n1,ne,ns,na,ns) = (n1,n1 + 4d, ny + 6d,nq1 + 7d, ny + 9d). From 3n; = 2ny we infer that n; = 8d.
We get d = 1, and (n1,n2,n3, ng,ns) = (8,12,14,15,17). We check that L(33) = {3}, a contradiction.
Case 2.2.1.2. 3n; = no + n3. Considering differences we get that no — ny = nz — no = 2d. Thus, it
follows that (n1,n2,n3,n4,n5) = (n1,n1 + 2d,ny + 4d,ny + 5d,ny + 7d). From 3n; = ns + n3 we infer
that ny = 6d. We get d = 1, and (n1,ne2,ns,n4,ns) = (6,8,10,11,13). We check that L(25) = {3}, a
contradiction.

Case 2.2.1.3. 3ny = n2 + nyg. Considering differences we get that na —ny; = (ng — na) + (n3 —ng) = d.
Thus, it follows that (n1,n2,ns, na,ns) = (n1,n1 + d,ny + 3d,ny + 4d, ny + 6d). From 3n; = ny + ng we
infer that n; = 5d whence ny + ny = ns, a contradiction.

Case 2.2.2. 2n; + ny = ng + ng. Considering differences we get that ng — ne = ny —ng =: d. Moreover,
ng —ng = ns —ng + (ng — nyg) and thus ny — ng = 2(ng — ng) = 2d. We observe that 3n, € {2nq,ne +
ns,ne + ng, 2n3} and distinguish cases.

Case 2.2.2.1. 3ny = 2ny. Considering differences we get that no — ny = ng — nay + (ng — n2) = 3d. Thus,
(n1,na,n3,ng,n5) = (n1,n1 + 3d,ny + 4d,ny + 5d,ny + 7d). From 3n; = 2ny we infer that ny = 6d. We
get d =1, and (n1,n2,ns,ng,ns) = (6,9,10,11,13). We check that L(25) = {3}, a contradiction.

Case 2.2.2.2. 3n; = ng + n3. Considering differences we get that ny — ny = ng — ny = 2d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 3d,n1 + 4d,ny + 6d). From 3n; = ny + ng we infer that n; = 5d.
We get d = 1, and (ny,n2,ng, ng,ns) = (5,7,8,9,11). We check that L(21) = {3}, a contradiction.

Case 2.2.2.3. 3ny; = ns + nyg. Considering differences we get that no — ny = ng — ny = d. Thus,
(n1,na,n3,ng,ns) = (n1,n1 + d,n1 + 2d,ny + 3d,ny + 5d). From 3n; = ng 4+ ny we infer that ny = 4d
whence ny + ny = ns, a contradiction.

Case 2.2.2.4. 3n; = 2n3. Considering differences we get that no — ny = ng — ng = d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + d,n1 + 2d,n1 + 3d,n1 + 5d). From 3n; = 2n3 we infer that ny = 4d
whence ny + no = ns, a contradiction.

Case 2.3. 2n7 + ng = na + ns. We obtain that 2nq + no € {2ns, ng + n4, 2n4} and distinguish the three
cases.

Case 2.3.1. 2n; 4+ no = 2n3. Considering differences we get ny — n3 = n3 — ny =: d. Moreover,
ng — ne = ns —n3 = 2d and therefore ns — ny = d. We infer that 3ny € {2n2,n2 + n3,n2 + nqa} and
distinguish the three cases.

Case 2.3.1.1. 3n; = 2ng. Considering differences we get that no — n; = 2(ns — n2) = 2d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 3d,n1 + 4d,ny + 5d). From 3n; = 2ns we infer that n; = 4d
whence 2n; = n4, a contradiction.

Case 2.3.1.2. 3ny; = ns + ng. Considering differences we get that no — ny = ng — ny = d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + d,n1 + 2d,n1 + 3d,n1 + 4d). From 3n; = ny + ns we infer that n; = 3d
whence 2n1 = ny4, a contradiction.

Case 2.3.1.3. 3n; = n2 + ny. Considering differences we get that no —ny = n3 —ng — (ngy —n3) =0, a
contradiction.
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Case 2.3.2. 2n; + ne = n3 + ng. Considering differences we get that ngy — n3 = n3 —ng =: d and
ns —ng = ng — ng = 2d. We have 3ny € {2n9,n2 + ng, na + ng, 2n3}. We distinguish the four cases.
Case 2.3.2.1. 3n; = 2ny. Considering differences we get that no — ny = ng — na + (ng — n2) = 3d. Thus,
(n1,na,n3,ng4,n5) = (n1,n1 + 3d,ny + 4d,ny + 5d,ny + 7d). From 3n; = 2ny we infer that ny = 6d. We
get d =1, and (n1,n2,ng,ng,ns) = (6,9,10,11,13). We check that L(25) = {3}, a contradiction.

Case 2.3.2.2. 3n; = ng + n3. Considering differences we get that no — ny = ng — ny = 2d. Thus,
(n1,na,n3,ng,ns) = (n1,n1 + 2d,ny + 3d,n1 + 4d,nq + 6d). From 3n; = ny + n3 we infer that ny = 5d.
We get d = 1, and (ny,n2,n3,n4,ns) = (5,7,8,9,11). We check that L(21) = {3}, a contradiction.

Case 2.3.2.3. 3ny = ns + nyg. Considering differences we get that no — ny = ng — ny = d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + d,n1 + 2d,n1 + 3d,n1 + 5d). From 3n; = ng + ny we infer that n; = 4d
whence ny + ny = ns, a contradiction.

Case 2.3.2.4. 3n; = 2n3. Considering differences we get that ny — ny = ngy — ng = d. Thus,
(n1,na,n3,n4,m5) = (n1,n1 + d,ny + 2d,ny + 3d,ny + 5d). From 3n; = 2n3 we infer that ny = 4d
whence ny + no = ns, a contradiction.

Case 2.3.3. 2n; + ne = 2ny. Considering differences we get that ny — ng = ns —ne =: d and ng — ng =
(n5 — n4) + (n2 — nyg), that is, ns — ng = ng — n2 + (n3 — na) = 3d. We have 3n; € {2n2,ns + ns,na +
ny,2ns,ns + ny}. We distinguish the five cases.

Case 2.3.3.1. 3n; = 2ny. Considering differences we get that no — ny = 2(ny — n2) = 4d. Thus,
(n1,na,n3,ng,ns) = (n1,n1 + 4d, ny + 5d,ny + 6d,n1 + 9d). From 3n; = 2ny we infer that ny = 8d. We
get d =1, and (ny, ne, ng,ng,ns) = (8,12,13,14,17). We check that L(31) = {3}, a contradiction.

Case 2.3.3.2. 3n; = na+ns. Considering differences we get that no—nq = ngy —na+ (ng—ns) = 3d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + 3d,n1 + 4d,n1 + 5d,n1 + 8d). From 3n; = ny + ng we infer that ny = 7d.
We get d = 1, and (ny,n2,n3,n4,n5) = (7,10,11,12,15). We check that L(27) = {3}, a contradiction.
Case 2.3.3.3. 3n; = no + ng. Considering differences we get that no — ny = ngy — no = 2d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 3d,n1 + 4d,ny + 7d). From 3n; = ny + ny we infer that ny = 6d.
We get d = 1, and (ny,n9,n3,n4,n5) = (6,8,9,10,13). We check that L(23) = {3}, a contradiction.
Case 2.3.3.4. 3n; = 2n3. Considering differences we get that no — n; = 2(ngy — n3) = 2d. Thus,
(n1,n2,n3,n4,n5) = (n1,n1 + 2d,n1 + 3d,n1 + 4d,nqy + 7d). From 3n; = 2n3 we infer that nq = 6d, and
we conclude as in the preceding case.

Case 2.3.3.5. 3ny = n3 + nyg. Considering differences we get that no — ny = ngy — ng3 = d. Thus,
(n1,na,n3,n4,n5) = (n1,n1 + d,n1 + 2d,ny + 3d,ny + 6d). From 3n; = ng + ng we infer that ny = 5d
whence ny + ny = ns, a contradiction.

CASE 3. 2n1 +ny4 = 2ns5. It follows that 2nq, > ns. We consider 2n; + ns. Since 2ns < 2nq + ns < 4nq.
The first inequality shows that L(2n; 4+ ns) cannot contain 2, the second shows that L(2ny + n5) cannot
contain 4 or any larger element. Thus, L(2ny + ns) = {3}. O[Proof of A5] O
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