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STABLE MANIFOLDS OF TWO-DIMENSIONAL
BIHOLOMORPHISMS ASYMPTOTIC TO FORMAL CURVES

LORENA LOPEZ-HERNANZ, JASMIN RAISSY, JAVIER RIBON,
AND FERNANDO SANZ-SANCHEZ

ABSTRACT. Let F € Diff(C?,0) be a germ of a holomorphic diffeomorphism
and let I' be an invariant formal curve of F. Assume that the restricted
diffeomorphism F'|p is either hyperbolic attracting or rationally neutral non-
periodic (these are the conditions that the diffeomorphism F|r should satisfy,
if I' were convergent, in order to have orbits converging to the origin). Then
we prove that F' has finitely many stable manifolds, either open domains or
parabolic curves, consisting of and containing all converging orbits asymptotic
to I'. Our results generalize to the case where I' is a formal periodic curve of
F.

1. INTRODUCTION

Let F € Diff(C™,0) be a germ of a holomorphic diffecomorphism. A stable set of
F is a subset B C V of an open neighborhood V' of 0 where F is defined, which
is invariant, i.e. F(B) C B, and such that the orbit of each point of B converges
to 0. If B is an analytic, locally closed submanifold of V' then we say that B is a
stable manifold of F (in V).

In the case of one-dimensional diffeomorphisms, the existence of stable manifolds
depends mainly on the multiplier A = F’(0) € C. More precisely, F has non-trivial
stable manifolds when F' is (hyperbolic) attracting (|A| < 1), in which case a whole
neighborhood of 0 € C is a stable manifold, or rationally neutral (A is a root
of unity) and non-periodic, in which case the “attracting petals” of Leau-Fatou
Flower Theorem [I1 [§] are stable manifolds. In the remaining cases, (hyperbolic)
repelling (J]A\| > 1), periodic or irrationally neutral (|A| = 1 and X is not a root of
unity), the origin itself is the only stable manifold of F' in any neighborhood (a
result by Pérez-Marco [I4] in the last case).

In the two-dimensional case, the problem of the existence of stable manifolds of
F has been addressed by several authors. The existence of one-dimensional stable
manifolds, usually called parabolic curves (when they do not contain the origin),
has been studied for example by Ueda [19] when F' is semihyperbolic; by Ecalle [,
Hakim [9], Abate [I], Abate, Bracci and Tovena [2], Molino [I3], Brochero, Cano
and Loépez [6] and Lépez and Sanz [12] when F' is tangent to the identity; by Bracci
and Molino [5] when F' is quasi-parabolic. The existence of open stable manifolds
has been treated for example by Ueda [I8] in the semihyperbolic case; by Weickert
[21], Hakim [9], Vivas [20], Rong [16] in the tangent to the identity case.

First, third and fourth authors partially supported by Ministerio de Economia y Competitivi-
dad, Spain, process MTM2016-77642-C2-1-P; first and second authors, by MATHAmSud 2014
grant “Geometry and Dynamics of Holomorphic Foliations”; second author, by ANR project
LAMBDA, ANR-~13-BS01-0002.
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In this paper, we study the case of a planar diffeomorphism F € Diff(C2,0)
and we look for stable manifolds consisting of orbits which are asymptotic to a
given invariant formal curve I". Going one step further, our interest is to describe a
family of such stable manifolds whose union “captures” any orbit asymptotic to I
Following the terminology adopted by Ueda in [I8], we construct a “base of the set
of orbits asymptotic to I'” which is a union of stable manifolds. Our assumptions
in order to guarantee the existence of such stable manifolds are just the necessary
conditions inherited from the one-dimensional dynamics induced by F on I'. No
further hypotheses on the linear part DF(0) are required.

Let us describe our main result in more precise terms. At the end of the in-
troduction we discuss its relation with some of the results which appear in the
references mentioned above.

Recall that a formal curve I' at 0 € C? is a reduced principal ideal of C[[z, y]].
It is called irreducible if I' is a prime ideal. We say that I' is invariant by F', or
F-invariant, if ' o F' = T". If T is irreducible and F-invariant then we can consider
the restriction F|p, which is a formal diffecomorphism in one variable (see Section
2).

A formal irreducible curve I'y is called m-periodic if T'g o F™™ = T'g and m is the
minimum positive integer holding such property. In that case, the formal curve

m—1
I'= () TooF

=0

is F-invariant. Let us point out that if Ty defines an analytic curve V(T'g) then
V() = U;-”;Ole (V(Tp)). Thus V(T') is the minimal F-invariant curve containing
V(Ty). Equivalently, T" is the maximal F-invariant ideal contained in T, being this
conclusion also valid in the formal setting. We say that I' is the invariant curve
associated to T'y. In this case, the irreducible components of I are the m-periodic
curves I'; :=Tgo FJ for j =0,....m — 1.

Given a m-periodic curve I'g of F, a non-trivial orbit O of F is said to be
asymptotic to the associated invariant curve I if it converges to the origin and, for
any finite composition of blow-ups of points o : M — C2, the w-limit of the lifted
sequence o~ 1(0) is contained in the finite set determined by the components of T
in the exceptional divisor o~1(0) (see Section Bl for details).

Our main result is the following:

Theorem 1. Consider F € Diff(C2,0) and let Ty be a formal m-periodic curve of
F whose associated invariant curve is denoted by I'. Assume that the restriction
F™|p, is either attracting or rationally neutral and non-periodic. Then, in any
sufficiently small open neighborhood V' of 0, there exists a non-empty finite family
of pairwise disjoint stable manifolds S1,...,S. CV of F of pure positive dimension
and with finitely many connected components such that the orbit of every point in
S; is asymptotic to I' and such that any orbit of F' asymptotic to I' is eventually
contained in Sy U---US,.

It is worth mentioning that a diffeomorphism F € Diff(C?,0) always has a formal
periodic curve by a result of Ribén [I5], although they may be all divergent and
non-invariant.
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Remark 1. In order to show Theorem[Ilit suffices to consider irreducible invariant
curves, i.e. m = 1. Indeed, assume that ['g is m-periodic and apply the theorem to
F™ and the F™-invariant irreducible curve I'g. Let Fy = {51, ..., S, } be a family
of stable manifolds of F™ obtained for a domain V in which every FJ, for j =
1,...,m—1, is defined and injective, and put F = {U;-”:_Ole(Sl), ce U;-":_Ole(ST)}.
Then F is a family with the required properties of Theorem[for F' and the invariant
curve I'. Notice that, since each component of I' is invariant by F"*, the points
determined by I' in the exceptional divisor after blow-ups are fixed points for the
corresponding transform of F™ (see Section[2]). Thus, an orbit O = {F"(p)},>0 of
F is asymptotic to I if and only if each one of the m orbits O; = {F™" " (p)},>¢
of F™ for j =0,...,m — 1 is asymptotic to one and only one of the components of
I'. Hence, the orbit under F™ of a point in F7(S;) is asymptotic to I'; = F7(Ty)
for any 5 =0,...,m —1 and any i = 1,...,7 and thus F7(S;) N F*(S;) = () whenever
i#1land j, k€ {0,...,m—1}.

As a consequence of Remark[I] we assume from now on that all formal irreducible
periodic curves are invariant.

Roughly speaking, Theorem[Ilcan be interpreted by saying that the condition en-
suring the existence of stable manifolds in dimension 1 also provides (applied to F|r)
stable manifolds of orbits asymptotic to I'. More precisely, if I' were convergent,
the hypotheses in Theorem [[lwould be necessary conditions in order to have stable
orbits inside I'. Although these hypotheses are not necessary in general, if they
are not satisfied then one can find simple examples where no orbit asymptotic to I'
exists. In the case where F|r is hyperbolic, being attracting is a necessary condition
for having orbits asymptotic to " (see Section[J). In the case where F|r is periodic
(and hence rationally neutral), since the set of fixed points of a diffeomorphism
is an analytic set, either F' is itself periodic or I' is convergent. In the first case,
there are no non-trivial orbits converging to the origin; in the second case, there are
examples with no asymptotic orbits (for instance F(z,y) = (—z,2y) and T’ = (y))
and examples with asymptotic orbits (for instance F' = Exp(y(220/0x + y0/0dy))
and I' = (y)). In the case where F|r is irrationally neutral, although we can also
find simple linear examples with no asymptotic orbits, we do not know if there are
examples with asymptotic orbits.

In the proof of Theorem [II we consider separately the two situations for F|r,
namely hyperbolic or rationally neutral, since the arguments and the structure of
the stable manifolds S; are notably different in both cases.

In Section Bl we study the case where F|r is hyperbolic attracting. The result is a
consequence of the classical Stable Manifold and Hartman-Grobman Theorems for
diffeomorphisms. We show that I" is an analytic curve which contains eventually any
orbit of F' which is asymptotic to I'. Indeed the hyperbolic case can be characterized
in terms of the family of stable manifolds F = {Si,...,S,} provided by Theorem/[Il
in the following way: F|r is hyperbolic if and only if S; is a germ of analytic curve
at 0 for some 1 < j < r and in this case F = {I"\ {0}}. We also prove that T
is either non-singular or a cusp y? = x? in some coordinates and that, in this last
case, F' is analytically linearizable.

The case where Fp is rationally neutral is more involved and is treated in
Sections [l Bl [ and [I Observe first that, considering an iterate of F and using
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similar arguments to the ones in Remark [Tl we may assume that F|r is a parabolic
formal diffeomorphism, i.e. (F|r)’(0) = 1.

In Sectiond] we show that, after finitely many blow-ups along I, we can consider
analytic coordinates (z,y) at the origin such that T' is non-singular and tangent to
the z-axis and F' is of the form

(1) w0 F(r,y) = — k74 L Okt ily, g2
yo F(z,y) = p(y + z*a(z)y + O(xF+rtly, gh+p+2))

where k > 1, p > 0 and a(z) is a polynomial of degree at most p with a(0) # 0.
Notice that k£ and p depend only on F' and T', since k£ + 1 is the order of F' and
k+ p+ 1 is the order of the restriction F|r.

Let A(z) = Ao + A1z + - - - + ApaP be the polynomial defined by the formula

log i+ % (Ao + A1z + -+ + Apa”) = Ty (log (1 (1 + 2%a(2))))

where J,,, denotes the truncation of a series up to degree m. The idea behind this
definition is that the jets of order k+p+1 of F' and of the exponential of the vector
field

Z = —xkﬂ”“é% + (log it + a:kA(x))ya—y
coincide, and the dynamics of F and Exp(Z) are somewhat related. Let us describe
briefly the behavior of the orbits of the toy model Exp(Z) converging to the origin
and asymptotic to the invariant curve y = 0, which plays the role of I'. Given
such an orbit O = {(x,yn)}, the sequence {x,} is an orbit of the one-dimensional
parabolic diffeomorphism x Exp(—:zrk“’“a%) and hence it converges to 0 € C
along a well defined real limit direction, necessarily one of the k& + p half-lines
ERT with €¥+P = 1, called the attracting directions (they correspond to the central
directions of the attracting petals in Leau-Fatou Flower Theorem). On the other
hand, Z has a first integral H(z,y) = yh(z), where

log pu + 2% A(x
h(x) = exp (/ WTl()d:E) ,

and the behavior of the orbits of Exp(Z), since they are contained in fibers of H,
depends on the asymptotics of H in a neighborhood of the corresponding attracting
direction ¢. Making a linear change of variables so that £ = R", we say that / is
a node direction if (In|u|,Re(Ao),...,Re(Ap—1)) < 0 in the lexicographic order.
Otherwise, we say that ¢ is a saddle direction.

Consider the simplest case where |u| # 1 (i.e. F is semi-hyperbolic). Then ¢ is a
saddle or a node direction if || > 1 or |u| < 1, respectively. There exists a sector
2 C C bisected by ¢ in which either h(z) or 1/h(z) is a flat function depending
on whether £ is a saddle or a node direction, respectively. Thus, the fibers of H in
Q x C behave correspondingly as a saddle (only y = 0 is bounded) or a node (any
fiber is bounded and asymptotic to y = 0). In the general case, one can show a
similar description for the fibers of H in 2 x C, where € is a domain of C containing
£ which is not necessarily a sector. Moreover, €2 x C eventually contains any orbit
{(2n,yn)} of Exp(Z) such that {x,} has £ as a limit direction. We obtain that QxC
(respectively © x {0}) is a stable manifold of Exp(Z) when ¢ is a node direction
(respectively saddle direction) composed of orbits asymptotic to the curve y = 0.
The family of these stable manifolds satisfies the conclusions of Theorem [
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For a general diffeomorphism F written in the reduced form (), we obtain a
similar description of the orbits asymptotic to I'. In fact, we construct a family
{S¢} of stable manifolds of F, where ¢ varies in the set of attracting directions
¢ = ERT, with €8P = 1, satisfying the assertion of Theorem [ The case of a
saddle direction is treated in Section [, where we obtain that Sy is one-dimensional
and simply connected (a so-called parabolic curve). The case of a node direction is
studied in Section [6] where we obtain that Sy is a simply connected open set.

As a consequence of our main result, in Section[dwe prove the following theorem,
which generalizes results in [5] and [12].

Theorem 2. Let T be an irreducible formal invariant curve of F € Diff (C2,0) such
that F|r is parabolic, with F|r # id, and assume that spec(DF(0)) = {1, u}, with
|| > 1. Then there exists a parabolic curve for F, which is asymptotic to T.

We end this introduction discussing some special situations for the diffeomor-
phism F' already treated in the literature and their relation with our approach to
find stable manifolds.

- In the semi-hyperbolic attracting case (|u| < 1), every attracting direction is a
node direction. We obtain r = k 4 p open stable manifolds whose union forms a
base for the set of orbits of F' asymptotic to I'. This case is the one considered by
Ueda in [I8], and our unified point of view recovers his result (observe that in the
semi-hyperbolic case, the Poincaré-Dulac normal form F of F has a unique formal
invariant curve I' such that the restriction F' | is parabolic and hence so does F').

- In the semi-hyperbolic repelling case (|u| > 1), every attracting direction is a
saddle direction and we obtain » = k + p parabolic curves, defined as graphs of
holomorphic functions over open sectors in the z-variable, whose union is a base of
the set of orbits asymptotic to I'. This case is also treated by Ueda in [I9] and we
again recover his conclusion.

- In the case spec(DF(0)) = {1} and p = 0 (Briot-Bouquet case), we have
that every attracting direction is a saddle direction. We obtain, as in Ecalle [
and Hakim [9], that there exist k parabolic curves of F' whose union is a base of
convergent orbits asymptotic to I' (notice that the tangent direction of T" in this
case is a “characteristic direction” of F'). This result was used by Abate [I] (see
also [6]) to show that every tangent to the identity diffeomorphism with isolated
fixed point has a parabolic curve.

- In the case spec(DF(0)) = {1, u}, with |g| = 1, p is not a root of unity and
p = 0, every attracting direction is a saddle direction. In this case, Bracci and
Molino [5] proved the existence of k parabolic curves of F'. Since in this case there
exists a formal invariant curve I' such that F|r is parabolic, using the Poincaré-
Dulac normal form, our approach recovers their result and generalizes it to the case
p>0.

- In the case spec(DF(0)) = {1} and Re(4p) > 0, a particular case of a saddle
direction, Lépez and Sanz proved in [I12] the existence of a parabolic curve of F
asymptotic to I'. Following the same arguments (which are in turn a modification
of Hakim’s proof in [9]) we recover that result and generalize it for an arbitrary
saddle direction.

- In the case spec(DF(0)) = {1} and Re(4p) < 0, a particular case of a node
direction, Rong proved in [I6] the existence of an open stable manifold. Notice that,
since Ag # 0, applying Briot-Bouquet’s theorem [4] to the infinitesimal generator
of F we conclude that there always exists a formal invariant curve I" such that F|p
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is parabolic. Hence, our approach recovers Rong’s result and generalizes it for an
arbitrary node direction.

2. DIFFEOMORPHISMS, INVARIANT CURVES AND BLOW-UPS

Let F € Diff(C%,0) be a germ of a holomorphic diffeomorphism at the origin
of C2. In this article we make use repeatedly of the behavior of F' under blow-up.
Although quite well known (see for instance [I5]), let us summarize the principal
properties, in order to fix notations and to establish a convenient terminology.

Let 7 : C2 — C? be the blow-up at the origin of C? and denote by E = 7~*(0)
the exceptional divisor. Then ﬁiw_l o F o extends to an injective holomorphic
map in a neighborhood of E in C? that leaves the divisor F invariant and so that
F|p is the projectivization of the linear map DF(0) in the identification E ~ PL.
Hence, a point p € E is a fixed point for F if and only if p corresponds to the
projectivization of an invariant line £ of DF(0). In this case we will say, in analogy
with the standard terminology for curves, that p is a first infinitely near fived point
of F' and that the germ F), of F' at p is the transform of F' at p. Repeating the
operation of blowing-up, we can recursively define sequences {p, }n>0 of infinitely
near fized points of F' and corresponding transforms F, putting po = 0 and, for
n > 1, taking p, as a first infinitely near point of F}, | (considered as an element
of Diff (C?,0) after taking analytic coordinates at p,_1).

Let us recall how the eigenvalues of the differential of a diffeomorphism vary
under blow-ups. Let A u be the eigenvalues of DF(0) and let p be an infin-
itely near fixed point of F' corresponding to an invariant line ¢ of DF(0) asso-
ciated to the eigenvalue A; then the differential of the transform F}, has eigenvalues
{\, p/A}, where p/X is the eigenvalue associated to the tangent direction of the
exceptional divisor E at p. This can be seen by the following simple computation.
Choose coordinates (z,y) at 0 € C? such that ¢ is tangent to the z-axis and write
F(z,y) = (Fi(z,y), Fa(x,y)) and DF(0)(x,y) = (Ax + ay, py), where a € C. Con-
sider coordinates (z',y’) at p so that w is written as w(2/,y’) = (¢/,2'y’). Then
F =n"1o0Fonr is written locally at p as

@) F) = (Rl ) )

Fl (x/7 x/y/)

so that we obtain DF(p)(z/,y') = (A, By' + ba') for some b € C, which gives the
result (notice that F = {z’ = 0} in these coordinates).

Let T' be an (irreducible) formal curve at 0 € C2. By definition, once we fix
coordinates (x,y) at the origin, T' is a principal ideal of C|[x,y]], generated by an
irreducible non-constant series f(z,y). The multiplicity of " is the positive integer
v = v(T') such that f € m” \ m”*!1 where m is the maximal ideal of C[[x,y]]. The
formal curve I' is non-singular if and only if v = 1. If we write f = f, + fo41+ -+
as a sum of homogeneous polynomials, then f, = (az + by)” where a,b € C are not
both zero. The line ax + by = 0 is the tangent line of T’ (in the coordinates (z,vy)).

A formal curve T is uniquely determined by a parametrization, i.e. a pair v(s) =
(71(s),72(s)) € C[[s]]? \ {0} with v(0) = (0,0) such that h € T if and only if
h(y(s)) = 0. We can always consider a parametrization y(s) which is irreducible
(i.e. it cannot be written as y(s) = o(s') where o(s) is another parametrization of
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T and [ > 1). In fact, if 7(s) is an irreducible parametrization of I then any other
parametrization ¥(s) of " is written as J(s) = v(6(s)) for a unique 6(s) € C|[[s]]
with 0(0) = 0. If v(s) is irreducible, the multiplicity v of T' is the minimum
of the orders of the series ¥1(s),v2(s) € C[[s]] and the tangent line is given by
[11(s)/s",72(5)/5"]|s=0 € Pt

A formal curve I is also uniquely determined by its sequence {gy }n>0 of infinitely

near points, obtained by blow-ups as follows. Put ¢y = 0. If 7 : C2 — C? is the
blow-up of C? at the origin, ¢; € 7~1(0) is the point corresponding to the tangent
line of T in the identification 7=!(0) ~ PL. There is a unique irreducible formal
curve I'1 at g1 such that I'y is different from the exceptional divisor at ¢; and which
satisfies 7*T" C T'y, where 7T = {hon : h € T'}, called the strict transform of T.
Then, recursively for n > 2, g, is the point corresponding to the tangent line of
I',—1 and T',, is the strict transform of I',,_; by the blow-up at ¢,_1.

In the following proposition, we present several equivalent definitions for a formal
curve to be invariant for a diffeomorphism. Although quite well known, we include
its proof for the sake of completeness.

Proposition 2.1. Consider F € Diff(C?0) and let T be an irreducible formal
curve at the origin of C2. The following properties are equivalent:

(a) For any h € T, one has ho F € T.

(b) Given a parametrization vy(s) of T, there exists 6(s) € C[[s]] with 8(0) =0 and
6'(0) # 0 such that F ov(s) =~ o06(s).

(¢) The sequence of infinitely near points of T is a sequence of infinitely near fized
points of F.

If any of the conditions above holds, we say that I' is an invariant formal curve of

F.

Proof. Notice first that in (a) it is sufficient to consider h a fixed generator of
T. Also, in (b) it suffices to consider «(s) a fixed irreducible parametrization: if
A(s) is another parametrization, then 4(s) = v(7(s)) where 7(s) € C[[s]] has order
[ > 0. Hence, assuming (b) for v(s), F' o 4(s) = v(6(7(s))) and, since 6 o 7(s)
and 7(s) have the same order, there exists some a(s) € C[[s]] with «(0) = 0 and
(a/(0))! = ¢'(0) # 0 such that § o 7(s) = 7o a(s). This shows property (b) for 5(s).

Let us prove the equivalence between (a) and (b). Let h be a generator of
T and let v(s) be an irreducible parametrization of I'. Then we have property
(a) if and only if h o F(v(s)) = 0, which is equivalent to saying that F o 7(s)
is a parametrization of I', which, in turn, is equivalent to the existence of some
0(s) € C[[s]] with 8(0) = 0 such that F o~(s) = v(0(s)). The additional condition
0'(0) # 0 in this last case is a consequence of the fact that the minimum of the
orders of the components of F o ~(s) and of v(s) are the same.

Let us prove the equivalence between (b) and (c). First, assume that property
(b) holds and let v(s) be an irreducible parametrization of I'. On the one hand,
property (b) for v(s) implies that the tangent line of " is an invariant line of DF(0).
Thus, if ¢; is the first infinitely near point of I', ¢; is an infinitely near fixed point
of F. On the other hand, one can see that 7(s) = 7~ ov(s) is a parametrization of
the strict transform I'; of T by the blow-up 7 at the origin which moreover satisfies
F,, 0%(s) = 40 6(s). Repeating the argument, we prove (c). Now assume that
(c) holds. Notice that the last argument presented above shows that property (b)
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is stable both under blow-up and blow-down, i.e. property (b) holds for F' and
I' at the origin if and only if it holds for the transform Fj, of F' and the strict
transform I'y of T' at the first infinitely near point ¢; of I'. Then, using reduction
of singularities of formal curves, we can assume that I' is non-singular. Let us
show in this case that (c¢) implies (a), which is equivalent to (b). Consider formal
coordinates (&, ) such that T' is generated by ¢ and write F' = (Fy(, ), Fa(2,7))
in those coordinates. The sequence of infinitely near points of I' is given by the
centers ¢, of the charts (2, §,) for which the corresponding composition of blow-
ups is written as (&, Gn) — (Zn, (Zn)"Jn) and the expression of the corresponding
transformed diffeomorphism at g, is obtained repeating n times the computation
in @). In particular, if ¢, is an infinitely near fixed point of F' then Fy(Z,2"j) is
divisible by " for any n. Thus ¢ divides Fy(&, ), which shows property (a). O

If T is a formal invariant curve of a diffeomorphism F', the series 6(s) € C[[s]]
given by property (b) in Proposition 2] can be considered as a formal diffeomor-
phism in one variable, i.e. 0(s) € ]Si?f((c, 0). Note that the class of formal conjugacy
of 6(s) is independent of the chosen parametrization v(s) in (b). Any representative
of this class will be called the restriction of F' to I and denoted by F|r. Notice
that if a € Z then I is invariant by F'“ and

(Fr)* = F"r.

The number Ar = ¢'(0) € C*, called the inner eigenvalue, is intrinsically defined
and invariant under blow-ups (since 6(s) is stable under blow-ups as mentioned in
the proof of Proposition 2T]).

On the other hand, let A(I') be the eigenvalue of the differential DF'(0) corre-
sponding to the tangent direction of I', that we call the tangent eigenvalue. The
relation between the inner and the tangent eigenvalues is given by the following
lemma, which can be proved by a simple computation.

Lemma 2.2. If v is the multiplicity of T and Ar, AM(I') are respectively the inner
and the tangent eigenvalues of T', then we have (Ar)” = A(T).

In particular, Ap = A(T') if T is non-singular. The equality is not necessarily
true when I is singular. Consider for instance the linear diffeomorphism F(z,y) =
(x,—y). For any natural odd number n > 3, the curve T',, generated by the poly-
nomial 2" — 42 is invariant for F and tangent to the z-axis, an eigendirection with
associated eigenvalue equal to 1, whereas A\r, = —1 for any such n. Notice that
this example also shows that the tangent eigenvalue A(T') is not invariant under
blow-up (after some blow-ups, the formal curve becomes non-singular and hence
Ar and A(T") eventually coincide).

Definition 2.3. Let I' be a formal invariant curve of F' € Diff (C2,0) and let Ar be
the inner eigenvalue. We say that T' is hyperbolic if |A\r| # 1 (attracting if |Ar| < 1
and repelling if |A\r| > 1), and that T is rationally neutral if Ar is a root of unity;
in the particular case Ar = 1, we say that I' is parabolic.

Notice that the condition of I being hyperbolic, rationally neutral or parabolic
is stable under blow-ups.

We discuss now the concept of asymptotic orbit which appears in the statement
of Theorem [II In fact, we will consider such property for larger stable sets of a
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diffeomorphism F € Diff(C?,0). Recall from the introduction that a stable manifold
of F' (in U) is an analytic locally closed submanifold S in a neighborhood U where
F' is defined such that F(S) C S and such that, for any point a = ag € S, the
orbit {a,, = F™(a)}, converges to the origin. The smallest non-trivial example of
a zero-dimensional stable manifold is an orbit which converges and is not reduced
to the origin, called a (non-trivial) stable orbit of F. Another interesting example
is a parabolic curve, defined as a connected and simply connected stable manifold
of pure dimension one not containing the origin.

Definition 2.4. Let S be a stable set of F' such that 0 ¢ S. We say that S has
the property of iterated tangents if the following holds: if m; : M; — C? is the
blow-up at the origin and S; = 71 '(S), then S; N7 1(0) is a single point py; if
wo : Mo — My is the blow-up at p; and Sy = 772_1(5’1), then S5 N wz_l(pl) is a
single point po; and so on. The sequence of points {p,}, so constructed is called
the sequence of iterated tangents of the stable manifold S. Given a formal curve
I' at 0 € C2, we say that S is asymptotic to T' if S has the property of iterated
tangents and its sequence of iterated tangents is equal to the sequence of infinitely
near points of T'.

Notice that if S is a stable manifold with the property of iterated tangents, then
any stable orbit O C S also has the property (and the same sequence of iterated
tangents), but the converse does not need to be true. On the other hand, if {p,}
is the sequence of iterated tangents of a stable manifold S, then each p,, is a fixed
point of the corresponding transform of F' at the point p,,. Thus, by Proposition[Z1]
if S is asymptotic to a formal curve I' then I" is an invariant curve of F'.

Stable orbits of a diffeomorphism need not have the property of iterated tangents.
We can take for instance a linear diffeomorphism F(z,y) = (ax,ae®""y), where
a € C satisfies 0 < |a| < 1 and 0 is irrational. Since the origin is a global attractor
for F', any orbit of F' is a stable orbit, but only those orbits contained in one of
the (invariant) coordinate axes have the property of iterated tangents. In fact, if
{(zn,yn)} is an orbit of F with x,y, # 0 for any n, we have [z, : y,] = [c
e2mind] ¢ IP’(%: for some non-zero constant ¢, which has infinitely many accumulation
points when n goes to infinity.

On the other hand, there may exist stable orbits with iterated tangents which
are not asymptotic to any formal curve. As an example, we can consider a linear
diffeomorphism F'(z,y) = (ax + ay,ay), where 0 < |a| < 1. The orbits of F are
asymptotic to the exceptional divisor after a blow-up at the origin, but they are
not asymptotic to a formal curve in the ambient space. More precisely, the unique
formal invariant curve I' of F' is the z-axis. Any non-trivial orbit O of F' is stable
and tangent to I', i.e. its transform 7~ !(O) by the blow-up 7 at the origin is a stable
orbit of the transformed diffeomorphism F,,, where p; corresponds to [1 : 0]. One
can see that if O is not contained in ' then 7~1(0) is asymptotic to the exceptional
divisor E = 71(0).

It is worth to notice that the property of being asymptotic to a formal curve I"
in Definition [Z4] corresponds actually to the standard analytic meaning of having
I'" as “asymptotic expansion”. To fix ideas, if I' is non-singular and we consider
a parametrization of the form v(s) = (s, h(s)) where h(s) = > -, hps"™ € C|[s]],
then a non-trivial orbit O = {(,,y,)} is asymptotic to I' if and only if for any
N € N there exist some Cny > 0 and some ng = ng(N) € N such that, for any
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n > ng, we have
|yn — (hitp + hox? + .- + thf)’)| < CN|xn|N+1.

A similar condition (see [12]) can be considered for a parabolic curve asymptotic
to a formal curve I'. It is worth to remark that our definition of parabolic curve
asymptotic to a formal curve coincides with that of “robust parabolic curve” in [3].

We can now restate our main result Theorem[Il Since we use different arguments,
we consider the two different situations in separate statements.

Theorem 2.5 (I-hyperbolic case). Let F' € Diff(C?,0) and let T' be an invariant
formal curve of F. Assume that T' is hyperbolic attracting. Then T is a germ of an
analytic curve at the origin such that a (sufficiently small) representative of it is a
stable manifold of F' and contains the germ of any orbit of F' asymptotic to I

Theorem 2.6 (I-rationally neutral case). Consider F € Diff(C?,0) and let T

be an invariant formal curve of F. Assume that T is rationally neutral and that

the restricted diffeomorphism F|r is not periodic. Then, for any sufficiently small

neighborhood V' of the origin, there exists a non empty finite family of mutually

disjoint stable manifolds {S1, ..., Sy} in V of pure positive dimension satisfying:
(i) Every orbit in the union S =J;_, S; is asymptotic to T'.

(i) S contains the germ of any orbit of F asymptotic to T.

(i) If n is the order of the inner eigenvalue Ar as a root of unity, then each S;
is a finite union of n connected and simply connected mutually disjoint stable
manifolds Sj1, ..., S;n of the iterated diffeomorphism F™ (i.e. either parabolic
curves or open stable sets of F™ ). In fact, Sj; = F(Sj,-1) fori=2,..,n and
for any j.

Moreover, if dim(S;) = 1 then S; is asymptotic to T'. If dim(S;) = 2, one can also

choose S; to be asymptotic to I

In Section Bl we prove Theorem and other related questions concerning the
case where I' is hyperbolic. The proof of Theorem is more involved and will
be carried on in Sections Ml to [l As mentioned in the introduction, by the same
arguments used in Remark [l to show Theorem 2.6l it suffices to consider the case
Ar = 1 (I-parabolic case).

3. I'-HYPERBOLIC CASE

In this section, we assume that I' is a hyperbolic formal invariant curve of F' €
Diff(C?,0), i.e. |(F|r)'(0)] # 1.

We prove Theorem and other results related to this case. They are conse-
quences of classical theorems involving local hyperbolic dynamics and normal forms.
To summarize, we first show that I' is an analytic curve at the origin as a conse-
quence of the Stable Manifold Theorem. Moreover, some manipulations regarding
the Poincaré-Dulac normal form allow us to show that I' is either non-singular or
a cusp y? = z? in some coordinates and that, in this last case, F' is analytically
linearizable. In the attracting case |(F|r)’ (0)| < 1, we obtain, as an application of
Hartman-Grobman Theorem, that all stable orbits of F' which are asymptotic to
I" are contained in I'. This result forbids the existence of two-dimensional stable
manifolds formed by orbits asymptotic to I', that can appear in the parabolic case
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Ar = 1 as we shall see in Section [0l Finally, we characterize the attracting hyper-
bolic case as the unique where there exists an analytic curve at the origin which is
a stable set.

Proposition 3.1. Let I' be a formal invariant curve of F € Diff(C2,0). Suppose
that spec(DF(0)) = {\T), u} where the tangent eigenvalue A\(T') satisfies |\(T)] <
min(1, |p|). Then T is a non-singular analytic curve. Moreover it is the unique
formal periodic curve whose tangent line is not the eigenspace associated to fu.

Proof. Set A = X\(T'), and denote by {p,}n>0 the sequence of infinitely near points
of T. To prove the uniqueness statement, we will show that the sequence {p,}
depends only on F. The eigenvalues A and p are different, thus there are two
eigenspaces of dimension 1. Since I' is not tangent to the eigenspace associated to
1 by hypothesis, it follows that the tangent line of T' is the eigenspace of DF(0)
associated to A. In particular such direction, and then p;, depend only on DF(0).
If F,, is the transform of F at p;, we have that spec(DF), (p1)) = {\, p/A}. If T’y is
the strict transform of ', then by the invariance of the inner eigenvalue under blow-
ups |Ar, | = [Ar| < 1 and, since A\(I'y) is a power of Ar, and |p/A| > 1, it follows that
A = A(T"1). Therefore I'y is tangent to the eigenspace of DF,, (p1) associated to A
and hence ps depends only on DF,, (p1) and then on F. By induction, denoting by

Fy,., the transform of F},. and by I'j ;1 the strict transform of I';, we obtain that
1
(3) spec(DEy,., (py+1) = { N 1757 |

and then A is the eigenvalue associated to the tangent line of I'; 1 at pj;1 for any
j > 0. In particular, the sequence {p,}, of infinitely near points of I' depends
only on F'. Moreover, since the tangent line of I'; is not tangent to the exceptional
divisor for all j, it follows that I is non-singular.

Since |AP| < min(1, |uP]), the curve I' is the unique formal FP-invariant curve
that is not tangent to the eigenspace of u for any p € N. Moreover the properties
[A| < 1 and |A] < |g| imply that T is a non-singular analytic curve by the Stable
Manifold Theorem [I7, Theorem 6.1]. O

Next we see that any formal hyperbolic invariant curve can be reduced to the
setting of Proposition [3] via blow-ups.

Proposition 3.2. Let I be a formal hyperbolic invariant curve of F € Diff (C2,0).
Then T is an analytic curve.

Proof. Suppose spec(DF(0)) = {\, u} with A = A(T"). We can suppose |A| < 1 up
to replacing F' with F~1 if [\| > 1. Also, by reduction of singularities, we may
assume that I' is non-singular. Thus, using the same notations as in the proof
of Proposition Bl Ar; = A for any j and the divisor at p; has inner eigenvalue
p/N. Take j € N such that |A| < |u/N]. Therefore I'; and then I' are analytic by
Proposition [3.1] O

Corollary 3.3. Let I' be an analytic curve at the origin that is a stable set for
F € Diff(C2,0). Then |NT)| < 1.

Proof. The result is a consequence of the analogous one for the one-dimensional
diffeomorphism f = F|p. Up to conjugacy we can suppose f € Diff(C,0). Let U
be a bounded open neighborhood of the origin that is a stable set for f. Cauchy’s
integral formula implies that the sequence of derivatives of the sequence {f™},>1 is
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uniformly bounded in compact subsets of U. Thus the sequence {f"},>1 is normal
and as a consequence {f™},>; converges to 0 uniformly in compact subsets of U.
Another application of Cauchy’s integral formula shows lim,, . (f™)"(0) = 0. Since
(f™)(0) = A}, we deduce |Ap| < 1. O

As a consequence of Proposition[3.2] we see that the unique asymptotic manifold
associated to a hyperbolic invariant curve is the curve itself.

Proposition 3.4. Let I' be an invariant curve of F' € Diff(C?,0) with |\(T)| < 1.
Then any stable orbit of F' asymptotic to I" is contained in T.

Proof. Using the arguments of Proposition and the notations of the proof of
Proposition 3] consider j € N such that [u/A| > 1. Equation (@) and Hartman-
Grobman theorem imply that the unique orbits of I, that converge to p; are those
contained in I';. Consider a point ¢ whose orbit O = {F"™(q)},, is asymptotic to T,
and denote by 7 : M; — M;_; the blow-up at p;_; for 1 <[ < j, where My = C?
and po = 0. Since O is asymptotic to I, (m1 o ---om;) 1 (F"(q)) tends to p; when
n — 00, 80 (m1 0---om;)~H(O) C T, and therefore O is contained in T O

Remark 3.5. Let I' be an invariant curve of F' € Diff(C%,0) with [A(I')| < 1.
Even if there are no asymptotic stable manifolds of dimension 2, let us consider the
“closest” case. This is the (hyperbolic) node case, corresponding to |u| < [A(T")| < 1.
In this case, the tangent line ¢ of I' is an attractor for the dynamics induced by
DF(0) in the space P{ of directions. In fact, the origin is an attractor for the map F'
and any orbit converges to the origin with tangent £. Of course, this convergence is
not asymptotic since the hierarchy of the eigenvalues is disrupted by blow-up. More
precisely, the inequality |p| < [A(T')| is not stable by blow-up. Indeed such property
is key in the proof of Proposition 3.4l On the other hand, in the I'-parabolic case
A(T") = 1, since the inner eigenvalue is stable under blow-ups, the tangent eigenvalue
of I" and all of its strict transforms are equal to 1, and then equation (B implies
that the inequality |u| < 1 is preserved under blow-ups at the infinitely near points
of I'. Then, with the notations of PropositionB1], the tangent line ¢; of I'; is always
an attractor for the action induced by DF,, (p;) in the space of directions at p; for
7 > 0. Since all the iterated tangents are attractors, it becomes possible to find
open stable manifolds in which all the orbits are asymptotic to I' (we will show in
Section [l that they actually exist). Let us remark that asymptotic convergence is
not necessarily related to the dynamics of DF(0), for instance it can also happen
in the case A(T') =1 and || = 1 as we will see in the next sections.

The next result shows that if a formal hyperbolic invariant curve is singular,
then both the dynamics and the curve are very special.

Proposition 3.6. Let ' be a hyperbolic invariant curve of F' € Diff(C2,0). Suppose
that I is singular. Then there exist coprime natural numbers ¢ > p > 1 such that,
up to an analytic change of coordinates, we have that F(z,y) = (AT)z, py), where
AT = pP, and that T is the curve yP = x1.

Proof. We denote A = A(T') and spec(DF(0)) = {\, u}. We can suppose |[A| < 1
without loss of generality. By Proposition 3] we have |u| < |A] < 1. Since the
eigenvalues of DF(0) have modulus less than 1, the diffeomorphism F' is analytically
conjugated to its Poincaré-Dulac normal form (cf. [10, Theorem 5.17]). This normal
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form is either F'(z,y) = (Ax, py) or F(z,y) = (Az, u(y + ™)), where g = \™. Let
us show that the second case is impossible. Indeed, in that case

F(z,y) = (Ar, py) o Exp (:v 8_y> = Exp (:v ay> o (Az, uy)

is the Jordan-Chevalley decomposition of F' (see [15]). Since any invariant curve of
F' is also invariant by the unipotent part F,(x,y) = Exp (:1: y) and then by the

vector field X = 2™ 6 (cf. [I5] Propositions 2 and 3]), we deduce that 2 = 0 is the
unique F-invariant curve, which is impossible since I" is singular.

Let v(s) = (sP,72(s)) be an irreducible parametrization of I', where 72(s) =
>y ¢js’ € C[[s]]. Since F(v(s)) = (As?, uy2(s)) is again a parametrization of T,
we obtain that pys(s) = 72()\1/1’5), where A/ is a p-th root of A. Hence c; #0
implies P = M for any j € N. We deduce that v(s) = (s?,c,s?) for some ¢ € N
with A? = pP. Since + is irreducible, p and ¢ are coprime. Moreover, ¢ > p, because
lu| <[], and p > 1, because T' is singular. The curve I' is equal to y? = z%ch, and
then conjugated by a linear map (z,y) — (azx,y) to y? = x%. O

Remark 3.7. Let I' be a hyperbolic invariant curve of F' € Diff(C2,0). Then there
exists a non-singular hyperbolic invariant curve I such that A\(T') = A\(I'"). Indeed,
if T is singular then we can suppose F(z,y) = (A(I")z, py), by Proposition 30 and
then we define IV = {y = 0}.

4. T-PARABOLIC CASE: REDUCTION OF THE DIFFEOMORPHISM

Consider a diffeomorphism F' € Diff (C?,0) and a formal invariant curve I' which
is parabolic (i.e. (F|r)’(0) = 1) and such that F|r # id. Note that the tangent
eigenvalue A(T") is 1, by Lemma [2.2] and put spec(DF(0)) = {1, u}.

Definition 4.1. We say that the pair (F,T") is reduced if T' is non-singular and
there exist coordinates (r,y) at 0 € C? such that F is written as

xoF (z,y)=x— ghtrtl 4 O(xkﬂ”“y, x2k+2p+1)

yoF(x,y) =ply+ata(x)y + O™ y) +b(a)]
where k > 1, p > 0, b(z) € C{z} and a(z) is a polynomial of degree at most p with
a(0) # 0, and such that I' has order of contact at least k 4+ p 4+ 2 with the z-axis.
The polynomial p (1 + xka(x)) is called the principal part of the pair (F,T).

Observe that the integers k and p are independent of the coordinates (x,y), since
k+1 is the order of F' and k + p+ 1 is the order of the formal diffeomorphism F|p.

Remark 4.2. Suppose that (F,T) is reduced, with the same notations of Defini-
tion E1l and denote by m > k + p + 2 the order of contact of I' with the z-axis, so
that T' admits a parametrization of the form ~v(s) = (s,7v2(s)), where the order of
v2(s) is m. Then, the order vy (b) of b at 0 satisfies v(b) = m, in the case p # 1,
and v(b) > m + k, in the case p = 1.

In this section, we will prove that there exists a finite sequence of changes of
coordinates and blow-ups at the infinitely near points of I' such that the pair (F I‘)
where F is the transform of F and I is the strict transform of T, is reduced.

Observe first that, after a finite number of blow-ups centered at the infinitely
near points of I', we can assume that I' is non-singular and transversal to the
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exceptional divisor, which is given by {# = 0} in some analytic coordinates (z,y).
In these coordinates, I" admits a parametrization (s) of the form v(s) = (s, 72(s)),
with v2(s) € sC][s]].

Denote by r+1 > 2 the order of the formal diffeomorphism F|r (which is well de-
fined since F|r # id) and consider the change of variables (z,y) — (x,y — Jr4172(x)),
where J; denotes the jet of order [. In the new coordinates, the curve I' admits
a parametrization J(s) = (s,7%2(s)), where the order of s is at least r + 2. Since
F(5,%2(s)) = (0(s),92(0(s))) for some O(s) = s + as"™ + ... with a # 0, we
conclude that F' is written in the new coordinates as

zoF(z,y) =z +az" ™ +O(y,2"?)

yoF(z,y) = u[y+yzcgwj +O0(y?, 2" %)
j=1
Set t = min{j > 1 : ¢; # 0}, if the series Ej>1 cjz? does not vanish, and ¢ = oo
otherwise. Put k =7 and p =0if ¢t > r, and k = t and p = r — ¢ otherwise. We
have then

2o F(z,y) =+ az" P 4 O(y, *7+2)

yo F(z,y) = p|y + ca®y + O(a" 1y, 2, xk“’”)},

where £ > 1, p > 0, a # 0 and, if p > 1, then ¢ # 0; moreover, the order of contact
of I with the x-axis is at least k& + p + 2.

Consider now the sequence ¢ of blow-ups centered at the first k£ + p+ 1 infinitely
near points of I'. Observe that each of these blow-ups increases the exponent of x
in every term in x o F' with positive degree in the variable y and every term in yo F'
with degree at least 2 in the variable y. Moreover, the coefficient ¢ does not change
if p > 1. Hence, the transform F of F by ¢ is written in some coordinates (x,y) as

zo F(x,y) =z 4 2" (a 4+ O(z,y))

yo F(z,y) = ply + azy + O(a* Ty, aFPH1y2 o),

where again k > 1, p > 0, a # 0 and, if p > 1, then @ = ¢ # 0. In these
coordinates, the strict transform T' of T is parametrized by 5(s) = (s,72(s)), where
J2(s) has order at least 1. Finally, after a polynomial change of coordinates of the
form (z,y) — (Bx + P(x),y — Jrspt172(x)), where 8 € C* and P(x) € 2°Clz], we
obtain

zoF (r,y) =2 — pFtrtl 4 O(xk"'p""ly, x2k+2p+1)

yoF (a,y) = p[y+a*a(z)y + O y) +b(z)] ,

where k > 1, p > 0, a(x) is a polynomial of degree at most p such that a(0) # 0
in case p > 1 and the order of contact of I with the z-axis is at least k + P+ 2.
Hence, (ﬁ,f‘) is reduced unless a(0) = 0; in this case, necessarily p = 0, and we
get a reduction for (}NW ; f) after a change of coordinates to increase by one unit the
order of contact of I with the z-axis and a blow-up.

Consider a reduced pair (F,T"). We define the attracting directions of (F,T') as
the k + p half lines (RT, where ¢¥*? = 1. This definition is motivated by the
following: when T" is convergent, the one-dimensional diffeomorphism F|r is of the
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form Flp(z) = o — 2P+ 4 O(2¥+P+2) o0, by Leau-Fatou Flower Theorem, the
real tangents of its orbits are exactly the attracting directions of (F,T"), and we find
stable manifolds of dimension one in sectors bisected by each one of them.

We will classify the attracting directions in two types as follows. Consider
Ao, Ay, ..., A, € C such that

log i+ a* (Ao + A1z + -+ + Apa”) = Jiyp (log (1 (1 + 2%a(2))))

where (1 4+ 2*a()) is the principal part of the pair (F,T). Note that Ay = a(0) #
0. The polynomial log u + x* (Ag + A1z + -+ + A,aP) is called the infinitesimal
principal part of (F,T). Observe that, if we put Fq(z,y) = (z,u"ty) o F(z,y),
then Fjq is tangent to the identity and the jet of order k + p + 1 of its infinitesimal
generator X is exactly

0
7 X k+p+ k
hppr1 X = —a P 1—$ +x (A0+A1:1:—|—~-~—|—Ap:1:p)y—y.

Definition 4.3. An attracting direction £ = £R™ is a node direction for (F,T) if
(In|u|,Re (¥ 4g) ,...,Re ("4, 1)) <0

in the lexicographic order; otherwise, it is a saddle direction. In the case |u| = 1,
we define the first asymptotic significant order of £ as p, if Re(¢€¥17 A;) = 0 for all
0 <j<p-—1,oras the first index 0 < r, < p — 1 such that Re(¢¥T7¢ 4,,) # 0,
otherwise.

Note that, when |u| # 1, all attracting directions have the same character: they
are node directions in case |u| < 1 and saddle directions in case || > 1. In the
case |pu| = 1 and p = 0, every attracting direction ¢ is a saddle direction, with first
significant order r, = 0.

In the next two sections we will prove the existence, for a reduced pair (F,T"), of
a stable manifold of F' in a neighborhood of every attracting direction ¢, which has
dimension one or two depending on whether ¢ is a saddle or a node direction.

Remark 4.4. In order to study asymptotic properties along I' it will be interesting
to consider further refinements of a reduced pair (F,T"), in which the order of contact
of I with the z-axis can be assumed to be arbitrarily high. Let us explain how to
obtain such transformations. Let y(s) = (s,72(s)) be a parametrization of T,
where the order of v2(s) is at least k+ p+ 2. Given m > 2, a change of coordinates
(x,y) = (2, ¥ — Jptptm—172(x)) transforms F into

2o F(2,y) = & — a"PHL 4 O(gh+PHly, p2h+2p+1y)
yoF (z,y)=p [y(l + xka(x)) + O(xk“”rly, Ik+p+m)} '

Notice that this change of coordinates preserves the principal part (and hence the
infinitesimal one) of (F,T') for all m > 2. For technical reasons, we will also need
to impose the conditions

zoF(z,y) =z — 2P 4 O(2?F P Hy 22 T20th)  and  Re(4,) >0

on a reduced pair (F,T'), where A, is the coefficient of the term of degree k + p
in the infinitesimal principal part of (F,I"). These two conditions can be obtained
after a polynomial change of variables as above, to increase the order of contact of
I" with the z-axis, and a finite number of blow-ups at the infinitely near points of
I', each of which increases by one unit both A, and the exponent of x in the terms
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in x o F' with positive degree in the variable y. Observe that these blow-ups only
change the coefficient A, in the infinitesimal principal part of (F,I") and leave the
other ones unaltered. Therefore, although the infinitesimal principal part changes,
the node or saddle character of each attracting direction does not.

5. '-PARABOLIC CASE: EXISTENCE OF PARABOLIC CURVES

In this section, we prove that if I" is a parabolic formal invariant curve of F' €
Diff(C?,0) such that (F,T) is reduced, then for every saddle attracting direction
there exists a one-dimensional stable manifold of F' asymptotic to I'.

Theorem 5.1. Consider F € Diff(C?,0) and a formal invariant curve T' of F
such that the pair (F,T) is in reduced form in some coordinates (x,y). For each
attracting direction of (F,I") which is a saddle direction, there exists a parabolic
curve of F asymptotic to I'. More precisely, if ¢ is a saddle attracting direction
of (F,T), then there exist a connected and simply connected domain R C C, with
0 € OR, that contains £ and a holomorphic map ¢ : R — C such that the set

S={(z¢(x) :z € R}
is a parabolic curve of F asymptotic to T'. Moreover, if {(xn,yn)} is an orbit of F

asymptotic to T' such that {x,} has € as tangent direction, then (z,,yn) € S for all
n sufficiently big.

The rest of the section is devoted to the proof of Theorem 5.1l The strategy of
the proof is analogous to the one used in [12], which is inspired by the techniques
used by Hakim in [9)].

Up to a linear change of coordinates, we can assume without loss of generality
that £ = R™T; in the case |u| = 1, we denote by r its first significant order. For
d,e,e > 0, we define the set Ry . as follows.

o If |u] > 1or |u/=1and r =0, then
Rijee={zeC: x| <e,—dRe(x) < Im(z) < eRe(z)}.
o If |u] =1, 7 > 1 and Im(a(0)) > 0, then
Riee={r€C:|z| <e, —dRe(r) <Im(x) < eRe(x)""}.
o If |u] =1, 7 > 1 and Im(a(0)) < 0, then
Riee={r€C:|z| <e,—dRe(z) " <Im(z) < eRe(x)}.

As mentioned in Remark 4] to prove the asymptoticity of the parabolic curve
we will need to consider successive changes of coordinates in which the order of
contact of I' with the z-axis is arbitrarily high. Therefore, we consider an arbitrary
m > p+ 2. By Remark 4] after a polynomial change of variables and a finite
sequence of blow-ups centered at the infinitely near points of I' we can find some
coordinates (Xpm,ym), with (z,9) = ¢(Xm,ym) = Xm, X5, Ym + P(xm)) for some
t € N and some polynomial P of order at least k + p + 2, such that F' is written
X © F (X, Ym) = F1 (X, Ym) = Xp — xBHPEL L O(x2HP 4Ly 2k42pt

k k
m-i-p-i—l , Xm+p+m)}

Ym © F (Xm7Ym) =F (Xm7Ym) =K [Ym + ana(xm)Ym + O(X Ym

I has order of contact at least k + p + m with the x,,-axis and Re(A,) > 0, where
Ay is the coefficient of the term of degree k + p in the infinitesimal principal part of
(F,T). Note that it suffices to prove Theorem 51l in the new coordinates (X, ym)-

)
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In fact, if S, is a parabolic curve of the transform of F' by ¢ then ¢(S,,) is a
parabolic curve of F. Moreover, ¢(S,,) is asymptotic to ' if and only if S,, is
asymptotic to the strict transform of I' and, since the z-variable is preserved by ¢,
the fact that S, is a graph over a domain R C C and the property of S, eventually
containing any asymptotic orbit whose sequence of first components is tangent to
¢ are both preserved by ¢. For simplicity, we also denote the new coordinates by
(x,y). By the definition of a saddle direction, we have that either |u] > 1 or |u| =1
and Re(4;) =0for j =0,...,7 — 1 and Re(4,) > 0, where
logp + 2" A(z) =logp + 2 (Ag + Ay + - - + ApaP)
is the infinitesimal principal part of (F,I"). Notice that Ay = a(0) # 0.
We shall need the following technical lemmas.

Lemma 5.2. Suppose |u| =1 and r > 0. Then there exists a germ of diffeomor-
phism of the form p(x) =z + Zjiz pjx’ such that

Agp(z)k = 2F A(z),
with p; € R for any 2 < j <r and p,41 ¢ R. Moreover, Im(Ag) Im(p,41) < 0.

Proof. The existence of p follows since the vanishing order and the principal terms
of Apz* and z*A(z) at 0 coincide. The properties of p; for 0 < j < r + 1 follow
easily solving

k

Ag o+ pja? | =aP (Ao + Aiz + -+ Aja?)
=2

recursively. Indeed, we obtain A; = kAgps and A; = Ag(kpjy1 + Pi(p2,...,p5))
for any 2 < j < p where P; is a polynomial with real coefficients. O

Lemma 5.3. Suppose r > 0. Consider a real analytic curve k at 0 € C given by
{z € C:Im(z) = kg1 Re(2)" ™" + krpo Re(z) 2 4}

Let p(x) =z + Zjiz pjx’, where pa,...,pr € R and p,11 € R. Then p(k) is of the

form {z € C:Im(z) = (kre1 + Im(pry1)) Re(z)" L+ }.

Proof. Let 7(Re(z)) = Re(x) +i>_.°, ,, #; Re(z)’ be a parametrization of x. The
jet of order r + 1 of the parametrization p o 7 of the curve p o k is given by

Jrs1(por) = Re(2)+ 3 p; Re(wV+Re(p,+1) Re(2) 4 (r41 + Im(p,41)) Re()™,
j=2

and the result follows. O

Lemma 5.4. If |u| = 1, then
Rie. C {x € C:Re(zFA(z)) > 0}
for d,e, e sufficiently small.

Proof. The result is clear if » = 0. Suppose r > 1, and assume without loss of
generality that Im(Ag) < 0. If p is the diffeomorphism of Lemma [£.2 it suffices to
show that p(Rgec) C {x € C: Im(2¥) > 0}. By Lemma [53] the set p(Rg..) is
enclosed between two curves of the form

Im(z) = (—d +Im(p,41))Re(x)"™ 4+ -+ and Im(z) = 2eRe(z).
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Since Im(p,+1) > 0, if d, e, are small enough we conclude that Im(z*) > 0 for any
S p(Rd,e,s)- O

Lemma 5.5. Fi(Rge x B(0,¢)) C Ry for d,e,e >0 sufficiently small.

Proof. The set Ry, is the intersection of the three sets A = {z € C : |z| <
g,Re(z) > 0}, B={z € C:Im(x) > —dRe(z)*} and C = {z € C : Im(z) <
eRe(x)?}, where either {a, 83} = {1,7+1} or a = B = 1. Let us show that I} (z,y)
belongs to those sets for any (z,y) € Ry X B(0,¢) if d,e,e > 0 are sufficiently
small.

Note that Fy(z,y) = x — 2P + O(2*+P*2) for any (z,y) € Rac. x B(0,¢).
Thus, Re(Fi(z,y)) = Re(z) + O(zF™PH1) in Ry.. x B(0,¢), so it is positive if
d,e,e > 0 are sufficiently small. Since Fi(z,y)/z = 1 — 2¥*? + O(2F*P+) we
deduce |Fy(z,y)| < |z| if (z,y) € Rge. x B(0,¢) for d,e,e > 0 small enough. In
particular, Fy (z,y) € A for any (z,y) € Rae x B(0,¢).

Let us show Fy (Rg... x B(0,e)) C B. Fix 0 < § < 1 such that (k+p+1)d > a.
We split Ry x B(0,¢) in two subsets, namely Ry = {(x,y) € Ry x B(0,¢) :
Im(z) < —6dRe(x)*} and R2 = (R X B(0,¢)) \ R1. In Ro, we have

Im(Fy (x,y)) + dRe(Fy (z,y))* = Im(z) + dRe(x)* + O(zFPF1)
> d(1 - ) Re(z)* + Ozt > 0
if d,e,e > 0 are small enough, since a < k + p + 1. Thus we obtain F3(Rs) C B.
Let us focus on R;. First we consider the case « = 1. The inequality

Im(log(Fy(x,y)) — logx) = Im <10g @) - Im(karp) + O(xk+p+1) <0

holds in Ry for d, e,e > 0 small enough; it implies that arg(Fi(x,y)) > arg(z) so
Im(Fy(x,y)) + dRe(Fi(x,y)) - Im(x) + dRe(x)
Re(Fi(z,y)) Re(z)

and in particular Fy(R;) C B. Suppose a > 1. Given (z,y) € R;, we denote
~v = Im(z)/ Re(z)®, which satisfies —d < v < —dd. We have, writing x = Re(z) +
ivRe(z)*, that

Im(F (2,y)) = Im(z) — Im(z*PF1) 4 O (k7 12)
=Im(z) — v(k + p + 1) Re(z)k+PHe 4 O(ghtrratl)

and that
Re(Fy(z,4)" = (Re(x) ~ Re(s*+7+1) 4 O(a7+2))*
= Re(z)® — aRe(z)*Pte 4 O(zhtrtatl),
Therefore,
Im(Fy(x,y)) + dRe(Fi(x,y))* = Im(x) + d Re(x)*
— [(k 4 p+ 1)y + da] Re(z)k Pt 4 O(ghpratl)

for (z,y) € Ry. We denote ¢ = d[(k + p + 1)0 — «], which satisfies 6’ > 0 by the
choice of §. We obtain

Im(Fy (x,y))+dRe(Fy (z,y))* > Im(z)+d Re(x)* 46 Re(z) PTo4O(zFPHotly > o
for all (z,y) € Ry if d,e,e > 0 are small enough. In particular, F}(R;) C B.
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Analogously we can show that Fy(Rg.. x B(0,e)) C C, and the Lemma is
proved. 1

We consider 0 < € < 1 and fix d,e > 0 small enough so that Lemmas 5.4 and
hold (notice that this does not depend on m). Consider the Banach space

B;n = {U S O(Rd,e,s;(c) : Sup{ |U(I)| B Rd,e,s} < OO}

|£C m—1

with the norm ||ul| = sup{ I‘;TS,Z”ZL cx € Rd,e,s} and its closed subset

H ={ue B: |lul| <1,]u(z)] < |z|™ P2V € Rieet-

If we denote f,(z) = Fi(z,u(x)), then fy(Riee) C Raee for every u € HI, by
Lemma Moreover, as in Leau-Fatou Flower Theorem, there exists a constant
C > 0 such that if 29 € Ry and u € H", and we denote x; = f,(z;—1), then

(4) lim (k +p)jz" ™ =1 and |z;]"? < CM
Jj—o0 J J = 1+j|$0|k+p

for all j € N. Therefore, if u € H]" is a solution of the equation

5) u(ful@)) = Fa(z,u(@)),

then the set S, = {(z,u(z)) : * € Ry} is a parabolic curve of F.

Define Alx)
x
E(z) = exp <—/ o da:) .
We have, as in [12] Lemma 3.7],

(6) E(x)E(Fi(z,y)) " = exp(—a"A(x)) + O™ 2ty).

Lemma 5.6. If¢ > 0 is small enough and we put x; = f,(z;-1) for j > 1, for any
u € H', we have:

(i) For any real number s > k+ p there exists a constant Ks > 0, independent of
u, such that for any o € Rg,c.e,

D lwsl* < Klaol 7.
Jj=0
(i1) There exists a constant M > 0 independent of u such that, for any xo € Ry,
and for any j > 0,

17 o) E(;) | < M.
Proof. Part (i) follows from the inequality in (@), as in [9, Corollary 4.3]. To prove
part (ii), observe that

E(zo)E(z1)™" = exp (—{EISA({E())) + 0y (x0),

where |0, (0)| < K|xo|FTPH! for any g € Ry, and any u € H", with some K > 0

€
independent of w. If |u| > 1, since ’exp (—a:’gA(:zro))‘ < exp (K’sk) for some K’ > 0,
we have }u’l exp (—x’SA(a:O))} < 1if e is small enough. If |u] = 1, since Rge C
{z € C: Re(zFA(z)) > 0} by Lemma B4}, we have |p~'exp (—afA(zo))| < 1.

Therefore, for € > 0 small enough, we obtain

J—1 e’}
[ E(xo)E(ay) | < [T+ Klao 741 < TT(1 + Kl 771,
=0 =0
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The convergence of the infinite product follows from part (i). O
Define
H(z,y) =y — p~ B(@)E(Fi(z,y)) " Fa(2,y) € Clz,y}.
Using equation (@), the identity p (1 + 2*a(z)) = Jiyp (exp (log u + 2% A(x))) and
the expression of Fy, we obtain that
H(z,y) = 0@y, aty? o eem),

Proposition 5.7. Ife > 0 is sufficiently small and we put x; = fu(x;j_1) forj > 1,
for any uw € H?' and any xo € Ry, then the series

Tu(wo) = Y 17 E(wo) E(a;) " H(x;, u(x;))
Jj=0
is normally convergent and defines an element Tu € H*. Moreover, T: u— Tu is
a contracting map from H* to itself and v € H* is a fized point of T if and only
if u satisfies equation (B).

Proof. The normal convergence of the series Tu(xo) and the fact that Tu € H* for
all u € HI", if € is sufficiently small, are proved as in [I12 Proposition 3.9].

To show that T is a contraction, consider u, v € HZ* and write Tu(zo) —Tv(xo) =
Ui + U, with

Uy =Y p 7/ Ewo)E(x;) ™" [H(xj,ulx;) — H(zj,v(z))]
>0

Up =Y 7 [E(xo)E(z;) ™ — E(w)E(2) "] H(zj,v(2)),
>0

where z; = fi(xo) and z; = fI(xo). Arguing as in [I2, Proposition 3.9], we prove
that there exists By > 0 such that |U;| < By|xo|™||u — v||. To bound Us, write

A 1
r(r) = _/ () dx = (pilAO +(p— 1)7114133 + -4 Ap71:17p71) — A, logx.

gt T e
As an application of Taylor’s formula, we obtain
r(z1) = r(zo) + 25 A(wo) + 0u(20),
where [0, (70)| < c|zo|**P*! for some constant ¢ > 0 independent of u. If we put
E(x0)E(z;) ™' — E(x0)E(z;) "' = expa — expb,
with a = r(z¢) — r(x;) and b = r(zo) — r(2;), we have
17 | B(o) E(x;) ™" — Ewo)E(z;) | = |[u|™ expa — exp|
< [u[™la = bf max |expd].

If [u| = 1, since Re(z*A(z)) > 0 for all + € Ry.. by Lemma [54, we have that
Re(r(xzo) — r(x1)) < |0y (x0)| and therefore

j—1
Re(r(zo) — r(z;)) < Zc|xl|k+p+1 <1
1=0
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if ¢ is sufficiently small, by Lemma Analogously, Re(r(zo) — r(z;)) < 1, and
hence [a,b] C {x € C: Re(x) <1} so

7 max |e <e.
|l <e[af§]| xp (| <

If || > 1, there exists a constant K > 0 such that [z¥ A(z)| < Ke* forallx € Ry,
o
j—1
Re(r(zo) — r(x;)) < Y (Ke¥ + clay [FF7F1) < jKeF +1
1=0
if £ is small enough, by Lemma Analogously, Re(r(zg) — r(z;)) < jKeF + 1,
and hence

1™ max |exp (] < [ul™ exp (jKe") e = exp (Ke* ~Infu))j) e <e

for € > 0 sufficiently small. Therefore,
|17 | Bao) B(a;) ™ — E(xo)B(2) ™| < elr(z)) — ()|

and, arguing as in [I2, Proposition 3.9], there exists a constant Bz > 0 such that
|Us| < Ba|xo|™||u — v||. Therefore, |Tu(xo) — Tv(xo)| < (B1 + B2)|zo|™||u — v, so
T is a contraction if € is small enough.

Finally, rewriting

Tu(ae) = B(wo) Y (w7 Elw;) ula;) = 5= UV Ba; 1) ™ Falay, ula;)))
j=0

= wu(xg) — p E(z0)E(x1) " Fo(wo, u(xo)) + u ' E(20) E(z1)  Tu(zy)

we conclude that u € HI" satisfies equation (H) if and only if w is a fixed point
of T O

The existence of a solution u € H* of equation () (and hence of a parabolic
curve for F') follows from Proposition b7 by Banach fixed point theorem. The
property of the parabolic curve being asymptotic I' can be proved exactly as in [12]
(showing that S,, = S,,s for m’ > m by uniqueness of the fixed point and that S,,
is tangent to I up to an order which increases with m).

To complete the proof of Theorem[5.] it only remains to show that if {(z;,y;)}
is an orbit of F asymptotic to I' such that {z;} has R as tangent direction, then
(xj,y;) € Sm for j sufficiently big. To prove it, we will need the two following
lemmas.

Lemma 5.8. If {(z;,y;)} is a stable orbit of F' such that {x;} has R as tangent
direction and |y;| < |x;|PT" for all j, then

) Tm(x;)
lim ——9) .
70 Re(w;) 1
Proof. We denote by —p + (k+p+ 1)/2 the coefficient of x2**2P*1 in [ (x,y) and
consider
1

P(z) = Gtpah

+ plogx.
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Using the fact that |y;| < |z;|P™" for all j, we can see that ¥(x1) = ¥(zg) + 1+
O(:z:g+p+1), so ¢ (z;) — j is bounded for any j, by Lemma [5.6] Therefore,

e - Urow (1+ 06+ 1ogay))

Since lim;_o0 (K —i—p)jx?ﬂ) =1, by @), we get

1

T (j+0(1)) (1 +0 Glogj» =j + O(log}j)

and hence

oo i
25 = (k 4 p) =Y/ B+9) j=1/ () (1 40 ( 0;;3)) '

The quotient Im(z;)/ Re(x;)" ™! satisfies then

-1 1 1 1
Im(:vj) . (k+p) kﬂ)‘] kﬂ)O(%) — k k:» k«? O IOgj
Re(z;) 1 - (h+ ),% RS (14_0(%)) = (k+p)FFejrre ; .
p) T :
Since 7 < k + p, Im(z;)/ Re(x;)"*! tends to 0 when j — oc. O

Lemma 5.9. If |u| =1 there exists a constant ¢ > 0 such that, if d,e,e are small
enough, then for every x € Ry .. we have

Re(zF A(z)) > c|z|FTT.
Proof. If r = 0, we have
Re(z* A(x)) > Re(Apz")/2 > c|z|*
for © € Rgec if d, e, e are small enough, where ¢ = Re(Ao_)/?).
If 7 > 0, using the diffeomorphism p(z) = 2435, pja’ of Lemma[.2] it suffices
to show that Re(Agz") > clx|*+" for every = € p(Rg..c), for some ¢ > 0. Without

loss of generality, we can assume Im(Ag) < 0, so Im(p,11) > 0. The set p(Rg..)
is enclosed between two curves of the form

Im(z) = (—=d +Im(py41))Re(z)"™ +--- and Im(z) = 2eRe(x),

by Lemma (5.3l Notice that —d 4+ Im(p,4+1) is positive if d is sufficiently small. The
elements of p(Rg..) satisfy d'|z|” < argz < 7/(2k) for some d' > 0 if d, e, e are
small enough. Then, since sine is an increasing function in (0, 7/2), we obtain

Re(Agz") = —Im(Ap)|z|* sin(k arg x) > — Im(Ag)|z|* sin(kd’ |z|") > ¢|z|F"

in p(Rye.) if d, e, e are small enough, where ¢ = — Im(Ag)kd’ /2. O

Let {(z;,y;)} be an orbit of F asymptotic to I, such that {z;} has R* as tangent
direction. We consider the sectorial change of coordinates (z,y) € Ry x B(0,¢) —
(x,y — u(x)), where u € H™ is the solution of equation (Hl), so that the parabolic
curve S, becomes the z-axis and F' is written as

Fy(a,y) = ¢ —aH7H0 4 Oty g2t

Fy(z,y) = py [1 + 2¥a(z) + O(a™TPT)].
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Since {(z;,y;)} is asymptotic to I and S,,, = (y = 0) is also asymptotic to I', we
have that |y;| < |z;[PT! if j is big enough. Then, by Lemma[5.8] for any d,e,e > 0
we have that x; € Rg. . if j is big enough. Then, we have
k k
1+ @¥a; (@) + OGH)| = Jul [exp (e} A(w) + O+ > 1

for j big enough, since either |u| > 1 or [u| = 1 and Re(a}A(z;)) > cla;[Ft", by
Lemma [5.9 Therefore, the orbit {(z;,y;)} can only converge to 0 if y; = 0 for all
j big enough. This ends the proof of Theorem [E.1]

6. I'-PARABOLIC CASE: EXISTENCE OF OPEN STABLE MANIFOLDS

In this section, we show that if I' is a parabolic formal invariant curve of F &
Diff (C?,0) such that (F,T') is reduced, then for every node attracting direction there
exists a two-dimensional stable manifold of F' in which every orbit is asymptotic to
T.

Theorem 6.1. Consider F € Diff(C?,0) and a formal invariant curve T' of F
such that the pair (F,T) is in reduced form in some coordinates (x,y). For each
attracting direction of (F,T") which is a node direction, there exists an open stable
manifold of F where every orbit is asymptotic to I'. More precisely, if ¢ is a node
attracting direction of (F,T'), then there exist a connected and simply connected
domain R C C, with 0 € OR, that contains ¢ and some integers M > k+p+2 and
q > p+ 1 such that the set

S = {($,y) HES R7 |y_ JM’72(J:)| < |‘T|q}7

where y(s) = (s,72(s)) is a parametrization of T', is an open stable manifold of
F where every orbit is asymptotic to T'. Moreover, if {(xn,yn)} is an orbit of F
asymptotic to T' such that {x,} has { as tangent direction, then (z,,yn) € S for all
n sufficiently big.

The rest of the section is devoted to the proof of Theorem Up to a linear
change of coordinates, we can assume without loss of generality that £ = R™; in
the case |u| = 1, we denote by r its first significant order. Observe that r < p. For
d,e,e > 0, we define the set Ry, . as follows.

o If |u] < 1lor|u =1and r =0, then
Rie-={x e C:|z| <e,—dRe(x) < Im(z) < eRe(z)}.
o If |u] =1, 7 > 1 and Im(a(0)) > 0, then
Riee={r€C:|z| <e,—dRe(z) " < Im(z) < eRe(x)}.
o If |u] =1, 7 > 1 and Im(a(0)) < 0, then
Ryee={r€C:|z| <e,—dRe(r) <Im(x) < eRe(x)""}.

As mentioned in Remark B4 to prove the asymptoticity of the orbits inside
the stable manifold we will need to consider successive changes of coordinates in
which the order of contact of I' with the z-axis is arbitrarily high. Therefore, we
consider an arbitrary m > p + 2. By Remark 4] after a polynomial change of
variables and a finite sequence of blow-ups we can find some coordinates (X, Yim ),
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with (2,9) = ¢Xm,¥m) = Xm, X5, ¥m + Jary2 (X)) for some ¢ > 0 and some
M > k+ p+ 2, such that F' is written

Xm © r (Xma}Im) = Fl (Xma}Im) = Xm — an-i-p-l‘l + O(X%+p+1ymaxﬁ+2p+l)

ﬁl-i-p-i-l , anﬂj—i_m)}

Yim © F (Xm, Ym) = Fo (Xm, Yim) = 1t [Yim + x5,a(Xm)ym + O(x Ym

)

T has order of contact at least k + p 4+ m with the x,,-axis (in this case, unlike the
case of a saddle attracting direction, we do not need the condition Re(A4,) > 0 on
the coefficient A, in the infinitesimal principal part). We define, for d, e, e > 0,

83?875 = {(XmaYm) eC?: Xm € Raee, |Ym| < |Xm|p+1} .
If we show that, in the coordinates (x,,,ym), the set S7°, _is a stable manifold where
every orbit is asymptotic to I' and which eventually contains every orbit {(2,,y,)}
asymptotic to I such that {z,} has ¢ as tangent direction, then the set ¢(S7’, )
will satisfy the required properties of Theorem[G.Ilin the coordinates (z,y). We will
work therefore in the coordinates (X, ym), that we still denote (z, y) for simplicity.
By the definition of a node direction, we have that either |u| < 1 or |u| = 1 and
Re(4;) =0for j =0,...,7 — 1 and Re(A,) < 0, where
log ju + ¥ A(x) = log pu + 2% (Ag + Ay + - - - + ApaP)

is the infinitesimal principal part of (F,I"). Note that Ay = a(0) # 0.
Proposition 6.2. Ifd,e,e > 0 are small enough, then

F(Se:) C Siee
Proof. Arguing exactly as in Lemma [5.5] we have that

F (S$e,s) C Rd,e,a

ifd,e,e > 0 are sufficiently small. If (x,y) € S, _, using the identity u (1 + xka(:zr)) =
Jitp (exp (2% A(z))), we have that

Fy(z,y) py (exp(ak A(z)) + O@@+P+1)) 4 O(ak+rrm)
Fy(z, y):D-i'l (:C — ghtp+l 4 O(x2k+2p+1))p+1

< [l |2 | Jexp(a* A@)) + O@H )| |1+ O(@H+7)] + O+ 1)

< |p| lexp(a® A(z)) + O(F 7P| |1+ O@FP)| + Oz ™).

If |u| < 1, we conclude that |Fy(z,y)/Fi(z,y)PT| < 1if € > 0 is small enough, so
F(Sy. ) C Si. .. If || = 1, arguing as in Lemma[5.9] (with the only difference that

in this case Re(A,) < 0 and Im(Ao) Im(p,41) > 0, where p is the diffeomorphism
of Lemma [5.2)), there exists a constant ¢ > 0 such that

Re(z*A(z)) < —c|z|Ft"
for all z € Ry, if d, e, e are small enough. Then, we get

’ Fy(a,y)

Fy(z,y)Ptt < (1- el + |O(:ck+r+1)|) 11+ O(2*7)| + O(z"t™1)

<1-— C|:E|k+r + O(Ik-i-r-i-l) <1

for any (z,y) € Sy’ ., if d,e,e > 0 are small enough, so F(S7', ) C Sy, .. O
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Consider d,e,e > 0 such that Proposition holds. For any (zg,y0) € ST

d,e,e?
arguing as in the classical Leau-Fatou Flower Theorem, we have that lim;_.(k +
p)jxfﬂ’ = 1, where (z;,y;) = F(z;-1,yj-1), and therefore, by the definition of
Si'. o, we have that lim; . (z;,y;) = 0, so ST, _ is a stable manifold of F". More-
over, if {(z;,y;)} is an orbit of F asymptotic to I' such that {z,} has R as tangent
direction, then z; € Ry . if j is big enough, by Lemma[5.8 and |y;| < |x;[P*! if j
is big enough, since the order of contact of I with the z-axis is at least k + p 4+ m.
Hence, (v;,y;) € Si, . if j is sufficiently big.
The rest of the proof is devoted to showing that every orbit in S, _ is asymptotic
to I'. We define, as in the proof of Theorem 5.1

E(z) = exp <_ / ‘;}fff d:z:>.

Lemma 6.3. Suppose |u| =1 and r > 0. Then there exists a germ of diffeomor-
phism of the form ((x) =z + Z;iz ¢ja? such that

AO prlA(.I)
_ / 7 dz,

pCp
with ¢; € R for any 2 < j <r and (41 ¢ R. Moreover, Im(Ap) Im(¢,41) < 0.

Proof. The existence of ¢ follows from the fact that the meromorphic functions
—Ao/(pz?) and [ JT’;;ifl(z)d:r have the same principal term. The properties of (j,
0 <j < r+1, follow easily solving the equation recursively. Indeed, we obtain
Ar = —(p—1)Ao¢z and Aj = Ao (—(p — J)Gj+1 + Pj(C2, .-, () forany 2 < j < p
where P; is a polynomial with real coefficients. 0

Lemma 6.4. Let (zo,y0) € Si, . and set (xj,y;) = F’(xo,y0) for any j > 0.
Then
E(x) " E(x;)

1
T

lim |p]? =0

Jj—o0

for any 1> 0.
Proof. Assume first that |p| < 1. From equation (@), we obtain
pE (o) E(x1) = pexp (z5A(w0)) + 0(o),
where [0(z0)| < K|wo[**P*! for some K > 0. Then, |uE(z) ' E(z1)| < § for some

0 < 1, if € is small enough. Hence,

E(zo) ' E(z))

1
Zj

|’

<4’ !
|

"

which tends to 0 when j — oo, since lim;_, . (k —I—p)jx?“’ =1landd < 1.

Assume now that |u| = 1. We define the set Rjee C Raec as follows. Let
((z)=x+ Zj22 ¢;27 be the diffeomorphism of Lemma B3 If r = 0, then Ry, . =
Ryee. If 7 >1and Im(Ap) > 0, then

Ryce=RgeeN{zeC:Im(z) < éRe(z) '},
where 0 < ¢ < —Im((ry1). If r > 1 and Im(A4p) < 0, then
Raee=RgeeN{z e C:Im(z) > —dRe(z) '},
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where Im(Cr41) > d > 0. Notice that, by Lemma 58] xj € }N%d&E for j sufficiently
big.
If » = 0, then we have

Ag) 1
B(x)] < oxp 2oA0) L
2 fal
for each 2 € Ry for d,e,e small enough, and then lim;_,o |E(x;)/ah] = 0 for
any [ > 0.

If » > 0, then thanks to Lemma [6.3] it suffices to show
E —1
iy B
zeifﬁd,e,g) C (:E)

for any [ > 0. Notice that E((™!(z)) = exp (Ao/(pa?) — Aplogz + v(x)) where v
is a holomorphic function defined in a neighborhood of 0. Hence it suffices to prove

A P
i | 0/1 (pz"))
z—0 €T
z€C(Rg ¢,e)

=

for any [ > 0. We have

Ao \| Ao B 1 - »
oo ()] = o0 (2 (5)) = o (g )

The inequality Re(Agz?) < —c|z|P*" holds in a neighborhood of 0 in ¢(Rg..c) for
some ¢ > 0 analogously as in the proof of Lemma 59 Since

AQ 1 < —C 1
ex _— — ex _ —_—
PApav ) | = P \plapp ) ol

which tends to 0 when 2 — 0, we obtain lim; . |E(x;) /24| = 0 for any 1 > 0. O

Consider (x9,y0) € S, . and denote (z;,y;) = F7(xo,y0) for j > 0. Let us
prove that the orbit {(z;,y,)} is asymptotic to I'. Recall that we are considering
coordinates (z,y) = (X, Ym) for which the order of contact of I' with the x-axis is
at least k + p + m. In other words, if v(s) = (s,72(s)) is a parametrization of T,
then 79 is at least of order k£ + p+m. We will show that, given any N > m+1, we

have

Yj — Jrtpan—172(z;)] < |z |V

if j is big enough. If we work in the coordinates (xy,yn) given by (xy,yn) =
(Xm, Ym — JetptN—172(Xm)), that we will still denote (x,y) for simplicity, we need
to show that |y;| < |z;|N 1 if j is big enough. Observe that, since the order of
v2(s) is at least k+p—+m in the coordinates (X, ym), in the new coordinates (z,y)
we have |y;] < 2|z;[P*.

Note that, because of Lemma 5.8 z; € Rg.. for any d,e,e > 0, if j is big
enough. If we denote

Dd,e,a = {(xay) € (C2 1T e Rd,e,€7 |y| < |x|N+1} )

then, with the same proof of Proposition 6.2 we have that F(z,y) € Dge for
any (2,y) € Dge., if d,e,e > 0 are small enough. Therefore, it suffices to show
that (x;,y;) € Dg,e, for infinitely many indexes j € N. Suppose this last property
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does not hold. Then, up to replacing (xo, yo) with one of its iterates, there exists a
domain
U={(x,y) €C*: 2|V < Jy| < 2Jz["*1}
such that (x;,y;) € U for any j > 0.
Let us see how y/E(x) changes under iteration. We set
H(z,y) =y — @~ B(@)B(Fi(2,)) " Fa(z,y).
As in the proof of Theorem 5.1}, we have

_ o (_B(my) Yy _I_H(xvy)_ Pl ko kpm, —1
b (E<F1<x,y>>><E<x>> ==y CowTLe, v,

so H(z,y)/y = O(z**P*+1) for every (x,y) € U. Therefore we obtain

Y1 ( k4p+1 Yo
= 14+ 0(x ) —_—
for any j > 0. This leads us to
Y — 1 ‘ Yo
= +O(x
for any j > 0 by Lemma 5.6l Then we obtain
Yj _’ Yj ‘ Elz)) uff | =22 ‘ Elz))
xj_\f-i-l E(x]) xj_\/-i-l - E(:Co) xj_\/-i-l

for any j > 0. Applying Lemma [6.4] we obtain that lim;_, yj/:zcj-\”rl

tradicting the fact that (x;,y;) € U for any j > 0. This shows that every orbit in
Si'. o is asymptotic to I' and ends the proof of Theorem [6.11

= 0, con-

Remark 6.5. The open stable manifold S obtained in Theorem [E.1] is not asymp-
totic to I'. Let us see that we can replace S with another stable manifold that
is asymptotic to I' and contains eventually every orbit {(z,,y»)} asymptotic to T"
such that {x,} has ¢ as a tangent direction. Denote

Uj =Sn{(z,y) € C*: /27" < |z| < ¢/27}
for j > 0. We have U; N U,41 # 0 by construction and F(U;) N U; # () because

F(S) C S and |z o F(x,y) — z| < c|z[**P+! for some ¢ > 0 and for all (z,y) € S.
For any N > 1, we define
Vv ={(z,y) € C?: |y — Inye(2)] < |:C|N},
where v(s) = (s,72(s)) is a parametrization of I'. Fix j > 0. There exists k; € N
such that
Frz,y) € Vin---N Vi

for all (x,y) € U; and k > k;. The property is clear for the neighborhood of a single
point (z,y) € U; and hence it holds for any point of U; by compactness of U;. We
define Wj = UpZ,. Fk(U;) for j > 0 and W = US2W;. By construction the set W
is an open set. Moreover F(U;) NU; # () implies that W; is connected. The sets
W, and W;4q have common points for any j > 0 since U; N U417 # (. Thus W is
a connected open set. Finally we claim that given any IV > 1, a neighborhood of 0
in W is contained in V. Fix N > 1. By compactness of U_J for j > 0 we obtain
that a neighborhood of 0 in Wy U - -- U Wy _2 is contained in Vjy. By construction
U y—1 Wi is contained in Vi and hence a neighborhood of 0 in W is contained
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in V. By the previous discussion the set W is asymptotic to I'. Now, given any
orbit {(zn,yn)} satisfying the hypotheses in Theorem we know that (z;,y;)
belongs to S for j sufficiently big. This implies that there exist jo, kg € N such that
(Xjy+Yjo) € Ugy. Clearly the orbit {(z,,y,)} is eventually contained in Wy, and
then in W.

7. '-PARABOLIC CASE: CONCLUSION

As a consequence of the results obtained in Sections @l [ and [6, we have the
following result, from which Theorem and Theorem [ follow.

Theorem 7.1. Consider F € Diff(C?,0) and let T be an invariant formal curve of
F, such that (F|r)'(0) = 1 and F|r # id. Denote by r+1 the order of F|r. Then, for
any sufficiently small neighborhood of the origin, there exists a family {S1,...,S,}
of connected and simply connected mutually disjoint stable manifolds of pure positive
dimension where every orbit is asymptotic to I' and such that S1U---US,. contains
the germ of any orbit of F' asymptotic to I'. If dim(S;) = 1 then S; is asymptotic
to I and if dim(S;) = 2 then S; can be chosen to be asymptotic to I'. Moreover,
if spec(DF(0)) = {1, u}, with |p| > 1, then at least [r/4] stable manifolds S; have
dimension one, where [r/4] is the least integer greater or equal than r/4.

Proof. Let ¢ be a sequence of holomorphic changes of coordinates and blow-ups
such that the pair (F,T) is reduced, where F is the transform of F and T is the
strict transform of I'. Denote by k& + 1 and by k 4+ p + 1 the orders of F' and of
F|r, respectively. Notice that k + p = r, since the restriction F|p is preserved
under blow-ups. Since ¢(S ) is a stable manifold of F' for every stable manifold S
of F , the existence of the family {S1,...,S,} of pairwise disjoint connected and
simply connected stable manifolds where every orbit is asymptotic to I" follows
immediately from Theorems (.l and The one-dimensional stable manifolds are
asymptotic to I, by Theorem [5.I], and the two-dimensional ones can be chosen to
be asymptotic to I', by Remark 6.5

Let O be an orbit of F' asymptotic to I'. In some coordinates (z,y), the transform
F of F satisfies z o F(z,y) = @ — 2" 4 O (a7 +1y 2642041 Since ¢—1(0) =
{(2n,yn)} is an orbit of F asymptotic to I', we have that |y,| < |2, if n is big
enough, so, arguing as in Leau-Fatou Flower Theorem, the sequence {z;,,} has one
of the attracting directions of (Fv , f) as tangent direction. Applying Theorems [5.1]
and [6.1], we conclude that O is eventually contained in Sy U -« U Skp.

To complete the proof of the Theorem, assume that spec(DF(0)) = {1, u}, with
|| > 1. Observe that, since the inner eigenvalue is 1, this condition is stable under
blow-up. To prove that in this case at least one of the stable manifolds S, ..., Sk4+p
has dimension one, it suffices to show that at least one of the attracting directions
of (F,T) is a saddle direction, by Theorem 51 If || > 1 or |u| = 1 and p = 0,
every attracting direction is a saddle direction, so every S; has dimension one.
Assume that |p| =1 and p > 1, and let log yu + 2% (Ag + A1 + - - + A,2P) be the
infinitesimal principal part of (ﬁ ,f) Notice that Ay # 0. We denote by a the
number of attracting directions €R* such that Re(¢¥4g) > 0. The number a is
a lower bound for the number of saddle directions, and is equal to #{0 < j < r :
Re(e™#* Ag) > 0}. We denote g = ged(r, k), 7' = r/g and k' = k/g. Notice that
r’ > 2 since p > 1. Also, since v’ and k' are coprime, 7 is a root of unity of order
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7 if and only if so is *. Hence, we obtain

2rijk’

a=gt{0<j<r :Re(e”+ Ap) >O}:gﬂ{0§j<r’:Re(e%Ao) > 0}.

Suppose 1’ # 2. There are at least [r'/4] roots of unity £ of order ' such that
Re(£Ap) > 0. Hence we obtain a > gr'/4 = r/4.

Suppose ' = 2. This case happens if and only if & = p. Hence either Re(Ap) # 0
(and then there are k one-dimensional stable manifolds and k two-dimensional ones)
or Re(€¥A4p) = 0 for any attracting direction ERT. In this last case, if 4; = 0
for all 1 < 5 < p — 1 then every attracting direction is a saddle direction, so
every S; has dimension one. Otherwise, we consider the first index red ¢, with
1 <t <p-—1, such that A; # 0. Analogously as above there are at least {0 <

2mij(k+t)

j <r:Re(e” = A;) > 0} saddle directions. We denote ¢’ = ged(r,k +t) =
ged(2k, k +t). Since r/g’ > 2k/k = 2 we can apply the argument in the previous
paragraph to show that there are at least ¢’(r/¢’)/4 = r/4 saddle directions. [
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