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THE SHORELINE PROBLEM FOR THE
ONE-DIMENSIONAL SHALLOW WATER AND
GREEN-NAGHDI EQUATIONS

D. LANNES AND G. METIVIER

ABSTRACT. The Green-Naghdi equations are a nonlinear dispersive per-
turbation of the nonlinear shallow water equations, more precise by one
order of approximation. These equations are commonly used for the simu-
lation of coastal flows, and in particular in regions where the water depth
vanishes (the shoreline). The local well-posedness of the Green-Naghdi
equations (and their justification as an asymptotic model for the water
waves equations) has been extensively studied, but always under the as-
sumption that the water depth is bounded from below by a positive con-
stant. The aim of this article is to remove this assumption. The problem
then becomes a free-boundary problem since the position of the shoreline is
unknown and driven by the solution itself. For the (hyperbolic) nonlinear
shallow water equation, this problem is very related to the vacuum prob-
lem for a compressible gas. The Green-Naghdi equation include additional
nonlinear, dispersive and topography terms with a complex degenerate
structure at the boundary. In particular, the degeneracy of the topogra-
phy terms makes the problem loose its quasilinear structure and become
fully nonlinear. Dispersive smoothing also degenerates and its behavior at
the boundary can be described by an ODE with regular singularity. These
issues require the development of new tools, some of which of independent
interest such as the study of the mixed initial boundary value problem
for dispersive perturbations of characteristic hyperbolic systems, elliptic
regularization with respect to conormal derivatives, or general Hardy-type
inequalities.

1. INTRODUCTION

1.1. Presentation of the problem. A commonly used model to describe
the evolution of waves in shallow water is the nonlinear shallow water model,
which is a system of equations coupling the water height H to the vertically
averaged horizontal velocity U. When the horizontal dimension is equal to 1
and denoting by X the horizontal variable and by —Hy+B(X) a parametrization
of the bottom, these equations read

8tH + 8X<HU) == 0,
atU + UaxU + g@XH = —g@XB,

where g is the acceleration of gravity. These equations are known to be valid

(see [ASLO8a, Igu09] for a rigorous justification) in the shallow water regime

corresponding to the condition 0 < p < 1, where the shallowness parameter
1
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b is defined as

B ( typical depth >2 _ H}
~ \horizontal scale/ L2’
where L corresponds to the order of the wavelength of the waves under con-

sideration. Introducing the dimensionless quantities
H U B t
H=— U= B=—, t=—"7F
Hy’ gHy’ Hy’ L/\gHy’

these equations can be written

OH + 0x(HU) = 0,
0U + UdxU + OxH = —9x B.

X
L

(1.1)

The precision of the nonlinear shallow water model (1.1) is O(u), meaning that
O(p) terms have been neglected in these equations (see for instance [Lanl13]).
A more precise model is furnished by the Green-Naghdi (or Serre, or fully
nonlinear Boussinesq) equations. They include the O(u) terms and neglect
only terms of size O(u?); in their one-dimensional dimensionless form, they
can be written® (see for instance [Lan13])

&gH + 8X(HU) = 0,
DU +U0xU) + 0xH + pQ; = —0x B,
where H = 14+ ¢ — B > 0 is the (dimensionless) water depth and U the

(dimensionless) horizontal mean velocity. The dispersive operator D is given
by

(1.2)

DU = U — 3%6X(H38XU) [0x (H?0x BU) — H?9x Box U] + (9x B)?U,

NS
2H
and the nonlinear term Q takes the form
2 1
Q1 = 57 0x (H3(8XU)2)+H(8XU)28XB+ﬁaX(H2U28§(B)+U28§B(9XB;

of course, dropping O(u) terms in (1.2), one recovers the nonlinear shallow
water equations (1.1).

Under the assumption that the water-depth never vanishes, the local well-
posedness of (1.2) has been assessed in several references [Li06, ASLO8b, Isrll,
FI14]. However, for practical applications (for the numerical modeling of sub-
mersion issues for instance), the Green-Naghdi equations are used up to the
shoreline, that is, in configurations where the water depth vanishes, see for
instance [BCLT11, FKR16]. Our goal here is to study mathematically such

1The dimensionless Green-Naghdi equations traditionally involve two other dimensionless
parameters € and 3 defined as

. amplitude of surface variations 5= amplitude of bottom variations
o typical depth ’ B

typical depth

Making additional smallness assumptions on these parameters, one can derive simpler sys-
tems of equations (such as the Boussinesq systems), but since we are interested here in
configurations where the surface and bottom variations can be of the same order as the
depth, we set ¢ = 8 =1 for the sake of simplicity.
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FiGURE 1. The shoreline

a configuration, i.e. to show that the Green-Naghdi equations (1.2) are well-
posed in the presence of a moving shoreline.

This problem is a free-boundary problem, in which one must find the hor-
izontal coordinate X () of the shoreline (see Figure 1) and show that the
Green-Naghdi equations (1.2) are well-posed on the half-line (X (¢), +00) with
the boundary condition

(1.3) H(t,X(t)) =0.

Time-differentiating this identity and using the first equation of (1.2), one
obtains that X (-) must solve the kinematic boundary condition

(1.4) X'(t)=U(t, X(t)).

When p = 0, the Green-Naghdi equations reduce to the shallow water equa-
tions (1.1) which, when the bottom is flat (B = 0), coincide with the com-
pressible isentropic Euler equations (H representing in that case the density,
and the pressure law being given by P = gH?). The shoreline problem for the
nonlinear shallow water equations with a flat bottom coincide therefore with
the vacuum problem for a compressible gas with physical vacuum singularity
in the sense of [Liu96]. This problem has been solved in [JM09, CS11] (d = 1)
and [CS12, JM15] (d = 2). Mathematically speaking, this problem is a non-
linear hyperbolic system with a characteristic free-boundary condition. Less
related from the mathematical viewpoint, but closely related with respect to
the physical framework are [dP16] and [MW17], where a priori estimates are
derived for the shoreline problem for the water waves equations (respectively
without and with surface tension).
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Though the problem under consideration here is related to the vacuum
problem for a compressible gas, it is different in nature because the equations
are no longer hyperbolic due the presence of the nonlinear dispersive terms D
and Q1. Because of this, several important steps of the proof, such as the res-
olution of linear mixed initial boundary value problems, do not fall in existing
theories and require the development of new tools. The major new difficulty
is that everything degenerates at the boundary H = 0: strict hyperbolicity
(when p = 0) is lost, the dispersion vanishes, the energy degenerates ; the
topography increases the complexity since it makes the problem fully nonlin-
ear as we will explain later on. An important feature of the problem is the
structure of the degeneracy at the boundary. As in the vacuum problem for
Euler, it allows to use Hardy’s inequalities to ultimately get the L°° estimates
which are necessary to deal with nonlinearities. The precise structure of the
dispersion is crucial and used at many places in the computations. Even if
they are not made explicit, except at time ¢ = 0, the properties of D~! are
important. The dispersion D appears as a degenerate elliptic operator (see
e.g. [BCT73] for a general theory). A similar problem was met in [BMO06] in the
study of the lake equation with vanishing topography at the shore: the pres-
sure was given by a degenerate elliptic equation. To sum up in one sentence,
all this paper turns around the influence of the degeneracy at the boundary.

Our main result is to prove the local in time (uniformly in ) well-posedness
of the shoreline problem for the one-dimensional Green-Naghdi equations. The
precise statement if given in Theorem 4.2 below. Stability conditions are
required. They are introduced in (4.5) and (4.6) and discussed there. The
spirit of the main theorem is given in the following qualitative statement. Note
that the case u = 0 corresponds to the shoreline problem for the nonlinear
shallow water equations (1.1).

Theorem. For smooth enough initial conditions, and under certain condi-
tions on the behavior of the initial data at the shoreline, there exists a non
trivial time interval independent of p € [0,1] on which there exists a unique
triplet (X, H,U) such that (H,U) solves (1.2) with H > 0 on (X(t),+00),
and H(X(t)) = 0.

1.2. Outline of the paper. In Section 2, we transform the equations (1.2)
with free boundary condition (1.3) into a formulation which is more appro-
priate for the mathematical analysis, and where the free-boundary has been
fixed. This is done using a Lagrangian mapping, together with an additional
change of variables.

The equations derived in Section 2 turn out to be fully nonlinear because
of the topography terms. Therefore, we propose in Section 3 to quasilinearize
them by writing the extended system formed by the original equations and by
the equations satisfied by the time and conormal derivatives of the solution.
The linearized equations thus obtained are studied in §3.3 where it is shown
that the energy estimate involve degenerate weighted L? spaces. The extended
quasilinear system formed by the solution and its derivatives is written in §3.4;
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this is the system for which a solution will be constructed in the following
sections.

Section 4 is devoted to the statement (in §4.2) and sketch of the proof of

the main result. The strategy consists in constructing a solution to the quasi-
linear system derived in §3.4 using an iterative scheme. For this, we need a
higher order version of the linear estimates of §3.3. These estimates, given
in §4.3, involve Sobolev spaces with degenerate weights for which standard
Sobolev embeddings fail. To recover a control on non-weighted L? norms and
L norms, we therefore need to use the structure of the equations and vari-
ous Hardy-type inequalities (of independent interest and therefore derived in
a specific section). Unfortunately, when applied to the iterative scheme, these
energy estimates yield a loss of one derivative; to overcome this difficulty, we
introduce an additional elliptic equation (which of course disappears at the
limit) regaining one time and one conormal derivative; this is done in §4.4.
The energy estimates for the full augmented system involve the initial value of
high order time derivatives; for the nonlinear shallow water equations (1 = 0),
the time derivatives can easily be expressed in terms of space derivatives but
the presence of the dispersive terms make things much more complicated when
> 0; the required results are stated in §4.5 but their proof is postponed to
Section 9.
We then explain in §4.6 how to solve the mixed initial boundary value prob-
lems involved at each step of the iterative scheme. There are essentially two
steps for which there is no existing theory: the analysis of elliptic (with re-
spect to time and conormal derivative) equations on the half line, and the
theory of mixed initial boundary value problem for dispersive perturbations
of hyperbolic systems. These two problems being of independent interest,
their analysis is postponed to specific sections. We finally sketch (in §4.7 and
§4.8) the proof that the iterative scheme provides a bounded sequence that
converges to the solution of the equations.

Section 5 is devoted to the proof of the Hardy-type inequalities that have
been used to derive the higher-order energy estimates of §4.3. We actually
prove more general results for a general family of operators that contain the
two operators ho0, and ho0, + 2h{, that we shall need here. These estimates,
of independent interest, provide Hardy-type inequalities for LP-spaces with
various degenerate weights.

In Section 6, several technical results used in the proof of Theorem 4.2 are
provided. More precisely, the higher order estimates of Proposition 4.6 are
proved with full details in §6.1 and the bounds on the sequence constructed
through the iterative scheme of §4.4 are rigorously established in §6.2.

The elliptic equation that has been introduced in §4.4 to regain one time
and one conormal derivative in the estimates for the iterative scheme is studied
in Section 7. Since there is no general theory for such equations, the proof is
provided with full details. We first study a general family of elliptic equations
(with respect to time and standard space derivatives) on the full line, for which
classical elliptic estimates are derived. In §7.2, the equations and the estimates
are then transported to the half-line using a diffeomorphism that transforms
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standard space derivatives on the full line into conormal derivatives on the
half line. Note that the degenerate weighted estimates needed on the half line
require elliptic estimates with exponential weight in the full line.

In Section 8 we develop a theory to handle mixed initial boundary value
problems for dispersive perturbations of characteristic linear hyperbolic sys-
tems. To our knowledge, no result of this kind can be found in the literature.
The first step is to assess the lowest regularity at which the linear energy esti-
mates of §3.3 can be performed. This requires duality formulas in degenerate
weighted spaces that are derived in §8.2. As shown in §8.3, the energy space
is not regular enough to derive the energy estimates; therefore, the weak solu-
tions in the energy space constructed in §8.4 are not necessarily unique. We
show however in §8.5 that weak solutions are actually strong solutions, that
is, limit in the energy space of solutions that have the required regularity for
energy estimates. It follows that weak solutions satisfy the energy estimate
and are therefore unique. This weak=strong result is obtained by a convolu-
tion in time of the equations. Provided that the coefficients of the linearized
equations are regular, we then show in §8.6 that if these strong solutions are
smooth if the source term is regular enough. The last step, performed in §8.7,
is to remove the smoothness assumption on the coefficients.

Finally, Section 9 is devoted to the invertibility of the the dispersive operator
at t = 0 in various weighted space. These considerations are crucial to control
the norm of the time derivative of the solution at ¢ = 0 in terms of space
derivative, as raised in §4.5. We reduce the problem to the analysis of an
ODE with regular singularity that is analyzed in full details.

N.B. A glossary gathers the main notations at the end of this article.

Acknowledgement. The authors want to express their warmest thanks to
Didier Bresch (U. Savoie Mont Blanc and ASM Clermont Auvergne) for many
discussions about this work.

2. REFORMULATION OF THE PROBLEM

This section is devoted to a reformulation of the shoreline problem for the
Green-Naghdi equations (1.2). The first step is to fix the free-boundary. This
is done in §2.1 and §2.2 using a Lagrangian mapping. We then propose in §2.3
a change of variables that transform the equations into a formulation where
the coefficients of the space derivatives in the leading order terms are time
independent.

2.1. The Lagrangian mapping. As usual with free boundary problems, we
first use a diffeomorphism mapping the moving domain (X (), 400) into a fixed
domain (X, +00) for some time independent X,. A convenient way to do so is
to work in Lagrangian coordinates. More precisely, and with X, = X (¢ = 0),
we define for all times a diffeomorphism ¢(¢,-) : (X, +00) — (X(t), +00) by
the relations

(2'1) at‘ro(tv :L') = U(ta Qp(tv x))v 90(0’ li) =T
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the fact that ¢(t,z,) = z(t) for all times stems from (1.4). Without loss of
generality, we can assume that X, = 0.
We also introduce the notation

(2'2) n= 6290

and shall use upper and lowercases letters for Eulerian and Lagrangian quan-
tities respectively, namely,

h(t,z) = H(t,p(t,x)), u(t,x) =U(t,p(t,x)), etc.

2.2. The Green-Naghdi equations in Lagrangian coordinates. Com-
posing the first equation of (1.2) with the Lagrangian mapping (2.1), and
with 7 defined in (2.2), we obtain

h
Och + anu =0;

when combined with the relation
o —O0,u=0
that stems from (2.2), this easily yields
O¢(nh) = 0.

We thus recover the classical fact that in Lagrangian variables, the water depth
is given in terms of 7 and of the water depth hg at ¢t = 0,

ho
2.3 h=—.
(2.3) "

In Lagrangian variables, the Green-Naghdi equations therefore reduce to the
above equation on 1 complemented by the equation on u obtained by compos-
ing the second equation of (1.2) with ¢,

on—0,u=0

2.4 1
(2.4) doyu + %th + par = —B'(y),

with h = ho/n and d defined as

h? K 2t 2! 10 \2
du—u—%a( Oru )—l—%[&c(hB(g&)u)—hB(go)axu]-i-uB(go)u

while the nonlinear term q; is given by

2 h3 h " " '
%8@*(?(@“)2”?(@“)23( )+78 (h*u®B"(¢))+u’B" () B'(¢)-

q1 = 2
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2.3. The equations in (¢, u) variables. In the second equation of (2.4), the
term 1/n0,h in the second equation is nonlinear in 7; it is possible and quite
convenient to replace it by a linear term by introducing

D=

1
(2.5) q= 57772 and therefore 7 =n(q) = (2¢)~

The resulting model is

Catq + a;zu == 0
(2.6) /
dopu +1g + par = —B'(p)
where
(2.7) c=c(q) =(2¢)"%? >0, aslongasq>0

(recall that 7,_, = 1 and therefore ¢;,_, = 1/2). The operators 1 and d = d[V]
are given by
1

(2.8) 1= h—oax(hg.) = hoOx + 2h,

and, denoting V. = (g, u) and ¢ = x + f(f U,
4

dVju=u—p-—

Vi]u =u lu3h0

+ pB'(p)*u

4
(2.9) =u + ul[ — gQQho&ju + guB’(g)] — ugB'(g)hoazu + ,uB'(g)zu

05 (Bg°0y) + - 00 (0B (D) — hEaB (£) vl

and the nonlinear term q; = q(V), with V' = (¢, u), is

ho

(2.10) au(V) =1[5ho L (Du)*+qu’ B" ()] + — (0:u)*B'(¢)+u*B"(¢) B'(¢).

3y
Remark 2.1. Since by (2.1) we have o(t, m) =+ fo s,x)ds, we treat
the dependence on @ in the topography term as a dependence on u, hence the
notation q1 (V) and not qi1(V, @) for instance.

3. QUASILINEARIZATION OF THE EQUATIONS

When the water depth does not vanish, the problem (2.6) is quasilinear in
nature [Isr1l, FI14], but at the shoreline, the energy degenerates and as we
shall see, some topography terms make (2.6) a fully nonlinear problem. In
order to quasilinearize it, we want to consider the system of equations formed
by (3.2) together with the evolution equations formally satisfied by V; := X3V
and V5 := XoV, where X; = 0; and X9 = hg0, are chosen because they are
tangent to the boundary. After giving some notation in §3.1, we derive in §3.2
the linear system satisfied by V; and V, and provide in §3.3 L?-based energy
estimates for this linear system. We then state in §3.4 the quasilinear system
satisfied by (V, V1, V2) (the fact that it is indeed of quasilinear nature will be
proved in Section 4).

Throughout this section and the rest of this article, we shall make the following
assumption.
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Assumption 3.1. i. The functions hg and B are smooth on R*. Moreover,
ho satisfies the following properties,
ho(0) =0, ho(0) >0, ho(z) >0 for all x > 0 and liminf ho(z) > 0.

T—00

ii. We are interested in the shallow water regime corresponding to small values
of i and therefore assume that u does not take large values, say, u € [0,1].

Remark 3.2. In the context of a compressible gas, this assumption corre-
sponds to a physical vacuum singularity [Liu96|; the equivalent of flows that
are smooth up to vacuum in the sense of [Serl5| is not relevant here.

N.B. For the sake of simplicity, the dependance on hg and B shall always be
omitted in all the estimates derived.

3.1. A compact formulation. For all V = (¢, u)7, let us introduce the linear
operator L[V, d] defined by

c(q)0rq + Ozu

for all V = (q,u)7,
d[V]ou +1g orallvV=(gu)

(3.1) LIV, 9]V = {

so that an equivalent formulation of the equation (2.6) is given by the following
lemma.

Lemme 3.3. If V is a smooth solution to (2.6), then it also solves

(3:2) LIV.OlV = SV, X1V, X5V)
with, writing p(t,r) = x + fg u(s, z)ds,
0
(33)  S(V,Wi,Va) = | —B'(¢) — pl[ - 5¢Xouqi + qu’B"(p)]

— pXouqi B'(p) + pu’B'(p) B" (¢)
Proof. One obtains directly that V solves (3.2) with S given by

S(V, X1V, XsV) = (0,—B'(¢) — par (V)"

and q1(V) as defined in (2.10). In order to put it under the form given in the
statement of the lemma, one just needs to use the first equation of (2.6) to
rewrite q; = qi(¢, u) under the form

4
3.4 q1 = 1| — *qXQUqu + qquB’ — XQ’U,quBI + 'LLBIXlB/.
3

O

3.2. Linearization. As explained above, we want to quasilinearize (3.2), by
writing the evolution equations satisfied by V and X,V (m = 1,2). We
therefore apply the vector fields X; and Xs to the two equations of (3.2). For
the first equation, we have the following lemma, whose proof is straightforward
and omitted.
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Lemme 3.4. If V = (q,u)” is a smooth enough solution to (2.6), then one
has, form=1,2,

Catqu + ameu = ]_—(m) (‘L qu, X2‘])'
with
thO
ho q1-
For the second equation, the following lemma holds. The important thing
here is that the term pl(a(u)X,,q) cannot be absorbed in the right-hand-

side. As explained in Remark 4.7 below, this terms makes the problem fully
nonlinear.

F™(q,q1,42) = ¢ (@)q10m — c(q)

Lemme 3.5. If V = (q,u)? is a smooth enough solution to (2.6), then one
has, form=1,2,

A[q)8 Xmu + 1[(1 + pa(u)) Xmg] = g™,
with g™ = g™ + /g™ and
a(u) = Xl (UB/) and g§m) = g‘](m) (V, Xl‘/a XQV) (] — 1’ 2)7

and where, writing 1 = u and p2(t, ) := ho + fot ug, one has

1
;gém)(V, Vi, Va) =(gm B’ + ¢B" om) Xou1 + 1 B' Xoum + XouX1¢m B’
— 2B'B" oy — 2uumB'B” — u?(B'B®) — (B")))om
4 1
+ Xouqi B" o, — 2Xmhi (qui B' — §Q2X2u1) - ;B”SOm,
1

m 8 4 4 4
\/ﬁg§ (V, Vi, Vo) == qamXous + =qq1 Xottm + ~qXouX1qm + = gm Xouq:

3 3 3 3
_ " _ n_ .2n(3)
u19B" o — qumuB qu“ B p,.
Proof. From the definition (2.9) of d, we have
4
dosu = Oyu + ul[ — quhgf)x@tu + qc?tuB/] — ugB'ho0,0pu + ,u(B/)Zatu,

so that, applying the vector field X (throughout this proof, we omit the sub-
script m = 1,2), we get

8
Xdowu = dd:Xu+ pl| — qungXlu + X1uB'Xq + X1ugX B'|
— X qB'Xo X u — pugX B' Xo X1u + pX (B')?) X1u
4
+2uX hi( — gq?X2X1u + ¢XuB'),

where we used the fact that [X,1] = 2Xh,.
Before computing Xq;, we first replace q; by its equivalent expression (3.4).
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Applying X we find therefore
4 4 4
Xap :l[ — quXgquq — qugXquq — qugquXq

+ XquX1B' + ¢X (uX1B')] — XoXuX1gB' — XouX1XqB'
— XouX1gXB' + X(uB'X,B').

Since moreover X1lg = 1Xq + 2Xh(q, one gets

_;ggm = — X, (¢B) Xo X1t — X1¢B' Xo Xmu — XouX1 XmgB'
+ X, ((BY)) X1u + X,n(uB' X1 B') — XouX1¢X,, B’
+ 2Xhg(— §Q2X2X1u +¢XuB') + ;XmB’,
—\}ﬁgﬁm) = 24X XoXau — 24X10X Xt — 30XuXi Xing
— % mqXouX1q + X1uqX B + ¢ X (uX1B'),
and the result follows easily. O

The previous two lemmas suggest the introduction of the linear operator
L,V 0] defined as

c(q)0rq + Ozu
d[V]owu +1[(1 + pa(w))q]
Denoting V,,, = X;,,V, we deduce from Lemmas 3.4 and 3.5 that
(3.6) La[V,0lVin = Em(V, V1, V2)

(3.5)  Lo[V,0]V = { for all V = (¢, u)?.

where, with the notations of Lemmas 3.4 and 3.5 for F (M) and QJ(-m), one has
(3.7)

(m)
S (V, V1, V3) = ( F™) (q,q1, q2)

- (m) _ o(m) (m)
g(m) (V7 V17 ‘/,2) ) Wlth g . go + \/ﬁlgl .

The next section is devoted to the proof of L2-based energy estimates for (3.5).

3.3. Linear estimates. As seen above, an essential step in our problem is to
derive a priori estimates for the linear problem

C(Q)atq +0,u = f
d[V]ou +1((1 4 pa(u))g) =g  with g := go+ /plg,
where we recall that

o) =(2¢)7%% and a(u) = X1 (uB'(g)).

(3.8)

As we shall see, (3.8) is symmetrized by multiplying the first equation by h3
and the second one by hg; since ¢(¢) > 0 is bounded away from zero and
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since (du,u) controls ||houl|?, + pllhodzul|2, (see the proof of Proposition 3.6
below), it is natural to introduce the weighted L? spaces

(3.9) L? = haS/2L2(R+) with the norm |[ul|7. = / Slu(x)|*de,

S R+
where hg is the water height at the initial time. We shall also need to work
with the following weighted versions of the H'(R ) space

(3.10) Hl={uecL?: /uhoOwu € L?} C L?
endowed with the norm
(3.11) [ullFn = llullZz + pllhodzull72

(the p in the definition of the norm is important to get energy estimates
uniform with respect to p € [0, 1]).

The dual space of H1 is then given by

(312)  H'={g:=go+ilg : (90,91) € LT x LT} C Hp}(Ry)

(this duality property is proved in Lemma 8.2 below), with

(3.13) Il + = llooll2s + o 2.

This leads us to define the natural energy space V for V' = (¢, u) and its dual
space V' by

(3.14) V=IL3xH{ and V' =LixH "

We can now state the L? based energy estimates for (3.8). Note that these

estimates are uniform with respect to u € [0, 1].

Proposition 3.6. Under Assumption 3.1, let T > 0 and assume that

1

(315) q7atq7 — U, 815@7 8?@7 c LOO([O,T] X R+)
- T 4q

1
q 1+ pa(u)
If (f,g) € LY([0,T); V"), then if V = (q,u) is a smooth enough solution of
(3.8), one has

et Vol <ax VOl + [ 005

where ¢ is a constant of the form
o1
a1+ pa(u)

!/
']

(316) G =4 (T7 H (% 815@7 y W, atﬂ

)HLOO([O,T}XRJr))'

Proof. Remarking that

/ﬁdﬂwmu:/ﬁwﬁwmdéﬁw%u—é%ﬂ@@2+wdégwm)

2

where p(t, ) = x + fot u(s,z)ds, the density of energy is
2

V3 1
U — 7B/ 2 *B/ 2

1
e=3 [hc(1 + pa)g® + hou® + puho(
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with ¢ = ¢(g), a = a(u) and B’ = B'(p). We also set

E(t) := / e(t, z)da.

We shall repeatedly use the following uniform (with respect to p) equivalence
relations

(3.17)

1 1 1
E2 < - oo < g —— V|| ) EY2,
2 _C(H(q,g,@,a&)llL NV v, HVHV_C(”(gaQal_'_MQ)HL JE

One multiplies the first equation of (3.8) by h3(1 + pa)q and the second by
hou. Usual integrations by parts show that

GE =3 [ [oelt + pa)) Bia? + hou@rd(V )

+ /(hg(l + pa) f q + hogou — \/ihig10:u).

Remarking further that

/hou(ﬁtd[V])u = ,u/ (ghgg&gg(@zu)Q — 2h(2)§’8tguazu)

8
= H/ (ghggf)tg(ﬁxu)Q + 1(B'0rq) hou?),

we easily deduce that

d
—E < VI + (£ 8)llv [ Vlv,

dt
with ¢; as in the statement of the proposition. Integrating in time, using
(3.17), and using a Gronwall type argument therefore gives the result. ([

Remark 3.7. The assumption (3.15) contains two types of conditions: L
bounds and positivity conditions ¢ > 0 and 14 pa(u) > 0 which are essential
to have a definite positive energy, thus for stability.

3.4. The quasilinear system. As explained in Remark 4.7 below, the pres-
ence of the topography term pl(a(u)X,,q) in the equation for X,,u derived in
Lemma 3.5 makes the problem fully nonlinear. We therefore seek to quasilin-
earize it by writing an extended system for V' and X,,,V. We deduce from the
above that V = (¢,u)” and V;, = X,,V (m = 1,2) solve the following system

(3.18) {EG(W NV =8Sn(V,1,Va)  (m=1,2),

LV, 0)V =S(V, V1, Vo),

with S and S, as defined in (3.3) and (3.7) respectively.

As we shall show in the next sections, (3.18) has a quasilinear structure in the
weighted spaces associated to the energy estimates given in Proposition 3.6,
or more precisely, to their higher order generalization.
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4. MAIN RESULT

In this section, we state and outline the proof of a local well posedness

result for the shoreline problem for the Green-Naghdi equations (2.6). Some
necessary notations are introduced in §4.1 and the main result is then stated
in §4.2. An essential step in the proof is a higher order energy estimate stated
in §4.3; a sketch of the proof of this estimate is provided, but the details are
postponed to Section 6.
In order to construct a solution, we want to construct an iterative scheme for
the quasilinearized formulation (3.18). Unfortunately, with a classical scheme,
the topography terms induce a loss of one derivative; in order to regain this
derivative, we therefore introduce an additional variable and an additional
elliptic equation (which of course become tautological at the limit). This
elliptic equation is introduced in §4.4 and its regularization properties (with
respect to time and conormal derivatives) are stated; their proof, of specific
interest, is postponed to Section 7. Solving each step of the iterative scheme
also requires an existence theory for the linearized mixed initial value problem;
the main result is given in §4.6 (here again the detailed proof is of independent
interest and is postponed, see Section 8). The end of the proof of the main
result consists in proving that the sequence constructed using the iterative
scheme is uniformly bounded (see §4.7) and converges to a solution of the
shoreline problem (2.6) (see §4.8).

4.1. Notations. In view of the linear estimate of Proposition 3.6, it is quite
natural to introduce for higher regularity based on the spaces L? introduced
in (3.9) , using the derivatives X® = X" X5? = 9" (ho03)*?, o = (a1, a2).
We use the following notations.

Definition 4.1. Given a Banach space B of functions on R, C%B” [resp;
L¥B"] [resp. L2B"] denotes the space of functions u on [0,T] x Ry such
that for all || < n, X%u belongs to C°([0,T), B) [resp; L*°([0,T], B)] [resp.
L3([0,T), B)], equipped with the obvious norm, which is the L™ norm or L?
norm of

lu@®)llz = Y 1X°(t, ).

laf<n

We use this definition for B = L2, HF! or B = V, V', with the associated
notations

lu(@ll 2, (u@)llyzrn, (UG ve,  [F@)[lvem.

When B = L*°, we simply write Ly"” for L3 L°? which is equipped with the
norm

(4.1) [fllzgewr = sup [If(t)[[Loer
te[0,7)

where

(4.2) 1FB)llzoow = D> NIXF ) oo(my)-

la|<p
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4.2. Statement of the result. Our main result states that the Cauchy prob-
lem for (2.6) can be solved locally in time. More importantly, for initial data
satisfying bounds independent of p, the solutions will exist on an interval of
time [0,7] independent of p. We look for solutions in spaces C’%V“, for n
large enough. However, functions in this space are not necessarily bounded,
because of the weights. To deal with nonlinearities, we have to add additional
L bounds on low order derivatives. More precisely we look for solutions in

g€ CULY" NCYLY" ' N CYL>" 2 N LFP
(4.3) we CUL™ N CQL>—1 N LP
VihoOzu € CO.L*™,

satisfying uniform bounds in these spaces, where n and p are integers such
that n > 14 and 2p>n>p+7.

Next we describe admissible initial conditions. Following Remark 3.7, the
stability conditions ¢ > 0 and 1 + pa(u) must be satisfied at ¢ = 0. The first
one is satisfied since (2.5) implies that the initial for q is ¢" = 1/2. Next, recall
that a(u) = 0(uB’(p)). Because, by definition, dyp = v and ¢(t = 0,z) = z,
one has

a(u)(0,z) = (0, 2) B (x) + u(0,2) B" (x)u(0, z).

Thus the condition 1 + pa(u) > 6 > at t = 0 involves the time derivative dyu
at t = 0. Using that ¢(0,z) = x and the equation (2.6) under the form

(4.4) Ou = ~d~ (lg + pa1(V) + B'(9), _,

(we refer to Section 9 for the the invertibility of d) we see that the right-
hand-side only involves u°. Hence The condition 1 + pa(u) > 6 > 0 at t = 0
can therefore be expressed as a condition on the initial data u"; using the
convenient notation of Schochet [Sch86], we shall write this condition

(4.5) 36 > 0, "1+ pa(u®) > 6.

Our result also requires a smallness condition on the contact angle at the
origin, which can be formulated as follows

(4.6) Vithy(0) <,

for some € > 0. We can now state our main result.

Theorem 4.2. Let n > 14 and assume that Assumption 3.1 holds. There
exists € > 0 such that for allu® € H" 2(R*) and pu € [0,1] verifying (4.5) and
(4.6) there exists T = T(||u®||gn+2,071) > 0 and a unique classical solution
(q,u) to (2.6) with initial data (1/2,u") and satisfying (4.3).

Remark 4.3. With the dimensional variables used in the introduction, one
observes that \/uh'(0) = H(0). Since moreover, the angle ag at the contact
line is given by the formula

H'(0)
1— (#(0) +B'(0))B'(0) )

aqg = arctan <
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one has oy =~ H(0) when H(0) is small, and this is the reason why we say
that the condition (4.6) is a smallness condition on the angle at the contact
line. Note that a smallness condition on the contact angle is also required to
derive a priori estimates for the shoreline problem with the free surface Euler
equations [dP16, MW17].

Remark 4.4. As already said, the condition (4.5) is necessary for the L?
linear stability, since it is required for the energy to be positive. The status of
the other condition (4.6) is more subtle. It is a necessary condition for the
inverse d=' at time t = 0 to act in Sobolev spaces. So is has something to
do with the consistency of the model for smooth solutions and, at least, seems
necessary to construct smooth solutions from smooth initial data.

4.3. Higher order linear estimates. We derived in §3.3 some L2-based
energy estimates for the linear system

c(q)0iq + Ozu = f
d[V]du +1((1 + pa(u))g) =g  with g = go+/ulgi.

This section is devoted to the proof of higher order estimates. Before stating
the main result, let us introduce the following notations, with V. = (¢,u) and

S=(fg),

(4.7)

1 1
my (V5 T) o= [[V]] poor + H(g’ m>HL3~°’

ma(V3T) := HQHLOTO(LZHML%"—?) - H“HL;OLM—%
m(V3T) = fJull grerss + V1] pgeyms

m(ViT) = HVHLQTW T HqHL%L%”‘l’

5(S5;T) = HfHC%(Lg’"_lmL%p%)

+ H(go’91)Hc%(Lf’"*lmLM%mLoom)'

Roughly speaking, m; is used to control the constants that appear in the L2
linear estimate of Proposition 3.6; my controls quantities that do not have the
correct weight to be controlled by the n — 1-th order energy norm, but that do
not have a maximal number of derivatives; m is basically the (n — 1)-th order
energy norm; m is used to control the n-th order energy norm (the reason why
it involves an L? rather than L* norm in time is that the control of the n-th
order energy norm comes from the elliptic regularization of §4.4); finally s is
used to control the source terms.

Remark 4.5. Note that the parameter u enters in the definition of m since,
by (3.11),

IVI1Zz5m = lallzg sz + lllzg z2n + il 0Bl 20

The higher order estimates can then be stated as follows (note that they
are uniform with respect to u € [0, 1]).
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Proposition 4.6. Let n > 14. Under Assumption 3.1, let T >0, V. = (q,u),
S =(f,g), and let also My, Ma, M, M and S be five constants such that
my (V7)) < My, me(V5T) < Ma,  5(S;T) < S,

m(V;T) <M, @(V;T)< M.

There ezists a smooth function T (-), with a nondecreasing dependence on its

arguments, such that if T > 0 satisfies T'T(Ml,Mg,M, M) < 1, any smooth
enough solution V = (q,u) of (4.7) on [0,T] satisfies the a priori estimate

IV Lgevn-1 < C(T, My)[Co + VT CO(T, My, My, M, M)S],
where Cy is a constant depending only on the initial data of the form
Co = Co(IV(0)|lyn-1, [[u(0) || Loor+2, 19(0) ]| L2w-1rLo0m-1).-

Remark 4.7. We emphasize here that the estimate above induces a loss of
one derivative in the sense that we need n X -derivatives on 'V to get estimates
of the (n — 1)-th X -derivatives of the solution. This is due to the topography
term a(w) in (4.7). It is therefore the topography that makes the problem fully
nonlinear.

(4.9)

Proof. We only provide here a sketch of the proof; the details are postponed
to Section 6. Introduce the quantities

Qmj(t) = la@®llpzm, ;) =llg®ll2m — (7=0,1,2),
Un.j(t) = lu@®)llpzm, U ;) = u®l 2m (7=0,1),

and, for j = 0, we simply write Q,, = Q,, 0, etc. When j = 0 these quantities
correspond to the components of the m-th order energy norm; when j # 0, the
number of derivatives involved is the same, but the weight is not degenerate
enough to allow a direct control by the energy norm.

Throughout this proof, we denote by p an integer such that p+7 <n < 2p
(such an integer exists since we assumed that n > 14).

(4.10)

Step 1. Applying X, to the first equation of (4.7), we obtain
(4.11) (@)X g+ 0p X u = f),
where the source term f(®) satisfies on 0,7 and for |a| < n —1 < 2p,
(412) £ < S+ COn) (Mla®) s + Qua(t)).

This estimate is proved in Proposition 6.1 below.
Step 2. Applying X<, with || < n —1 < 2p, to the second equation of
(4.7), we obtain

(4.13) d[V]0, X “u +1((1 + pa(u)) X*q) = g
where g(® = g(()a) + \/ﬁlg§a) satisfies on [0, 7] and with H; ' as in (3.12),
Dl < O IV Oler (3 + Il + 1))

(4.14
+Qn 21 (t) + uH(t)) 4.
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This assertion will be proved in Proposition 6.2. We now need to control the
terms Qp_21 and [|V||fe.»r that appear in (4.11) and (4.13) in terms of the
energy norm ||V||yn-1; roughly speaking, we must trade some derivatives to
gain a better weight. This is what we do in the following two steps.

Step 3. To control Q,,_s 1, we use the Hardy inequality
IF@llzz SISOz + 1 (@) 22

which is proved in Corollary 5.4. Using the definition (2.9) of d[V], the equa-
tion (4.13) implies that

(4.15) 16 = g{ + ugB' Xo X1 Xu — pu(B')2X1 Xu.
with B’ = B'(¢) and

4
0 = (1+ pa(u) X — /agh™ + pg @ Xo X Xu + pgB'X1 X u.

Using the above Hardy inequality on this equation satisfied by q\®) for la] <
n — 2, we show in Proposition 6.4 that

Qn-2.1(t) < C(T, My, My, M)[Co + ||V (t)|| oo + ||V || govm-—1 + S].

Step 4. Control of ||V||p~r. We need a control on X*u and X%q in L™
for |a| < p. For X“u, we use the Sobolev embedding

X% ul[pee S I XUl 2 + (102X ul 2

and use the equation (4.11) to control the last term. For X“q, we need another
Hardy inequality proved in Corollary 5.5

1fOllzee S Mu)ll Loz + 1 ()l 2,

which we apply to (4.15). This is the strategy used in Proposition 6.6 to prove
that for 7" small enough (how small depending only on M), one has

IV ()|l < O(T, My, Ma, M) [Co + ||V || psovwre + S].
Step 5. Since p + 6 < n — 1, we deduce from Steps 1-4 that
Hf(a)(t)HL% < C(T7 M17 M27 M) [CO + ||V||L%°V”*1 + S}v
Hg(a)(t)HHl_l < O(T, My, Ma, M) [Co + ||V || pgevn—1 + S] (1 + U, (1) + 2, 1 (1).

Using the linear energy estimates of Proposition 3.6 and summing over all
|a| < n — 1, this implies that

V[ Lgoyn-1 < C(T', M) [C’O+C(T, M, M2, M) (Co + [V ggoyn—1 + 5)

T
x / (1+U, (t) +gn_171(t))dt]
0
Remarking that
T
| QU0+ Qs ) < T+ VT O,y oy
0

<T+VTM,
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we finally get
V| Lgem—1 < C(T, M) [Co+VTC(T, My, Ma, M, 1\7)(00+||V||L%0Vn_1 +9)].

For T small enough (how small depending only on My, My, M and M , this
implies that

IV || pgeyn—r < C(T,My) [Co + VTC(T, My, My, M, M)S],
which completes the proof of the proposition. O

4.4. The iterative scheme. We derived in the previous section higher order
energy estimates for the linearized equations from which a priori estimates for
the nonlinear problem can be deduced. The question is how to pass from these
estimates to an existence theory. One possibility (in the spirit of [CS11, CS12]),
could be to use a parabolic regularization of the equations. To avoid boundary
layers, such a regularization should be degenerate at the boundary; in the
presence of dispersive and topography terms no general existence theorem
seems available and we therefore choose to work with an alternative approach
based on elliptic regularization.

The goal of this section is to propose an iterative scheme to solve the quasi-
linearized equation (3.18). A naive tentative would be to consider the following
iterative scheme

Ea(vkva)vrlfz—i_l = Sm(Vk7‘/1k¢‘/2k) (m = 1a2)a
E(vk’a)vk-i—l — S(vk7‘/'1k7‘/2k)7

with £ and £, as in (3.1) and (3.5) respectively. With such an iterative
scheme however, the nonlinear estimates of Proposition 4.6 say that if V* and
VE (m = 1,2) have respectively V" and V*~! regularity then V**1 and V+!
have only V"~ ! regularity: there is a loss of one derivative, as already noticed
in Remark 4.7. If we know that V! = X,, VK*! then the V" regularity
for V¥*1 is recovered, but this information is not propagated by the iterative
scheme (even though it is true at the limit).

A usual way to circumvent the loss of derivatives is to use a Nash-Moser
scheme, but here the definition of the the smoothing operators would be del-
icate because we need weighted and non weighted norms. So we proceed in
a different way and introduce an additional variable Vjy whose purpose is to
make the regularity of the family (V*); one order higher than the regularity
of (VF, V). Instead of (3.18), we rather consider

Lo(V,O)Wim =8n(V,V1,V2)  (m=1,2),
(4.16) LV, )V =SV, V1, V),
E(Q)V = F(Vp, V1, Vo)
and the iterative scheme we shall consider should therefore be of the form
ﬁa(vkva)vn]z—i_l - Sm(vk7vlk7‘/2k) (m = 172)7
E(ija)vok-l—l - S(Vk7vlk7V2k)7
E(a)vkz—i-l — F(‘/Ok+1, VlkJrl, V2k+1)
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with E(9) an elliptic operator (in time and space) so that V**1 is more regular
than F (VOkH, VlkH, V2k+1), and the sequence is defined for all k.
We choose the elliptic equation

(4.17) E(0)V = Vi + FoVh + FoVj

in such a way that it is tautological when Vo =V, V3 = X1V and V5 = X, V.
We choose

(4.18) E=0;,+P, Fy=-XoP ! Fyq=r’P!

where P = (/<a2—X22)% = (k?— (hax)Q)% and k > 2. Note that this corresponds
to a scalar equation for each component ¢ and u. We consider the Cauchy
problem for (4.17). The independent proof of the next proposition is given
in Section 7. Note that the gain of one derivative only occurs if we consider
an L?-norm in time (this is the reason why we had to introduce the constant
m(V;t) in (4.8).

Proposition 4.8. Let n —1 € N. For (Vo, V4, Va) in L>=([0,T]; V") and
initial data in V™, the Cauchy problem for (4.17) has a unique solution in
L*([0,7):; V") n C([0, T); V™) and

IV 2o,my;9my S IV (0)[lwn + \/T(HVOHL%OV"* + [Vill eoyn—1 + [[Va] Lgoyn—1)
V| gevn SNV (O)[lynr + T ([Vollgovn— + Vill Lgewn-1 + [[Val pooym—1).

Moreover, the following L bounds also hold,
Vg SNVO) s + VT ([Vollzses + [[Vill o + [[Vallzen).-
As a conclusion, the iterative scheme we shall consider is the following

L,(VE0)VEL =8, (VEVEVE)  (m=1,2),
(4.19) LVE OV =S(VE VE V),
E(9)VF+ =V} + FoVf + FoVf

(the choice of the first iterate k = 1 will be discussed in §4.6 below). We take
the natural initial data : first we choose

1
(4.20) V\f:o = Vim0 = (5

2,U0), VYQk\tZO = (07X2u0)‘

For the initial value of V{¥, we take the data given by the equation (2.6)
evaluated at t =0
1
c(¢°)
where dg is the operator d at time 0, which is known since it involves only the
initial values of ¢ and ¢, that is ¢* = % and ¢° = x (the invertibility properties
of dg are discussed in Section 9).

(4.21) Vim0 = ( 0yu°, gt (B' () —1¢° — pgip—o))
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4.5. The initial values of the time derivatives. Because the right-hand-
side of the energy estimates involve norms of 97 V\f:o (through Cj in Proposi-
tion 4.6 for instance), we have to show that theses quantities remain bounded
through the iterative scheme.

The initial values of 8!V are computed by induction on j, writing the equa-
tion (3.2) under the form
where A is a non linear operator acting on V. However, A involves d~!, and
it is easier to commute first the equation (3.2) with 85 , before applying d—!.
This yields an induction formula

- ,
(4.22) O Vio = A (Vo - - -, 8] Vir—o)

where the A; are non linear operators which involve only 0, derivatives and
do_l, where d° = dj;— is independent of the initial value ul.

1
7, U
formula defines by induction functions V//, as long as dy can be inverted. In
particular, if this allows to define a smooth enough V,,, such that

(4.23) agvapp\tzo =V

in’

In particular, starting from V) = (3,4%) with u" sufficiently smooth, this

Jj<n.

then Vg, is an approximate solution of (3.2) in the sense of Taylor expansions
up to order n — 1. This is made precise in Section 9 where we prove the
following proposition that will play a central role in the construction of the
first iterate of the iterative scheme in the next section.

Proposition 4.9. There is €, > 0, which depends only on n, such that, for
VER(0) < &, and u® € H"2(Ry), the V7, are well defined in H" ™77 (R})
so that there is a Vgpp, € H"1([0,1] x Ry) satisfying (4.22).

From now on, we assume that the condition \/uh/(0) < &, is satisfied.

An important remark is that the Vlil remain the initial data of the time
derivatives of the solutions, all along the iterative scheme (4.19).

Proposition 4.10. Suppose that (V,V,,V,Vy) is smooth and satisfies for
j S n— 1}
8521\15:0 = V;];rla 8gK2|t=0 = X2Vii7
then any smooth solution (V,Vy, Vi, Va) of
ﬁa(z7 a)vm = Sm(K7 ZDZZ) (m - ]-7 2)7

with initial conditions
(4.26) Vico = Vojmo = (3,u°),  Vap—o = (0, Xou?).

Vi|t:0 = lew = ( - C(;O)axuoa dgl(B'(JU) - lqo - N(ﬂ\t:O))

FHVi—o =V—o = V7
(4‘24) { t Y_|t=0 t X0[t=0
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also satisfies the conditions (4.24).

Proof. The proof is by induction on j. This is true for j = 0 by the choice of the
initial conditions. Expliciting the time derivative, it is clear that the 9/ Vijt=0
can be computed by induction on 7, in a unique way. Therefore it is sufficient
to show that the solution to (4.25), (4.26) satisfies the required condition (4.24)
This is true because (0;V, X2V, V, V) is an approximate solution of (4.16) in
the sense of Taylor expansions up to order n — 2. O

4.6. Construction of solutions for the linearized mixed initial bound-
ary value problem. We have already proved in Proposition 4.8 that the ini-
tial value problem for the elliptic equation is well posed. In order to construct
a sequence of approximate solutions (V*); using the iterative scheme (4.19),
it remains to solve linear problems of the form

(4.27) Lo(V,0)V =F.

They do not enter in a known framework, because of the dispersive term of
the second equation and also because of the weights. However, one can solve
such systems using a scheme which we now sketch. The key ingredient are the
high-order a priori estimates proved in Proposition 4.6. We proceed as follows.

1. Assume first that the coefficients a and V are very smooth. The linear
system can be cast in a variational form, and the a priori estimates for the
backward problem imply the existence of weak solutions in weighted L? spaces.

2. Using tangential mollifications (convolutions in time) and variations
on Friedrichs’ Lemma, one proves that the weak solutions are strong, that is
limit of smooth solutions. Therefore they satisfy the a priori estimates in L?
and in weighted Sobolev spaces.

3. Approximating the coefficients, this implies the existence of solutions
when a and V have the limited smoothness.

4. The gain of weights and L estimates are proved using Hardy type
inequalities.

Details are given in Section 8 below. The next proposition summarizes the
useful conclusion for the Cauchy problem with vanishing initial condition.

Consider V and F' such that the quantities

(4.28) my (Vs T), mo(V5T), m(4T), wm(LT), s(E;T),
defined at (4.8) are finite. Suppose in addition that
(4.29) & Fiep =0, j<n-—2.

Proposition 4.11. Suppose that F € L2V'™~1 satisfies (4.29). Then, the
Cauchy problem for (4.27) with initial data Vii=o = 0 has a unique solution in

COV™L and ﬁgVﬁ:O =0 forj<n-2.

Together with Propositions 4.8 for the elliptic equation and 4.10 to treat
the initial condition, one can now solve the linearized equations (4.25) with
the initial conditions (4.26) and define the iterates [V*] := (V¥ VF, VF, V).
We proceed as follows.
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Consider a smooth initial data u® € H"*%(R,). Using Proposition 4.9
introduce V,, € H"1([0, T] x R4) satisfying the conditions (4.23). We start
the iteration scheme with

(4'30) [Vl] = (V117 V217 Vbla Vl) = (Vappa Vappa 8tvappa X2Vapp)7

and next define the sequence ([V*]);, by induction by solving (4.19) (4.20)
(4.21). Indeed, assume that the quantities

' my(VET), mo(VFT), wmo(VET)

are finite and that
{8§V’“|t:0 = 8tjvok|t=0 = V,iw

OV o= VI, OIVE iz = XV

m

(4.32)

The following lemma is proved in the next section.

Lemme 4.12. The quantities 5(S*;T) and s(Sk;T) associated to the source
terms SF = S(VE, VF VF) and Sk (VF VF VE) with S and S, as given in
(3.3) and (3.7), are finite.

We look for [VEH1] as [V1] + [0V*], where [0V*] = (5VFF,6VE, sVE, 6VF)

solves a system of the form
Lo(VEOYVE =68k  (m=1,2),
(4.33) LVE 9)VE =68k,
E(0)6VF = §FF,
with vanishing initial condition [(5Vk]|t:0 = 0. By Proposition 4.10, [V*] is an

approximate solution of (4.16) in the sense of Taylor expansion at ¢ = 0, and
thus the source term [6S¥] = (6SF, 685, 6S*, 6 F*) satisfies:

(4.34) 3][68" ;=0 =0, j<n-2
Hence, Propositions 4.11 and 4.8 imply the following result:

Proposition 4.13. Under the assumptions above, the equation (4.33) (4.20)
(4.21) has a solution [VF+1] = (VFFL VL VI VAR with each term in
COV™1. Moreover, it satisfies (4.32).

The last step needed is the following proposition, proved in the next section
together with precise bounds on the different quantities.

Proposition 4.14. The quantities an]fbHHL‘)TW; m(VHLT) | m(VALT),
my (VL T), mo(VFHL T, mo(VETL T are finite.
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4.7. Bounds on the sequence (Vll’C , VQI", Vok, V*)i. We have just constructed
a sequence (Vlk ,VQk , Vok, Vk)k. We want to prove that it converges as k —
oo to a solution (Vi,Va, Vp, V) of the quasilinearized equations (4.16). The
first step consists in establishing the following uniform bounds on this se-
quence, where we used the notations given in (4.8), and for some constants

My, My, M, M, N1, N, S to be chosen carefully,

m(VET) < M,
a(VkT) < M,
my(VFT) <My, and [[VE|pewr < N;  (m=0,1,2),
mo(VF, T) < My and ma(VE,T)< Ny (m=0,1,2),

(4.35)

and a constant S such that
(4.36) s(S*T)< S, and s(SF;T) <S5,
form=0,1,2 and k € N.

Proposition 4.15. There exists T > 0 and some nonnegative constants M,
My, M, M, N1, Ny and S such that the bounds (4.35) hold for all k € N.

Proof. Here again, we only sketch the proof and postpone the details to §6.2.
The proof is by induction on k. In order to show that (4.35);41 holds if
(4.35)}, is satisfied, we first derive the necessary bounds on V5! (m =0, 1,2)
which are a consequence of the higher order estimates of Proposition 4.6 for
the V"~ estimates, and of Proposition 6.6 for the estimates based on L.
The required estimates on V**! are then deduced from the estimates on V;5+1
using the elliptic regularization properties stated in Proposition 4.8. These
results are rigorously stated and proved in Lemma 6.10.

These upper bounds are then used to prove Lemma 6.11, which provides the
required estimates on S¥*! and Sk O

Remark 4.16. We note that the proof of the proposition which gives precise
bounds, includes a proof of the Lemma 4.12 and Proposition 4.14 above.

4.8. Convergence and end of the proof of Theorem 4.2. We show here
that the sequence constructed in the previous sections converges to a solution
of (4.16), and that the solution (Vi, Vs, Vi, V) satisfies Vj =V, V3 = V and
Vo = X5V if these identities are satisfied at t = 0. It follows that V is the
solution claimed in the statement of Theorem 4.2.

Let us write W+l .= Vr+l _yk pwktl . — vl _yk (9 = 0,1,2). From
(4.33), these quantities solve

L,(VE o)WET = Sk (m=1,2)
(4.37) LVE oW = Sk,
E(Q)WkH! = WE + FoWE + FoW¥,
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with, using again the notation S, = S,,,(V*, VF, V), etc.,
Sk = (8F = SEY) — (Lo (VF,0) — Lo(VFL,9))VE,
Sk = (8% — Sk — (L(VF,9) — L(VEL, 0)) Vg

Using the bounds proved on the sequences (V*);, and (V,¥),, in Proposition 4.15
one easily gets that the right-hand-side in (4.37) has a Lipschitz dependence
on (Wk, Wé“, Wlk ,WQk) Taking a smaller T if necessary, one can therefore
classically show that the series VF*+1 — V0 = Zfill Wi and Vi = VO +
Zfill Wi, converge in V to some functions V and V;, in C([0,T]; V). Using
again the bounds provided by Proposition 4.15 and interpolation inequalities,
one obtains that (V,Vp, V1, V) is a classical solution of

Lo(V,0)Vy, =8n(V, V1, Va) (m=1,2),
'C(V’ a)Vb = S(Vva ‘/iaVQ)a
E(Q)V =Vi+FVa +Folp

and that V € L2([0,T]; V") and Vg, V;, € L*([0,T); V™) for m = 1, 2.
We now need to prove that V;,, = X,V and V = 1} if these quantities coincide
at t = 0. Differentiating the equation on V with respect to X,,, one gets

Ea(‘/a a)Xme = S(‘/Ov V; ‘/h ‘/Q)a

where the exact expression for S (Vb, V, V1, Va) can be obtained as for Lemma
3.5. Writing Z,, := V;, — X, Vo, one obtains therefore that

La(V,0)Zm = Sn(V, V2, V2) =S(Vo, V. Vi, Va) - (m=1,2),
and (using the equation to substitute Xig,, as in (6.19) below), one easily
gets that the right-hand-side has a Lipschitz dependence on V,, — X,V =
Zm + Xm(V —Vp) and V — Vg in L2([0,T]; V). Remarking further that

E(0)Vo = XhW + Fo XV + Fol.

and taking the difference with the above equation on V', we get through Propo-
sition 4.8 that V — Vj is controlled in L2([0,T]; V1) by Z,, in L([0,T]; V). We
get therefore from Gronwall’s inequality that Vo =V, V3 =V and V5 = X5V
if these identities are satisfied at ¢ = 0, which concludes the proof of Theorem
4.2.

5. HARDY TYPE INEQUALITIES

As explained in the previous section, we shall need Hardy type inequalities
to obtain non-weighted estimates on X“u and X“q using the equations. We
prove here several general Hardy type inequalities of independent interest; the
inequalities we shall actually use are the particular cases stated in Corollaries
5.2, 5.4 and 5.5. Throughout this section, we shall denote by h any function
h € C1([0,00)) N L*®(R") satisfying
(5.1) h(0)=0, R'(0)>0, h(z)>0foralz>0, and liminfh(x) > 0.

T—r00
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We also need to introduce the operator D, defined as
(5.2) Dot := hdyu + ab' (z)u = h' =0, (hu)

Proposition 5.1. Let p € [1,00] and o,0 € R be such that o > a— 1/p. If h
is as in (5.1) and h? Dou € LP(RY) and ho Tty € LP(RY), then h%u € LP(R™)
and

Ih7ullze S [|A Daullpe + |7+ ul| 2o

Proof. Let x be a smooth positive function such that x(0) = 1 and for some
X2 >0, x(z) =0 for all z > X5. We decompose u into

u = uy + usg, Ul 1= XU, ug = (1 — x)u.
Let f := Dyus1; one has
" B y a—1
e ute) = - [ s fdy

Since u; and f are supported in [0, X2], one has

oo ,,a—o—1

oyt < [ Ly

_ / 00 (1) f (1),
1

and therefore -
ol < ([ 2o o) o
1
Remarking that ||z f||zr < ||h7 Doullre + [|R7T || e (recall that h(z) ~ z on
[0, X3]), we deduce that
1h7usllLe < 1A Daullze + [|h* ul Lo

provided that the integral in ¢ converges, which is the case if o > a — 1/p.
Since for ug, one trivially has ||h%u;||z» < ||ho  u| e, the result follows. [

We shall use in this paper the following direct corollary of Proposition 5.1
(just take p =2, 0 =0 and a = 0).

Corollary 5.2. Assume that h is as in (5.1) and that ho,u € L*(RY) and
hotu € L2(RY) for some 0 < o1 < 1. Then u € L*(RT) and

[ullz < [1h0zullz + A7 ull2.

Proposition 5.3. Let p € [1,00] and 1/p+ 1/q =1, and assume that p > q.
Let u be compactly supported and assume that for o < a — 1/p, one has
hDou € LP(RY) and h7*u € LI(R") where 0 < 01 < a — 1/q; then hu €
LP(RY) and

[h7ulle S [[h7 Daul| Lo

Proof. Let Xo > 0 be such that u is supported in [0, Xo]. With f = D,u

introduce
T a—1
wla) = [
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Since 0 < a — 1+ 1/q, one has h(y)* 7~ ~ y*=7~1 € L9(]0, X5]); therefore,
the integral converges and

z ,a—l—0c

1
- y oo
ayn@ s [ ey = [ e gaar
with g(y) = |y f(y)|. Moreover, since « — o — 1/p > 0,

1
ag
[h7ur|Lr < P—
Thus h°u; and hence h%'u; belong to LP. Since p > ¢, their restriction to
[0, X5] also belongs to LI([0, X3]). From the assumption made on u, we deduce
that A% (u — u1) € L9([0, X2]). Remarking further that D,(u —u1) = 0, we
have u — uy = ch™® and therefore h?! (u — uy) ~ cx1~%; this quantity has to
be in L4([0, X3]) and the condition on o implies that this is possible only if
¢ = 0. Hence u = u; and the proposition is proved. O

lgllze S NP7 Dol -

Taking p = ¢ = 2 in Proposition (5.3), one gets the following corollary.

Corollary 5.4. Assume that o < o — 1/2 and that h° Dou € L*(RT) and
hotu € L2(RY) with o +1 > 01 > o and 01 < « — 1/2. Then one has
hou € L*(RY) and

1P7ull 2 S 1A Daul g2 + |7 ull L2

Proof. Let x be a smooth positive function such that x(0) = 1 and for some
X2 >0, x(z) =0 for all z > X5. We decompose u into

U = uj + us, Ul 1= XU, ug = (1 — x)u.

Remarking that
Dout = xDau + hx'u,

one has h? Dou; € L*(RT) since 0 + 1 > o1, and one can apply Proposition
5.3 to u; with p = ¢ = 2. This yields

[h7url 2 S A7 Daullz + (|7 ull2.
Since ug is supported away from the origin, we also get from (5.1) that
1Rzl 2 S 1A% ul 12
and the result follows. O

We shall also need the following corollary corresponding to the case p = oo,
q=1.

Corollary 5.5. If 0 < a — 1, hDyu € L* N L®(R*") and h?Tlu € L*(RT)
then h°u € L*(RT) and

[h7ullzee S 1A% Daull Lo + [|h7 Daul[ 2 + |7l 2.

Proof. With the same decomposition as in the proof of the corollary above,
we have by the proposition that

1h7urllze S 1A Dautllze S Ih7 Doul|zoe + |7 uf oo
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Since ug is supported away from zero, we also deduce from (5.1) that
1h7 w1 || oo S [IP7H M| oo
the result follows therefore from the observation that

17l poe < A7l g2 + 100 (W7 ) | 2
S [1A7ull g2 + [[B7 Do 2.

6. TECHNICAL DETAILS FOR THE PROOF OF THEOREM 4.2

We prove here some technical results stated in Section 4 and used to prove
Theorem 4.2. The first one is the proof of the higher order estimates of Proposi-
tion 4.6, presented in §6.1 below. The second one is the proof of the bounds on
the sequence of approximate solutions constructed using the iterative scheme
(4.19); this is done in §6.2. Other elements of the proof of Theorem 4.2 are
of independent interest and are therefore presented in specific sections: see
Section 5 for the Hardy estimates, Section 7 for the analysis of the elliptic
equation, and Section 8 for the resolution of the mixed initial boundary value
problem for the linearized equations.

We recall that, for the sake of clarity, we do not track the dependance on
ho and B in the various constants that appear in the proof.
Before proceeding further, let us state the following product and commutator
estimates, whose proof is straightforward and therefore omitted. Recalling
that the spaces L?’S and L°P have been introduced in (3.9) and (4.2) re-
spectively, we have for all m > 1 and 8 € N? such that |3] < m, and for
j=0,1,2,

(6.1) IXP(F 9 ree S N oo mllgllzoem
(6.2) X7, fgllze S 1A o519 p2im=1 + 119l oo g 1 1] 20m -

We also use the simplified notations
Q1) = 14Ol s Uons () = Ol 2, et
as in (4.10), as well as

QmJ[t] = Ssup Qm,j(t,), L{m,j[t] = Ssup Z/{md-(t’), etc.
t'e[0,t] t'€(0,t]

6.1. Technical details for the proof of Proposition 4.6. Proposition 4.6
has been proved in §4.3 assuming several technical results that we establish
here.

The following proposition gives the equation on X®q obtained by applying
X to the first equation of (4.7) and a control of the residual that has been
used in Step 1 of the proof of Proposition 4.6.
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Proposition 6.1. Let T > 0 and V., S satisfy the bounds (4.9). Any smooth
solution V- = (q,u) satisfies on [0,T], and for |a] < m < 2p,

(@)X + 0 X u= [,
where, for j € {0,1,2} and t € [0,T],

g 2 £ @) 12 < g2 F O 2 + COM) (llall o0 D,y (1) + Qo i (8)).
Proof. Consider the first equation written as
hoc(q)0rq — Xau = 0.

In this form, the second term commutes with X®. Applying h LX< to this
equation we obtain that f(® is a linear combination

(6.3) =Xf+) clg X‘“OhoXal L X R1g X ¥hg,

where the ¢, are derivatives of the functlon ¢(-) and the indices satisfy Y |o;| =
la] +1 and 1 < |o;] < |a] if ¢ > 1. Moreover, there is at most one i > 1 such
that |a;| > p (if none, we can choose i as we want). If i = k (i.e. if the higher
order derivative is on ¢), and remarking that X5%ho = O(ho), we have

il
|hg 1/2%X§°hoX“1Q---XakQ(t [FPS

S MET ().

If i < k (i.e. if the higher order derivative is on ¢), the same quantity is
bounded from above by

- 1—j/2 aig
M| q(t) | poen||hg P X% q(#)]] 12 S ME2q(t) ]| 100 Q,,, (1),

and the proposition follows easily. O

< M)

Similarly, an equation on X%u is obtained by applying X to the second
equation of (4.7); the control of the residual provided below has been used in
Step 2 of the proof of Proposition 4.6. We recall that a(u) = X1(uB’(¢)) and
that U, [t] = supye(o, g Upn (')

Proposition 6.2. Let T > 0 and V, S satisfy the bounds (4.9). Any smooth
solution V' = (q,u) satisfies on [0,T], and for || < m and m +1 < 2p,

d[V]o X u +1((1 + pa(u)) X%q) = 90 ) 4+ flg
where the source terms g( ) and g( ) satisfy on [0, T,
(9, 91 Ol 2 < CLIV O lzoor (L1 (B) + Unn[t] + U1 (1)
+ Qm-1,(t )—H/l )] + (g0, 91) t)HL%’"’
with Cy = C(T, M,,(T)), as well as

1a6™ . AN D2 < CLIV ) zoer (L o) + Un 1 [+ Uiyi1.1 (1)
+ Qm—12(t) + Um1(t)] + H(g07gl)(t)HL2,m
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and
1668, 5O e < Ca[IV @Iz (la()

+ llg(®)ll poesm-1 + Hu(t)HLOO»m‘*‘l] + 1[(g0, 91) ()] oo

Proof. We only prove the fist and third estimates; the second one is estab-
lished like the first one, with a straightforward adaptation. We first state the
following lemma that we shall use to control the topography terms.

Lemme 6.3. Let T > 0. For j =0,1, |o| <m <2p and t € [0,T] ,
1-5)/2 va
[B§ X B (@) ()] 2 S Cilhin 1]
The same control holds for X*X1B'(p).
Proof of the lemma. By the chain rule,
(6.4) =Y Bue)Xp... X0, > aj=a, a; #0,

where the B, are derivatives of the function B’. Because 8t£ = u, we easily
conclude that for j = 0,1

| X% L+ tMi, || Ba(@)hd P X0(0)]| 2 S 1+ Uy 18]

if |ag| < p and |oy| < m respectively. Since at most one index |ag| > p, the
first estimate of the lemma follows. The fact that the same estimate also holds
for X*X1B'(p) stems from the fact that this term is of the form (6.4) with
X% replaced by X%y for some j. O

| oo + u(®)l| poomtr)

Ol S

Applying X¢, with |a| < m, to the second equation of (4.7), we obtain
A[V10 X u + 1((1 + pa(u) X*q) = ~[X*, d[V]|du — ul (X", a(w)]q)
— [ X, 2h0) (1 + pa(w))g) + X g0 + /nX g1,

where we used the fact that [X* 1] = [X% 2hy]. We now consider and give
controls on the different components of the right-hand-side of the above equa-
tion.

- Control of —[X*,d[V]]0yu — pl([X*, a(u)]g). From the definition (2.9) of
d[V], we can write
~[X*, d[V]]opu — pl([X*, a(u)lg) = g6 + /il
with
9 ZN[XO‘,QE]XzXW — pu[X* (B X1u

+ p[ X, 2k, ]( P XoXiu+ ¢X uB')

i 4 a e e
91 =VHglX*.q 1 Xo X1u — /u[X®, B'g) X1u — u[X*, a(w)g,

where we recall that a(u) = X1 (uB'(¢)).
From the product and commutator estimates (6.1)-(6.2), we deduce that for
7 =0,1, one has

g5l 2 < CLIV()l[Loow (1 (8) + U [E] + Up 11 (1)) + Q1,1 (E) + U (1))
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- Control of [X*,2h{]((1+ pa(w))q) =: gi. Since [X1,hy] =0 and [Xa, h{)] =
hohg = O(ho), and recalling that a(u) = X;(uB'(¢)), one readily deduces
from the product and commutator estimates (6.1) and (6.2) that
g8 ()22 < Co IV (O Loorlly[t] + Q1 (8)]-
- Control of X%go + /uX*1lg1. We can write
X%go +v/pX g1 = g5’ + /ulg”
with
90" = X%o + p[X*,2hplg1  and i = Xy,
so that we easily get

96" (Ol 22 + 9" )| 2 < 11(g0, 91) (D) p2m-

The second estimate of the proposition then follows directly by setting g
g5 + 9§ +gj" for j=0,1.
Finally, for the L> estimates we use (6.1) together with the following straight-
forward commutator estimate,

VBl <m, X flglre SIFIomllglzeom—t + 19l oozl Fllzowm,

and follow the same steps as above. O

(@
J

The controls provided by Propositions 6.1 and 6.2 involve the quantities
Qn—2,1 and ||V||zer that need to be controlled in terms of the energy norm
|V |lyn-1. For the first quantity, this means that we need to gain a factor hg
in the weighted L?-norms on ¢, possibly loosing one derivative. This is done
in the following proposition which is based on the Hardy type inequalities
derived in Section 5, and which has been used to prove Step 3 of the proof of
Proposition 4.6.

Proposition 6.4. Let T > 0 and V., S satisfy the bounds (4.9). There is a
constant Cy = C(T, My) such that for all smooth solution V = (q,u) of (4.7)
on [0,T], the following three properties hold, for all t € [0,T],

i. For m < 2p, one has

U1 () S IF @) pzm + U () + Cr IV (Bl o0 Q. () + Qi (1)),
ii. Forp<m+1 < 2p, one has
Qua(t) < Cy[lla(O) 21 + [V (14, (8) + Upy [1])
+ Qm[t] + um—i—l(t) + H(g()a gl)@)HL%m]a
iii. Forp <m+1 < 2p, one has
Quna(t) < Cy [[19(0)]| 21 + [V (1 + Qpy(8) + Qg (8) + Ups11[8])
+ Qm2[t] + Uy (t) + Hf(t)HLg,mH +1|(90, 91) (&) | 2. -
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Remark 6.5. A quick look at the proof shows that when m =p orm =p+1,
the estimate given in the first point of the proposition can be simplified into

(6.5) Up 1 () S IF@) 20 + Up(t) + C1Qpra(t)
and

(6.6) Up11(t) S NF @O pzss +Upsr(8) +C1 (i1 () + Q1 (DI X0 (D)l

Proof. Throughout this proof, the dependence on t is omitted when no confu-
ston is possible.
i. Control of Uy, 1. We first rewrite the equation (4.11) under the form

hodp X u = hof® — c(q)ho0: X g,

for |a] < m. Using the Hardy inequality provided by Corollary 5.2 (with
o1 =1/2), we deduce

1
1x%ull 2 < [1A§ X ull 2 + [[e(@ho X0l 2 + [hof ] 2

which, together with the control on Hho f (O‘)H ;2 provided by Proposition 6.1
yields the result.

ii. Control of Q,, 1. Using the definition (2.9) of d[V], we can rewrite the
equation (4.13) on X“g under the form

6.7)  1¢ = =X, X + g8 + pugB' X9 X1 XU — u(B')? X1 X u
with
4
(68) ¢ = (14 pa(u) X% — Vg™ + pg @’ Xo X Xu + pgB'X1 X u,

so that

1 4
xo :7[(04) @ L 22X X X — B’XX“].
1= T e 4 TV T g XXX = pgBX0 X

In particular, for |a] < m, we have
1Xllzz < Cox ([l sz + I1g 15z + Unoa).

We now use on (6.7) the Hardy inequality provided by Corollary 5.4 (with
a=2,0=1/2and o1 = 1) to obtain

2 < Cattmar + 116”13 + gl
(6.9) S Co(Qm +Unm1) + [[ (957, )| -
It follows that
1Xallz S Co(Qun +Unntr) + [[(a6™, 91| -
Using Proposition 6.2 and summing over all |a| < m, this yields
Q1 < CL[IV | poer (le U+ Uy r)
+Qm-1,1+ Qm +Uni1 + H(QOagl)HL%m];
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and by induction, we deduce that
Qm,l < Ql [HVHLOO"’ (Qm,l + Qm[t] + Zlm—i—l)
(6.10) +Qp-11 + Qm + U1 + | (90, 91)][ 2 ]

so that we are therefore left to control Q,_11. We actually prove below a
stronger result, namely, a control of Q, 12. For |a] < p — 1, integrating
0; X “q and using Assumption 3.1 on hg for the second inequality, we see that
on [0,T7,

| X%q(t)]| 2 < || X*q(0)]| > + t(SuP 10:X || £2(0,1) + sup HatXaang(l,oo))
(0,4 0,4

< || Xq(0)]| . + t(sﬁ Xl +sup 100Xl 21 )
it )t

Summing over all |a| < p — 1 and using Assumption 3.1, this yields

(6.11) Qp12(t) < C1 (lg(O) 21 + (gl e roer + Qplt]) ).

Plugging this estimate into (6.10), we get the second estimate of the proposi-
tion.

iii. Control of Q,, 2. We proceed as for ii. but replace (6.9) by the inequality
obtained by using Corollary 5.4 (with & = 2, 0 = 0 and o7 = 1), namely, for
laf < m,

Hq(a)HLz S Cillntan + Hg((Ja)Hm + Hq(a)HLg
(612) S,Ql(gm +um+1,1) + H(g((]a)aggl))HLQ'
Using Proposition 6.2 and proceeding as for ii., this implies that
Q2 < Cy[[IVIImr (Q, 0 + U1 1])

+ Qm—1,2 +Qm + Z/{m-‘,-l,l + H (go, gl) HLQ,m] .
Using the result established in i., we deduce that

Q2 < C1 [V peor (Qm,z + Q41 T Uit
+ Qm—l,Q + Qm—I—Q +Z/lm+1 + Hf||L§,m+1 + H(90791)||L2,m] .
By induction, and with (6.11), we finally obtain the result. O

As said above, we need a control of ||V||fe.» in terms of the energy norm
|V |lyn-1. The proposition below, also based on Hardy-type inequalities, es-
tablishes the result used to prove Step 4 of the proof of Proposition 4.6.

Proposition 6.6. Let T > 0 and V., S satisfy the bounds (4.9) and let p > 2
and p+ 5 < n —1. There exists a nondecreasing function of its arqguments
T () such that if TT (My, M2, M) < 1, any smooth solution V = (q,u) of (4.7)
satisfies the following estimate,

IV Loow < C(T, My, Ma, M) [Co + ||V | Lgowwss + S],
with Co = [|u(0)|[ ooz + [[q(0)[| L2p-1n L0001
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Proof. The proof is decomposed into three lemmas. The first one gives a
control of the sup norms of u since they can be obtained directly; the second
lemma provides some necessary controls on the source terms that allow the use
of the Hardy type inequalities used in the third lemma to get upper bounds on
the sup norms of q. Throughout this proof, the time dependence in the norms
is omitted when no confusion is possible.

Lemme 6.7. Let T > 0 and V., S satisfying the bounds (4.9). There is a
constant Cy = C(T, My) such that for all smooth solution V = (q,u) of (4.7)
on [0,T], and for m > p such that m + 2 < 2p, one has for all t € [0,T],

lu®)llzeem < Cy (a(0) 2ot + 1V (@)llzoer (L, 2(t) + Lo (t) + Unpya 1 [E])

V@O llvmes + 1Ol 2me2 + H(90791)(t)HL2,m+1} + @)l 2m.

Proof of the lemma. From a classical Sobolev embedding and the equation
(4.11) on X“u, we have for all |a| < m,

[Xu@)| oo S X O] 1
S X u®)]] 2 + @ X*0g @] 2 + SO 2.
The estimate of f(®) given by Proposition 6.1 implies that
(6.13) u(t) |z < U1 +Cy (IV Ol Q5O+ Qurtr.2(0) + 1 (B 20m:

using the first and third point of Proposition 6.4 to control U, 1 and Q11,2
respectively, we get the result. O

The following lemma gives some bounds that will be used in the Hardy
inequalities used to bound ¢ from above in L* norm. Note that the difference
between the estimate on Q2 in the second point of the lemma with respect
with the third estimate of Proposition 6.4 is that the former only requires
||u||Loer in the right-hand-side (instead of ||V||feo.p).

Lemme 6.8. Let T > 0 and V., S satisfy the bounds (4.9). There is a constant
C, = C(T, My) such that for all smooth solution V = (q,u) of (4.7) on [0,T],
the following properties hold for all |a| < p.

i. The source terms are uniformly bounded on [0,T] in L? and L™ norms,

1, 8N 22 < 1190, 91) (B) | 120
+C1 (Up(t) + Qpy1 () + (90|21 + Hlallzor) el oo ).

1095, 85 | poe < 11(g0, 91) (6) £
+Cy ([lu®)l| e + (1O s + tlall o) faul ors)-

ii. If p > 2, one has the following estimate
0p (1) <C4 [I1(g0 91)Dllz20 + 1Ol 2 + [V (D)

+ (120|201 + 110ea(0) | o= + tllall oow ) (Ilu(t) | oo +2p+1(t))]-
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Proof of the lemma. i. For |a] < p, we can use the expression for g(()a) and gga)

given in the proof of Proposition 6.2 to obtain using direct estimates in L?,

1967, 95 ) (Bl < C1 (Upa (1) + Ilull o Qp1,2(8)).-

Together with (6.5) and (6.11), this implies the result.
For the L®°-estimate, we proceed similarly, but taking the sup norm instead
of the L?-norm,

1967, 98z < C (Jullrss + lall oo llall o1 ) + (g0, 91)l e

Since [|g||psepoor—1 < [g(0)[| Loor—1 + t[|gl[Lge oo w, this implies the result.
ii. For the second point, we get from (6.12) that

Q2 < C1(Qp+Upirn) + Y g, 01l
le|<p
and we can use the first point of the lemma to get
Qp2 < C1(Qpr1+Ups1,1+([4(0) | 2w+t gl gor) ull oorsr ) +[I(g0, 91) | 20

Together with (6.6), and observing that || X1g|[Le < [[X1¢(0)]| Lo + tlg|[ oo
if p > 2, this implies the result. O

A control of the L* norms of ¢ and of its derivatives is then provided by
the following lemma.

Lemme 6.9. Let T > 0 and V,S satisfy the bounds (4.9). Any smooth
solution V = (q,u) of (4.7) satisfies the following estimate provided that p > 2
andp+5<n-—1,

HqHL?O’p < C(T7 M17 M27 M) (C() + ||VHL?°VP+6 —+ S)7
with Co = [u(0) | -<.r+2 + 14(0) | 211701

Proof. Again we use the equation (6.7) on ¢(®, with ¢(® as defined in (6.8),
for |a| < p. Using Corollary 5.5 (with a = 2 and ¢ = 0) we see that ¢(®)
satisfies

g e S 10 ot ll08" = X0 X ut g B X5 X Xyu—p( B2 X Xt
from which one readily gets using the definition (6.8) of ¢(® that

lallzer < C1(Qp2 +Upsra + ullgmmsz + Y 198 llz2rze)-
le|<p
We now use Lemma 6.8.ii to control 9,2, (6.6) for Uy;1,1 and Lemma 6.8.1
for [|g\® || p2aze; this yields
4| foer < Ci |:Hf||L§7p+1 + 190, 91)|| 2enreer + |V lypsr + ||| poowt2

+ (a2t + tlallzgor) (lull moss + Q)]

Since |[u|psopt2 < [[u(0)]|poopt2 + tl|ul| copts, we can use Lemma 6.7, (4.9)
t
and the fact that p4+ 5 <n — 1 to obtain the result. U
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By time integration, one directly gets with Lemma 6.7 and the bounds (4.9)
that

[ull pgor < lu(0)[| poor + tl|ull Loo poor+r
< Nu(0) | oor +tCy [[la(0) | 201 + V| Lgovmsa + [[V]| poor M2 + S].
Adding up with the estimate coming from Lemma 6.9, this implies
[V pger < C(T, My, Ma, M) [Co + ||V | gevws + t][V | oor + S5

for T' small enough, the term involving ||V||Le.» in the right-hand-side can be
absorbed in the left-hand-side and the result follows. ]

The fifth and last step of the proof of Proposition 4.6 does not require any
additional technical result, so that the proof is complete.

6.2. Proof of Proposition 4.15. The goal of this section is to prove the
uniform bounds (4.35) on the sequence (V*, Vi, V¥, VJF),, constructed through
the iterative scheme (4.19), namely,

L,(VFEOVWVEL =8, (VEVEVE)  (m=1,2),
(6.14) LVEOVGH =S(VEVE V),
E(9)VFH! = VI + FoVf + FoVy.
More precisely, we want to show that there exists constants My, My, M, M ,
N1, and N such that
m(V*T) < M,
w(VET) < M,
ml(vk’T) SMl? and ||V7QHL°°‘1” SNl (m:07172)7
my(VHT) <My and my(VyiT) < Noo (m=0,1,2),

(6.15)

and a constant S such that
(6.16) s(SHT)< S, and s(SF;T) <S5,

form=1,2and k£ > 1.

We shall prove by induction that (6.15) holds for all k. The case k = 1 has
been defined in (4.30) and Proposition 4.9; we focus therefore our attention
on the proof of (6.15);41 assuming that (6.15) is known. The desired bounds
on VF+1 and Vfﬂ'l (m = 0,1,2) are established in the following lemma using
the higher order estimates of Proposition 4.6 with source terms ‘S']]iC and S*
(we recall that § > 0 that appears in the statement comes from the positivity
condition (4.5)).

Lemme 6.10. Assume that [V*] = (VF¥, VE, VE V) and S*, SF and S} sat-
isfy the induction assumptions (6.15) and (6.16) and that V**1 and VE+!
solve (6.14). There exists a constant Cy that depends only on the initial data
and of the form

CO = CO(HV(O)HV"7 HQ(O)HL?’"’lmL27p+4mLoo,p7 ||u(0)”L2v"*1ﬁL"°vP+3)
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and some nondecreasing functions of their arguments C1, Co, C, CNCi, Ch and

T () such that if

1 U
My > Cy(Co, 5)7 Mz > Co(Co), M > C(T,Cy, M), M > C(Cy),

Ny > C(T,Co, My, Ma, M, S), Ny > Cy(T, Co, My, Ma, M, Ny, S)
and T > 0 is small enough to have
TT (My, My, M, M, Ny, Ny, S) < 1
then VF*1 and VE+1 also satisfy (6.15).

Proof of the lemma. From the first equation of (6.14) and Proposition 4.6 we
get that for m =1, 2,

VAR peynr < O(T, My)[Co + VTC(T, My, My, M, M)S],

where C(-) always denotes a smooth, non decreasing function of its arguments
and Cp is a in the statement of the lemma. If M > C(T, M;)Cy, there exists
T > 0 small enough such that

(6.17) IVt || poeyn— < M.
We can therefore deduce from Proposition 6.6 that
VoMl o < C(T, My, Ma, M) [1 4 Co + S];
choosing Nj larger than the right-hand-side yields the needed upper bound on
HVTI,“LHHL?,;; for m = 1,2. The case m = 0 is treated similarly?.

We now turn to give an upper bound on my(V*+1; T'). For this, we need:
e An upper bound on ||Vk+1||L%oVn_1. Using Proposition 4.8 we get

IVE | geym < IVFHH0) lyn1 + 3VT Ny

if My > ||[V*+1(0)||yn—1 and T is chosen small enough, then ||V*+1 | Lgevm—1 <
M.
e An upper bound on HWHL? By assumption, 1+ pa(uf*1) < §
at ¢ = 0 so that
L+ pa(u)(8) = 6 — pT)|9p(a(u )| g

Using the bound on ||[VF+1|| rgevn—1 derived in the previous point, we
obtain that [|8;(a(u*t))||Lse < C(My). Therefore, if My > 1/6 and T
chosen small enough, we obtain that HWH L < M.

e An upper bound on qu%ﬂ Lge- Proceeding as for the previous point,
and taking into account that ¢(0) = 1/2 we obtain that ||qk%HL§9 <
M is My > 2 and T small enough.

From this three points, we deduce that my (V¥ T) < M;.
Let us now turn to control the two components of m(V*+1):

2The linear operator involved in the equation for V! is £(V*,9) instead of L4 (V*, ).
The results proved on the latter obviously hold for the former by substituting a = 0.
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e Control of ||Vk+1”L%oanl. By (6.17) and Proposition 4.8 one di-
rectly gets that HVkHHL%Oan < M for T small enough and M >
[VF+1(0)on.

e Control of ||u¥!|| jcop+1. Using the induction relation and the bounds

on [[VEH | Leo and [[VFH || Lgewn—1 proved above, we get through Lemma
6.7 that for m =0, 1,2,

[ub (#) | oo < C(T, My, My, M) [1+ Co + S].
With Proposition 4.8, this implies that
[ () || Lot < ([ TH0) || pooinir + VTC(T, M, My, Ma, N)

and therefore [[u*™|| coprr < M if M > |[uF+1(0)|| o1 and T small
T
enough.

Gathering these two points we get that m(V*+1; T) < M.

The next step is therefore to derive the two estimates on mo(VE+1: T) and
my(VFETL T). For the first one, we observe, owing to the induction assumption
(4.35), Proposition 6.4 and the control on ||V£+1||L%o,p already proved, and

(6.17) imply that
mo (VAT T) < C(Mq) [Co + Ni(1+ Ms + M) + M + 5],

so that we just have to choose Ny larger than the right-hand-side. The esti-
mate on mo(VE+L: T') then follows following the now usual procedure based on
Proposition 4.8.

Finally, the upper bound on ﬁ‘t(VkH; T) stems from the upper bounds proved
above on m(VF*+1 T), my(VF+1; T) and (6.17) and to the elliptic regularization
property given by Proposition 4.8. ([

The only thing left to prove is that the last inequality of (6.15) holds at
step k + 1. This is done in the following lemma.

Lemme 6.11. Assume that [V*] = (VFE, VF, ViF, VF) and S*, SF and S§ sat-
isfy the induction assumptions (6.15) and (6.16) and that V**1 and VE+! solve
(6.14). Let also Cy be as in Lemma 6.10. There exist two smooth functions
C(-) and T (-), with a nondecreasing dependence on their arguments, such that
if

S > Cy(T, Co, My, My, N1, No)
and T > 0 is small enough to have

TT(MlaM27N17N2aS) < ]-a
then S, S1 and Sy also satisfy (6.16).

Proof of the lemma. We prove here the required upper bounds on the different
components of 5(S¥+1) for m = 1,2. The bounds for 5(S**!) can be obtained
similarly so that we omit the proof.

To alleviate the notations, we do not write the superscript k£ + 1 throughout

this proof, so that we write F;,(q, q1, g2) instead of Fy, (¢, q’f“, qlgﬂ), etc.
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We recall that s(-) is defined through (4.8) and that S,, is given by (3.7); we
therefore have to derive upper bounds for

IF (@ a)ll e pznrs 1 Fmla a0)llegrames,
and

||(90791)||L5-9L§m—1, HQHLOTOLM—%LOW’

with go = ™ (V,V4,V3) and g1 = "™ (V,V1,14), and G{™ and G\™ as in
Lemma 3.5.
Using the bounds proved in Lemma 6.10 and the control on ||| p2n-1 pro-

vided by (6.17), one readily gets
H]:(m)(q,m)HL%oLgv"*l + | F™(q, @)l Lge 2w+ < C(T, My, My, N1, N).

For the bounds on gg and g1, we first treat the topography term. Recalling

that ¢, = Xz + fg U, and using the control on ||ty 2.-1 provided by
1

(6.17), we easily deduce from Lemma 6.10 that

||B”(C,D)Som||L%O(L?7”—1QL2,n—2mLoo,p) é C(T7 Ml) MZ) N17 NQ) .
We are therefore left to give an upper bound on
Hg](m) (V) ‘/17 ‘/2) ||L§9L?,"l_1, and ||gj(m) (‘/, ‘/1, ‘/2) HL%O(LQ,n—QmLoo,p),

for 5 = 0,1. We just treat the case j = 1 here, the situation being similar for
j = 0. We recall that

1

8 4 4 4
\/ﬁqm)(Vv V1, Va) = — —qqmXou1 — zqq1 Xoum — =qXouXiqm — = gmXouq

3 3 3 3
+ u1gB"m + qunuB” + qu*B® o,

- Control of ||Q](m)(1/, Vi, Va)|l ;oo y2n—1. This stems from an upper bound on
T -1
HX“QJ(-W)HL% for all o] < n — 1. We just show how to handle two compo-

nents of g§m), namely, ¢nqXou; and XouXi¢nq (the adaptation to the other
components is straightforward).

* Control of X(gmgXau;) with || <n — 1. We can develop this term
into

(ho X gm)q0u1 + > X X2 X5 X %y

artaztaz=a,jar|<n—1
from which we get, with C,(T) = C(T, IV e VAl oo, HVQHL;o,p),
lamgXour]| 21 SOzual| oo llgml| 2.n -1

+ Cp(T) (llgmll 22 + Qn-11 + uallz0-1).
Now, using the equation on ¢; (j = 1,2), we have

(6.18) dpuj; = —c(q) X1q5 + Fi(¢, 1, ¢2)
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with F;(q,q1,q2) given by Lemma 3.4; with Lemma 6.10, this implies
that ||Oyujl|ree < C(M7) and therefore, using (6.17),
HQmC]XQU1 ||L%OL%”*1 5 O(T7 M17 M27 N17 NQ) .

* Control of X« (Xgquqmq) with || < n — 1. We first develop this
expression into

(ho XX 1qm)Dyuq + Z (ho X' X1qm )0, X *2uX3q
a1tastaz=a,|ai|=n—2
+ > XX ¢ Xo X2uX 3.

a1taz+az=aq,lar|<n—3

To handle the first term of this expression, we use the equation on g,
to replace X1g., by

(6.19) Xig = C(lq)( Oyt + Fnlt, 01, 22)).
and then proceed as above. For the first summation, a control is
easily obtained in terms of ||0, X*?ul| . This quantity can in turn be
controlled in terms of ||V||goo.r and ||Vj||zer (j = 1,2) through (6.18).
The second summation does not raise any particular difficulty. Finally,
one gets

HXQU’ququL%OL%"71 S C(T7 M17 M27 N17 NQ) .
Gathering all these elements, we deduce that

193" (Vi VA, Vo)l e s < C(T My, Mo, Ny, Vo).

- Control of ||Q](-m)(V, V1, V2)||Lgop2n—2. Most of the terms can be treated with

a slight adaptation of the above, The only significant change % needed is for
the control of the L2-norm of terms of the form X*Xou; (with |a| < n — 2).
One needs to use the equation on g; to write

X*Xou; = X*(—choX1q; — Choqrq; — cX;hoq1)
so that
Vol <n =2, [IX*Xouj]lr2 < CGp(T)(Qn—2 + ll(a1, a2)ll j20-1)
and one easily deduces that

1G™ (V, Vi, Vi) | e p2ns < C(T, My, My, Ny, Ny).

3We previously used the estimate
||X2Xauj“L% < ||’U/j||Hi,n—1 for |a| <n-—1.
One should be careful that without the ho weight, one cannot use the extra control given by
the 1 based estimate, and one only has
| XX “uj||lp2 < Jujllpzn-r for |a]<n-—2

(and not ||u;||z2,n—2), so that there is an extra term to control.
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- Control of Hg](.m)(v, Vi, V2)||pgew. One readily checks that all the components
of X agj(.m) can be directly bounded from above in L* by

CP(T)(l + [ (u, ua, U2)”L°T°Loo,p+1)

if |a] < p, except XouXX;¢,q for which one needs to use the substitution
(6.19) to get the same upper bound. We have therefore

1G5 (V, Vi, Vo) e 1o < Co(T)(L+ [ty 0, 09) | o e ),

and we therefore need un upper bound on [|(u,u1, u2)| e por+1. Remarking

that v = u® + fg Owu (and similar expressions for u; and wug), we get that
[[(u, w1, ug)| oo Lot < Co 4 T (u; ur, u2) || e poows2
so that using Lemma 6.7 and Lemma 6.10, we obtain that

[(w, ur, u2) || oo oot < Co + TC(My, My, N1, No, S).

Plugging this into the above estimate for \|g§m)(v, Vi, Va)|lLgeLoow, and using
Lemma 6.10 once again, we get
(6.20)

||gj(m)(V, Vi, Va)llzge oo < C(T, M1, Ny)[1 4 Co 4+ TC (M1, Mz, Ny, N, , S)].

- Conclusion. Taking S large enough (in terms of My, My, N1, Ny and S), all

the components of §(S,,) are bounded from above by S except ||GZ (V, V4, Va) | LeoLoor.
For this term, we need further to choose S large enough to have S > Cy(M;, N1)(1+
Co); we can then use (6.20) to get the needed control, provided that 7" > 0 is
taken small enough. This completes the proof. O

Using Lemmas 6.10 and 6.11, the result stated in Proposition 4.15 follows
by a simple induction.

7. THE ELLIPTIC EQUATION

As seen in §4.4, it is necessary to introduce an additional elliptic equation
in order to regain space and time regularity with respect to the regularity of
the quasilinearized variables. To our knowledge, there is no existing theory
of elliptic equations on the half line in degenerate weighted spaces; since this
theory can be of independent interest, we present it here in a specific section.
We first consider the analysis on the whole line in §7.1 and then transport
them on the half-line in §7.2 using a change of variables that transform 0,
into the conormal derivative ho0,. The proof of Proposition 4.8 is a direct
application of these results and is provided in §7.3.

7.1. The equation on the full line. We consider, for t > 0, a general elliptic
problem (in space and time) of the form

(7.1) du+ P(Dyyu=QD,)f,  wjy =1,
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where the operators P = p(D,) and Q(D,) are Fourier multipliers of symbol
p(n) and ¢(n) satisfying

(72) () < Rep(n) < [p(n)] < Cn)
and for all k
(7.3) o) S ' F 19k < ()7,

where (n) = (1+ ]77\2)%

We consider (7.1) as an elliptic boundary value problem on [0, 7] x R, with
one boundary condition on {¢ = 0} and no boundary condition on {t = T'}.
The solution is given by

t
(7.4) a(t,n) = e "Ml (n) + /0 =M g () f (¢, 1) dt!

where the symbol ~ denotes the Fourier transform in y. In particular,

t
[at,m)] < e 010 ()] + C/O e UTOWDIC R )|t

This implies the estimates

t
[u(®)l2 < u0)]l L2 +/0 1F ()] z2dt’,
and also
[l 7o, xm) S ||U(0)HH%(R) + [ £l 22 jo,7) xR)-
Commuting with derivatives, one obtains the following elliptic estimates.

Lemme 7.1. Let T > 0 and k € N. Ifu® € H*"3(R) and f € H*([0,T] x R),
then (7.1) has a unique solution v € H**'([0,T] x R) and

(7.5) [wll e 0,17 xR) S [0 s + £ 1| e (o, 1) xRy -

Moreover, for |a| < k:

t
(7.6) 105y u(®) |2 S 1105, u(0)| 2 +/0 105y f ()] L2t

There is no elliptic regularization in L°°-based spaces. Instead, we will use

that the contribution of the source term is small for small times*.

Lemme 7.2. Let T >0 and k € N. For f € L>([0,T] x R) and u® € L*=(R),
the solution u of (7.1) belongs to L*°([0,T] x R) and

Jull oo o 71xR) S U0l e ®y + VT | Fll oo (0,17 xR) -

4The estimate of the lemma is not optimal, since one could replace the exponent 1/2 of
T by any 6 < 1, but it is sufficient for our purpose.
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Proof. The formula (7.4) can be written using the semi group e~ *7:
¢
(7.7) u(t) = e Pul + / e"=OPQ(D,) f(t)dt'.
0

e *F is a convolution operator on the real line with kernel

1 ,
P(t,y) = 27T/Re—tp(n)ezynam

By Plancherel’s theorem and (7.3), one has
_1 1
10, 2 S 72, [ly®(t, )l St2,
implying that
(7.8) 1@, )l S 1,

and thus
—tP, 0 0
le™ [ poe S [lu”| poe
The analysis of the second term is more delicate when () is not a constant,

since Q(D,) does not necessarily act in L>°. However, the convolution kernel
of e Q) is

1 - i
(79) W(t,y) = 5= [ D g()dn

By Plancherel’s theorem and (7.3), one has
_1
1wt e Stz llyP(t e s (VE+1)
implying that for ¢ < 1, one has
1wl S 472

Therefore, the L> norm of the second term in the right hand side of (7.7) is
dominated by

t
|- 0ks@lar
0

and the lemma follows. O

Remark 7.3. Since the equation commutes with d; and 9,, there are similar
estimates for derivatives.

We apply the results above to the operator
(7.10) P=(k2-8%)2, Q=a+ (B0, + )P
with x > 0, and also to the conjugated operators

Ps=ePe™¥, Q5 =e"Qe Y
1
for |6] < k. Their symbols are ps(n) = ((n + i6)* + k) and g5(n) = a +
1

(iB1n+ Bo+1i661)((n+1i6)? 4+ k?)? and satisfy the conditions (7.2) and (7.3).

Introduce the spaces HY ([0, T]xR) of functions u such that e2¥u € H¥([0, T]x
R) and HY ([0, 7] x R) = HE([0,T] x R) + H%([0,T] x R). There are similar
definitions of spaces H%(R) and H’;S, (R) for the initial data.
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Proposition 7.4. Assume that |s| < k and |s'| < k. LetT > 0 andk — 1 € N.
Then, for all f € HY ,([0,T] x R) and u® € H*T(R), the problem (7.1) has a
unique solution in H’;l’,l([O, T| x R) which satisfies

el o3 o r1xmy S 1 oy + 1 e o1y
Moreover,
t
s, VOl + [ 17
If f e WP([0,T] x R), then u € WP>°([0,T] x R) and

[ullwoce (o,11xr) S Nulllwoee®y + VT | fllweee(o.1]xR)-
Proof. The first lemma above applied to P% implies the existence together

with estimates in spaces H” for |s| < &, and therefore in spaces H’SC o+ The
uniqueness in the space of temperate distributions in y is clear by Fourier
transform. The third estimate is a direct application of the second lemma
above and the remark which follows it. O

7.2. The equation on the half line. On R; = (0,+4o00[, we consider the
operator X = hgd, with hg > 0 as smooth as needed and such that hg ~ =
near the origin and hg ~ 1 at infinity. We transport the results of the previous
section to the half line using the change of variables y = x(x)

(7.11) r — y=x(x) :/ dx' /ho(z")
1
which transforms X = hd, into d,. We note that
(7.12) y~Inzx forz <1, y~az forx>1.

As in (3.9), we consider the spaces L2(R. ) of functions u such that hg/ *ue

L?*(Ry). The mapping
(7.13) u i v=uox !

is an isometry from L2;(R.) onto L?*(R). Moreover, for s > 0, it is an

isomorphism from L?(R.) onto L§+170(R), since u € L2(R,) if and only if

eVstD/2y € L2 on {y < 0} and v € L? on {y > 0}.

Similarly, it is an isomorphism from H¥(R,) onto H¥ +1,0(R) where we recall

that H¥(R, ) is the space of functions u such that h3/2Xju € L? for j < k.
The operators corresponding to (k2% — 8;)1/2 and a+ (810, + Bo) (K — 85)7%

are

(7.14) P = (k2 — (ho0p)?)2, Q=oa+ (BX+p)P .

Therefore, the results of Proposition 7.4 are immediately transported to the

equation

(7.15) ou+Pu=Qf, Up—p = ul.

The next proposition summarizes the results using the notations introduced
in Section 4.1.
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Proposition 7.5. Suppose that kK > 3 and 0 < s < 2.
i) If f € LAHY and u° € HE, then (7.15) has a unique solution u € COHY
and

t
) lree S 1u0)ree + / £ et
i) If u® € HEHL then u € LEHI! and
lulla g S Q) lges + 1720

iii.) If f € LFP and u® € L®P the solution u of (7.15) belongs to L3
and
lull oo S w(0) | oo + V|| | oov-

7.3. Proof of Proposition 4.8. It is a direct application of the Proposition
above. In (4.17) we have three terms in the right-hand-side : Vi, —Xo P!V
and k?P~1V;. All of them are of the form QVj above. The unknown V' has
two components, (g, u), as well as the V; appearing in the right-hand-side, and
the equations for the ¢’s and the u’s decouple. We apply the Proposition above
with s = 1 for the u’s and s = 2 for the ¢’s, to get the first two estimates of
Proposition 4.8. The L* estimates follow from the last part of Proposition 7.4.

8. EXISTENCE FOR THE LINEARIZED EQUATIONS

This section is devoted to the proof of Proposition 4.11. It turns out that
the linearized equations do not enter any known framework, since there is no
existing theory for initial boundary value problems for degenerate dispersive
systems, with the complication that the weight h has different powers for
the components u and q. Thus, the results gathered here are of independent
interest.

The structure of the linearized equations is given at (3.8). The goal of this
section is to construct solutions to these linear equations.

NB. The discussion on the dependence on  is irrelevant for the construction
of a solution to (3.8). For the sake of clarity, we therefore set u = 1 throughout
this section.

It is convenient to work with time independent differential operators in
space; to this end, we introduce p = (1 + a)q as a new unknown so that the
equations (3.8) read

61) {clamp) + dau =,

doju+1p=g with g=go+1g,
where
(8.2) du=1+ 1[ — bohgOzu + blu} — b1hoOzu + bau,

with ¢1, ¢ and bg, b1, by given. More precisely, we have

4
(8.3) bg = ggg, b = QB,(£)7 by = B'(f)?, c1=c¢, Cy=

and we shall also make the following assumption.

14+a’
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Assumption 8.1. The functions ¢ := cic2 and q are positive and bounded
from 0 by a positive constant on [0,T] x R4.

We shall also denote by £ the linear operator associated to (8.1),

P\ _ (c10c(c2p) + Ozu
(8.4) £ <u> o < dou + 1p ) '

We derive an energy estimate for this system in §8.1, under the assumption
that all the functions involved are smooth. If we want to generalize this energy
estimate at low regularity, it is necessary to give sense to the integration by
parts, which requires several duality formulas in weighted spaces that are
studied in §8.2. In §8.3, we identify the space W of minimal regularity to
justify the derivation of the energy estimate. We then use this result in §8.4
to construct weak solutions in the energy space Vr. The energy space Vr
however is strictly larger than Wy and therefore uniqueness is not granted by
the energy estimate. This is why we prove in §8.5 that weak solutions are
actually strong solutions, i.e. limits in V7 of solutions in Wp. They satisfy
therefore the energy estimate and hence, are unique. Still assuming that the
coeflicient are smooth, we then discuss in §8.6 the smoothness of these strong
solutions. Finally, we relax the smoothness assumptions on the coefficients in
§8.7, which allows us to prove Proposition 4.11 on the well posedness of the
linear initial boundary value problem for (4.27).

8.1. Energy estimates for smooth functions. Energy estimates for smooth
functions are easily obtained by a slight adaptation of the proof of Proposition
3.6. Multiplying the first equation by h%p, the second by hgu and integration.
The two basic identities are that

(8.5) / hép Opu da = / u 0y (hdp) dx = / houlp dx
Ry Ry Ry

since the boundary term (h%gu)mzo vanishes, and
(8.6) / hoududz = / ho (u2 + (bo(hodu)® — 2byuhoduu + b2u2))dx.
Ry R,

They imply the following identity

d

(8.7) £E(t) = / ¢ hgp*de + 2/ (h§ P+ ho(gou + grhoOzu)dz
R, R,

where ¢/ = c30,c; — ¢10,c3 and

(88) E(t) = / h%clcgp2 + ho <u2 + (bo(hoaxu)2 + 2b1uhodpu + bluz)) .
R

Remarking now that

1
boX® = 201 XY +byY? = g’ XP 4+ (B(@)Y + gX)* >

12 2
—q° X
2 3¢° X7,

one has

(8.9) E(t) z/ h%dex—i-/ ho (u? + (hoOyu)?)da
R, R,
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and a Gronwall argument implies that

¢
(5.10) OO S 0@+ [ 1206 vt
where V and V’ are as defined in (3.14)

8.2. Duality formulas. In order to perform energy estimates at low regular-
ity, we need to extend the necessary integration by parts formulas by duality.
The duality formula giving sense to the identities (8.5) and (8.15) are gathered
in this section.

To simplify the exposition, it is convenient to recall and introduce some

notations. We have already used the weighted spaces L? = hg s/ 2L2(R+)
equipped with the norm

\M&=A $Ju(e) Pde.
+

The identities (8.5) and (8.15) lead to introduce/recall the following spaces
HI={uel? : hydyue L3} C L2,
W ={uelL?: hodpuec L*} C H},
Hi'={g0+1g1 ¢ (90,91) € LT x L} C Hypg (Ry),

equipped with the obvious norms.
We first prove that, as the notations suggests, ’Hfl is the dual space to H1.

Lemme 8.2. C5°(Ry) is dense in Hi and in W. If one identifies L? as its
own dual, the dual space of Hi C L% can be identified to Hfl through the
pairing

(8.11) (u, 90 +191)51 300 = (uw,90) 2 — (hoOzu, 91) 2.

Proof. a) Introduce the cut off x. = x(z/e) where x = 0 for z < 1 and
x(z) =1 for x > 2. Because hg ~ = near the origin, the hyd,x. are uniformly
bounded in L, and by Lebesgue’s Theorem, y.u — u € Hi when u € Hi.

We show that y.u — u € W when u € W. For this, it is sufficient to show
that the commutator ho(dzx:)u — 0 in L2. One has

H%@%M@S/ ul?.
e<x<2e

To prove that this tends to 0 is is sufficient to show that for u € W one has:
(8.12) z|u(x)[* € L°(0,1) and lirr(l)x\u(x)\Q =0.
T—

Note that u is locally H' and therefore continuous on (0,1]. Moreover, with
[ =z0,u € L*(0,1), one has

wm<mmma/

T

o 1 1
S Wldy < Ju(zo)l + ﬁ”f”L%[O,xo])'



48 D. LANNES AND G. METIVIER

Taking xg = 1, this shows that 234 is bounded on (0,1]. In addition,
limsup vz |u(z)|2— < | £l L2([0,20))-
z—0

Because x( is arbitrary, this implies (8.12) and thus xy.u — u € W when
ueWw.

Similarly, one can truncate near oo and functions with compact support
in (0,+oo[ are dense in H} and W One can approximate them by smooth
functions and thus C§°(R) is dense both in H#{ and W.

b) The mapping u + (u,hodyu) sends Hi in L? x L? and its range is
closed. Therefore linear forms on Hi are exactly functionals of the form
u = p(’LL) = (U,QO)L% + (hoaxuvgl)[/%a
with (go, 1) € L% X L%. Interpreted in the sense of distributions, one has for
u e C§°:
p(u) = {u, ho(go — 191)>cg°xH—1a
where H~! is the usual Sobolev space of order —1 and the duality is taken in
the sense of distributions. By density of C§° in H1, the linear form p vanishes
on H} if and only if 1 g1 = gg in the sense of distributions. This shows that, as a
space of distributions, the dual space of H] is h(ﬂ-[l_l C H Y(R,) and the link
with the pairing defined at (8.11) is that for v € C§° and g = go + 1g1 € 7—[1_1
(8.13) (u, g>7—[%><7—[1_1 = (u, h0g>C§°><H—1-
O

We can now use Lemma 8.2 to extend (8.5) at low regularity. By density
tou € H} and p € Hi and

With the identification above, hod, and 1 map Hi to L? and L? to Hfl, and
(8.14) extends to u € H} and p € L? as

(8.15) (u, 1p>';.[%><';.[1—1 = —(hoaxU,p)Lll”

(lu,p)L% = —(u,hoﬁggp)HifoL

For the second key identity (8.6) of the energy estimates, one has similarly
that d maps H} to H; ' and for u and v in H} one has that

(8.16) <du’v>7-[1—1><y% = (u,dv)

and that this is equal to the right-hand-side of (8.6) when v = u.
We also need another extension of (8.5).

HIxHT?

Lemme 8.3. Foru € W and p € L3 with 1p € 7-[1_1, one has

(8.17) /]P\)+ hép Opu = —(u, lp>H}X%;1.
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Proof. If p € L3 with 1p € ’Hfl, both terms are defined and continuous for
u € W. Thus it is sufficient to prove the equality for v € C§° in which case,
by (8.13),

<U,1p>H}XH1—1 = (u, h01p>c(t)>0><’Hfl = /pl*(hou)d:r = —/ph%@xudx

because 1*(hou) = —;(h3u) + 2h{hou = —h3d,u. Thus the equality (8.17) is
true when v € C§°, and thus by density for all w € W. O

8.3. Energy estimates at low regularity. A key step in the construction
of solutions to (8.1) is to use the energy estimate (8.10) when U = (p, u) has
a very limited regularity. We therefore discuss here the question to know for
which (p,u) the computations of §8.1 are valid, using the duality formulas
established in the previous section.

To state the energy estimate in short notations, we recall that V = L2 x H1;
this is the natural energy space for (p,u). We identify its dual with V' =
L3 x H;* through the duality

(818) <U7 q)>V’><V = (pa ¢)L§ + <u7¢a>7.[1—1><';.[%7
for U = (p,u) € V' and @ = (¢, ) € V. We also introduce the spaces
(8.19) Vp = L*([0,T];V), Vi =L*[0,T]; V),

with the obvious duality. To justify the integrations by parts, we use a smaller
space,

U= (p, u) S VT, 6tU S VT,
(820) Wy = .

hodyu € L2([0,T],L%), 1p € L*([0,T],H, 1)

One reason to introduce this space is that the operator £ defined in (8.4)
maps Wp to V7.. The other reason is that for U € Wy the integrations by
parts used to derive the identity (8.7) are justified, thanks to Lemma 8.3
and (8.16). Indeed, the energy F(t) defined in (8.8) is well defined, satisfies
B(t) ~ UM} and

d

2 2
ﬁE(t) :/R dhip?de +2(LU,U )y, -
+

This implies the following result.

Proposition 8.4. Suppose that the coefficients are Lipschitz and Assump-
tion 8.1 is satisfied. Then, the space W is contained in C°([0,T);V), the
operator L maps W to VI and for U € Wrp

(8.21) WOl < NU@ + /0 |LU () |+ .
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8.4. The dual problem and weak solutions. Since d is symmetric (actu-
ally, self adjoint), the dual problem of (8.1) is

c20i(c10) + utp = f,
odyp +1¢ = g.
This system is similar to (8.1), but of course the dual problem of the forward

Cauchy problem for (8.1) is the backward Cauchy problem for (8.22). Parallel
to (3.1) introduce

(8.23) r <f;> - <028téf£)jlaw> .

Then, for smooth functions, and writing ® = (¢, )7,

(8.24) (LU, @)HT + (U, £’<I>)HT = (U(T),T®(T)) g — (U(0),TD(0)) 4
where Hy = L2([0, T]; H) with H = L3 x L? and

(8.25) r <01;2¢> = ( di’b) .

With the notations introduced in the previous section, £’ also acts from W
to V/., and using again Lemma 8.3, the identity (8.24) extends to functions U
and @ in Wr as

(LU, @)

(8.22)

+ <U’ E/©>VT XV{T
= (U(T),T®(T))y, .y — (U(0),TR(0))y,. -
This motivates the following definition.

Definition 8.5. Given F = (f,g) € V. and U° = (p°,u°) € V, U = (p,u) €
Vr is a weak solution of (8.1) if for all smooth ® = (p, 1) which vanishes at
t="1T, one has

(8.27) (Fo®)yr gy T (UL D)y + (U TR(0))y, .y, = 0.

(8.26) Vi r

The Proposition 8.4 can be applied to £ as well, and to the backward
Cauchy problem since the structure of the equation is preserved when one
changes t to —t. Assuming that the coefficients are Lipschitz and Assump-
tion 8.1 is satisfied, this implies that for smooth ® = (¢,) one has for
te[0,T7:

T
(5.29) 2@l S le@lly + [ £ ek,
t
In particular, for smooth test functions ® such that ®(7") = 0, one has
120)[lv + [|@[lvy < 1L/ @]l

Moreover
IT2(0)[[v S [120)[lv S 1£'@ 1w,

Consider the map ® — L£'® defined on the space of smooth functions such
that ®(0) = 0. The estimates above imply that it is invertible on its range
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R C V! Denote by £/~! its inverse defined on R. Then, for F € V% and
Uy € V the linear form

Vs (FLT )y, + (00 TL 700y
T

is continuous for the norm ||¥|ly, . Therefore it can be written (U, \IJ>VTXV ,
T

and U satisfies (8.27). Therefore, we have proved the following result.

Proposition 8.6. If the coefficients are Lipschitz and Assumption 8.1 is sat-
isfied, then for all F € Vi and U° € V, the Cauchy problem (8.1) has a weak
solution in V.

8.5. Strong solutions. Consider first the case where the initial data U iden-
tically vanishes. Let ' € V/, and let U be a weak solution. Extend the coef-
ficients for negative times and extend U by 0 to obtain a weak solution, still
denoted by U, on | — 0o, T| x Ry, which vanishes for ¢ < 0. Of course, U
satisfies the equations in the sense of distributions. We show that U is indeed
a strong solution, that is, a limit of solutions in Wp, and thus satisfies the
energy estimate and hence is unique.

Proposition 8.7. For F € V., the Cauchy problem for (8.1) with initial
data U° = 0, has a unique weak solution U. Moreover, U € C°([0,T],V)
and satisfies the energy estimates (8.21) and is a limit in C°([0,T],V) of a
sequence Uz € Wp such that U.(0) =0 and LU, — F in V’T.

To prove this result, we first introduce mollifiers and commute the equations
with them. To prepare for the next section, it is convenient to use the following
smoothing operators,

t o0
(8.29) Jou(t) =¢! / e/ Ey(s)ds = ! / e~ /Fu(t — s)ds
o 0

The following lemma is elementary and the proof is omitted.

Lemme 8.8. i. The operators J. and €0;J- are uniformly bounded in L*(] —
o0, T]) and for all u € L*(] — 00, T)), || Jeu — ull z2¢j0,77) = O-

Moreover for all u € L*(] —00,T)), Jou € H'(]— o0, T]) and 0y Jeu = u— J-u.
ii. One has the commutation property

(8.30) [Je, ¢] = eJ:(0cc) Je.
iii. If u e HY([0,T]), then
(831) 8thu == Jgatu.

We can now give the structure of the mollification of the first term of the
linear problem (8.1).

Lemme 8.9. The following holds
Je (c10y(cap)) = c104(c2Jep) + ReJep
where R, is bounded as a mapping L?((—oo,T]) — H'((—o0,T)).
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Proof. By direct computations
R = c120,J:((9re2)0) + e L0y (e19h(e20)) + 2104 (190 (Drez)v) ).

Since the £0;J. = €J.0; are uniformly bounded in L?((—oo,T]), the lemma
follows. 0

Finally, the structure of the mollified equations is given in the following
lemma.

Lemme 8.10. Let F € V.. If U is a weak solution of (8.1) on (—oo, T,
vanishing for t <0, then U. = J.U € H'([0,T]; V) satisfies

(8.32) LU. = J.F+RU. U.(0)=0

where R is bounded from L*([0,T],V) to L*([0,T],V’) and from H'([0,T],V)
to H*([0,T],V"). Moreover, R.U. tends to 0 in L?([0,T], V') as ¢ tends to 0.

Proof. We know that J. commutes with d, and 1. Thus it is sufficient to
commute J; in the term dp and ddyu. By Lemma 8.9 and because J. com-
mutes with the weight hg, ¢10:(caJep) — Jo(hoc10¢(c2)) = FeJep with F; uni-
formly bounded from L?([0, T, L3) to L?([0,T), L3) and from H'([0,T], L2) to
H'([0,T), L%). Because the convergence is obviously true for smooth functions,
the uniform bound also implies that

I F=Jepll L2 po,17:23) — O-
It remains to commute J; to d 9;. According to (8.3), the terms to look at are
[Je, bhoO,0¢Ju and [Jg, bOJu. By Lemma 8.9 and because hg commutes to J,
one has
[Jz, bho0,0lu = GehgOy Jou, [Jz, b0t Ju = G J:u,
where the G. are uniformly bounded from L?([0,77],L?) to L*([0,7T],L?) and
from H'([0,T], L}) to H'([0,T], L}). Hence
[Je, dOwu] =1G1 cJou+ GoeJou =: GeJeu,

where the Gy are uniformly bounded from L?([0, 77, H{) to L*([0,T], L) and
from H!([0,T],H1) to H([0,T], L?), meaning that G is uniformly bounded
from L2([0, T), H1) to L2([0,T), H") and from H'([0, T], H}) to H ([0, T], H{ ).
Again, by density of smooth functions, this implies that G.J-u tends to 0
in L2([0,T],H; ). This finishes the proof of the lemma. O

Corollary 8.11. Let F € VI.. If U is a weak solution of (8.1) on ] — 00, T]
vanishing for t <0 then Uz = J.U € Wr satisfies

1U: = Ullvy, — 0,
(8.33) I£U. = Flly;, — 0,
U.(0) = 0.

Proof. 1t only remains to prove that for all ¢ > 0, U, € Wp. Since U, €
H'([0,T]; V), it is sufficient to prove that

(8.34) dyue € L2([0,T],L3), 1p. € L*([0,T], V"),
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which follows directly from the equations since we know that p. € H'([0,7T7]; L3)
and du. € H'([0,T]; V). O

We have now all the elements to start the proof of Proposition 8.7.

Proof of Proposition 8.7. Because the U. belong to Wr, we can apply the
energy estimates (8.21) to U. — U and conclude that U, is a Cauchy sequence
in C°([0, T]; V). Therefore its limit U belongs to C°([0,T], V), vanish for t = 0
and satisfies the energy estimates. In particular, U is unique. The proof of
the proposition is complete. O

We now construct strong solutions when U°? #£ 0. If UY € C§°(Ry). We
find a solution U(t,z) = U%(z) + U(t,x) of the Cauchy problem for (8.1) by
solving

(8.35) LU=F-LU  U(@0)=0.

Moreover, by Proposition 8.7, U is the limit in C°([0,T],V) of a sequence
U. € W, which satisfies Uejt=0 = U%and LU. — F in V’.. By Proposition 8.4
the U, satisfy the energy estimates, and thus the limit U also satisfies these
energy estimates.

Thus we have solved the Cauchy problem for a dense set of initial data in
V, with solutions which satisfy (8.21). The next theorem follows, by approxi-
mating U by functions in C§°(R.),

Theorem 8.12. For all U° € V, F € V., the Cauchy problem for (8.1)
with initial data U° has a unique solution in C°([0,T],V), which is the limit
a sequence U, € Wr such that

i) Us — U in CY([0,T],V),

i) LU. — LU in L*([0,T], V"),

iii) Ugj,_y = U in V.
8.6. Smooth solutions. Remind that we still assume that the coefficients
of £ are smooth. We show here that this induces smoothness on the strong
solution constructed in the previous sections.

Proposition 8.13. Suppose that I € L?(] — 00, T); V') wanishes for t <0 and
satisfies OF (hoOz)'F € L?(] — 0o, T); V') for all k and j. Then the equation
LU = F has a unique strong solution in CY%(] — 00, T); V) which vanishes for
t <0, and OF (ho0,)V € L*(] — 00, T); V) for all k and j.

The proof of the proposition is decomposed into several lemmas.

Lemme 8.14. Suppose that F € L*(] — 00, T); V') vanishes for t < 0 and
satisfies O F € L?(] — 00, T); V). Then the equation LV = F has a unique
solution strong in C°(] — oo, T|; V) which vanishes for t < 0; moreover, U €
CH(] — 0, T);V), and O,U satisfies

(8.36) LU = 8,F + RO,U,

where R is a bounded operator from Vo to V..
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Proof. We use the mollifiers (8.29), set U. = J.U € H'(] — 00,T]; V) and
use the equation (8.32). In particular, the right-hand-side F. = J.F + R.U.
belongs to H'(] — oo, T]; V') and satisfies

(8.37) 10:Fellve, S 110 F vy, + | 0:Uellvp-

Because we know that U. € H'(] — 00, T]; V), we can differentiate in time the
equation (8.32) and see that

(838) LOU, = 0. F. + RO,U,,

where R = [0, L] is a bounded operator from Vp to V’.. Therefore, one can
apply Proposition 8.7 to d;U., hence 0;U. is bounded, and indeed a Cauchy
sequence, in CY([0,T]; V). This implies that 9,U € C°((] — oo, T]; V) satisfies
(8.36). O

Lemme 8.15. If in addition to the assumptions of Lemma 8.1/ one has OF F €
L%(] — 00, T]; V') for k < n, then OFU € C°((] — 00, T); V) for k < n.

Proof. By induction on n, using the equation (8.36) and checking that for
smooth coefficients the operator [0F, R] maps L?(] — oo, T]; V) into L2((] —
0o, T|; V). O

The next lemma finishes the proof of Proposition 8.13

Lemme 8.16. If in addition to the assumptions of Lemma 8.15 one has
OF (ho0)F € L*(] — 00, T}; V') for all k and j then O (hod,)’U € C°((] —
00, T|; V) for all k and j.

In the proof, we use an estimate which we now state.
Lemme 8.17. Suppose that o > 0 and
(1+ ahod})p = f, Pli=0 = Opji=o = 0.
Then there is C' which depends only on the L™ norm of Oya/a such that
Ip(t) 22y < C(1FOlaey) + 10 2o mpces))-
Proof. Let e = p? + hoa(9yp)?. Then
Ore = 2f0ip + hodra(D;p)?,
and thus
e=2fp+ /Ot(—Qpﬁtf + hodsa(9ep)?)dt'.

By Gronwall and Cauchy Schwarz inequalities we conclude that

t t
ple.)? S ) + [ 10 )Pt +max(1, 22 [ e, i,
0 0

and the lemma follows. O



THE SHORELINE PROBLEM 55

Proof of Lemma 8.16. Before differentiating the equations in hgd; we prove
the necessary smoothness of the solution. Using Lemma 8.15 and the first
equation of (8.1) we gain that

(8.39)

hoOyu = —CchoOp — c10sc2hop + ho f,
hoOz0iu = —Eho02p — (9iC + c10rc2)hoOip — Oi(c10rc2)hop + hoOr f

are in CY([0, T]; L?), where & = c1c2. Moreover, we can take one more deriva-
tive in time and hod,0%u also belongs to C°([0, T]; L?).
Next, together with the second equation of (8.1), we draw that

Y = h(]l(p — boho@xatu + b18tu)

belongs to C°([0, T]; L?) as well as 0yp. Using (8.39), and after several com-
mutations, we end up with the following property that

= (1 + bochod; ) (holp)

and 941 belong to CY([0,T]; L?). By Lemma 8.17 (with a = byé), we deduce
that holp is in C°([0, T]; L?) and therefore that hod,p € C°([0, T]; L2).

Now we have enough smoothness to differentiate the equation in hgd,, and
obtain that hg0,U is a weak solution of a system

(8.40) £(h08$U) = ho0,F + C10;U + CyU,

where the commutators are computed as in Section 6. In particular, the right-
hand-side belongs to € L2([0,T]; V') and hence hod,U € C°([0,T]; V).

The Lemma 8.16 now easily follows by induction on j differentiating the
equation (8.40) in powers of hod,, estimating the commutators as in Section 6,
indeed in a much easier way since we assume here that the coefficients are
infinitely smooth. We do not repeat the details here. U

8.7. Proof of Proposition 4.11. It remains to relax the condition on the
smoothness of the coefficients. The equations (4.27) to solve read

(8.41) LoV, 0lV=FeLiV"' V=0,
with either a = 0 or a = 0;(uB’'(¢)). The assumption (4.29) implies that F

can be extended by 0 for negative time, so that &/ X5F e L2(] — 0o, T]; V') for
k+j<n-1
Our assumption is that the quantities

(8.42) my (Vi T), me(V5T), wm(4T), wm(4T), s(S;T),

are finite. We can extend V for negative time and approximate it by a sequence
V! of smooth functions such that the same quantities evaluated at V' are
bounded. Similarly, we approximate F by a sequence of smooth functions F*
and the Proposition 8.13 provides us with a sequence V' such that V! = 0 for
t <0 and 9 (ho0,)’ V! € C%] — 00, T); V) for k+j <n — 1.

By Proposition 4.6, we see that the sequence V! is bounded in C’%(V”_l).
Hence, passing to weak limits, we conclude that there exists a solution V' of
(8.41) such that V = 0 for ¢t < 0 and 9f (hg9,)'V € L>®(] — 00, T]; V).
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Moreover, the proof of Proposition 8.13 shows that for j +k <n —1
LoV!,010] X5V! = Fj,
is bounded in L%(] — oo, T]; V') and 8{X§Vl|t:0 = 0. Thus passing to weak
limits, we see that (‘3,{ X5V is a weak solution of an equation of the form
LalV, 00 X5V = Fjx € L*(| = 00, TH V'), O XEV!)mp = 0.

Hence it is a strong solution and 9 (hod, )’V € C%(] — oo, T]; V). This finishes
the proof of Proposition 4.11.

9. THE INITIAL CONDITIONS

9.1. Invertibility of d. In this section we assume that pu > 0, otherwise
everything is trivial. The invertibility of d(}/) is implicit in the proof of the
energy estimates: we have already noticed that

(9.1) / hoududz > c(HuHi% + MHho@qu%?)

R
provided that ¢ and B’(y) are bounded.
We now focus on the inverse of d[V] at time ¢ = 0, where ¢ = 1/2 and
o =2. Wecall it d° :

1
9.2 d®u=u+ w1l — =hoOyu + bu| — bhoO,u + 4b%u),
3
where 1 = ho0, + 2h{, and b= 1
(9.3) d’u = f

B'(z). The equation

is seen as an elliptic "boundary” value problem on R, associated to the
variational form

(9.4) / ho ((1 + 4w + %(hgaxu)(hoaxv) — pbho(vdu + u8xv))dx.
R+

which by (9.1) is coercive on Hi. Using the density Lemma 8.2, this implies
that d° is an isomorphism from H}(R,) to H;'(R+). If f € L? the equation
also gives that u(hod;)?u € L?. Commuting with derivatives (hod,)¥, this
implies the following

Lemme 9.1. For all k >0, d° is an isomorphism from HY2(R,) to HF(R+)
and there is a constant C, independent of p such that

(9.5) lullggr + pllullypre < Clldulgg.

Next we consider the action of d° in other weighted spaces L? and also in
the usual Sobolev spaces. This operator enters in the category of degenerate
elliptic boundary value problems and we refer to [BC73] for a general analysis
of such problems. However, for the convenience of the reader, we include short
proofs of the needed results. Our goal is to prove the following estimates.
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Proposition 9.2. Given an integer k, there is € > 0 such that if \/uh'(0) <
ex, and f € H¥(R,), the solution u € H?(Ry) of (9.3), belongs to H*(R,)
as well as hoOzu and (hodz)*u. Moreover, there is a constant C that depends
only on €, such that

(9.6) lull v + Vil hodaull x + pll (hodz)*ull g < CI1f [l v

The difficulty is only near the origin, where the equation d” has a regular
singularity. More precisely, d° is a perturbation of

(9.7) d®u = u + po(xd, + 2)(—%1‘033 + B)u — paBrdyu + 4ufu.
where o = h(;(0) and 8 = b(0), in the sense that, near x = 0,
(9.8) d’ =d% + u(clxi”@z + cox20, + C3x).

for some coefficients c;.

Associated to d™ is the indicial equation e,(r) = 0, the roots of which
are the exponents r such that =" is a solution of the homogeneous equation
d%2z" = 0. Here,

2 2

eu(r) =1-— M%TQ — u%r + n(2a8 + 458%).
Note that )
en(—1) =1+ u(% +2a8 +458%) > 1,
and ) )
e#(—%) =1- u% + u(% +2a8+48%) > 1

so the indicial equation has two real roots r1 < r9 which satisfy
1
(9.9) r<-—-1< —5 <72

The indicial equation determines in which weighted spaces the operator d%° is
invertible.

Lemme 9.3. Let s € R be such that e, (s — %) > 0. Then there is a constant
C such that
lz ™%l 2 + Vallz'*Opul| 2 + pllz ™ (202)ul| 2

(9.10) 1
< Cep(s — 5)_1H1‘_Sdoou\|L2’

and d% is an isomorphism between the spaces associated to these norms.

Proof. The equation

a2

(9.11) d"u = —pg (@8 —r1)(20p —r2)u=f

can be solved explicitly, and its inverse in L? is given by

(9.12) (@) f(z) = K f(x) = /0 h K /1))
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where

(9.13) Kla)=— 5> {

- po?(ry — 1)

2, x <1,
2 x> 1.
On R, with the measure dz/z, on has the convolution estimates
|2° K fll 22(de/z) < 12° Kl 21 (do/a) 127 F 22 (da o) -
Applied to —s + % this gives
_ el _
[ K fllp2 < [l 2 K[ o]l f]| 2

We note that 75 2K € LY(Ry) if and only if s — § €]ry, 72, that is if and
only if e, (s — 3) > 0 and then

s 3 1 1 1
NS ( . R
H HL ,u,az(TQ—Tl) T‘Q—S'f‘% 1 _5"_% 6(8—%)

This implies that
_ o4, =
(9.14) oK fllze < enls = 5) Ml fll e

There is an expression for 20, K f similar to (9.12), with a kernel K’, which
is roK for « < 1 and r{ K for « > 1. Because the roots r; are O(/fl/2),
one obtains the desired estimate for /a8, K f. The estimate for p(z0;)*K f
follows then from the equation. O

These estimates are then transported to d°.

Lemme 9.4. For all § > 0, there is a constant C such that for s > 0 and
p < 1 satisfying e, (s — %) > § and f such that hy®f € L*(Ry), the solution
u € H? of (9.3) belongs to h(s)L2 as well as hoOyu and (hoOy)%hg, and satisfies

lhg *ullz2 + Villhg~*Oaull 2 + pllhg* (hodz)*ull 12

(9.15) ~
< Cllhg*fllz2-

Proof. The estimates for x > 1 are immediate since there hg ~ 1. Therefore
it is sufficient to prove the estimate when wu is supported in [0,2]. There we
use (9.8) and Lemma 9.3 to improve by induction the integrability property
from u € H? tou € H%ﬂj for 2j — 1 < s and finally to H2 ,, noticing that the

condition e, (s — 1) > 0 means that s — 3 < ry (recall that r1 is negative) and

thus is satisfied in the intermediate steps 25 — 3/2 < ro. (]
Proposition 9.5. Given an integer k and p < 1 satisfying

1
(9.16) eu(k — 5) >0

and f € H¥(Ry), the solution u € H3(Ry) of (9.3), belongs to H¥(Ry) as
well as hoOzu and (hoOy)?u. Moreover, For all 6 > 0, there is a constant C
such that if e,(s — 1) > 0, then

(9.17) lull g + Vil hodaull x + pll (hodz)*ull g < CI1f || v-
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Remark 9.6. By a standard Sobolev embedding, the proposition provides a
control of (%) 1w in L™ provided that e, (%) > 0. Actually, it could be shown
that (d°)~! acts in L™ under the weaker condition e, (0) > 0.

Proof. Because f € Hlf, we already know that u € ’H’f”, so that h6+1/28£u €
L? for j < k + 2. To gain the weights, we commute d° to hkﬁk. Note that

[hEOE hody] = hE[%, hol8y — holOy, hEOF = Z hE (1) (8L ho)dk—1+1

because the first term in the first commutator is kh’gh'oai? and cancels out with
the second term. Similarly

[hlgalaE? h(%ag] = hlg [alzgv h%]ai - h(Q) [827 hlg]a;ﬁ.
Developing [0%, h3] and [02, h%] the terms in O¥+! occurring in in h§[OF, h3]O2
and h2[02, hE]0F are both equal to 2khjhiT19%+! and therefore cancel out.
The terms in 9* are

1
Skl = )hEd,(h2) = k(k — 1)hE(hohf + h)
and
h302(hE) = khyhE+ 4+ k(k — 1)hZhE
respectively. Therefore it remains

[hEok, h2o Zho )(OLRE)OETIHE — k(K — 2)hET R oL.

Commuting next hE9 to the coefficients, we conclude that
k—1
(9.18) A (hgdyu) = hgoyd®u + > her j05u + pcy khi 0%,
j=0
for some coefficients c; ;. Then, one easily proves the estimates by induction

on k, using Lemma 9.4 as long as k < ro : if one knows that dju € L? for
j < k and phod,0%'u € L?, then the right-hand-side of (9.18) belongs to
h"gLQ7 and by the cited lemma, h’g@fju € h’gL2, that is OFu € L?, with similar
estimates for /fiho0,0%u and p(hod;)*0ku. O

Since we need to solve equations of the form du = g with g = go +/ulg1 €
Hy ! we also need similar estimates for the equation

(9.19) d®u = /i hoOy f
which has a unique solution in H} when f € L? since d° is an isomorphism

from H} to Hi'.

Proposition 9.7. Under the condition (9.16) and with f € HF(R,), the
solution u € H}(Ry) of (9.19), belongs to H*(R ) as well as hoOyu. Moreover,
For all § > 0, there is a constant C such that if e, (s — ) > &, then

(9.20) [wll 0 + Vil hoOzull e < Ol f || s
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Proof. Let v =/l hod,(d°) " f. The solution of (9.19) is u = v 4+ w where w
solves

d%w = N [do, hoOy]v = MB/Z (c*(hoax)% + choOgv + c*v)

where the ¢, denote various smooth coefficients. Then the result follows easily
from the previous proposition. ([

Since )
1 |2 9T 2r 1
€H(7'>:1+,u,<2,8+§04) — po (§+§+Z>’
the condition (9.16) is satisfied if ua? is small enough, and therefore Proposi-
tion 9.2 follows.

9.2. Proof of Proposition 4.9. To compute the initial values V7 = (¢/,u/)
of the time derivatives 6,{ V' it is convenient to commute first the equations
with 8,{ and next evaluate at ¢ = 0. The commutations have already been
written in (4.11) and (4.13) with detailed computations made in Section 6.1.
The first equation in (2.6) yields an induction formula

(9.21) (") = =0,u! + Y eulq)gt . g
where the ¢, are some smooth functions and the indices in the sum satisfy
ji+...+j=7+1and jr <j. The second equation yields to

(9.22) doutt = —lqj + Z boul' ..l + u(hoﬁx/\fo +N1)

where we have used that 1 commutes with 0, wy—¢ = x is known and 9y = u;
in the sum, the b, are some smooth derivatives of B and the indices satisfy
j1+ ...+ = j; and Ny and Ny are non linear terms which are sum of terms
of the form

ax(q°, u®, 0pul) gt . .. qjl(hoagc)k%ﬂ1 . (hoax)kl’ujz"
with smooth coefficients ji +...+ 5 +71+...+j, =jand k1 +... + ky < 2,
max{ky, k2} < 1 which means that there are at most two terms involving at
most one hy0, derivative.
Recall that the initial condition for ¢ is ¢ = %, so we only have to consider
the initial condition . Using Propositions 9.5 and 9.7 and elementary multi-

plicative properties of Sobolev spaces, the induction formulas above imply the
following lemma which concludes the proof of Proposition 4.9.

Lemme 9.8. If u’ € H*1 and hod,u’ € H’f“ and if the indicial condition
(9.16) is satisfied, then for j < k+1, the VI = (¢7,w’) are well defined and
satisfy

(9.23) Vie g1, Vithod, VI € HF 1T

with uniform bounds if the condition (9.16) is uniformly satisfied.

Proof. If the condition (9.23) is satisfied up to order j, it is clear the right-
hand-side of (9.21), and thus ¢/*!, satisfies the same condition at order j + 1.

Similarly, the first two terms in the right-hand-side of (9.22) satisfy the con-
dition at order j + 1, and we can apply (d°)~! to them, using Proposition 9.5.
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The last two terms are more delicate. Using that there is at most one deriva-

tive hody acting on the u/’, one obtains that VEN belongs to H*177. Then

we can apply Proposition 9.7 to conclude. The term with N is easier, an can

be treated with Proposition 9.5. O
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