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Context

Virtual testing aims at replacing (expensive) physical tests on large structures
(up to failure) by simulations.

Figure: Delamination of
bolted composite plates

Figure: A380 wing torsion test (supaero)

This implies several capabilities:
¥ (Ensuring the quality of models).

¢ Obtaining results in a reasonable time, with a correct exploitation of current
hardware, even if models are ugly (nonlinearity, softening, instabilities)

¢ Generating and handling distributed data (pre/post).

— Ensuring the quality of computations, adapting the discretizations
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Context

Figure: LEAP engine, combustion chamber (Safran)

Classical design practice

Mesh and model are based on engineer rules, continuous Galerkin finite element,

implicit time integration, Newton solver, direct sparse solver for the resulting
system.

+ huge safety factor (which accounts for both model and numerical errors).

The new designs and working regimes (e.g. T =~ 1500°, extremely small
perforations) are almost beyond the domain of validity of current practices.

Error estimation enables to reduce the safety factor — better performance.
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@ Verification in a nutshell
@ Error estimators
@ Adaptation
@ Linear quantities of interest
@ Sequential recovery of admissible fields

Distributed admissible fields

FETI

First bounds

Bounds with separated contributions
Adaptation and recycling
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Classical linear elasticity problem

Q open polyhedral domain of R (d = 2 ou 3), H: Hooke's tensor
Load: body force f € L?(),
bcs: Neumann g € Lz(ﬁ,,Q), Dirichlet uy € Hl/z(adQ).

Kinematically admissible displacement (H(Q)):
KA(Q) = {ue HY(Q), u = up sur 9,02}

Find ue KA(Q) s.t. Vv e KAq(Q),

Jﬂe(u) tH:e(v)dx =:a(u,v) =I(v) := sz-vdx+fnﬂg« vdS

with € the symmetric part of the gradient.

1 Ladevéze, 1975.
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Classical linear elasticity problem

Q open polyhedral domain of R (d = 2 ou 3), H: Hooke's tensor
Load: body force f € L?(),
bcs: Neumann g € Lz(ﬁ,,Q), Dirichlet uy € Hl/z(adQ).

Kinematically admissible displacement (H(Q)):
KA(Q) = {ue HY(Q), u = up sur 9,02}

Find ue KA(Q) s.t. Vv e KAq(Q),

Jﬂe(u) tH:e(v)dx =:a(u,v) =I(v) := sz-vdx+fnﬂg« vdS

with € the symmetric part of the gradient.

Formulation by the Error in constitutive relation®

Statically admissible stress (Hg;, (2))
SA(Q) = {o € 12,,(Q), VveKA(Q),{qo:e(v)dx = o vdx+ So,08 " vdS}

Find (u,0) € KA(Q) x SA(Q) s.t. ecr(e(u),0) :=|[H ! : 0 —e(u)|lq =0

[lellq is the energy norm, in particular ||e(u)|lq = |ula-

1 Ladevéze, 1975.
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Classical approximation

continuous Galerkin finite element

Find up € KA,(2) subspace of KA(Q) of finite dimension, s.t. Vv, € KApp ()
ru, (vi) = a(up, vp) — I(vy) =0

and we define oy, = H : (up)

Error estimation
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Classical approximation
continuous Galerkin finite element

Find up € KA(Q2) subspace of KA(Q) of finite dimension, s.t. Vv, € KApo(Q2)
ru, (vi) := a(up, vp) — I(vy) =0

and we define oy, = H : e(up)

$ o} is not smooth — ZZ2 estimator?,

Let & be a smoothing of oy,

nzza = [lon — ||

Very often |u — up|a =~ nzz2 but no warranty

2Zienkiewicz and Zhu, 1987.
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Classical approximation
continuous Galerkin finite element
Find up € KA,(Q2) subspace of KA(Q2) of finite dimension, s.t. Vv, € KApp(R2)

ru, (Vi) = a(up, va) — I(vy) =0
and we define oy, = H : e(up)

Error estimation

¥ o}, is not smooth — ZZ2 estimator,
¥ o4 ¢ SA(Q) — explicit residuals,?

2= Yp Wl divoy + I3 - + S hellonle - nel? ¢

lu = usl} < G
Cn? < |Ju — up3 + osc?

Oscillation term: osc? = Y1 ||h7(f — ?7—)\\3 “HD0

2Vevﬁ]rth, 1996, review.
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Classical approximation

continuous Galerkin finite element
Find up € KA,(Q) subspace of KA(Q) of finite dimension, s.t. Vv, € KApo(Q)

ruy (vh) := a(up, vp) — I(vh) =0

and we define oy, = H : e(up)

Error estimation

¢ o, is not smooth — ZZ2 estimator,
¥ op ¢ SA(Q) — explicit residuals,

¥ Stein's formula? — constant-free explicit residuals,

. h
Toew = Sr W dvan + flo,7 + Cr Secor Y llonle

lu— uplla < Cnnew

all constants are computable

2Gerasimcv, Stein, and Wriggers, 2015.
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Classical approximation

continuous Galerkin finite element
Find up € KA,(Q) subspace of KA(Q) of finite dimension, s.t. Vv, € KApo(Q)

ruy (vh) := a(up, vp) — I(vh) =0

and we define oy, = H : e(up)

¥ o}, is not smooth — ZZ2 estimator,
¥ op ¢ SA(Q) — explicit residuals,
¢ Stein's formula — constant-free explicit residuals,

€ Error in constitutive relation? (implicit residuals),

Prager-Synge theorem: let i € KA(Q), 6 € SA(Q)
lu =l + llo =617 = ex?(e(8),6)
Use i = up and compute & from oy, (aka. equilibration). Better if & ~ o

lu— uplla < ecr(e(un), 6)

2| adevéze and Leguillon, 1983.
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Classical approximation

continuous Galerkin finite element
Find up € KA,(Q2) subspace of KA(Q2) of finite dimension, s.t. Vv, € KApo ()
ruh(vh) = a(u;-,, V/-,) - I(Vh) =0

and we define o, = H : e(up)

£ o}, is not smooth — ZZ2 estimator,

LI SA(Q) — explicit residuals,

¢ Stein's formula — constant-free explicit residuals,
¥ Error in constitutive relation (implicit residuals),

¥ Lower bound by estimation of the residual,

Lrup ()]

(B

Vv € KAo(Q), < fu— wpla

W must be of high order. Better if W ~ (u — up).
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Classical approximation

continuous Galerkin finite element

Find up € KA,(Q2) subspace of KA(Q2) of finite dimension, s.t. Vv, € KApp ()
ru, (vi) := a(up, vin) — I(vy) = 0

and we define o, = H : e(up)

¢ o, is not smooth — ZZ2 estimator, easy to compute, often efficient but not
rigorous (in its early versions)

¥ oy, ¢ SA(Q) — explicit residuals, perfect for adaptation, not for error
measurement

¢ Stein's formula — constant-free explicit residuals, not tested

¢ Error in constitutive relation (implicit residuals), computationally demanding
but constant free «—

¢ Lower bound by estimation of the residual, computationally demanding but
constant free and by-product of equilibration? «—

2D|’ez, Parés, and Huerta, 2003.
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Adaptation

For conforming elements

Given an error estimation with local (element) contributions (n7), there are mainly
two strategies:

¥ The nested discretization method, based on the chain:
SOLVE — ESTIMATE — MARK — REFINE

© MARK: select elements most contributing to the error (most famous: Dérfler’'s
marking®)

~ REFINE: iterative or recursive bisection of elements (even local errors impact lots of
elements)

— lots of interesting properties (error decrease, quasi-optimality)
¢ The full remeshing technique based on the definition of map of characteristic

lengths computed using a priori estimators with the objective to have all
elements contributing identically to the error.

3Dérfler, 1996.
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Linear quantities of interest

Bounds on the energy norm of the error may not be interesting for an engineer who
may prefer the error on specific values (average stress in a region, SIF around a
crack, displacement of a node...).

Extractor and adjoint problem

We consider continuous linear quantities of interest of the form 7(u).
The adjoint problem writes:

Find i1 € KAg(R) s.t. Yv € KAo(R), a(v, ) = I(v)
Let &I, be the finite element approximation of I, we have:

I(u—up) = a(u— up, i — @)

Cauchy-Schwarz bound

[I(u = up)| < |lu— unlal@ — bl < ecrer
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Linear quantities of interest

Parallelogram bound

Let e, = u— up and &, = U — dp,

1 1. 1,
Wu—un) = 7 | lIsen + ~&nlla — Isen — ~24la

s+ S
with s = [&]a/[len]a

Let ﬁ._"/_ be bounds for S/, we have:
inf / sup

Bite — Biup < M(u — up) < By — Brg
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Sequential recovery of admissible fields

&€ SA(Q) < Hy ()
w e KA()(Q)

¥ Element equilibration techniques

1. Compute face tractions from o, optimize on closed loops* or at least on
star-patches®.

2. Solve Neumann problems on elements with high order elements®.
¢ Flux-free technique’

© Using partition of unity, directly solve the error equation a(en, v) = ry(v) with high
order on star-patches.
© Automatically provides both & and W (for the lower bound).

The recovery involves many localized operations. Evaluating the error roughly
doubles the computational cost.

In the following we assume we have a recovery procedure (6, w) = F(op,f,g).
It works for pure Neumann problems if rigid body balance is satisfied by (f, g).

4y, Rey, Gosselet, and C. Rey, 2014.
5Pled, Chamoin, and Ladevéze, 2011.
Babugka et al., 1994.

7Parés, Diez, and Huerta, 2006.
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@ Verification applied to FETI(DP) and BDD(C)
@ Distributed admissible fields
e FETI
@ First bounds
@ Bounds with separated contributions
o Adaptation and recycling

P. Gosselet Error and DD



Distributed admissible fields

Let wc Q
¥ Subspace of kinematically admissible fields (KA)

KA(w) = {u € (Hl(w))d, u=uy on 6wﬂau§2}
¥ Subspace of statically admissible fields(SA)

SA(w) = {T € (L2(w))sdy>r;d; Vv € KAgo(w),

fr:a(v)dx=ff-vdx+ g-vdS}

Global admissibility

20N ow

u® € KA(Q®), Vs
ue KA(Q) < , ,
tr(u®) = tr(u® ) on (=)
0% € SA(Q), Vs
ceSA(Q) & , , ,
o+ 00D . nl) =0 on )

P. Gosselet Error and DD 19



FETI

[Farhat et Roux 91, 94]

Global system on domain Q

Topology

g Ku =f t° = trace operators
"0 . B® = signed Boolean assembly operators
| KissPD -
" Substructured formulation

-1

“ N non-overlapping subdomains, §° = K3, — KK K3, Schur complement
conforming mesh) Fs = (ST = t*ks 5" Dual Schur

R® = ker(K?®) basis of rigid body modes

Global operators

e=—(...,fSTRs,...)T

1
Keu® = 5+t B A
YBEw = 0

s

A = Lagrange multipliers that ens
- connect subdomains G=(...,B°t°R%,..))

 Classical FET L ystem T
s
d=-YBtK
F G\ /A /(d
(¢ 0) (&)= () s
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FETI

Preconditioner and projector

Rigid body constraint
Xo = AG(GTAG)le
P=1-AG(G"AG)1GT

Matrix A is a SPD matrix, A ~ § approximates the preconditioner.

A is sought as A = Ao + PX where X is a solution of:

PTFPA=P' (d—FXo) =P’ (Z oK (F° — BJ)\O))

s

Dirichlet preconditioner

This system is solved by an iterative solver, the preconditioner S being

5= Y EsE

s

B are scaled® assembling operators / [...B%...]T = [...Bs...]"
S° are the Schur complements

8Klawonn and Widlund, 2001; Rixen and Charbel Farhat, 1999.
P. Gosselet Error and DD
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Illustration of local equilibrium

Dirichlet and Neumann bcs

Continuous displacement at the interface Balanced reactions at the interface

26l =0= a2 =a} X+ AL =0= X% = A,

Dirichlet problem on Q° Neumann problem on Q°

L1 .2

& o A A
E— [ I — L
OO e = LY O @ —?
- e - - = —
Q(l)D | o® P — Q(l)N T oo v —
— == i——
u =0 uy =0

out of balance reactions discontinuous displacements

P. Gosselet Error and DD 22



Interface iterations
Dual (FETI)? and primal (BDD)? approaches

Kinematic admissibility

oW [ 0@ L, o Lt 0@

Resolutions of
Dirichlet problems

i

Static admissibility

All[, X1= - X2

Q(l) ks 9(2) ¢ Q(l) > < 9(2)
Resolutions of
Neumanrz p)roblems
S

I
I
I
I
I
I
I
I
! Splitting Splitting
I
I
I
I
I
I
I
I
I

N
+ coarse problem

+ no stationarity, Krylov solver is mandatory

9C. Farhat and Roux, 1994.
[ E 10Mandel, 1993.
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Algorithm 1: FETI: main unknown A

N = Initialize(f°)
H s ST
Local reactions Ay, = B> A
(uly) = Solvey (AR, fsz_
Compute residual r = P, (35 B tuy)
-

Define local displacement ﬁz —BS
(X, 6°) = Solvep (iif, 0)

Preconditioned residual z = P2 (3, BSX®)
Search direction w = z

while \/(r,z) > e+/(rg, 29) do
(6u%,) = Solvey (B w,0)

p = P (3, BSt*6u3)

a = (r,2)/(p,w)

AN— N+ aw
r<—r—ap

iy = I§5Tr

(X%, %) = Solvep(iif, 0)

z = Py(3), BSX®)
w—z—(p,2)/(p,w)w

end

//

s s ~S
up =uy —u

Ap =2y —X°

“7V — uf\, + a§u7V

.
Ay =B A

//

s _ S _ oS
up = uy u

Ap = Ay = X°

P. Gosselet Error and DD
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Construction of global admissible fields
At each iteration of FETI(DP)/BDD(C)!!

¢ up € HY(Q) continuous everywhere and in equilibrium inside subdomains,

¥ uy e HY(UQ?) in equilibrium inside subdomains, with associated interface
T T
nodal reactions A}, in balance between subdomains A}, = B* A and in
balance wrt rigid body motions and external load. Let oy be the associated
FE stress field.

1P Gosselet Error and DD
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Construction of global admissible fields
At each iteration of FETI(DP)/BDD(C)!!

¢ up € HY(Q) continuous everywhere and in equilibrium inside subdomains,

€ uy € HY(u®) in equilibrium inside subdomains, with associated interface

. . . T T .
nodal reactions A}, in balance between subdomains A}, = B* A and in
balance wrt rigid body motions and external load. Let oy be the associated
FE stress field.

fer*Q)

€ L2(9,Q)

........ " /

Al is nodal

Figure: Subdomain and its surrounding

1P Gosselet Error and DD
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Construction of global admissible fields

At each iteration of FETI(DP)/BDD(C)!!

¢ up € HY(Q) continuous everywhere and in equilibrium inside subdomains,
¥ uy e HY(UQ?) in equilibrium inside subdomains, with associated interface

T T
nodal reactions A}, in balance between subdomains Ay, = B A and in
balance wrt rigid body motions and external load. Let oy be the associated
FE stress field.

feL*@) feLl*Q)
—7 € 12(9,9) & € 12(9,9)
ﬂl = Ql
X
02 w
a
‘‘‘‘‘‘ 0 /
g3 € L2(I13)
)\]1\, is nodal
Figure: Subdomain and its surrounding Figure: Preprocessing before recovery

Once we have a L2 representation of interface traction, we can compute in parallel:
6% = Flon,f,g,(g)i) with 6y = (63)s € SA(Q)

27
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Construction of global admissible fields

At each iteration of FETI(DP)/BDD(C)!!

1 ¢ up € HY(Q) continuous everywhere and in equilibrium inside subdomains,
¥ uy e HY(UQ?) in equilibrium inside subdomains, with associated interface

T T
nodal reactions A}, in balance between subdomains Ay, = B A and in
balance wrt rigid body motions and external load. Let oy be the associated
FE stress field.

feL*@) feLl*Q)
—7 € 12(9,9) & € 12(9,9)
ﬂl = Ql
X
02 w
a
‘‘‘‘‘‘ 0 /
g3 € L2(I13)
)\]1\, is nodal
Figure: Subdomain and its surrounding Figure: Preprocessing before recovery

Once we have a L2 representation of interface traction, we can compute in parallel:
6% = Flon,f,g,(g)i) with 6y = (63)s € SA(Q)

_Eor the construction of w e KAg(Q) we use 0-Dirichlet bc on the interface.
- I0SSEIET L " Error and DD 28




The little difficulty of multiple points!?
For Q°, g%/ is typically developed on the FE basis.

Its nodal components are adjusted in order to develop the same work as )\7\;".
At multiple points, we first need to define (Af\;i); from A3,.

(AY")i is defined up to an effect-less “cyclic” stress in ker(BsT).

Optimization is necessary, it must take heterogeneity into account.

One neighbor communication is required.

This is equivalent to what is encountered in the Element Equilibration Technique.

Dual A (R)/ZA(::)/\(«‘) —

Ty N

sequentia u EET

AR AR AN :

\;&v (18 ¢(20> ﬂa
T RN E T 74

T TT ﬁﬁ%%&

Primal A®)
AN

Figure: Methodology for parallel stress recovery / equivalent sequential star-patch

\/
/\

12Augustin Parret-Fréaud et al., 2016.
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Direct transcription of the chosen bounds

3 Ry (%)
HU_UDHB < egr(usva—s)
NOR A \/g o

with

Ry (i)

ff-t?vsdﬂ-i- f
QS

8505

we recall that Ww* is 0 on the interface.

P. Gosselet Error
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g Ww'dS — fs(ug) CH:e(W?)dQ®
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-shaped structure — first upper bound®3

2 sous domaines  +
. 09 b 4 sous-domaines  x
v 8 sous-domaines *
i 08 16 sous-domaines o
: h 32 sous-domaines  *
07 L 64 sous-domaines >
Fu séquentiel --
06 *©
5
2 o5
® -
04 .
03 °
o
u=0 oz bl
0 b AR g a0 e e mrom cEANE SRS 2 20 ]
Parallel error estimator: 0.1 001 0001 00001 1e-05 1e-06 1e-07
s &S saut normalisé des déplacements FETI
[u—upla < y/Dsecr(up, Fy)as
Fast convergence of the
estimator
eddm = 0.396 eddm = 0.303 eddm = 0.271 eddm = 0.267 eddm = 0.266 edim = 0.267
iter. 1 iter. 2 Fast cdi‘li-lérgence df*-érror mapgr. 5 iter. 11 (conv.)

_ The solver converges but the error stagnates

137 Parret-Fréaud et al., 2010.
P. Gosselet Error and DD
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Bounds with separated contributions

Lemmal*

For FETI(DP) and BDD(C), we have:

lup — unlla = |rlg =:|r|
The energy norm of the gap between uy and up equals the preconditioner-norm of
the residual which is naturally computed at each iteration. It can be chosen to

control the iterative solver.
Usually iterations stop when |ri|g < €|rolls and typically ¢ = 1075.

lu—unlla <, [ €2 (ufy, 65) +Irl
s
3 RE (W)
W—IrIS\Iu—UDIIa$ /Zea(uN,o +1r|
S a

The first bound is adapted from Vohralik. The second bounds simply uses
triangular inequality.

Bounds

|r] only depends on iterations, other quantities depend on the discretization and
(very) weakly on the iterations.

14Augustin Parret-Fréaud et al., 2016; V. Rey, C. Rey, and Gosselet, 2014.
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Unbiased stopping criterion

T T F B
5| | : ]
o 5 [ )
= o |
w s

Lto® =
103 |- — - ]
A |r| B 1
= O discr
—O&— Pdiscr 100 | _
107 | I I | | C ]

0 5 10 15 20 2 4 6

iterations iterations

Figure: Envelop of the error due to the discretization and evolution of the residual
P. Gosselet Error and DD
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Practical considerations

When to compute bounds

¢ Evaluate discretization bounds at iteration 1 (avoid 0).

¢ lterate until residual is smaller than the inf bound.

¢ Reevaluate the discretization bounds if they changed to much go on with
iterations.

€ If needed prepare for adaptation (compute remeshing map)

Quantities of interest

¢ Solve forward and adjoint problem at the same time using a block solver.
¥ Also use block computations for the recovery of admissible fields.

¥ Stop when both residuals are less than their inf bounds.

P. Gosselet Error and DD 34



Strategy for adaptation with recycling

Maillage initial

Résolu
— ¥
Contributions a I'erreur Directions de recherche
N
- T Kot
I 1111

1234567891011213141516

Rafﬁnen?ent If:ca} (el Utilisation directe des
discrétisation directions de recherche
de l'interface inchangée

C
Nouveau maillage Espace de recherche réduit

Rom(Sry, C) =® Im(C)

Gestion des incompatibilités
aux interfaces

av oz e Q@

P. Gosselet !
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Strategy for adaptation with recycling

We select subdomains most contributing to the errors.
We use hierarchical refinement (at least on the interface)so that the building of
admissible fields remains easy.

Iny Iny
100 1 - -1 ! 0 -
Doy Doy
e = 16.662
& =0.51378
e = 26.215
& = 0.98005
50 - ] —0.5 -
0,__-jg L l!!!lll_ 0} —— —mA ]]!!!llg_
rr 1 1 1 1 1 1 1 1 1T T 17 rr 1 1 1 1 1 1 1 1 1T T 17
12345678 910111213141516 12345678 910111213141516
(a) Initial mesh (b) Locally refined mesh
Figure: Distribution of error within subdomains
Mesh e e Iy IHH 2 %e@
Uniform 26.215 | 0.98905 | 2.4915 3.1935 12.964

Locally refined 16.662 | 0.51378 | 3.2165 | 0.086055 | 4.2803

Table: Performance of local refined for the cracked structure
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Adaptation and recycling

103

102

i

Error and residual

10~ 1

10—2

10—3

104

g | | |
0 2 4 6

I

Cumulative iterations

remeshing [—
remeshing [—

Figure: Erreurs de discrétisation et résidus au cours des itérations

P. Gosselet Error and DD
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Conclusion

The recovery of admissible fields can be fully parallel (after just one neighbor
communication).

There are inf and sup bounds of the error which separates the contribution of
the solver and of the discretization.

We can stop the iterative solver based on an unbiased criterion. In practice
the discretization error quickly dominates.

If quantity of interest are wanted, block solvers can be used.

For the adaptation, hierarchical refinement of interfaces allows to reuse the
numerical information.

Ongoing and future work:

Real implementation for HPC, with improved sequential recovery techniques.

Error estimation for nonlinear problems!® with separation of sources!® with

nonlinear DD solvers!?.

More evolved marking and refinement techniques with good load balancing
— adaptation of the mesh and of the decomposition.

15 adeveze, 2008.
16| Alaoui, Ern, and Vohralik, 2010; Moés, 1996.
17Dolean et al., 2015; Klawonn, Lanser, and Rheinbach, 2014; Negrello et al., 2016.
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