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Abstract

Let f be a holomorphic endomorphism of P? of degree d > 2. We estimate the
local directional dimensions of closed positive currents S with respect to ergodic
dilating measures v. We infer several applications. The first one shows that the
currents S containing a measure of entropy h, > logd have a directional dimension
> 2, which answers a question by de Thélin-Vigny. The second application asserts
that the Dujardin’s semi-extremal endomorphisms are close to suspensions of one-
dimensional Lattes maps. Finally, we obtain an upper bound for the dimension of
the equilibrium measure, towards the formula conjectured by Binder-DeMarco.

Key words: dimension theory, positive closed currents, invariant measures, Lyapunov
exponents, normal forms.

MSC 2010: 32H50, 32040, 37C45, 37F10.

1 Introduction

This article concerns the ergodic properties of holomorphic endomorphisms of P2, see
[16]. Let f be an endomorphism of P? of degree d > 2. The Green current T is defined
as T := lim, d% f™*w, where w is the Fubini-Study form of P2. The equilibrium measure
is defined as p := T A T, this is an ergodic measure of entropy logd?, its Lyapunov
exponents are > %10g d, see [6, 16].

We say that an ergodic measure v is dilating if its Lyapunov exponents are positive.
The ergodic measures of entropy h, > logd are dilating: their exponents are larger than
or equal to %(h, — logd), see [11, 20]. It is known that the support of every ergodic
measure v of entropy h, > logd is contained in the support of u, see [10, 14]. The article
[20] constructs such measures by using coding techniques.

1.1 Directional dimensions

Let f be an endomorphism of P? of degree d > 2. The algebraic subsets of P? do not
contain any ergodic measure v of entropy h, > logd: this comes from the Gromov’s
iterated graph argument and from the relative variational principle, see [7] and [16, Sec-
tion 1.7]. In this Section, we quantify that property thanks to the Lyapunov exponents



of the measures v. We shall work in the more general setting of (1,1) closed positive
currents S. Those currents are as big as the algebraic subsets, since we have:

Vo € P? | dg(z) := liminf log 5 A w(By(r)

> 2
r—0 log r

— Y

which comes from S Aw(B,(r)) < c¢(z)r?, see [13, Chapitre 3]. We shall use the notation
dg () for the limsup. A drawback of the trace measure SAw is that it does not distinguish
any specific direction. If Z is a holomorphic coordinate in the neighbourhood of z € P?,
one defines the lower local directional dimension of S with respect to Z by

log [S A (342 N dZ)(Ba(r))]
dsz(w) = hg(?f log 1

Y

we shall denote the lim sup by dg z(z). Geometrically, the positive measure S /\(%dZ ANdZ)
is the average with respect to Lebesgue measure of the slices of the current S transversaly
to the direction Z, see Proposition 9.4. If (Z, W) are holomorphic coordinates near z,
the directional dimensions of S are related to the dimension of S by

ds(x) = min {ds 4 (2), dsw (@)} , ds(w) = min {ds 5 (2), dsw(x)},  (11)

)

see Proposition 9.2. We start with showing lower and upper bounds for the directional
dimensions of the Green current 7' (Theorems 1.1 and 1.2). Next we display our result
concerning the general closed positive currents S.

Directional dimensions of the Green current

The invariance property of the current 1" allows to obtain estimates on the directional
dimensions v-almost everywhere. In what follows, the functions O(e) only depend on e,
the degree d of the endomorphism, the exponents and the entropy of v. They tend to 0
when € tends to 0 and are positive for € small enough. We shall say that the exponents
of v do not resonate if \; # kAo for every k > 2.

Theorem 1.1. Let f be an endomorphism of P? of degree d > 2. Let v be an ergodic
diltating measure whose exponents Ay > Ao do not resonate. Then there exist functions
O1(€), Oa(€) satisfying the following properties. For every € > 0 and for v-almost every
x, there exist holomorphic coordinates (Z, W) in a neighbourhood of x such that

_ hy, — logd
drz(z) > 2+ “——2% — 04(e),
A2
- Xo  hy —logd
draw(z) > 222 + B0 0y().
¥ N

This result applies to the measure p and allows to improve a classical lower bound

concerning the dimension of the Green current 7. This current has local v-Holder psh
1/n
oo

potentials for every v < ~p := min{1,logd/logd~}, where do := lim,, ||[Df"||s5 , see



[16, Proposition 1.18]. This implies that T'A w(B(r)) < cy(2)r?™ for every x € P? and
every v < 7o, see [24, Théoréme 1.7.3]. We deduce that for every = € P? and for every
local holomorphic coordinates (Z, W) in a neighbourhood of z:

min{dT,Z(x), dT7W(w)} = %([E) > 24 . (12)
Now, since h,, = log d? and \; < logds, we get:

h, —logd logd 10gd> logd

= > 0.
o N O A dogdg =0

The lower bound in the direction Z provided by Theorem 1.1 is therefore better than
(1.2) when € is small enough.

Now we show directional upper bounds for the current T" with respect to every
dilating measure v whose support is contained in the support of p.

Theorem 1.2. Let f be an endomorphism of P? of degree d > 2. Let v be an ergodic di-
lating measure whose exponents \1 > Ao do not resonate. We assume that the support of
v is contained in the support of p. Then there exist functions Os(€), O4(€) satisfying the
following properties. For every € > 0 and for v-almost every x, there exist holomorphic
coordinates (Z,W) in a neighbourhood of x such that

log d A1

)\2 + 2)\72 + 03(6),

drz(z) <

logd
drw(2) < 2= +2+ 04(e).
Ea— 2
By combining these two theorems, we manage to separate coordinates (Z, W) in

terms of local dimensions.

Corollary 1.3. Let f be an endomorphism of P? of degree d > 2. Let v be an ergodic
dilating measure whose exponents A1 > Ao do not resonate. For every € > 0 and for
v-almost every x, there exist holomorphic coordinates (Z,W') in a neighbourhood of x
such that

1 1
06d | oL Oye) , 1BY

h N +2—01(e) < dp z(x)

drw(z) <
In the three preceding results, the coordinates (Z,W) come from a normal form
Theorem for the inverse branches of f", see Section 2. They depend on % in the natural
extension (f,7), we shall denote them by (Z5,W¥). The coordinates (Z, W) at a point
x are coordinates of type (Z5,Wf) where mo(2) = z. The coordinate W is always
invariant by the shift f , Z§ is invariant when the exponents do not resonate. Since
the current 7' is f-invariant, the functions dr z(Z) and drw (%) are f-invariant, hence
p-almost everywhere constant, see Proposition 2.4. We shall denote them by dr z(v)
and d7w(v). We have the same properties for the upper dimensions. S




Dimension of ergodic currents S

Theorem 1.4. Let f be an endomorphism of P? of degree d > 2. Let S be a (1,1)-closed
positive current on P2. We assume that the support of S contains an ergodic measure v
of entropy h, > logd whose exponents satisfy Ay > A2 and do not resonate. Then there
exists a function Os(€) satisfying the following properties. For every € > 0, there exist
x € Supp v and a holomorphic coordinate Z in the neighbourhood of x such that:

h, —logd
A2

In particular, S has a local directional dimension > 2 at some x € Suppv.

dsz(@) 22+ ~ 05(0).

This result is localized at a point x because S is not assumed to be f-invariant. For
every closed positive current S containing an ergodic dilating measure v with exponents
A1 > Ay, de Thélin-Vigny proved in [12] that there exists x € supp(v) such that

—_— Ao hy, —logd

d >2=4 ——

s(@) 2 A1 A2

Theorem 1.4 improves this estimate by replacing Aa/A; by 1 for a coordinate Z. When
A1 = Az, (1.1) shows that this substitution is valid for every coordinate Z. Our lower
bound answers a question of [12] in a directional way. In the framework of invertible
and meromorphic mappings, the preprint [9] gives a lower bound > 2 for the dimensions
of the Green currents 7% by using coding techniques and laminar properties of T+,

(1.3)

1.2 Dimension of dilating measures

Let f be an endomorphism of P? of degree d > 2 and let v be an ergodic measure. We
refer to [23] and [26] for the beginning of this Section. The dimension of v is defined by

dimg (v) := inf {dimH(A) , A Borel set of P? v(A) = 1} )

The lower and upper local dimensions of v are
1 B — 1 B
dl, := lim inf M , dl/ = lim sup M7
- 0 logr r—0 log

these limits are v-almost everywhere constant, by ergodicity of v. If a < d, < d, <

then a < dimpy(v) < b. If v is dilating, we have the classical inequalities ];—’; <d,

IN &

d, < ’;\—’; where A\; > Ao are the exponents of v. For the equilibrium measure u, Binder-
DeMarco [4] conjectured the formula:

. logd logd
d pu—

which generalizes the one-dimensional Mané’s formula [22]. The article [4] proves the

following upper bound for polynomial mappings
2()\1 + /\2) —log d?
A1 ’

(1.4)

dimpg(p) <4 (1.5)



the article [15] extends this upper bound in a meromorphic context. For every dilating
measure v, we have at our disposal the following lower bound proved in [19]:
logd N h, — logd.

A1 A2

(1.6)

We obtain a new upper bound which comes closer to Binder-DeMarco’s conjecture (1.4).

Theorem 1.5. Let f be an endomorphism of P? of degree d > 2. Let v be an ergodic
dilating measure, of exponents \1 > Ao and whose support is contained in the support of

w. Then
logd logd )\2)
d, < 2(1——.
— )\ * A2 * ( A

Moreover, if the exponents do not resonate, then:

logd logd . Ay A1
d, < 2 1-22. 20 4],
- /\1 * )\2 +2min ( )\1 )\2 )

The proof extends the arguments of Theorem 1.2.

1.3 Dimension of semi-extremal endomorphisms

We say that f is extremal if the exponents A1 > Ag of its equilibrium measure p satisfy
Al = Ao = %log d. The articles [1, 3, 15] characterize these endomorphisms by the
equivalent properties:

1. dimpg(p) = 4.
2. p << Lebp2 :=w Aw.
3. T is a (1,1) positive smooth form on an open set of P2.

4. fis a Lattés map: there exist a complex torus C2/A, an affine dilation D on this
torus and a finite galoisian covering o : C2/A — P? such that the following diagram
commutes

C2/A —2-C2/A
S
]P)2 # ]P)Q
There exist such applications for every degree d > 2, see for instance [18].
We say that f is semi-extremal if the exponents A1 > A of its equilibrium measure
1 satisfy A1 > Ay = Llogd. Using (1.5) and (1.6) one sees that the Binder-DeMarco’s
conjecture (1.4) holds for these mappings:

logd

A1
Classical examples of semi-extremal endomorphisms are suspensions of one-dimensional
Lattes maps, they satisfy u << T A w. More generally,

dimp(p) =2+ (1.7)



Theorem 1.6 (Dujardin [17]). If u << T Aw, then f is semi-extremal.

In [17] Dujardin asked if 4 << T'Aw implies the existence of a one-dimensional Lattes
factor for f. Theorem 1.7 below provides one step in that direction. It shows that, from
a theoritical dimensional point of view, these endomorphisms look like suspensions of
one-dimensional Lattés maps: the dimension of T" is maximal equal to 4 in a coordinate
Z, and equal to 2 + logd/A; (the dimension of u, see (1.7)) in a coordinate W. The
functions O (€), O2(€) come from Theorem 1.1.

Theorem 1.7. Let f be an endomorphism of P2 of degree d > 2. We assume that
u << TAw and that d, = dj We also assume that the exponents A1 > Ao = %logd of u
do not resonate. For every e > 0 and for p-almost every x € P?, there exist holomorphic
coordinates (Z, W) in a neighbourhoord of x such that

logd

log d -
8L 0s(e) < dr(z) <2+ —2°
)\1 )\1

4 — 01(6) < dT,Z(.CC) and 24

1.4 Organization of the article

Sections 2, 3 et 4 are devoted to normal forms, the geometry of inverse branches and
separated sets. Sections 5 et 6 establish Theorems 1.1, 1.4 and 1.7, the proofs rest on
Theorem 5.2 which relies on the lower local dimension d, (the lower bound (1.6) is there-
fore crucial to deduce these results). Theorems 1.2 and 1.5 are proved in Sections 7 and
8. Section 9 brings together technical results.

Acknowledgements: This article is part of the PhD thesis of the second author.
We warmly thank Eric Bedford and Johan Taflin for their numerous comments which
allow to improve the first version of this work. We got the supports of Lambda (ANR-
13-BS01-0002) and Centre Henri Lebesgue (ANR-11-LABX-0020-01).

2 Normal forms and Oseledec-Poincaré coordinates

2.1 Natural extension and normal forms

Let Cy be the critical set of f, this is an algebraic subset of P2. If v is an ergodic dilating
measure, then z — log|Jac f(z)| € L'(v), which implies v(Cf) = 0. Let X be the
f-invariant Borel set P? \ U,ezf"(Cy) and let

A

X o= {& = (@n)ez € X%, wup1 = flan)}.

Let f be the left shift on X and 7 () := xo. There exists a unique f-invariant measure
7 on X such that ()0 = v. We set &, := f*(&) for n € Z. A function o : X — ]0, +-00]
is e-tempered if o f¥1(2)) > e “a(&). For every & € X we denote by f; " the inverse
branch of f™ defined in a neighbourhood of xy with values in a neighbourhood of z_,,.
The articles [2] and [21] provide normal forms for these mappings.



Theorem 2.1. (/2, Proposition 4.3]) Let f be an endomorphism of P? of degree d > 2.
Let v be an ergodic dilating measure with exponents Ay > Aa. Let € > 0.

There exists an f—invam’ant Borel set F' C X such that ﬁ(F) = 1 and satisfying the
following properties. There exist e-tempered functions ne, pe : F— 10,1] and Be, Le, M, :
F— [1,4+o00] and for every & € F, there exists an injective holomorphic mapping

£ ¢ Bug (1(2)) — D*(pe(2))
such that the following diagram commutes for every n > ne(&):

Bo (ne(f—)) <~ B (n:(2)

P

D?(pe(i—n)) D*(pe())

and such that
1. ¥(p, q) € Buo(ne(2)), 3d(p,q) < [€5(p) — €5(q)] < Be(2)d(p, )
2. Lip(f;") < Le(@)e ™21 on By (1()).
3. if M & {kXo, k> 2}, Ry (2, w) = (0 22, Bn zw),

if M = kAo where k> 2, Ry, 3(z,w) = (an 22, Bngw) + (’yn,ggwk,O), with

(a) e—n)q—ne < ’an@’ < e—n)\l—l-ne and "Yn,:%’ < Mg(i)e—m\l—kne}

(b) e—n)\z—ne < |/Bn,i < e—n)\g—f—ne‘

Remark 2.2. The diagram commutes for every n € {1,...,n.(Z)} for the germs of the
mappings, see [2]. The integer ne(Z) is the smallest integer such that Le(&)e " 21ne <
e, so that L¢(2)e ™2t (%) < e "n(2) < ne(Z_n). Item 2 thus ensures that

[3 " (Baoy(ne(2)) C By, (ne(2-n))-

We shall need the following Lemma. Let ny(L) be the smallest integer n satisfying
L/4 < e™. The first item uses the upper bound for Lip(f; ™) provided by Theorem 2.1.
The second item comes from [15, Proposition 3.1].

Lemma 2.3. Let & € F such that (&) > n and L(&) < L. If n > ny(L) and r <1,
1. f:"(Bu,(r/4)) C By, (re~mA2H3ne) gnd fa2 "(Bgy(r/4)) C Bs_, (re~nAetdne)

2. BIO(Te—nA1—4ne) C fb{nn(an(ie—Qne))



2.2 Oseledec-Poincaré coordinates

Let v be an ergodic dilating measure of exponents Ay > Ay. We assume that the
exponents do not resonate, which means that A\ € {kX\o,k > 2}. Let € > 0, and let
us apply Theorem 2.1. For every # € F we denote by (Z5, W¥) the coordinates of &§.
The commutative diagram given by Theorem 2.1 implies:

Zi o f; " =ama x Zg, Wi ofi"=Pnsx Wi (2.1)

Hence, f, " multiplies the first coordinate by e "MEe and multiplies the second coor-

dinate by e "*2%7¢ Let us note that the second property holds in the resonant case
A1 € {kX2, k > 2}. We shall name the collection of local holomorphic coordinates

(Z,W)e := (Z§, Wfi)@eﬁ

Oseledec-Poincaré coordinates for (f,v). Using (2.1) and the fact that the Green current
is f-invariant, we obtain the following Proposition.

Proposition 2.4. Let f be an endomorphism of P? of degree d > 2 and let T be its
Green current. Let v be an ergodic dilating measure of exponents Ay > \o. Let (Z, W),
be Oseledec-Poincaré coordinates for (f,v). Then there exists a f—invam’ant Borel set
Apc F of U-mesure 1 such that

1. & drw(&) and & — drw(2) are f-invariant on Ar.
2. 2 drz(2) and & — dr z(£) are f—invam’ant on AT if M & {kXo, k > 2}.

In particular, if the exponents do not resonate, these functions are constant v-almost
everywhere. We shall denote them by

m(y), dTJ(”% m(’/)a dT,W(V)'

Proof. We prove the invariance of dy v (Z), the same arguments hold for the other func-
tions. For every z € P2\ C we denote

1
a(z) = SI(D=F)7HITH 5 (2) == min{a(2) 1£llgz g2 5 13-
Then [6, Lemme 2] asserts that f is injective on B,(v(z)) and
Vr € [0,7(2)] , By (a(z)r) C f(B:(r)).

Let & € F. Since x,, € C; for every n € Z, we obtain for every r < (xo):

T A (def(j) A de(j)) [Bfao) (alz0)r)] < T A (gde(@ A de(i)) [f (Bao ()]



Since f is injective on By, (1), we can change the variables to get:

i € € _ * * 1 € €
Now let us recall that
xrp * 3 € € _ A 21. € €
ffT=dI' and f <2de(i) A de(j)) = lc(2)| ZdWx N dWE, (2.4)

where the second equality comes from (2.1) by setting ¢(2) ™! := 8, f(a)» it is valid near
x according to Remark 2.2. By combining (2.2), (2.3) and (2.4) we deduce:

/l: € Ti7€e A 2 3 € YA€
T A <2de(i) A de(i)> | B(ao) (alzo)r)] < dle(@)* T A <2de A dW@> (B, ()]

for every r small enough. Taking the logarithm and dividing by log(a(zo)r) < 0, we
get drw (f(£)) > drw(Z) by taking limits. Since © is ergodic, the function drw (%) is

constant on a Borel set Ap of D-measure 1 (see [25, Chapter 1.5]). One can replace it by
MNpez [ (A1) to obtain an invariant set. O

Proposition 2.5. Let f be an endomorphism of P? and let T be its Green current. Let
v be an ergodic measure. Then the functions x — dr(x) and x — dr(z) are invariant,
hence v-almost everywhere constant. We denote them by dr(v) and dr(v).

Proof. The arguments follow the proof of Proposition 2.4. In this case we study the mea-
sure T' A w, and we replace the second equality in (2.4) by f*w < p(xg)w on By, (v(x0)),
where p(zg) > 0 is a large enough positive constant. O

3 Geometry of the inverse branches and uniformizations

Let v be an ergodic dilating measure of exponents A1 > 2. Let € > 0 and let (Z, W),
be Oseledec-Poincaré coordinates for (f,v). Our aim is to construct, for every § > 0, a
Borel set A C X satisfying #(A¢) > 1 — 0/2 which provides convenient uniformizations.

3.1 Dynamical balls

The dynamical distance is defined by d,(z,y) := maxo<x<n d(f*(z), f*(y)). We denote
by Bj(z,7) the ball centered at = and of radius r for the distance d,,.

Lemma 3.1. There exist 1o > 0, ng > 1 and C C P? such that v(C) > 1 —6/8 and
satisfying the following properties: for every x € C' and every n > no:

v(By(x,r0/8)) > e hv—en

Vr <ry, v(Bp(x,5r)) <v(B,(z,5rp)) < e hwvten
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Proof. Brin-Katok Theorem [8] ensures that there exists C; C P? of full v-measure such
that for every x € Cy:

-1 -1
lim (lim inf — log V(Bn(m,r))> = lim (lim sup — log V(Bn(m,r))> = h,.

r—0 \n—+oo0 N r=0\nstco N

Hence, for every x € C there exists ro(z) such that r < rg(z) implies

-1 -1
lim inf — log(v(By(x,57))) > h, — €/2 and lim sup — log(v(Bn(z,7/8))) < hy, +€¢/2.

n—+oo N n—-+00

Let rg such that Cy := {z € C1, ro(x) > ro} satisfies v(C2) > 1—6/16. For every x € Cy,
there exists na(z) such that n > no(x) implies

v(By(x,r0/8)) > e nhv—en

Vr < 1o, v(Bp(z,57)) < v(Bp(z,5rp)) < e Mwten,
Let ny > 1 such that C := Co N {x € C1, na(x) < na} satisfies v(C) > 1 —§/8. O

For every L > 0, let my, be the smallest integer m such that Le ™2+ < 1 and
let n3(L) be the smallest integer larger than my such that e™™¢ < M~™L where M :=

max{| Df | p2 , 1.

Lemma 3.2. Let & € F such that 1.(2) > n and L (&) < L. For every n > n3(L) and
every r <1,
3. (B, (re™")) € Bu(o, 7).

Proof. Let us observe that for every 0 < k < n, f* is injective on [+ (Bxz, (re=27¢)) and
that fkfg;n" = fgn”H“. By setting p = n — k, it suffices to show that

Vpe[0,n] f,7(Ba, (re=2m9)) B, (). (3.1)

To simplify let us set m := my, et ng := ng(L). We immediately have

T

¥n > ng, Wp € [0,n],  f3(Br,(re™™)) € f3 P (Ban (3 5m

T

eY). (3.2)

To verify (3.1), we shall consider separately the cases p < m and p > m. We know that
for every p, Lip f,” < L(&n)e P21P¢ < Le“e™P221P¢ on By, (1c(#n)), which contains
By, (ne™"). Hence for every n > ng > m, p € [m,n] and r <n:

f;p(an (re™™)) C By, _, (re_mLe”ee_p)‘Q“’E) =B (TLe_p)‘2+pe) C By, _, (7).

Tn_p
Since M™ > 1 this implies for every n > ng > m, p € [m,n] and r < n:

Fo7 (Ban (™)) € Bu (e

- ). (3.3)
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Thus, by using (3.2) and M™ > 1:

Vp € [m,n], f;7(Bg,(re *™)) C By, _,(r). (3.4)

T

We have proved (3.1) for p € [m,n]. Let us show this inclusion for p € [0, m]. For every
p € [0,m], let us set p =m — p’ where p’ € [0, m]. Then

-p B T —neyy _ P’ -m(p T —ne P’ B r
where the inclusion comes from (3.3) with p = m. We deduce:
_ one r
vpe[0,m], f37(Ba,(re ™)) C an_m+p,(WMp) C By, _,(1). (3.5)
We finally obtain (3.1) by combining (3.4) and (3.5). O

3.2 Pullback of the Fubini-Study form w

Let v be an ergodic dilating measure of exponents A\; > Ag. Let (Z, W)¢ be Oseledec-
Poincaré coordinates for (f,v). Let n4() be the smallest integer n such that e ™" < 571,

Proposition 3.3. Let & € F such that n (&) > n and (&) < B. Ifn > max{n(8), nc(in)}
and if 1 < n, then we have on fi " (B, (re™"¢)):

1. (f7)*w > e net2nh (%dZ; A d?;) if the exponents do not resonate.
2. (f")w > e tnet2nz (LaWe A dITE).
The remainder of this Section is devoted to the proof. Theorem 2.1 gives
(") w = (65)* (Rn) ™) (&)™) w
on f;"(Byg,(re™")). Let wp := idz N dZ + Ldw A dw be the standard form on D?.

Lemma 3.4. Let & € I such that ne(2) > n and Be(T) < B. For every n > n4(B) and
r <n, we have on & (B, (re™")):

ey < (€5,)71)w < 2.
Proof. For every p = (z,w) and p’ = (2, w’) in & (By, (re™")), we have

e B d(p,p') < [(65,)7M ) — (65,)71 ()] < 2d(p.p).

This implies for every n > n4(8) and (2, w) € & (B, (re™")):
Vue € e fu| < Dy (€5,) 7 w)] < 2u].

This provides the desired estimates. ]
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Lemma 3.5. Let 2 € F. If n > n(&,), then
1. (Ruz,) H)*wo > 62(”)‘1*"6)%dz A dZ if the exponents do not resonate.

2. (Rnz,) 1) wo > 62(”)‘2*”6)%dw A diw.

Proof. We use the fact that the linear part of R,, ;, is diagonal with coefficients e AL <

|, | < €™M and e A2 < B, 5 | < e™TM2 (see Theorem 2.1) and the fact that
the (1,1)-forms §dz A dZ and §dw A dw are positive. O

To end the proof of Proposition 3.3, we observe that for every & € F:
(65" (5d= N d2) = (5dZs N dZ5)  (65)"(5dw A dw) = (5dWE A dTV)
which follows from the definitions of Z§ and W¥.

3.3 Uniformizations
Let v be an ergodic dilating measure of exponents A\; > Ay and let 6 > 0. Let € > 0 and
let (Z, W), be Oseledec-Poincaré coordinates for (f,v).

Measure of dynamical balls
We apply Lemma 3.1. There exist rg > 0, no > 1 and C' C P? such that v(C) >
1 —6/8 and for every x € C and n > na:

v(Byn(x,r0/8)) > e Mw—en
Vr <ro, v(Bp(z,57)) < v(Bp(z,5r9)) < e nhuten
nF.

We denote A := 7,1(C)

Control of the functions n, p., L¢, ¢, B of Theorem 2.1
Let ng, po > 0, Lg > 0, ng > 0 and Sy > 0 such that

A(Q) = {i € Fa nE(i’) S no, pE(i') Z £0, Le('@) S LOa 775(513") Z Mo, ﬁe(i) S ﬁO} (36)

satisfies 7(A)) > 1 —§/8.

Uniformization of the dimension of the current.
Let S be a positive closed current on P? whose support contains the support of v.
Let 71 > 0 such that

R dg, 7 (%)+e i J7e 7€ ds,z ()€
A®) = {i‘EF, vr <, e < (SN (5dZ5 NdZ5)) (B, (r)) <7 }

(S A (BAWE A dWE))(Byy (1)) < rew ()=

satisfies ﬁ(A(?’)) >1—06/8. In the case of the Green current 7', the functions dr z, dr z
and dr are D-almost everywhere constant and denoted dr z(v), dr,z(v) and drw (v).
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Uniformization of the dimension of the measure
The lower dimension d, is defined in Section 1.4. Let r3 > 0 such that

D:={z¢ P?, Vr < r, v(By(r)) < Td—”_€}

A

satisfies v(D) > 1 — /8. We set A := 7, 1(D)N F.

Definition of f\e,m and N..
The integers n;(L),n3(L) and n4(f3) were defined before Lemma 2.3, 3.2 and Propo-
sition 3.3. Let n5 be the smallest integer n such that e™"¢ < 1/2 and 2¢ (Mt <1,

Ao = ADAAD AAB) A AW,

m := min{no, ro, 1,72},
N¢ := max{ng, n1(Log),n2,n3(Lo),n4(5o), n5}
We have D(A) > 1 —6/2.

Definition of A?
We set

Vn > N, , A? = Fﬂ f_n{ne(i‘) < n} = {i‘ € F ) ne(i'n) < n}

Since ¥ is f-invariant and A®) C {n(2) < n}, we have 2(A") > p(A®)) > 1 — §/8.
Hence A A
Vn> N, , D(AeNAY)>1-06.

4 Separated sets

A subset {z1,...,zy} C P? is r-separated if d(z;,z;) > r for every i # j. For A C P?,
a subset {z1,...,xy} C A is maximal r-separated with respect to A if it is r-separated
and if for every y € A, there exists i € {1,... N} such that d(y,z;) < r. We use similar
definitions for the distance d,,, in which case we say that the subsets are (n,r) separated.

4.1 Elementary separation

Lemma 4.1. Let f be an endomorphism of P? of degree d > 2 and let v be an ergodic

A~

measure. Let A C mo(Ae) such that v(A) > 0 and let ¢ € |0,1]. Let n > N and let
{z1,...2n,} T A be mazimal (n,cm)-separated with respect to A. Then

1. for every i # j, Bp(xi,cm/2) N Bp(xj,cm/2) = 0.
2. AC valen(mi,cm).

3. v(Bp(zi,cmp)) < e Mhotne,
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e < (B, s em) st > 15
5. N, > v(A)enhv—re,

Proof. Ttem 1 comes from separation, Item 2 from the maximal property, Items 3 and
4 from Section 3.3, because n > N, ¢y < 1 and x; € C. Items 2 and 3 then imply
v(A) < SN u(By(xi, em)) < Npe ™ 47€ which gives Ttem 5. O

4.2 Concentrated separation

Lemma 4.1 applied with ¢ = 1/4 gives v(B,(x;,m1/4)) > e "»~"¢ for every z; in a
maximal (n, 1 /4)-separated subset of A. We shall see that it is possible to select a large
number of x; such that

V(By(zi,m /4) N A) > e Mw—2ne,

We take the arguments of de Thélin-Vigny in [12, Section 6]. Let ns be the smallest
integer n such that e < 4/2.

A~

Lemma 4.2. Let A C mo(A¢) such that v(A) > 6. For every n > max{Nc,ns}, there
exists a (n,mn1/4)-separated subset {x1,...,xN,,} of A such that

1. for every it # j, Bp(xi,m/8) N By(zj,m/8) = 0.

2. for every 1 <i < Ny, v(Bp(zi,m/4) NA) > e—nhy—2en
3. Npa > V(A)e"h”_Q"E.

4. e e < (B (w,0m)) sic>1/8.

Proof. Let us apply Lemma 4.1 with ¢ = 1/4 and n > max{N,,ns}. There exists a
maximal (n,n;/4)-separated subset {z1,...,2nN, ,} of A satisfying:

- for every i # j, By(zi,m/8) N Byp(xj,m/8) =0,

- A C UL B, m /4),

- e e < y(By(i,1m/8)),

- Np1 > v(A)enhw—ne

Let us set [ := {1 <i < Npa, v(Bp(zi,m/4)NA)> e*”h"*%"}. Let Ny 2 be the
cardinality of I, and assume that I = [1, N, 2] (we may adapt the sums below if N, o =
0). We want to bound N,, 2 from below. We know that A C vaélian(xi, 11/4), hence

Nn,g Nn,l
v(A) < Z v(Bp(z;,m/4) NA) + Z v(Bp(zi,m/4) N A).
i=1 i=Nyp.a+1

If i € [1, Ny 2], we have v(By(z;,m/4) NA) < e~ "Mw=2en By definition of I. Otherwise,
v(Bp(zi,m1/4)) < e Mt gince x; € C. This implies

v(A) < nge*”h”“n + (N1 — Ny g)e w=2en, (4.1)
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Let us give an upper bound for N,, ;. Since the balls By, (z;,1:1/8) are pairwise disjoint
and since v(By,(z;,m1/8)) > e M we get

e > N,y > Nyy — Ny
Combining this and (4.1), we obtain

v(A) < nge*”h”“" +e .
Since n > ng, we have e "¢ < §/2 < v(A)/2, and hence N, 2 > v(A)e™™ =" /2. Finally
Ny > V(A)e"h”_zm since n > N, > ns. O

Now we put in By, (x,11/2) a lot of balls whose centers are in B, (x,m/4) N A.

A~

Lemma 4.3. Let A C mo(A¢) such that v(A) > 0. Let x € A and let n > N, such that
v(Bp(z,m/4)NA) > e v —2ne
Let {y1,...,yn,} be a mazimal 2n1e~ "M~ _separated subset in By, (x,n1/4) N A.
1. for every i # j, B(y;,me "M74) N B(y;, me "M 4€) = ().
2. Bp(z,m/4)NAC Ui]‘iﬁB(yi, 27716_”)‘1_4”6).

3. B(yi,me "M71¢) C By (z,m/2).

d,—e€
—nhy—2ne ([ _1 _nXi+4ne \—
4. My, > e ™Mw (27716 ) .

Proof. Ttem 1 comes from separation, Item 2 from the maximal property. Lemmas 2.3
then 3.2 give

B(yi,me ") C f3" (By,, (me”"/4) C Ba(yi,n1/4).

Since y; € By (x,m/4), we have By (yi,m/4) C Bn(z,m1/2), which yields Item 3. Item 2
implies

M,

V(Bn($7 771/4) N A) < Z V(B(yi, 27716*71)\1*477,6)).
=1

—nh,—2ne

By assumption, the left hand side is larger than e
n > N¢ > ns, we have 27716_’”1_”€ < n; < rg and thus

. For the right hand side, since

V(B(yz‘, 27716771)\174716)) < (2,}716771)\174716)@76

by using y; € A C 71'0(]\6) C D. This shows e =2m€ < M, (2n e~ "M —4ne)du—e, 0
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5 Lower bounds for the directional dimensions of 7T’

Let v be an ergodic dilating measure whose exponents A\; > As do not resonate. Let € > 0
and let (Z, W), be Oseledec-Poincaré coordinates for (f,v). We have dr z(v) := dr z(%)
and drw(v) = dr,w (&) for D-almost every & (see Proposition 2.4). In this Section we
prove Theorems 5.1 and 5.2. These results specify in a directional way Theorems A and
B of de Thélin-Vigny [12] concerning the dimension of T. We use below arguments of
[12] by replacing the lower bound (obtained in [12] by slicing arguments)

(fn)*w Z eZn)\gefnew
by the two lower bounds (obtained by normal forms Theorem 2.1)
(f")*w > e™Me™dZ N dZ and (f7)*w > 2™ 2e AW A dW.

Theorem 5.1 uses elementary separation (Lemma 4.1), Theorem 5.2 uses concentrated
separation (Lemmas 4.2 and 4.3). Theorem 5.2 implies Theorem 1.1 (via the lower bound
(1.6) for dy) and Theorem 1.7.

5.1 First lower bounds for the upper dimensions dr z et drw

Theorem 5.1. Let f be an endomorphism of P? of degree d > 2. Let v be an er-
godic dilating measure whose exponents A\y > Ao do not resonate. There exist functions
Os(¢€), Og(€) satisfying the following properties. Let € > 0 and let (Z, W), be Oseledec-
Poincaré coordinates for (f,v). Then

- h, —logd
drz(v) > 2+ )\70?; — Os(e)
1
- A h, —logd
() 2 222 ¢ e losd
A1 A1

Proof. Let us denote dr 7z := dr z(v). For first estimate, we are going to show

(M +4e)(dr,z —2+€) +13e > h, —logd (5.1)
which provides
- h, —logd — 13¢ h, —logd
drz > 2 —e=:24+4 ——"— — Os(e).
D W TR TN ()

Let 6 > 0. Let Ae and N, be given by Section 3.3. For every n > N, we set A, :=
mo(Ae NAY), it satisfies v(A4,) > D(AcNAY) > 1—3§ > 0. Lemma 4.1 applied with ¢ =1
yields a maximal (n,n;)-separated subset {z1,...,zN, } of A, with

N, > v(Ay)e™ = > (1 — §)eMhvne, (5.2)
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For every i, let us choose &; € A€ N A? such that mo(#;) = ;. From Proposition 9.3, we
get d" = [p2((f™)«T) A w. Therefore

dn > Z/ fn 1Bn wzﬂ?l/z /\w > Z/ 1Bn szﬂ?l/Z ) (fn)

By using Lemmas 2.3 and 3.2 with z; € AE, we get

By (e ™) C L7 (Bay (Fe ™) € Bulwi, ). (5.3)

Since T'A (f™)*w is a positive measure, we deduce

W>Z/ L, (e sy T) A (F1)

Thanks to the first inclusion of (5.3) and #; € A™ (which implies n > ne(Zin)), we can
use Proposition 3.3 to bound (f")*w from below. We obtain

(ﬂe—n)\l —4ne))‘

n> 2nA1—4ne € €
d Ze (T/\ ~dZ, /\dZ)( v (5

=1

Since &; € Ae c A®) and n1 < r1, we deduce

Nn n dp z+e
d" > Z e?n)\l—4ne <2€—n)\1—4ne> )
i=1

Finally, we use the estimate (5.2):

i

dn > V(An) (7721) TZ+ n(h,,—()\1+4e)(E—2+e)—l3e)

where v(A,) > (1 —¢). By taking logarithm and dividing by n, we get (5.1) when
n — 00. The second estimate concerning the coordinate W is proved in a similar way,
by using Proposition 3.3 to bound (f™)*w from below. We precisely get

(A1 +4e)(dr,w + €) + 5e > h, —logd + 2\ (5.4)
which yields
- 29 h, —logd — 5e Ao hy, —logd
W = X1+ 4e At + e NS VLW Os(e)

This completes the proof of Theorem 5.1. 0
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5.2 Proof of Theorem 1.1

Theorem 1.1 is a consequence of Theorem 5.2 below and of the lower bound (1.6).

Theorem 5.2. Let f be an endomorphism of P2 of degree d > 2. Let v be an er-
godic dilating measure whose exponents A1 > Ao do not resonate. There exist functions
0O1(€), Oz(€) satisfying the following properties. Let € > 0 and let (Z, W), be Oseledec-
Poincaré coordinates for (f,v). Then

logd

drz(v) >2+d, — 3 — O (e),
1
S A logd
dew( ) >2i+d —£—02(6).
A1 A1

Proof. Let us set dr z := dr z(v). We are going to show
()\1 + 46)(dT72 - @ + 26) + 8¢ > 2X1 — logd. (5.5)

This yields as desired

- 2A1 logd — 8e logd
d —d, > — —2¢=:2—
T2 =N e T A 4 C ¥

— O1(e). (5.6)

Let § > 0. Let f\e and N be given by Section 3.3. For every n > N, we set A, :=
mo(Ae N A, it satisfies v(A,) > 1 — 6. Let {®1,...,2N,,} be a (n,n1/4)-separated
subset of A,, provided by Lemma 4.2. Then for every x;, we set a 2n;e~ " ~4"¢_separated
subset {yt,... 793\/171} given by Lemma 4.3. For every i we choose £; € AN A? such that
mo(Z;) = x;, and for every j we choose @; € AN A’g such that 7'(‘0(@;») = y; According
to Proposition 9.3, we have d" = [p2(f")+«T A w, thus

Nn 2 My Nn 2 Mn
dn > Z Z/ fn lB y nle—n)\l 4n5 /\ w = Z / . T /\ (fn)*w
i=1 j=1 i=1 j=1 (y"me_nkl_zme)
Lemma 2.3 with @; € A, implies
Blyfme™™ ") € [ (Byjn: g o). (5.7)

n 4

Since gj; € A?, we can apply Proposition 3.3 to bound (f™)*w from below:
Nn,2 M, Z
m 2nA1—4ne € 7€ . —nA1—4ne
> Z; z;e : (T A 57 dZE;-) (Bys(me ™). (5.8)
i=1 j=

Now @JZ € f\e c A®) and n > N¢, hence

Nn,2 M, _
Z Z 2nA1 — 4ne —n>\1—4ne)d§~7z+€.
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Finally, we use the lower bounds for M,, (Lemma 4.3) and for N, > (Lemma 4.2). We
obtain for every n > max{N., ni_s}:
1 dy—e —
dn > (1 o 6>enh,,—2ne . e—nhV—Qne (2€n/\1+4n6) . 62")‘1_4n€(7716_”>‘1_4”6)dT,Z+6.
m

Let us note that the entropy h, disappear for the benefit of d,, and we get

n —8ne [ _nAi+4ne d—“_dff,z_% 2n1
d" > ce (e ) e, (5.9)

where ¢ := (1— 6)17fT’Z e /(2n1)%~¢. Taking logarithm and then dividing by n, we obtain
(5.5) when n — +oc0. Similarly, we can prove

(A1 +4e)(dr,w — dy + 2€) + 8¢ > 2y —logd

by using again Proposition 3.3 to bound (f™)*w from below. O

6 Currents S and semi-extremal endomorphisms

6.1 Proof of Theorem 1.4

Let S be a (1,1) closed positive current of P2. If S does not satisfy f*S = dS, the
directional dimensions may be not P-almost everywhere constant (see Proposition 2.4).
In this case, in the manner of de Thélin-Vigny [12], we take on an adapted definition
and obtain the following result. The functions Os(€), Og(€) were defined in Theorem 5.1.

Theorem 6.1. Let f be an endomorphism of P? of degree d > 2. Let S be a (1,1) closed
positive current of P2, of mass 1. Let v be an ergodic dilating measure whose exponents
A1 > Aa do not resonate. We assume that Supp(v) C Supp S. Let € > 0 and let (Z, W),

A

be Oseledec-Poincaré coordinates for (f,v). For every A C F such that (A) > 0, we set

d57Z(/A\) ==supdg z(2), d57W(/A\) = supdg,w ().

2eA FIN
Then b loed
ds.z(R) 2 2+ =55 — Os(e),
1
Xy hy,—logd
dsw(A) > 222 + = 98C 04 (e).
M M

Proof. Let 20 := ﬁ(f&) We construct A, et N, for the current S as in Section 3.3. We
have (A, N A?) > 1 —§ for every n > N, thus o(A N A NA?) > § > 0. We follow
the arguments of Theorem 5.1. Lemma 4.1 applied to A,, := ﬂo(f\ NA.N A?) and c =1
provides a maximal (n,n;)-separated subset {z1,...,zn,} of A,. For every i, let us
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choose ; € AN /L N A? such that mo(#;) = x;. According to Proposition 9.3 we have
d" = [p2(f")+S A w, hence

Nn
d” = /192((]0”)*8) A w Z Z/[PQ(an(zi7nl/2)S) A (fn)*w
i=1
Then we use the inclusions and the lower bound for (f")*w to obtain:

Ny, .
ar > Z e2ni—dne <S A %dZ; A dZ{a) (Bmi(%e_nA1_4ne)).
=1

Since €; € IA\G and n > N, we get

Nn
d" > Ze2n)\1—4ne <771€—n)\1—4ne
i=1

ds, 7(2;)+e
A B

Now we use the adapted definition of dg, z(A) and the lower estimate (5.2) to obtain

ds,z(A)+e .
dr > I/(An) (7721> enh,,—lSne—n()\l—&-45)(dsyz(/\)—2—i-e)7 (6.1)
where v(A,,) > §. The lower bound concerning W is proved in a similar way. O

Remark 6.2. Theorem 6.1 is the counterpart of Theorem 5.1 for currents S. Similarly,
the counterpart of Theorem 5.2 can be proved with n > max{ N, ng} in the proof.

6.2 Proof of Theorem 1.7

Since T is f-invariant and v is ergodic, we have dr(x) = dr(u) for u-almost every z, see
Proposition 2.5. According to Proposition 9.1, 4 << o implies

dr(p) < . (6.2)
Let us analyse these quantities. On the one hand, Proposition 9.2 yields dr(u) =
min {dT, z(x), dT,W(a;)} for u-almost every x € P? and for every holomorphic coordinates
(Z,W) near z. On the other hand, since d,, = d,, then d,, = d,, = dimpg(p), which is
equal to 2 + ligld by (1.7). One deduces from (6.2) that if u << o7, then

logd
min {7 7(z), drw(z)} <2+ OAgl . (6.3)

Now we use Theorem 5.2. Let € > 0 such that 4 — O1(€) > 2+ %, where the function
O1(e) is defined by (5.6). Let (Z, W), Oseledec-Poincaré coordinates for (f, u).
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First we bound dr 7 (@) from below, then we establish the formula for dr (1) modulo
the function Og(€). If p << op, then \y = %logd by Theorem 1.6. We deduce from
(1.6) that 2 + l‘igld < dy. Theorem 5.2 then provides

logd

drz(u) >4—04(e) , drw(p) >2+ "

— Os(e€).

Finally, using 4—O1(e) > 2+ lo)\gi 4 and (6.3) with Oseledec-Poincaré coordinates (Z, W).,

we get dpw () <2+ k;\gld as desired.

7 Upper bounds for the directional dimensions of T'

In this Section we show Theorem 1.2. Let v be an ergodic dilating measure such that
Supp(v) C Supp(p) and whose exponents A\; > A2 do not resonate. Let € > 0 and let
(Z, W), be Oseledec-Poincaré coordinates for (f,v). We want to prove

logd A1 logd

+2— 4 03(e) and dT,W(V)§T+2+O4(€)-

d <
dr.z(v) < A2 A2 2

We shall directly obtain these upper bounds for P-almost every &, by using the jacobians
of T NdZ5 NdZS and T A dWE A dWE with respect to f. In particular, we shall not use
separated subsets. The Monge-Ampére equation =T AT will be crucial.

7.1 Dimensions of the Green current on the equilibrium measure
The following Proposition is proved in Section 7.3.

Proposition 7.1. Let f be an endomorphism of P? of degree d > 2 and let T be its
Green current. Let x € Supp v and let Z be a local holomorphic coordinate (submersion)
in a neighbourhood V- of x. Then T A (5dZ A dZ) is not the zero measure on V.

This implies:

Proposition 7.2. Let f be an endomorphism of P? of degree d > 2. Let v be an ergodic
dilating measure of exponents A1 > Ao and whose support is contained in the support of
w. Let € >0 and let (Z,W), be Oseledec-Poincaré coordinates for (f,v). We recall that
for every & € F', (Z5, W) is defined on Byy(n:(2)). Then, for every 0 < r < n.(%),

{T A %ng A ng} (By(r)) >0 and {T A %dW;j A dwfg} (B, (r)) > 0.
In particular, for every § > 0, there exist mg > 1, Lo > 1 and qo > 1 such that
(T A 3425 ndZE] (Ba(5s))

4

1 > 1
) mo — q
[T A Lawe ndWE]| (Ba(5h)) >

0
1
q0

Qc =S ne(2) > L(#) < Lo ,

1
4m0 ’

satisfies D(Q) > 1 — 6.
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Proof. The first part immediately follows from Proposition 7.1. To prove the second
part, let mg > 1 and Lg > 1 be such that 19{176 > ﬁ} N{L < Ly} >1—6/2. Then we

A

choose ¢p large enough so that 2(€.) > 1 —9. O

We define for every n > 1:

QF = QN f(Q).
Since ¥ is invariant, we have:

(") > 1 —26. (7.1)

The following Proposition will be useful to prove Theorems 1.2 and 1.5. Lg is defined
in Proposition 7.2 and n1(Lg) > 1 is defined before Lemma 2.3.

Proposition 7.3. Let f be an endomorphism of P? of degree d > 2. Let v be a ergodic
dilating measure of exponents Ay > Ay and such that Supp(v) C Supp(u). For every
n > nyi(Lo) and & € QF, we have:

€

] — 1 1 1
mo d q0

) ___ 1 1 1
[T A EdT/Vif A dW;] <Bx (e_m‘ﬁ?me)) > TN e for cvery A1 > Mo
2 mo dn qo0

Proof. Let # € Q" and let
1

E, = fi;n(an(rm

))-

The inverse branch f;" " is well defined on an(ﬁ) since &, € Q.. Let gn be the

*

»T on E,, we obtain

restriction of f™ on E,. By using fu%_n" ogn=1Idg, and T = ding

. o . o
TA %ng NdZg = —-giT A g:‘l(fgn”)*(%ng A dZF)

— o [T A 5250 (57) A d(Zg (727))
on the open subset E,. Now we use (2.1) to write Z§ o (f;") = ang,Zs,. Since
\an,fcn\Q > e 2nM=2ne e get on E,:
. o . -
TA %ng NdZE > d—ne_%/\l_%eg; {T A %dZ;n A ngn] . (7.2)

We are going to bound from above the left hand side and to bound from below the right
hand side (applied to E,). Using Lemma 2.3 with » = 1/my and n > Ly we obtain

E, C B, (mioe_”kﬁ‘%e), hence

| B , | B
T A Ldze n dZe (Bx (e—mﬁf’me)) > T A Ldze A dZE(E) (7.3)
2 L mo 2 ‘
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For the right hand side, since g, is injective on E,, and g,(E,) = By, (ﬁ), we get

0 |T A (425, NTZE) | (Ba) = [T A 5025, @) (B ) = o (1)

where the inequality comes from &, € (.. By combining (7.2), (7.3) and (7.4) we obtain

: 7€ 1 —nA2+3ne 1 —2nA1—2 1
{T/\ZdZ;/\ng} (Bx<moen2 "))Zdne i neqfo.

We use Wio(f3") = Bn:Ws, et \Bn7i|2 > e~ 2nA272n¢ £ prove the other lower bound. [

7.2 Proof of Theorem 1.2

We take the notations of Section 7.1. Let

Qc := limsup Q. N f77(€) = lim sup Q.
neN neN

We have ﬁ(QE) > 1— 20 according to (7.1). Let & € Q.. Then there exists an increasing
sequence of intergers (l,), such that

$eQ.nflr() =0k
for every p > 0. Proposition 7.3 then asserts for p large enough:

‘ 7e Lo it L opn—2ipe L
l:T/\ 56129% /\dZ§3:| (Bz (?noe pA2+3lpe > %6 pAL peqio.

If p is also large enough so that e»¢ > mio and q% > e~ ¢ we obtain with Tp 1= e~ lp(A2—de),

|:T A %dZ% A dZ§:| (Bac (Tp)) > eflp(logd+2)\1+36) _ TI()logd+2/\1+36)/()\2746)‘

N

Since (rp), tends to 0 and 2(€2¢) > 0, we get

logd + 21 4 3¢ logd A1
< = 2— .
dT7z(I/) S )\2 —de /\2 + )\2 + 03(6)

One can prove
logd + 2o + 3¢ logd

)\2 —4e o )\2

drw(v) < + 2+ Oy(e)

in a similar way.
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7.3 Monge-Ampeére mass

We prove Proposition 7.1. Let x € Supppu, let V be a neighbourhood of x and let
Z : V — C be a holomorphic coordinate (submersion) on V. We want to prove that the
positive measure T' A %dZ AdZ is not the zero measure on V. With no loss of generality,
we can assume that z = (0,0), V =D(2) x D(2) and Z(z,w) = 2. Let also T' = 2i00G
on V, where G is a continuous psh function. We denote o,(u) := (z,u).

Lemma 7.4. If (T A %dZ ANdZ)(D(2) x D(2)) = 0, then G o o, is harmonic on D for
every z € D.

Proof. Let zy € D and let ¢ € C5°(D) be a test function. Let ¢ € C§°(D?) such that
oo, = ¢ onD. According to Proposition 9.4, we have

(T A %dZ A dZ) () = /ZED (/weD(G 0 0.)(w) x AW o 02)(w) d Leb(w)> dLeb(2),

which is equal to zero by our assumption. Since the measurable function

Z wED(G 00,)(w) x Ay ooy)(w) dLeb(w)

is non negative, there exists A C D such that Leb(A) = Leb(D) and
Vz € A, / (G oo)(w) x A(th o o) (w) dLeb(w) = 0. (7.5)
weD

Let us extend this property to every z € D. Since A is a dense subset of D, there exists
a sequence (z, ), of points in A which converges to z. Using (7.5), we get

V> 1, /w (G oa)(w)x Al o0, )(w) dLeb(w) = 0. (7.6)

Since G is continuous on D? and 1) is smooth on D2, G and 2i9d4) are uniformly con-
tinuous on D2. This implies that G o o,, uniformly converges to G o o, on D and that
A(t o 0,,) uniformly converges to A(i o o,) on D. Taking the limits in (7.6), we get

Vze D, we]D)(G o0,)(w) X A(poo,)(w) dLeb(w) = 0.

In particular, we obtain using 9 o 0., = ¢:
/ (G 0 0.,)(w) x Ap(w) dLeb(w) = 0,
weD

This holds for every ¢ € C§°(D), hence the function G o 0, is harmonic on D. O
Now we use the following result, see [5, Lemme IV.1.1] and [24, Section A.10].

Theorem 7.5 (Briend). Let G be a continuous psh function on D(2) x D(2). Let E be
the set of points p € D(3) x D(%) such that there exists a holomorphic disc o, : D —
D(2) x D(2) satisfying
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1. the boundary of o, is outside ]D)(%) X ID)(%),
2. G ooy is harmonic ID.
Then (200G A 2i00G)(E) = 0.

In our situation, D(1) x D($) = E since one can take for o, the discs o, : D —

D x D, u+ (z,u). Indeed, the boundary of o, is contained in {z} x 0D and G o 0, is
harmonic on D according to Lemma 7.4. Theorem 7.5 then gives:

1 1

(2i00G N 2@'856?)(]])(1) D(4)) =0, (7.7)

which contradicts z = 0 € Supp u = Supp(2i99G A 2i00G).

8 Upper bound for the dimension of dilating measures

We prove Theorem 1.5. We shall take the proof of Theorem 5.2 and use Proposition 7.3.
Let € > 0 and let A, and A? be the sets defined in Section 3.3. The set Q" has been
defined in Section 7.1, it satisfies D(2") > 1—28. Hence we have 2(A.NA?NQ") > 136
for every n > N.. Now let K,, be the unique integer satisfying

e—n>\1—4nee—)\2+3e < Le—Kn)\g—HiKne < 7716_”)\1_4’“6- (8.1)

m
mo

so that K;, ~ nAi/Xa. Let {x1,---,2n,,} be a (n,n1/4)-separated subset of A, :=
mo(Ae N A? N 1) provided by Lemma 4.2. We have for every n > max{N,,ni_ss}:

Npg > v(Ap)e™=2n¢ > (1 — 3§)env—2nc, (8.2)

Then, for every z;, let {y{,...,y}; } bea 2e~ M4 geparated subset of By, (z;,11/4) N
A, provided by Lemma 4.3. The cardinality of this set satisfies:

1 dy=c
Mn > e—nhV—QnE (Qmen)\ﬁ—élne) ) (83)

For every j € {1,..., My}, we set §’ € Acn A" 0 QK such that yi = 7m0(95). Then we
follow the proof of Theorem 5.2 until the inequality (5.8):
Nn,2 Mn Z
m 2ni1—4ne M € 7€ ) —nA1—4ne
> > e [T A (525 A dZQ;_)} (By: (me ). (8.4)

i=1 j=1

We want to apply Proposition 7.3. According to (8.1),

1
B 7;(,'716—71)\1—4716) 5B 7€—Kn>\2+3Kn€ )
Yj Y5 \myg
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We apply the positive measure T' A (%dZ;Z A dZTjZ) to this inclusion. Since gj; € Qf", we
j j
deduce from Proposition 7.3 that for every n satisfying n > N, and K,, > N:

e—anxl—anel
dfn q0

We infer from (8.4) that for every n satisfying n > N, and K,, > Nk,

TA (%dZEi,j A d@) (By;-_ (e~ 4me)) >

d" > Npz - My - eQ"*l—‘*”f—dll(n e—QKnAl—Qanqu. (8.5)

Now we use the upper bounds for N, o and M,, given by (8.2) and (8.3):
dn+K" > (1 _ 35)enhu—2ne . e—nhl,—2ne <1€n)\1—|—4ne>du_E . €2n/\1—4n5€—2Kn)\1—2Knei'
- 2m q0
If Cy(e) := (1 —36)/q0(2n1)%~¢, we get:

K, 1 K,
logd + Tlogd > ﬁlogCl(e) —8e+ (A1 +4e)(dy —€) + 2\ — 27()\1 +€).

By using (8.1), we have

A 4 1
logd + /\1 +36 logd > Elogcz(e) —8e+ (M +4e)(dy, —€) +2M\ — 2
2 — O€ T

A1+ 4de
Aoy — e

(A1 +e),

where Cy(€) is another constant. Letting n tend to +oo and then e to 0, we get

duélogd+logd+2(k—1).

A1 A2 A2

To obtain the other upper bound, we use the analogue of (8.4) for W. Applying Propo-
sition 7.3 with respect to W, we obtain instead of (8.5):

d" Z Nn,2 . Mn . eQnA2—4ne 1 e—QKn)\Q—QKnel

dkn qQ

Then we get

logd logd )\2>
d, < 2(1-22),
- A * A2 * ( A1

which completes the proof of Theorem 1.5.

9 Appendix

9.1 Dimension of measures

Proposition 9.1. Let v; and vo be two probability measures on P2 such that v, << vs.
Then for vi-almost every x € P2, we have:

dn(2) > dp (@) and  @,(2) >y (2).
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Proof. Let ¢ € L*(v2) such that v1(A) = [, prs for every Borel set A of P2. Using the
dominated convergence Theorem,

lim e Lip<anyp dva = /PQ © dyy = 1.

M—oo

For every n > 1, we let M, satisfy [po Lip<mypdra > 1 — % By the Lebesgue density
Theorem, for vi-almost every = in {¢ < M, }, we have

lim v1(Bz(r) N {p < My,})
r—0 v1(Be(r))

=1.

Then for every r small enough, we have

1

S(Bar) < n(Bar) N {p < ) = [

ngVQ < Mn/ dvy.
2 Bz (1) {e<My,} By (r)

And thus vy (Bg(r)) < 2M,v2(Bg(r)). We deduce that
dy, () = dyy () and dy, () = doy ()
for vi-almost every x € {¢ < M, }. We end with v1(Upen{p < M,}) = 1. O
Now we take the notations of Section 1.1.

Proposition 9.2. Let S be a (1,1)-closed positive current on P2. Let x € P? and let
(Z,W) be holomorphic coordinates near x. Then

ds(x) = min {ds 7(2),dsw(z)},  ds(x) = min {ds 7(z), drw (@)}

Proof. Let us set g7 = S A (%dZ ANdZ) and osw = S A (%dW A dW). There exists
¢ > 0 such that %(0572 +osw) < og < c(og,z+0sw) on a neighbourhood of z, see [13]
Chapter III, §3. We deduce for every r small enough

%max [05,2(B(1)), 05w (Bz(1))] < 05(Be(r)) < 2cmax [05,7(Bz(r)), os,w (Bz(r))] .

We finish by observing that the local dimension of the maximum of two measures is equal
to the minimum of these two dimensions, since one divides by log » which is negative. [

9.2 Cohomology and slices
We refer to Sections 1.2 and A.3 of Dinh-Sibony’s book [16].

Proposition 9.3. Let S be a (1,1)-closed positive current of P? of mass 1. Let w be the
Fubini-Study form on P? and let f : P2 — P? be an endomorphism of degree d. Then,

/Pz(fn)*S/\wz/PzSA(f”)*w:d”.
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Proof. The first equality comes from the definition of duality. We show the second one.
By using f*w = d-w+2i00u, where v is a smooth function on P2, we obtain by induction

(f"*w = d"w + 2i00vy,
where vy, := (d" ' u+---+d-uo ff24+wuo fr1). Hence
/ SA(f")w = / S A (d'w + 2i0v,) .
P2 P2
Since S is a closed current of mass 1, we have [p, S A2i00v,, = 0 and Jp2 SAd"w =d™. O

Proposition 9.4. Let G be a continuous psh function on D? and let S = 2i00G. Let
(Z,W) be the coordinates on D? and let ¢ € C§°(D?). Then

S/\%dZ/\d7(¢) = / ED( . G (w) x Ad.(w) dLeb(w)) dLeb(z) = / ED(a;S)(qﬁz)dLeb(z),

where 0, 1 u — (z,u), G, := Goo, and ¢, := poo,.
Proof. By definition,
S A 57 A dZ(6) = 200G (d5d7 N dZ) = / | G2i00(p x 547 \dZ).
D
The computation
%o i 0%¢

___ 1 __
- “dZ NdZ = 4
55 ) AW AW A SdZ A d (5

2i08(6 x 7 NdZ) = A ) dLeb(z, w)

wOw

allows to write

i — 0%¢
S A §dZ NdZ(p) = /(z,w)eW G(z,w) x 46waﬁ(z7w) d Leb(z, w)
= ( G.(w) x Ag,(w) dLeb(w)) d Leb(z).
zeD webD
Finally, the quantity in brackets is equal to (AG,)(¢.) = (655)(¢2). O
References

[1] F. Berteloot and C. Dupont. Une caractérisation des endomorphismes de Lattes
par leur mesure de Green. Comment. Math. Helv., 80(2):433-454, 2005.

[2] F. Berteloot, C. Dupont, and L. Molino. Normalization of bundle holomorphic con-
tractions and applications to dynamics. Ann. Inst. Fourier (Grenoble), 58(6):2137—
2168, 2008.

[3] F. Berteloot and J.-J. Loeb. Une caractérisation géométrique des exemples de Lattes
de P*. Bull. Soc. Math. France, 129(2):175-188, 2001.



[4]

29

I. Binder and L. DeMarco. Dimension of pluriharmonic measure and polynomial
endomorphisms of C". Int. Math. Res. Not., 2003(11):613-625, 2003.

J.-Y. Briend. Exposants de Liapounoff et points périodiques d’endomorphismes holo-
morphes de CP(k). PhD thesis, Université Paul Sabatier de Toulouse, 1997.

J.-Y. Briend and J. Duval. Exposants de Liapounoff et distribution des points
périodiques d’un endomorphisme de CP*. Acta Math., 182(2):143-157, 1999.

J.-Y. Briend and J. Duval. Deux caractérisations de la mesure d’équilibre d’un
endomorphisme de P¥(C). Publ. Math. Inst. Hautes Etudes Sci., 2001(93):145-159,
2001.

M. Brin and A. Katok. On local entropy. In Geometric dynamics (Rio de Janeiro,
1981), volume 1007 of Lecture Notes in Math., pages 30-38. Springer, Berlin, 1983.

H. de Thélin. Minoration de la dimension de hausdorfl du courant de Green.
https://arxiv.org/abs/1709.01356.

H. de Thélin. Un phénomeéne de concentration de genre. Math. Ann., 332(3):483—
498, 2005.

H. de Thélin. Sur les exposants de Lyapounov des applications méromorphes. In-
vent. Math., 172(1):89-116, 2008.

H. de Thélin and G. Vigny. On the measures of large entropy on a positive closed
current. Math. Z., 280(3-4):919-944, 2015.

J.-P.  Demailly. Complex Analytic and Differential Geometry. En
ligne,  2012. disponible &  https://www-fourier.ujf-grenoble.fr/  de-

mailly /manuscripts/agbook.pdf.

T.-C. Dinh. Attracting current and equilibrium measure for attractors on P*. J.
Geom. Anal., 17(2):227-244, 2007.

T.-C. Dinh and C. Dupont. Dimension de la mesure d’équilibre d’applications
méromorphes. J. Geom. Anal., 14(4):613-627, 2004.

T.-C. Dinh and N. Sibony. Dynamics in several complex variables: endomorphisms
of projective spaces and polynomial-like mappings, volume 1998 of Lecture Notes in
Math., pages 165-294. Springer, Berlin, 2010.

R. Dujardin. Fatou directions along the Julia set for endomorphisms of CP*. J.
Math. Pures Appl. (9), 98(6):591-615, 2012.

C. Dupont. Exemples de Lattes et domaines faiblement sphériques de C”.
Manuscripta Math., 111(3):357-378, 2003.



30

[19] C. Dupont. On the dimension of invariant measures of endomorphisms of CP(k).
Math. Ann., 349(3):509-528, 2011.

[20] C. Dupont. Large entropy measures for endomorphisms of CP*. Israel J. Math.,
192(2):505-533, 2012.

[21] M. Jonsson and D. Varolin. Stable manifolds of holomorphic diffeomorphisms.
Invent. Math., 149:409-430, August 2002.

[22] R. Mané. The Hausdorfl dimension of invariant probabilities of rational maps. In
Dynamical systems, Valparaiso 1986, volume 1331 of Lecture Notes in Math., pages
86—117. Springer, Berlin, 1988.

[23] Y. B. Pesin. Dimension theory in dynamical systems. Chicago Lectures in Mathe-
matics. University of Chicago Press, Chicago, IL, 1997. Contemporary views and
applications.

[24] N. Sibony. Dynamique des applications rationnelles de P¥. In Dynamique et
géométrie complexes (Lyon, 1997), volume 8 of Panor. Synthéses, pages ix—x, xi—xii,
97-185. Soc. Math. France, Paris, 1999.

[25] P. Walters. An introduction to ergodic theory, volume 79 of Graduate Texts in
Mathematics. Springer-Verlag, New York-Berlin, 1982.

[26] L.-S. Young. Dimension, entropy and Lyapunov exponents. Ergodic Theory Dy-
namical Systems, 2(1):109-124, 1982.

Christophe Dupont and Axel Rogue
Université de Rennes 1

IRMAR, CNRS UMR 6625
Campus de Beaulieu, Bat. 22-23
F-35042 Rennes Cedex, France
christophe.dupont@univ-rennes1.fr

axel.rogue@univ-rennesl.fr



