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Abstract

We study the complexity of four decision problems dealing with the
uniqueness of a solution in a graph: “Uniqueness of a Vertex Cover
with bounded size” (U-VC) and “Uniqueness of an Optimal Vertex
Cover” (U-OVC), and for any fixed integer r > 1, “Uniqueness of an
r-Dominating Code with bounded size” (U-DC,) and “Uniqueness
of an Optimal r-Dominating Code” (U-ODC,). In particular, we
give a polynomial reduction from “Unique Satisfiability of a Boolean
formula” (U-SAT) to U-OVC, and from U-SAT to U-ODC,. We
prove that U-VC and U-DC, have complexity equivalent to that of
U-SAT (up to polynomials); consequently, these problems are all
NP-hard, and U-VC and U-DC,. belong to the class DP.

Key Words: Graph Theory, Complexity Theory, NP-Hardness, Decision
Problems, Polynomial Reduction, Uniqueness of (Optimal) Solution, Dom-
ination, Dominating Codes, Vertex Covers, Boolean Satisfiability Problems



1 Introduction

1.1 The Vertex Cover and Domination Problems

For the vast topic of 1-domination in graphs, see [10].

We shall denote by G = (V, E) a finite, simple, undirected graph with
vertex set V' and edge set F, where an edge between z € V and y € V is
indifferently denoted by xy or yx. The order of the graph is its number of
vertices, |V]. In a connected graph G, we can define the distance between
any two vertices z and y, denoted by dg(x,y), as the length of any shortest
path between x and y. This definition can be extended to disconnected
graphs, using the convention that dg(z,y) = +00 if no path exists between
x and y. The subscript G can be dropped when there is no ambiguity.

Given a graph G = (V, E), an independent set, or stable set, is a subset
V* C V such that for all w € V* v € V*, we have uv ¢ E. A clique,
or complete graph, is any subgraph (V— C V,E~ C E) such that for all
u €V ,ve V™, u#wv wehave uv € E~. For an integer » > 1, the
r-th power of G is the graph G" = (V,E"), with E" = {uv : v € V v €
V,dg(u,v) <r}.

A wvertex cover of G (VC for short) is a subset of vertices V* C V such
that for every edge e = wv € FE, V* N {u,v} # 0. We denote by ¢(G) the
smallest cardinality of a VC of G, and call it the vertex cover number of G
any VC V* with |V*| = ¢(G) is said to be optimal.

For any vertex v € V, the open neighbourhood N(v) of v consists of the
set of vertices adjacent to v, i.e., N(v) = {u € V : uwv € E}; the closed
neighbourhood of v is Bi(v) = N[v] = N(v) U {v}. This notation can be
generalized to any integer r > 0 by setting

B,(v) ={x €V :d(z,v) <r}.

For X C V, we denote by B.(X) the set of vertices within distance r
from X:
B, (X) = Ugex Br ().

Whenever two vertices  and y are such that « € B,.(y) (which is equivalent
to y € B,(z)), we say that « and y r-dominate each other; note that every
vertex r-dominates itself. A set W is said to r-dominate a set Z if every
vertex in Z is r-dominated by at least one vertex of W, or equivalently:
7 C B,(W).

A code C is simply a subset of V', and its elements are called codewords.

We say that C is an r-dominating code in G if all the sets B,.(v) N C,
v € V, are nonempty; in other words, every vertex is r-dominated by C,
or V. = B.(C). We denote by ~,.(G) the smallest cardinality of an r-
dominating code in G, and call it the r-domination number of G; any



r-dominating code C with |C| = v,.(G) is said to be optimal. The following
result needs no proof.

Lemma 1 For allr > 1, the code C is r-dominating in G if and only if it
is 1-dominating in the r-th power of G. O

The following two problems are well known in graph theory as well as in
complexity theory, specially when r = 1 for the second problem, stated
here for any fixed integer r > 1.

Problem VC (Vertex Cover with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a vertex cover of size at most k7

Problem DC, (r-Dominating Code with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit an r-dominating code of size at most k7

As we shall see, these problems are NP-complete (Propositions 7 from [19], [8]
and 17 from [8], [14]). In this paper, we wish to locate, in the hierarchy of

complexity classes, the following four problems, dealing with the uniqueness

of solutions, optimal or not.

Problem U-VC (Unique Vertex Cover with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a unique vertex cover of size at most k7

Problem U-OVC (Unique Optimal Vertex Cover):
Instance: A graph G.
Question: Does G admit a unique optimal vertex cover?

Problem U-DC, (Unique r-Dominating Code with bounded size):
Instance: A graph G and an integer k.
Question: Does G admit a unique r-dominating code of size at most k?

Problem U-ODC, (Unique Optimal r-Dominating Code):
Instance: A graph G.
Question: Does G admit a unique optimal r-dominating code?

In Sections 2 and 3, we establish our results on vertex covers and dominat-
ing codes, respectively; we prove in particular that there is a polynomial
reduction from “Unique Satisfiability of a Boolean formula” (U-SAT) to
U-OVC, and from U-SAT to U-ODC,; and that U-VC and U-DC,. are
equivalent to U-SAT (up to polynomials). This implies that:

- U-VC, U-OVC, UDC, and U-ODC,. (r > 1) are NP-hard;

—~ U-VC and UDC,. (r > 1) belong to the class DP.
We also show that U-OVC and U-ODC,. (r > 1) belong to the class LV



In forthcoming papers, we likewise investigate the issue of the uniqueness
of solutions for (a) Boolean satisfiability and graph colouring [15], of which
we shall use some of the results in the present paper; (b) Hamiltonian
Cycle [16]; (c) r-Identifying Code and r-Locating-Dominating Code [17].

In [14], we already investigated the complexity of the existence of, and of
the search for, optimal r-dominating codes, as well as optimal r-dominating
codes containing a given subset of vertices; some results will be re-used here,
see, e.g., Lemma 16.

For other works in this area, see [11] for vertex covers, and [7], [13], [20]
and [21] for some problems related to domination in the binary hypercube.

In the sequel, we shall also need the following tools, which constitute classi-
cal definitions and decision problems, related to Boolean satisfiability. We
consider a set X of n Boolean variables x; and a set C of m clauses (C is
also called a Boolean formula); each clause ¢; contains ; literals, a literal
being a variable z; or its complement T;. A truth assignment for X sets the
variable x; to TRUE, also denoted by T, and its complement to FALSE
(or F), or vice-versa. A truth assignment is said to satisfy the clause ¢; if
c; contains at least one true literal, and to satisfy the set of clauses C if
every clause contains at least one true literal. The following decision prob-
lems, for which the size of the instance is polynomially linked to n+m, are
classical problems in complexity.

Problem SAT (Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing at least two different literals.

Question: Is there a truth assignment for X that satisfies C?

The following problem is stated for any fixed integer k > 2.

Problem k-SAT (k-Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing exactly k different literals.

Question: Is there a truth assignment for X' that satisfies C?

Problem 1-3-SAT (One-in-Three Satisfiability):

Instance: A set X of variables, a collection C of clauses over X', each clause
containing exactly three different literals.

Question: Is there a truth assignment for X such that each clause of C
contains ezxactly one true literal?

We shall say that a clause (respectively, a set of clauses) is 1-3-satisfied by
an assignment if this clause (respectively, every clause in the set) contains
exactly one true literal. We shall also consider the following variants of the
above problems:

U-SAT (Unique Satisfiability),



U-k-SAT (Unique k-Satisfiability),

U-1-3-SAT (Unique One-in-Three Satisfiability).
They have the same instances as SAT, k-SAT and 1-3-SAT respectively,
but now the question is “Is there a unique truth assignment...?”.

We shall give in Proposition 3 and Corollary 4 what we need to know
about the complexities of these problems. We now provide the necessary
definitions and notation for complexity.

1.2 Necessary Notions in Complexity

We expound here, not too formally, the notions of complexity that will be
needed in the sequel. We refer the reader to, e.g., [1], [8], [18] or [22] for
more on this topic.

A decision problem is of the type “Given an instance I and a prop-
erty PR on I, is PR true for I?7”, and has only two solutions, “yes” or
“no”. The class P will denote the set of problems which can be solved by
a polynomial (time) algorithm, and the class NP the set of problems which
can be solved by a nondeterministic polynomial algorithm. A polynomial
reduction from a decision problem m; to a decision problem ms is a poly-
nomial transformation that maps any instance of 71 into an “equivalent”
instance of o, that is, an instance of m, admitting the same answer as the
instance of m1; in this case, we shall write m; —, mo. Cook [4] proved that
there is one problem in NP, namely SAT, to which every other problem
in NP can be polynomially reduced. Thus, in a sense, SAT is the “hard-
est” problem inside NP. Other problems share this property in NP and are
called NP-complete problems; their class is denoted by NP-C. The way to
show that a decision problem 7 is NP-complete is, once it is proved to be in
NP, to choose some NP-complete problem 7y and to polynomially reduce
it to w. From a practical viewpoint, the NP-completeness of a problem 7
implies that we do not know any polynomial algorithm solving 7, and that,
under the assumption P# NP, which is widely believed to be true, no such
algorithm exists: the time required can grow exponentially with the size of
the instance (when the instance is a graph, its size is polynomially linked
to the order of the graph).

The complement of a decision problem, “Given I and PR, is PR true
for I?7”,is “Given I and PR, is PR false for I?”. The class co- NP (respec-
tively, co-NP-C) is the class of the problems which are the complement of
a problem in NP (respectively, NP-C).

For problems which are not necessarily decision problems, a Turing re-
duction from a problem 7, to a problem s is an algorithm A that solves 7y
using a (hypothetical) subprogram S solving o such that, if S were a poly-
nomial algorithm for o, then A would be a polynomial algorithm for ;.
Thus, in this sense, mo is “at least as hard” as m;. A problem 7 is NP-
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Figure 1: Some classes of complexity.

hard (respectively, co-NP-hard) if there is a Turing reduction from some
NP-complete (respectively, co-NP-complete) problem to 7 [8, p. 113].

Remark 2 Note that with these definitions, NP-hard and co-NP-hard co-
incide [8, p. 114].

The notions of completeness and hardness can of course be extended to
classes other than NP or co-NP. NP-hardness is defined differently in [5]
and [12]: there, a problem 7 is NP-hard if there is a polynomial reduction
from some NP-complete problem to 7; this may lead to confusion (see
Section 4).

We also introduce the classes PN? (also known as Aj in the class hier-
archy) and LN (also denoted by PNFIOUegn)] or ©,), which contain the
decision problems which can be solved by applying, with a number of calls
which is polynomial (respectively, logarithmic) with respect to the size of
the instance, a subprogram able to solve an appropriate problem in NP
(usually, an NP-complete problem); and the class DP [23] (or DIFF [2] or
BH, [18], [25], ...) as the class of languages (or problems) L such that there
are two languages L; € NP and Ly € co-NP satisfying L = L; N Ly. This
class is not to be confused with NPNco-NP (see the warning in, e.g., [22,
p. 412)); actually, DP contains NPUco-NP and is contained in LV, See
Figure 1.

Membership to P, NP, co-NP, DP, LN* or PNF gives an upper bound
on the complexity of a problem (this problem is not more difficult than .. .),
whereas a hardness result gives a lower bound (this problem is at least
as difficult as ...). Still, such results are conditional in some sense; if



for example P=NP, they would lose their interest. But we do not know
whether or where the classes of complexity collapse.

We now consider the satisfiability problems defined in Section 1.1.

The problems SAT and 3-SAT are two of the basic and most well-known
NP-complete problems [4], [8, p. 39, p. 46 and p. 259]. More generally, k-
SAT is NP-complete for k > 3 and polynomial for £k = 2. The problem
1-3-SAT, which is obvioulsy in NP, is also NP-complete [24, Lemma 3.5],
[8, p. 259], [15, Rem. 3].

In [15] we proved the following.

Proposition 3 [15, Th. 10] For every integer k > 3, the problems U-SAT,
U-k-SAT and U-1-3-SAT are equivalent, up to polynomials. O

Using results from [2] and [22, p. 415], it is then rather simple to obtain
the following result.

Corollary 4 For every integer k > 3,

(a) the decision problems U-SAT, U-k-SAT and U-1-3-SAT are NP-hard
(and co-NP-hard by Remark 2);

(b) the decision problems U-SAT, U-k-SAT and U-1-3-SAT belong to
the class DP. O

Remark 5 It is not known whether these problems are DP-complete. In [22,
p. 415], it is said that “U-SAT is not believed to be DP-complete”.

We are now ready to investigate the problems of Vertex Cover and Domi-
nation.

2 Vertex Covers

In this section, we are going to describe three polynomial reductions:
U-1-3-SAT —,, U-VC and U-1-3-SAT —, U-OVC (Theorem 8),
U-VC —,, U-SAT (Theorem 11).
The consequence of these reductions is that U-SAT and U-VC have equiv-
alent complexity, that U-VC and U-OVC are NP-hard, and that U-VC
belongs to DP. We shall also show that U-OVC belongs to the class LV?.

2.1 Preliminary Results

The following result characterizes the vertices belonging to at least one
optimal VC, through the comparison of two vertex cover numbers, and will
be used in the (constructive) proof of Proposition 13.



Lemma 6 Let G = (V,E) be a graph. For a given vertex o € V, we
consider the following graph: Go = (Va, Ey), with

Vo=V U {61752}a E,=FU {O‘ﬂhOCBQ}’

where, for 1 <i <2, B; ¢ V. Then « belongs to at least one optimal vertex
cover in G if and only if ¢(G) = ¢(G,).

Proof. (a) Let a be a vertex belonging to at least one optimal vertex cover
C in G; then C is a VC in G, as well, and ¢(G,) < |C| = ¢(G).

On the other hand, let C* be an optimal VC in G,. Then obviously
« € C* and none of the §;’s belongs to C*. Consequently, C* C V', C* is
a VC in G, and ¢(G) < |C*| = ¢(Gq).

Therefore, with this assumption on «, we have: ¢(G) = ¢(G,).

(b) Conversely, assume that ¢(G) = ¢(G,) for a vertex a € V. Let
C* be an optimal VC in G,; again, a € C*, and none of the 3;’s belongs
to C*. Then C* is a VC in G, it has size ¢(G,) = ¢(G), and it contains a.

O
Proposition 7 [19], [8, p. 46 and p. 190] The decision problem VC' is
NP-complete. O

Actually, we shall only use the fact that the problem VC belongs to NP, in
the proofs of Propositions 13 and 14.

2.2 Uniqueness of Vertex Cover
2.2.1 From U-1-3-SAT to U-VC and U-OVC

Theorem 8 There exists a polynomial reduction from U-1-3-SAT to U-VC
and to U-OVC: U-1-3-SAT —, U-VC and U-1-3-SAT —, U-OVC.

Proof. Going deeper into the proof of the NP-completeness of the problem
Vertex Cover (see [19], [8, pp. 54-56]), which uses a polynomial reduction
from 3-SAT and obviously does not convey the uniqueness of the solution,
we describe a polynomial reduction from the problem U-1-3-SAT to U-VC
and U-OVC, see Figure 2. If the instance of U-1-3-SAT consists of a set C
of m clauses over n variables, we construct

— one vertex denoted by X;

— for each clause ¢;, a triangle T = {a;,b;,d; };

— for each variable z;, a component G; = (V; = {z;,%;}, E; = {x:T:})
and an auxiliary triangle T = {a},b},d;} whose vertices are linked to
x;, T; and X by the three edges z;a;, Z;d; and b X, called “auxiliary
membership edges”.

Then we link the components G; on the one hand, and the triangles T}
on the other hand, according to which literals appear in which clauses
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Figure 2: Illustration of the graph constructed for the reduction from U-
1-3-SAT to U-OVC, with four variables and two clauses, ¢; = {x1, 22,23},
co = {T2,x3,24}. The sixteen black vertices form the (not unique) optimal
vertex cover V* corresponding to the (not unique) truth assignment z; =
T, zo =F, x3 =F, z4 =F 1-3-satisfying the clauses. As soon as we set
VN (ViuVaU V3 UVy) = {x1,T2,T3, T4}, the other vertices in V* are
forced.

(“membership edges”): for each clause ¢; = {{1, 2,03}, we link ¢; and a;,
¢y and b;, and ¢3 and d;. We also add the triangular set of edges E; =
{l10s, 0103, 05035}

The graph G thus constructed constitutes the instance of U-OVC, and,
together with the integer k = 2m + 3n, the instance of U-VC. The order
of Gis 1+ 3m + 5n.

Note that if V* is a VC, then each triangle T; and each auxiliary trian-
gle T contain at least two vertices, each component G; at least one vertex,
and |V*| > 2(m+n) +n=2m+3n = k; if |V*| = k, then V* is optimal,
and each triangle contains exactly two vertices, each component G; exactly
one vertex. We can also observe that, because of the edge sets E;-, at least
two vertices among 01,025,053 belong to any VC.

(a) Let us first assume that the answer to U-1-3-SAT is YES: there is a
unique truth assignment 1-3-satisfying the clauses of C. Then, by taking,
in each G;, the vertex corresponding to the literal which is TRUE, in every
triangle 7}, the two vertices which are linked to the two false literals of c;,
and in every auxiliary triangle the vertex linked to X and the one linked
to the false literal, we obtain a VC V* whose size is equal to k = 2m + 3n,
which is optimal. Note that X ¢ V*; in fact, once we have put the n vertices
corresponding to the true literals in the VC V* in construction, we have no
choice for the optimal (up to k) completion of V*: when we take two vertices
in T}, we must take the two vertices which cover the membership edges
linked to the two false literals (in Figure 2, the vertices by, d; and by, ds);
similarly, we have no choice either for the auxiliary triangles. So, if another



optimal VC VT (of size k) exists, it must have a different distribution of its
vertices over the components G;, still with exactly one vertex in each Gj;
this in turn defines a valid truth assignment, by setting x; =T if z; € VT,
z; =F if T; € V. Now this assignment 1-3-satisfies C, thanks in particular
to our observation on the covering of the edges in E; So we have two truth
assignments 1-3-satisfying C, contradicting the YES answer to U-1-3-SAT;
therefore, V* is the only optimal VC (with size k). So we have a YES
answer to both U-VC and U-OVC.

(b) Assume next that the answer to U-1-3-SAT is NO: this may be
either because no truth assignment 1-3-satisfies the instance, or because
at least two assignments do; in the latter case, this would lead, using the
same argument as in the previous paragraph, to at least two optimal VC
(of size k = 2m + 3n), and a NO answer to both U-VC and U-OVC. So
we are left with the case when the set of clauses C cannot be 1-3-satisfied.
As seen previously when discussing V1, this implies that no VC of size k
exists; this is sufficient to show that the answer is also NO for U-VC.

Assume then that V* is an optimal VC, of unknown size |V*| > 2m+3n.
Then (i) at least one triangle contains three vertices of V*, or (ii) at least
one component G; contains two vertices of V*, or (ili) X € V*. Assume
first that one triangle T); or one auxiliary triangle 7} contains three vertices
belonging to V*; this can happen only if the three membership edges, aux-
iliary or not, starting from this triangle are not covered by their other ends
(otherwise, we could save one vertex in the triangle). But then, exchanging
in V* one vertex of this triangle with the other end of its membership edge
gives another optimal VC, and a NO answer to U-OVC. So we may assume
from now on that all the triangles have exactly two vertices in V*. Assume
next that a component G; has two vertices belonging to V*; then inside
its auxiliary triangle T}, we have at least two possibilities for choosing the
two vertices belonging to V*, and, once again, a NO answer to U-OVC. So
we are left with the case when X € V*, but again, using the same type of
argument, there is choice inside the auxiliary triangles. So in all cases, we
have a NO answer to U-OVC. O

Corollary 9 The decision problems UVC and U-OVC are NP-hard.

Proof. Use Theorem 8 and Corollary 4(a). O

2.2.2 An Upper Bound for the Complexity of U-VC

Remark 10 The method carried out in the proof of the following theorem
is quite general and can be used with other types of problems, e.g., those
inwvolving the existence of a vertex set with bounded size in a graph: roughly
speaking, the clauses constructed below in (a) “describe” the problem, those
in (b) deal with the size of the set, and finally the clauses in (¢) rule out

10



multiple solutions obtained by permutations, symmetries, ..., and guarantee
the uniqueness. See also the proof of Theorem 24 below.

Theorem 11 There exists a polynomial reduction from U-VC to U-SAT:
U-VC —, U-SAT.

Proof. We start from an instance of U-VC, a graph G = (V, E) and an
integer k, with V. = {z!,...,2IV!}; we assume that [V| > 3. We create
the set of variables X = {2 : 1 < h < |V|,1 < i < k} and the following
clauses:

(a) for each edge 2"zt € E, clauses of size 2k: {zht, 2, ... ah 2f, ... 2t}
(bl) for 1 <i<kand 1 <h < (< |V], clauses of size two: {Z7,T'};
(b2) for 1 <i<j<kand1l<h<|V|] clauses of size two: {Z/,Z"'};

(c)forl<i<kand1l<{¢<|V] forl<h</{andi<j<k, clauses

of size two: {Z},Z"

19 7 *
Note that the number of variables and clauses is polynomial with respect
to the order of G, since we may assume that k < |V].

Assume that we have a unique VC of size k in G, V* = {aP',zP2,
.o, xPRY with p1 < pg < ... < pg. Observe that V* is optimal (otherwise,
any optimal VC destroys the uniqueness assumption). Define the assign-
ment A; by Aj(zh?) =T for 1 < ¢ < k, and all the other variables are set
FALSE by A;. This assignment satisfies all the clauses; indeed:

(a) at least one of z", ¢ belongs to V*; if, say, " = 2P« € V*, then by
definition x’q’ is set TRUE by Ay, and satisfies the clause;

(b1) if {Z!, 7¢} is not satisfied for some h, i, ¢, then A;(z}) = Ay (2f) =
T, which would mean that two different vertices are the i-th element in V'*;

(b2) if {ff,f?} is not satisfied, this means that 2" appears more than
once in V*;

(c) if {z¢,Z"} is not satisfied for some 4, ¢, with h < ¢ and i < j, then
Ay (zf) = Ai(2!) =T. This means that 2* = 2P and 2" = 2P/; so £ = p;,
h = p;. Now h < ¢ implies that p; < pi, but ¢ < j implies that p; < p;, a
contradiction.

Is A; unique? Assume on the contrary that another assignment, As, also
satisfies the constructed instance of U-SAT. By (a), at least one variable x/

or x§ is set TRUE by Ay, for every h, £ corresponding to an edge z"z¢, and
for some i or j; so if V' is a vertex set which contains the vertex z" as soon
as some variable z” is set TRUE by Ay, then VT is a vertex cover. By (bl),
for each i € {1,...,k} there is at most one variable with subscript i set
TRUE by Ajy; this tells us that we have constructed a VC with (at most)
k elements. Since such a VC is unique by assumption, we can see that A;

and Ay have “selected” the same k vertices, i.e., for each pg, € {p1,...,pi},

11



there is exactly one variable, x5, set TRUE by A;, and, thanks to (b2),
exactly one variable, say 257, set TRUE by Ay. All the other variables with
superscript p, are FALSE by A; or As. Then, using (c), we can see that
necessarily g = s for every p,, and that A; and A; must coincide: indeed,
assume on the contrary that for some ¢ € {1,...,k}, we have ¢ # s; we
treat the case 1 < g < s <k, the case 1 < s < ¢ < k being similar. Then if
we consider the subscripts smaller than s, there must be one, say v, such
that there is a superscript p, > pq verifying As(ab+) =T. Now the clause
from (c) {zP«, 75’} is not satisfied by Az, a contradiction.

So a YES answer for U-VC leads to a YES answer for U-SAT. Assume
now that the answer to U-VC is negative. If it is negative because there are
at least two VC of size k, then we have at least two assignments satisfying
the instance of U-SAT: we have seen above how to construct a suitable
assignment from a VC, and different VC obviously lead to different assign-
ments. If there is no VC of size k, then there is no assignment satisfying
U-SAT, because such an assignment would give a VC of size k, as we have
seen above with As. So in both cases, a NO answer to U-VC implies a NO
answer to U-SAT. O

Theorem 12 For every integer k > 3, the problems U-SAT, U-1-3-SAT,
U-k-SAT and U-VC have equivalent complezity, up to polynomials.
As a consequence, U-VC belongs to the class DP.

Proof. Simply gather Proposition 3, Theorems 8 and 11, and Corol-
lary 4(b). O
Note that it could have been shown directly that U-VC belongs to DP.

2.2.3 Two Upper Bounds for the Complexity of U-OVC

We give a first upper bound on the complexity of U-OVC, because the proof
is interesting in itself, because it uses a constructive argument (if there is
a unique optimal vertex cover, the algorithm can output it), and because
for some problems it is sometimes the only available method and result.
In the case of Vertex Cover however, we can improve on Proposition 13,
and instead of calling a polynomial number of times an algorithm solving a
problem in NP, we need to call it only a logarithmic number of times, see
Proposition 14.

Proposition 13 The decision problem U-OVC belongs to the class PNT.
In case of a YES answer, one can give the only optimal vertex cover within
the same complezity.

Proof. Let A; be an algorithm solving the problem VC, which is in NP,
cf. Proposition 7; using a standard dichotomous process, we obtain an
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algorithm A outputting ¢(G) for any graph G, with a logarithmic number
of calls to A;.

Let G = (V, E) be any instance of U-OVC, with n vertices. Run A
for G, then, for each vertex v € V, run As for G,, the graph defined in
Lemma 6. By the same lemma, we know, by comparing ¢(G) and ¢(G,),
whether v belongs to at least one optimal VC in G or not. Let Y =
{v1,...,v¢} be the set of vertices with a positive answer; then necessarily
¢ € {p(G),p(G) + 1,...,n}. Now if £ > ¢(G), there is more than one
optimal VC in G, whereas if £ = ¢(G), there is only one, namely, Y.

This shows that we can obtain the answer to U-OVC with n + 1 calls
to As, which leads to a polynomial number of calls to an algorithm solving
the problem VC, together with negligible operations such as construct-
ing G,. Moreover, we can construct the optimal VC when there is one.

O
Proposition 14 The decision problem U-OVC belongs to the class LN .

Proof. We use the same algorithm A, as in the proof of the previous
proposition, for any graph G. Then, once we have ¢(G), we run an al-
gorithm solving U-VC, for the instance consisting of G and ¢(G). The
answer is YES if and only if there is a unique optimal VC in G. Since
the problem VC is in NP and U-VC is in DP (but actually, membership
to LN* would suffice), this amounts to a logarithmic number of calls to
an algorithm solving a problem in NP, plus one call for a problem in DP.
Because DP CINFP , we are done. O

Note that using an algorithm for U-VC without knowing ¢(G) would lead
nowhere, because a NO answer cannot be interpreted: either k < ¢(G) and
there is no VC, or k > ¢(G), but there is more than one VC.

2.3 Related Results: Cliques and Independent Sets

Let G = (V,E) be a graph, and G¢ = (V, E€) be its complement: E¢ =
{uv : uw € Vv € V,u # v,uv ¢ E}. Then the following three statements
are equivalent: (a) V* is a vertex cover in G; (b) V' \ V* is an independent
set in G; (c) V' \ V* induces a clique in G¢. These relationships are simple
enough to make it trivial to polynomially transform the problem VC to any
one of the following two problems, and wvice-versa:

Instance: A graph G and an integer k.

Question: Does G admit
(1) an independent set of size at least k7  (2) a clique of size at least k?

It follows that
— these two problems have the same complexity as the problem VC;
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— the problems of a unique clique (with bounded size or optimal) and
of a unique independent set (with bounded size or optimal) have the same
complexity as U-VC and U-OVC, respectively.

3 Dominating Codes

The approach for dominating codes is quite similar to the one for vertex
covers, but slightly more complicated because we shall have to study suc-
cessively 1-domination, then r-domination for general 7.

After some necessary preliminary results, we are going to prove, for
r > 1, the polynomial reductions

U-3-SAT —,, U-DC; and U-3-SAT —, U-ODC; (Theorem 18),

U-DC; —, U-DC, and U-ODC; —, U-ODC,. (Theorem 20),
U-DC, —, U-DC; and U-ODC,. —, U-ODC; (Proposition 22),
U-DCy —, U-SAT (Theorem 24).

The consequence of these reductions is that U-DC,. and U-ODC,. are NP-
hard. Also, U-SAT and U-DC, have equivalent complexity; as a result,
U-DC,. belongs to DP. We shall also show that U-ODC, belongs to the
class LV,

3.1 Preliminary Results

The following lemma will be used in the proof of Theorem 20.

Lemma 15 Letr > 1 be any integer and let GY,,, = (V.5,, E¥.) be the graph
defined as follows:

Vi ={u,0}U{a; 11 <i<r—1}U{B;;: 1 <i<r—1,1<j<3r},
E;, ={uoq,n09,...,ap_10} U
U{ifBi1, BiiBizs s BigBips1s -5 Bigr—1Bior : 1 < i <r —1} U
U{BirBi2r+1: Bi2r1Bi2r42, -+ Bigr—1Biar 1 1 <i <1 —1},

see Figure 4 further down. Then . (GL,) =7, C1 ={u} U{Bi, :1<i<
r—1} and Cy = {v} U{B;, : 1 <i <r —1} are two optimal r-dominating
codes in G, and any optimal r-dominating codes in G, contains W =

{Bir:1<i<r-—1}

Proof. Because the r — 1 vertices j; 2, must be r-dominated by some
codeword, at least » — 1 codewords are necessary. But no vertex can simul-
taneously r-dominate 3; 2, and u or v, so at least one more codeword is
required, and 7, (G5, ) > r. On the other hand, it is quite straightforward
to check that C; and C5 are r-dominating codes, of size r, so that they
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are optimal, and v, (G%,) = r. Finally, for a given i € {1,...,7 — 1}, only
Bi,r can r-dominate both 3; o, and B; 3., and so §; , belongs to any optimal
r-dominating code. O

Also note that, for any given ¢ with 1 < ¢ < r—1, the vertex f3; , r-dominates
ezactly a; and f; 5, for 1 < j < 3r.

The following lemma, which characterizes the vertices belonging to at
least one optimal r-dominating code, through the comparison of two r-
domination numbers, is very similar to Lemma 6 for vertex covers; it will
be used for Proposition 26. It is a simplified version of [14, Cor. 2].

Lemma 16 Let G = (V, E) be a graph, and let r > 1 be any integer. For a
given vertex o € V', we consider the following graph: Go = (Vy, Eq), with

Va=VU{fi:1<i<r}, Eo=EU{ab}U{Bifit1:1<i<r—1}

where for i € {1,...,r}, B; ¢ V. Then « belongs to at least one optimal
r-dominating code in G if and only if v-(G) = v-(G4). O

Proposition 17 [8, p. 75 and p. 190, for r = 1], [14, Prop. 9] Let r > 1
be any integer. The decision problem DC, is NP-complete. O

Actually, we shall only use the fact that DC,. belongs to NP, for Proposi-
tions 26 and 27. Note that the proofs of Proposition 17 do not deal with
the problem of the uniqueness of a solution.

3.2 Uniqueness of Dominating Code
3.2.1 From U-3-SAT to U-DC; and U-ODC;

Theorem 18 There exists a polynomial reduction from U-3-SAT to U-DC}
and to U-ODC,: U-3-SAT —, U-DCy and U-3-SAT —, U-ODC}.

Proof. The construction of a graph is common to the two reductions, then
we add an integer k for U-DC;. We start from an instance of U-3-SAT,
a collection C of m clauses over a set X of n variables. For each variable
z; € X, 1 <i < n, we construct the graph G; = (V;, E;) as follows (see
Figure 3):

Vi=Axi,Ti,a;,b;} U{a; 0: 1 <L <3}

E; = {z;a;,T;a;,a;b;} U {xjo 0, Ty 1 1 < £ < 3}

Then for each clause ¢;, 1 < j < m, containing three literals, we create one
vertex, A;, and link it to the three vertices corresponding, in the graphs Gj,
to the literals of c¢;. This is our graph Gj its order is 7n +m. Additionally,
we set k = 2n for U-DC;.
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Figure 3: The graph G constructed in the proof of Theorem 18.

Note already that, because of the vertices b; and «; ¢, any optimal 1-
dominating code in G contains x; or T;, and a; or b;, for all ¢ € {1,...,n}.
Consequently, 71 (G) > 2n = k.

We claim that there is a unique solution to 3-SAT if and only if there
is a unique optimal 1-dominating code, and if and only if there is a unique
1-dominating code of size (at most) k, in G.

(1) Assume first that there is a unique truth assignment satisfying
all the clauses. We construct the following code C: for i € {1,...,n},
among the vertices x; € V;, T; € V;, we put in C the vertex x; if the
literal z; has been set TRUE, the vertex Z; if the literal x; is FALSE, and
we add a;. Then C'is a 1-dominating code; in particular, every vertex A; is
1-dominated by at least one codeword since every clause contains at least
one true literal. The code C' has size k = 2n and is optimal. Moreover, once
x; or T; is a codeword, the only way to complete the code with not more
than n additional codewords is to take a;, so that x; or x; is 1-dominated
by C, since no A; is a codeword. The code C' is unique: suppose on the
contrary that C* is another 1-dominating code of size 2n in G. Then
|IC*NV;| =2 for all i € {1,...,n}, no A, is a codeword, and exactly
one of x; and T; is in C*. This defines a valid truth assignment for X,
by setting z; =T if x; € C*, x; =F if T; € C*. Since C' # C*, this
assignment is different from the assignment used to build C'. But the fact
that C* 1-dominates A; for all j shows that there is a codeword z; or T;
1-dominating A;, which means that the clause c; is satisfied. Therefore, we
have a second assignment satisfying the instance of 3-SAT, a contradiction.
We can conclude that both problems, U-DC; and U-ODC;, also have a
YES answer.

(2) Assume next that the answer to U-3-SAT is NO: this may be either
because no truth assignment satisfies the instance, or because at least two
assignments do; in the latter case, this would lead, using the same argument
as previously, to at least two optimal 1-dominating codes of size k = 2n,
and a NO answer to U-DC; and to U-ODC;. So we are left with the
case when the set of clauses C cannot be satisfied. This implies that no
1-dominating code of size k = 2n exists, as seen with C*; this is sufficient
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to end the proof for U-DC;, but we have to go on for U-ODC;: assume
then that C' is an optimal 1-dominating code of unknown size |C| > 2n.
We know that each V; contains at least two codewords. Where can the
extra codeword(s) be?

Suppose that a vertex Aj, is a codeword. If the three vertices in {x;,T; :
1 < i <n} to which Aj, is linked are codewords, then A;, could have been
saved. So there is at least one neighbour of A;,, say x;,, which does not
belong to C. Now T;, € C, x;, is 1-dominated by A;, € C, and either
CNVy = {Ti,ai,} or CNVyy = {Ti,bi, } may be part of an optimal
solution, i.e., we have a NO answer for U-ODC;.

So we can assume from now on that no A; is a codeword, and that there
is at least one set V;, containing at least three codewords. If it is more than
three, then codewords can be spared. If it is exactly three, then z;, and T;,
are codewords, so that some vertices A; linked to them are 1-dominated
by C thanks to x;, and Z;,: otherwise, two codewords inside V;, would
have been sufficient. Now we have a choice for the third codeword in V;:
it can be either a;, or b;,.

In all cases, we have proved that there can be several optimal 1-domina-

ting codes, i.e., we have a NO answer for G, the constructed instance of
U-ODC;. O

Remark 19 The fact that all the clauses have degree three has mo im-
portance whatsoever, and the proof could also work using any problem U-
k-SAT, k > 3, or U-SAT. Only the degrees of the vertices A; would be
affected.

3.2.2 Extension to r > 2

Theorem 20 Let r > 2 be any integer. There is a polynomial reduction
from U-ODCy to U-ODC, and from U-DCy to U-DC,.: U-ODCy —, U-
ODC, and U-DC, —, U-DC;.

Proof. This proof is inspired by the proof of Proposition 9 in [14]. We
start from a graph G = (V, E) and an integer k for U-DCy, and the same
graph G for U-ODC;.

The graph G* = (V*, E*) is common to the reduction to U-DC,. and to
U-ODC,. (see Figure 4), and is defined by setting, for each edge e = uv € E,

Vi={aei:1<i<r—13U{Bei;:1<i<r—1,1<j<3r},

E: = {uae,la Qe 102, ...,0er_20¢r_1, ae,rflv} U
{0te,iBe,i1s Be,iiBeis2s -3 BeyirBeyirtts - Bejiar—1Bejior 1 1 < i <1 — 1}
U{Bei,rBe,i2r+1, Bejizr+1Beizr+2s -1 Pejigr—10e,izr 1 1 < i <1 — 1}
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Figure 4: How the edge e = uv € E gives V. and E}. The black vertices
on the branches are the vertices S ; ,.

Then we set
Vi=Vu (USEEV:)7 E* = UeEEE;k'

Finally, for U-DC,.,, we put k* = k + (r — 1)|E/|. The order of G* is |E|(r —
1)(3r +1).

(1) We claim that an instance of U-ODC; is positive if and only if the
corresponding instance of U-ODC,. is.

(a) First, we assume that there is a YES answer in G for U-ODC;:
there is a unique optimal 1-dominating code C' in G. Let W be the set
consisting of the (r — 1)|E| vertices Be;r, e € E, 1 < i < r — 1. Note
that W r-dominates exactly V*\ V', and that, by Lemma 15, any optimal
r-dominating code in G* contains W. Because C is 1-dominating in G,
clearly C* = C U W is r-dominating in G*. Note in particular that two
vertices u and v at distance 1 in G are at distance r in G*.

Because moreover C is optimal, the code C* is also optimal: assume
on the contrary that Ct is an optimal r-dominating code in G*, with
|CT| < |C*|. We proceed as in the proof of Proposition 9 in [14]: the
subcode CT \ W must r-dominate all the vertices in V, and if a codeword
in V*\ V performs part of this task, it can be replaced by a vertex in V.
After such replacements have possibly been made, we have a code C* such
that C* NV r-dominates, in G*, all the vertices in V'; this implies that
in G, C* NV 1-dominates all the vertices. But [C* NV| < |CT\ W| <
|C*\ W| =|C| =11(G), ie., |C* NV| <~ (G), which is impossible.

Finally, because we assumed that C' was the only optimal 1-dominating
code in G, the code C* = C' U W is the only optimal r-dominating code
in G*. Suppose on the contrary that CF is another optimal code in G*:
[CF| = |C*|=|C|+ [W].

(i) CtNV = CHt\W, or, equivalently, (V*\V)NC* = W. Then, as we
have already seen, CTNV is 1-dominating in G, and either CT*NV = C*NV,
which leads to C™ = C*, or CT NV # C* NV, in which case we have two
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optimal 1-dominating codes in G, CT\ W and C*\ W = C. In both cases,
we have a contradiction.

(i) Ct* NV # CT \ W. Then there is at least one codeword z € C*
belonging to some VX \ {Bcr:1 <i<r—1}, with e =uv € E. Then z
must r-dominate v or v or both; otherwise, z is useless and can be saved.
For the same reason, v ¢ Ct and v ¢ C™; but then (C* \ {z}) U {u}
and (CT \ {z}) U {v} are also both r-dominating in G*. By similarly
replacing all the ¢ codewords in (V*\ W)\ V, ¢t > 1, by codewords in V', we
have 2 codes included in V U W which are all r-dominating in G*, which
implies that their intersections with V" all are 1-dominating in G; moreover,
these intersections have size (at most) [C*| — |W| = |C|, i.e., are optimal.
Finally, there are at least two of them, so at least one is different from C,
contradicting its uniqueness.

This shows that a YES answer to U-ODC; leads to a YES answer to
U-ODC,..

(b) And a NO answer to U-ODC; leads to a NO answer to U-ODC,.,
since two optimal 1-dominating codes in G, C; and Cs, give two optimal
r-dominating codes in G*, C;y UW and Cy UW.

This ends the part for U-ODC,..

(2) We claim that an instance of U-DC; is positive if and only if the
corresponding instance of U-DC,. is.

(a) First, we assume that there is a YES answer for U-DCj: there is
a unique 1-dominating code C' with size at most k in G. Obviously, C' is
optimal, otherwise any optimal 1-dominating code in G would contradict
the uniqueness of C. Consider the code C* = C UW in G*, of size k +
(r —1)|E| = k*. Exactly as in Step (1) of this proof, C* is r-dominating,
is optimal, and is the only r-dominating code of size at most £* in G*. So
the answer to U-DC,. is also positive.

(b) Next, we assume that the answer to U-DC; is NO: either there is
no 1-dominating code with size at most k in G, or there is more than one.
In the latter case, we have more than one r-dominating code with size at
most k* in G*: simply add the set W to the codes in G. So we assume that
we are in the first case. This implies in particular that 1 (G) > k; using the
same argument as in Step (1), we can see that v,.(G*) > k+(r—1)|E| = k*,
and there is no r-dominating code with size at most £* in G*. In all cases,
the answer to U-DC, is NO. O

Corollary 21 Let » > 1 be any integer. The decision problems U-DC,.
and U-ODC, are NP-hard. O

Proposition 22 Letr > 2 be any integer. There is a polynomial reduction

from U-DC, to U-DCy and from U-ODC, to U-ODCy: U-DC, —, U-DC;
and U-ODC, —, U-ODC}.
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Proof. Let (G,k) be an instance of U-DC, and G be an instance of U-
ODC,, for r > 2. The instance for U-DC; is simply (G, k), and G" for
U-ODCy, where G" is the r-th power of G: obviously, by Lemma 1, there is
a unique 1-dominating code of size k in G" if and only if there is a unique 7-
dominating code of size k in G, and there is a unique optimal 1-dominating
code in G" if and only if there is a unique optimal r-dominating code in G.

O

Corollary 23 Let r1 > 1 and ro > 1 be any integers.

(a) The decision problems U-DC,, and U-DC,, are equivalent, up to
polynomials.

(b) The decision problems U-ODC,, and U-ODC,, are equivalent, up
to polynomials. O

3.2.3 An Upper Bound for the Complexity of U-DC,

Theorem 24 There exists a polynomial reduction from U-DCy to U-SAT:
U-DCy —, U-SAT.

Proof. We fully use Remark 10: we start from an instance of U-DCy, a
graph G = (V, E) and an integer k, with V = {z!,...,2IVI}; we assume
that |V| > 3. We create the set of variables X = {2/ : 1 < h < |V|,1 <
i <k} and the following clauses:

h hi1
s

(a) for each vertex z" € V with neighbours z .zl clauses of
ha h

size (s + 1)k: {z?,x%,...,xz,x?l,...,xk ,...,xls,...,xzs};
(bl) for 1 <i<kand 1 <h << |V|, clauses of size two: {Z, 7¢};

1) 7

(b2) for 1 <i < j<kand1<h<|V] clauses of size two: {z?,Z"};

[REad DR
(c)forl<i<kand1l<{¢<|V] forl<h</{andi< j<k, clauses

» . [l =h
of size two: {T;,7} }.

Compared to the proof of Theorem 11, only the clauses in (a) are different:

they convey the fact that among the vertices z, 2", ..., " at least one
must be put in a 1-dominating code. The proof then goes exactly as for
Theorem 11. O

By Proposition 22 or its corollary, this immediately implies that there is a
polynomial reduction from U-DC,. to U-SAT.

Theorem 25 Letr > 1 and k > 3 be any integers. The problem U-DC,
has complexity equivalent to that of U-SAT, U-k-SAT and U-1-3-SAT.
As a consequence, U-DC,. belongs to the class DP. O

Note that it could have been shown directly that U-DC,. belongs to DP.
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3.2.4 Two Upper Bounds for the Complexity of U-ODC,.

The (constructive) membership of U-ODC,. to the class PN* and the mem-
bership to LN* can be proved in exactly the same way as in Section 2.2.3
for U-OVC. This time, it is the characterizing Lemma 16 which must be
used, together with Proposition 17.

Proposition 26 For r > 1, the decision problem U-ODC,. belongs to the
class PN, In case of a YES answer, one can give the only optimal r-
dominating code within the same complexity. %

Proposition 27 Forr > 1, the decision problem U-ODC, belongs to L.
O

4 Conclusion

Corollary 4 states that the three problems, U-SAT, U-1-3-SAT and U-k-
SAT (k > 3), are equivalent and lie somewhere in the vertically hatched
area of Figure 5, but probably not in DP-C, cf. Remark 5.

Theorems 12 and 25 state that U-VC and U-DC,., r > 1, have the same
complexity as the above three problems, and consequently are located in
the same hatched area.

We have also established that the decision problems U-OVC and U-
ODC,, r > 1, belong to the class LN?, see Propositions 14 and 27, and that
they are NP-hard, see Corollaries 9 and 21. This means that they lie within
the areas that are hatched horizontally or vertically. Moreover, all the
problems U-ODC,. are equivalent between each other, by Corollary 23(b).

We have the same conclusions for Cliques and Independent Sets (see
Section 2.3).

In [2], the authors wonder whether

(A) U-SAT is NP-hard, but here we believe that what they mean is:
does there exist a polynomial reduction from an NP-complete problem to
U-SAT ? i.e., they use the second definition of NP-hardness;

finally, they show that (A) is true if and only if

(B) U-SAT is DP-complete.

So, if one is careless and considers that U-SAT is NP-hard without checking
according to which definition, one might easily jump too hastily to the
conclusion that U-SAT is DP-complete, which, to our knowledge, is not
known to be true or not. As for U-3-SAT, we do not know where to locate
it more precisely either; in [3] the problems U-k-SAT and more particularly
U-3-SAT are studied, but it appears that they are versions where the given
set of clauses has zero or one solution, which makes quite a difference with
our problem.
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DP-hard R -

Figure 5: Some classes of complexity: Figure 1 re-visited.

Open problem 1 (general). For £ > 3 and r > 1, improve the location of
U-SAT, U-k-SAT, U-1-3-SAT, U-VC, U-OVC, U-DC, and U-ODC,., within
the classes of complexity.

Open problem 2. It is easy to establish that U-OVC —, U-ODC; (and
U-OVC —, U-ODC,, r > 2). What more can be said about the relationship
between U-OVC and U-ODC; (and U-ODC,)?

Open problem 3 (conjecture). Under the assumption PANP, U-OVC
is not equivalent to U-VC, and U-ODC,. is not equivalent to U-DC,., r > 1.

Finally, in [6] (respectively, [9]), characterizations of the trees (respectively,
the block graphs, which are a class of graphs including the trees) admitting
a unique optimal 1-dominating code are given. This result, together with a
linear algorithm determining optimal 1-dominating codes in block graphs,
then allows to show that the sub-problem of U-ODC; where the instance
is any block graph is linear.

Open problem 4. Is it possible to extend this kind of result to any integer
r > 17 to other classes of graphs?
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