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Exponential stability of general 1-D quasilinear systems with source
terms for the C'' norm under boundary conditions

Amaury Hayat

Laboratoire Jacques-Louis Lions, UMR CNRS 7598, UPMC Université Paris 6, Sorbonne
université.

Abstract

We address the question of the exponential stability for the C*' norm of general 1-D quasilinear systems
with source terms under boundary conditions. To reach this aim, we introduce the notion of basic C*
Lyapunov functions, a generic kind of exponentially decreasing function whose existence ensures the
exponential stability of the system for the C* norm. We show that the existence of a basic C' Lyapunov
function is subject to two conditions: an interior condition, intrinsic to the system, and a condition on
the boundary controls. We give explicit sufficient interior and boundary conditions such that the system
is exponentially stable for the C* norm and we show that the interior condition is also necessary to the
existence of a basic C' Lyapunov function. Finally, we show that the results conducted in this article
are also true under the same conditions for the exponential stability in the C* norm, for any p > 1.

1 Introduction

Hyperbolic systems have been studied for several centuries, as their importance in representing physical
phenomena is undeniable. From gaz dynamics to population evolution through waves equations and fluid
dynamics they are found in many areas. As they represent the propagation phenomena of numerous physical
or industrial systems [1, 14, 19], the issue of their controllability and stability is a major concern, with both
theoretical and practical interest. If the question of controllability has been well-studied [20], the problem
of stabilization under boundary control, however, is only well known in the particular case of an absence
of source term. However, in many case neglecting the source term is a crude approximation and reduces
greatly the analysis, in particular because it implies that the system can be reduced to decoupled equations
or slightly coupled equations (see [11] for instance). For most physical equations the source term cannot
therefore be neglected and the steady-states we aim at stabilizing can be non-uniform with potentially large
variations of amplitude (e.g. Saint-Venant equations, see [5] Chapter 5 or [17], Euler equations, see [12]
or [15], Telegrapher equations, etc.). Taking into account these nonuniform steady-states and stabilizing
them is impossible when not taking the source term into account, although it is an important issue in many
applications. In presence of a source term some results exist for the H? norm (and actually H?, p > 2),
however, few results exist for the more natural C! norm (and consequent C? norms, p > 1). It has to be
underlined that for nonlinear systems the stability in these two main topologies are not equivalent as shown
in [10]. In this article we deal with the stability in C' norm of such hyperbolic systems of quasilinear partial
differential equations with source term under boundary conditions.

Several methods are usually used to study the stability of systems. The Lyapunov approach, one of the
most famous, is the one we opted for in this article. This approach has the advantage, among others, of
guaranteeing some robustness and of being convenient to deal with non-linear problems [6, 18]. We first
introduce the basic C' Lyapunov functions, a kind of natural Lyapunov functions for the C' norm and we
then find a sufficient condition such that the system admits a basic C' Lyapunov function. We show that
this sufficient condition is twofold: a first intrinsic condition on the system and a second condition on the
boundary controls. We show then that this sufficient condition on the system is in fact necessary in the



general case for the existence of a basic C' Lyapunov function.

The organisation of this paper is as follows: In Section 1, we recall some preliminary properties about 1-D
quasilinear hyperbolic system. Section 2 presents an overview of the context and previous results. Section 3
states the main results, which are proven in Section 4. Section 5 presents several remarks and further detail
to the results.

A general quasilinear hyperbolic system can be written as:
Y:+ F(Y)Y,+D(Y)=0, (1.1)
B(Y(t,0),Y(t,L)) =0, (1.2)
with Y : [0,400) x [0,L] = R™ and F': U - M, (R) and D : U — R™ where U is a non empty connected
open set of R™ and F is strictly hyperbolic, i.e. for all Y € U, F(Y) has real, distinct eigenvalues. We

suppose in addition that these eigenvalues are non-vanishing. B is a map from U x U to R whose form will
be precised later on, such that the system (1.1)—(1.2) is well-posed.

We call Y* a steady-state of the previous system that we aim at stabilizing. Note that, due to the source
term, Y* is not necessarily uniform and the problem cannot be directly treated as a null stabilization. We
therefore use the following transformation:

u(z,t) = N(x)(Y(x,t) — Y*(2)), (1.3)

where N is such that:

NF(Y*)N~! = A, (1.4)
where A is diagonal and corresponds to the eigenvalues of F(Y*). Note that such NV exists as the system is
strictly hyperbolic. Therefore, the system (1.1)—(1.2) is equivalent to

u; + A(u,x)u, + B(u,z) =0, (1.5)
B(N(0)"'u(0,t) + Y*(0), N(L) 'u(L,t) + Y*(L)) = 0, (1.6)
with
A(u,z) = N(z)F(Y)N Y (z) = N(z)F(N "} (2)u + Y*(z)) N (z), (1.7)
B(u,z) = N(F(Y)(Y: + (N"Y)u) + D(Y)). (1.8)

The difficulty when there is a source term is twofold, and its first aspect can be seen in (1.7): we cannot
assume that the steady state Y* we aim at stabilizing is uniform. Therefore A depends not only on u
but also directly on z, and having A(u(t,z)) is different from having A(u(¢, x),x) especially when u is a
perturbation: if u can still be seen as a perturbation, the dependency on x can no longer be seen itself as a
perturbation.

Its second aspect is that the source term creates a coupling between the two quantities which is a zero order
term that can disturb the Lyapunov function and we will see in Section 2, 3 and 4 that this implies that
there does not always exist a simple quadratic Lyapunov function ensuring exponential stability even when
the boundary conditions can be chosen arbitrarly, while this phenomenon cannot appear in the absence of
source term.

From the strict hyperbolicity we can denote by m the integer such that

A;>0and Vi <m, A; <0, Vi€ [m+1,n]. (1.9)

We now denote by u, the vector of components associated to positive eigenvalues (uy, ..., u,,)" and similarly
u_ refers to (U1, ...,un)T. In the special cases where m = 0 or m = n u is equal to u_ or u, respectively.
From now on we will focus on boundary conditions of the form

() =a(nle ). o)



Note that with this boundary conditions the incoming signal is a function of the outgoing signal, which is
what is typically expected from a feedback control law and enables the well-posedness of the system (see
Theorem 1.1 later on). However the method presented in this article could also be applied to any other
boundary conditions of the form (1.2) that also ensure well-posedness.

We also introduce the consequent first order compatibility conditions for an initial condition u®:

(0 (L)

( (Q G(+@) (1.11)
(A(u’(0),0)0:u’(0) + B(u’(0),0)), '\ _
(A(u’(L), L)d,u’(L) + B(u®(L), L)) _

, (09(D) [ (A(u’(L), L), u’(L) +

G (u%)) ( (A(u°(0), 0)9,u°(0) +

(1.12)

Well-posedness of the system (1.5),(1.10) for any initial condition u® that satisfies the compatibility conditions
(1.11),(1.12) is given by Li [22] (see also [23]), one has the following theorem:

Theorem 1.1. For all T > 0 there exist C(T) > 0 and n(T) > 0 such that, for every up € C*([0, L], R™)
satisfying the compatibility conditions (1.11), (1.12) and such that |ug|ly < n, the system (1.5)-(1.10) has a
unique solution on [0,T) x [0, L] with initial condition ug. Moreover one have:

[u(t, ) < CL(Dfu(0, )]y, vt € [0,7). (1.13)

2 Context and previous results

General hyperbolic system without source term The exponential stability of general strictly hy-
perbolic systems of the form (1.5) without source term, i.e. B = 0, has been mainly studied in the linear
or non-linear case (see for instance [7, 8, 13, 24, 21, 4, 9]) under various boundary conditions or boundary
controls (e.g. Proportional-integral control, dead beat control, single boundary control, etc.). A large part
of these studies has been conducted using boundary conditions of the form (1.10). For such boundary con-
ditions in non-linear systems the exponential stability depends on the topology [10] and in particular that
the stability in H? norm does not imply the stability in C! norm. In [10] the authors also gave a sufficient
condition for stability in the WP norm for p € [1, +o00]:

pp(G'(0)) <1, (2.1)
where G is given in (1.10) and the definition of p,, is
pp(M) = inf(JAMA=,, A € Df), 1< p < 400 (2:2)

where [-||,, is the usual p norm for matrices and D, are the diagonal n x n matrices with positive eigenvalues.

The case of the C! norm for systems with no source term has also been treated in [7] by Jean-Michel Coron
and Georges Bastin by a Lyapunov approach that inspired the first part of this paper. There, they proved
the following sufficient condition for exponential stability through a Lyapunov approach:

Poo(G(0)) < 1. (2.3)

However the general case with a non-zero source term changes several things. As mentioned previously it
implies that the steady-states Y* are no longer necessarily uniform and as a direct consequence the matrix
A defined in (1.7) depend explicitly not only on u but also on z. In addition, there are some cases where,
for any G, no basic quadratic H? Lyapunov function can be found (see for instance [3] and in particular
Proposition 5.12) or no basic C! Lyapunov function can be found, as shown later on.



General hyperbolic system with non-zero source term in the HP norm For general quasilinear
hyperbolic systems with source term, also called inhomogeneous quasilinear hyperbolic systems, the analysis
of the exponential stability is much less advanced and actual knowledge in the matter is still partial. To
our knowledge the exponential stability of such systems with non zero and non negligible source term was
only treated in the framework of the H? norm for p € N\ {0,1} and in [3] (in Chapter 6) the authors find a
sufficient (but a priori non-necessary) condition: exponential stability of the system (1.5)—(1.13) for the H?
norm where p > 2 is achieved if there exists @ € C*([0, L], D;}) such that the two following conditions hold:

e (Interior condition) the matrix
—(QN)(2) + Q)M (0,2) + M(0,2)" Q(a)" (2.4)
is positive definite for all = € [0, L],

e (Boundary conditions) the matrix

A4 (L)Q(L) 0 T (A (0)Q1(0) 0 T
( T *A—<0>Q—<0>)_K ( O fA—<L>Q_(L>)K (2.5)

is positive semi-definite

where M(0,-) = 25(0,-) and K = G'(0).

It has to be underlined that with a non-zero source term in there does not always exist a simple quadratic
Lyapunov function ensuring exponential stability for the HP norm whatever the boundary conditions are.
Thus appears not only a boundary condition (2.5) as in the previous paragraph but also an interior condition
(2.4).

This phenomenon is not specific to non-linear systems but also appears in linear systems: In [2] for instance,
the authors study a linear 2 x 2 system and found a necessary and sufficient condition for the existence of Q
such that (2.4) hold. In general for linear hyperbolic systems the condition (2.4) also appears although it is
only sufficient when n > 2. This is the consequence of the non-uniformity of the steady-states combined with
non-identically vanishing zero order term even close to the steady states. If this phenomenon is not new,
we will see however that the interior condition that appears for the C! norm is different from the condition
that typically appears when studying Lyapunov functions for H? norms.

Our contribution in this article is to deal with the exponential stability for the C' norm of such general
hyperbolic systems with source term. This article intends to give a necessary and sufficient interior condi-
tion to the existence of a simple quadratic Lyapunov function ensuring exponential stability in the C! (and
actually CP) norm of the system and a sufficient condition on the boundary conditions.

Useful observations and notations Before going any further let us note that by definition of B and as
Y* is a steady-state
B(0,z) = NO)(F(Y")(Y)+ D(Y™")) =0. (2.6)

Thus if we assume that B is C?, there exists no > 0 and M € C*(B,, x [0, L], M, (R)), where B,, is the
ball of radius 7y in the space of continuous function endowed with the L>° topology, such that (see [3] in
particular Lemma 6.7)

B(u,z) = M(u,z)u,

B (2.7)
and therefore, —u(O, x)=M(0,x).

Also we introduce the following notations:



Definition 2.1. For a C° function U = (Uy, ...,U,)T on [0, L] we define the C° norm |Uly by

i [0,L]

[UJ = sup <sup<|Ui|>> . (2.8)

For a C! function U = (Uy, ..., U,)" on [0, L], we denote similarly the C* norm |U|; by
|Ul1 == [Ulo + 19 Ulo. (2.9)

In the following for a C'! function u on [0,7] x [0, L], we will sometimes note for simplicity |uly instead of
|u(t,-)|o and |u|; instead of |u(¢,-)|;.
We recall the definition of the exponential stability for the C' norm:

Definition 2.2. The steady state u* of the system (1.5),(1.10) is exponentially stable for the C'! norm
if there exist v > 0, n > 0, and C' > 0 such that for every u’ € C'([0, L]) satisfaying the compatibility
conditions (1.11),(1.12) and |u® — u*|; < 7, the Cauchy problem (1.5),(1.10),(u(0, ) = u°) has a unique C*
solution and

lu(t,-) —u*|; < Ce "u® —u*|y, Vt € [0, +o0[. (2.10)

Remark 2.1. Given our change of variable Y — u, proving the exponential stability for the C' normof the
steady state 0 of the system (1.5),(1.10) is equivalent to proving the and to proving the exponential stability
for the C* norm of the steady state Y* of the system (1.1) and the associated boundary condition.

Definition 2.3. We call basic C' Lyapunov function a function V defined by

V(U) =|(f1Ux, ..., fuUn)" |,

. (2.11)
n ]((A(U, #Us + BU)1f1, o (AU, 2)Us + BU )t

for some (fy,...f,) € C! ([O,L];]R*Jr)n, such that there exist v > 0 and n > 0 such that for any 7" > 0 and
any solution u of the system (1.5)—(1.10) with |u®[; <,

LI 212

in a distributionnal sense on (0,T).

Also, in that case, (f1,..., f») are called coefficients inducing a basic C! Lyapunov function.

Remark 2.2. Note from (1.5), that when u is a solution of the system (1.5), (1.10), V(u(t,-)) becomes
V(a(t, ) = |(frug, . faoun) |, + [(@1)efrs oo (un)efu) "

The previous definition (2.11) is used so that V is actually defined as function on C*([0,L]) only and to
underline that therefore, the function V(u) : t — V(u(t,-)) does only depend on the state of the system at
time t.

(2.13)

0 )

Note that the existence of such basic C'! Lyapunov function for a system guaranties the exponential stability
of the system for the C' norm. More precisely we have the following proposition:

Proposition 2.1. Let a quasilinear hyperbolic system be of the form (1.5),(1.10), with A and B of class
C' such that there exists a basic C' Lyapunov function, then the system is exponentially stable for the C!
norm.



Proof of proposition 2.1. From Theorem 1.1, let T > 0 and ug € C*([0, L], R™) satisfying the compatibility
conditions (1.11) and such that |ug|y < n(T"), where n(T) is given by Theorem 1.1, there exists a unique
solution u € C1([0,T] x [0, L]). Suppose that V is a basic C' Lyapunov function, induced by (f1,...f,) and
~ and n; are the constants associated. From its definition V' (u(t,-)) is closely related to |u(t,-)|1, indeed,
using that for all ¢ € {1,n}, f; are positive and bounded on [0, L], it is easy to see that there exists ¢ > 0

such that )
;0(\11(?5, o +10xu(t, )|o) < V(u(t,-)) < colult, )lo + |9u(t, )lo)- (2.14)

But observe that, as u is a solution of (1.5), there exists 7, > 0 such that for |u(t,-)|o < 74

Buu(t,)lo < 25up (1Adlo) 190(1, o + 250 (M350, Vo) [u(r, o (215)
7 2]
and similarly
2
Lu(t, o < - t,- M;;(0, - £ ), 2.1
et o < s (10t Yl sup 104,0,) 1) e, o (216)

which implies that there exists ¢ > 0 constant such that for |u(t,-)|o < 74

Yt )l < Viw) < clu(t, ). (2.17)

Let 7' € R% , with T'> 0 and T large enough such that ¢?e™77 < % From (2.12), for all solution u such that
[u®ly < min(n(T),n1,7./C(T)) where C(T) is defined in (1.13),

V(u,T) < V(u,0)e 7T, (2.18)
Now, using (2.17) we get
(T, )l < [u(0,-)[1c?e T, (2.19)
And from the hypothesis on T
1
(T, )lx = 5[u(0, ), (2.20)
and this imply that u is defined on [0,400) and that we can find C' and v; such that
lu(t,0) —u*|; < Ce M u® — u*|y, Vt € [0, +o0], (2.21)
which gives the exponential stability and concludes the proof. O

3 Main results
The aim of this article is to show the following results:

Theorem 3.1. Let a quasilinear hyperbolic system be of the form (1.5), (1.10), with A and B of class C*,
A defined as in (1.4) and M as in (2.7). Let assume that the two following properties hold

1. (Interior condition) the system

n f3/2
Alle <=2 _Mu(07x)fl + Z |M1k(07 Z‘)| : ) (31)
k=1, ki v fk

admits a solution (fi, ..., fn) on [0, L] such that for alli € [1,n], f; >0,



2. (Boundary conditions) there exists a diagonal matriz A with positive coefficients such that

|AG (0)A™ Yoo < (3.2)

where d; = L if A; > 0 and d; = 0 otherwise.
Then there exists a basic C* Lyapunov function for the system (1.5), (1.10).

Remark 3.1. Note that when M = 0 we recover the result found in [7] in the absence of source term: the
interior condition is always verified by any positive constant functions (f1, ..., fn) and when choosing f; = A?
the boundary condition reduces to the existence of A € D7 such that [|AG'(0)A™} oo < 1 which is equivalent
to poo(G'(0)) < 1.

Note also that the existence of a solution (f1,...fn) with f; >0 on [0, L] for all i € {1,...,n} for the system

/ 2 - f3/2
fi = _E —M;i(0,2) fi + k=§¢i|Mik(07 z)| N (3.3)

s also a sufficient interior condition as it obviously implies the existence of a solution with positive compo-
nents for (3.1).

Moreover, we show in the following Theorem that condition (3.1) is also necessary in order to ensure the
existence of a basic C' Lyapunov function.

Theorem 3.2. Let a quasilinear hyperbolic system be of the form (1.5) with A and B of class C?, there exists
a control of the form (1.10) such that there exists a basic C* Lyapunov function for the system (1.5),(1.10)
if and only if
n f3/2
Aiff <=2 | M1 (0, 2)| =

admits a solution (fi, ..., fn) on [0, L] such that for all i € [1,n], f; > 0.

— ]\4”(0,.’)3)]0Z 5 (34)

Remark 3.2. Note that Theorem 3.2 illustrates the sharpness of (3.1) by showing that it is a necessary
condition. This is not trivial as, to our knowledge, there is no similar condition for the HP norm when n > 2
yet. Note also that we have not imposed anything on the initial values of the (f1,..., fn) but we see from
Theorem 3.1 and (3.2) that the more liberty we give them, the more restrictive the condition on the boundary
(3.2) might become.

The proof of these two results is given in the next section.

4 C!' Lyapunov stability of n x n quasilinear hyperbolic system

In this Section we shall prove Theorem 3.1 and Theorem 3.2. We will first start by proving the following
Lemma:

2

Lemma 4.1. Let (ai,bi]‘)( ye[1,n]2 € C([O,L],R)n X C([O,L],R)n s

i.j
If

n

(1) Ipr € N*: Y | ai(@)y?” + > bij @)y y; | >0, ¥p > p1, ¥y € R\ {0}, Vz € [0, L, (4.1)
j=1

i=1



then

(i) ai(x) > > |bij(x)| = bis(x), Vi € [1,n],Va € [0, L. (4.2)
J=1,5#i
And if

(#1) a;(z) > Z |bi;j(z)| — bis(x), Vi € [1,n],Vz € [0, L], (4.3)
J=1,j#i
then (i) holds.

Proof of Lemma 4.1. We start with (i) = (ii). Let « € [0, L], let i € [0,n], assuming (¢) is true for all
y € R™\ {0}, we take m € N*, and define y; := 1, y; := —sgn(b;;)m/(m+1) for j # i. Then as (4.1) is true
for all p large enough, by letting p — +00 one gets

m n
ai(a:) —|—b,’i($) > m - Z |b1,](1‘)|, Vo € [O,L] (44)
J=1,j#i
Hence, as it is true for all m € N*, letting m — +oo
ai(z) + bis(z) > Y |by(x)l, Vo € [0, L], (4.5)
j=1,j#i

which concludes (i) = (i1).

Now let us prove that (iii) = (¢). First of all observe that we can suppose without loss of generality that
n

Vi € [1,n], b; := 0: one just has to redefine a; := a; + b;;. Then by (4.3), a; > 3 |bij|, Vi € [1,n], then let
j=1

us define: .
di(x) == a;(z) — Z|bik(x)|7 (4.6)
k=1
then d; is C° and positive on [0, L]. We denote by
(O _ ey
d;” = [B?Lf](dz) f&lg]l(dl) > 0. (4.7

Now, let y € R™\ {0}, we can select i; such that

lyi,| = max (|yil), (4.8)
i€[1,n]

thus y;, # 0 and proving (4.1) is equivalent to proving that there exists p; € N* such that for all p > py,

n |2p n N\ 2p-1
Z a;(x) Vil Zbik(x) (%) LU S 0, vz € [0, L]. (4.9)
i—1 i1 b1 Yiq Yiy
Denoting z; = y;/yi,, (4.9) becomes
n n
I:= <aiz§p +) biszp_lzk> >0, on [0, L]. (4.10)
i=1 k=1
Using (4.6) we know that
I:Zdizfp—&— |bik\z§p+2bikz§p_lzk. (4.11)
i=1 k=1 k=1



By definition for ¢ = i1, |2;,| = 1, and for i # i1, |z| < 1, therefore
di ;] +Z|buk\22p +szlk22” Lo > dyy > dY. (4.12)

Therefore

1>d%+ Y (dizfp + ) bzl - Z|bik||zi|2p_1> ,
k=1 k=1

i=1,ii,

) - (4.13)
0 —
=dy) + > (dizz‘zp — > Ibir (1= [zi]) |z 1) :
i=1,i%4 k=1
We introduce
gz g(z) = —(1—2)z2P71 (4.14)
We know that g is C* on [0,1] and admits a minimum on [0,1] at 2 = 1 — 5=, as one can check that
§() = (2p= — (2 — )22, (4.15)

Therefore n n
o 1 _
I>dy) — % S0 b)), (4.16)
i=1,i74; k=1

and this is true for all z € [0, L]. Let us point out that there exists p; > 0 such that

ST N lbilo < dY, Vp > pr. (4.17)

2p i=1,ii1 k=1

Here p; is a constant and does not depend on z. Hence we can conclude that I > 0, Vp > p1,Va € [0, L],Vy €
R™. Therefore (4.1) holds. O

Now let us prove Theorem 3.1.

Proof of Theorem 3.1. Let T' € R.. Let assume that A and B are of class C?, and let u be a C? solution
of system (1.5),(1.10) such that [u°|; < . Such solution exists for € small enough and uy € C?([0, L], R")
which verifies the compatiblity conditions (1.11) (see [3] in particular Theorem 4.21). We suppose here a
C? regularity for technical reason but the final estimate will not depend on the C? norm and will be also
true by density for A and B of class C! and for u a C! solution. Recall that \; are the eigenvalues of A as
defined in (1.7). We denote s; := sgn(A;(u, z)) which only depends on ¢ from the hypothesis of non-vanishing
eigenvalues and the continuity of A. We define:

1/2p
Wy p = (/ pu?pe_Qp“S”dx> , (4.18)

with p € N*, and f; > 0 on [0, L] to be determined. Clearly Wi , > 0 for u # 0, and W; , = 0 when u = 0.
If we differentiate Wi ;, with respect to time along the C? trajectories, we have

dW- -
171) Wll,p2p / Z fl 2p—1 [_ Z Qi (ua x)uk:w
k=1

- Z Mg (u, x)ukl e 2PHSIT .
k=1

(4.19)



where (ai;) (i jyep,nz = A and M is defined in (2.7). We know that the a;; are C* and from (2.7) that
a;;(0,-) = &; ;A;(-). Here 6, ; stands for the Kronecker delta. Hence

al]( ) =0; ]A ( ) + ‘/;j-u; (420)

where V;; are C'. Therefore using integration by parts

dW. Wl 2p n L
Lp _ 1,p 21) e 2pusiv
dt 2p lz N ] 0
— Wll’fp/ Zf’ 2p ! [(Z Mikuk> + Z(Vik(u,x).u)ukx] e 2PHSIT
k=1 k=1

S (4.21)

,P / ( u x)fz( )p 1f/ 2;0 dini(x)pu§P> e~ 2PHSIT ],

Wl 217/ ZP\ |fpu2pe—2p;w .

We denote
1— 2p L

I Do [anx fi(@)PuiPe=2pnsi f] : (4.22)

0
and

:[3 _ 1 2p/ Zfl p ?p*l (Z Mzk“k) 672pusiwd‘r
k=1

1-2
Wl,p i ) . p 1 pr 2p —2pus;x
ZAAu,x)fz( fiui da.
=1

(4.23)

We supposed that [u®|; < e, where ¢ > 0 can be chosen arbitrarily small but, of course, independent
of p. From (1.13) and denoting n = C1(T)e we have: |ujp < 7. Choosing ¢ sufficiently small is thus
equivalent to choosing 7 sufficiently small, so we will rather choose 7 in the following and this choice of n
will always be independent of p. Besides, observe that there exists 1; > 0 sufficiently small such that for all
ug € C°([0, L], R") such that |u|o < m

: : : o (i)
; > —_— . 4.24
vel0,L] (é‘ﬂfﬁ] (s (. ””)D) = oL (i?fffi] ( 2 (4.24)

Recall that A = A\(0,-) and is defined in (1.4). As [0, L] is a closed segment, and the |A;| are strictly positive
continuous functions we can define the positive constant o := mingep ) (mingep, . (JAs(x)[/2)) > 0. We
suppose from now on that n < n;. Therefore from (4.21), (4.22), (4.23) and (4.24)

aw,

7 — P <-—1I— /LO[()WLP I3

—w / Zf” PSS (Vik(u, ) w)ugg | e (4.25)

j=1
Wf,fp / (

We now estimate the two last terms, starting by the last one. The )\; are C? and in particular C! in u
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therefore

n

W2 L n gy

i/ Z(—ux + Op i) fi(z)PuPe2Pnsit gy

2p 0 = Ju .
Cl 02

S5 Wip+ oW

— 2p Lp T 2p 1pluli,

where C and C are constants that depend on 77 and the system but are independent from p and u provided
that |u|; < 7. Besides we have

n

L n
W11,;2p/0 Z fzpufp_l(Z(Vik(u, o). 0)up, e PrSidy < C3Wy ,lul;. (4.27)
i=1

j=1
where Cj is a constant that does not depend on on p and u. Therefore (4.25) can be written as

Oy

2p

aWy,

c
— < b1~ (o — ?;)Wl,p + (22 4 C3)Wi p|uly. (4.28)

As ap > 0, it is easy to see that there exists p; € N* such that Vp > pq

d‘g% < Iy— Iy — %Wl,p + CyWpluls. (4.29)
Here p; depends only on aqg and 7, while Cy does not depend on p and u. Before going any further, we see
here that if we can manage to prove that I > 0 and I3 > 0 we may be able to conclude to the existence
of a Lyapunov function that looks like a L?P norm where p can be as large as we want and therefore we
start to see the forecoming basic C! Lyapunov function. We are now left with studying I, and I3 which will
correspond respectively to the boundary condition and the interior condition we mentioned in Section 2 and
in Theorem 3.1.

Let us first deal with Is:

L n n /
_ - Aifi s,
Is :Wll,p2p/0 E <fipuz2p ' (E Mikﬂk) - szﬂp 1u?p> e 2PHSIT g, (4.30)
i=1 k=1

Let suppose that the system (3.1) admits a positive solution (g1, ...g,) on [0, L], which is the interior condition.
Then we can write this as

n 3/2
“Nigi=2{ Y 1M (0,0)T= — Myi(0,2)g; | + b, (4.31)
k=1,k#i V9

where h; are non-negative functions. By continuity (see for instance [16], in particular Theorem 2.1 in
Chapter 5) there exists o1 > 0 such that for all o € [0, 01] there exists a unique solution to

n f3/2

—Aif] =2 Mix(0,2)| == — M;;(0,2) fi | +h;i + o0,
k_%i c(0,2)|: = = Mis(0,2) w2

fi(0) =g:(0).

We denote (fi,o,...fn,s) this solution, which is continuous with o. Therefore there exists oo € (0,01] such
that for all ¢ € [1,n], and all o € (0,02], fi,, > 0, on [0, L] and

—ANifio>2| D [Mi(0,2)

e — Mii(0,2) fio | - (4.33)

k=1,k#i V ko

11



We choose now f; := f; , where o € (0,02]. As M and X are continuous in u, there exists 72 > 0 such that
for Julp < 2

—Ai(u, x)— > 2 Z | Mk (u, )] — 2M;i(u, z). (4.34)
i k=1 k#i fe
Therefore from Lemma 4.1
- >\'fz 2 ' 2p—1 n
; sz P+ ZM’L . >0, Vy = (yi)ie[l,n] €ER \ {0}7 (435)
which implies that
L n / n
Ai fi \/ﬁ w21
w2 / —ZR2P 0N My, P~ ) dz > 0. 4.36
w2 ( o, 2 M (43

Therefore by continuity, there exists a 1 > 0 such that Vu € [0, u1]

Iy = W, / Z <Z Mzk Vi upul? ™t — AQ ]{ u2p) e TIPS gy > (), (4.37)

Now let us deal with Is, which will lead to the boundary condition. Recall that

1 2]7 n
lz )\ (L)Pu2p(t L) —2pus; L
n (4.38)
= " Ai(u(t,0),0)£:(0)Pui? (¢,0)
i=1
Recall that m is the integer such that A; > 0, for all i < m and A; < 0, for all i > m, we have
Wl 2p m
(ZA DALY (¢, L2k
- ZlA 0)| £3(0)P" (¢, 0)
n (4.39)
3" iult, L), L) fi(L)Pu? (¢, L)e*r T
1=m-+1
+ Z [Xi(u(t, 0),0)|£:(0 )”u?”(t,O)) :
1=m-+1

We denote K := G’(0) and we know that under assumption (3.2) there exists A = (Aq,...,A,)" € (Rx )™
such that

inf ( (dl)>
f:= su ZAKA Hgj)) < — 2
== sup (sup(] ; ; NS/
lelle<1 i ! T sup, (%)

i

(4.40)

where (g;)ie1,n) denote the positive solution of (3.1) introduced previously in (4.31). Note that we have in

fact 6 = sup, (Y |K;;|2). Let:
i=0 !

& = Agu(t, L) for i € [1,m], (4.41)
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From (1.10) and using the fact that G is C1, we have

() == () = () o

where o(z) refers to a function such that o(x)/|z| tends to 0 when |uly tends to 0. Thus we get

W b (i)\ flA(?g ( (t L)A )2p —2ppL
* Z |)\i(u(t’0)7O)|fi(2)z)np(ui(t,0)ﬁi)2p
i=m+1 ;
m +(0)P n A; 2% (444)
_;)\i(u(t,O)’O)fA(fz (;Kikgk(t)Ak)
_ Z |\;(u(t, L), L) flA2p Zsz&c )2p 2WL>
i=m+1 :

o ((Ju(t,0)| + fu(t, D (e, 0 + D).

As the \; are C! in u we have

1— 2p m
M (Z ui(t, L)) e 2Pk
+ Z A ui(t, 0)A;)%P
i=m-+1 z
n (4.45)

—ZAZ-( AQ,, Z K (t
i=1

- Zn: |Ai(L) ]2;) ZKW& =) QP”L>

i=m-+1

o (00,00 + e, D e 017 1+ [u(t, L))

Now let ¢ € [0, T, there exists 4o such that max;(£7(t)) = &7, to simplify the notations we introduce d; such
that d; = L for i < m and d; =0 for i > m + 1. Then

Wy, I8 (dio) op /v —opnas
I > 2pp (| Ay (diy) Agpo fz’up(t)e 2ppudig
. Z|A L — d f (L d )(05 )2pe2pu (L—d; )) (446)
A
((\u(t70)| + [u(t, L)) (Jut, 0)*P~F + Ja(t, L)1),
thus
Wll,p2p fii(dio) 2p —2pud;
12 Z 2p (|A (d10)| A?{;D 620 (t)@ iQ
P —d, 4.47
—n sup | [A(L — dz‘)\fl(ig)ezw(hdi) (6&i,)°P) (47
1€[1,n] Aip

o (([u(t, 0)] + u(t, L) )(Ju(t, 0> + [u(t, L)1)
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Now, from (3.2) we have

sup; (Agi(LAgdi))

where (g;)ie[1,n) still denote the positive solution of (3.1). Remark that we set earlier f; := f;, where
o € (0,02] and can be chosen arbitrary small, and recall that the functions f; , are continuous in ¢ on this
neighbourhood of 0. Therefore there exists o € (0, 03] such that

inf; (szi?i) )

0? < (4.48)

S : (4.49)
sup; (LU )
But as the inequality is strict, there exist by continuity ps > 0 and ps such that
i fi(di)
inf;|A; (dy)| 1/p mfi( N ) -
92 [ AN ; 4ul v 0 V> . 150
< (nsupi|Ai(Ldi)| € , V€ [0, ps), Vp = ps (4.50)

sup, (LLA_?di))

i

Therefore from (4.50) and (4.47) there exists 73 > 0 such that I > 0. We choose in addition 73 smaller that
72. We can conclude that there exist py and g > 0 such that for all |uly < 3

dWl,p < _,uOéo

= 5 Wip+ C’6W17p|u|1, Vp > ps. (4.51)

We now have our first estimate and we have seen appear both an interior condition and a boundary condition
that explains the conditions that appear in Theorem 3.1. Yet there remains a potentially non-negative term
in |ul; and the function we considered in (4.18) does not have the form of a basic C! Lyapunov function.
The last step is now to convert Wi, in a basic C* Lyapunov function. Defining

L n 1/2p
Wap = < / >k (x)p(ut)ﬁpe‘z””s“”dfc> ; (4.52)
0 =1

and proceeding the same way and observing that, for C? solutions,

0A 0B
uy + A(u, x)ug, + [811(11’ m).ut} u; + a—u(u,x)ut =0, (4.53)
n
where 0A/0u.u, refers to the matrix with coefficients ) 0A,;/0ui(u, x).0pui(t, z), we can obtain similarly
k=1
dw: o
=28 < B0 Wy, + G luls. (4.54)

In order to avoid overloading this article, the proof -which is very similar to the proof of (4.51)- is given in
the Appendix (see A.1).

Now let us define W), := Wy, + Wa ,, there exists ns > 0 (independent of p), u > 0, C (independent of p
and u), and ps such that, with |u]; < nq,

W, _ 1o
7/ 2 2

Wy + CWyluly, Vp = ps. (4.55)

Here we see that this estimate does not depend on the C? norm of the solution u and of the C? norms of A
and B and is therefore also true by density for solutions that are only of class C! and for A and B also only
C*'. To be fully rigourous, this statement assumes the well-posedness of the system (1.5), (1.10), (u = u°)
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in W1 when ug € W1°°([0, L]), but such well posedness is true (see [22]). We choose such 7, u1, ps, and we
define our basic C'! Lyapunov function candidate

n

n
A A
V.= ‘f{)( E mljUj)Zpe_Zplth , ,fﬁ( E mnjuj)%e_zp”””\ﬂi\ lo
Jj=1 Jj=1

(4.56)

n

n
_ S _ An_
FIO maj(ue);) e PINT L R mag(ug);) e PRI o,

i=1 =1
Similarly to the method used in [7] we can first choose 15 < min(n1, 12,73, 74) such that for all n < ns

lulp < = (4.57)
Remark 4.1. Recall that |u|; < n and that for convenience we are choosing n the bound on |u|y instead

of choosing ¢, the bound on [u®|y, but from (1.13) it is equivalent. Hence the previous only means choosing
g9 > 0 small enough, and such that for all e < 4

Mo
0. < M0 4.58
0.1 < s (4.59)
where C1(T') is the constant defined in (1.13).
Therefore from (4.55) and (4.57)
dWy Ko
< ——W > ps. .
Then, by definitions of W, and V'
lim W,(t) =V(¢), Vt T 4.
p_}r_{loo P( ) V( )’ € [07 ]7 ( 60)

and W,, converges weakly to V in the weak* topology of o(L>°(0,T), L*((0,T))). Therefore

dv Lo
< P2y 4.61
a — 4 7 (4.61)
in a distributional sense on (0, 7). Therefore V is a basic C* Lyapunov function with the associated constants
— B0 oy = O
v 7 and 1 =7s.

Proof of Theorem 3.2

Proof. The sufficient way is simply proven by using Theorem 3.1 with G = 0 for instance. We are left
with proving the necessary way. Let us suppose that there exists a basic C' Lyapunov function V induced
by coefficients (f1,...fn) and v and 7; the constants associated such that V is a Lyapunov function for all
u smooth solution that satisfies the compatibility conditions and such that |u|p < 7. Suppose now by
contradiction that the system (3.4) does not admit a solution (g, ..., gn) on [0, L] such that for all i € [1,n],
gi > 0. Then there exist z¢ € [0, L] and ig € [1,n] such that

n 3/2
Al o) <2 ST Ma0,m0) ) 9n, L (0,20) o o), (162)
k=1,k%io fk(xO)

as, if not, (f1,...fn) would be a solution on [0, L] to (3.4) with f; > 0, for all ¢ € [1,n]. We can rewrite (4.62)
simply as
n : Az /
— Y I Migr(0, o)) Vin(@o) _ Ao} fiy (@) + My, (0,0) < 0. (4.63)
k=1,k#io fi(20) 2fio(w0)
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For simplicity we can assume without losing any generality that ig = 1. By continuity there exists ¢ > 0
such that (4.63) is true on [zg — €, z9 + €] N [0, L]. We actually can suppose without loss of generality that
xo € (0, L) and that [zvo —&,20 +¢] C (0, L).

Then we take u§ € (—n2,72) positive, where 7, is a positive constant arbitrary so far, and define the vector
0
u’ by

ud == —u <1 - ;) sgn(M;(0,x0)), Vi # 1, (4.64)

where k € N* is arbitrary and sgn(0) = 0. As the system is strictly hyperbolic, min(|A;(xo)|) is achieved at
most for two ¢ € [1,n]. If so, we denote iy and i; the corresponding index, and if igp # 1 and 41 # 1 we can
redefine u, by

1
u?o = —ul (1 — k2> sgn(Mi;, (0, o)), (4.65)

where ko € N* with ke > k. The goal of this redefinition is that in both cases we can choose k large enough
so that

. . U? u(i)o
(i #ig) = ‘)\i(mo) < ‘)\io o] (4.66)
We now define the initial condition by
u? e—m(z—x0)—c
u;(0,2) := EX(QE)W’ (4.67)

where x : [0,L] — R is a C* function with compact support in (0, L) to be determined, such that |x|o is
independent of m € N* which will be set large enough and c¢ is a constant independent from m, also to be
determined. In order to simplify the notations we will suppose here that A\; > 0, otherwise one only needs
to replace e~ "(#~%0)=¢ by e sen(A)(m(z—z0)+e) 4 obtain the same result. Note here that the compatibility
conditions are satisfied for this initial condition as the function and its derivatives vanish on the boundaries.
From (4.64) and (4.67), we can choose 72 small enough and independent of m such that |u(0,-)|; < n;. Well-
posedness of the system guaranties the existence and uniqueness of a solution y to the system (1.5),(1.10)
with such initial condition (see Theorem 1.1). For simplicity we will conduct the proof assuming that the
system is linear, (i.e. A\j(u,-) = Ay, a;;(u,-) = 6;;A;(-) and M(u,-) = M(0,-)) although it is also not needed
and is only to simplify the computations. A way to transform the proof for non-linear system is given in the
Appendix (see A.3).

Before going any further and selecting x, we shall first give the idea and explain our strategy. We
want to select x such that |v/f19;u1(0,"), ..., v/ fnOsun(0,-)|o is achieved for i = 1 and z = z; close to
xo and only for such i and z;. We also want d/dt|/fiui(0,), ...,/ futn(0,)|0(0) to exist and to be

0 (d/dt (\/fl(xo)atul(O,xo)/mD such that dV/dt(0) will exist and its sign will be given by the sign of
V/ f1(20)0%u1(0,70). Then we will show that this sign is positive.

Now let us select x in order to achieve these goals. Rephrasing our first objective, we want that for all 4 # 1

fl(xl) )\1(.131)(91»1“(0,131) + ZMljUj(Oaxl) > sup fz(x) /\1(33)8@’111(0,1') + ZMMU]‘(O,JJ) 5
j=1

j:1 QTG[O,L]
(4.68)
while the maximum of /f1|A19,u1(0,) + > Mi;u;(0,-)| is achieved only in z1, close to z.
j=1
We search x under the form
X = ¢(m(z — ), (4.69)

where ¢ is a positive C'*° function with compact support. And we search y such that all the |\/ﬁ8tui(0, )|
admit their maximum at a single point in a small neighbourhood of xy. In that case note that from (4.64)
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we would indeed get that for m large enough |v/f10:u1(0, ), ..., v/ fnOrun (0, -)|g is attained for ¢ = 1 only and
at a single point close to xo. This will be shown rigorously later (see (4.77)). Now let us look at /f;0pu; (0, -)

VFidui(0,x) = — ufe @m0 [_X($)+ X() + X(x)/\“/ﬁ< L >/

m m XV i

(4.70)
+— L zn:M j i (x)
m K ug fi X
Using (4.69) and a change of variable y = m(x — x9), (4.70) becomes
VFidpui(0,2) = —ule™ ¢ | — o(y) + ¢'(y)
(4.71)

+ gi(%“!‘xo) Zfzg( +x0) ¢)(y) ’

m = m
where g; and f;; are C? bounded functions on [0, L] independent of m. This comes from the fact that A
and B are of class 2. This hypothesis, that does not appear in Theorem 3.1, is used to apply the implicit
function theorem later on (see (4.75) and (4.80)). Theorem 3.2 might also be proven with lower hypothesis
on the regularity A and B, however in most physical case A and B are C3 even when the solutions of the
system are much less regular. We can see that the coefficients of the equation (4.71) in ¢ and ¢’ depend
on m and are close to be constant for large m. One can show that there exists a function 1y such that
o € C3((—1,1)), such that |(vo(y) — ¥§(y))e ?| has a unique maximum on [—1,1] which is 1, and such
that the second derivative of |(¢o(y) — ¥{(y))e~ Y| does not vanish in this point, i.e. there exists a unique
y1 € (—1,1) such that

[bo(y) — bo(y)e™ < 1= |o(y1) — Yolyr)l e, Yy € [-1,1]\ {n1}, (4.72)
(I — wpl e (41) # 0. (4.73)

The existence of this function g is shown in the Appendix (see A.2). We set ¢ : y — o(y +y1) and ¢ = y;.
Therefore

eV [—o(y) + &' (V)] = (—vo(y + y1) + Vh(y +y1))e” W), (4.74)

which has a maximum absolute value for y = 0 with value equal to 1. Hence, there exists m; > 0 such that
for all m > my and all i € [1,n]

ANa; € [xo — e, x0 + €]+ |V fi(xi)Opu; (0, 24)| = sup \/ﬁatu, ), (4.75)
C; i
T — E|u?| <V filw) 0 (0, 25) < —uld + E\u% (4.76)

where C; are constants that do not depend on m. The unicity in (4.75) comes from the condition (4.73)
which ensures that the maximum stays unique when the function is slightly perturbated. We can actually
replace C; by C' = max;(C;) > 0. Therefore, there exists ms > my such that for all m > ms and i € [2,n]

sup(|v/fi0us (0,)]) < (1 — %) (1 + g) ud < ud <1 - g) < sup(|\/f100u1 (0, )]). (4.77)

[0,L] [0,L]

Hence, as we announced earlier,

IV F101u1(0, ), oo V/ Fn O (0, )]0 = |/ fi0pus (0, 2)| =i = Lz = 2. (4.78)
Hence, as u9 > 0 and from (4.75) and (4.76),

|\/f>18tu1(07 ')7 weey \/fTLatun |O Y/ fl 1'1 atul 0 {II1 (479)
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Therefore, as the maximum is unique and the inequality of (4.77) is strict, and from (4.73) and the implicit
function theorem, provided that m is large enough there exist ¢; > 0 and z, € C*([0,#]; [0, L]) such that

V100 (t, ), oo N FnOptin (£, )0 = =/ Fr(2a(£) D (, 20 (1)), VE € [0,11], (4.80)

24(0) = 21.

We seek now to obtain a similar relation for |v/fiui(t, ), ..., vV fntn(t, )|o. One can show that it is possible
to find g that satisfies the previous hypothesis (4.72) and (4.73) and such that in addition, there exists
y2 € [—1,1] such that

[o(y)le™ < [to(y2)l e, Vy € [=1,1]\ {ya}, (4.81)
Yo(y2) — g (y2)| > 0, (4.82)
(y+y1)

and such that there exists mz > 0 such that for all m > mg, if sup,c;_q 1(¥o(y + yl)w) is achieved
in ¥, € [—1,1], then

Y0 (Ym + Y1) — g (Ym + y1)| > €1, (4.83)
where ¢, is a positive constant that does not depend on m. The example of 1y provided in the Appendix is
suitable. Thus with h;(l,y) = Wixo)d)(y)e_y_yl one has:

9yhi(0,y2 —y1) = 0. (4.84)
Note that from (4.81), ¥o(y2) = ¥, (y2), thus from (4.82)
|0yyhi(0,y2 — y1)| > 0. (4.85)

Therefore from the implicit function theorem, there exists m4 > mg such that for all m > my4 and each
i € [1,n] there exists a unique y; € [-1 — y1,1 — y1] such that

1
dyhi (my> =0, (4.86)

lyi — (y2 —y1)| < ﬁ, (4.87)

where C, is a constant independent of m. From (4.66) there exists ms > my such that for all m > mg,

u? u?
N G < | ——e Y £, 4.88
B | B | T -

where C, > 1 is a constant independent of m. From (4.87), we have for any i € [1,n]

o( yzo e Yio
yl e Yi

e (4.89)

where C). is a constant independent of m. Therefore there exists mg > ms such that for all m > mg

; | aray 0 i .
1 i Yi »’Lo : ’ v . 490
Ni(& 42 )¢(y Je 2 Aig (%"ero)(b(y”)e 0 1 # i (4.90)

This means that for all m > mg there exists a unique iy € [1,n] and a unique z,, € [xo —¢€, o + €] such that

| V fio (xao)uio (07xao)| = sup | flul(ov )‘ (491)

i€[1,n],z€[0,L]
Now if we denote g(t,z) := 0, (\/ fio (€)wiy (t, ) sgn(us, (0, 24,))), one has that

g9(0,24,) =0, (4.92)
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hence

_)"/io (xao) Xl(xag)
i ag) ) T = X ) (4.93)
Therefore
a (0 T ) —— n(}\ )| 7/00‘ 7m(:1:a07m0)7y1 i ! (x ) (:17 ) + (x ) ].
:Eg aop g )\7;0 ag X ao X ag )\io ($a0)

1)' (a0) — 1 (AX) (a0) (4.94)

-m LY x x —mM "z L
<<A> (oo (o) =y X “°)Az-0<xao>>>'

Defining c;o := —sgn(A;,)|u? | which is a non-zero constant, we have from (4.69) and the definition of ¢

e Yip Y1
8339(0, l’ao) = C;om

o (22t 2) < 0 (Yio + Y1) = 2¢5(yiy +y1) + Yo(yi, +y1) + O ( . > +0 <nll>> :
(4.95)
(4.83) and (4.93)

Yy—y1

Observe that, by definition, y;, maximises ‘wo Y+ yl)ﬁ )

e~ Yio—Y1
‘8379(07 xa0)| :|Ca0 |m

7

1
m (%’(%o +y1) — Yo(yi, +y1) + O <m>)

e Yip Y1 1
— o(—1]-
w0 ()

Hence, as the inequality (4.90) is strict and from the implicit function theorem, there exists my > mg such
that for all m > mz, z, € C*([0,t2]; [0, L]) and ig € [1,n] such that

| flul(t’ ')v ceny fnun(tv )|0 = fio (xb(t))uio(tvxb(t)) Sgn(uio (O’wao))v Vt € [07t2}7 xb(o) = Zag- (4'97)

Hence V is C*! on [0,t3) where t5 = min(t;,t3) > 0 and, denoting s,, := sgn(u;, (0, 7,,)), we have from the
definition of V', (4.80) and (4.97)

dV —v/ fi(21)0uu1(0,21) \/]Tlatul d;ta (0)
(4.98)
d
+ Sag (\/ fio(Tag)Ortiy (t, Tay) + (\/Eulo ) (Tay) Zb (0)) .

But now observe that for a fixed m, x,, is an interior maximum thus

(4.96)

:|Cio‘m

\/ fl()ulo xao == 0 (499)

Also as £ (v/f10,u1(0,-))(z1) = 0, we have

dV
—/ f1(21)0%u1 (0, 21) + Sag\/ fio (Ta)Osttig (t, T4y )- (4.100)

Besides as ¢ has compact support in [—1 — y1,1 — 1], we have

sty ()] < €l (4.101)

and the right-hand side does not depend on m, thus

em(zfzg)erl
m——+oo

- )| =0, (4.102)
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uniformally on [0, L] and therefore in particular for z,, (even though z,, might depend on m). We denote

=V [1(@a(t))Opur (t, za(t)). (4.103)

Using (4.67) and - (v/f10,u1(0,))(z1) = 0, we have

dV2 —/ f1 X1 8tu1 0 33‘1
=V f1(21) 0 (= A10zua (- ZMljuj ,21))(0)

f1 ($1)(—>\15x(atul(0, 301)) - Z Mljatuj(oa xl))

< (4.104)
V) -
f1($1)()\1 5tU1(0,l‘1) - Mljatuj(ovxl))
VI 2
M -
fl(xl)(ﬁatul(Q:vl) - Z Mljatuj(o,xl)).

=1

And from (4.70) and (4.76)

o (3 (1+0(2)
_ZMU 0,21) {f% <1+O (;) n V(@) () -

j
We know that if M1;(0,z0) # 0, then there exists mg € N* such that for all m > mg, sgn(Mi;(0,2¢)) =
sgn(Mq;(0,21)). We denote by N the subset of j € {1,...,n} such that My;(0,29) = 0. Therefore from
(4.105) and (4.64)

dcz?(o>=u?(rlf{—M11<0»w1>+ > 0,201 (1- 1) \/ﬁ]

\/fj(m)atuj(xl)» (4.105)

2f1 j=2,jEN¢ \/E
( )+ZC ( iz, 5tug(fﬂg)uo\/f?(:vl)@tuj(m))) 7

where C; are constants that do not depend on m. Now, keeping in mind (4.100), we are going to add
Sag\/ fio (Tag)Ottiiy (0, 24,) to obtain dV/dt at t = 0. But first observe that using (4.99) and (4.101)

(4.106)

\% fio (‘rao)atuio <O7xa0) = fi0($a0)<_)\i8a:ui0 (O’xao) - Z Miojuj(07xa0>)

Jj=1
/ / O m(wu :Eo Y1 n O m(wa wO) Y1
fio(xao) 1M7X(xao g /70 Z lo] ] zao /70
flo (xao) m >\’L fzo xao j=1 /\ fl xao

of2)

(4.107)
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Therefore
dV _dVy 1
E(O) = (0)+0 (m>

o2t s, (1- 1) 2
1 Mll(oaxl) +j:27;NC |M1] (Oa ZE1)| 1 k \/E (4108)

L0 (;) e (Jf?m)atuj(xj) - ﬁ(xoatuj(xl)) o (1) |

0
uj

And from (4.70) and the definition of x;

lim (‘/E(xj J0u; (@) =/ Fi () (z1)> — 0. (4.109)

uf

m——+00
+ J

Note that 1 and z; both depend on m and tend to 29 when m goes to infinity. Also we know that for all
m > mg, we have x1 € [xg — &, 2 + £]. Thus from (4.63),

. A1 (1) f1 (1) g 1 Ji(z1)
lim | ———=——= — M11(0,z1) + |M71;(0,z1)| 1 —— ) Y =——=| > 0. (4.110)
m—too | 2f1(x1) j=l§j;Nc ’ k) Fi(a)
Therefore there exists mg > 0 such that for all m > mg
dV
—(0) > 0. 4.111
—-(0) (1111)
But we know that iV
— (0 < V() <o. (4.112)

Note that (4.112) is true as V verifies an equation similar to (4.112) in the distributionnal sense on (0,T)
but as V is C! in [0,¢;), (4.112) is also true, and we have contradiction. This ends the proof of Theorem
3.2. O

5 Further details

The previous results were derived for the C' norm but actually they can be extended to the C? norm, for
p € N*, with the same conditions. Namely we can extend the definition of basic C? Lyapunov function for
p € N* by replacing V in Definition 2.3 by

V(ut,) = > [f10fur(t,-), . fuOf un(t, )], - (5.1)
k=0

Defining the p — 1 compatibility conditions as in [3] at (4.136) (see also (4.137)-(4.142)), the well-posedness
still holds [3] and we can state:

Theorem 5.1. Let a quasilinear hyperbolic system be of the form (1.5),(1.10), with A and B of class CP,
A defined as in (1.4) and M as in (2.7), if

1. (Interior condition) the system

Aiff <=2 | =My(0,2)fi + > [Mi(0,2)| 7 | ,
k=1,ki Jr

admits a solution (fi, ..., fn) on [0, L] such that for alli € [1,n], f; >0,

(5.2)

21



2. (Boundary condition) there exists a diagonal matriz A with positive coefficients such that

: fi(di)
lnfl' (T)

i

sup, (fi(LA_Zdi))

i

[AG"(0)A™ o < (5.3)

where d; = L if A; > 0, and d; = 0 otherwise.
Then there exists a basic CP Lyapunov function for the system (1.5),(1.10).

Theorem 5.2. Let a quasilinear hyperbolic system be of the form (1.5) with A and B of class CPT2, there
exists a control of the form (1.10) such that there exists a basic CP Lyapunov function if and only if

n 3/2

/ i
k=1,k£i ’ V Ik

admits a solution (f1, ..., fn) on [0, L] such that for alli € [1,n], f; > 0.

A proof of this is included in the Appendix (see A.4).

This article therefore fills the blank about the exponential stability for the C? norm for quasilinear hyperbolic
systems with non-zero source term using a Lyapunov approach, for any p € N*.

We introduced the notion of basic C' Lyapunov function that can be seen as natural Lyapunov function
for the C! norm. For general quasilinear hyperbolic systems we gave a sufficient interior condition on the
system and a sufficient boundary condition such that there exists a basic C! Lyapunov function that ensure
exponential stability of the system for the C' norm. We also showed that the interior condition is necessary
for the existence of such basic C' Lyapunov function. Therefore in some cases, there cannot exist such basic
C'! Lyapunov function whatever the boundary conditions are.
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A Appendix

A.1 Bound on the derivative of W,
Derivative of W5, Recall that we have from (4.52)

L n 1/2p
Wap = < / Zfi(xv(ut)?’e—%wdx) ,
0

and that u; satisfies the following equation

0A 0B
uy + A(u, x)ug, + {au(u, x).ut} u, + %(u, x)uy =0, (A1)
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n
where 0A/0u.u, is the matrix with coefficients ) 0A;;/0ui(u, x).0puy(t, z). We can again differentiate W5 ,,
k=1

with respect to time along the trajectories which are of class C? (recall that we are proving the estimate
(4.55) for C? solutions first). Using integration by parts as previously:

L

1-2 n
dWQ,p _ W27p P [ZA f 2p _2p/w ﬂ"]

dt
_ " 0
,W;p%/ Zfl u,)? ! Kk 1(Da+£(u,x)>ik (ut)k>

+ Z Vij-ue(Wez) e 2PHSIT .
j=1 (A.2)
1 2p

Heo / (1, ) i ()P () ()2

d <A-<u )
dx

Wl 217/ Z')\ |fP 2puslwdx

where D, is the matrix with coefficient > (0A;r/0u;)(uz)k, so that Dg.uy = [%(u, x).ut} u,. We denote,
k=1

ﬁ(z)p(utﬁp) ey

similarly as previously
L

i=1

0

I31 W1 » </LG:fi(x)1’( )2t (z:: ( u,x))ik (ut)k> e””“‘”‘”dm)

k=1

Iy =

and

Wl 2 (A.4)
/ Z N, ) o) ) () P20 .
Similarly as for (4.29), we have
aw. C
dtz)p < —Iy — I31 — (/JO(O — Qf;)Wzyp =+ C7W2,p|u|1, (A5)

where C and C7 are constants that does not depend on p or u provided that |u|; < 7 for 7 small enough
but independent of p. Just as previously, a sufficient condition such that there exist p; € N*, n; > 0 and
such that I3; > 0 for u < w1, p > p1 and |ul; < 7y is

-\ > 2 Rix( — 2R;;, A6
P SR ORINEL (A
k=1,k#i
with R defined as R := (Da + g—lj). But we have from the definition of D,:
0B 0B
D, 0 @) A7
#9572 92(0,2) + O(July), (A7)

and recall that in the proof (f1, ..., f) have been selected such that

—A;t Lo Z | M1, (0, )| — 2M;;(0, ). (A.8)
g k=1 ki f’“
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Thus from (A.7) and (A.8) there exist 7o > 0, p; € N* and py such that if u < p1, p > p1 and |ul; < 79,
then I3; > 0. It remains to deal with I51, from (A.3) and proceeding exactly as previously for I, we get

1-2p /' m
Wz,p (Z)\ VFi(D)P((ug)i(t, L))*Pe=2PrL

fZMu(t,0),0>fi<0)p<(ut>i(t,0))%
| (A.9)
- Z IXi(u(t, L), D)|fi(L)P ((wp)s(t, L))*Pe2Pit

1=m-+1

+ Z [Ai(u(t,0),0)|f:(0)(( t)i(t,O))2p>.

1=m-+1

Recall that K = G/(0) and A = (Aq,...,A,)" € (R%)™ are chosen such that

n . inf; ( A(i )>
0:= sup (sup(|d_(AK;ATE) < N ZX AT (A.10)
HEHOOSl z j=1 Supi (%)

We denote again
fi = Ai(ut)i(t,L) for i € [1,m], All)
& = Aj(uy)i(t,0) for i € [m+ 1,n]. (A.12)

—~

From the fact that G and u are C!, we can differentiate (1.10) with respect to time, and we have

(et d) =x (i) +o (| (B (a1

where o(z) refers to a function such that o(z)/|x| tends to 0 when |u|y tends to 0. Thus

I21 — P (iA fZA(fg (( ) (t L)A )ZPe*QPML
* Z Mi(u(t’o)’oﬂfigzp((ut)i(t,O)Ai)%
i=m+1 i
3 S0P 5 Ai gy (A.14)
_;)\i(u(t,(])ao) A(?I)) (;szgk(t)Ak)
_i:;rlMi(u(t,L), fZAfP Zng k)zpezpuL>
+o([ul{P).

We end by proceeding exactly as for I. Therefore under assumption (3.2), there exist ps, ps and n3 > 0
such that for p < p3 and |u|; < 53, I21 < 0. Therefore, as stated in the main text, there exist 7y, ps and p
such that for all p > ps and |ul; < 4

dWs
dt

Mao

)4 < ——Ws »t C7 W,y p|u|1 (A15)
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A.2 Existence of 1

We want to find a function vy that is C' with compact support in [—1,1] such that there exists a unique
y1 € (—1,1) such that

1 (y) — Vi (W)le™ < [1(yn) — ¢i(yr)le™, Yy € [=1, 1]\ {y1}. (A.16)

Let x be a positive C} with compact support in in [—1, 1] such that

1 11
=lon |—z,=
X 2’2 )

| < lon [-1,1], (A.17)

) 1 1
[X'| <3 on —1,—5 U 5,1,

and let us define f:y — e~%" where ny € N* will be chosen later on. We have

(fy) = F/()e™ = e™™ V" V(1 + 2nyy). (A.18)
Therefore X ,
1f(y) = F'W)le™ < e (1 +2n)) on [—1,—2) U <2, 1} : (A.19)

As lim,, 4 oo e’%“(l + 2n) = 0 we can choose nqy > 1 large enough such that

e T (1 4+ 2n) < (A.20)

W =

Now let us consider ¥; = x f, one have

[W1(y) = e1w)le™ = IxW)(f () = FW)e™ = X' (W) fy)e ™. (A.21)
Therefore from (A.17), (A.19) and (A.20), we have on [—1,—1)U (3,1]

[Y1(y) — Y1(y)le™ < % + g <1. (A.22)

As gy — |[Y1(y) — ¥ (y)|e ¥ has compact support on [—1,1] we can define d as

d:= sup ([1(y) —dr(y)le™?), (A.23)

ye[-1,1]

and d is attained in at least one point. But as g(0) = 1 and as from (A.22) |g| < 1on [-1,—3) U (3,1],d

is attained only on (—%, %), and on (—%7 %) we have

[1(y) =@l = [f(y) = F' W)l (A.24)
Let us show now that | f(y)— f’(y)|e™¥ admits a unique maximum on (-3, 3). We know that | f(y)— f'(y)|e ¥
attains a maximum d > 1 on (—3,3) and when it attains this maximum ((f(y) — f'(y))e¥)’ vanishes,
therefore ,

e~ Y (2ny — dnfy? — 1 — dnyy) =0, (A.25)
hence

dnTy* +4dnyy + (1 —2ny) = 0. (A.26)
This equation has only two solutions: yi+ = % V12"1 but
1—2nq+4,/2n1 1-2n1 —44/2n7

[fly=) = f'y-)le™ =v2nie™ ™1 > V2mem T = |f(yy) = f(ye)le (A.27)
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Therefore |f(y) — f/(y)|e™ admits its maximum on (—3, %) at most one time. But we also know that it
does admit a maximum on (—3, 1), hence and from (A.22)

Ay € (=L,1): |Pa(y) —i(m)le™ < [va(yr) —¥i(yn)le ™, Yy € [=1,1]\ {y1}- (A.28)

Now we just need to normalize the function and define 1y := %4y where d is given in (A.23) to obtain the
desired function .

Observe that this function also satisfies (4.81), (4.82) and (4.83): Let y € (—1/2,1/2), then ¢o(y)e™ ¥ is
positive and one has

1 !

(o (e ) (y) = (1= 2nay)e VMY, (A.29)
thus on (—1/2,1/2), |1gle”?? has a unique maximum achieved in yo = —1/2n;. Now let y € [-1,1] \
(—=1/2,1/2), we have from (A.20)

L, e E e _
ole™ < < S~ omge (4.30)

Hence the function admit a unique maximum on [—1, 1] and (4.81) is verified. And from (A.20) we have

o(y2) — g (y2) = (—2n1 +2) > 0. (A.31)
This implies (4.82) and we are left with proving (4.83). Let again y +y; € [—1,1]\ (—=1/2,1/2), for i € [1,n]
and m large enough, from (A.20)
e~y

Ai( + o)

m

ey1—un1 eY¥r1—u1

)\1(1‘0)

ny

Yo(y +v1) < |%0(0) , (A.32)

a
dlnf[I(Ji 1+yq w0+ (1—y1)] |/\1|

which means that sup |¢¥o(y + yl)%’ can only be achieved on (—1/2 — y1,1/2 — y1). But we also

[7171]
know that on [—1/2,1/2], 19 = d~1 f. Therefore let be a y,, maximizing Sup[_q 1 "‘/JO(?J + yl)% ; We
know that y,, exists as [-1,1] is a compact, that y,, is an interior maximum and we have
—y=y1
O, (e—mwty)® __© N (ym) = 0. A.33
Hence 2( )
/\{(Zm + l’o) e~ M (Wmty1)=ym—y1
2 - 1 i m =0, A.34
" ((y fa mAz‘(yﬁ+$0)> dXi (5 + o) (439
thus (X )
1 i+ To
(Ym + 1) = —5— — ’ (A.35)

2n1  (2n)mAi (¥ + o)
All it remains to show is that for m large enough we have (4.83). Let us compute { (ym + y1)

0 (Ym + 1) = d " Ym +y1) = F(Ym + y1) (=201 + 403 (Y + 31)?)

)\g(yT’n"L+$o))>2+< Aj(te + o) ) o (a36)

m/\l(yﬁ-Fl'o m)\,(%—F.To)

— )20+ 14
Therefore there exists mg > 0 such that for all m > mg,

108 m + 1) — Yo (m + 91)] > €71 (201 — 3), (A.37)

and as we chose nj large enough, C := 67’%1(2711 —3) > 0. This ends the proof of the existence of .
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A.3 Adapting proof of Theorem 3.2 in the nonlinear case

For all u(0,-) € B,,, we can still define

u? e—m(x—xo)—yl
u;(0,2) = Ex(x)m, (A.38)

which is the analogous of (4.67) in the proof of Theorem 3.2. If there are two index ig and 4; such that
min(|A;(zo)|) is achieved we can still redefine u as in (4.65). Observe then that if (4.62) is satisfied, then
7

there exists 175 > 0 such that if |u|p < 13 then

n 3/2
) ) <2 S Mgk a0)| ) ong o) i (o). (A39)
k=1,k#io fr(20)

From (A.38), (4.70) becomes

iOtU; xT :—uoe_m(w—Io)—yl —(z X/ LU) (x))‘\/ﬁ 1 !
Vo =l l A <A¢T>
n w0
g

n w9 , /
+ Vij(u,z).u -9 x+X($)+X(I)Ajﬁ< 1 )) .
Sontnamion () (7] (e 52 2B (0

where V;; are C? functions as we assume that A is of class C3. Therefore

' 0 ‘
0.5 == rie o | (o) + 520) (10 3 w00 ()( ]{;);j

AivTi 1 | & ul) fi f; 1 /
+x(x) m ()\“/ﬁ> +;(Vij<u>x)'u(ovx)) <U?> ( fj) (Aj\/JTj>

w2 a4 (/2] L
— wx) | —= = | —x(=
m j=1 ! (Z) f] A]
(A.41)
Now, after the change of variable (4.69), one have
0,
\/ﬁatuz 0,2) = —ule vt {—(ﬁ( ) <1+ gilu( Z//m‘FTrxLo) y/m—l—xo))
(A.42)
m
where h; and g; are bounded functions in the C? norm and are independent of m. In addition one also have
0 —Yy—y1
Y U € .
u; (0, = + xg) = ¢ , Vi e[l,n]. A43
(0 +a0) = SE00) 3o Vi€ (L) (A.43)

Thus, the function y — u(0, y/m+zg) is O(1/m) in the C? norm, which means that g;(u(0,y/m+zo),y/m+
zo) and g;(u(0,y/m + x¢),y/m + xo) are O(1) in the C? norm when m tends to +oo. Therefore we can
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process similarly as previously for the existence of ¢; and x,. The only thing that remains to be checked is
whether we still have the existence of z;, € C'*(]0,2)) for some t5 positive and independent of m. Existence
of a unique iy and z,, € [xo — €,z + €] such that

[V fio (@ag )i (0, 200)| = sup |/ fiui (0, )] (A.44)

i€[l,n],z€[0,L]

is granted by the same argument as previously. As u(0,x) is defined exactly as in the linear case, we still
have for our choice of x
0:9(0, z4,) # 0. (A.45)

This implies the existence of z;, € C1([0,¢2)) for some t5 positive and independent of m.
If we look now at the computation of dVa/dt(0) and dV;/dt(0), one have

dV:
7;(0) = —V/ fi(21)03u1 (0, z1)
—\ f1 £171 8t A18 U1 0 Il ZMlJ O X1 ’U,](O Il)
j=1

3

+> v u(0,z)) d,u; (0, z) Z My, 1) — My;(0,21))u; (0, 21))

j=1

3

(A.46)
= =V f1(x1)(=A10:(0pu1 (0, 1)) — ZMlj(Oaxl)atuj(val)

Jj=1

—|—Z 5 (0, 2).u(0, z)) 05 (0ru; (0, z) Z (Mij(u,z1) — M1;(0,21))0u;(0,21)

k:

n

Mlj
ou

Jj=1

+Zat (Vij(u,2).u(0, 2)) Ou;(0, x) (u, z1).0pu(0, 21)u; (0, z1).

Therefore from the definition of u(0, z) given by (A.38), one has

l(u(O,:;), & )0 (0yua (0, 21)) — i(Mlxo, 2) + U(U(O’le)’ =

j=1

v

i (0) = =V fi(@1) (= (A1 +

)atuj (07 .7;1)),
(A.47)

where [ and v are bounded functions on B, x [0, L] with a bound independent of m from (4.101). Hence

dVQ (\/fT)/ . U(u(0,$1),$1)

D 0) = VAl | (ar + 0T, U om0, = 3000, + S )atujm,m))
= Vi) | o 0.ena+ OIS 0,00) + W)atuxo,xl))
Ay 1 i 1
— Vil | S atu1<o,x1>(1+0( )) Z(Muo@»l +o(m))atuj<o,x1>

Jj=1

(A.48)

We can then proceed as previously and we obtain (4.106). Similarly as previously we can obtain

V fio(@ag)Ortti (0, 24,) = O (;) . (A.49)

The rest of the proof can then be done identically, as all the relations used in the proof still hold in the
nonlinear case.
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A.4 Extension of the proof to the C'? norm

To be able to extend the proof for the C? norm one should first define the corresponding compatibility
conditions of order ¢ — 1 that are given for instance in [3] at (4.136) and see also (4.137)-(4.142). Then one
only needs to realize that if we now consider the state y = (u, d;u, ...783_1u), y is still the solution of a
quasilinear hyperbolic system of the form

ye + Ay, 2)ys + Mi(y,z).y +C =0 (A.50)

where |C;lo = O (|u, ..., 0 'u|3), and where the principal matrix A; verifies

A(u, z) (0)
| O aws © s

(0) 0)  A(u,z)

and is therefore block diagonal with blocks that are all A as previously. Similarly M;(0,z) is also block
diagonal with blocks that are all M (0, z). Therefore if we consider the following functions

L n 1/2p
W1y = ( / Zfi<x>p<afu>§pe—2p“mdx) , (A52)
0 =1

for all k& € [0,¢], where f; are chosen as previously, and if we perform as previously, we have existence of
C > 0 constants, n; > 0 and p, € N* such that for all p > py and |y|1 < i we have relations of the type

k

AWy, J1%e"
% < *TOWk+1,;D + Cry1 ; Wis1plyli- (A.53)

q
for all k € [0, ¢]. Thus denoting W, = > Wi1,, there exists C' > 0 constant, p; € N* and n; > 0 such that
k=0

for all p > p; and |y|1 < i,
dw, < Hao
dt — 2

W, + CWplyli. (A.54)
a
and we could perform as previously to obtain the exponential decay of V' = Y Vi1 where Vi =
k=0
|f1(0F0)1, ..., f(OFu),|o and therefore stability for the C? norm.
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