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Abstract

In this paper, we revisit the old problem of compact finite difference approximations of the homoge-
neous Dirichlet problem in dimension 1. We design a large and natural set of schemes of arbitrary high
order, and we equip this set with an algebraic structure. We give some general criteria of convergence
and we apply them to obtain two new results. On the one hand, we use Padé approximant theory to
construct, for each given order of consistency, the most efficient schemes and we prove their conver-
gence. On the other hand, we use diophantine approximation theory to prove that almost all of these
schemes are convergent at the same rate as the consistency order, up to some logarithmic correction.
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1 Introduction

Many decades ago, compact finite differences methods were widely studied. Nowadays, we can find a
huge literature about these methods that are widely applied and used for the approximation of partial
differential equations (see, for example, [3] or [I0]). In particular, we can find a lot of examples of accurate
schemes for elliptic problems and many classical mathematical arguments are proposed to prove their
convergence (monotonicity, energy, green functions, ...). However, it seems that there is not general and
algebraic study of compact finite difference schemes for elliptic problems, equivalent to what we can find,
for example, for the Runge Kutta methods applied to Cauchy problems (general stability criteria, algebraic
order conditions using Hopf algebras and trees as we can see in [6] or [5]).

As the field of elliptic problems is clearly too wide, we propose, in this paper, a general study of a large
and natural class of compact finite difference schemes of high order for the homogeneous Dirichlet problem
in dimension 1. In this context, a compact finite difference scheme is a linear system of the form

Dyu = Syfer,



where fV:¢* is a discretization of the source term on a grid of stepsize h = (N + 1)~!, Dy and Sy are

matrices and u'V is the approximation of the solution of the Dirichlet problem.

To study their convergence (i.e. the approximation of the exact solution by u'V), we first introduce
some specific and rigorous notions of consistency and stability taking into account the boundary conditions.
Then, we describe precisely the class of schemes that we consider, namely when the matrix Dy is a
polynomial in the usual discrete second derivative matrix A defined by

2 -1

Ay = e 2. (1)

This choice is made for two reasons. First it allows for a relatively simple stability analysis, and second
it is in fact not so restrictive. Indeed, if we take a symmetric finite difference formula d = (d;);cz that
approximates the second derivative, i.e. for all smooth function u,

Z dju(hj) ~ —h?u"(0),

JEZ

then we get, from a convolution formula and for some specific and natural choice of the coefficients near
the boundary, a matrix Dy that is a polynomial in A .

In this paper, we give some general criterion of convergence for this family of schemes. Moreover, we
address the following two questions:

e Are these schemes stable in general ?
e Amongst these schemes, what are the most efficient and are they stable?

We will precise the two ambiguous terms general and efficient by introducing, on one hand, a Lebesgue
measure on the set of schemes, and on the other hand, an optimization problem defining efficiency. The
first main result of this paper will be to prove that almost all schemes are convergent at the same rate
as its consistency order, up to some logarithmic correction. It is based on a careful analysis of small
denominators appearing in the stability conditions, linked with diophantine approximation theory. The
second main result of this paper is the design and construction of the most efficient schemes in the class
considered, which turn to be stable, this latter property requiring the use of Padé approximant theory to
be proved.

2 Formalism and main results

The goal of this section is to present the two main results of this paper. To this aim, we first define
rigorously compact finite difference schemes for the homogeneous Dirichlet problem in dimension 1. Then,
we recall the usual concept of convergence, consistency and stability for these schemes. And finally, we
define the particular set of schemes that we consider.

2.1 Context
We consider the homogeneous Dirichlet problem in dimension 1, namely:
For a given f: R — C, find u : [0,1] — C such that

—u'(z) = f(x), Yz €]0,1],
{ w(0) = u(1) = 0. (2)

To design finite difference schemes, we will consider regular grids on R. More precisely, we choose
N € N* to be the number of grid points into ]0,1[ (the number of unknowns) and we define h as the
stepsize of the grid. As a consequence, h and N are linked by the relation

1
h=———.
N +1

Let xév = jh, j € Z denote the grid points, see Figure [l
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Figure 1: Regular grid with N points into ]0, 1[.

In this context, a finite difference scheme is a couple of sequences of matrices (Dy)nen+, (SN)Nen+)
such that Dy € Z(CY) is a square matrix of size N and Sy € .Z(C%;C") is a rectangle matrix with N
rows and a finite number of columns.

If Dy is invertible for all IV, such a scheme leads to an approximation of the solution u of the Dirichlet
problem (). More precisely, we define fV:¢* and u’:** as the vectors of the values of f and u on the grid:

£V = (f(#)))jez € CF and u™** = (u(z}));ep,ny € CV. (3)
Then, the scheme gives an approximation u’¥ of u’:*® through the solution of the linear system

Dyu? = h?Sy e, (4)

It may seem unusual to use the values of f outside [0, 1] but it is just a way to have more symmetric
formulas. In practice, as we will explain in the subsection 23] we only use a finite number of values of
f outside [0, 1] independent of N and at a distance of order h of [0,1]. Consequently, as we will assume
that f is a regular function, these values could be extrapolated from those of f in [0, 1] with some Newton
series.

To estimate the accuracy of a scheme, we define a notion of rate of convergence and of order of
convergence. Let (ex)nyen+ be a sequence of positive numbers that tends to 0, as N goes to infinity. Then,
a scheme ((Dy)nen+, (Sn)nen+) is said to be convergent at the rate (en)nenx, if Dy is invertible for all
N € N* and if for all f € C*°(R) there exists a constant ¢ > 0 such that for all N € N*,

N N,ez

sup |u; —u
N

i G = [ul¥-er —ulV|| o < cen. (5)

Furthermore, if n is a positive integer and ey = h™, then a scheme that is convergent at the rate (ex)nyen=
is said to be convergent of order n.

2.2 Notions of consistency and stability

In order to establish a convergence result of the form (B]), we use introduce the notions of consistency and
stability. Then, we give a Lax theorem to deduce the convergence from the consistency and the stability.

A scheme ((Dy), (Sn)) is said to be consistent of order n € N, if for all f € C°°(R) there exists a
constant ¢ > 0 such that for all N € N*, the vectors u’:** and fV:¢* defined by (@), verify

||DNuN,em _ hQSNfN,ez”OO S Chn+2. (6)

In the context of the Dirichlet problem, it is usual to relax this notion of consistency near the boundary
(see [3]). A scheme ((Dy),(Sy)) is said to be consistent of order n € N in the center and of order n — 2
at a distance | € N of the boundary, if for all f € C°°(R) there exists a constant ¢ > 0 such that for all
N € N*, the vectors u™>** and fV:**  defined by (@), verify for all j =1,..., N,

ch"t? ifl<j<N+1-1,
ch™ else.

‘(DNuN,ez)j _n2 (SNfN,ez)j} < { (7)

In this article, it is useful to distinguish some notions of stability. A scheme ((Dy), (Sn)) or a sequence
(Dy)nen- € H Z(CN) of matrices is said to be

NeN*

e stable, if there exists a positive constant ¢ > 0 such that for all N € N*, we have

v e V) ¢|v)eo 72DV oo (8)



e strongly stable, if for all [ € N, there exists a positive constant ¢ > 0 such that for all N € N*,

h=2(Dyv); ifl<j<N+1-1,
(Dnv); else.

Vv € CV, ¢|v]joo < sup { (9)

j=1,...,

e stable relatively to a sequence (nx)nen+ of positive numbers, if there exists a positive constant ¢ > 0
such that for all N € N*, we have

Vv e Y, V] < Dy V]loc (10)
We remark that, if a scheme is strongly stable, then it is stable, and, if it is stable, then it is stable relatively
tony = (N + 1)2 =h"2
To establish convergence from consistency and stability, we give a Lax theorem.
Theorem 2.1. Lax

o A scheme that is strongly stable (see [@)) and consistent of order n > 1 in the center and of order
n—2 at a distance | € N of the boundary (see ([)) is convergent of order n.

o Let (Nn)Nen+ be a sequence of positive number and n € N* such that the sequence (nyh™"2)nens
tends to zero as N goes to infinity. Then a scheme that is stable relatively to the sequence (Nn)Nen-
Q) and consistent of order n (@) is convergent at the rate ey = nyh™+? ().

Proof. The invertibility of Dy follows from the stability estimate. To prove the convergence estimate, it
is enough to apply the stability estimate to the error of consistency

DNV _ DN (uN,em _ uN) _ DNuN,ez _ hQSNfN’ez.

2.3 Expression of the schemes

Usually, to design a finite difference scheme ((Dn), (Sx)), we need to introduce the notion of finite dif-
ference formulas. A finite difference formula is a sequence of complex numbers indexed by Z with finite
support. We denote by C(%) their space. We say that a couple of finite difference formulas (d,s) € (C(Z))2
is consistent of order n, if

Vu e C®(R), > dju(zy)) + h?su”(x) ) = O(h"+?), (11)
j€Z
For example, if we introduce the usual formula for the second derivative
a=2Lg0 — 1 11y, (12)
then a Taylor expansion shows that (a, 1) is consistent of order 2.

To preserve the classical properties of the second derivative, it is natural to assume that the sequences
d and s are symmetric,

dyse Se:={beCPD |VjeZ bj=0b_,}, (13)

and it is then natural to restrict the analysis to the case where n is an even number. Sometimes, it is
interesting and more effective —for instance using formal calculus— to consider finite difference formulas
with coefficients in a smaller ring than C. For example, the usual high order formulas have rational or
integer coefficients. That is why, we introduce, the more general notation

Sr={be RD |VjeZ bj=>b_,} with R a ring such that Z ¢ R C C. (14)

It is useful to associate to each finite difference formula the highest index associated to a non zero value.
It is a measure of the stencil of a formula. More formally, if b € /¢ is a symmetric formula then 7(b) is
defined by

7(b) = max{j € Z | b; #0}. (15)

The following proposition explains that there is a simple way to get finite difference formulas d,s € ¢
consistent of order n.



Proposition 2.2. Let n € 2N be an even integer and d € ¢ be a symmetric formula with zero mean

> d;=0. (16)

j€z

Then there exists a unique s € ¢ such that (d,s) is consistent of order n () and 7(s) < § — 1.

Furthermore, (% 25815y 5%_1) is the solution of the Vandermonde linear system
50 . 2j—2 j? J"
(3,81,...,8%_1)((2—1) )1§17J§% :—Zd] E,...,m . (17)
j>0

Proof. If 1 < j < % is an integer and if we choose u = 2*/ in ([I)) then it comes
> di(hi)¥ + 5;25(25 — DRYiP07D = O(h"F?),
i€z

As j < 5 and h tends to 0, we deduce that the remainder vanishes and we recognize the Vandermonde

equation (7).
Conversely, since d and s are symmetric, if v is an odd function then

Zdu )+ h2si (2N) = 0.

i€z
Furthermore, since s is the solution of (7)), this relation also holds if u = 2%/ with 1 < j < . As a
consequence, it is enough to apply a Taylor Young expansion to prove ([[IJ). o

Then, to design the matrix Dy and Sy from the formulas d and s, a natural choice would be the
following:

(Dyu), ZdZ ju; and (Syf), ZSZ —j (18)

JjEZ JjEZ

However, Dy has to be square matrix. And, with such a definition, we use the values of u at the indexes
1—7(d),...,0 and N+1,...,N + 7(d). The usual way to solve this problem is to modify the formulas
near the boundary (for i < 7(d) or i > N +1 — 7(d)). That is why, we introduce, for i = 1,...,7(d), some
formulas d* € C@) and s* € C®) that satisfy a relation of consistency at a distance i of the boundary

Vue CP(R), u(0)=0 = > diu(x},)+h*)  siu"(aN,) = O(h*?), (19)

J>—1 JEZ

here p € {n—2,n} is the desired order of consistency. We use symmetrically in 1 these formulas to define,
if V is large enough, the following scheme ((Dy), (Sy)), for u € CV¥ and f € CZ, by

> di if 1 <i<7(d),
7>0
(Dyu), := jezzdﬁuj if 7(d) < i < N +1—7(d), (20)
> dNfay i N4+1-7(d)<i<N+1.
J<N+1
and '
> s g if1<i<7(d),
JjEZ
(SNf)Z — EZZSj,ifj if T(d) <1< N+1-— T(d), (21)
J
S OSNET N4 1-7(d) <i< N+ 1L
Jjez

The following proposition enables to get the consistency of such a construction.
Proposition 2.3. For N large enough, let (Dy), (Sn)) be the scheme (defined by 20) and 1)), then

o if u=mn—2, this scheme is consistent of order n— 2 at a distance 7(d) of the boundary and of order
n in the center, see ().

e if u =mn, this scheme is consistent of order n, see ({@l).



Proof. see Appendix B.11 O

The main difficulty with such a construction is to get stability. There are at least two general ways for
choosing the formulas near the boundary to ensure stability. A first principle is to rely on monotonicity
arguments, as explained by Bramble and Hubbart [3] and Price [8]. The methods they consider to design
the coefficients near the boundary are robust and lead, in general, to strong stability. However, the choice
of formulas d and d’ is quite limited, as the conditions to ensure monotonicity are in general difficult to
fulfil. Furthermore, it turns out that there exist very accurate high order schemes that do not satisfy any
hypothesis of monotonicity.

A second natural way of obtaining the boundary coefficients is to start from polynomial methods that
we consider below. For these methods, if we respect some algebraic structures, we can compute explicitly
the eigenvalues and the eigenvectors of Dy, and analyse directly the stability. This method is not very
restrictive for the choice of the formulas d and there is a natural choice for the formulas d’ near the
boundary.

The polynomial methods consists in studying schemes for which there exists a polynomial P such that,
for all N € N, Dy = P(Ay) is a polynomial of Ay (the classical approximation of the second derivative,
defined in (d)). The interest of this method is that the spectral decomposition of these matrices is well
known. Indeed, we can verify by a straightforward calculation that

Anel = 4sin? (gkh) e, with el := (sin(wkhj));—1.. N (22)

and deduce classically that
Dye) = P (4sin” (gkh)) el (23)

Actually, it is not very restrictive to require for Dy to be a polynomial in Ay. Indeed, for a given
symmetric formulas d, there is a natural possible choice for the boundary formulas d*, i = 1,...,7(d) such
that the matrix Dy defined by (20) is a polynomial in A . This choice corresponds to extend all the
vectors u € CV in sequences defined on Z through the relations

V_j S Z, u; = —u_; and UN 4145 = —UN+1—j,
and use the natural convolution formula (I8]). In practice, when N is large enough, this choice leads to
di =dj —dyiyj, i=1,...,7(d), jeZ (24)

In all this paper, we denote by Dy (d) the square matrix obtained from this construction (i.e. the matrix
20) and the boundary formulas (24)— see Definition 3] for a formal construction).

The following proposition shows that the previous construction is relevant: First, we prove that all the
matrices Dy (d) are polynomials in A y, and second we can find formulas s*, i = 1,...,7(d) satisfying (9]
for any given order of consistency p.

Proposition 2.4.

e If R is a ring such that Z C R C C and if d € R is a R valued finite difference symmetric formula
then there exists a polynomial P € R[X] such that

and

deg P = 7(d).

o Letn € 2N* and p =n or p = n — 2. If there exists a finite difference formula s € ¢ such that
(d, s) is consistent of order u (see {I)) then for alli =1,...,7(d) there exists a unique symmetric

formula b* € S such that 7(b) < £ —1and

sti=s+ (qu;-l,-j)jGZ is consistent of order p at a distance i of the boundary, see (I9).

Furthermore, (%l, LI b@,l) is the solution of the Vandermonde linear system
2

7 -2 - [L
i i : j— J J
(b By (6= 1P ey == iy (s ). (25)

7>0 p—1



Proof. The first point will be proved in the next section as a direct consequence of Lemma and Lemma
B4l To prove the second point, let consider u € C*°(R) such that «(0) = 0. Then we have from (24)), for
i=1,...,7(d),

Z d;u Tiys) + hQng J+z Z (dj — djy2i) u( ]'H + hQZSJ J'H

J>—i jez i>—i jez
= Zdju(:cﬁ_i) + hQSj "( ]-H Z d;u( J+l Z djyoiu J+l
JjEZ j<—i j>—i
== dig; (u(@)) +u(z))) + 02
7>0
==Y djula}) + O(**?),
jez

with d € /¢ a symmetric finite difference formula with zero mean ([I6) defined by d~] =d;y; if 5 > 0. Then
applying Proposition enables to conclude the proof. O

Remark 2.5. The formula 28]) implies in particular that b™(@) = 0 because, fori=1,... ,7(d), the right
hand side term in (20) is zero by definition of 7(d).

To conclude this part, explicit expressions of a class a high order schemes constructed using the previous
principle are proposed. They will be used to give examples.

Proposition 2.6. Let (d,s) € S be a couple of symmetric finite difference formulas that is consistent
of order n with n € 2N*. Let n € {n —2,n} be an even integer. Definel = 7(d) — 1, m = 7(s) and for
i=1,...,1, b as the solution of the system [2H). If we choose s' = s+ (bﬁﬂ»)jez and d* = d;j — daitj then
the relations 20) and 1)) define a scheme that is consistent of order n in the center and of order p at
a distance | of the boundary. More precisely, if N is large enough, this scheme is given by the following
band matrices:

d ... d
0 ' i do ... dip
d .‘. .‘. d.
Di(d) = | | oo e zem,
.. .. I+1
dit1 ,
dl+1 o dO dl+1 e d2
Sm ... 80 ... Sm
. . . B
- - - - g Z.oN
Sy = + ON—pt2,N—pt2 € Z(C5CY)
. . . B-
"
Sm ... S0 ... Sm
with ON_ 42, N—put2 the zero square matriz of size N — pu + 2,
b, B o B,
+ . . . . . . . —1.nl
B, = : : : : : : : ez 0
U
and . . l
b% P T b% 1
_ . ) . . . . ) —1. 0
B, = : : R : e 2 C).
b, b b,



2.4 Main results

We will first define the notion of efficiency discussed in the introduction. If we design our schemes as in
Proposition 2.6 and unless some more specific algebraic structure is given, the computation time for the
approximation of one solution of the Dirichlet problem — that is the solution of the linear system ([@)— grows
a priori linearly with the size of the stencils 7(d) and 7(s). As a consequence, in general, the smaller 7(d)
and 7(s) are, the larger the order of consistency of (d, s) is, and hence the more efficient is our scheme. As
a consequence, we will define schemes to be the most efficient for given I, m € N, those which are solutions
to the following optimization problem:

max ord(d, s), (26)
(d,5)€.72\{(0,0)}
7(d)<Il+1, 7(s)<m

where ord(d, s) is the exact order of consistency of (d, s)

ord(d, s) = sup{n € 2N | (d, s) is consistent of order n according to (II])}.

The following theorem proves that for any given stencil sizes [ and m in N, there exists a most efficient
scheme solution of the previous optimization problem, and it is unique, up to a multiplication by a scalar.

Theorem 2.7. For all [,m € N, there exists a couple of rational symmetric formulas (dl’m,sl’m) € sz

such that
T(db™) =1+1,

7(s4™) = m,

> 4"

Jjez

_2’

that is solution of the problem of optimization

max ord(d, s) = ord(d"™, s"™) = 2(1 +m + 1).
(d.5)€72\{(0,0)}
7(d)<l+1, 7(s)<m

Moreover if (d,s) € S is such that 7(d) <1+1, 7(s) < m and ord(d, s) = 2(l + m + 1) then there exists
A € C such that d = A\d"™ and s = \sb™.

This theorem is the main result of the second section of this work (see Theorem [B.8]). The proof relies
on an interpretation of the optimization problem (26]) as Padé approximant problem. The optimal formulas
of this theorem are effective because we can prove, with the property of uniqueness of Theorem 2.8 that
they can be computed exactly as the solutions of these rational (I + m + 3) x (I +m + 3) linear systems

dl,m
0
L?Jrl 01,m+1 : 0
Lerl 017m0+1 l..m 71
LlJrl 2Lm d%-{;& — 0 , (27)
: : % :
LX) o(m 1 1)(2(m + 1) + DL ; 0
s
with
LZ = (% 1k .. nk) and 01,41 the zero row matrix of size m + 1.

The formulas d»™ being constructed as the solution of an optimization problem, there is a priori no
reason that they generate stable schemes. However, the following theorem, which will be proved in the
third section (see Application 2 of Theorem [4]), precisely states that all these optimal schemes are indeed
strongly stable.

Theorem 2.8. For all | € N* and for all m € N, (Dx(d"™))nen- is strongly stable, see ().

In particular, following Theorem 1], the schemes designed in Proposition 2.6 with d = d“™, s = [, m,
n=2(l4+m+1) and u = 2(l + m), are convergent of order 2(l +m + 1).
Experimentally, these schemes are very efficient and we can notice that the smaller |m — [| is, the more
accurate the scheme is. This is illustrated in Figure 2] in which some convergence plots are displayed for
the 10" order optimal formulas (i.e. [ +m +1=5)
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Figure 2: Convergence curves, with u(z) = x(1 — x)e?®*41?) and Ey := |[[ul — uV*"||,, N €

{200, 235,271, 300, 341, 372,401, 447,500}, for the optimal schemes designed in Proposition 26, with
n=10, u=8,d=d"™ and s = s"™.

As explained in the introduction, we now address the question of generic performance of the schemes
that we have constructed above: are they stable and convergent in gemeral once the algebraic order
conditions are satisfied. To give a meaning to this question, we decide to use measure theory. Of course
there exist formulas such that (Dx(d))ny can not be stable. It is the case, for example, when Dy (d) is
not invertible for all N which occurs for when the polynomial P defining the scheme admit a root of the
form 4 sin? (gkh), see (23)), which are eigenvalues of the matrix Ay. But even if this is not the case,
these eigenvalues can be very close to the roots of P, which induces small denominators in the stability
estimates. Of course, these situations have to be avoided as well.

The following theorem gives an answer to these questions (see Application 1 of Theorem [4.1] and
Application 2 of Theorem for the proof).

Theorem 2.9. Let K € {R,C} be a field and I € N be an integer. Let Gk, be the K finite dimensional
vector space of symmetric formulas d € Sk with zero mean ([I8) and 7(d) <1+1

Gk, ={d € H | Zdjzo and 7(d) <1+ 1}.
jez

Then for any Lebesgue measure on 6y, we have that:
o For almost all d € ¢, (Dn(d))Nen is strongly stable ().

e For almost all d € 6r,, (Dn(d))nen- is stable relatively to any sequence (ny)n [IQ) such that

N+1 (N +1)2
Z < oo and sup —— < 0
Nen- 1IN NeN* N

As for Bertrand series, there is no optimal choice of sequence (ny)nyen that satisfy this condition and
we can not directly deduce stability in the sense of (&), but we can choose

nv = (N + 1) log(N +1))% = <loih) .

As a consequence, we affirm that, up to some logarithmic corrections, almost all real symmetric formula
generates stable schemes.

We use this theorem to deduce a convergence result.



Proposition 2.10. With any given d € 6k 1, we can associate the scheme of Proposition[Z.0, with y = n—2
ifK=C and p=n if K=R, and the formula s given by Proposition[ZZ2. Then, it follows from Theorem
21 that for alll € N,

o for almost all d € 6¢ 1, the associated scheme is convergent of order n.

e for almost all d € 6, the associated scheme converges at the rate h™(log(h))?.

In the proof of Theorem for real formulas, the logarithmic correction is due to the use of a dio-
phantine control of some resonances. Experimentally, we can indeed evidence these quasi-resonances by
plotting convergence curves for various schemes of Proposition for randomly drawn formulas d. Two
typical kinds of behaviors for the convergence curves can be observed (see Figures [3 and [ below). For
random d, either we observe classical convergence curves (which are close to straight lines and correspond
to non-resonant situations), or we obtain strange curves with a complex behaviour corresponding to close
to resonant situations.

0 :
+ +  quasi-resonant

*  non-resonant

2k log(10 NA(-2))

z
w6l 1
g
8F 4
10 i
-12 1 1 1 1
35 4 45 5 55 6
log(N)
Figure 3: Convergence curves with u(z) = z(1 — z)e*® , n = 2 and Ey := [[ul — u*?| . For the

non-resonant scheme d = 219y — 1411} and for the quasi-resonant scheme d = (2 — 62)1() + (42 —
D1 1.1y — 2#1{_ay With 2 = 0.358946420670826.

3 Polynomials and high order formulas

The aim of this section is two fold. First, to explain why the matrices D (d) constructed in Proposition
are polynomials in d. Second, to give criteria of consistency on these polynomials to interpret Theorem
2.7 as a classical problem of Padé approximant.

To highlight the algebraic structure of the matrices Dy (d) of Proposition we will now give a more
formal definition of these matrices.

Let d € /¢ be a symmetric formula. We introduce Ty € £ (C%), the operator of convolution by d,

Yw € C%, Ty(w) =dxw = Zdjwi_j ) (28)
jez icz
Let N € N* and &y be the space of the odd functions from Z to C that are odd in 0 and in N + 1

EN = {’LU S G:Z | Vj S Z, WN+1+j = —WN+1—j and W—j = —’LUj}. (29)

10



+ quasi-resonant

*  non-resonant

log(10 N~{-4})

-10 [

2
w .15 - -
8
20 * g *y Bl
*
****
***
*******
25 1 1 1 1
35 4 45 5 55 6
log(N)
Figure 4: Convergence curves with u(z) = z(1 — z)e*® , n = 4 and Ey := [[ul — u*?| . For the

non-resonant scheme d = 219y — 1(_; ;3 and for the quasi-resonant scheme d = (2 — 62)10} + (42 —
Dig_1,1) — 21{_g2y With z = 32.12121212.

Let & be the canonical basis of &
By = (Liyen+2)z — 1_jr@N+2)2)j=1,...N- (30)
Since d is symmetric, we verify that &y is stable by Tj.
Definition 3.1. With the previous construction, we define Dy (d) through the relation
Dy (d) = matg, Ty & -

Remark 3.2. Of course, this definition of Dy (d) gives the same matrices, when N is large enough, as
the matriz of Proposition [2.6.

The space of symmetric formulas has a structure of free module on the ring of polynomial that is very
useful to write efficient and accurate high order schemes. More precisely, we equip the set of formula C(%)
of its structure of commutative algebra for the convolution

Vd,s € C4), dxs= | djsi;
jezr icz
Then, if R is a ring such that Z C R C C, we consider .# as a subalgebra of C(%).

On the one hand, this structure explains, through the following lemma, the importance of the formula
a (defined in (I2) by a = 21y0y — L{—1,1})-

Lemma 3.3. If R is a ring such that Z C R C C then g is a free R[X] module whose a is a basis
Vd € Sr, 3! P € R[X], d = P(a).

Furthermore, if P € C[X] then
7(P(a)) = deg P.

Proof. If we consider C?) as a subalgebra of C(%) then we remark that

o= (- 2en)

11



Consequently, a binomial expansion gives

*M n *2n - 2n !
Vn €N, a :(—1) (1{%}—ﬂ{7%}) :kzo—(n+k(;)'(7)1]g)l(_l)k]l{k’k}

The second point of the lemma is clearly a consequence of this expansion. Furthermore, since the term
associated to the highest index of a*™ (i.e. (—1)") is invertible in R, the first point follows from an
induction. O
On the other hand, this structure explains, why the matrices Dy (d) are polynomials in A y.
Lemma 3.4. For all N € N*, d — Dy(d) is a C[X]| module morphism:
VP € C[X],Vd € S, Dny(P(d)) = P(Dn(d)).
Proof. Tt follows directly of Definition Bl of Dy (d) and of the associativity of the convolution. O

3.1 Consistency for the polynomials

We start with a lemma that we have used implicitly in the introduction (in Proposition (2.2]) and Propo-
sition (Z4))).
Lemma 3.5. Let n € 2N. Then a couple of formulas (d,s) € /¢ is consistent of order n (L) if and only
if
Vp € Cpi1[X ngp + ;0" (j) = 0.
JjEZ

Proof. It is enough to choose u(z) = x* with i < n + 1 is the definition of the consistency and then to
simplify the powers of "h". Conversely, it is enough to do a Taylor expansion. O

In particular, if we choose p = 1, we find that the consistency of order n = 0 is nothing but the
condition of zero mean (@) for d.

We introduce the formal Fourier transform .# from the algebra of formulas C@) to the algebra of formal
series C[X] defined by

c? - C[X]
F:q d =y dieX
Jjez

We give a characterization of consistency through this transform.

Lemma 3.6. Let n € 2N. A couple of formulas (d, s) € .SE is consistent of order n (1)) if and only if
Fd=X>Fs mod X"2,

Proof. Let 0x € Z(C[X]) be the formal derivative on the space of the polynomials C[X]. As a consequence,
since the Taylor expansion in 0 of a polynomial is exact, if p € C[X] and zo € C then we have

plag) = €™ p(0).
Consequently, following Lemma [3.3), (d, s) € .#¢ is consistent of order n () if and only if
Vp € Cpy1[X], (Fd— X2Fs) (idx)p(0) = 0.

We conclude the proof by considering the lowest power in the expansion of .#d — X2.%s in 0. O

The formal Fourier transform is as usual an algebra morphism. As a consequence, if P € C[X] and
d = P(a) then

3 Zd 3 CVS* o _ g P(Fa) = P(2—2cos(X)) = P (4 sin? (;)) . (31)

keN* jeZ

The consistency and the stability of the formulas often involve moment of d or s. In particular, this relation
provides simple expressions for the first moments of d in function of P

Zdj:P ) and Zdﬂ = —2P'(0).

JEZ JEZ

In fact, with the formula (31, we get a criterion of consistency directly on the polynomials.
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Lemma 3.7. Let P,Q € C[X] and n € 2N*. The couple of symmetric formulas (P(a),Q(a)) is consistent
of order n () if and only if

P(4X?) = 4 (arcsin(X))* Q(4X?) mod X"*2,

where (zawcsin(X))2 is the square of the inverse sine function whose expansion is (for a reference, see, for
example, [2])
22n71

2n
2(n :
n2C%,

(arcsin(X))* = )

neN*

Proof. 1f we apply B to the criterion of consistency of Lemma [3.6] then it comes

P (élsin2 (%)) = X2Q (4sin2 (g)) mod X2,

To conclude the proof, it is enough to do the change of variable

X + 2arcsin(X).

3.2 The optimal case

In order to prove Theorem 27 we are going to explain the link between the problem of optimization (26])
and the theory of Padé approximant. To see this link we introduce the usual valuation on C[X]:

VC € C[X], val(C) = min{k € N | YO < j < k, CY(0) = 0}.
As a consequence, with this formalism, Lemma [3.7] can be written
VP,Q € C[X], ord (P(a), Q(a)) = val (P(4X2) — 4 (arcsin(X))? Q(4X2)) —2.

However, Lemma [B3 proves that (P, Q) — (P(a),Q(a)) is a bijection from C;y;[X] x C,,[X] to the space
of the couples of symmetric formulas (d, s) such that 7(d) <1+ 1 and 7(s) < m. As a consequence, the
problem of optimization (26) is equivalent to the following

max val (P(4X?) — 4 (arcsin(X))? Q(4X2)) .
(P,Q)eC[X]2\{(0,0)} ( ( ) ( ()" ))
deg P<I+1, degQ<m

Since if P(0) # 0 then val (P(4X2) — 4 (arcsin(X))? Q(4X2)) = 0, it is natural to study this problem of

optimization for polynomials P such that
P = X R where R € C/[X].
Consequently, it is enough to study the following problem of optimization

max val (R — CQ), 32
(R,Q)€C[X]>\{(0,0)} ( ) 32)
deg R<I, degQ<m

with (see [2] for the expansion)

C(X):=4 %(TX) QQZL (33)
' VX (12,

neN

The theory of Padé approximants is a deep theory about approximation of formal series by rational
ones. It has been extensively developed in the last decades (see [I] or [4] for an overview). Its aim is to

give to each formal series F' € C[X] a rational approximation z = (usually noted [I/m]) such that

F="="""mod X"+ with p;,, € C;[X] and q;,m € C,n[X]. (34)

A natural way to find such an approximation is to try to solve

pm = Fqrm mod X 'wwith py € C[X] and ¢, € C,n[X]. (35)

13



Indeed, if we get a solution (p;.m, qi,m) of B3] with g; m,(0) # 0 then it is also a solution of (34]). The second
formulation (33]) is interesting because it is a linear system of [ +m + 1 equations and [ +m + 2 unknowns.
Consequently, it admits at least one non trivial solution. However, the question of its uniqueness (up to
multiplication by a scalar) is generaly non trivial. In the classical Padé theory, if for a formal series F,
the linear system (BH) admits for all I,m € N, a unique non trivial solution (up to multiplication by a
scalar), then it is said that the Padé table of F' is normal. Furthermore, if F(0) # 0 and if its Padé table
is normal then a non trivial solution (pim,q.m) of BH) satisfies degpim = I, deg @.m = m, @.m(0) # 0
and val(prm — Fqim) =1+ m+ 1 (see [I] or [4] for details).

What is crucial for us is that the Padé table of C' is normal. In fact, D. Karp and E. Prilepkina have
proved in [7] that the Padé tables of many generalized hypergeometric functions are normals. To see that
the Padé table of C' is normal, we just have to verify that C' is one of those generalized hypergeometric
functions. The generalized hypergeometric functions are the formal series defined by

... Qp _ Mﬁwi _k—l .
qu{ﬂl ﬂq’X} _k%; B (B & 0 (V)k—gjﬂ- (36)

D. Karp and E. Prilepkina have proved in Theorem 9 of [7] that if

p=q+1,
0<Oéq+1§1,
0<ar < - <oy,
0<fr < <Py,

k k
Vk € [[LQ]]a Zaj S Zﬁ]
j=1 j=1

then the Padé table of ,F {%i ZP 3 X ] is normal. However, C' is one of those generalized hypergeometric
. Bq

functions because

(37)

aX)Zﬂﬁrllx}

39777
We verify this assertion by the following elementary calculation

(n+1%Cols _ (n41)? (n+1)?

1
(n+2)2C5+2, @n+$@n+4y’lm+%xn+n’

which shows by induction that the coefficients of C(X) (see [33)) coincide with those of one of the gener-
alized hypergeometric functions in (37, see ([B4).

Now, we just have to link these results of Padé approximation with our optimization problem (20]).
But if we denote by (Rym,Q1m) the solution of [BH) such that R;,,,(0) = 1, then we have

val(Rlym — CRQlym) =l+m+ 1.

Conversely, if (R, Q) satisfyies val(R—CRQ) > l+m+1 with deg R < ! and deg @ < m then it is a solution
of (35). But since the Padé table of C' is normal, (R, Q) is equal to (R m, @Qi,m), up to multiplication by
a scalar.

Consequently, we have proved that the numerator and the denominator of the Padé approximant of
C' are the solutions to the optimization problem (B2]), up to multiplication by a scalar. All the results of
this analysis is summarized in the following theorem that is nothing but a version of Theorem 27 with
polynomials.

Theorem 3.8. For all [,m € N, there exists a couple of rational polynomial (Ry ., Q1m) € Q[X]? such
that

deg Rl,m = la
deg Ql,m =1m,
Rlﬂn(O) =1.
Moreover (Rjm,Q1m) is solution of the optimization problem
max val(R—CQ) =val (Ry;m — CQim) =1+m+ 1.

(R,Q)eC[X]*\{(0,0)}
deg R<I, degQ<m

Furthermore, this solution is essentially unique: if (R, S) € C[X]? is such that deg R <, deg@Q < m and
val (Rym — CQim) =1+ m+ 1 then there exists A € C such that R = ARy, and Q = AQi m.
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There exists many very efficient methods to compute effectively Padé approximants (see for example
[1] or [4]). Consequently, if the order of consistency is large enough, it is interesting to not compute the
optimal formulas of Theorem 2.7] through the resolution of the linear system (21), but to compute them
from the optimal polynomials of Theorem through the relations

s = Qum(a) and d"™ = Pj(a) with P (X) = X R m(X). (38)

4 Stability

In this section we study criteria of stability for the sequences of matrices of the form P(Ay) with P a
polynomial. These conditions hold on the polynomial P. As a consequence, if we want to apply one of
these criteria to a matrix of the form Dy (d), with d a symmetric formula, we have to solve P(a) = d (see
Lemma B3] for details).

In the first part, we give a criterion of strong stability (@) and then we deduce Theorem 2.8 and the first
part of Theorem (when the formulas are complex). In the second part, we give a diophantine criterion
of relative stability (I0) that is enough to prove the second part of Theorem [Z0] (when the formulas are
real).

4.1 Strong stability
Theorem 4.1. Let P € C[X] be a polynomial such that

P(0) =0, P'(0) # 0 and Yz €]0,4], P(z) # 0. (39)
Then the sequence of matrices (P(AnN))Nen 18 strongly stable ().

Proof. The assumptions ([B9) implies that there exists 8 # 0 a real number and a sequence (py)g=1...a of
complex numbers such that

d
P(X) = X [ (X = ).
k=1
On the one hand, a straightforward calculation shows that A is invertible and
Vi,j € [1,N], (Ax')i; = min(j(1 — hi),i(1 — hyj)).

On the other hand, since by assumption py ¢ [0, 4], the following lemma (proved in Appendix [£.2)) shows
that A — Iy is invertible and that there exists a constant ¢, such that for all N, |[(Ax —peIn) oo <
Cpap -

Lemma 4.2. If u € C\ [0, 4] then there exists ¢ > 0 such that for all N € N*, Ay — uly is invertible and

for all ve CN
[Vlleo < cllANV = pv]|oc.

As a consequence, P(Ay) is invertible and we have

d
VN € N*, ¥ € RY, [[P(AN) "'Vl < 187 AR Voo [T e
k=1
Hence, to prove Theorem 1] it is enough to prove that (A )y is strongly stable ([@). The estimation of
strong stability of (A )y is very explicit and is given for [ € N by

IAN Vs

N
<sup Y vy min{i(1 — hyj), j(1 — hi)}
=1

N o L . N . N .
<sup Y fvymin{i(1—hj), (1 =hi)} +sup D> [vs|min{i(1 = hj),j(1 - hi)}
=1 e, N1 =141, N—1]e
N 4 N
sup Y [vjly +sup > vl
=L el N—1 =1 eneL, N1
N{4h2|Vj| ifl+1<j<N-—I

<
= ?1:1}1) 202|v,| else.

IN
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Application 1: Proof of the first part of Theorem

The more direct application of this criterion of strong stability is the first part of Theorem [2:91 Since we
have proved in Lemma B3] that P +— P(a) induce an isomorphism of vector space between X C;[X] and
©c,1, it is enough to prove that almost all complex polynomials of degree smaller than [ + 1 do not have
any zero point in [0, 4] to conclude with the criterion of stability of Theorem ATl In fact, we show that
almost all complex polynomials of degree smaller than [ + 1 do not have any real zero point.

Proof. Since the null sets are the same for all the Lebesgue measures on C;[X] it is enough to prove the
result for one well chosen Lebesgue measure. As a consequence, we introduce A be a Lebesgue measure on
R;[X] and we consider A®? as a Lebesgue measure on C;[X] induced by the direct sum

Ci[X] = R[X] @ iR [X].

Now, we remark that if a polynomial P € C;[X] admits the decomposition P = P; 4+ iP, and has a real
zero point x € R then z is a zero point of P, and of P>. As a consequence, we conclude by the following
calculation

NP e C[X] | 3z € R, P(x) = 0} = / / Laver, (Prtsry)(e)—odA(P1)AA(P)
Ri[X] /R [X]

=/ / 132€R, Po(2)=Py (2)=0dA(P1)dA(P2)
Ri[X] R [X]

<)
R, [X]

=0.

/ 1p, (2)=0dA(P1)dA(P2)
2€R, Py (a)=0 * RilX]

The last equality is nothing but, since {P, € R;[X]| Pi(z) = 0} is an hyperplane of R;[X], its Lebesgue
measure is zero. O

Application 2: Proof of Theorem [2.8] .

The second application of the criterion of strong stability of Theorem [£1]is the Theorem 2.8 about the
strong stability of the most efficient schemes. In fact, to apply this criterion to the optimal formulas of
Theorem [2.7], we exactly have to prove that the optimal polynomials R; ,,, of Theorem [3.8/ do not have any
zeros point in [0, 4].

Proof. Let I,m € N be some integers and R; ., the optimal polynomial given by Theorem B.8 In the
proof of this theorem, R;,, is built as the numerator of the Padé approximant of the function C' ([B3)).
Futhermore, as we have explained in the proof of Theorem B.8, D. Karp and E. Prilepkina have proved
in [7] that C(—X) is a Stieltjes transform of a measure supported in [0,4]. As a consequence, we can use
the classical results about the localization of the zeros points and poles of the Padé approximants of such
series.

On the one hand, it is enough to apply the point (vii) of Theorem 3 page 251 of the book of J. Gilewicz
[4] to prove that if k¥ < 0 and I > —k then all the zero points of Ry are in |4, ool

On the other hand, J. Gilewicz proves at the point (#i¢) of this theorem that if £ > —1, I + k > 0 and
I > 0 then all the zero points of Q4 (the denominator of the Padé approximant of C') are in ]4, ool.
Futhermore, page 264 of his book [4], J. Gilewicz gives a theorem of Stieltjes and Wynn (point (iéi) of
Theorem 5) that implies that if & > 0 and ! < 0 then

Biypi(@) _ Ripryrig (@)

vz € [0,4], Qi (®) ~ Quyksri41(x)

Since Q4+, does not have any zero point on [0,4] and since by construction Q4,;:(0) = Ri1x,;:(0) =1
then it follows that for all £ > 0 and all { > 0 we have

Vr € [0,4], Qitxu(z) > 0.
As a consequence, if £k > 0 and [ > 0 then, we have

Qitk41,14+1(x)
ve € [0,4] Quyri(x)

Ritri(x) < Riypg141(2).
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Consequently, if for all & > 0, we prove that Ry is positive on [0,4], then we conclude by induction
on ! > 0, that Ryyy,; is positive on [0,4]. Indeed, it is clear that Ry o is positive on [0,4] because by
construction (see Theorem B.8)), we have

k n

X
Rio=2% ————— >0onR*,
= (n+ 1)2027;:12

4.2 Relative stability

Theorem 4.3. Let P € C[X] be a polynomial and let A be the set of the roots of P in [0,4] and assume
that P satisfies the following assumptions:

i) 0 €A,

ii) 4 ¢ A,
iii) the roots of P in [0,4] are simple,
iv) 30 : N* = R%,

VAEANVgeEN VI<p<q—1, 0<6,< ‘A4sm2 (gg) ‘ : (40)
q
Then the sequence of finite difference matrices (P(AnN))nvens is stable relatively to the sequence ny = 6N1+1
@@.
Proof. see Appendix B3 O

Application 1: stability for second order algebraic zero points
The first application of this diophantine criteria is based on a classical result about approximation of
algebraic numbers by rational ones. It gives a way to design sequences of matrices Dy that are stable (g]),
but such that Dy has not a positive or a negative spectrum for all N.

Theorem 4.4. Liouville’s Theorem. (from the book of Andrei B. Shidlovskii [9] page 23)
If « is a real algebraic number of degree n, n > 1, then there exists a constant ¢ = c(a)) > 0 such that the
following inequality holds for any p € Z and q € N*, % #

Corollary 4.5. If a polynomial P € C[X] satisfies the three first hypothesis of Theorem[{.3 and if for all

root A € A\ {0} there exist an algebraic number of degree 2, o, such that X = 4sin’( 5a), then the sequence
of finite difference matrices (P(AN))n is stable ([§).

Application 2: Proof of the second part of Theorem
The proof of the second part of Theorem is an adaptation of a classical qualitative result about
approximation of real numbers by rational ones.

Theorem 4.6. A version of the Khinchin’s Theorem. (see for example [9] page 17)
Let (v4)q be a sequence of positive real numbers such that the series Y v, converges. Then, for almost all
a € R, there exists a constant ¢ > 0 such that for all p,q € Z x N*, one has

ey

o —
¢ q

More precisely, to prove the second part of Theorem 2.9 with the criterion of Theorem 3] it is enough
to prove that the following set are null set for a Lebesgue measure on R;[X] (they are the sets of the

By = {R e R[X]| R(4) = 0 or R(0) = 0},
By ={ReR[X]|3re[0,4, RO\ = R'()) =0},

A — 4gin? <y—)>‘ 0}.
2q

Es = {R e R[X] | 3IN€0,4], R(A) =0and liminf min 10,4

q—00 pell,g—1]
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Indeed, since we have proved in Lemma B3] that R — (X R)(a) induce an isomorphism of vector space
between R;[X] and %g;, the null sets for the Lebesgue measures on R;[X] are associated to the null sets
for the Lebesgue measures on 6x ;.

It is quite clear that E; and Fs are null sets. Indeed, F; is a null set because since P — P(4) is
linear, it is an hyperplane and FE5 is a null set because it is the set of the zero points of the discriminant
A(R) = Res(R, R’) that is a non zero polynomial of R. However, to prove that E3 is a null set, we have
to adapt the proof of the Khinchin’s Theorem

In order to use the Borel Cantelli Theorem, we introduce a probability measure p on R;[X] with the
same null set as a Lebesgue measure. More precisely, we introduce the Lebesgue measure p on R;[X]
induced by the Hardy’s scalar product (.,.)g2. This scalar product is defined by

l
VRl,RQ (S [RZ[X], <R1,R2>H2 = Z
k=0

k k
B (0) R (0)
k12
Then, we define p through its density with respect to u
dp_ 1 sz,

du - Tﬂ'Hl

As p has a positive density with respect to u, p and g have the same null sets.
Hence, since Es is a null set, it is enough to prove that E3 N ES is a null set. As a consequence, we can

use the following inclusion
R <4sin2 <ﬂj>) ‘ = 0} .
2q

n(w (32))| <)
2q Ng—1

E5N Es C E5Nlimsup Fy,.

q—o0

ESNE; C ESN<R e R[X]| liminf min _
s By C B50 {RERIX] | lminf _min -

Then, we introduce the measurable sets

F, = {R € R[X]| min
pell,q—1]

to get the inclusion

Consequently, it is enough to prove that > p(F,) < oo to conclude by the Theorem of Borel Cantelli that
Fs3 is a null set.

To control p(Fy), we begin assuming the following lemma, that we will show at the end of this proof.

Lemma 4.7. For all A € R and for all B > 0, we have
2
p{R e R[X] | [R(N] < B}) < \/;5-

Consequently, we deduce from the last assumption of Theorem [ZJ that Y p(Fy) < oo,

o(F,) < Sp{RE Ri[X] | ‘R <4sin2 <g§)>‘ < nql_l}

<121 eron o

To conclude this proof, we have to prove Lemma[7l We introduce the polynomial R, € R;[X] defined
by

l

Ro(X) =) (aX)*.

k=0

R, is the Riesz representer of the evaluation in «

VR € R[X], R(a) = (Ra, R)ys.
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Consequently, since the Gaussian measure p is isotropic, we have

p({R e R[X] [ RN < B8}) = p({R € Ri[X] | [{Ra, R)nz| < B})
= \/%/Dﬁmnmniﬁﬁe_%dy

1
< \/—Q—ﬂ/ﬁmnmu;zﬁdy
. -1
= \/gﬁ (Z a2k> < \/gﬁ-
k=0
5 Appendix

5.1 Proof of Proposition 2.3

Let f € C*(R) be the source function of the Dirichlet problem (@), and w its solution. For each N € N*
we consider u™¢* and fV-¢* the discretizations of u and f defined by (@).

We begin proving the consistency of the scheme in the center. We introduce an integer j such that
7(d) < j < N+ 1—7(d). Then, we do the estimation of consistency with a Taylor Lagrange formula

’(DNuN,eI)j o h2 (SNfN,ex)j’

- Zdlu(acf\_fw) + W2 s’ ()

ez
(n+2) (¢N,1 (n) (¢N,2
= 2 e+ W a) + e - R e
i€Z i€Z ’ ’

. N,1 N2

with &7, &7 €]a, ;[ and

k) (V)

u\® (x
k
pi(X) =Y TJX :

k=0 ’
However, we have proved in Lemma [B.5], that the polynomial part of this sum is zero. Consequently, it is
enough to estimate the second part. Finally, we get

+2 7(s)"
sl (s)

exr exr n n T(d)n
‘(DNuN, )j — h* (SyEY )j‘ < B2 u )| e 0.1y E |di|(n+2) o
i€z ’

The same type of estimations holds near the boundary and we can prove similarly that, if 7(d) > j or
J>2N+1-7(d) andif“—Qh <~ then
7(d)+2
(1 +2)!

exr exr T(Sk)#
‘(DNuN’ )j — b2 (Syf: )]‘ < h“””u(“”)HLw(—%Hv) max Z |d| + |s¥] 1

1<k<T(d) £
5.2 Proof of Lemma
To prove this lemma, we need to use the notations introduced to define formally Dy (d) in Definition 311
Now, for all p € Z and for all N € N*, we introduce an operator O, y on &y defined by

Witp + wi—p)
i€z

1
Yw € &y, Opnw = = LW = ( 5

2
A straightforward calculation shows that the spectral decomposition of O n is
Vk € 7, OpﬁNekﬁN = COS(pT(kh)ek’N with e, N = (Sin(kﬂhj))jez. (41)

1

Let z € C\ [-1, 1] be a complex number. Since the periodic function x + (cos(z) —z)~* is real analytic,

its Fourier transform is summable. More precisely, there exists (c,(z)) € I*(N) such that

= Z ¢p(2) cos(pz).

pEN

V. R, ———
ve " cos(x) — 2z
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Since (cp) is summable, it follows from I that O1 ny — zls, is invertible and

(OI,N - ZIgN)il = ZCP(Z)O;DJV'

pEN
Furthermore, if w € &y then for all p € N
|Op, vwll1o(z) < [|wllio=(z)-

As a consequence, we have

1(O1n = 2ley) M wllimez) < D lep(@)Opvwlhi=z) < Hep(2) 2o lwlli=z)
peEN

To finish the proof of Lemma (2] it is enough to see that

1
matg, O1.n = Iy — §AN and Yw € &y, ||matzy wlle = [|w]iz)-

5.3 Proof of Theorem (4.3

It follows of the spectral decomposition of Ay (22]), that (ekN Yk=1..~ is an orthogonal basis of CV. Fur-
thermore, a straightforward calculation shows that, if k& € [1, N] then we have

N

N
1 1

N Ny
llex’ |2 = jgzl [(ey); g sin?(rhkj) = 5 g 1 — cos(2mhkj) = o

j=1

Consequently, if we take a vector v € CV, we get its discrete Fourier transform as
N N
v = QhZ er Z v, sin(mhkj).
k=1 j=1

However, since the vectors e,]cv are eigenvectors of Ay, there are eigenvectors of P(Ay) and their
cigenvalues are P(4sin? (Zkh)). Consequently, we know from assumption (iv) that P(Ay) is invertible
and that we have

N
=2h _ isin(mhkj).
P(AN)"'v Z P (s kh));wsmw 7)

Hence, if we do the estimation, |sin| < 1, it comes

2
1P(AN) V] < 2h2 Rraoen vanm < Z e g

Consequently, to conclude the proof of Theorem 3] it is enough to proof that there exists a constant
¢ > 0 such that
c

VN e Z |P 4sin® (3kh)) | = ONy1 (42)

But from the assumption (iii), we know that there exists a polynomial @) € R[X] such that

P(X)=Q(X) J[[(X =) and Va € [0,4], Q(z) # 0. (43)

AEA
Hence, we deduce from [{3]) that the following partial fraction decomposition holds

1 Q)
P(X ZP’)\

/\EA

Consequently, to prove the estimation ([@2), it is enough to prove that

1 < c
c .
*(Zkh) — A = N+

VA € A,3e>0,VN € N*, Z|4
Sln
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To prove ([4), it is crucial to deduce, from the conditions (i) and (iv), that there exists a constant

¢ > 0 such that c
Vg € N*, 0, < —. (45)

q
Then, it is enough, to distinguish the case A = 0 from the case A\ # 0. On the one hand, if A = 0, using

@H), we have

no

N 2 1

N
1 1 T
< S =53 <
; 4sin® (2kh) ; 4(kh)> ~— 6 4n% ~ 2

| B

c

g

ONF1

On the other hand, 2 +— 4sin® (Zz) is a diffeomorphism from ]0, 1] to ]0,4[. Hence, if A # 0, and since we

know from assumption (i7) that A # 4, there exists a constant ¢ > 0 such that one has
Va € [0,1], | — A| < ¢4sin? (gac) = Al

where X €]0, 1[ is defined by
ﬂ.fv
asin? (2X) = A,
sin” { 5
Since ¢ does not have any zero index, the assumption (iv) provides Y ¢ Q. Hence, we deduce that

* B pq 1
Vg € N*,3lp, € [0,¢], [N ——=| < =—.
vl 3= < o

As a consequence, with the estimation ({H]), we have

N 1 3 1 % 1
> < ¥ —+ <y
2 (T — 2 (T —
i1 14507 (BRR) =A™ ey Wy ER = A Jsi0® (Bonah) = AL y fpyy B OV0
2, 1 2]
~h% dny1 T ON+1
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