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MULTIFRACTAL PROPERTIES OF TYPICAL CONVEX
FUNCTIONS

ZOLTAN BUCZOLICH AND STEPHANE SEURET

ABSTRACT. We study the singularity (multifractal) spectrum of
continuous convex functions defined on [0,1]%. Let Ef(h) be the
set of points at which f has a pointwise exponent equal to h. We
first obtain general upper bounds for the Hausdorff dimension of
these sets E'y(h), for all convex functions f and all A > 0. We prove
that for typical/generic (in the sense of Baire) continuous convex
functions f : [0,1]¢ — R, one has dim Ey(h) = d — 2 + h for all
h € [1,2], and in addition, we obtain that the set E;(h) is empty
if h € (0,1) U (1,400). Also, when f is typical, the boundary of
[0,1]¢ belongs to Ef(0).

1. INTRODUCTION AND MAIN RESULTS

In this paper we investigate the multifractal properties of the contin-
uous convex functions defined on [0, 1]¢. This paper is a quite natural
continuation of our papers [3, 4] where generic multifractal properties
of measures and of functions monotone increasing in several variables
(in short: MISV) were studied. It is interesting that all these natu-
ral objects supported on [0, 1]¢ have very different typical multifractal
behaviors.

Let us first recall that the pointwise Holder exponent and the singu-
larity spectrum for a locally bounded function are defined as follows.

Definition 1. Let f € L*°([0,1]¢). For h > 0 and x € [0, 1]¢, the
function f belongs to C"(x) if there are a polynomial P of degree
strictly less than [h] and a constant C' > 0 such that, for all x’ close to

X,

(1) [f(x) = P(x' = x)| < Clx' —x|".
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The pointwise Holder exponent of f at x is
hy(x) =sup{h >0: f € C"x)}.
In the following, dimy denotes the Hausdorff dimension.

Definition 2. The singularity spectrum of f is the mapping
df(h) = dimy Ef(h), where Ef(h) = {x: hs(x) = h}.
By convention dim () = —oco. We will also use the sets

(2) E7(h) = {x : hy(x) < h} D Ey(h).

We denote by CC? the set of continuous convex functions f : [0, 1] —
R. Equipped with the supremum norm ||-||, CC? is a separable complete
metric space. An open ball in CC? of center f € CC? of radius r > 0 is
written as By (f,r), and a closed ball is B (f,r)

In this paper, we first prove an upper bound for the multifractal
spectrum of all functions in CC%.

Theorem 1. For any function f € CC%, one has

d—1 if h € [0,1)
de(h) < Sd+h—2 ifhell,2]
2 if h > 2.

Then we compute the multifractal spectrum of typical functions in
CC%. Recall that a property is typical, or generic in a complete metric
space F, when it holds on a residual set, i.e. a set with a complement
of first Baire category (a set is of first Baire category if it is the union
of countably many nowhere dense sets).

Theorem 2. For typical functions f € CC?, one has
d—1 ifh=0
de(h)=<d+h—2 ifhe]l,2]
—00 otherwise.

More precisely, one has E;(0) = 9(]0,1]%).

It is interesting to compare Theorem [2| with the regularity of other
typical objects naturally defined on the cube [0, 1]%.

When d = 1, generic properties of continuous functions on [0, 1]
have been studied for a long time (see for instance [, 6], and the
other references we mention in the present paper). It was proved that
typical continuous functions belong to C°(x), for every x € [0,1]. In
[2], typical monotone continuous functions on the interval [0, 1] were
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proved to have a much more interesting multifractal behavior: such
functions f : [0,1] — R satisfy

ho ifhelo1]

—oo  otherwise.

(3) dy(h) = dim E (h) = {

The same holds true for typical monotone functions (not necessarily
continuous). We remark that it also follows, for example from results
in [2], that for arbitrary monotone functions there is an upper estimate

(4) dim E(h) < h for h € [0,1].

It is interesting to extend these results to higher dimensions.

The first natural way is to consider Borel measures on the cube. In
[3] (see also [I] for a nice generalization to all compact sets in RY), it
is proved that typical measures p supported on [0, 1]¢ satisfy a multi-
fractal formalism, and

4.(h) = {_h if h € [0, d]

oo  otherwise.

Another interesting class is constituted of the continuous monotone
increasing in several variables (in short: MISV) functions. These func-
tions extend to higher dimensions in a different direction the one-
dimensional monotone functions. A function f : [0,1] — R is MISV
when for all i € {1, ...,d}, the functions

(5) f(z)(t) = f(l’l,...7ZEi_1,t,J]i+1,...,I’d)
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are continuous monotone increasing. We use the notation
M= {feC(0,1]%) : f MISV}.

The space M? is a separable complete metric space when equipped
with the supremum L*> norm for functions. Typical MISV functions
satisty (see [2), 4])

(6)

—00 otherwise.

df<h):{d—1+h if h € [0,1]

On Figure [I] we compare our new results about generic continuous
convex functions with the earlier results we mentioned.

Remark 1. One cannot directly infer Theorems [I]and [2] by integrating
MISV functions or measures on [0, 1]¢. For instance, letting f (1, 12) =
10(z? + 23) + 2222, its second differential d?f(x1, zo, hy, hay) = (20 +
222)h? + (20 + 222)h3 + 421220, hy is positive definite for any (z1, 25) €
[—1,1]?. Hence this function f is strictly convex on [—1,1]?, but d; f =
2021 +2x1 22 is monotone only in x; and O f = 20z9+2w5x7 is monotone
only in x,.

2. PRELIMINARY RESULTS

2.1. Basic notation. If it is not stated otherwise we work in R
Points in the space are denoted by x = (21, ..., z4). The j’th unitvector
is denoted by

e; = (0,...,0, %,O, .., 0).

J

Open balls in R? are denoted by B(x,r) (to be distinguished from
the balls By (f,e) in CC?).

2.2. Local regularity results of continuous convex functions.
First, recall that C™ functions are dense in CC%.

Remark 2. To see this, take ¢ > 0 a C* function, which is 0 outside
B(0,1), such that / ¢ = 1. Put ¢ = AM(5x). If f is convex and
Rd _
continuous on [—1, 1]¢, then the convolution f,(x) = f[o 1 fx) Ay —
x)dy is convex on [—1+ X, 1 — A]? and fi(x) = f,(;25x) is convex on
[—1,1]¢. Using the uniform continuity of f on [—1,1]¢, one easily sees
that || f — fi|]| = 0 as A — 0. One concludes by using an obvious linear
transformation.
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A first lemma allows one to control the left and right partial deriva-
tives of all functions in a neighborhood of a convex differentiable func-
tion in CC?. The notations 0;+f and 0;_ f are used for the right and
left partial j-th derivatives of a convex function f.

Lemma 3. Suppose f € CC* N CY([0,1]%) and € > 0. There exists
0re > 0, such that for all j € {1,...,d}, if g € By (f,0sz), then for
every x; € [e,1 —¢l], z; € [0,1], 1 € {1,...,d} \ {j} we have

(7) 10; £9(x1, ...y xq) — 0 f (21, ..., xa)| < €.

Proof. It is enough to fix one j € {1,...,d}. Recall that f € CC*N
C'([0,1]%) implies that 9, f is non-decreasing in z; and is uniformly
continuous on [0, 1]%.

Using this uniform continuity, there exists a partition 0 = z;¢ <
Tj1 < .. < xjk = 1 such that z;; < ¢ and for every z; € [0, 1] with
ie{l,..,d}\ {j}, one has for every [ =1, ..., K,

(8)

£
ajf(l'l, oy Lj—1y L1y Ljgly oeey md)—ajf(ml, ey L1y Tji—1y Ljg1y oeey ZL‘d) < Z_l
Set
€ .
(9) Ofeg = 7, 0in (251 — 2j1-1).

Consider any function g € By (f, 0f¢,;), and fix x = (z1,...,24) €
[0, 1], so that z; € [¢,1 — €]
There exists an integer | € {1,..., K — 1} such that z; € [z, 2;41].
Set X(l/) = ([El, ey Lj—1y T 1ty Ljgly oeey $d).
Since the two functions t — g¢(z1,...,2j-1,t,%j11,...,24) and ¢ —
f(x1, ..., zjo1,t, 2541, ..., x4) are real convex, one has
9(x(1)) — g(x(l — 1))
0j-9(x) = 9;-g(x(l)) >
L1 — Lji-1
Fx(l) = Sxl = 1)) — 205,

Tjl — Tji-1

» SO - S0-D) e
(10) > 9,f(x(l-1) - 3.

Thanks to the convexity of ¢ — f(x1,..., 21,1, 41, ..., T4), equation
(8) gives

0if(x) < 93 f(x(1+1)) < 9 f (x(l = 1)) +27.
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Hence, one can continue ((10)) to obtain
e €
8j,_g(X) > 8jf(X) — 5 — 5 = ajf(X) — €.

Moreover, a similar argument can show that
Or49(x) < 9,/(x) +e.

This ends the proof, since 0; _g(x) < 9; 4+ g(x).
The conclusion follows by taking of. = min(os.;:j=1,...,d). O

The one-dimensional version of Lemma [3] is stated as follows.

Lemma 4. Suppose f € CC' N C*([0,1]). For e > 0 there exist € > 0
and ge,; > 0 such that for any g € By (f, 0-5) and x € [e,1 — €] we
have

(11) |94 (x) = f'(z)] <e.

Next, one compares the pointwise exponents of a differentiable con-
vex function f and its derivative f’. It is a general property that
hy(x) < hg(x) — 1, for every differentiable f. A surprising property is
that equality necessarily holds when f is convex and hy(z) € [1,2),

Lemma 5. If f is convex and differentiable on (a,b) and h¢(x) € [1,2)
for some x € (a,b), then hf(x) = hp(z) + 1.

Proof. 1t is enough to prove that hy(z) < hp(z) + 1. Since hy(x) €
[1,2), necessarily h = hp(z) < 1. Hence, there exists a sequence
(Zn)n>1 converging to x such that | f'(z,) — f/(x)| > |20 — x|, With-
out limiting generality, suppose that x,, > x. By the monotonicity of

f’, one has
1

f(wa) > (@) + (2 — 2)" .
By convexity of f,

flxn) 2 fz) + f'(z)(zn — 2).

Setting !, = = + 2(z, — x), and using again the convexity of f at z,,
one gets

F@) > flo) + f @) (@, — o)
> f(@) + F@) @ —2) + (@) + (0 — 2)" ) (@) — )
> (@) + @)y — o)+ (a0 — )R (], )
= fla)+ f(2) (), — ) + (af, — )+,

1
oh+1+%

This implies h(x) < h + 1, hence the result. U
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One investigates what happens for non-differentiable convex func-
tions.

Lemma 6. If f is convex on (a,b) C R and h¢(x) € [1,2) for some
z € (a,b), then min(hy (x), hy (z)) < hy(z) — 1.

Proof. When hy(z) =1 the lemma is obvious. Set h = h¢(x) > 1, and
let € > 0 so that h — e > 0. By definition, there exists M € R such
that one has

|f(z+y) — flz) — My| < |y|"~

for every small y, and there exists a sequence (y,)n>1 converging to
zero such that

(@ 4 yn) = f(2) = Mya| = [ya]"*.

Hence,

|yn‘h+571 S f(ZE +yn) - f(?L‘) - M S |yn|h7571_
Yn
Since the left and right derivatives f (x) and f’ (x) both exist, they
both equal M = f'(z).
Assume, without loss of generality, that there are infinitely many
positive y,,’s. For every y,,

f(ﬂ? +y;) — f(.T) _ f_/‘_(x) > |yn|h+a—17

thus hy (z) < h+e —1, which gives the result. O

file+yn) = filz) 2

We also prove the following proposition, which somehow asserts that
a convex function cannot have exceptional isolated directional point-
wise regularity.

For this, consider the d-dimensional unit sphere S; = {x € R? :
x|l = 1}. Then, we select a finite set of pairwise distinct points
(21,29, ...2y) € (Sg)Y for some integer N > 1 such that the convex hull
of {z1,2,...z5} contains the d-dimensional ball B(0,1/2).

Let us choose ¢, > 0 so small that :

o 0 <ee < qopomin(flz; — 2, i #j, 4,5 € {1,..., N}).

e Setting for every i € {1,..., N}
(12) CZ = Sd M B(Zi, 60),

then for any choice of z; € C;, the convex hull of {z/, 2}, ...z’y }
contains the ball B(0,1/4).
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Proposition 7. If hy(x) = h, then there exists i € {1,...,N} such
that for every z;, € C; (see ), the restriction of f to the straight
line passing through x parallel to the vector z, has a pointwise Hélder
exponent equal to h.

Proof. Let n be such that n < h < n + 1. We assume without loss
of generality that x = 0, f(0) = 0, D*f(0,...,0) = 0 for every k €
{1,...,n}. Let ¢ > 0. By definition, for every x close to 0, |f(x)| <
x|"7¢, and there exists a sequence (X, = (Tp1, .., Tn.d))n>1 of elements
in R, converging to 0, such that

(13) 3| < 1 F ()| < Pl

Consider such an element x,,, and the sets (C,,; := 4(|x,|- Ci)i=1,..~-
Let us prove that there exists i,, € {1, ..., N} such that for every n € N
and 7, € Co, |(2,)] = (12, /4

Assume first that for every i € {1,..., N}, there exists z; € C,,; such
that | f(z;)| < |f(xn)]. By construction, the ball B(0, ||x,]|) is included
in the convex hull of these points (z;);—1__n. By convexity, this would
imply that |f(x,)| < max(|f(z})|:i=1,...,N), hence a contradiction.

Hence, there exists an i, € {1, ..., N} such that for every z; € C,;,,
£ (25, = [ (%0)] = [xa|"*° = (|2, [ /4)"*.

Turning to a subsequence, one can assume that i, is constant, equal

toie{1,...,N}.
Now, as a consequence of what precedes, for every vector z;, € Cj,
there exists an infinite number of values (1, = |X,|)n>1 such that

\f(rnzl)| > (|r,z}|/4)""¢. Hence, the restriction of f to the straight
line passing through 0 parallel to z; has a pointwise Holder exponent
less than h 4 €. Since this holds for every ¢ > 0, and obviously this
exponent is bounded below by A (i.e. the exponent of f), one concludes
that this restriction has exactly exponent h. U

3. FIRST TYPICAL PROPERTIES OF CONTINUOUS CONVEX
FUNCTIONS

Based on Lemma [3|it is very easy to see that the typical function in
CC% is continuously differentiable on (0,1)¢. This was proved in [5, 6]
for instance. We give another proof for completeness.

Proposition 8. There is a dense G5 set G in CC* such that every
f € G is continuously differentiable on (0,1)%.

Proof. By convexity, the partial derivatives 0; 4 f(x) exist for any f €
cCt x € (0,1)%and j € {1,...,d}.



MULTIFRACTAL PROPERTIES OF TYPICAL CONVEX FUNCTIONS 9

Since CC? is separable, one can choose a sequence of convex functions
{fm : m = 1,..} dense in CC% In addition, by Remark , one can
assume that all these functions f,, are C*([0, 1]%) functions.

By uniform continuity of all the partial derivatives of f,,, there is a
6nm > 0 such that for every j, for every x,x’ € [0, 1]¢,

(14)  |0,fn(%) = D3 fm(x)] < % when [x — x| < 6, .

Applying Lemma , it is possible to choose 0 < g, < HLm such that
if f € By.|(fms 0Onm) then for every j € {1,....d}, if x = (x1,...,24) €
[0, 1]* with z; € [£,1 — 1], then

(15) 0,0 () = 03 )] <

Let us introduce the sets
m=1 1

It is clear that G is a dense G5 set in cee.

We prove that any f € G is continuously differentiable.

By definition, there exists an infinite sequence of integers (my,)n>1
such that f € By (fm,., Onmn,)-

Fix j € {1,..,d}, and focus on the j-th partial derivatives. Combin-
ing inequalities and (15), if x,x" € [0,1]%, with T, 7 € [1,1—1]
and ||x — xX'|| < 0nm,, then

2 3
04 F(x) = 034 FO) < 10 Fa (%) = B, i ()] 2 < 2.
The + is the above inequality means that any choice of left or right
derivative can be made.
From this, letting n — oo, it follows easily that 0; 4 f(x) = 0; — f(x),
hence 9; f is continuous on (0,1)%. O

However, the next lemma shows that typical functions f in CC? are
not differentiable on [0, 1]¢. The problem comes from the boundary of
the domain.

Proposition 9. There is a dense Gs set G, in G such that every f €
Goo satisfies the following: for every j € {1,...,d}, for every x; € [0, 1]
with 1 € {1,...,d} \ {j}, one has

(16) 8j7+f<331,...,$j,1,0,$j+1,...,$d) = —OQ

and

(17) 8j,—f(x17---al‘j—1a]-7513]'—1—1’---717(1) = +00.
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Moreover,
(18)
hf(iL'l, ey Lj—1, O,ijrl, ceey J]d) =0= hf(xl, cey L1, 1,£Cj+1, ...,.Td).

Proof. We are going to show that for a fixed j, there is a dense Gy set
G% in CC¢ such that if f € G% then and the first equality in (18)
holds.

Without loss of generality, one considers j = 1. As in the proof of
Theorem , one chooses a sequence of C* functions (fi,)m>1. We also
select integer constants M,, > 1 such that |9, f,,| < M,, on [0, 1]¢.

For every integer [ > 1, let us introduce the mapping ¢; defined as

( ) —ll_l.fl if 0 S T S l_l,
Ty, Xg) = .
PUTL s Td s if 17 <oy < 1.

Clearly, ¢; is convex and for any fixed n the functions f,,, + ©nm-as,,,
m =1, ... are dense in CC?%. Set

gg,l - U BH'H(fm + Pnom-Mp (n sm- MM)in'm'Mm%

m=1

and
o

gO,l _ ﬂ gO,l.

n=1

We prove that if f € G, then and hence hold. By defini-
tion, there exists an infinite sequence of integers (m,,),>1 such that

fe BH'H (fmn + Prmp-Mpm,, 1 (n Sy, - an)—n~mn-an)'

For ease of notation, set l,, = n - m,, - M, , that is

f € Biy(frn + 1., 1),

Consider x € [0, 1]¢, with z; = 0. Then for every n > 5,

f(O, To, ..., ill'd) — f(l;ln, T2,y ..ny $d>

> My, I =20

— l—l (1 o an l—ln+2 o zl—ln—‘rl)
1

>

20,
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where we have used the boundedness of df,,, by M,,, and the fact that
l, > M,, . Hence, for any o > 0 we have
f(O,ZEQ,...,.Td> —f<l;l",$2,...,$d) 1 lna—1
> [T
[t 2
which tends to infinity when n goes to infinity. Hence holds true,
and one also deduces that h¢(0, zs, ..., z4) = 0.

Similar arguments yield Gs sets G% for j > 1 and GV for j =
1,...,d such that the functions f in these sets satisfy the corresponding

equalities in ([16418)).

Finally, the set
d
G = m g% nghi
j=1
satisfies the conditions of Proposition [9} O

We conclude this section by proving that typical convex functions
have only pointwise exponents less than 2.

Proposition 10. There ewists a Gs-set G* such that for every f € G2,
E¢(h) =0 for every h > 2.

Before proving Proposition[10} we introduce some perturbation func-
tions already used in Section 4 of [4].

Definition 3. For every [ € N, the function v; : [0, 1] — [0, 1] is defined
as follows:
e 7, is continuous,
e For every integer j = 0,...,2° — 1, if 2 € [j277, (j + 1)27° —
27", one sets y(z1) = j27¥°. So ~, is constant on these
intervals,
o v(1) =27
e For every integer j = 0, ..., 2" — 1, the mapping ~; is affine on
the intervals [(j + 1)27% — 27" (j + 1)27"),

These functions 7; are continuous, ranging from 0 to 27!, and are
strictly increasing only on the 2 many very small, uniformly dis-
tributed, intervals of length 27"

Proof. We start by selecting a set of C'* functions {f,, : m =1,2,...}
which is dense in CC% We choose an integer M,,s > 1 such that
the second and third partial derivatives 93 f,, with respect to the first
variable ;1 of f,, satisfy |07 fo| + 02 fn| < My, 3.

Observe that the z;-partial derivatives 0 f,, of these functions are
monotone in the first variable.
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Then, one introduces the auxiliary functions, depending only on the
first variable: for [ > 0,

(19) Yi(w1, w2, s Ta) = N(71).
The perturbation functions are defined for [ > 0 by

(20) TI(X):7l<xlax2a---axd):/o 171(t,$2,--‘,$d)dt=/0 1%(25)6125.

Next we apply Lemma [3| to the functions f,, + £, My gn With € =
Emm ‘= 9~ (m+Mms+1)% and j = 1. There exists a constant, denoted by
Omm > 0, such that if f € Byy(fm + frnias,, sin Oman), then for any
21 € [emm, 1 — €my) and x; € [0,1] for j = 2,...,d, one has

(21) |al,ﬂ:f(x) — 0 (fm + ?m-&-Mm,g—f—n)(X” < Emmn-

Without limiting generality one can assume that 0, , < €pn.
Set

Ry = U BH~||(fm + fm-i—Mm,g-&-na Qm,n)'
m=1
It is not difficult to see that R, is open and dense in CC%. Suppose
that G, is the dense G5 set from Proposition [9] Since G, is a subset
of G from Proposition |8 all f € G, are continuously differentiable on
(0,1)%. Moreover, the Hélder exponent is zero of these functions on the
boundary of [0, 1]%.
Finally, set

oo
G =G| ) (ﬂ m) :
n=1
By construction, there exists a sequence of integers (my),>1 such
that f € By (fim. + frmnsMom, g4ns Onm,) for every n.
For simplification, we set [,, = m,, +M,,,, 3+n, pn := pm, n and g, :=

Emn.n, SO that for everyn > 1, p, < ¢, = 2= (In)* fe B||-H(fmn+7ln7 On),
and for any z; € [g,,1 —¢,] and z; € [0,1] for j =2,....d

(22) 01,4 f (%) = O1(fon, + [1,)(X)] < .

Proceeding towards a contradiction, suppose that there exists x =
(21, T3...,2q4) € [0,1]% where hf(x) > 2. Since the Holder exponent of
f is zero on the boundary of [0, 1]¢, necessarily x € (0, 1)<.

Since hy(x) > 2, one can find € > 0, Dy, Cx € R such that for every
small h,

(23) |f(x 4+ hei) — f(x) — OLf(x)h — Dyh?| < Oy |hJ**e.
Without limiting generality we can suppose that £ < 1/2 holds as well.
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Consider the unique integer j, € N such that z; € [jnZ_ZEL, (Jn +
1)27%). Next we consider two cases depending on whether z1 € [j,27", (ju+
127 — 27n) or a1 € [(ji, + 1)27% — 27!, (ji, + 1)2700].

Case 1. Assume that z; € [j,27%, (j, + 1)27% — 27%] for infinitely
many integers n > 1.

We set h, = hye; with |h,| = |h,| = 27 /4, such that the first
coordinates of x and x + h,, both belong to [j,27", (j, + 1)2_‘1721 —2-la],

Combining , and the fact that f € By (fm, + f1., 0n), We

obtain
[ (fon (x4 1) T, (x4 1)) = (fona (50 4 T, ()
~ha (O fon,, + 01 f1,) (%) — Dahi,

< Cx|hn‘2+€+2gn+5n‘hn|
S Cx|hn|2+€ +2. 2_(ln)8 + 2_(ln)8|hn|
< (Cx + 1)|h,[7F,

(24)

where the last inequality holds since p, < e, < 270 << |h,[? for
large n.

By using the Taylor polynomial estimate of the C*° function f,,,,
one deduces that

(25) | )~ i ()0 i, ()~ DIV« M o

Since by its definition 0, f, (y) =, (1) (i-e. it is constant) for any
y on the line segment connecting x and x + h,,, we also have

(26) ?ln (x+h,) - 71n (x) — 317zn (x)hy, = 0.
Using , and we infer

2
(27) ‘alf’;—'(")hi — Dyh?

My,
< (Ct Dl + =525 hal < (Cx + 2)[ R

where, using the fact that ¢ < 1/2; the last inequality holds if n is
sufficiently large since M, 3 < I, < 2!» < |h,|71/2 for n large.



14 ZOLTAN BUCZOLICH AND STEPHANE SEURET

Now take h,, = 8|h,|e;. Then and used with h,, instead of
h,, for sufficiently large n yield

Fi,(x+ 1) = fi, (%) = 01 f, ()| +

My, 5 — _
< 3(“3 h,|* + (Cy + 1) b, [**

2
fmn( )|hn|2 D2|Hn|2

T M, 35 1-
= B[4 (S S+ G 1)
(28) < |h,[*™(Cy +2).
Now for large n, it follows from and |h,| < |h,| that

(29)  [F, G+ Ba) = Fi (%) = 1, ()
Next we obtain a contradiction by using a lower estimate of the left-
hand side of (29). By convexity of f, we have o1 f, (y) > 01, (x)
when y is on the line segment connecting x and x + h,,. Even more,

this interval contains a subinterval of length larger than |h,|/8 = |h,|
where

nfi,(y) =, (y) =0uf,, (x)+ 27" it = =y, (21) +27 g
Thus,

< B[220 + 4).

Fo Gt B) — 7, (0 2 017, (0B + el ottt
By , one should have
[|
8
Since 8|h,| = |hy| = 2- 27" we would obtain that
2l < (2. 27 1He (20, + 4),

a contradiction when n is large.

27l <, P20 + 4).

Case 2. Suppose that z; € [(j, + 1)27% — 275 (j, + 1)27%] for
infinitely many n > 1.

We set h, = hye; with |h,| = |h,| = 27%/2, such that the first
coordzinates of x and x + h,, both belong to [(j, + 1)27% — 27 (4, +
1)27%].

Since p,, and ¢, are still much smaller than |h,|, equations (24)) and
(25) still hold, but now is replaced by

_ 0L,

(30) ?ln (x+hy,) — ?ln (x) — 8171n (x)hn o1 n = 5
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Using the same arguments as before but with , we deduce that

a% f (X) 4 2 h?
I g2 Dop2 4 9l e

o o T 2

This last inequality becomes impossible when n becomes large, since

92
|%"(x)| < M,,, 5 <1, < 2%. Hence a contradiction.

< (Cx + 2)|hn|*T=.

O

4. THE UPPER ESTIMATE

We start with the upper bound for the Hausdorff dimensions of the
sets E?(h)

Proposition 11. If 1 < h < 2 and f € CC?, then dim EF(h) <
d+h—2.

Proof. 1t is sufficient to treat the case h € (1,2).
Assume that dim E?(h) >d+h—2.

For every x € E? (h), by Lemma , there exists a cone of direction
C;,, where i, € {1,...,d} such that for every z € C;_, the restriction of
f to the straight line passing through x parallel to z has exponent less
than h.

Let us call F; the set of elements of Ef(h) satisfying this property
with i, =i € {1, ..., N}. Obviously, E?(h) = UY, Ei, so there exists
at least one ¢ € {1, ..., N} such that dim E; > d + h — 2.

Let us recall the following special case of Marstrand’s slicing theorem,

Theorem 10.10 in Chapter 10 of [7]. Recall that S, is the unit sphere
in R%.

Theorem 12. Let E C [0,1]¢ be a Borel set with Hausdorff dimension
a € (d—1,d). Then for almost every z € Sy (in the sense of (d —1)-
dimensional “surface” measure), there exists a set E, of positive (d—1)-

dimensional Hausdorff measure in the hyperplane orthogonal to z such
that for every x € E,, dimEN (x+Rz) =a — (d—1).

Each C; has non-empty interior in the subspace topology of Sy, hence
it is of positive d — 1-dimensional measure. Applying Theorem (12| to
E;, one can find z € C; and X € [0, 1] such that if D = (X + Rz), then
dmE;ND>d+h—-2—(d—1)=h—1.

Let us call g the restriction of f to D. Then g is still a convex
function of one variable.

By definition of E;, every x € DN E; satisfies hy(x) < h.

Next, applying Lemma@to g, we deduce that mim(hg/+ (x), hy (x)) <
h —1, for every x € DN E;.
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Hence, at least one of the two sets Ei (h — 1) and Egg,_(h — 1) has
Hausdorff dimension strictly greater than h — 1.

But this is impossible, since both functions ¢/ and ¢’ are monotone,
and for such functions, by , the Hausdorff dimension of Egi (h —

1) and E;L(h — 1) is necessarily less than h — 1 € [0,1]. Hence a
contradiction, and the conclusion that dim Ef(h) <d+h-2. O

Proposition 13. If0 < h <1, f € CC%, then dimEfS(h) <d-1.

Proof. The proof is immediate: if f € CC?, the pointwise exponent of f
at any x € (0, 1)? is necessarily larger or equal than 1. The remaining
points are located on the boundary, whose dimension is d — 1. And for
every h € [0,1], it is easy to build examples of convex functions such
that hy(x) = h for every x satisfying x; = 0, so the upper bound d — 1
for the Hausdorff dimension of E?(h) is optimal. O

5. THE LOWER ESTIMATE

Using Lemma W] it is rather easy to “integrate” the result about
functions in M! = M to obtain the one-dimensional result.

Theorem 14. There is a dense G5 set G in CC* such that for any
f€G, and for any 1 <h <2, dim E;(h) =h — 1.

Proof. Suppose 0 < &y < 1/2 is fixed.

Recalling the result on typical monotone continuous functions, there
exists a G set of functions G in the set M9 .= {f 1[5, 1 — o] —
R, f monotone} such that every f € GM9 satisfies .

Let us write GM% =N ., GM% where G is a dense open set in
Mo B

Let us choose a dense sequence (g, )., in G\%.

By taking antiderivatives of the elements of this sequence and by a
suitable definition on the intervals [0, o) U (1 — dg, 1], one can choose a
sequence of convex functions (fymx)y hey Which is dense in CC' such
that for every m,k > 1, f; . 1(¥) = gnm(x) for x € [0p,1 — dg]. These
functions f;, ,x are continuously differentiable on [dy, 1 — do].

Now, choose €, ,, > 0 such that

Bii(Grms Enim) CG2 0,

where the ball By, is taken in the set M1b% using the L>-norm.
Lemma @ gives the existence of g, > 0 such that for every f €
By (famks Onmx) C CC', the inequality

[ (®) = Gnm ()] < Enm
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holds for all € [dg, 1 — do].
Let us now introduce

gn - U BH~||(fn,m,k7 Qn,m,k)'
n,k

By construction, G, is dense in CC L
Proposition [8] yields the existence of a dense G set D in CC' con-
sisting of functions f continuously differentiable on (0, 1).

We finally set
n=1

Clearly, G is a dense G5 set in CC".

Suppose that f € G, and set g = f" on (0,1) and go = g|[s,,1-5]-

Then go € (), GM%0 and equation implies that for any 1 < h <
2, dmE,(h—1)=h—-1

But Lemmayields, Ego(h —1) = Ey
h—1forany 1 <h < 2.

Since dy can be chosen arbitrarily small by taking a sequence of dy’s
tending to zero, we can conclude the proof of the theorem. 0

h), hence dim E¢(h) =

30,1—9p] (

Next we turn to the higher dimensional case.

Theorem 15. There is a dense G5 set G in CC* such that for any f € G
and1 < h <2, one has dim E¢(h) > h4+d—2. In addition, E¢(h) = ()
for h>2, E;(h)N[0,1]¢ =0 for 0 < h <1, and 9(]0,1]%) = E;(0).

Proof. Now instead of the functions, we can “integrate” the proof used
in Section 4 of [4]. The idea is again to reduce the problem to the
one-dimensional case. We select one coordinate direction, for ease of
notation the first, the xi-axis. We use in our proof the perturbation
functions which are constant in the directions of the coordinate axes
xj, j = 2,...,d already used in this paper, given in Definition .

Let us select a dense set of C* functions {f,,, : m = 1,2, ...} which
is dense in CC?. The z;-partial derivatives, d;f,,, of these functions
will be denoted by ¢g,,. The important feature of these functions g,, is
the fact that they are monotone increasing in the z;-variable. As our
example at the beginning of the paper shows (see Remark , these
functions are not necessarily monotone in the other variables, and this
is why one cannot “integrate” simply the MISV genericity results.

Now, as in [4] and in the proof of Proposition , we use the functions
7, and the perturbations f, defined in and (20).

Next, apply Lemma [3| to the functions f,, + f,, 4n With € = g,
and j = 1. There exists a constant, denoted by g,,, > 0, such that
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if f € B||||(fm + Terna Qm,n)a then for any € [€n+ma 1 - 5n+m] and
x; € [0,1] for j = 2,...,d, one has

1012 (x) = O (fn + Frnsn) )| < Enim,
that is,

(31) |01,2f (%) = (gm + T (X))] < Entm

holds. Without limiting generality one can assume that o,,, — 0 if n
is fixed and m — oc.
Set

R = Bii(fm + Frins 0mn).

m=1
It is not difficult to see that R, is open and dense in CC?. Denote
by D a dense Gy set in CC?, which consists of functions differentiable
on (0,1)%, and such that (according to Proposition |10]) these functions
also have nowhere a pointwise exponent strictly greater than 2.

Finally, set
g:pﬂ(ﬂn&.
n=1

Let f € G, and 1 < h < 2. We are going to prove that dim E;(h) >
h+d—2, by reducing the argument to a situation already totally taken
care of in [4].

By construction, there exists a sequence of integers (m,),>; such

that f € B||,H(fmn + 7mn+n7 Qn,mn) for every n.
Set g =0, f.
By (31)), when 21 € [entm, s L — Engm,) and z; € [0,1] for j = 2,....d,

one has for x = (21, z9, ..., 24)

(32) |9<X> - (gmn + 7mn+n)(x)| < Entmp-

Given 0 < §y < 1/10, choose an integer ny such that ,, < dy/100.
Select an increasing subsequence (1 )x>1 such that the following con-
ditions are fulfilled: put I, = m,,, + n;. One assumes that

e > 25 (L)* 4+ L)k + 1 < ()", 9= ((le—1)*+l—1)(k=1)=1 < 10 . 9~ (k)

and if D, = 2)* . 2=(()* k=2 « 1 then one also assumes that k is
so large that
Di---Dy_q1 > 27 Ik,
These conditions are equations (27) and (28) in [4].
Denote by ¢y, the restriction of gy, onto [5, 1 — do] x [0,1]*"" and
by gi, the restriction of 7, ,, onto [60, 1 — 8] x [0,1]%7L. For ease of
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notation for the restriction of g onto [dy, 1 — o] x [0, 1]4~1 we will still
use the notation g.

Then g € By (¢r + gi,.,€1,) for all k =1, ..., where the ball is taken
with respect to the supremum norm in the space of continuous functions
monotone in the first variable.

Now, we are exactly in the context of our previous article [4], in which
we proved the following sequence of propositions (cf Propositions 13-
18 of [4]). We reproduce the definitions given in [4] and the associated
propositions.

For every h € (1,2) and k > 2, let

201)* _1
(1% 41 1 a2+
Frw= J {(j F1)27 07 — o (4 1)2 W) - 52’%“} .
j=0
For h =1, set Fj_1 1 = Fo, as
20k)% 1
_ : () _ k() H) (s —w? _ Loman i
Fo (j+1)2 2 (G4 1)2 52 .
=0
One has [4]:

Proposition 16. For h € [1,2), let k;, = max(3,[1/h] +2) and

Fpi= ﬂ Fr1k C [0, 1 — 6ol
k>kn,

For every x € Fj,_q x [0,1]%7, hy(x) < h —1.
In particular, dim E,(0) = d — 1.

Proposition 17. For h € [1,2), there exists a probability measure puy, 1
such that pp_1(Fr_1 x [0,1]471) = 1 and for every x € F,_1 x [0,1]%~

1 (B
(33) lim inf 08 In 1< (x, r))

>d+h—2
r—0+ log r

Hence, using the mass distribution principle, one deduces from ([33))
that dim(F),_; x [0,1]971) > d+ h — 2. From the last two propositions,
one deduces that for every h € [1,2],

dimES(h—1) > d+h—2.
Finally, Proposition 18 of [4] gives:
Proposition 18. For every h > 2, E,(h — 1) = (.
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Finally, we use that the functions f have nowhere a pointwise Holder
exponent greater than 2 (by Proposition , and we finish the proof
of Theorem 2

If x € Fj_q x [0,1]%71, then hy(x) < h —1 € [0,1]. Necessarily,
hg(x) +1 < hy(x) < 2. By Lemma [5|, the only possibility is hy(x) =
hg(x) +1 < (h—1)+ 1 = h. Hence dimEF(h) = dim Ex(h — 1) >
d + h — 2. Even more, the same argument as above (Proposition
combined with Proposition gives ,uh_l(E?(h)) > 0.

Using the upper bound of Theorem one knows that for every
large integer n > 1, dim(E?(h —1/n)) < h—1/n+ d — 2, hence
pin-1(E7 (h —1/n)) = 0. Since

Ey(h) = Ef (h)\ (] Ef (h = 1/n),

n>1

one deduces that p,_1(Ef(h)) > 0, which implies that dim E¢(h) >
d + h — 2. Since the converse inequality also holds true, one concludes

that dim E(h) = d + h — 2. O
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