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RANDOM SPARSE SAMPLING
IN A GIBBS WEIGHTED TREE

JULIEN BARRAL AND STEPHANE SEURET

ABSTRACT. Let p1 be the geometric realization on [0, 1] of a Gibbs measure on ¥ = {0, 1}
associated with a Holder potential. The thermodynamic and multifractal properties of
u are well known to be linked via the multifractal formalism. In this article, the impact
of a random sampling procedure on this structure is studied.

More precisely, let {I,}wes+ stand for the collection of dyadic subintervals of [0, 1]
naturally indexed by the set of finite dyadic words ¥*. Fix n € (0,1), and a sequence
(Pw)wes+ of independent Bernoulli variables of parameters 27/*!1=" (|| is the length
of w). We consider the (very sparse) remaining values it = {u(fw) : w € ¥, py = 1}.

We prove that when n < 1/2, it is possible to entirely reconstruct p from the sole
knowledge of [z, while it is not possible when n > 1/2, hence a first phase transition
phenomenon.

We show that, for all n € (0,1), it is possible to reconstruct a large part of the
initial multifractal structure of u, via the fine study of . After reorganization, these
coefficients give rise to a random capacity with new remarkable scaling and multifractal
properties: its LZ-spectrum exhibits two phase transitions, and has a rich thermodynamic
and geometric structure.

1. INTRODUCTION

Statistical mechanics and multifractals are well known to be closely related. Typical
situations are provided by the energy model associated with a Gibbs measure on the
boundary ¥ of the dyadic tree ¥* in the context of the thermodynamic formalism [34, 15,
33|, or the random energy model associated with a branching random walk on ¥*, namely
directed polymers on disordered trees [16, 14, 24, 31, 2, 3]. The purpose of this paper is
to investigate the thermodynamic and geometric impact of a random sparse sampling on
such structures.

Let us start by describing the interplay between thermodynamics and multifractals.

1.1. Free energy and singularity spectrum as a Legendre pair. For the sake of
generality, we work on the d-dimensional dyadic tree and on [0,1]¢, d > 1. Let ¥; be the
set of words of length j > 1 over the alphabet {0,1}%, i.e.

;= {(wlwg cewy) Yk e{l, .}, wp = (w,il),w,(cz),,...,wlgd)) e {0, 1}d}.

If w € 3j, we denote by |w| = j its length (or its generation). Then, ¥* = J;5, X; and
¥ = ({0,1}%)N+ denote the set of finite words and infinite words over {0, 1}? respectively.
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2 JULIEN BARRAL AND STEPHANE SEURET

The set ¥ is endowed with the standard ultra-metric distance, and %* U is endowed with
the shift operation denoted o.

IfweX*U¥and 1 <j < |wlis finite, wy; stands for the prefix of length j of w. If
W e ¥, [W]is the cylinder of those words w € X such that w)y| = W.

With each w = wy...w; € ¥; is naturally associated the dyadic point

j .
1) T = (Z w,i”ﬂ) ,
k=1 1<i<d
of [0,1]¢, and the dyadic subcube I, = H;i:l [xgj), =9 + 2_]} of [0, 1]%.

If 2 = (1,23, .. 2@®) € [0,1]¢ has no dyadic component, then z is encoded by a
unique w = wMw® . w € ¥, and I;(x) stands for L ;. When 2@ is dyadic, we choose
w? as the largest element of {0, 1}N+ in lexicographical order which encodes (. In both
cases, w; is also denoted ;.

Definition 1. We call capacity a non-negative and non-decreasing function p of the dyadic
subcubes of [0,1]%, i.e. for every W,w € ¥* such that I, C Iy, 0 < u(I,) < p(Iw).
The set of capacities is denoted by Cap([0,1]%).
The support of i € Cap([0,1]?) is the set supp(u) = ﬂ U L.
J2lweX;:u(ly)>0

We focus on two quantities especially relevant in the thermodynamic and geometric
measure theoretic contexts.

e The free energy of a capacity u € Cap([0,1]%) with a non empty support is defined as
the thermodynamic (lower) limit given for ¢ € R by

. —1
@) ) =lmintn(), where @)= logy Y u(L)"
wWEX;:u(Iw)>0

and ¢ is interpreted as the inverse of a temperature when it is positive (the precise con-
nection with statistical mechanics terminology is that in finite volume j, 7, ;(¢) is the free
energy associated with the potential V(w) = —log(u(lw)), w € 3;).

When the free energy 7,(q) is a limit (not only a liminf) and is differentiable, the value
7u(q) allows one to describe the asymptotical distribution properties of 1 over ¥; thanks
to large deviations theory, which roughly gives the approximation:

VHER, #{we X :|w| =j, u(ly) =271} ~ 2% as j -5 400,

where 7 is the Legendre transform of 7, i.e.

(3) 7u(H) = inf (Hq—1u(q)).

e The singularity, or multifractal, spectrum of p is defined as
D,:Hw—dmE, (H), HER,
where

E,(H)= {x € supp(p) : liminf M = H} .

Jj—o0 -7
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FIGURE 1. Left: Free energy function of a Gibbs measure p on [0,1]%.
Right: The singularity spectrum of p.

The Hausdorff dimension in R? is denoted by dim, and by convention, dim ) = —oco. The
singularity spectrum provides a fine geometric description of the energy distribution at
small scales by giving the Hausdorff dimension of the iso-Holder sets E,,(H) of .

It turns out that when p possesses nice scaling properties, one has

VH €R, D,(H)=r/(H).

Definition 2. When the above formula is satisfied, T, and D, are said to form a Legendre

pair (see Figure 1). In this situation, one says that p obeys the multifractal formalism at
any H € R.

Forming a Legendre pair implies that the geometric description of p provided by its
singularity spectrum D, matches with the asymptotic statistical description of the energy
distribution p provided by the free energy 7, and its Legendre transform. Our goal is to
investigate the impact on such well-organized structures of a natural sampling procedure.

1.2. Random sparse sampling operation on capacities. We perform on any capacityu
the random sampling process consisting in acting independently on the vertices of ¥* by
letting a vertex of generation j survive with probability 2-741=7) where 5 € (0,1) (it is
also a special case of decimation rule used in percolation theory on ¥*). More formally:

Definition 3. Fiz a real parameter 0 < n < 1, called the sampling index. Let (2, F,P) be
a probability space, and (pyw)wex+ a sequence of independent Bernoulli random variables so
that py, ~ B(2-=mwl) e

(4) P(py = 1) = 1 — P(p,, = 0) = 2~ 40-mhl,

When p, = 1, w is said to be a surviving vertex (or a survivor).
For every j > 1, denote by Sj(n) the (random) set of surviving vertices in 3;:

S;i(n) :=={w € Tj : py =1}
Let i € Cap([0,1]%). We denote by [i : £* — RY the function defined by
Vwe X, i(lw) = p(lw) - po

See Figure 2 for an illustration. The problems we address are the following.



4 JULIEN BARRAL AND STEPHANE SEURET
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FIGURE 2. Left: Capacity p on dyadic cubess. Right: Function p and
surviving vertices after sampling.

¢ Recovering from sparse information: The set of surviving vertices S;(n) has
a cardinality of expectation 24" (which is exponentially less than the 2% initial
coefficients), and is very sparse. The first question concerns the information re-
maining after the sampling operation. Can one recover the initial Gibbs measure
(i.e. all the values (u(Iy))wes+) from the sole knowledge of 7 If not, what about
recovering the free energy and multifractal spectrum of u?

e Structure of i: The new object & is not a capacity any more. Does it have a
well-organized structure though?

The last two above questions are of course related to each other.

Concerning the reconstruction problematics, recovering the scaling behavior from sparse
information is a very natural issue in signal processing (this is one issue in compressive
sensing). This allows one to evaluate the “incompressible” information represented by the
initial capacity. We bring an answer when p is the geometric realization on [0, 1] of a
Gibbs measure associated with a Hoélder continuous potential on 3, and more generally a
non trivial Gibbs capacity. Specifically, the capacity u satisfies that there exists a Gibbs
measure v, K > 0 and (¢, 8) € Ry x Ry such that

w(Iy) = Kv(L,)* 27l v e 5%,

and p is not constant, so («, 8) # (0,0) (see Section 2.1 for a precise definition of Gibbs
measures and capacities).

Theorem 1. Suppose that p is a Gibbs capacity. With probability one, when n < 1/2,
one can reconstruct, up to some multiplicative constant depending only on w, all the values
{u(ly) : w € X*}, while when n > 1/2, it is impossible provided u is not built from a
potential on ¥ depending on only finitely many letters.

See Section 3, Theorem 4 for a more precise statement. This constitutes a first phase
transition phenomenon at n = 1/2.

Regarding recovering of statistical and geometrical properties of u, we first reorganize
the surviving information in a suitable and exploitable way, as follows. If w,v € ¥*, wv
stands for the concatenation of w and v.

Definition 4. Let u € Cap([0,1]%). We consider the random capacity M,, € Cap([0, 1]%)
associated with p and the sequence (py)wes+ defined by

(5) M, (Iy) = max {,u(va) v €YY and pyy = 1}.
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Ficure 3. Left: surviving vertices after sampling, and the coefficients
used to compute M, (Ip) and M, (I11). Right: The capacity M,,.

See Figure 3 for the construction of M,,. By construction, any capacity u € Cap([0, 1]%)
satisfies p(I,,) = max {M(va) NS E*}, hence (5) is the most natural formula to be used

to build a capacity from p.

It is not difficult to see that with probability 1, for every w € ¥*, the set {U €
X* and pyy = 1} is non-empty, so that M, is well defined. Observe that by our choice
(4), most of the coefficients fi(/,) equal 0, hence typically one has M, (I,,) < p(lw) when
lim; oo max{p(ly) : w € ;1 =0.

The definition of M, can be rephrased as

M, (1) = max {p(1,) : v survives, [v] C [w]} = max {fi(Lyw) : v € X*}.

We notice that M, and g are equivalent objects in the following sense. If y is strictly
positive, ji can be recovered from M, since ji(I,) # 0 if and only if M, (1,) > M, (Lyy) for
all v € ¥* such that |v| > 1. From now on, we work with the capacitiy M,, only.

Starting from a positive capacity 1 whose free energy 7, and singularity spectrum D,
form a Legendre pair, we consider the following questions in order to estimate the structural
perturbations induced by the sampling process:

e Do the free energies in finite volume 7y, ; converge to a thermodynamic limit 7y,
as j — +o0o?

e [s it possible to conduct a fine analysis of the local behavior of M, so that Dy, is
computable? If so, do 7y, and Dy, form a Legendre pair?

e Are there explicit relations between the new pair (7v,,Dm,) and the original
one (7,,D,,), so that one can recover the initial information (before sampling)?

When p is a Gibbs Capacity, we are going to prove that the free energy 7y, exists as a
limit, and that it forms a Legendre pair with the singularity spectrum of M,,. Nevertheless,
we will see that the sampling deeply modifies and complexifies the initial structure, creating
several phenomenological differences between p and M,,, both from thermodynamic and
geometric viewpoints.

1.3. Statement of the main result for the random capacity M, when p is Gibb-
sian. We only consider capacities with full support, i.e. p(I,,) > 0 for all w € ¥*.
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D,.(H)

FIGURE 4. Values of Hy(n;) and Hy(n) depending on D, and 7: Left:
when D, (Hmwin) < d(1 —n). Right: when D, (Hmin) > d(1 —n).

Definition 5. Let u € C([0,1]%) with full support. For x € [0,1]%, the lower and upper
local dimensions of u at x are respectively defined as

logy p(B —— logs ju(B
dim (p, ) = liminf logy p(B(x, 1)) and dim(p,z) = limsup w'
r—07F logr 0t log 7
When dim (u, x) = dim(u, x), their common value is denoted by dim(u, x).
For H € R, set

E,(H) = {w € [0,1)": dim(u,2) = H |,

E.(H) = {x € 10,17 : dim(y, z) = H}
E,(h) = E,(H)NE,(H).

Recall that the singularity spectrum of y is the mapping

D,: HeRr— dimﬂu(H),

The lower local dimension is distinguished with respect to dim(u, ) or dim(u,x), be-
cause it provides at any z the best local control of the capacity u. Since u is bounded, one
has dim(u, ) > 0 at any z, hence E,(H) =0 = E,(H) for all H <0.

The multifractal formalism states that for every capacity p € C([0, 1]%) with full support,
6 dim E ,(H) < 7*(H) := inf (Hq — . VHER,
(6) im E,,(H) < 7;(H) := inf (Hq —7u(q))

see for instance |11, 32|, which deal with measures, but easily extend to capacities. Recall
that the multifractal formalism holds for ;1 at H € R when there is equality in (6).

We consider a non-homogeneous Gibbs capacity p, i.e. associated with a Holder potential
non cohomologous to a constant (see Definition 8 in Section 2.1 for a precise description).
For such an object, the following statement gathers information deduced from the study
of Gibbs measures and almost-additive potentials [34, 15, 33, 11, 23, 21, 20|: Let Hyi, =
7,(+00) < Hs:=17,(0) < Hpax = 7,(—00).

(1) The free energy function 7, is the limit of (7, ;);>1 as j — +oo. The function 7,

is analytic, increasing, and strictly concave on R.
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FIGURE 5. Case D, (Hmin) < d(1 —n): Left: singularity spectrum of p.
Right: Almost sure singularity spectrum of M,. The parts drawn with
same color are translated copies of each other. One sees that the left part
H < Hy(n) of the spectrum of p (drawn in purple) does not appear in the
singularity spectrum of M, and a linear part appears in Dy, which was
not present in D,. Observe that the slope of Dy, at Hy(n) is finite.

(2) The stricly concave function 7, 1s non-negative on its domain of definition, namely
[Hmin, Hmax) C RY, and analytic on (Hyin, Hmax). It reaches its maximum at H,,

and 7,;(Hs) = d.

(3) For all H > 0, we have D, (H) = dim E,(H) = dim E,(H) = 7;;(H). The multi-

fractal formalism holds for x, and (7, D,,) forms a Legendre pair.
Let us describe our result on the random capacity M, obtained after the sampling of .

For this, let us introduce some notations.

Definition 6. Let i1 be a non-homogeneous Gibbs capacity. Givenn € (0,1), one introduces

three exponents Hy(ne), He(n) and ﬁg(ﬁ), which depend on p and n only, by the following
formulas:

o Hy(ny) is defined as
Hy(ne) =min{H >0: D,(H) > d(1—mn)}. Then we set q,, = DL(HK(W))-

o Hy(7) is the (unique) real number such that the tangent to the graph of D, at
(He(1), Du(He()) passes through (0,d(1 —mn)). Also let g5 = D;,(H(7)))-

e PFinally, Hy(7]) = —%.
n
See Figure 4 for an illustration. The origin and roles of the three exponents Hy(ny),
Hy(n) and Hy(7), as well as the notations themselves, will be explained in Sections 4 and
next. Observe that these exponents depend continuously on D, and 7.

Theorem 2. Let p be a non-homogeneous Gibbs capacity on [0,1]%. Let 0 < n < 1 be a
sampling parameter. With probability 1:
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Tu(q) ™, (9)

0 / q 0 N q
—d —d Phase

transitions
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FIGURE 6. Case D, (Hmin) < d(1 —n): Left: Free energy 7, of y1; Right:
Free energy 7y, of M.

(1) The singularity spectrum of M, reads:

Du(H) —d(1—n) when Hy(ng) < H < Hy(),

g H when Hy(n) < H < Hy(n) + ffe(ﬁ%
Dw, (H) = D“(H — ﬁe(’ﬁ)) when  Hy(n) + ﬁe(ﬁ) < H < Hpax + ﬁf(m:

—00 otherwise.

(2) The free energy function of My, is is the limit of (Tar,,;)j>1 as j — 00, and (My,m,,)
forms a Legendre pair. One has

Tu(q) + He(7) - ¢ when q < gz,
™, (@) = Tulq) +d(1—n) when ¢z <q<qy,,
H(ne) - q when gy, < 400 and q > qy,.

(3) For all H > Hy(7) + H(7),

dim B, (F1) = ditn B, (H) = {J_JCXEH ) D S B e FD,

1.4. Comments. e It is quite easy to see that the lower local dimension of M, at any x
must be greater than Hy(n,) (see Lemma 4). It is much more involved to define and to
understand the role of the other parameters.

e From the free energy function 7y, one recovers the initial free energy 7, except for

q > Gy, Similarly, one recovers D, from Dy, for H > f‘jg(?’]g). In this sense, the sampling
procedure implies a loss of information on the local dimensions, since the values of the
singularity spectrum D, (H) are “lost” when H < Hy(ny).

e The singularity spectra associated with the level sets Ew,(H) or Ew,(H) are just

translated from D,, over [Hy(n) + Hy(7), Hmax + He(7)]. In fact, Dy(- - Hy(77)) is still a

lower bound for these spectra over [Hmin+Hy(77), Hy(7))+H (7)), but, whether D, (-—H(7n))
is a sharp upper bound in this case or not, remains an open question (see Remark 5).
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e The thermodynamic and geometric phase transitions mentioned earlier can now be
made more precise. The free energy 7y, is not differentiable at gz, and it differentiable
but not twice differentiable at g,, when d(1 —n) > D, (Hmni,). Moreover, 7y, is analytic
outside these singularities. In the thermodynamics language, 7m, presents a first order
phase transition at the inverse temperature gz, and a second order phase transition at the
inverse temperature g,, whenever d(1 —n) > D, (Hmin)-

Let us mention that the study of phase transitions for weak Gibbs measures associated

with continuous potentials, started with [34, 25|, is still an active domain of research
[35, 26, 12, 13, 19, 22|.

e In most of the usual situations, upper bounds for dimensions of “fractal sets” are easily
deduced from covering arguments, and lower bounds are more difficult to derive. The
structure of M, combining random and dynamical phenomena, makes both the derivation
of the sharp upper bound and lower bound for Dy, delicate.

It is too soon in the paper to give an intuition of the proofs. Let us only say that they
follow from a careful analysis of the distribution and the scaling behavior (with respect
to w) of the surviving vertices. Also, results on large deviations for Gibbs measures,
heterogeneous mass transference principles (which combines ergodic and approximation
theories) and percolation theory, are involved.

e One may also want to describe the asymptotical statistical distribution of M,, through
the notion of large deviations, as is often the case in statistical physics.

Definition 7. Let pu € C([0,1]%) with full support. For every set I C RT, and every integer

j=>1, set
I I,
gHU,I)_{wegj:()gw()E[}_

—J
If H > 0 and € > 0, we introduce the notation

J
Then, the lower and upper large deviations spectra of p are respectively

10g2 #Eu(jv H =+ 5)

gﬂ(j’Hi‘g):{wezj:wE[H—&,H—i—e]}.

fu(H) = limliminf

e—0 j—+o0 g
fu I ., H+
and  f,(H) = limlimsup 08 7 P«(‘]v 5)'
' e0 jotoo j

Heuristically, one should have in mind that the number of words of length j satisfying
p(Iy) ~ 2771 is between 2770 H) and 247u(H)  Next theorem states that M » behaves nicely
with respect to the large deviations theory, as the Gibbs capacity u does.

Theorem 3. Under the same assumptions as in Theorem 2, with probability 1, we have
for all H >0, LVI#(H) = fwm,(H) = Dw,(H).

1.5. Conclusion and further perspectives. The hierarchical structure of the initial
capacity p is so robust that, although we greatly sample it, the remaining coefficients still
possess a rich structure, especially in terms of scaling properties and multifractal formalism.
For instance, one consequence of Theorem 2 is that no matter how close to 0 7 is (i.e. even
if only a very small logarithmic proportion of vertices are kept), it is always possible to
reconstruct from the knowledge of 7y, all the dimensions of the set of points with local
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7(q)

q

IS
—d Phase

transition
dy

d(1 —mn): Observe that D, and Dy, have

dimension greater than Hy (one can even show that when 1 = 0, one has Ey (H) =
Ew,(H) = EMN(H) =0if H < Hs, dimEMM(H) = dim By, (H) = dimEMu(H) = 0 if
H > Hj, and dim B, (+00) = d).

This phenomenon is remarkable, since at the same time, most of the information on
the dimensions of the set of points with local dimension smaller than H, is lost. This
asymmetry was, at least from our point of view, unexpected.

Let us finish with some perspectives:

e A remaining question concerns the possible reconstruction of the Gibbs tree at the
critical parameter 1/2 (see Section 3).

e [t is natural to expect our result to extend to capacities obtained after sampling of
branching random walks.

e Instead of starting by assigning the value p(I,) at every node w € ¥;, one could
give the value ,uJ(leupJ) with p < 1. This creates redundancy in the dyadic tree,
which may balance the sparsity associated with the sampling process and provide

different behaviors than those exhibited in Theorem 2.

e Other sampling procedures can be investigated. In particular, one would like to
allow correlations between the p,,, or make n depend on the vertex w. One may also
multiply u(l,) by some positive random variable when p,, = 1. Other interesting
phase transitions phenomena will certainly occur.

e It is tempting to iterate the sampling process by applying it to M,,. Unfortunately
our analysis does not apply to M,, any more, since M, is not a Gibbs capacity in
the sense considered in this paper. An interesting related question is whether the
capacity M, could be made equivalent, after a natural renormalization procedure,
to a measure, as it is the case for Gibbs capacities.

The paper is organized as follows.
Section 2 provides the reader with details on Gibbs measures and capacities, and gathers
some information about large deviations and multifractal analysis.
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Section 3 focuses on the reconstruction of the original capacity p from its sample ji.

The rest of the paper is devoted to the investigation of the structure of M.

We first need to introduce new definitions to explain the origin of the parameters in-
troduced in Theorem 2. This is achieved in Section 4. There, we first explain that we
will work with a slight, and natural, modification of M, possessing the same statistical
and geometric properties as M,,, but necessary to get an application of our result to Gibbs
weighted wavelets series.

In Section 5, we investigate the scaling and distribution properties of the surviving
vertices. A key decomposition of the value of u(l,) when w survives, is proved (see
Proposition 5).

Sections 6 and 7 respectively establish the sharp upper bound and lower bound for the
singularity spectrum Dy, while Section 9 is devoted to the dimensions of the sets Ev, (H)
and E,(H). The studies achieved in the Sections 6 and 7 are used in Section 8 to get the
free energy mu, as the limit of (7m,, ;) >1, as well as the large deviations spectra iMM and

7MM- The case of homogeneous Gibbs capacities (i.e. when the associated Gibbs measure
is the Lebesgue measure) is dealt with in Section 10.

Notational conventions:

e We always use:

- capital letters (Ew,(H), Fy, ...) to characterize sets of points = € [0, 1]¢ enjoying
some properties,

- curved letters for sets of finite words having specific properties (S;(n, W) for
some surviving coefficients, R, (j, 7', £ ¢) or T.(j,7',€) for words with specific
properties, see next Definition 17).

- calligraphic letters (&7, 4,...) to denote probabilistic events.

e For every finite word W € ¥, N(W) stands for the set of 3 — 1 words of length .J
corresponding to the 3¢ — 1 neighboring cubes at generation .J of Iyy. Sometimes we will
write N;(W) when the length J of W is specified.

2. COMPLEMENTS ON GIBBS MEASURES AND CAPACITIES STRUCTURE

2.1. Formal definition of Gibbs measures and capacities. Let ¥V : ¥ — R be a
Holder continuous mapping. Then, the function ¥ defined as

w| -1

w(fu)) = sup Y W(o't), Ywex
Wl =0

is almost additive: there exists C1 € R such that for all u,v € 3%,
(W ([u]) + ¥([v]) = U([uv])] < C1
(see |34]). This almost additivity property implies that the topological pressure

exists in R, and there exists a fully supported Gibbs measure v on ¥ such that for another
constant Cy > 0 one has

02_1 exp(¥([w]) — nP(0,v)) < v(lw]) < Cyexp(¥([w]) — nP(o,v)), Vwe X
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Also, there is a unique choice of such a v so that v is ergodic. Moreover, the mapping
qg € R — P(o,q) is convex, analytic, and it is strictly convex if and only if 1 is not
cohomologous to a constant, i.e. there is no continuous function ¢ on ¥ and constant
¢ € R such that ¥ = ¢+ ¢ — ¢ o g. These are important facts from thermodynamic
formalism (see e.g. [34]).

Definition 8. A capacity u € Cap([0,1]¢) is a Gibbs capacity if
) w(lw) = Ko([ul)%e P, vwe s,

where K > 0, (a,8) € Ry x Ry \ {(0,0)}, and v is a Gibbs measure associated with a
Hélder continuous potential b has above.
Equivalently, one says that p is associated with the Hélder potential

¢ =ayp —aP(o,¢) - f.

The capacity p is said to be homogeneous when v is cohomologous to a constant or o = 0,
1.e. when ¢ is cohomologous to a constant, and non-homogeneous otherwise.

Observe that if («, 8) = (1,0), u reduces to the Gibbs measure associated with ), and
that

70) = g ((8+ aP(@.0)a = Ploaaw)). VaeR

The following fact is key: the capacity u possesses self-similarity properties expressed
through the following almost multiplicative property (easy to check): there exists a con-
stant C' > 0 such that

(8) for all words v and w, C™'u(I,)u(Iy) < p(Tww) < Cu(Lp)p(Ly).

2.2. Large deviations and multifractal properties. Let u € C([0, 1]¢) with non empty
support. The concave function T; is called Legendre spectrum of y (recall that the Legendre
transform 7 is given by (3)). For a non-homogeneous Gibbs capacity , one always has:

e 7, is strictly concave and analytic, and D, is strictly concave, and real analytic
over (Hmin, Hmax). Also, D, = 7, and (D;)* =D,.
o If H = TL(q), then 7,(q) = D},(¢) = ¢H — D, (H) = QTL((]) - D#(Té(q)).
e If g=D,/(H), then D, (H) = Ti(H) =Hq—1u(q) = HDL(H) — T#(DL(H)).
These relationships will be used repeatedly in the following.

Definition 9. For any fully supported capacity p € C([0,1]%), define the level sets

ES(H)={z €[0,1]*:dim(p,z) < H} and EZ(H)={z€[0,1]:dim(p,z) > H}.

— —>
The sets E5 (H), E;(H), E,;(H), E,

local dimensions, respectively.

If j > 1 and w € j, denote by N;(w) the set of at most 3% elements v € Y| such that
I, is a neighbor of I, in RY. Also, for x € [0,1]* and j > 1, set Nj(z) = N(x;). One
defines the set

(H) are defined similarly using the lower and upper

~ logy max,epr: () (1w logy min ez () (1w
E,L(H):{xe[o,ud;hm B2 MAXweny(a) MIw) _ ), 1082 Miluen; @) 1 ):H}.
J—+00 ] j——+o0 i
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Obviously Eu (H) C E,(H). This refinement of E,(H) is needed when looking for the
lower bound of the Hausdorff dimensions of some sets in Section 7.

A direct consequence of large deviations theory (see e.g. [11, 32]) is a property valid for
all capacities.

Proposition 1. Let p € C([0,1]%) with full support. For all H < 7,(0%), one has

. 1 .
hm sup — 10g2 #gu(]7 [07 H]) < T;(H)
j—oo ]
Next proposition gathers information about upper bounds for the singularity spectrum
of D, in terms of Legendre and large deviation spectra, when p is a Gibbs capacity.

Proposition 2. Let y be a non-homogeneous Gibbs capacity. Recall that Hpi, = TL(+oo) <
Hg:=1,(0) < Hpax = 7,,(—00).

(1) For every H > 0, one has
dim E,(H) = dim E,(H) = dim E,(H) = D,(H) = D,(H) = 7,(H) = D,(H),
with £, (H) = 0 if and only if D,,(H) = —o0.
(2) For every H € [Huyin, Hs| (i-e., in the increasing part of the singularity spectrum
D,,), one has
: : L=<
dim E(H) = dim E;(H) = dim E,; (H) = D,(H).
(3) For every H € [Hy, Hyax] (i-e. in the decreasing part of D, ), one has
: : L=
dim E7 (H) = dim E; (H) = dim E;, (H) = D,(H).

(4) For every possible local dimension H € (Huyin, Hmax), there exists a unique ¢ € R
such that H = T;L(q), The Gibbs measure pp associated with the potential q¢ is

exact dimensional with dimension Dy(H), and pg (E,(H)) = H(Eu(H)) =1.
(5) For every e > 0 and every interval I C Ry, there exists an integer J; such that for

every j = Ji,
logy Euldi D) _ sup D (h)‘ <e
J hel | N

(6) There exists a constant K > 0 such that for every finite word w € ¥*,

logy (1)
—|wl

< K.

This is deduced from |11, 32, 29, 10].

Items (1) and (3) of the last proposition say in particular that the Hausdorff dimension
of the sets of points at which dim(u,x) = H is the same as the Hausdorff dimension of the
set of points at which dim(u,z) = H. This will be of particular importance.

We often use item (5) under the following form. Recall the formula for &,(j, H * €)
in Definition 7: heuristically, &£,(j, H & €) contains those words of length j such that
p(Ly) ~ 2-9(H%e)  For every Hmin < H < Hpmax and e,& > 0, there exists a generation .J
such that 7 > J implies
(9) 10g2 #gﬂ(ja H =+ 5) _ sup Du(h) S g

J he[H—e,H+e|
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One needs to keep in mind that #&,(j, H £¢) = 27 Du(H),

3. RECONSTRUCTION OF THE INITIAL CAPACITY M

Fix a Gibbs capacity u. We investigate the possibility to reconstitute the whole Gibbs
tree (u(Iy))wes+ from the sole knowledge of fi (or equivalently, from M,,).

Assume first that the capacity p is associated with a Bernoulli measure, i.e. there exists
90, q1 > 0 such that for any word w € X, one has pu(ly1) = g1 (1) and p(lwo) = qop(Lw).
Hence, in order to reconstitute wu, it is enough to find ¢g and ¢;. Assume that two surviving
vertices w and w’ have different proportions of zeros and ones in their dyadic decomposition.
It is easy to check that this event has probability one. Then the knowledge of u(l,,) and
w(Ly) leads to two linearly independent equations with unknowns g and ¢, hence to their
values.

This idea generalizes to the case where p is constructed from a Markov measure, i.e.
there exist an integer £ > 0 and ((¢y0, ¢v; ))veyx,, € (0, 00)2™" such that for all w € ¥, and
v € Xk one has pu(Lywo) = quopt(Lwy) and p(Lyp1) = quipt(Lwy)-

When p is associated with a general Gibbs measure the situation is not that simple. The
answer we propose uses the basic tools we have at our disposal, namely concatenation of

words and quasi-Bernoulli property (8); it depends on the value of 7, and there is a phase
transition at n = 1/2.

Definition 10. Let k € N*. A word u € ¥X* is k-reconstructible when there is a finite
sequence of words (w1, ui, wa, Uz, ... Wk, ug) in X* such that

o for everyi € {1,....k}, pw, = Pwu; =1,
® U=ULU2 """ Uk.

One says that S C X* is k-reconstructible when every word u € S is k-reconstructible.

This definition follows from the idea that when v is k-reconstructible, after sampling of
the initial tree one has access to the value of the weights p(Iy,) and p(ly,w,) for every i.
Hence, by the quasi-Bernoulli property (8), one estimates, up to the constant C' > 1, the
value of p(I,,), and by concatenation of the words uy, ..., ux and (8) again, one reconstructs
the value of u(I,,) up to the constant C¥*!. Next Theorem completes Theorem 1 in the
introduction.

Theorem 4. When n < 1/2, ¥* is 1-reconstructible.
When n > 1/2, ¥* is not k-reconstructible, for any integer k > 1.

Proof. e Assume first that n < 1/2.

Fix a generation £ > 1, and a word u € Y;. By construction, for any word w € Xj,
(10) P(pupuwu = 1) = 2770~ GH+00A=m) — 9=t(=n)g=52(1=n)

Consider the random variable Z; = #{w € ¥; : pypwu = 1} and the event Z; = {Z; =

0}. By independence, P(Zj) — (1 _ 2—£(1—77)2_j2(1_n))2ﬂ _ 6_2*5(177])+J'(172(1771))+o(j)7 which
tends exponentially fast to zero. By the Borel-Cantelli Lemma, there exists almost surely
an (infinite number of) words w € ¥* such that pypy, = 1, i.e. u is 1-reconstructible.

e Assume now that n > 1/2.
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For every u € ¥*, denote by 1, the random variable equal to 1 if u is 1-reconstructible,
and 0 otherwise. Hence, 7, is a Bernoulli variable, with parameter py,|, the probability
that there exists w € ¥* such that pypy, = 1 (which depends only on |u|). By (10),

Vi>1, §; <Y P(pupws=1) < C27707,
wed*
for some constant C' independent on w.

Fix € > 0 so small that n 4+ ¢ < 1 and (¢j);>1 a positive sequence converging to zero,
such that 0 <ej <eand }_ -, 277% < +oo.

Let us introduce Z} = Zuezj Ty, the number of 1-reconstructible words at generation j.
The random variable Z ]1 is a sum of non-independent random variables with common law
the Bernoulli law with parameter p;. Markov’s inequality yields ]P’(Zjl > 2J€j 97 Pj) < 27IEj
and Borel-Cantelli’s lemma implies that almost surely, for j large enough, we have
(11) Z} < 029527 f; < €129,
for some other constant C7. This implies that 3* is not l-reconstructible, since at most

C129(1t€5) « 29 words can be reconstructed.
Assume that for k£ > 2, the number ZJ’.C of k-reconstructible words at any generation
j is bounded from above by Cjj¥27(1€) for some constant Cj. Let J > k + 1. Any

(k 4+ 1)-reconstructible word w in ¥ is the concatenation of a k-reconstructible word and
a l-reconstructible word. Hence, by (11), for the constant Cj,1 = C;C}, one has

J—k J—k
Z§+1 < Z Z;z;;_i < .0, Z 2i(n+6i)(J _ Z.)kQ(J—z‘)(n+a) < Ck+1Jk2J(77+s)‘
i=1 i=1
One concludes that ¥* is not k-reconstructible, for any k, since Z § < 27, ]

The situation at the critical sampling index 17 = 1/2 must still be investigated.

4. NEW PARAMETERS, ALTERNATIVE DEFINITIONS FOR THE PARAMETERS Hy(1;),
H(7) anp H(7)

From now on, we consider a non-homogeneous Gibbs capacity p. The homogeneous case
will be dealt with at the all end of the paper (Section 10).
We work with the || || over R, so that balls are Euclidean cubes.

4.1. Modified version of the capacity M,. We will study a slight modification of M,,.
Definition 11. Let u € Cap([0,1]%). We set

(12) M, (I,,) = max M, (1) = max {u(Luy) : u € Nj(w),v € £* pyuy = 1}.
u ]' w

Thus, the difference between the capacities M, and M u is that M u(Ij(z)) carries infor-
mation about the behavior of y in the neighborhood of x, not only in the dyadic cube
I;(z) of generation j containing x. We consider M u for the following reasons. First it is
natural to extend M, to balls: for z € [0,1]¢ and r > 0 one denotes B(z,r) the closed ball
of radius r centered at z, and defines M, (B(x,r)) = max{M,(l) : I, C B(z,r)}. Then

log(u(B(x,7))

log(r) to

the multifractal analysis of M;, using the more intrinsic logarithmic density

define the local dimensions of M,, is given by the multifractal analysis of M,,.
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FIGURE 8. Left: Typical singularity spectrum of a Gibbs measure. Right:
Parameters Hy(0) and H,(0).

The second reason is that knowing the mutifractal nature of I\7IM yields that of the
sparse wavelets series weighted by using the random sample 1 of u (see [28] for an account
of multifractal analysis of functions).

From now on, only M u will be considered, and we denote it as M,,.

The reader will check that our proofs to study the capacity defined by (12) are easily
adapted to the case where the capacity is defined by (5). In fact, the case we study is a
little bit more complicated, since it involves a control of all the immediate neighbors.

4.2. New parameters.

Definition 12. The real number n, € [0, 7] is defined as

=1 % otherwise.
For all ' € [ng,n)], there exists a unique Hy(n') € [Hmin, Hs] such that
d(l—mn
(13) D, (Hy(n')) = 5_77/)

See Figures 8 and 9 for a geometrical interpretation of Hy(n'), which makes it easier to
understand. By construction one has:
L Hé("?) = H;,
o if D),(Hin) < d(1—1), ne = 0 and Hy(n;) is the unique solution of D, (H) = d(1-n)
in [Huyin, Hs,
o if D),(Huyin) > d(1 —n), n¢ >0 and Hy(ne) = Hpin.

Definition 13. For ' € [ng,n] \ {0}, let

) = (;,—1) Hy)

(14) and no= argmingcp, o1\ (0} H(n).

Again, see Figure 9 for a geometrical interpretation of these parameters (in the case
we discard at the moment, i.e. when p is homogeneous, the function 7, is linear so that
Hpin = Hy = Hpax and 7 = 1y = n). It is easily seen that by definition the value 7 is

so that the straight line passing through the points (0,d(1 — 7)) and (Hg(ﬁ), d(ll__;;])) is
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d(1—n)
Hy (1)

maximal slope=

d(l—m) _ _

Hy(7) = 7,,(q7)

FIGURE 9. Left: Parameters Hy(1') and Hy(n'). Right: Optimal param-
eter 7.

tangent to the singularity spectrum of p. This value always exists and is unique. Since D,,
is strictly concave, D,'(Hmin+) = oo and D,/(Hs) = 0, one has 17 € (n¢, 7).

Definition 14. Let g5 be the unique solution to the equation
(15) Hn) = 7,(q5)
(16) and qn, = sup {q >0: T:(TL((])) >d(1— 77)}
Let 7: R — R be the mapping defined as
Tu(q) + er(Tﬂq if ¢ < a5,

(17) 7(q) = § () +d(1—n) if g <q<aqy,,
H((O)q Zf Qn, < O and q=z dny,-

See Figure 6 for a representation of 7.
Observe that ¢,, < +oc if and only if 7, = 0, and in this case TL(QW) = Hy(0).

Definition 15. The real number n, € [0,n] is defined as

o 0 Zf 0 < Du(Hmax) < d(l - 77)
=1 Di((lT:i) otherwise.
For all ' € [n.,n], there exists a unique H,(n') € [Hs, Hmax] such that
d(l1—n
D#(HT(n/)) - 5 — 77/)'

By construction one has:
i Hr(n) = Hsu

o if D,/(Hmax) < d(1 —n), 7, = 0 and H,(n,) is the unique solution of D,(H) =
d(1 —mn) in [Hs, Hmax),

o if D),(Hmax) > d(1 —n), n, > 0 and H,(1,) = Hmax.
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The existence of H, and H, is ensured by the continuity of the Legendre spectrum D,
on its support.

As Hy(n') was defined in Definition 13, we can also define a parameter H,.(1)') as follows:
for every n' € [y, n] \ {0}, let
~ 1
A0f) = (o 1) o)
n
The geometrical interpretation is the same as the one for H +(1') (see Figure 9), except now
that everything is done on the decreasing part of the spectrum.

Finally, the following lemma provides us with another interpretation of the exponent
Hy(n) (see (14)), which is useful to simplify some formulas and to understand its role.

Lemma 1. One has

(18) Hy(n) = argmaxp (D“(H)> .

H + Hy(7)

Proof. Due to the unimodal character of D, the maximum we seek for is reached at H €
[Hmin, Hs]. A rapid calculation shows that since D,, is strictly concave and differentiable

over (Huin, H] with D,/ (Huin+) = +00 and D,,/(H,) = 0, then for any y > 0, H +» Sx0)
reaches its maximum at a unique point of (Hpin, Hs). Notice that from its definition the

function ' — Hy(n') is differentiable.
Let us introduce the function ¢(n') = n'Hy(n') = (1 — ') He(n'). Recall that by (13),

d(1—n) d(1—n) _ Du(He(n'))
D, (He(n)) = T So D,/ (H(n'))H{ () = e B R One deduces
that
Du(He(n')) _ Dy (Dy/(He(rr)))
/ / / / ! / / M 12 1Y
o) =—He(n')+ A =n)H/(n) = —H(') + 57775 = — :
D,/ (He(n)) D,/ (He(n'))
since D,*(H) = HD,'(H) — D, (H).
On the other hand, the derivative of H — M vanishes at a = argmaxyy (%) .
H—{—Hg(m +Hg(7)

This yields
D,/(a)(a + He(1)) = Dyu(e) =0,
ie. .
D" (Dy/ (@)
Dy/(a)
Since 77 is chosen so that Hy(n') is minimal at 77, we have ﬁé(ﬁ) = 0. This implies that

') = ﬁg(ﬁ), so finally
(19) _ D (Dy(@) _ Dy (D (He(@))
D,/ (a) D,/ (H,())
Recalling that D), is the Legendre transform of 7,, we know that ¢ € R} 7-1’1 (q) is a

Tu(‘])

Hy(7) = -

bijection onto (Hpin, Hs). Hence, since the mapping ¢ > 0 — — is injective (7,

being strictly concave), the identification (H,q7 Du*(DM’(H))) = (TL(Q),DHI(H),TM(q)>
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D" (Dy'(H))
D,/ (H)
finally o = Hy(7). O

implies that H € (Hpin, Hs) — — is injective as well. Equation (19) yields

The previous definitions and discussion clarify the origin of the parameters introduced
to state Theorem 2. The rest of the paper is devoted to the proof of the multifractal
properties of M,, definied by (11).

5. ANALYSIS OF THE SURVIVING VERTICES

5.1. Basic properties of the distribution of the surviving vertices. Recall the
Definition 3 in which S;(n) is defined, and recall that x,,, defined by (1), is the dyadic
point corresponding to the projection of the finite word w € ¥; to [0, 1]9. The first
question concerns the distribution of the points x,, for w € S;(n).

Definition 16. For every j > 1, and every finite word W € ¥*, we define
Sj(nv W) = {w € Sj(n) e IW}'
The set Sj(n, W) describes the surviving coefficients at generation j included in Iy .
Obviously, for every J < j,
Sim = J Sitn,w).
wex;y
Lemma 2. There exists a positive sequence (€5);>1 converging to 0 such that, with proba-

bility 1, for every j large enough, for every W € X\ _c )|, Sj(n, W) # 0.

In other words, every cylinder of generation |j(n —¢;)] contains a surviving vertex w of
generation j.
Proof. Fix a positive sequence (g;);>1 converging to 0. For each j > 1 and W € Ylitn—e)))
the cylinder [W] contains exactly 2/~ L2 distinct cylinders [w], with w € ¥;. Denote
this set by S(W). The probability of the event &(W) = {Vw € S(W), p, = 0} is given
by (1— 2—]’(1—77))2]7U(n*€j”. Thus,
IP( U g(W)> < 2lit=e)l (1 — 9=3-m)
WeE | jin—e))

gi—Litn—2;)]

< 2li0=e)] exp(—2 . 27%9).

If we choose ¢; = (log?(4))/j, we get ijlp(uvezu(,,_g,” (f(W)) < 00. So the Borel-
Cantelli lemma yields that, with probability 1, for j large]enough, for all W € Xy()—c,))>
there exists w € ¥; such that I, C Iy and p, =1, i.e. w € S;(n, W). O

The sequence (g);>1 is now fixed.

Lemma 2 has the following consequence: Almost surely, the set of points belonging to
an infinite number of balls of the form B(z,, 2~ HI=¢w))) with p, = 1 is exactly the
whole cube [0,1]%, i.e.

(20) [0, 1]d = lim sup U B(zy, 2*Uw|(77*€|w\)J)‘
J—+o0o cs (71)

Next we obtain an upper bound for the cardinality of Sj(n, W) when W € %, ;.
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Lemma 3. With probability one, for every large j, for every W € %,;1, #8;(n, W) < j.

Proof. This is standard computations. Denote for every j > 1 and every word W &€ ZW Is
the random variable
BW = Z Pw

weS;: I Clw
is equal to the cardinality of Sj(n, W).
With this formulation, the (BW)WEEW | are i.i.d. random variables with common law
the binomial law B(n;, p;) of parameters n; = 240~ and p; = 2=40=7) We have

j

. n; S
P(B(nj,pj) > 4) =Y ( lj>(Pj)l(1 —py) =
l=j
L 9dG=1nil) (2dG—1ni)) — 1) . (24G=1nil) — (1 — 1))27dﬂ(lin)(1 B 27dj(lin))2d(]._mmil
il
l=j

Observing that
240 =lnil) . (240=Ini]) — (1 — 1))
2djl(1—n)

this quantity is upper bounded by 2%. Finally,

= (24mi=[my  (dti=lnil) _ (7 — 1)~ (=),

. L 2dl —dj(1—n)\29G—niD) X 2d —dj
P(B(nj.p;) > j) <Y, Jr(1-2 ) <D rs2
I=j I=j

for j large enough. We deduce that -, QdL"jJ}P’(B(nj,pj) > j) < +o00. Then the Borel-
Cantelli lemma yields that almost surely there exists J > 1 such that for all 5 > J, for all
W € ¥,;), one has By < j. g

As a conclusion, one keeps in mind the intuition that every cylinder W € ¥, ;| contains
at least one, but not much more than one surviving vertex w € S;(n).

5.2. Analysis of the values of y at the surviving vertices. The above lemmas give
some hints about the possible values for u(1,,) for w € Sj(n). Indeed, observe that any
word w can be written as the concatenation w = wj|,;| - oy, Further, by the almost
multiplicativity property of u, one has

/‘L(Iw) ~ H(I’LUH,”‘J )M(Ialanw)-

Lemmas 2 and 3 assert that all the possible values for yi(ly,,; ) are reached. Hence, in
order to describe the values of u(I,), it is necessary to investigate the possible values for
p(Lynit,,) When w € Sj(n). A quick analysis could lead to the intuition that since most
of the coefficients are put to zero, only the most frequent local dimension Hg survive, i.e.
1Ly ns1 ) Ao 27 LI,

The goal of this section is to prove that this intuition is neither true, nor absolutely
false. In fact, we are going to explain that in order to investigate the values of u(1,,) for

w € S;j(n), one needs to look at all the decompositions
(21) w :’U)Hn/jJ -O'm/ij,

and to use that
/’[/(Iw) ~ IU’(I’LUIL,,]/JJ )/’L(Igln/ij)7
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W = Wi W2 - Wy | Wy |41 W' |42 77 Wy

n'-root of w n'-tail of w

- T

1 I ;
e tCelvita) ¢ [Hy(f) — e, Hy(n') + €]

log, #(le 7] )
i—ln's]

Ty €la—eate]

FIGURE 10 Decomposmon of a word w € R,(j,n,ac £ )N T, e(4,7,€)
into its n’-tail and its n’-root.

for all possible values of 0’ € [ng,n] U [n.,n], and that the most frequent behaviors for
(1, 51,,) are related to the local dimensions Hy(n') and H,(n'), Hs corresponding to

g
Hy(n) = Hr(n).
These considerations lead to the following definition.

Definition 17. Let a,e > 0 be two real numbers, and let n' € [0,n)].
When w € 35, the prefix w)|,, ;| is referred to as the n'-root of w, and the suffiz olm'ily
is the n'-tail of w.
We introduce the following sets:
o R,u(j,n',ate) is the set of those finite words w € 3; whose n'-root W)|yr4] belongs
to E,(|In'j],ate), i.e
logy p(Lw, ;)
2 ZH.HMJ €la—e,a+e]
—[n'j]

o When W € ¥*, T,u(j,n',e, W) is the set of those finite words w € ¥; satisfying
I, C Iy and whose 1'-tail ol7w belongs to £,(5 — |n'5], He(n') +€), i.e.
- [n'y]
o the sets T, ¢(j,n', €) is the set of all finite words w € ¥ satisfying (22), so for every
J <7,

(22) € [Hy(n') —e, Hy(n') +¢].

7;7@(]',7]/,6): U n,ﬂ(j»ﬁl»&w)-

Wex;
* Turlj,tf &, W) and Tu (.1 ) are defined as Too(j, 1/, e, W) and Tpe(Gin's2) by
replacing Hg( ') by H (77)
o TulGin'se) = Tue(s s &) U T (G0 ).

Recall the decomposition (21) of any finite word w. The idea, illustrated by Figure 10,
is that the sets R, (j,7n', o & €) describe the scaling behavior of the 7/-root w|,y;| of the
word w € ¥j, while 7,(j,n',€) describe the scaling behavior of the 7/-tail ol of w.
Observe that we focus on the cases where the 1/-tail of w behaves with a local dimension
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close to some Hy(n') or H,.(n'). Indeed, these specific behaviors of the 7'-tail will turn out
to be central to explain the structure of the local dimensions of M, and Propositions 3,
and 5 to 7 will exhibit essential properties related to them.

Observe that the knowledge of which sets R, (j, 7', £ ¢) and T,(j,7',€) a given word
w belongs to, yields u(I,,) up to a multiplicative factor of order 27,

The first proposition gives upper and lower bounds for the possible values of u(1,),
when w survives after sampling.

Proposition 3. Almost surely, there exists a positive sequence (z-:jl)jzl converging to 0
such that for j large enough, for all w € S;j(n), one has

J(He(ne) — €5) < —logy (L) < j(Hr(ne) +€5).

Proof. This is a consequence of the large deviations properties of Gibbs measures. Fix
an integer p > 1. Consider the interval I, = [0, Hy(n,) — 27P] U [H,(n,) + 277, 400).
By definition of H, and H,, one has sup{D,(h) : h € I,} < d(1 —mn). Let us call

& =d(1 —n) —sup{D,(h) : h € I,}.
By item (5) of Proposition 2, there exists a generation .J, such that j > J, implies

Mlog? sup Dy (h)| < &,/2.
—J hel,
Using the definition of &, this rephrases as
HE,(j, I) < 2 Pner, Duh)+60/2) < 9i(d1-m)=6/2)
)N Eu(G, Ip) # 0}. One has
Vi > Jp, IP’(%P) < 1_(1_2 j(1— n))# 1 (d:1p)
)

< 1-— (1 . 2—dg (1-n) 23 (d(1-n)—&p/2)

Let us compute the probability of the event 52{ P ={S;(n

< 2*]517/4_

The Borel-Cantelli lemma implies that, almost surely, ,ijp is not realized when j becomes
greater than some integer J]g > Jp. In the construction, one can ensure that J,41 is always
strictly greater than Jp, for all integers p.

Choosing now 5]1. = 27P for j € [Jp, Jp41) yields the result. O

The next proposition is complementary to the previous one: it precisely estimates the
number of surviving vertices with a given p-local dimension. We state it for the sake of
completeness but it will not be used.

Proposition 4. Almost surely, for every e > 0 and every H € [Hy(ne), H.(n,)], there
exists € > 0 with € = 0 as € — 0 such that for j large enough one has

23 (PuD=A02) < 4 (&, (j, H £ 2) 1 8 () < 27 (PulID=d0-0+2)
Proof. The proof is close to that of Proposition 3 and is omitted. ]

Next proposition is crucial. It shows that the parameters n', Hy(n') and H,(n') play

a special role in our problem. The underlying idea is the following: The almost multi-

plicativity property implies that for every word w € %, for every 1’ € [ns,n] U [n,, 7], one
has

/‘L(Iw) ~ H(‘[w”n/ﬂ )IU’(IU) )

oln’i]w
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Cube IW
J A pu(ly) =277
J/n H e} x5 p(Ipay,) mo 277 /0 =D H) = 9= Helr)
w
J/n' H p(L) = 27O~ (T (I,
Generations

FIGURE 11. Behavior of the surviving vertices inside a cube Iy

But if a vertex w survives after sampling, i.e. if w € ¥;(n), then we are going to prove
that p(I,) can be decomposed as

,LL(Iw) ~ Iu’(Ian/JJ )2_(‘7_L7’]/]J)H£(77/) or ,LL(I’LU) ~ :U’(Iwun/ﬂ
for some suitable choice of i’ (depending on w). So we have an explicit formula for its 7’-
tail. We will then establish a complementary information (Proposition 6): 1’ being fixed,
with probability one for j large enough, for W' € X|,/;, there is necessarily at least one
word w € S;(n, W) such that the above decomposition holds.

)2~ U=l D (')

Proposition 5. With probability one, there exists a positive sequence (5?)]-21 converging
to 0 such that for all w € Sj(n), there exists ' € [ng,n] U [ny,n] such that w € T,(7, 77’,6?).

Proof. We fix w € Sj(n), and we look for a suitable 1. See Figure 11.

1 1
Let us denote, for all j > 1, a; = 7%@)’ and for all ' € [0,n], oj(n) =
J

logy t(Luw,.;,) -1 I 1w

—w and H;(n') = Og_2 Al z '3 u) . By the almost multiplicativity property
[7'4] J =il

of u, we have
(23) a;j = o;(n)[0'3] + H;(n') (G — [n'5]) + O(),

where O(1) is bounded independently on w, j and n’ (it depends only on the constant C
involved in (8)).
On the other hand, for n,n” € [0,7] we have

H;(n") (G = [n"3)) = Hy(') (G = [0'3]) = —loga p(T,151,,) + 1082 1T, 1751.,.);
which is bounded above by c|[n/j| — |7"7]| for some constant ¢ > 0 by (8). Also, by item
(6) of Proposition 2, H;(n') and H;(n") are bounded by a constant K > 0 independently
of j, w and n’. Subsequently,
j— '] : j— ']
H;(n") — H;(n')] < H'UII—H‘UI.."FH‘?] 0
| ]( ) ]( )| ]( ) ]( )]_Ln//]J ]( ) ]_I_T]”]J
[n'3] = [n"3]] " —n'l+1/j
c+K)———— <(c+ K)——F———.
( ) J—=n"j] ( - n

1—

IN
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From this inequality, one deduces that there exists a continuous function H ;0. = R
such that

s = sup{[H; (1f) = H;(o)| = of € [0.]} = O(1/3)
independently of w as j — oo, and (23) holds with H; instead of H;.
e Suppose that ﬁlj(n) = H,. Since Hy(n) = H,, Proposition 5 is proved with ' = n.

e Suppose now that ﬁj(n) < Hs = Hy(n).

- Suppose first that 17, = 0. Recall that Hg(O) H;

If ij(O) < Hy(0), then we see that jo; = ]H (0) + ( ) < j(H¢(0) + O(1/4)), which
due to Proposition 3 implies that Hy(0) — 5 < H; ;(0)+0(1/4) < He(0) + O(1/35). Hence
(24) is satisfied with ' = 0.

If H;(0) > Hy(0), observe that the mapping 1’ > (ﬁ] — Hy)(n') is continuous, positive
at ' = 0, negative at = n. The continuity ensures the existence of 7’ € (0,7) such that
flj(n’) = Hy(n'), and (24) is satisfied with this 7.

- Suppose now that 1, > 0 and recall that Hy(n') ranges in [Hy(n¢), Hs]. Notice that for
any ', 7 — || > j — |nj] which tends to 400 when j — +o00. Hence, by Proposition 3,
for j large enough we have H;(n") > Hy(n,) — 5}_ i]> SO that for all ' € [ng, 7],

H;(1) = Hylne) = ]y = 55
By continuity of ' — (ﬁ[J — Hy)(n'), there exists ' € [ng,n] such that ]I:T (n') — He(n')| <
5;#[7;’]'] + s;. In all cases, we found 7' € [ng,n] such that |H;(n') — Hy(n')| < €l +
2s; + O(1/7). Since H; and ﬁj differ by o(1), the result follows.

e Finally suppose that fNIj (n) > Hs. Similar arguments as above yield " € [n,,7] such

J—=In'j]

that |H;(n') — Hx(1)| < E}ﬂn’jj +2s; 4+ O(1/7). We let the reader check the details.
Since the bound e; i) T 285+ O(1/7) tends to 0 uniformly in 1" € [0,7] as j — +o0,
the sequence (53 = ] i 285 +0(1/7))j>1 fulfills the conditions of Proposition 5. [

The previous proposition tells us that every surviving vertex w € S;(n) is such that its
n'-tail satisfies either for some 7’ € [n;,n] (depending on w),

(24) (= I He() =€) < —logy ulL,1iy,,) < (G = 05D (He(n') + €3),
or for some 7' € [n,,n] (also depending on w) that

(G — L3 (Hr () = €3) < =logy ul(Ly1rs,,) < (G — 03] (Hr (1) + €3).
Next proposition claims that 1’ being fixed in [y, 7], almost surely, for j large enough, for all
—1lo I ..
g? N( C;L.n JJw) a HE(U/)~
J— ']
This property shall be understood as a renewal property for the local dimensions Hy(n').
See Figure 10 for an illustration of this decomposition.

W € %|,y;], there is a surviving vertex w € S;(n, W) such that

Proposition 6. Given n' € [ng,n), there exists a positive sequence (5?)]21 converging
to 0 such that, with probability 1, for j large enough, for all W € X, S;j(n,W) N

Ty 3) #0.
Of course, the same holds true for 7, ,(j,n ,5]) but we do not need this second property.
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d(1=m) -p
T 12

D, (He(n)) = L=

FIGURE 12. Relative positions of Hy(n'), He(n') + By, azl,, ag.

Proof. Fix nf € [ng,n), which implies that D,(H;(1')) < d = ||Dpl|joc. For every integer
p > 1 so large that D, (Hg(n’)) +27P < d, let a}?,ag,ﬁp be such that
e o is the unique real number in [Hy(1y), Hy] such that D (ey) = Dy (Hy(n'))+277,
o By = (0 — Hy(1))/2,

° ozg is such that Hy(n') < 0412) < He(n') + Bp = azl? = Bp-

Observe that D, (Hy(n')) < Du(a3) < Du(ay, — Bp) < Dyu(ay) (see Figure 12).
For every integer p > 1, due to the large deviations properties of u (part (5) of Propo-
sition 2 and equation (9)), we can fix an integer j, such that for all j > j,,

) , 5

#E,(j, ol £ B,) > 27D,

Using the definition of our parameters, this implies that
$E,(, Ho(rf) £ &) > 23 (DulHe)48),

where &, = 33, and &, = D, (a2) — D, (H(1')) > 0.

It is clear from the contlnulty and monotonicity of D,, that (€,),>1 and (€,)p>1 are two
positive decreasing sequences, and that lim, &, = hmIHJrOO Ep=0.

For j > jp/(1 —n') (hence so that j — |7'j] > jp) and W € ¥|,,;|, consider the event

A (1 &y W) = {70 € E,(j = 03], He) £ 5,), pwur =0}
One has
P(d(n/’ &, W)) =(1- Q*d(lfn)j)#gu (jan’jJ,Hz(n’)igp)

< exp (=271 TIHEL(j — o], Holn) £ &)
< exp (72—d<1—n>j+<j—wm(D,L<He<n'>>+€p)).

Recalling that D, (H(n')) = §1_n77) we get
P(A, 5, W) < exp(—20-1130% 1+ 0(1)) < Cexp(—20-77%),

We choose the sequence (5;’)]21 as follows: we first build some sequences of integers
by induction. Pick an integer pg so large that the previous inequality holds true for
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J > Jpo/(1 — 7). Also, choose }po > jp, so large that for all j > jpo/(l — 1), one has
Cexp(_2(1777l)jgpo) S 27dj.
Then, assume that integers and ;po, ...,3p0+m are found such that for n =1, ..., m:

i jp0+n > maX(jp/(ﬁ*najpoJrnfl)a . )
e for j(1 — ') > jpysn one has Cexp(—20177 )% +n) < 2=,

Then we choose 5p0+m+1 > max(jp0+m+1,}p0+m) so large that for all j > }p0+m+1/(1 -1,
one has C exp(—20=7)7Eotm+1) < 9=
Finally, for every j > jp,/(1 — 1), there is a unique integer m; such that

(25) Jpomy /(L= 1) <G < poms1/ (L =),

and we set 5;’ = Epo+m;- By construction we obtain

(26) P(d(n' &3 W)) < Cexp(—207Mi %0 m;) < o=di.

) ]7
Subsequently,
IP>< {3]’ > Gpo/ (L= 1) and 3W € Sy (1,3, W) holds} )
> Y p(aw.ehw))
3>5pg/(1—n') WEX 1
> 2dlilemd < qoo.

3>po/(1=11")

IN

IN

We conclude thanks to the Borel-Cantelli lemma. O

Last proposition can be realized simultaneously on several 1’ € [, n].

Corollary 1. For all integers N > 1 and 0 <k < N —1, let ny = ne+ %(n —ng). There

exists a positive sequence (5§’N)j21 converging to 0 when j tends to infinity, such that with

probability 1, for N > 2 and j large enough, for all0 <k < N —1 and all W € X, 4/,
Sj(m, W) 0 TeGonwgr£5™) # 0.

Proof. Fix N > 2. For each k € {0,..., N — 1}, we apply Proposition 5, so that we get a

sequence (5?(1{:))21 and a sequence (jip(k))p>po(k), Such that (26) holds true, i.e. for every

Jz jpo(k‘)/(l - 77/) and W € ZLUN,ij’

(27) P (A, €5 (k), W) ) < 279,

Observe that if 0 < e < &', & (n,e/,W) C & (n/,e, W). Hence, we can choose the integer
p= max(pE(O), ...,@(N — 1)), and the sequences €§’N = max(ag?(O), ...,sg(N — 1)) and
Jp = max(j,(0), ..., jp(IN—1)), so that we have the following property: forall 0 < k < N—1,

for all j > j,, /(1 —n), for all W € Xynei)s (27) holds true with s?’N instead of 55’(1{:)
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Thus,

(

=
Z

|
—

35 2 /(L= 1), 3k €{0,... N=1}, IW € Sy iy : Alpwg eV, W) holds})

IA
.
—

{Elj > }po/(l —n)and IW € X, i) A(an,e?(k:), W) holds})

T
Ll

Z Z P<A(77N,k,€§(ki), W))

3>0po/ (1—1) WEE Iy i)

A
]

2
L

2_(d_"7N,k);P0/(1_77) < 400.

INA
>~
Il
o

The result follows again by the Borel-Cantelli lemma. O

Next proposition completes the previous corollary by showing (roughly speaking), that
for a fixed W € X; with J large enough, for ' in some interval [ng, 7] fixed in advance,
the probability to find w € U;/,<;<j/m, Si(n, W) with a n'-tail having a local dimension
smaller than Hy(n') decreases exponentially with J.

Huin ; _
Proposition 7. Let ny = {Hmiﬁﬁ"@(m #ne=0
no = e if ne > 0.
For all integers N > 1 and k € {—1,0..., N — 1}, set iy =1 — (1 — 770)%.
For J>1 and W € ¥, consider the event € (N, J, W) defined as

dk € {_]—707 7N - 1}7 Elj € [J/ﬁN,k7J/T7N,k+1]7 }

C¢(N,J, W)= =
( ) { Jw € S;(fing, W) such that p(I,s,) > 27/ Heling)+en)

with the convention that ﬁg(ﬁ]\h_l) = ﬁg(ﬁ]\ﬁo) = Hy(n).
With probability one, there exists a positive sequence (eN)n>1 converging to 0 such that
forall N>1,J>1and W € X5, we have IP’(%(N, J, W)) < 27N,

The proof uses arguments similar to those developed earlier, and is left to the reader.

Proposition 6 asserts that for all W € ¥,.;, Sj(n, W)NT,0(j, 7', 55?) is not empty when
j becomes large. The last proposition of this section shows that its cardinality cannot be
very large. This fact will be interpreted geometrically as a weak redundancy property from
the viewpoint of ubiquity theory [6, 9] and has nice geometric consequences for our study.

Proposition 8. (1) For alln' € [ne,n) \ {0}, for all e € (0,1), there exists 5 > 0 such
that with probability 1, for every j large enough and all W € 3,5/,

(28) 1< #(8;(n, W) N TuelGon', 8)) < 277°.
(2) The same holds true for o' € [n,,n]\ {0} and the sets S;(n, W) N\ T.(5,7",B)-

Proof. (1) It is clear that it is enough to get the conclusion for ¢ small enough. Fix e € (0,1)
and ' € 0’ € [ng,m] \ {0}. Due to the almost multiplicativity property of u, and equation
(9), there exists 3 > 0 and Jy such that for j > Jy, for each W € X,

(29) BTeGo B, W) < 2(PuCHer )+ Gt
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Notice that the cardinality n; = #7,,¢(j, 7, 8, W) is independent of W. Since D, (H¢(n')) =
dl1—n)/1—-7n)<d,e<landn <n<1,forj>Jy we have

ny < 2(PulHe)+22) G=13)) < pd(1-m)jode?jvd,
By definition, we have

#(Sim W) N TG €)= D pw

we%,@(j7n/7ﬁvw)

Denote this random variable by B(j,7',3,W). Its law is a binomial law of parameters
(nj,2741=m7). Thus

P(BG.BW)=277) < % <nj>(2‘d<1—n>j)l§ > (ny2- 7yt

l l!
2e7'i<I<n; 2e7'3<I<n;
) . l
2 2
2d]€ I+dl e2d]&‘ +d
D Dt DN G
“ ! . l
2e1'i<I<n; 1>2en"d

for j large enough by Stirling’s formula. Then, if ¢ < n//(4d), there is another integer J;,
L. 2dj62+d L
such that for j > J|, for all [ > 257 we have — < 27¢&m 32 <1/2, hence

]P’(B(j, n,B8,W) > 2577’j> <2. 2*L25”/jjsr]’j/2,
and

>3 B(BUA W) 22 < 3T otz 2 P < o,

72Jy WEZ ;) 7z
The desired conclusion follows from the Borel-Cantelli lemma.

(2) The computations are identical for o’ € [n,,n]\{0} and #(S;(n, W)NT,e(j, 7', B)). O

6. UPPER BOUND FOR THE SINGULARITY SPECTRUM OF MM

Section 6.1 derives the sharp upper bound provided by Theorem 2 for the decreasing
part of Dy, ; this bound comes rather directly after the preparation achieved in Section 5.2.
Next, Section 6.2 examines in detail the possible local behaviors of the surviving coefficients
w(L,) which contribute to a given set Ey, (H) and provides a first expression for the upper
bound of the increasing part of Dy,,. This bound is then simplified in Section 6.3 into the
formula given by Theorem 2. Also, precious information are pointed out in preparation of
next Section 7, which deals with the lower bound for Dy, .

Remark 1. This section is rather long and technical, but it is key to understand what
phenomena rule the local behavior of M, at a point x € [0, 1]9. Let us mention that there is
a slightly faster way to obtain the upper bound for the multifractal spectrum of M, using the
multifractal formalism and a lower bound for the L9-spectrum Ty, obtained in Section 8.2.
Nevertheless, we choose to keep up with the first method, mainly for two reasons:

o The second method is “blind”, since it does not give any clue on how to obtain the
lower bound for the spectrum. Indeed, it will appear soon that for every possible
local dimension H, there is a favorite scenario which leads a point x to satisfy
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dim(M,,x) = H. This can absolutely not be guessed without the precise study
achieved in the following pages.

o Using the multifractal formalism to get an upper bound for the multifractal spectrum
1s efficient only when the multifractal formalism is satisfied by the object under con-
sideration. Fortunately, this is the case for M, and the bound is sharp. But there
are closely related sampling processes (not developed in this paper) not satisfying
the multifractal formalism, and in this case this method is useless.

6.1. Upper bound for the decreasing part of Dy,. It turns out that finding an upper

bound in the decreasing part of the singularity spectrum Dy, i.e. for H > Hg + ﬁg(ﬁ), is
much easier than in the increasing one.

We start with quite a direct upper bound for all the local dimensions of M,,.
Proposition 9. Almost surely, for every x € [0,1]¢,
dim(My, z) < dim(M,,, ) < dim (g, z) + Hy (7).
As a consequence, for every x € [0,1]%, dim(M,,, #) < Hyax + Hy (7).

Proof. Let = € [0,1]¢. Due to Proposition 6 applied with 7’ = 7, for each j large enough
we have o .
M. (15 (2)) > Cil“(l[jﬁj (x))2_(‘7_L]77J)(HZ(ﬁ)+E]')‘
Taking logarithm on both sides, dividing by —|[j77] log(2), and taking the liminf as j — oo
yields the desired conclusion.
Since for every = € [0,1]¢, dim(u, z) < Hupax, the result follows. O

Using this upper bound for the local dimensions, and by anticipation the lower bound
given by Lemma 4 below, one deduces that the domain of Dy, is included in [Hy(n¢), Hmax+

H ¢(1)]. Also, we get an upper bound for the decreasing part of the singularity spectrum.
Proposition 10. For all H € [H, + Hy(7), Humax + Hy(7)], one has
D, (H) < Dyu(H — H(1)),
and for all H > Hpax + I;Tg(ﬁ),
dimE,\zAu(H') = —o0.
Proof. Let H > H,+H,(7). By Proposition 9, if z € E\, (H), then dim (p, z) > H—Hy(7),
hence Ey, (H) C Ef (H — Hy(7})). Using Part (3) of Proposition 2, one deduces that
dim Ey, (H) < D, (H — H,(7)),
since H — Hy(7) > H, (this corresponds to the decreasing part of D,). O

6.2. Upper bound for the increasing part of Dy,,. Let us start with the lower bound
for the left end-point of the support of the singularity spectrum of M,,.

Lemma 4. With probability 1, for every x € [0,1], dim(M,,, z) > Hy(n).

Proof. By Proposition 3, with probability 1, for j large enough, the surviving vertices
; 1

w € Sj(n) all satisfy p(ly,) < 9~ (HeM)=¢}) - Hence, for every large integer J and every

word W e X7, M, (Iw) < 9~ J(He(n)=<}) gince M, (Iw) is the maximum of p([l,,) over all
surviving words w such that I,, C Iyy. Subsequently, for every x, dim(M,,, z) > Hy(n,). O
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Further, we are going to provide a first expression for the sharp upper bound of dim £ M,

when Hy(ny) < H < H, + Hy(7) in Proposition 12. It is based on the following defi-
nition and Proposition 11, which describe the possible scenarii leading to the property
dim(M,,z) < H.

Definition 18. For each j > 1, k> 1, a € Ry, 1 € [ne,m] \ {0} and § > 1, let
Fu(gy om0, k) =
{x € [0.1]% { Jw e 8;(m) N Ryl £1/k) 0 Tyelivn's 1/k) }
such that max(277, d(z, I,)) < 27779

Let Py be a countable set of parameters (a,n',0) dense in [Huin, Hmax) X (n¢, 1] X [1, +00).
Then, for H > 0, let

(30) Fu,f(H) = m m U li}m sup Fmg(j,a,n’, §—e,k).
e€(0,1) k>1 (05777/75)~€'Pz: Jj—+oo
seft1/n]), D < gy

The sets Fy, (4, 0,1, 0,k), Pr and F,, . (H) are similarly defined.

The definition of the sets F, ¢(j, o, 7', 0,k) and F, »(j, o, 1", 0, k) is rather long and diffi-
cult to handle with at first sight. Nevertheless, it is the mathematical counterpart of the
following intuition: F), ¢(j,a, 7', d, k) contains those points « which are 2139 ¢close to some
cube I, (i.e. max(277, d(x, I,)) < 2779%) associated with a surviving vertex w whose
n’-root and 7’-tail have a prescribed behavior with respect to the capacity .

The fact that these sets play a key role is illustrated by the following proposition, which
is the main result of this section.

Proposition 11. With probability 1, for all H > 0,
EMM(H) CFu/(H)UF,,.(H).

Proof. Fix H > 0 and = € Ey (H). We denote by M;(z) the coefficient M, (I ), and
Nj(z) the set N'(z|;) (recall Definition 9). Let € € (0, 1).

By definition, since dim(M,,, z) = H there is an infinite number of integers J,, such that
_logzjiw < H +¢/2. We write W,, = x;,. By definition of the quantity M, (z) =
M, (Iw,), there exists a surviving vertex w, € S;, (1), jn > Jn, such that w, € N, ()
and My, (z) = p(ly,). One can assume that I, C Iy, , the other cases, i.e. when I,
is included in a neighboring cube I, of Iy, of generation J,, are absolutely similar by
switching W, and w’).

By Proposition 5, there are 1, € [n¢,1] U [0, 1] and oy, | € [Hmin, Hmax] such that

(1) either n;, € [ne,n], and
(31) —logy p(lw,) = & nj, | UnnjnJ + (Jn — LjnnjnJ)Hé(njn) +0(jn),
(32)  —logy pulI, Linny, 1y, ) = (n — Linjn ) He(ns,) + 0(jn),
(2) or nj, € [nr,n], and the same holds with H,(n;,) instead of Hy(n;,).
Obviously, max (277, d(z, I,,,)) < 2-277" (recall that we work with the ||.||s norm).
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Jnp | |  Cube Iy,

Jn H— Cube I, such that p(l,,) = M, (Iw,) ~ 27/H

H Other cube I,,; with another value ju(1. )

Generations ¥

FI1GURE 13. Competition between surviving vertices

e Assume that the subsequence (7, )n>1 has an accumulating point in (0, 7).

Without loss of generality we can assume that the whole sequence (7, ),>1 converges to
some 1’ € [ng,n] \ {0} and that we are in the above situation above (1) for infinitely many
values of j,, along which Hy(n;,) converges to Hy(n'). The other situation, absolutely
symmetric, is that the sequence (7, )n>1 converges to some 7’ € [n,, 7] \ {0}, the situation
(2) holds for n large enough, and H,(n;,) converges to H,(n').

Lemma 5. One has lim,, o jn7j, = +00, and for n large enough, one has
(33) Jnjn < Jn(1+€/6).

Proof. The first part lim,, o jn7j, = +00 is obvious since lim,, o 1j, = n > 0.
Recall Corollary 1 and the notations therein. For N > 1, let us write n;, (IN) for the
unique 7y, such that

(34) Mjn € [Nk M+ (11— 10) /N).

We apply Corollary 1 with an integer j;, > J, such that [j;,n;,(N)| = Jy, to the word
Wy € 3, there exists w), € Sy (1) such that I,,, C Iy, and w;, € T, .(jr,, njn(N),f-:?,’N),
. N
ie.

(=) (Hemy, (V) =<2

—(n=n) (He(ngn (N)) 457
2 ( £\Nj Jn ) < ’U’(IaLjhnjn(N)Jw{l) <2 n

see Figure 13. Observe that I, C Iw, (hence (wy,)|jrn; (v)) = (wp)(s, = Wa), so

- _ —(t—=Jn) (He(nj,, (N))+eN
85) wlhg) 2 Ol i) 2 O alhg, )2 O U 1)

Assume towards contradiction that (33) is not true. We are going to prove that (1, ) >

p(1y, ), contradicting the maximality of (I, ) and the fact that M, () = p(ly,, ). When
(33) does not hold, one has

P A S <1+1/Jn_ ) Gujn 141/ Jn =0, (N)
T TNy T T g, () 1+¢/6 Njn (N) '

Moreover, since 7n;, tends to ’ and |n;, (N) —n;,| < 1/N, we choose N so large that that
when n becomes large we have

jn - UnnjnJ

‘/_J <
In T =TT 0
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Observe that j,n;, > Jp(1 4 €/6) also yields I,
last inequality and (35) yields

C Iw,. This, together with the

| Linmjy, )

Jn—Linnj, |

plluy,) 2 C_lu([wn\unnjm)? e
One chooses now the integers N and n so large that:
o [He(nj,) — He(n')| < He(nj, )e/96,
. ’i‘er(”j”(N)) — Hy(nj,)| < He(nj, )£/96,
e g, < Hy(nj,)e/96.
This is possible since 7;; — 1’ > 0, Hy(1') > 0, and Hy is differentiable as function of
n' € (ne,m). With these choices, one sees that

W(HZ(W”UV)) + 52]\7) < (n = Linnsn ) He(nz, ) (1 — €/48).

Finally, we use (32) to get, for n large enough

plur,) =2 C_ll‘uwwjnnjm)TW—Lj""j”J)He("j")(l_E/48)

(He(ng (V) +23,)

)2Un=Linnin ) He(jn )2/48+0(jn)

Y

C_ZM(Iwn\ Linnj,, | ):U’(IUU""MJ
Z C/M(Iwn)2(]'71*I_]'nnjnJ)Hf(njn)E/g(s.

Wn

When n becomes large, we conclude that (1, ) > (1w, ), hence a contradiction. O
Now we prove that z is well-approximated by some cubes I, whose n/-tail and 7’-root
have a controlled local behavior with respect to pu.

By construction and the last lemma, since 7;, tends to ' when n — +oc0, we have
2 7In < max(2_j”, d(z, 1)) <2- 9=Jn <2. 9~ Linnjn |/ (1+€/6) < 9—inn'(1-¢/3)

Consequently, for n large enough we can write max(279n, d(x, Iy, )) = 279" 0in=¢/2) for
some d;, € [1,1/7].

Up to extraction of a subsequence, the sequences (d;, ),>1 and (@ ms, |)n>1 can be as-
sumed to converge to some § € [1,1/n/] and a € [Hyin, Hmax)- In addition, by construction
we have M; 5. () = My, (z) = u(ly,) and J, < [jnn'd;, + 1. Thus, recalling (31),
one finally gets

& jmi | LInjn )+ (Gn = Linnj, 1) He(n,) + 0(Gin) . —logy My, (2)
which can also be written
Unnj J (]n - Unnj J)
=+ . == (Hy(n;,) +0(1)) < H+¢/2.
Dl ind, (Hy(nj,,) +o(1)) /
Finally, fix an integer £ > 1. Choosing ¢ such that ¢ < 1/(4k) and a triplet (52,5, 7') in

the dense set Py so that for n large ||(¢;,,05,,7j,) — (&,6,7)]loe < /4, we see that when
n becomes large, we ensured that:
o d€l,1/7],
o THILGT) _ GHQT-DHG) < g
3 3 =T
e max(277, d(z, I,,)) = 277 (=)
[ ]

< H+¢/2,
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—logy t(L(w,), ;. 1))
. 2 : (N, U —a| < 1/k, hence w, € R,(j, 7, £ 1/k),
LJnT'|
—logy (I(,ymw )
. p JWIJ “L — Hy(17)| < 1/k, hence wy, € T,,0(4,7,1/k).

Recalling Definition 18 and equation (30), this precisely shows that x belongs to the set
Fuvg(jn,&’,ﬁ’,g— e,k) with 0 € [1,1/n/] and 54—5-%(77’) < H + ¢, as claimed in the initial
statement.

e Assume now that (7;, )n>1 converges to 0 (this implies that n; = 0). Fix asmall ’ > 0,
and rewrite (31) and (32) as

—logy p(Lw,) = Qjp, Ljnn/J + (Jn — Un??/J)He(ﬁ') + 0(Jn) + Jn&1(jns 77,)7
—logy 1L, it 14,) = (G = Lint' ) He(n') + 0(jn) + jn€2(in, 1),

where both &1 (jn,n") and & (jn,n') are O (|He(n') — He(n;,)| + |7']). If one chooses 1’ so
small that limsup,,_, o [He(n') — He(n;,)| + 1" < |[He(n') — He(0)| + 1/ < €2, we are back
to the previous situation. O

Using Proposition 11, we are now able to find an upper bound for the Hausdorff dimen-
sion of any Ey (H).

Proposition 12. For H > 0 and € > 0 let
o€ [Hmina Hmax]7

(36) D(H, ) = supd 2ol@) ] Tie {ery, of € mi o]\ {0},
g , ot Hi(n)
1<6<1/y, 5 <H-+te
with the convention sup ) = —oo. For all H > 0, we have
(37) dimEy (H) < D(H):= lim D(H,e¢).
a e—0t

Proof. Recalling Proposition 11, it is enough to find an upper bound for the Hausdorff
dimensions of F), ((H) and F,,(H). But for F}, ;(H) (the same hold true for F, ,(H)),
one needs only to focus on limsup,_, Fu(j, om0 —e,k), for the suitable values of the
parameters «, 0,7, e described in (30). We are going to prove that the weak redundancy
(described in Proposition 8) implies that for € € (0, 1), for k large enough, uniformly in
(a,n’,0) (under the constraint 6 € [1,1/7']), one has

D
(38) dim limsup F), ¢(j,, 7,6 — &, k) < p(e)

Jj—o0 o

+6(¢e),

where lim._,o 6(¢) = 0. Then, the result follows by taking the supremum over («,7’,d) in
Py and letting € tend to 0.

We prove (38). Fix ¢ > 0.

For every o € [Hpin, Hmax), using Proposition 2 and the large deviations properties (9)
of u, there exists 5, > 0 and j, € N such that for j > j,,
(39) #gu(]v Ba, a) < 2j(D#(a)+e/2)‘

Moreover, D,, being continuous over [Hmin, Hmax], one can choose 3, so small that Du(a) <
D, (/) +¢/2 for all & € [ — Bo, @ + Ba]. Using the compactness of [Hmin, Hmax], there
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exists finitely many real numbers aq, ..., € [Hmin, Hmax|, such that for the associated
numbers S, ..., B, > 0 and integers jy, ..., jp, one has [Hmin, Hmax] C Ub_; s — Bi, i + Bi]
and (39) holds for every j > j;.

Pick an integer k£ > 1 such that 1/k < min{s; : 1 <1i < p}. For all j > ng = max{Jj; :
1 <i < p}, forevery @ € [Hpin, Hmax], there exists 1 < i < psuch that « € [a;— i, a;+5i],
hence because of (39), one has

(40) HE,(j,1/k, o) < 20(Pu(ei)t2/2) < 9i(Dule)te)

Consider one triplet (o, 7/, 8) € Py with 6 € [1,1/1/]. We choose the integer k such that
1/k < 3. Observe that with these parameters,

F/J,,E(j7a777,a6_6vk) - U Tu,@(jvn/w@aw)'
WEX )

We use Proposition 8 to find an upper bound for the cardinality 7}, ¢(j,7', 3, W) . Applying
part (1) of this proposition, one can find 3 > 0 and an integer J2 such that for all j > J2
equation (28) holds true.

For each j > J. := max(J}/n/, J2), every point = belonging to F, ¢(j, a,n',8 — €, k) is
close at distance at most 21771(*=¢) from some cube I,, such that w € Si(mMNRL(J, 7, ot
1/k)NTue(j,n', 1/k), with 6 € [1,1/7].

One combines now two facts:
e By (40), the cardinality of those words W € X, satisfying

—logy pllw)
) =k

is bounded from above by
#E,(|1'5), a, 1/k) < 2L (Dule)+e),

This applies to the words W = wj,y;; when w € Ru(j,n',a£1/k)

o If W € X,y is fixed, we know by (28) that the cardinality the words w €
T0(G, 7', 1/k) is bounded from above by 277,

The first item allows us to control the number of possible 7’-roots w4 of w, and the
second item the number of possible 7/-tails w_;_|,/;,,-

We deduce that for all J > J., the set F, ¢(j,a,n',0 — €,k) is covered by at most
olin' | (Dul@)+e) times 279¢ cubes of diameter 21771(0—¢)

D, (o) + 2¢

Fix a real number s > The s-Hausdorff measure H® of the limsup set

F=limsup;_, . F,¢(j,a,n,d — ¢, k) satisfies for every integer J > J.
H(F) < Z oLin'|(Du(a)+e)gn'jeg=8n'il(6—¢) ~ 4 o
j=J

D 2 D
Hence dim F' < “(agﬂ. Since 6 > 1, dim F' < “(S(Q) + 2¢, and (39) is proved. O
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FIGURE 14. The mapping H — D(H)

6.3. Simplification of the upper bound formula (37) of Section 6.2. Summarizing
the previous information, we already established that, with probability 1, the domain of
the singularity spectrum Dy, of M, is included in [Hy(n¢), Hmax + He(7)] (Lemma 4 and
Section 6.1), and for all H € [Hy(n;), Hyax + Hy(7)] we found the upper bound D(H) for
Dy, (H) in Proposition 12.

Formula (37) defining D(H) is useless for the moment for at least two reasons: it is not
tractable as it it is written, and we ignore yet whether this upper bound is optimal. In
this section we investigate the optimization problem raised by the expression of D(H) and
prove the following proposition, which yields the upper bound announced in Theorem 2
for the increasing part of Dy, .

Proposition 13. For every H € [Hy(n), Hs + Hy(7)], one has

DuH) ~d(L-n) i Hilw) < H < (),
R HL(7) < H < H@) + Hi(7),

Du(H — Hy(m)  if He(i)+ Hy(7) < H < Hy + Hy(7).

In particular H — D(H) is strictly increasing on the interval [Hy(ng), Hs + f[g(ﬁ)),
D(He(ne)) = Dyu(He(ne)) — d(1 —n) and D(H, + He(n)) = d.

Remark 2. For every H € (Hy(ng), Hy + Hy(7)], we are going to show that D(H) =
D(H,0) and there exists a unique triplet (ap,nm,0m) which realizes the supremum in
D(H,0). Lemma 6 is particularly important, since it describes the precise scenario leading
to the optimal upper and lower bounds for the dimensions of the level sets. In particular,
Lemma 6 distinguishes this triplet, which yields the simplified formula and is key for the
next Section 7, where we prove that the upper bound D(H) is a lower bound for Dw,(H)

as well, when H € [Hy(ng), Hy + Hy(7)).
The rest of the section is less essential and more technical, since it involves only com-
putations based on Legendre transforms.

For the proof of Proposition 13, we will use the following facts:
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Dyu(e)

Fact 1: By L 1, th i — 2
ac y Lemma 1, the mapping « ot 1, (7)

when a > Hy(7).

is increasing when o < Hy(7), decreasing

Fact 2: For all ' € [, 7] \ {0}, one has n/ = Hy(n')+He(f)

Hy(n')
1—
Fact 3: For all ' € [, n], one has D,(H(n')) = H

Proof of Proposition 15. We start with some direct observations.

Observe first that D(H,e) and D(H) are non-decreasing mappings with respect to the
variable H. Hence we only need to deal with H > Hy(n,), since it will follow from our
computations that D(H(n)) = limpy_, g, )+ D(H) = Dyu(He(ne)) — d(1 —n).

In addition, for all ' € [,,7]\ {0}, one has H,(/) > Hy(n) > H,y(7}). Hence it is enough
to consider Hy(n') and i/ € [ng,n] \ {0} to obtain the greatest upper bound in D(H,¢).
One deduces that (36) reduces to

Dy(a) | @€ Hmin, Hmax, 11" € [ne, 0]\ {0},
' o+ Hy()
5

D(H,e) = sup :
0 1<6<1/7, <H-+e
We call Py the domain of admissible values appearing in the right hand-side above, so
that
Dy(e)
)

D(H,s):sup{ 3(61,77,,5)673&5}-

One starts by finding the expected lower bounds for D(H).

Lemma 6. (1) If H € [Hy(7j) + H(7)), Hy + H(7)), the triplet

(41) (o = H — Hy(7),7,1)
belongs to the domain Pr o, and
D, (« ~
(42) D(H) > “(1H> = D, (H — H(7)).

(2) If H € [Hy(7), He() + Ho(7)), the triplet

(43) <H€(maﬁ7 W)
belongs to the domain Pro and
D) . 7 Du(HR)
(44) D(H) > HH@('Tﬂ A =H )
(3) If H € (Hy(ne), Hi()), let nug € (ne,n) be the unique real number such that
(45) H = Hy(n).

The triplet
(46) (He(ne)snr, 1/nm)
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belongs to Pro and

D, (H,
(47) pry z 2eHm)) iy gy,
1/nu
Proof. Observe that Py o C (.o Ph.e- So, if a triplet (o, 7', §) belongs to Pr o, D(H,€) >

D“T@ for every e, and one necessarily has D(H) > D“T@.

The fact that the three triplets belong to the associated domains P is a simple cal-
culation.

Part (1) is immediate.
Part (2) follows from Fact 2.

Concerning Part (3), one observes that

Du(He(nu)) —  dl—n) ddl-n) .
HIT =My T gy

= Du(He(nu)) —d(1 —n) = Du(H) — d(1 —n).

0

From the above lower bounds, one deduces that D(H) = lim,_,o+ D(H,e) = D(H,0).
Indeed, take any H € (Hy(n;), Hs + Hy(7)]. Obviously d > D(H, ) > D(H) > 0, for every
e > 0. Recalling that D(H,¢) is a supremum of quantities D“Tm and D, (o) < d, it is
enough to consider triplets of the form (a,7’,d) with 6 < d/D(H,e). As a consequence,

. . . . .+ He(??’) o TT (o]
in this range of triplets, recalling the constraint —————= < H + ¢, the quantity Hy(n')

must be bounded to contribute to the value of D(H,e). This means that 7’ is bounded
from below by some positive constant depending on H only.

We know now that the domain of suitable parameters leading to D(H,¢) can be chosen
to be compact, and independent of ¢ > 0. The continuity of all the functions involved in
the domain Pp ., € > 0, allows us to conclude that D(H,0) = lim._,o+ D(H,¢), and

D“(Oz) da € [HmimHmaX]a El 77, € [77(777] \ {0}’
s a"H;If(nl) <H ’

where we know that the maximum is effectively reached (it is not only a supremum as in
formula (36)).

(48) D(H)= D(H,0) = max 5 \1<s< Lt

Now let us make some general remarks on D(H,0).

Suppose the maximum in (48) is realized at some triplet («,7’,d). Observe that if «
were strictly greater than Hy, one could improve the bound D, («)/é by replacing o by
H, and not changing the value of the other parameters. This contradicts the maximality
of D, (a)/d. As a conclusion, o < H.

H /
Suppose now that Lﬁ(ﬁ)

the upper bound D“Tm) by slightly decreasing 6. When 6 = 1, one has o + ﬁg(n’) <H<L

H, + Hy (7). Observe that it is necessary to have o < Hy, since Hy(n) > Hy(7)). By taking
o € (a, Hy) still satisfying o/ + Hy(n) < H, one gets a larger value for %, which

< H. Then necessarily § = 1, otherwise one could improve
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contradicts again the maximality of D”Tm). So, for the optimal triplet, one has necessarily

the equality
o+ Hy(n)

(49) =4

Finally, observe that (49) implies that

o< [Hmianrnax]a 77/ € [775777] \ {O}a

Dy(a) ~
(50)  D(H,0) < H -max{ —t——"—: H,(r'
a+ He(n) ngégl/n’,wzH

We now distinguish three cases.
e First case: H e (Hy(7]) + Hy(7)), Hs + Hy(7))).

Recall the triplet (41), which satisfies (49).

If & > apy, Fact 1 yields

D D D

a+f]g(n/)  a+ Hy(n) 04H+Eré(m

If « < ap, we have D, («)/6 < Dy(ap)/1 = D,(an).
Consequently, the maximum is reached necessarily at (a,7,1), and it equals (42).

e Second case: H € [Hy(7), Hy(7)) + Hy(7)).
For any a € [Huin, Hmax] and any 7', by Fact 1 we have
g Do) D) D@
o+ H(n') o+ Hy(7) Hy(n) + He(7)
which is the value obtained in (44) with the triplet (43), which satisfies (49).

e Third case: H € (Hy(ng), He(7)).

The optimization process here is more intricate. Indeed, in the first two cases, only one
amongst the three parameters involved in the optimal triplet depends on H. In this range
of local dimensions, the three parameters of the optimal triplet are functions of H.

Lemma 7. When H € (Hy(ne), He(7))), the value of D(H,0) is reached at some triplet
(Oé,?]/, 1/77/); fO’}” some 77/ € [77&77) \ {O}

Proof. Suppose that D(H,0) is reached at some triplet (a,n/,d), with 1 <46 < 1/7'.

If  # 1, we can perturb slightly (a,7n’,d) into a new triplet (o”,n”,§"”) such that
o > a, Hy(n") < Hy(f), 1 < 8" < & and §” < 1/, and such that (49) still holds for the
new triplet. This contradicts the maximality of D,(«)/d. One deduces that n' = 7, and
the optimal triplet is in fact («,7,0) with 1 <0 < 1/7.

Now, the constraints (49) and H < Hy(n) imply that o < Hy(7), since H,(n) =
M(H(7) + He(7)). Then, optimizing in o the ratio D, («)/6 under the constraint (49)
amounts to studying the mapping

D
aHHﬂ

o+ He(?])
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over [amin, He(77)). Fact 1 ensures that it is increasing. If the optimal triplet is (a7, 9)
with 1 < 0 < 1/7], we can slightly increase the values of @ and ¢ in o and ¢’, preserve (49),

/ / ~ ot _Du(a) — Du(a)
o < Hy(n) and 1 < § < 1/7, and get the contradiction Ha/+H£(m > D(H,0) AT

Next suppose that D(H,0) is reached at some triplet (a, 7', 1), for some 7" € [y, n]\{0}.
This imposes H = o + Hy(n'), and one looks for the maximum of D, (a). Necessarily
o € I =[Hy(ny) — Hy(q'), Hy(7}) — Hy(1/')), which is an interval included in the increasing
part of the spectrum D,. However D, does not reach a maximum over I, hence a new
contradiction.

The previous cases leading to a contradiction, we deduce that necessarily D(H,0) is
reached at some triplet (o, n’,1/n), for some " € [ng,n] \ {0}. Hence we have

(51) H=1n(a+ ﬁg(??l)) and D(H,0) =1n'D,(«),

with 7" € [, n] \ {0}
Further, we prove that it is enough to consider 7' € [ny, 7). N N
Suppose that (51) holds for some 7' € [, n]. Since H < 1j(H() + H,(77)) and Hy(n')

Hy(m), we have o« < Hy(7). Consequently, there exists o' € (a, Hy(7)) such that H
n(a + Hy(n)). For the triplet (o/,7,1/7), one has
- D, (o D
i, () = H o) g Dula)
o +Hy(n) o+ H(1)
where we used Fact 1 and Hy(7]) > o/ > a. Finally, since Hy(7}) < Hy(n'), one sees that
- D
7D, (o) > g2 b ),
o+ He(n')
which is a (last) contradiction. O

v

From last Lemma, the maximum D(H,0) reduces to

D(H,0) = max {9/ Dy(@) : @ € [Huin, Hyl, ' € ey i) \ {0}, /(e + o)) = H }.
This is standard optimization under constraints. The maximum is reached when
Dy ()(a + Hy(n)) + Dy(a) =0,
or equivalently when

~ D*(D,/(a))
Hi(pn) = ——# "~
When 7' is fixed, this happens if and only if « = Hy(n’). This means that H =

' (Hy(n') + Hy(n)), so H = Hy(r'). This leads to the choice (45) for 7/, and to the triplet
(46), which gives the value (47) for D(H). O

Remark 3. A key observation for the following is that actually we proved a little more
than what we announced. Indeed, as a direct by-product of the proof, not only we know that
when H < Hg + Hy(1), Dm, (H)(= dim Ey (H)) < D(H), we also have that
(52) dim B (H) < D(H).

This inequality is useful in the following section.

Remark 4. There is no chance for D(H) to be an optimal bound in the decreasing part
of the singularity spectrum of M,,, since the mapping H — D(H) is non-decreasing.
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7. LOWER BOUND FOR THE SINGULARITY SPECTRUM

For each admissible local dimension H, we are going to exhibit an auxiliary probability
measure v (which depends on H) such that IJ(EM# (H)) =1, and such that the dimension
of v equals the announced value for Dy, (H): ie. D(H) when H < Hg + Hy(7)), and
D, (H — Hy(n)) when H > Hy + Hy(7).

These auxiliary measures do not always have the same nature, depending on H. They
can be taken as a Gibbs measures when H € [Hy(7) + Hy(7), Hmax + He(7)), but not for
the other values of H.

We introduce two families of measures in Section 7.1, whose properties are established
in Section 7.5. Then we obtain the sharp lower bound for Dy, in Sections 7.2 to 7.4.

7.1. Two families of measures. The first family will be used to obtain a sharp lower
bound for Dy, (H) when H € [Hy(7) + He(7), Hmax + Hy(17)]. Tt is based on the following
result.

Recall Proposition 7 in which the event € (N, J, W) is defined.

Theorem 5. With probability 1, for all & € [Hmin, Hmax|, there exists an exact dimen-
sional Borel probability measure v, of Hausdorff dimension D,,(«) supported on E’u(a) (i.e.
ua(Eﬂ(a)) = 1), such that:

(1) for all 6 > 1 we have

v | (1 U U Blaw @270 ] =o0.

J>1 j>J wes;(n)

(2) for all N > 1/n, for v-almost every x, there exists an integer Jn o4 > 1 such that
for all J > JN o, the event €(N, J, ;) is not realized.

Theorem 5 is proved at the end of this Section (Section 7.5). Observe that the result
holds simultaneously for all & € [Hpin, Hmax]-

In the first item, the limsup set contains those points x € [0,1]? that are very close to
the surviving coefficients, i.e. those x satisfying for some § > 1

for infinitely many surviving words w. We know by the covering Lemma 2 that when ¢ < 1,
every = € [0,1]? satisfies the last inequality infinitely many times. Part (1) of Theorem 5
states that this is no longer true when § > 1, in the sense that the v,-measure of these
sets of points is always 0.

The second part of the Theorem is technical, and used in the proofs below.

The second family of measures allows us to compute the value of Dy, (H) when H €

[Hy(ne), Hy(7}) + Hy(7)]. These measures are built thanks to the theory of heterogeneous
ubiquity theory, developed in [5, 6, 9, 18], whose main results can be resumed as follows.

Theorem 6. Let F = ((xn,Tn))n>1 be a sequence of couples such that (xy)n>1 is a sequence
of points in [0,1]¢, and (r,)n>1 is a positive sequence converging to zero. Assume that

(53) (0,1) C limsup B(zn, 7).

n—+400
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Let « € (Hyin, Hmax)- Recall that the Gibbs measure po was defined in Proposition 2(4).
For every 0 > 1 and any positive sequence 3 := (Bp)n>1 converging to zero, define

(54) Uy (a, o, F, 5) = m U B(:pn, (rn)d).
N>1 B n>N: B
(rn) TP <po (B(mn,rn))<(rn)*Fn

For every 6 > 1, there ewists a Borel probability measure v, s and a positive sequence
B = (Bn)n>1 converging to zero such that

Va,s (Uu(a,é, F, E)) =1,

and ve 5(E) =0 for every set E such that dim E < D, («)/0.
In particular, one has

dim Uu(a,é, F, 5) > dimv, s > D“(S(a).

Moreover, if (a(p),f(p), 5(”))1,21 stands for a sequence of parameters satisfying the above

conditions, there exists a measure UV and sequences B(p) = (B}(Lp))pzmzl converging to zero
satisfying

v ﬂ Uﬂ(a(p)7(5(1?)7f‘(p)’g(ﬁ)) =1,

p=1
_ _ ) Du(a(f’))
and V(E) = 0 for every set E such that dim F < inf —————.
p>1 5@
In particular,
D (a(p))

The last property is due to the fact that the sets U, (a, 0, F, B) enjoy the large intersec-
tion property, i.e. when intersecting a countable number of them, the Hausdorff dimension
of the resulting set is at least the infimum of all the dimensions, see [9, 18].

We are going to apply Theorem 6 with specific families (zy,, 7y )n>1:

Let Dy be a dense countable subset of [ng, 1]\ {0}, such that 77 € Dy. With probability 1,
for all ' € Dy, Proposition 6 proves the existence of words w € S;(n, W) N T,.0(7, T]/,€?),
for j large enough, for all W € 3|,/ For such a surviving word w, we set r,, = 2- 9= Ln'il,
The sequence of couples (x4, 7,,) obtained in this way is denoted

Fy = (In(n/)v T’n(”/))n21

after being re-ordered so that the sequence of radii (r,(n'))n>1 is non-increasing. By
construction, the covering property (53) is satisfied for the family ]-'7’7, so that the second

part of Theorem 6 can be applied with the countable number of families (‘F”’)n’eDe’
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7.2. The right part of the spectrum Dy,,.

Recall that for H € [H(7) + Hy(7), Hynax + ﬁg(ﬁ)] we defined ay = H — Hy(7). Also
recall Theorem 5 in which the measure v,,, is defined.

Lemma 8. With probability 1, for all H € [Hy(7}) + Hy(7}), Humax + Hy(7)], there exists a
set Gy C EH(aH) such that:
o vy, (Gg)=1
e for all x € Gy, for all integers N > 1/n, there exists Jy(x) > 1 such that for all
J > Jn(x), for all J < j < J/(n,—1), one has

U simw)=ao.

WeN;(x)

Proof. Notice that for all N > 1 we have 1/fy 1 < 1/1. Assume towards contradiction

that with positive probability, there exists H € [Hy(7]) + Hy(7}), Hmax + Hy(77)], a set Fyg
of positive v, ,-measure, and N > 1 such that

Fuc(\ U U Blow (2 271y

J>1 j>J weS;(n)

for all § € (1,7 *7n,—1). This contradicts Theorem 5

Consequently we get that, with probability 1, for all H € [Hy(7) + He(7), Hmax + He(77)]
a set G such that the two items of the statement hold. Moreover, Gy can be taken a
subset of EM(aH) since Vg, (Eu(ozH)) =1. O

Now, we prove that Dy, (H) > D, (H — ﬁ(~))

Consider a set Q' of probability 1 over which the conclusions of Theorem 5 and Lemma 8
hold true.

Lemma 9. For all w € S, for all H € [Hy(7)) + Hy(7), Hyax + He(7)], one has Gy C
Ewy,(H).
7

Proof. Take w € €, and fix an integer N > 1/n. Fix € Gy. We focus on the values
of M, (I;(z)). We analyse the values of ;(I,,) when w € S;j(n) is a surviving vertex such
that I, is included in the neighborhood Ny (z) of x. For this, we apply the quasi-Bernoulli
property (8) to get

1(lw) = p(lw )1 Lgsy),

and we use some of the inequalities we proved above.
First, combining part (2) of Theorem 5 and Lemma 8, for all J large enough, for all
W € Nj(x), one has:
o forall J < j < J/nin-1, Uwen, @ Si(n, W) =0
o forall -1 <k <N —1,forall J/nni <j < J/MN ks, for all w e Sj(n, W),

w(Iy0,,) < 2—J(ﬁe("7N,k)_6N) < 2—J(n;,’1k—1)aN2_Jﬁe(,7);
o if j > J/no, for all w € ¥; such that I, C Iy, we have

—J(nTio e —J(H, —(nat=1)e . _
w(lyr,) < 27J(7707171)(Hmin*€N) < 27707~ 1) (Hmin=en) <2 ( e =(m ) N) ifn, =0

9=i(ng ' =1)(He(ne)—en) < o= (A~ ~Den) i m > 0.
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Secondly, since x € Gy C E’M(aH), there exists a sequence (£)s>1 (depending on z)
tending to 0 as J — +oo such that x; € £,(J,ay + ;). In particular, one has for
Iy € NJ(.T),

w(Iy) < o—J(an—2y)

When 1, = 0, combining the previous inequalities, we get

M,(I;(x)) = max{u(l,):w e S;jn,W), W e Ny(z)}
< C-max{p(Iw) : Iw € Ny(z)} - max{u(l,s,) : w e Sj(n, W), WN;(x))}

C2*J(0‘H7gg]+ﬁl(mf(770_171)51\7) .

IN

Consequently,

dim (M, @) > a + H() = (n " = Den = H = (" = Den.

This holds for all N > 1/n hence dim(M,z) > H, for every x € Gg. The same estimate
are true when 7y > 0 by replacing no by 7.

On the other side, by Proposition 9 we know that dim(M,,z) < dim(u,z) + Hy(7j) =
o + Hy(7) = H, hence dim(M,,z) = H (in fact we obtained that Gy C Ew,(H)). U

We can now conclude. Recall that with probability 1, simultaneously for all H € [Hy(7)+
Hy(7), Hyax + Hy(7)], we have va,, (Gg) = 1, so one has dim G > D,(an) = D,(H —
H,(7)). Finally, since Gy C Ey, (H), one has

dim By, (H) > dim Gy > D,(H — Hy(7)).

Remark 5. Observe that the previous arguments give also a lower bound for the Hausdorff
djmension of the level sets of the limz't local dimension: for any H € [Hyyin + Ho(7), Hmax +
Hy(n)], dim Ew, (H) = D,(H — Hy(7)).

7.3. The middle part of the spectrum Dy,.
Let H € [Hy(7), Ho(7) + Hy(7)]. We apply Theorem 6 with the parameters:

o1 =1,
e the family Fi= (@n (M), (7)) n>1,
o o= Hg(m,

0 = Hy(n)/(mH) (which do~es belong to [1,1/7]).

There exists a sequence B = (Bn)n>1 and a Borel probability measure v, s supported

on the set U, (Hg(ﬁ), 9, Fi 6) and such that

dim @) o Du(He()
5 M g - PUD

Lemma 10. One has U, (H(7)),6, Fg, 5) C E,\SAH(H)

dim v, s >

Proof. Let x € U, (H (), 0, F5, B) By definition of this limsup set, there is an increasing
sequence of integers (ji)r>1 and words wy, € S, (1) VR . (Jr, 7, He(1) £ Bj,.) N T e (ks 1, ei)
such that for each k > 1, z € B(xwk,, (2- 2_L”ij)5). In other words, wy, satisfies

9~ (k= [k ) (He(m)+e3, ) o~ (k= (73 ) (He () =<5, )

{ o~ L) (He(@+B55,1) < WLy, ) < o= k) (He () —B 75,
< iy, ) S
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Consider for each k > 1 the largest integer .J;, such that 2=7k > (2.271x])9 With such
a choice, one has I,,, C Ny, (z), so that M, (x) > u(Iy,). Since J = énji + o(1/k), one
concludes that

My, (z) > pu(ly,) > C—IQ—WM(HZ(@-FEWM)2—(jk—L5ij)(H£(m+5?k) > Q—JT'“(He(ﬁ)-&-Bk)’

Wk

for some sequence Bk converging to 0 as k — +oo. Taking the liminf as k¥ — 400 on both
sides yields dim(M,,,z) < H. O

From the previous lemma, we deduce that

Vas (B, (H)) = Vo (Uu(Ho(7), 8, Fy, B) > 0.
But for any H' < H, applying formula (52) of Remark 3, one knows that dim E,\S/IM (H") <
D(H') < D(H). In addition, Theorem 6 asserts that v, s (Ehg/lu(H,)) = 0. We deduce that

< <
vas | B, (H)\ | E, (H=1/n) | =1.
n>1
Since By, (H) = By (H)\U,1 Eyy, (H —1/n), we conclude that v, (Ep, (H)) =1, L.e.
Dw,(H) > D(H). Since we already proved the converse inequality, equality holds.

7.4. The left part of the spectrum Dy,,.

Let H € [H(ne), He(7)). Recall the definition (45) of ny when H € (Ho(ne), H(7)).
When H = Hy(ng), we set g, ) = me- Let (H®)),>1 be a decreasing sequence of real
numbers in the interval (Hg(ng), Hg(?])) converging to H, with the constraint that 1) €
Dy. For each p > 1, we consider any sequence (5(p))p21 converging to 1/ng as p — 400,
D,( H®))

s®)

and such that the sequence of real numbers ( > is non increasing.
>1

We apply the second part of Theorem 6: there exist a collection of positive sequences
(ﬁ(p) = (ﬁﬁzp))nzl)p21 converging to 0, such that the set mle Uy (H(p), 5(7’),]:,7H<p),/6’(p))
supports a measure Vg, whose dimension is greater than or equal to

(»)
inf Dy (HP)

p>1 5(;0) :nHDN(H):D<H)

Also, similarly to what was done in Section 7.3, we can get

ﬂ U#(H(p),5(73),}',71{@),5(”)) - EI\S/IH(H)

p>1

and vy (E,\SA# (H — 1/n)> =0 for all n > 1. This yields

v | Eg, (H)\ |J By, (H—=1/n) | =1,

n>1

and finally that Dy, (H) = D(H).
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7.5. Proof of Part (1) of Theorem 5. If a € (Hpin, Hmax), we can choose for v, the
Gibbs measure p, of item (4) of Proposition 2 and it is not too difficult to prove the desired
property by using natural coverings because the Hausdorff dimension of p, is positive.

We give a construction of a measure v, that works for o € {Hpin, Hmax}, based on a
concatenation method. It is also possible to adapt this method to get another choice for
Vo When o € (Hpin, Hmax) (as explained at the end of the proof).

Due to Lemma 3 we can fix a positive sequence (g;);>1 converging to 0, such that, with
probability 1, for j large enough, for all W € X, ;,

(55) 48, (n, W) < 275,

Without loss of generality we can assume that (¢;);>1 is non-increasing, 1/j < e¢; < d for
all j > 1, and €;41/¢; converges to 1 as j — +o0.

We treat the case Hpyin, the case Hp .y is identical.
7.5.1. Construction of the measure vy, and an associated Cantor set Cp_. . Let (qx)r>1

be an increasing sequence of real numbers, and let ay := TL(qk). We assume that :

o If D, (Hpin) = 0, we choose g, such that D, (o) = /€, for every k > 1.
Hence (gi) satisfies limy_, oo @ = Hmin and limy_,o Dy (o) = 0.

o If D, (Hmin) > 0, we choose g, such that limy_, 4o @y = Hpyin and one also has
limy 4 o0 Du(ak) = DM(Hmin)~
In all cases, by construction we have
(56) ’Du(ak—&-l) - D;L(ak)‘ = Op/ex < ekDu(O‘k)a
with limy_, 0 0 = 0.

We start by selecting some intervals words at which p and p,, have the desired scaling
properties.

Recall that by item (4) of Proposition 2, the measure Gibbs j1,, satisfies
Houy, (Eu(ak)) = Moy (Eﬂak (Du(ak))) =1
Hence, for all k£ > 1, the sets
Ay = {Wes,: VYW eN
and Bf = {(WeS;: VW eN

(W), W'e EM(J, ok tek)}

(W), W'e Ettay (J, Dyu(ay) £ex)}

satisfy lim 4o fla, (.Aﬁ) = lim oo flay, (Bf}) = 1. Up to extraction of a subsequence,
one deduces that there exists an integer Ji € Ny and a collection W, of words of generation
Ji, such that the cubes Iy, W € W, are pairwise disjoint, EWeWk Hoy, (Iw) > €%k, and

(57) VW e W, VW e N(W), W' e Eu(Jy o £ e) N 5uak (J, Do) £ eg).

Now, let (Ny)r>1 be an increasing sequence of integers such that for all & > 1,
k—1
(58) > NpJymax (1, ap + 265, Du(ey) +26p) < e N,
p=1
Jp+1
Ny Jy

max (1, i1 + 26541, Dpons1) + 26541) < epgrou.
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We also define jk = Zl;:l N,J,, which satisfies
NiJy, < J < NiJi(1 + e3).

Then we define recursively a Cantor-like set Cpy,,, and simultaneously a Borel proba-
bility measure vy, on [0,1]¢ supported on Cp,, . To do so, we use a construction by
concatenation: the measure vy, behaves like p,, between the generations Je—1+1 and
jk. More precisely:

- We set Iy = [0,1]¢ and vy_. ([0,1]¢) =1,

- For every k£ > 1, we write Wk € W,iv’“ as Wk = Wi Win, where Wy, € W, C X,

- The Cantor set is

CHmi" - ﬂ U IW1---Wk

EZ1 (W, W) e e x Wik

- The measure vp,_, is defined recursively as follows: for every k > 1, for every
(Wi, ..., W) € W{Vl X oee X W,ivk, we set for every i € {1,..., Ny}
Hay, (IWk,i>

Ywrew, Mo (Iwy)
It is clear that this measure vp, , , defined only on the cubes appearing in the Cantor’s

construction, uniquely extends to a Borel probability measure on the cube [0, 1]%.

14 . I"" 57 = U N I~ —~
Hmm( Wl"‘Wk—lwk,l"‘Wk,i—lwk,i) Hmm( Wl"‘Wk—lwk,l"‘Wk,i—l)

7.5.2. Properties of the measure vy, . We first prove that the Cantor set lies on the
elements x € [0,1]¢ satisfying simultaneously dim(u,z) = Huyin and dim(vg, . ,x) =
D,,(Hmin)-

Lemma 11. One has Cq,,,, C Eu (Hmin) N EVHmin (DM(Hmin)).
Proof. It k > 2 and Jj, < J < Jiy1, we set ky = k.

Fix z € Cp,, . Using the quasi-Bernoulli property (8) of ¢ and the inequalities (57),
one gets that for every k > 2 and Jx, < J < Jiy1, and for every cube W € Njy(z),
9~ (NlJ1(041+81)+-~--+Nka(Oék+£k)+(J—jk)(Oék+1+5k+1))

< ,U/(IW) <9~ (N1J1(a1—51)+....+Nka(ak—ak)—i-(J—jk)(akJrl—5k+1)) .
Using the equations (58), we deduce that
2_((ak+25k)Nka+(J_jk)(ak+1+5k+1)) < u(ly) < 2_((Oék_z‘:k)Nka+(J_jk)(ak+1_5k+1))7
which yields
2—((ak+26k)(1+8k)jk+(J—jk)(Oék+1+€k+1)) < u(ly) < 2_((ak_zgk)(1+€Ic)jk+(°7_jk)(ak+1_5k+1))'
Since o — Hpin when & — +o0o, we deduce that limj_ 4
W € Nj(z). This proves that = € EM(Hmin).

Similarly, the same arguments show that for every k > 2 and Je < J < jk+1, and for
every cube W € Nj(z),

log, ullw) SIW) = Hpin, where

2~ ((Du(ak)+25k)(1+5k)jk+(J_jk)(Du(ak+1)+5k+l))

< v (Iy) < 2~ ((Pulen)=2e) (e Tt (T—Te) (Du(ens)=er41) |
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The equation (56) then yields
(59) 2-IDuOA0) <y (Ty) < 27IDu(@A00),

for some decreasing sequence gk, tending to 0 when & — +4o0. This yields that = €
Ey, (D,u(Hmin))) since D, (o) = Dy(Hmpin) when k& — +00. O

Observe also that (59) implies that for each j large enough, we have

(60) #{W €S, Iy NCry,, # 0} < 29Pu(x)140),

min

7.5.3. Proof that well-approzimated points have vy, -measure 0. Fix an approximation

rate § > 1. To get the result, one focuses first on the value of
Vit Baw @ 27))) = v (U U Bl 2-271)),
wES; (1) WEX ;) wes;(n,W)

For each j large enough, consider W € ¥;,| such that Iy N Cp,,, # (). One looks

for points & € Iy N Cp,. such that z € B(zy, (2 - 271791)%) for some surviving word
w € Sj(n, W). Hence, one sees that

VHmin( U U B(zy, (2 2*|_77jJ)5)>

WeX ;) weS;(n,W)

< 3 S v (B(xw, 2 2*WJ)5)) .

wex njl* IWnCHmin #0 ’UJGS]' (n,W),
Ly mchin #0

Recall that by (55), the number of such possible surviving vertices w (in the second sum
above) is bounded from above by 275 . Applying (60) to B(zy, (2 - 2771)) for the
generation J = |njé|, we get

VH,in ( U U B(zy, (2- 2_L7m)5)>
WEX ;) weS;(n,W)

= (#{W € Xppj) 1w N Cryy,, 7 @}) gnie; g LoDk )10k )

It follows now from the properties imposed to the sequences (e;)r>1 and (o )k>1 that
5' ‘= VHpin ( U B(.’,Uw, (2 : 2_\'77]J)6)) < C/2nj(1_5)D“(akij )(1+O(1))a
weS;(n)
where C' is another constant coming from the fact that we dropped some integer parts.
o When D, (Hpin) > 0, it is direct that the series Z & converges.

J
e When D, (Hmpin) = 0, for large values of j one has by construction j > k|,;|, so

j1<e < €k » 2nd Dﬂ(akmﬂ) = \/Ek[,; - Thus, for j large enough we get

oMi(1=0) Dyl ; J(A+o(1)) - o—\/jn(1-5)(140(1))

Y
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hence the series Zﬁj still converges.
J
Finally, the Borel-Cantelli lemma proves Part (1) of Theorem 5.

Observe that everything works similarly if we replace Hyin with Hyax and change the
sequence «y, accordingly. When « € (Hpin, Hmax), We can even take the sequence (oy)g>1

to be constant (if not, this process gives other measures sitting on Eu(a)).

7.6. Proof of Part (2) of Theorem 5. Recall Proposition 7. Applying the Borel-Cantelli
lemma, it is enough to prove that for all integers N > 1 and p > 2(Humax — Huin) 7,

(61) E( sup YD va IW)LK(NJW)) < +o0.

ae{Hmlanrnax}UIp J>1Wexy

where I;, = [Hmin + 1/p, Hmax — 1/p].
At first, notice that for any Borel probability measure v on [0, 1] we have

E(Z > vIw)lg NJW)) = > ) vw)P(E(N, W)

J>1Wex; J>1Wex;
< ZQiJEN Z v(lw) < oo
J>1 wex;

Applying this to vy, and vg, . constructed above, it remains us to prove (61) only with
the interval I,

Recall that when o € I;, C (Hmin, Hmax), one can take v, = po (where ju, is the Gibbs
measure ofProposition 2) .

Let us write the interval I, as I, = 7/,([q;, gp]), for some real numbers g, > g, Recall
that the Gibbs capacity p is associated Wlth a Holder potential ¢ which belongs to the

CP Holder class, for some 8 > 0. Standard arguments based on the bounded distorsion
(al+ld'hHC

property give that for x = 2||$||oc/l0g(2) and Cy e = e =277 for all q,q¢" € g, gp] and

W € ¥, setting ay = 7,,(¢), we have

Hor gy (Iw) < Cq7q’2n|q_q/|'lwlﬂaq (Iw).

The interval I, being compact, one can extract a finite collection of intervals [ag, ,,ag,],
1 <k < K, such that g, = go > ... > gx = ¢, and |gr — Gx—1] < en/(2K). Setting
Ck = suPyeg. 1) Co'.d.» one rewrites the above properties as follows: for all W € X*, for
all 1 <k <K,
sup i, (Iw) < 2™V, ().
q'€[qk,qr—1]
From these considerations, we get for 1 < k < K,

E( sup Y Y va(w LKNJW))

aclag, eq] j>1wes;,

< E(Z Z sup VQ(IW)I%’(N,J,W)>
J>1Wwen, @€lag,_,.ag,]

< Oy ST 2Py, (Iw)P(E(N, W)
J>1Wex,

< CpY 2772 < too,

J>1
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It follows that

]E( sup (Z > Va(IW)l%”(N,J,W))> < ick D 22 < oo,

a€lpy NS wes, =1 J>1
e. (61) holds.

8. FREE ENERGY AND LARGE DEVIATIONS FOR M,

Recall the definitions (15) and (16) for g5 and ¢y,, and also formula (17) for 7(q) that
we reproduce for convenience:

mu(q) + Ho(Ma  if ¢ < gz,
(@) = { wle) +d(1—n) if g5 <q<aqy,
Hy(0)q if ¢, < o0 and ¢ > ¢y,.

In this section we prove that, with probability 1:
e (Section 8.1) the Legendre transform of 7 equals Dy,,,
e (Section 8.2) the lower L%-spectrum 7y, is bounded below by 7,
e (Section 8.3) the lower large deviation spectrum satisfies

(62 Fyy, (H) = i, (H).

Using that Dy, (H) < T,(kAH(H ) holds true for every H, the first result yields 7 > 7, .

The second result ensures that there is in fact equality: 7 =7y, .

Since one always has iMM (H) < fm,(H) < ™, (H), we conclude that Dy, (H) = ™, (H) =
iMH(H) = fwm,(H) =7(H). In particular, M,, obeys the multifractal formalism.

Finally, by Varadhan’s lemma (or in our situation very simple estimates), the free energy

™, (q) exists as a limit, not only as a liminf, for all ¢ € R.
This completes Part (2) of Theorem 2 and Theorem 3.

8.1. Equality between 7" and the singularity spectrum of M. First, we prove that
Dw,(H) (given by part (2) of Theorem 2) is indeed the Legendre transform of 7.

Lemma 12. With probability one, one has 7* = Dy, .

Proof. Let us start with a few observations. By definition of Hy(7) (see Figure 9), g5 is
the slope of the tangent line to the graph of 7, at Hy(7), and this tangent line passes
through the point (0,d(1 —n)). Hence 7;(He(77)) — d(1 —n) = gzHe(7). Recalling that
T (He(1)) = d}%’%, one deduces that
s (He(1)) = 457, (q5)-

But by the definition of the Legendre transform, one has 7;(Hy(1)) = 7,:(7,(¢5)) =

457, (q5) — 7u(g5). We deduce that
7u(q) = 7, (He(0)) (1 — 1) = —=d(1 —n),

i.e. 7T(gy) = 0. Notice that 7 is continuous on R, and that there is a first order phase
transition at gz, since He(1) + He(7) = 7' (q57) > 7' (q5") = He(7).

e When H > H,(7): Since 7 and 7, differ by a linear term of slope H,(7) over (—oo, @l
their Legendre transform are translated versions of each other by Hy(7) over the interval
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7 (g5), +00) = [He(7) + Hy(7), +00). Hence, for H > Hy(7j) + Hy(7), one has 7*(H) =
Ti(H — Hy(7)) = Dwm, (H).
e When H € [Hy(7), Hy(7)) + Hy(7)]: The discontinuity of (7)’ at g5 implies that for H
in the interval [7/(¢5"), 7 (g7~ )] = [He(1), He(1) + Hy(7)], one has
7'(H) = inf (qH —7(q)) = gz — 7(az) = gz = Dw, (H).

e When 1y = 0 and H < Hy(n): In this case we have ¢,, < +o0o. Since 7 and 7,
differ by the constant d(1 — n) over [gz, qy,], for H € [7(qy,), 7 (a5)] = [He(0), He(m)],
one has 7°(H) = 7;(H) — d(1 — n). Then, when ¢q > gy,, 7 is linear with slope 7'(g,,), so
T*(H) = —oo for all H < H,(0). In all cases, 7*(H) = Dw, (H).

e When 7, > 0 and H < Hy(7): Here g,, = 400 and H(n) = Hmin. The same
argument as above yields 7*(H) = 7,;(H) — d(1 — ) for all H < H,(7). O

We know now that Dy, (H) = 7°(H), for all H € R. Since the multifractal formalism
states that Dy, (H) < ™, (H) for all H € R, one deduces that 7* < Tm,- By inverse
Legendre transform, one gets

forallge R, 7(q) > 7m,(q)-

The next section establishes that 7 < 7y, so that equality indeed holds almost surely.
8.2. Lower bound for ™, -

8.2.1. When g5 < q < qy,: The sub-multiplicativity property of u gives for j > 1

q
M, (Iw)? = ( max max (1, )>
WEe;J g WEE;J W!'eN; (W) weS;(n,W') v

< 3¢ max  pu(ly)?
W;ZJ weS;(n,W) v

<3000 Y w(iw)t Y ()

wex, weL®, pwyu=1

=301 N p(w)® Y Y pllw) P

wexy k>0 wedy

The random variables py,, being independent, with law B(2-4/+k)(1=1)) this yields

E Z M, (I < 301 Z (I ) ZQ—(J+k)d(1—n) ZM(Iw)q

wes, wes, k>0 WESy
Observe that a direct consequence of (8) is that for some positive constant C; > 0,
(63) sup 2+7(a) Z p(Ly)? < Cy.
k>1
= wWEX,

Consequently,

E( > MuIw)? | <37C,C7 | 27710 3" ()t | Y 27 Hm(@tdd=m),
wex; wex; k>0



RANDOM SPARSE SAMPLING 51

Since ¢ > g, we have 7,(q) + d(1 —n) > 0. Hence for some constant C;, depending on ¢
only,

E( > MuIw)? | <3%C) | 27700 N~ p(ly)e
wex; wex;

Finally, for every £ > 0, applying (63) we get

E ZQJ(Tu(qu(l*’?)*e) Z M, (Iw)? §3dcécqz2ik’
J>1 Wwex;y Jz1

which is finite. We conclude that with probability 1, we have

|
lim inf = log, > Mu(w)? < —7ulq) — d(1 — ),
wex;
ie. mm,(q) = Tu(q) +d(1 —n) = 7(q).
This holds for each g5 < ¢ < gy, almost surely, and by concavity (hence continuity) of
v, and 7, this holds almost surely for all ¢z < ¢ < gy,

8.2.2. When q € (0,¢5): ® Suppose for a while that both 7, and 7, are positive.

Fix 0 < € < Hy(ny), and two integers Ny, N, > 2/e. Due to Proposition 5 and the
continuity of the mappings Hy, and H,., there exists jy > 1, and two sets of parameters
ne="m1 <...<mnen, =mnand . =n1 <...<nn, such that for j > jo, if w € S;(n),
then w € T,(J, ik, €) for some i € {£,7} and 1 < k < N, i.e.

64) (= ki) Hi(mig) — &) < —logy uld_in, p1,,) < (G = [mikd)) (Hi(nig) + €)-

For J large enough, given W € ¥, assume that M, (Iyy) is realized at w, i.e. M, (Iw) =
p(Iy), for some word of length |w| = j > J, I, C Iyy» and W' € N;(W). In this case,
there exists 7; 1, such that (64) holds. We have to distinguish the two following possibilities

for the parameters {n; k }ic (e} ke{1,... max(Np, Ny}
- if [mikj] < J, then Iy C UUGNLm-,k.iJ ) I,
- if [mi k] > J, then
My (Tw) < Cpa(Tuw) (T i-ns i1,,) < Cpa( Ty )20~ Uil DUHilmik) =),
where (64) has been used.

In the second case, some information is lost between the generations J and [n/j|. We
deduce from these observations and the quasi-Bernoulli property of p that

N; N;
PRI DD DD DR (D DD DED DR (0K

WGEJ ie{‘ev,r} k:1 wen(jvn',kvs) ’L’E{Z,T’} kzl wen(jﬂ?',kﬁ)
[7:,63]<J ‘ [7i,k3]>J ‘

N;
< Z ng Z Z quu([u)qg—Q(j—ij,kJ)(Hi(m,k)—E)

ie{lr} k=1 J<j<J/mik wE€X |y, )

+ > igd S Y Cp(l)12 1 ma) Hiles) o),

ie{tr}y k=1 WeX;y j>J/nix
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Recalling (63) and the fact that H;(n/) = H;(r/)(/~* — 1) for every 7/, the first term in
the last sum is bounded from above by

N;
3d0ch Z Z Z 9= Limi k] 7u(@) 9—a(G—Limi k) (Hi(ni k) —¢)

ie{lr} k=1 J<j<J/n;k

N; -
SC; Z ZQqu/m,k Z 9=k (Tu(@)+aHi(ni 1))

ie{er}t k=1 J<G<I/nl,

and the second by

N;
3quCq Z ZQ*JU(Q) Z 9= —=L5mik]) (Hi(1i,1)—€)

le{f ’I’} k=1 >J/7h,k
< C’ Z ZQ (ru(@)+aHi(mi,1)) 9aJ (i)' —1)e
ie{lr} k=1

for some other constant Cy. Since ¢ > 0, 7,(q) + qﬁfi(ni7k) is bounded from below for all
p € {1,...,max(Ny, N;)} by 7,(q) + qflg(ﬁ), which is negative. Consequently,

Z 9=k (Tu(@)+qHti(ni,k)) — O(Q—J(TM(Q)-*‘qﬁe(m))‘
J<G<T /i
In addition, one always has 7; ; > n;, hence

9= (@) +a (i 1)) 9a) (k" 1) < 9=J (ru(a)+aH (M) 9a (n: ™' =1)e

Putting everything together we get for some Cy > 0

Z MM(IW)q

wex;
<l (NK(QqJE/m + 20/~ =Dey 4 N, (2075/r 4 2‘1-]("7r_1_1)5))Q_J(TH(Q)‘Fqﬁé(m).

This yields mv,(¢) > 7u(q) + qHy(7) + O(e), and letting € tend to 0 gives the desired
conclusion.

e Now we deal with the case where at least one of parameters 7, and 7, equals zero.
According to the value of 7;, we construct a subset ZE;) of words of length J having
specific properties:

First case: 7; > 0: set Zf]i) = 0.

Second case: 7; = 0: in this case, D,(H;(n;)) = d(1 —n). Heuristically, Ey) contains
those words W such that M, (Iyw) = p(1,) for some surviving vertex w € S;j(n) having an
“extreme” behavior, i.e. p(I,) ~ 277H()  We proceed as follows:

At first, let K > Hpax be as in Proposition 2(6). For n} € [n;, 7] close to 7;, we denote
by 7; the unique real number in [n;,n] such that H;(7;) = H;(n,) + Kn} if ¢« = ¢ and
H;(n') = Hi(n,) — Kn, if i = r. Notice that 1; > ..
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Now, fix ¢ = ¢H;(n;)/4, and choose 1} small enough so that (1 — n})(H;(m;) — Kn;) >
H;(n;)/2 it i = £ and H;(n}) — 2Kn; > Hi(n;)/2 it ¢ = r, and

Hi(n;) + 2K7; < H and Dy, (H;(1;) + 2K7;) < Dy(Hi(ns) + /2 if i =,

H;(n}) —2K7; > Hy and D, (H;(n}) — 2K%;) < D,(Hi(m:)) +€/2 ifi=r

By item (5) of Proposition 2, there exists an integer J; such that for j > J;,
#E,(5,[0, Ho(n}) + 2K7;]) < I (Du(Hi(n)+2Km))+e/2) < 9i(Du(Hi(mi))+e) if j — ¢,
(

o) #E,(7, [Hy(m}) — 2K7i, +00)) < 2/ PulHr () +2K1)+2/2) < i (Du(Hi(m))+e) jf j — o

We can also choose J; such that 52 < Kn}/2 < Kn;/2 for j > J;, where(e )j>1 is the
sequence introduced in Proposition 5

For J > J;, we take Ef;) as the set of those words W € ¥; such that M, (Iw) = (1),
where w € S;(n, W) N Tui(4,7, E?, W) for some 1’ satisfying

Hy(n') + &5 < He(n)) + K ifi =4,

H.(n) — &3 > Hy(nj) — K ifi=r
In particular, we have ’ <7);. The words W € Ef]i) are the ones that may cause problems
when compared to the case where 1y, 7, > 0. The other words W are such that M, (Iy) is
reached at some w associated with n’ satistying Hy(n') € [He(ny) +Kny/2, Hy(n).) — Kn,. /2],
i.e. ' stays bounded away from 0.

When J > J; and W € Ef]i), for the associated word w € S;(n, W) N Tpui(4, 1 ,EJ, W)

(according to the previous notations), we have, using (8) and the definition of K:
2 UL sy,) < Mu(Tw) = (1) < Cu ),
which yields, due to the property of (W, w) and the fact that o' < 7;:
C—l9=imKg=i(Hi(n)+e]) <\ W(Iw) = (L) < Co— =1 ])(Hi(n')—€3)

This yields, for J large enough,

2 =3 (Hi(m)+2K7m) < M, (Iw) = u(Iy) < 2~ (U=m)(Hi(m)=Kmi)  if j = ¢,

My (Iw) = p(Ly) < 27Ul =2Km) ifi=r

Hence, each such word W is associated with one surviving word w € &,(jJ, [0, H;(1;) +

2K7);)), for some j > J if i = ¢, and one surviving word w € &,(j, [Hi(n;) — 2K7;, 4+00)),

for some 5 > Jif i =r.
Then, if i = ¢, writing j = J + k one gets :

Z M, (Iy)? < Z Z Py C12~ (TR A=) (Hi ()~ KTji)
wes() k=0 we&(J+k,[0,H;(n)+2Kn;])
Taking expectations and recalling (65), one gets
E( Z MM(IW)q> < 3dca Z2—(J+k)d(1—77)2(J+k)(d(1—?7)+€)Q—Q(J+k)(1—77§)(Hi(ﬁi)—Kﬁi)
wes() k=0
3da Z 9 (J+k) (e=q(1—np) (Hi(7:) = K7:))
k>0
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Now by our choice for € and 7}, we have ¢ — ¢(1 — n})(H;(7;) — K7;) < —e. We deduce
that
E( Z MN(IW)q> < Cq,ez_‘]E
wex(
for some constant C,. > 0. Finally, applying the Borel-Cantelli lemma, we deduce that
with probability 1, for J large enough we have

(66) > Mu(Iw)' < 1.
wes!)

Observe that (66) holds true even if 7; > 0 (in which case Ef]i) is empty). If i = r, similar
computations yield

E( S Mu(lw)?) < 31003 20 e atihn)-2K0),
wesl) k>0
with a similar conclusion.

Finally, the same estimates as when both 7, and 7, are strictly positive yield

| ~ _
lminf —log, Y0 Mu(lw)? = 7u(0) +qH(7) = 7(q).
wen\@Pus)

Since 7(q) < 0 and (66) holds for J large enough, we conclude that 7w, (¢) > 7(q).

8.2.3. When q < 0: Applying Proposition 6 with 7’ = 7], there exists a positive sequence
(6?) j>1 converging to 0 such that with probability 1, for j large enough, for all W € X7,
there exists w € Sj(n, W) such that the 7-tail of w satisfies

o U= HG+) < (1

o)

The quasi-Bernoulli property implies that M, (fyy) > C~ Iy )2~ (=M (He(M+25) wwhich
for ¢ < 0 yields

Z M“(Iw)q < C19~39(1=n)(He(0)+¢5) Z (I )9
WES |7 WeX 7;)
< atlg-liila(He(@+e; /) Z (I ).
WeX a)

One concludes that 7w, (q) > 7.(q) + Hy()q = 7(q).

8.2.4. When q,;, < +oo and q > qy,. Recall that this implies 7, = 0. We have already
shown that 7w, (q) > 7.(q) + d(1 —n) when q € [g5, q5,].

The tangent to the graph of ¢ — 7wm,(q) at (gy,,7m,(g)) is the affine line passing
through (0,0), whose slope is T,</|H<qm) = Hy(0). Consequently, the concavity of 7v,
implies that 7w, (¢) < qH,(0) for all ¢ > g,,. On the other hand, if ¢ > ¢,,, for all integers
J > 1 we have

> Mu(fw)qﬁ( > Mu(fw)q’”)q/qnea

wex; wex;
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from which it follows that 7w, (q) > %TMM (qn,) = qH,(0).

8.3. Lower bound for the lower large deviations spectrum f M (H). Let us check
=My

that (62) holds. It is enough to deal with a dense countable subset of the support
[HE(W)’ Hpax + Hz(ﬁ)] of ™,

e Suppose first that H € [H(ng), He(7)]. Recall the definition (45) of ng: H = Hy(nm).
By item (4) of Proposition 2, for every € > 0, there exists (¢) > 0 such that when j
becomes large,

#E,(|nwi ], [0, Ho(ng) +€]) > o nai|(Dp(He(nm))—B(e))

One also knows that §(¢) can be taken so that 5(e) — 0 when € — 0.

In addition, by Proposition 6, there is a positive sequence (53?) j>1 converging to 0 such
that, with probability 1, for j large enough, each cube Iy (with W € &€, (|nuj], [0, He(nm)+
€])) contains a smaller cube I,,, with w € S;(n, W) N T, (7, UH,E?).

By the quasi-Bernoulli property of p,

M, (L) > p(ly) > 0—12—LWHJJ(He(nH)+5)2—(j—LUHJJ)(HE(H')-*‘*f?) — 9—3(He(nm)+2e)

when j becomes large. Thus,

NP .

lim inf — log, #€w, (7. 0, He(nir) +2¢]) = st ( D(Helnm)) = 5() ).

Jj—+o0 ]
Since by construction H = Hy(ny) and ng D, (H¢(nu)) = Du(H) — d(1 —n), letting € go
to zero gives

. . . 1 . *
Jim liminf ~ log, #6i, (70, H + 25) = Dy(H) — (1~ n) = 7y, (H).

We conclude that f,, (H) > 7"(H), for otherwise there would exist H' < H such that
=My

limsup — logy #&m,, (4, [0, H']) > v, (H) > TMu<H,),

j—+oo J

which contradicts the fact that for all H < Hy + Hy(7)) = T,(,lu(()), Proposition 1 yields

1
lim sup - 10g2 #EMH (]7 [07 Hl]) S 7_Iik/lu (H/)

Jj—+o00o

e For H € [Hy(7), Hy(7}) + Hy(1;)] we use the same idea: There exist a positive sequence
(Bj)j>1 converging to 0 such that, for j is large enough, at generation |j7| there are at
least 27 (Du(He()=2)) elements W in &, (|47, [0, He(7) + B5])-

In addition, by Proposition 6, with probability 1, for j large enough, each of these Iy
contains a smaller cube I,,, with w € S;(n, W) N T, ¢(4,7, 6?)

Then, let w’ be the word of generation j' = |jH,(7)/H | such that I,, C I, C Iyy. We
have —logy M, (1) > —log M, (Iw) ~ jH(n') ~ j'H. Tt follows that for any ¢ > 0,

| . nD,.(He(7) ~
1 f—1 Ew, (5, [0, H > TRV H =7H) =1y (H).
e o e (0B ) = o gy = D = ()

We conclude as in the previous case.

o For H € [Hy(7) + Hy(7), Hmax + Hy(7})], we can use Section 7.2 which directly yields
the conclusion.
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9. DIMENSION OF THE LEVEL SETS Ewm, (H) AND Ew, (H) FOR H > Hy(7) + Hy(7)

Due to Remark 5 we only have to prove the sharp upper bound for dim EMM (H).

Proposition 9 yields dim (u,z) > dim(M,,, z) — Hy(7) for all x € [0,1]?. Hence for all
H >0 we have Ey, (H) C Ei(H — Hy(7)). By item (3) of Proposition 2, we deduce that
dim Ew,(H) < D,(H — Hy(7)) for H > H, + Hy(7)).

It remains us to treat the case H € [Hy(7) + Hy(7), Hy + Hy(7)). We already know by
item (2) of Proposition 2 that dim (EMM(H) NES(H - ﬁg(m)) < D, (H — Hy(®)).

In order to complete the proof, it is enough to prove that dim <EM L(H) N EE(H —
ﬁg(m)) < D,(H — Hy(7)). For this, consider « € Ew, (H) N EZ(H — Hy(7)). Based on
the discussion achieved in the proof of Proposition 11, we know that z € F u(H), where

ﬁM(H): U ﬂ ﬂ U limsupFuvg(j,a,n',é—e,k‘),

ie{tr}e€(0,1) k=1 (a1’ ,0)EPi (H): jrtoo
T !/
sel1,1/n), ) <pte

and P;(H) is a countable set of parameters (a,7’,d) dense in [H — Hy(7), Hmax] X (1i,7] X
[1,+00). Also, if @ > H — Hy(}) and %ﬁ(n/) < H + ¢, then
D D D D,(H—H
,U«(a) < (H—|-€) 'u,\(,a) < (H—|-€) H£a)~ < (H—|-€) /J«( f(m)’
0 o+ Hi(n') o+ Hy(7) H
since o — % is decreasing over [Hy (7)), Hyax] and H > Hy(7) + Hy (7). Then, using
a+Hy

the same estimates as in the proof of Proposition 12, we get dim F,(H) < D, (H — Hy(7)),
hence dim (EM#(H) N EE(H — ﬁg(ﬁ))) <D,(H - H,(7)). Hence the conclusion.

Remark 6. We could conclude for all H € [Hyin + Hy(7), Hyax + Hy(7)] if we were able
to prove the property dim(M,,, x) > dim (u, ) + Hy(7)) for all x € [0,1]% to hold.

10. CASE OF A HOMOGENEOUS GIBBS MEASURE

We rapidly explain the case of a homogeneous capacity that we denote A\. We assume
without loss of generality that for some 8 > 0, for every finite word w € X%, A(I,,) ~ 2 Blwl,

In this Situation7 Hpin = Hs = Hpax = Ba SO Mg = T = 77: m, and Hf(nﬁ) = HT(UT‘) = B
One also has Hy(7) = 8(1/n — 1). Moreover, qn, = +00.

The free energy function 7)(q) = Bq — d is linear, and g5 is the solution to 7x(q) =
—d(1—n), ie. gy=dn/B.

The proof follows exactly the same lines as in the previous sections, except that most
of the arguments are trivial. Indeed, all the survivors at a given generation j satisfy
A(I,) ~ 2778 (there is no dependence of the value A(I,) on the location of w). The sets
Ry, T are similarly defined, but are also trivial.

The obtained energy function is

e (q) = Q) +BA/n—1)q = qB/n—d if ¢ <dn/B,
M n(g) +dl—n)  =gB—d(l—n) ifq>dn/s,
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(q) ™, ()

q

0 ¢ 0 \
—d —d Phase
/ transition

H

B B B/n
FIGURE 15. Left: Free energy function (top) and associated multifractal
spectrum (bottom) of a homogeneous capacity A. Right: The almost sure
free energy (top) and the multifractal spectrum (bottom) of M.

and the associated multifractal spectrum is

dn )
“H i H e, 8/,
D (H) =) B if H € [B,8/n]

—oo  otherwise.

Actually, this case was already studied by Jaffard in the context of “lacunary wavelet
series” and multifractal analysis of functions [27]. More precisely, Jaffard computes the
singularity spectrum of wavelet series whose wavelet coefficients are defined as follows:
Fix (¢ x);kez, a wavelet basis of L?(R) associated with a smooth mother wavelet and
normalized so that all its elements have the same L°° norm. Fix § > 0, and for each
4 > 1 select uniformly and independently 2177) intervals among the 27 dyadic subintervals
of [0,1] of generation j. Then assign the coefficient 2777 to ;. if [k277, (k + 1)277] has
been selected; otherwise assign the coefficient 0. Though different, this sparse collection of
coefficients is close to that obtained by sampling the homogeneous capacity A as above in
the special situation where A(I,,) = 2~°1*l for all w € £*. It turns out that the multifractal
analysis of the resulting sparse wavelet series is essentially reducible to that of My, which
in this case follows from quite a direct application of homogeneous ubiquity theory [17, 27].
Of course, Jaffard obtained the same multifractal spectrum, although he did not compute
the free energy function.
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