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LOCAL L2-REGULARITY OF
RIEMANN’S FOURIER SERIES

STEPHANE SEURET* AND ADRIAN UBIS

ABSTRACT. We are interested in the convergence and the local regularity of
4o e

. 2
the lacunary Fourier series Fs(x) = > "7 21;: “ . In the 1850’s, Riemann in-
troduced the series F5 as a possible example of nowhere differentiable function,
and the study of this function has drawn the interest of many mathematicians
since then. We focus on the case when 1/2 < s < 1, and we prove that Fs(z)
converges when x satisfies a Diophantine condition. We also study the L2- local
regularity of Fl, proving that the local L?-norm of F, around a point = behave
differently around different x, according again to Diophantine conditions on .

1. INTRODUCTION

Riemann introduced in 1857 the Fourier series

+oo . 2
sin(2mn°z)
Re)=) — 7
n=1

as a possible example of continuous but nowhere differentiable function. Though
it is not the case (R is differentiable at rationals p/q where p and ¢ are both odd
[5]), the study of this function has, mainly because of its connections with several
domains: complex analysis, harmonic analysis, Diophantine approximation, and
dynamical systems [6] [7, [5, [4, 8, 10] and more recently [2, 3] 12].
In this article, we study the local regularity of the series
too 62i7rn2x
(1.1) Fy(z) =) —
n=1
when s € (1/2,1). In this case, several questions arise before considering its local
behavior. First it does not converge everywhere, hence one needs to characterize
its set of convergence points; this question was studied in [12], and we will first
find a slightly more precise characterization. Then, if one wants to characterize
the local regularity of a (real) function, one classically studies the pointwise Holder
exponent defined for a locally bounded function f : R — R at a point x by using
the functional spaces C*(x): f € C%(x) when there exist a constant C and a
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2 STEPHANE SEURET AND ADRIAN UBIS

polynomial P with degree less than |« such that, locally around z (i.e. for small
H), one has

[(f(:) = P(: = 2)) Mg mlloc = sup(|f(y) = P(y — 2)| - y € B(a, H)) < CH®,

where B(z,H) = {y € R : |y — x| < H}. Unfortunately these spaces are not
appropriate for our context since Fy is nowhere locally bounded (for instance, it
diverges at every irreducible rational p/q such that g # 2xodd).

Following Calderon and Zygmund in their study of local behaviors of solutions of
elliptic PDE’s [1], it is natural to introduce in this case the pointwise L2-exponent
defined as follows.

Definition 1.1. Let f : R — R be a function belonging to L?(R), o > 0 and
x € R. The function f is said to belong to C§'(z) if there exist a constant C' and a
polynomial P with degree less than |« such that, locally around x (i.e. for small
H > 0), one has

1/2
(1:1 /B(%H) |f(h) — P(h— x)\th> <CcH”.

Then, the pointwise L?-exponent of f at x is
ap(z) =sup{aeR: f e CF(z)}.

This definition makes sense for the series Fy when s € (1/2,1), and are based
on a natural generalizations of the spaces C®(z) be replacing the L* norm by the
L? norm. The pointwise L?-exponent has been studied for instance in [I1], and is
always greater than -1/2 as soon as f € L?.

Our goal is to perform the multifractal analysis of the series Fs. In other words,
we aim at computing the Hausdorff dimension, denoted by dim in the following,
of the level sets of the pointwise L?-exponents.

Definition 1.2. Let f : R — R be a function belonging to L?(R). The L?-
multifractal spectrum dy : R U {+00} — R" U {—00} of f is the mapping

df(o) == dim Ey(a),
where the iso-Holder set Ef(a) is
E¢(a) :={z e R:a(z) = a}.
By convention one sets ds(«) = —oo if Ef(a) = 0.

Performing the multifractal analysis consists in computing its L?-multifractal
spectrum. This provides us with a very precise description of the distribution of
the local L2-singularities of f. In order to state our result, we need to introduce
some notations.

Definition 1.3. Let = be an irrational number, with convergents (p;/g;);>1. Let
us define

Pj —rj
(12) T — J = h]’, |hj| = qj ik

J
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with 2 <r; < oo. Then the approximation rate of z is defined by
Todd(z) = lim{r; : ¢; # 2 x odd}.

This definition always makes sense because if g; is even, then ¢;11 and ¢;_1 must
be odd (so cannot be equal to 2*odd). Thus, we always have 2 < ryqq(z) < +00.
It is classical that one can compute the Hausdorff dimension of the set of points
with the Hausdorff dimension of the points z with a given approximation rate
r>2:

i 2
(1.3) for all r > 2, dim{zx € R:roqq(z) =71} = e

When s > 1, the series F converges, and the multifractal spectrum of Fs was
computed by S. Jaffard in [10]. For instance, for the classical Riemann’s series Fs,
one has

da—2 ifa€[l/2,3/4],
dFQ(Oé) = 0 ifa:3/2,

—00 otherwise.

Here our aim is to somehow extend this result to the range 1/2 < s < 1. The
convergence of the series Fj is described by our first theorem.

Theorem 1.4. Let s € (1/2,1], and let z € (0,1) with convergents (p;/q;)j>1-
We set for every j > 1

5. — 1 if s € (1/2,1)
’ log(gj+1/q;) ifs=1,

and

qj+1
14 Ys(x) = g 0jy ]| ———.
( ) ( ) o J (quj'—f—l)S
J:qj#2+odd

% > 0. In fact, it converges when-

(i) Fs(x) converges whenever
ever ¥g(x) < 400.
(ii) Fs(x) does not converge if w

whenever

< 0. In fact, it does not converge

qj+1

2t S,
(9jg+1)°

lirnj: q;#2+odd 6j

In the same way we could extend this results to rational points x = p/q, by
proving that Fy(x) converges for ¢ # 2+ odd and does not for ¢ # 2xodd. Observe
that the convergence of ¥4(z) implies that rogq(z) < i~. Our result asserts that

Fy(x) converges as soon as Toqq(z) < ﬁ, and also when ro4q(z) = i when
Ys(z) < 4o00.

Jaffard’s result is then extended in the following sense:

Theorem 1.5. Let s € (1/2,1].



4 STEPHANE SEURET AND ADRIAN UBIS
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FIGURE 1. L%-multifractal spectrum of F

s—141/roqa(x)

(i) For every x such that ¥s(x) < 400, one has ap,(x) = 5

(ii) For every a € [0,s/2 — 1/4]
dp,(a) = 4o + 2 — 2s.

The second part of Theorem follows directly from the first one. Indeed,
using part (i) of Theorem and (|1.3), one gets

s—1+41/roqa(z)
2

dp.(a) = dim{x:

2

= a} = dim{x : roqq(z) = 2a+1— 5)_1}

The paper is organized as follows. Section 2 contains some notations and pre-
liminary results. In Section 3, we obtain other formulations for F based on Gauss
sums, and we get first estimates on the increments of the partial sums of the series
F. Using these results, we prove Theorem [I.4] in Section 4. Finally, in Section 5,
we use the previous estimates to obtain upper and lower bounds for the local L?-
means of the series F,, and compute in Section 6 the local L?-regularity exponent
of Fs at real numbers x whose Diophantine properties are controlled, namely we
prove Theorem

Finally, let us mention that theoretically the L?-exponents of a function f €
L?(R) take values in the range [—1/2, +00], so they may have negative values. We
believe that this is the case at points = such that roqq(x) > 1—;, so that in the
end the entire L2-multifractal spectrum of Fy would be dp, (o) = 4a + 2 — 2s for
all o € [s/2—1/2,s/2 —1/4].

Another remark is that for a given s € (1/2,1), there is an optimal p > 2 such
that Fs belongs locally to LP, so that the p-exponents (instead of the 2-exponents)
may carry some interesting information about the local behavior of Fj.
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2. NOTATIONS AND FIRST PROPERTIES

In all the proofs, C will denote a constant that does not depend on the variables
involved in the equations.

For two real numbers A, B > 0, the notation A < B means that A < CB for
some constant C' > 0 independent of the variables in the problem.

In Section 2 of [3] (also in [2]), the key point to study the local behavior of the
Fourier series Fs was to obtain an explicit formula for Fs(p/q + h) — Fs(p/q) in
the range 1 < s < 2; this formula was just a twisted version of the one known for
the Jacobi theta function. In our range 1/2 < s < 1, such a formula cannot exist
because of the convergence problems, but we will get some truncated versions of
it in order to prove Theorems [1.4] and

Let us introduce the partial sum

.2
e?m‘n T

Fon(z) =)

n=1

nS

For any H # 0 let i be the probability measure defined by
dh

(21) finlo) = [ o) 5
where C(H) is the annulus C(H) = [-2H, —H]| U [H,2H].

Lemma 2.1. Let f : R — R be a function in L*(R), and z € R. If af(z) < 1,
then
(2.2)

ay(x) = sup {,@ €0,1):3C>0,3f, €R [|[f(@+-) = foll 2y < C|H\ﬁ} .

Proof. Assume that o := a(x) < 1. Then, for every € > 0, there exist C' > 0 and
a real number f, € R such that for every H > 0 small enough

) 1/2
-l h) — f.|*dh < CHO®,
<Hl§ﬂﬂﬂ> A )

Since C(H) C B(z,2H), one has
(2.3)

1/2
2 dh _ _
V= follro = h) — fo| = | <C]2H|* *<|H|**.
£+ = Foll oy (/C(H) |[f@+h) - f 2H> Cl2H|**<|H]|
Conversely, if (2.3]) holds for every H > 0, then the result follows from the fact
that B(z, H) = z + Uy, C(H/2F). O

So, we will use equation (2.2)) as definition of the local L? regularity.

It is important to notice that the frequencies in different ranges are going to
behave differently. Hence, it is better to look at N within dyadic intervals. More-
over, it will be easier to deal with smooth pieces. This motivates the following
definition.
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Definition 2.2. Let N > 1 and let ¥ : R — R be a C'°° function with support
included in [1/2,2]. One introduces the series

400 iTtn2
e2z7rn:p

(24) Fin(@) =Y ——v (%),

n=1
and for R > 0 one also sets
im Rt2
wh(t) = 2™ (1)

and
“+o00

) = i (7).

For the function 14(t) = t~*¢(t) (which is still C*° with support in (1/2,2)) it
is immediate to check that

(2.5) Fly(x) = N'* By ().

3. SUMMATION FORMULA FOR F, n AND FfﬁN

3.1. Poisson Summation. Let p,q be coprime integers, with ¢ > 0. In this
section we obtain some formulas for F(p/q+ h) — F(p/q) with h > 0. This is not
a restriction, since

(3.1) F, (g—h> = F, <;p+h>.

We are going to write a summation formula for E}Z\’,(p/q + h), with A > 0.
Proposition 3.2. We have

(3.2) E%<§+h>:\}a§:9m-@<]\zn>.

meEZ

where f(f’) = / f(t)e= 2™ dt stands for the Fourier transform of f and (61)mez
R
are some complex numbers whose modulus is bounded by /2.

Proof. We begin by splitting the series into arithmetic progressions

P 1 XX e n
i (Ee) - AE ()
q N = N
qil 2% b2P I 1 w n
17T =
= X Y i)
b=0 n=1:

n=b mod ¢
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Now we apply Poisson Summation to the inner sum to get
+oo

Z ]17 %2;1(;\1/) - ZN N2h<b+nq>

n= bmodq
_ Zle%ﬂ—%n"(ﬁ\ <Nm>
q NER g

MEZ
This yields
o (P 1 ~»  (Nm
B <q+h) _gzm.wmh (q )
meEZ

with

pb2+mb
Tm =

OMQ

This term 7, is a Gauss sum. One has the following bounds:

o for every m € Z, 7y, = Opm/q With 0, := 0,,(p/q) satisfying

0 < 0] < V2.

e if g =2 xo0dd, then 6y = 0.
e if ¢ # 2 x odd, then 1 < 6y < V2.
Finally, we get the summation formula (3.2)). (]

3.3. Behavior of the Fourier transform of w}é. To use formula (3.2)), one
needs to understand the behavior of the Fourier transform of wﬁ

R

On one hand, we have the trivial bound ]w%(f)\ < 1 since ¢ is C*°, bounded
by 1 and compactly supported. On the other hand, one has

Lemma 3.4. Let R > 0 and £ € R. Let ¢ be a C* function compactly supported
inside [1/2,2]. Let us introduce the mapping g}é :R—C

—ing?/(2R)
Vg im/4€ £

Then one has

—

Giey W PR 1

1 if&§/2Re[1/2,2) and R < 1,
0 otherwise.

with pre = { . Moreover, one has

—_ —

R
(34)  whp(€) —wh(&) = g5p(&) — gR(&) + Oy (mf T R+|5|)5/2),
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Moreover, the constant implicit in Oy depends just on the L°-norm of a finite
number of derivatives of 1.

Proof. For £/2R ¢ [1/2,2] the upper bound (3.3) comes just from integrating by
parts several times; for £, R < 1 the bound ({3.3)) is trivial. The same properties

hold true for the upper bound in (3.4).

Let us assume &/2R € [1/2,2], and R > 1. The lemma is just a consequence
of the stationary phase theorem. Precisely, Proposition 3 in Chapter VIII of [13]
(and the remarks thereafter) implies that for some suitable functions f, g : R — R,
and if g is such that ¢/(t9p) = 0 at a unique point ty, if one sets

2T
—iAg" (to)

then |S(A\)| < A™%/2 and also |S'(\)| < A~%/2, where the implicit constants depend
just on upper bounds for some derivatives of f and g, and also on a lower bound
for ¢g”.

In our case, we can apply it with f =, A = R, and g(t) = 27 (t? — £/)) to get
precisely (3.3]).

With the same choices for f and g, by applying the Mean Value Theorem and
our bound for S’()), we finally obtain formula ((3.4]). O

S()\) _ /Rf(t)eiAg(t) dt — f(t())ei)\g(tg)’

3.5. Summation formula for the partial series F; . This important formula
will be useful to study the convergence of Fy(x).

Proposition 3.6. Let p,q be two coprime integers. For N > q and 0 < h < ¢!,

we have

0 2N 2imht?
FS,ZN <p+h>_Fs,N<p+h> = 0/ : s dt
q q NN t

+Gaan(h) — Gsn(h) + O(N2*log q),

where
[2Nhq]

(3.5) Gon(h) = (2hg)* 2™ 3

m=1

2
L
mS
Pay attention to the fact that G, v depends on p and g. We omit this depen-

dence in the notation for clarity.

Proof. We can write

1
Foan(z) = Fon(z) = F, i (2).

Hence, we would like to use the formulas proved in the preceding section, but those
formulas apply only to compactly supported C*° functions. We thus decompose
the indicator function 1 o into a countable sum of C* functions, as follows. Let
us consider 1, a C* function with support [1/2,2] such that

n(t) =1—n(t/2) 1<t<2.
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=>n(55)

has support in [0,1/2], equals 1 in [0,1/4] and is C* in [1/4,1/2]. Therefore, we
have

(3.6) Lo (t) =0t — 1)+ (2 —t) + ¥(t)

with @Z some C* function with support included in [1,2].

Then, the function

In order to get a formula for F' 81 % (z), we are going to use (3.6) and the linearity
in v of the formula (2.4)).

We will first get a formula for F f n» Where ¢ is any C°° function supported in
[1/2,2]. In particular, this will work with ¢ = 1.

Lemma 3.7. Let ¢ be a C*° function supported in [1/2,2]. Then,

(38.7) Fly <§ + h) -

CNT2742
Nl—sgo eerN ht

q
$(t)dt + G2y (h) + Oy (W) :

va Jr ¥
where
¢ im/4 m
(3.8) G? y(h) = (2hg)*"Ze 27;0 ey (2th> '

Proof. First, by (2.5) one has Fj’N(x) = N1_5E¢S (x). Further, by |D one has

1 Nm
B uh) LS g (2,
N<q \/gz N2h q

meZ
and then, applying Lemma with &€ = & and R = N?h, one gets
A¢s
0
By <p+h> = 0 7N2h( )
q Vi

ewr/4 m e 2¢2h
" Va n%;o e (2th> VaNzh
+0O ((Nm/q)—3/2)) .

When % = ﬁ > 2, ¢ (%) = 0. Recalling that N > g, since ¢4(t) =

¢(t)t—*, the above equation can be rewritten

Nl_seo 627,7rN2ht2
3.9 2 <p+h> - Hdt + G2 (h
(39) o (2 T | e+ a0

+N; mZ Oy (Nm/q)™/2).
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The last term is controlled by

N1-s 1 _ q
Vi \(N/q)3/ T ON1/2+s’
which yields ({3.7]). O

Now, one wants to obtain a comparable formula for n*(¢) := n((t — 1)/27%) for
all k > 1. We begin with a bound which is good just for large k.

Lemma 3.8. For any k> 1 and 0 < h < 1/q, one has

4 Nl—s 2imr N2 ht?
Fs’{’jv (2 + h) -0 ¢ n®(t)dt + GZfN(h) + Oy (Nl’SQ’k) .

Vi Jr ¥
Proof. First, when k becomes large, since i has support in [1/2, 2], one has directly:
- by (2.4):

no_q N4N2~k+1 1
N l—sqg—k
()= X we

n=N+N2-k-1

k = 1
n=1
- by (3.8):

1 2Nh 2~k
Gl S L B i
m:n* (o372 )70

- and
O N1—s 2irN2ht? 1427 k+L
0 (& nk(t)dt < leql/Q/ < 2716]\7178q71/27
Vi Jr o t° 142-k-1 17
hence the result by (3.9)), where we used that gh < 1. O

One can obtain another bound that is good for any k.
Lemma 3.9. For every k > 2 and 0 < h <1, one has

b P HOles eQiﬂ'N2ht2 k: & \[ 1
F'ylZ+h) = t)dt + G\ (h) + O NY2=5,
where the sequence (Y )k>1 is positive and satisfies 3 31 vk < 1.

Proof. The proof starts as the one of Lemma Using the fact that for any
—k
(nk)s(t) = 777(('5712/2 ) and that

— =1
wgk)s (5) _ /(nk)s(t)ein(th—tf)dt _ / n(isk)e%”(RtLt&)dt
R R
_ 2—k62i7r(R—§)/ n(u) p2im(R2™*Fu?—27F(€-2R)u) 4.,
R (1 + uQ*k)s
= 2_k QZW(R f)wR2 2k (2_k(£ - 2R))7
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where nF(u) = % Hence,
() (p ) _ 1 R <Nm>
EW (P in) = =S4, 0™ (20
Mo\ Va 2 N\ g
mez
2k 2 (N2p— Nm) = _1 [Nm 9
(3.10) = \/amzejzem-e Wl o (2 (q —2N h>>

Here we apply again Lemma [3.4] and we obtain

M, (P 27k 2im(N2h—Nm)
E](\?)S<+h) = 22N e a
VAP
=2k (Nm _on2p)
e Gk N Wi o
x | e n

2N2h2-2k VON2R2—2k

—3/2
| _PRu& —k 27 o—2k
+O"’“<m+<l+2 + N?%h2 ) ))
with R, = 272*N2h and &, = 27%|Nm/q — 2N?h|. Finally, after simplification,
one gets

F (5 n h> — N (g n h)

1
B U
(3.11) — emin/d = meC 2Nhg

N
am —92N?p
q

(3.12)
O N1—5 2im N2ht?
_ Oﬂ (Ot + Gy (h) + L,
R

where by Lemmas [3.7] and 3.8 one has

) 2—kN1—s/\/(j 2—]4:]\[1—5/\/@
Ly = 0;7% Z \/ 22k N2] + Z 1+ Q—k‘NJ —2N2h| + N2h2—2k:)3/2 ’
meJkNZ* mezZ* q

with J& = [(24 27" 1)Ngh, (2 + 271 )Ngh].
First, as specified in Lemma the constants involved in the (977,; depend on

upper bounds for some derivatives of ¥, and then by the definition of ¥ we can
assume they are fixed and independent on both £ and s.

Let {z} stand for the distance from the real number x to the nearest integer.
The first sum in L?V is bounded above by:

o JGN~*+ N5 when 27% € [{2Nhq}/4Nhq, {2Nhq}/Nhq|,
e /qN? otherwise.
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In particular, = being fixed, the term N'/27% may appear only a finite number
of times when k ranges in N.

In the second sum, there is at most one integer m for which [Nm/q — 2N?h| <
N/2q, and the corresponding term is bounded above by

2kalfsq71/2(1 +N/g27F ¢ |N2h|’2k)’3/2
< 2—kN1—sq—1/2(1 +N/q2_2k)_3/2
N1/2g=1/29-k
(1+ N/q2-2F) 52
< N1/2—s e
where v, = m and uy = 272 N/q. The sum over k of this upper bound is
finite, and this sum can be bounded above independently on N and q.

1/2—s

The rest of the sum is bounded, up to a multiplicative constant, by

+oo N=5(27*N/q)du N—s
/ VAN~ ( N/Q) . V4 - < N,
=0 (1 4+ N2p2—2k _|_2—l<;‘7u _ 2N2h‘)3/2 (1 + N2h2 2k)1/2
hence the result. O

Now we are ready to prove Proposition
Recall that N > g and 0 < h < ¢~ !. Let K be the unique integer such that
27K < ‘[ < 2B+ We need to bound by above the sum of the errors L’fvz
. when k > K: we use Lemma [3.8| to get

k 1-soK 1- \f \/(j 1
];(|LN|<<N 28 <N SN Ns S Neoie

e the remaining terms are simply bounded using Lemma [3.9] by

\[ 1/2— Va 1/2— log g
Z|LN\ <K +NV/ 8<<logNN + NV T<loggs = s
where we use that the mapping = — 1@ is increasing for large x.

Gathering all the informations, and recalling that > "% n*(t) = ¢ (t — 1), we
have that

1-s 2im N2ht?
p(1 N'=ogy [ e w1 logg
Fs](V ) < + h) N Y(t—1)dt + Gs,g\, )(h) + Oy (]\78—1/2> :

The same inequalities remain true if we use the functions ;’; =n((2—1t)/27F),
so the last inequality also holds for ¢ (2 — -)

Finally, recalling the decomposition (3.6)) expressing 1 9 in terms of smooth
functions, we get

(3.13) Fo4* <Z + h)

Nl 39 2 2171'N2ht2

\[ 1 s

1
dt + G (h) + 0, <Nog1q/2)
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and the result follows. O

4. PROOF OF THE CONVERGENCE THEOREM [1.4]

4.1. Convergence part: item (i). Let = be such that (1.4]) holds true.
Recall the definition (1.2]) of the convergents of x. We begin by bounding

Fs,M(x) - FS,N(‘/‘U) for any
qj/4 <N<Mc< q]‘+1/4.

We apply Proposition with p/q = pj/q; and h = hj, so that x = p/q + h.
Due to 1) we can assume that h; > 0. It is known that for < hj =

QQj;j+1 =
& = pi/al < oy
First, since 4Nh;jq; < 4N/qj4+1 < 1, the sums appearing in G on(h;) and
G5 n(hj) have no terms, hence are equal to zero. ThlS yields

2N 217rh t2
Fson(z) — Fsn(x) = / dt + O(N slogqj).
) ) \/(E 5

du

/QN\/iTj p2imu?

It is immediate to check that ff“ t=5e2m 4t < min(a=5"1, a~**1), thus
N W

2N  2imh;t?
/ dt
N ts
< by TN min(|N /Ry 7Y IN VR,
One deduces (using that gjh; is equivalent to q;_&l) that

\/q +1 N v 4i95+1
|Fson(w) — Fsn(2)| < |60 J in( , Y
V8 4+1 N
Thus, by writing Fi ar(z) — Fs n(2) as a dyadic sum we have

V3+1 +logqj
Vagar g

Recalling that 0 is equal to zero when g¢; # 2xodd, fixing an integer jo > 1, for
any M > N > gj,, one has

< |hj|s/2—1/2

) + N27¢ log g;.

|Fsn(x) — Fs n(2)] < [60]9;

qj+1 lo
R - Fa@l < 3 6 3RS
J2J0,q9;#2*odd Jai+1 i>jo 95 i>jo j+1

The second and third series always converge when jo — oo, and the first does
when ¥(z) < oo.
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4.2. Divergence part: item (ii). Let 0 < ¢ < 1/2 a small constant. Let
N; = eqj and M; = 2¢,/q;q; 1. Proceeding exactly as in the previous proof we
get,
fo Mj  2imh;t?
N V@G JIN; £
Since 2mhit* = 1 4 O(e) inside the integral, as soon as g; # 2 * odd, one has
60| Mj — N;j

2\/qj+1 — /G qj1
|Fonr () = Fyn, (2)] > =22 > ||e >,
ot o VG 2 M | 215 -5 - (gjgj41)%/? (¢j4j+1)°

which is infinitely often large by our assumption. Hence the divergence of the
series.

FS,Mj (ﬂ?) - FS,Nj (.CU)

s
dt+ O <qj2 logqj> )

5. LOCAL L? BOUNDS FOR THE FUNCTION Fj
Further intermediary results are needed to study the local regularity of Fi.

Proposition 5.1. Let h >0, 1/2 < s < 3/2 and ¢*h < 1. We have

0 N _2iw2ht? _ 2iwht?
(5.1)  Fyn <p + 2h> —Fon <p + h) = L < c
q q

Va Jo ts
+ GsyN(2h) — G&N(h)

+0 (\qh|s*1/2> )

dt

Proof. First, one writes

1 1
(5.2) Fyn(z) = F, " (x) = ) F, yom(@).
m>1
Observe that when N is divisible by 2, there may be some terms appearing
twice in the preceding sum, so there is not exactly equality. Nevertheless, in this

case, only a few terms are added and they do not change our estimates. This is
left to the reader.

. . . 1 1 .
We are going to estimate (5.1)) but with F| 1[\17,2] and G []1\;2] instead of F, y and

Gs,n, with an error term suitably bounded byvabove. T heh, using this result with
N substituted by N/2™ and then summing over m = 1, ..., |logy N | will give the

result (for m > |logy, V|, the sum F:J[\lf‘fém is empty).

We start from equation (3.10)) applied with A and 2h, and then we apply Lemma
but this time equation (3.4)) instead of (3.3]). Let us introduce for all integers
k the quantity

(5.3) By = F'y (Z + 2h> ~Fy (5 + h)
—s i N2 2 i N2 ht?
N 90N1 62 N=2ht= __ 62 N=*ht nk’(t)dt
N to
k k
+ G N(2h) = G y(h),
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with 7* defined as in Proposition By the exact same computations as in
Lemma one obtains the upper bound
2—kN1—s/\/a Z (2—kN1—s/\/§)N2h2—2k

BN < BN D). mmvaias - RN ,
mahze (272N?0) / (14 N2h272k 4-2-k| 510 — 2N2][)5/2

mezL*
with J§ = [(24 27" 1)Ngh, (2 +27"1)Ngh] and
g _ { 1 if 272"N2p <1,

N 0 otherwise.

Then, as at the end of the proof of Lemma since h < ¢~ 2, we can bound the
sums by

\F (NY/2=2)\/(N/q)2 2k N2h2~2 N (VaN~*)N?h22F
\f (1+ N2h2-2k 4 (N/q)272k)5/2 "~ (1 + N2h2-2k)3/2
and then adding up in k > 1 we get

V/1/hq
NS

‘EN|<<6k2 2kN2 s

o0

= . VN . 7
Z |[EN| < Ex = min(1, Nqh) + N5 min(1, Ngh) + % min(1, N2h).
k=1

The same holds true for the functions 7/7\’; = n((2 —t)/27%), and for ¢ since it is
similar to n', so by (3.6 we finally obtain that

N _2im2ht? 2imht?
11 9) 19 (P 0o e —e
(54) F. N < +2h> F, N <+h> = — dt
8 q \/> tS
+ G (2h) - G ()
+0 (EN)

The same holds true with N/2™ instead of N. To get the result, using (5.2)),
it is now enough to sum the last inequality over m = 1, ..., |logy N |. Let us treat
the first term. One has

logo N| 77— [logy V] /171
Z 1/hq in(1, Ngh) = Z 1/hq min(1, N2™qh)

(N2m)s

m=1 m=1

: ms m(l—s
T mg 1 min(2™°, N2 qh)

: 1/h Z min(2™*, N2 %) gh)

<
V1/hq
< T v/, 5,
where M is the integer part of the solution of the equation 2M% = N2m(1=5)gh j.e.

M = Ng¢h. Hence the first sum is bounded above by (7”1/1(1/}?)};. The other terms are
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treated similarly, and finally (5.1)) is true with an error term bounded by above by

{755

(1/gh)s ~ (h=1/2)=s
which is O((gh)*~/?) on h < ¢~ 2. O
We also need to control the L2 norm of the main term.

Lemma 5.2. Let0<s<1and fir 0 < H < 1. Let

N 2imt?(5+2) _ 2imt?(5+)
fon () = / dt.
0

tS

Then for any N >0, || fsn(:) < min (H(Sfl)/Q’H‘(;’(S*i’r)/?) _

22 i)
Proof. e Let us treat first the case |0| < H/4. Using a change of variable, one has
NVH 2imt? 520 2imt? 0

o) = 072 | dt.

0 [ad

We are interested in the range H < h < 2H, and in this case the ratios ‘HTQh,

‘”’Th are bounded, so that the integral is bounded by a constant independent of V.

One deduces that HvaN(')HL?(ﬁH) < H6-1/2,

e Assume then that [§| > 4H. Assume that § > 0 (the same holds true with
negative ¢’s). Using a change of variable, one has

NA/J8| J2imt?(1+28) _ 2int?(1+10)
fs,N(h) _ |5’(s—1)/2/ € 5 e 5 di.
0 ts
The integral between 0 and 1 is clearly O(h/|d]). For the other part, one has (after
integration by parts)

NVG 2imt?(1+3) _ 2imt?(1+5)
J z
so that |fs n(h)] < H|6|¢=3)/2 for any H < h < 2H. Hence ||f$7N(.)||L2(ﬁH) <
H||(=3)/2,
e It remains us to deal with the case H/4 < § < 4H. One observes that

dt = O(h/|s]),

fs,n(h) =D(6+2h) — D(6+ h) + O(H), where D(v) = / ! ¢ 2t gy,
It is enough to get the bound 1
/OH |D(v)|?dv < H?,
which follows from the fact that |D(v)| < [v|*~D/2 when s < 1 and |D(v)| <

1+ log(1/|v|) when s = 1.
O
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Finally, the oscillating behavior of G n(h) gives us the following.

Proposition 5.3. Let 0 < H < ¢~2 and |§| < VH/q. Let
0
9sN () = Fon <§+5+2') —Fin <§ +5+-> ——

\/afs,N(')'

s—1/2
One has [|gs Nl 2@y < H 2.

Proof. We consider juy = (fipr)r+- By (3.1)), it is enough to treat the case §+h > 0
and § + 2h > 0. Proposition applied successively with h,, :=27"(0 4+ h) and

hp == 27"(6 + h/2), and summing over n > 0, we get that
(5:5) gon(h) = Gon(6+20) = Gon (6 + 1) + O ((a(J6] + n)*~/2).

Thus, since ¢(|0| + |h|) < V/H, it is enough to show that

s—1/2

(5.6) 1Gs N (0 A+ ) L2y < H 2

Assume first that |§| > 3H. By expanding the square and changing the order of
summation, and using that § + 2H < 2|§|, we have for some ¢, 1, > 0

2[2Nslq] S+2H B
- |0 |0n] 2irn=m” dh
G n (5 + )l < (qlo))*! == R —
s L2 () n%; msS ns S-+H+cnm
2[2N]3]q] 0+2H 2_ 2

- 10| |07 2inn"=m” dh
< (qlo))*! e — |

n;l ms n® | Jsipg H

Since for [M|>1land 0 <e <1
1+e
2ir L 1
esmE dt K —,
/1 |M|

the previous sum is bounded above by

. 16| | |
251 2
(/d]) Z s g 9] Z mi+s Z jits |

m>1 m>1 >1

with j = |n —m|. The term between brackets is bounded by a universal constant
(since ¢26%/H < 1), hence (5.6) holds true. It is immediate that the same holds
true with (jig)r--

Further, assume that |§| < 3H. Setting Hy = 27%H, one has

2 o 2 dh —k 2
IGN G+ Mgy < [ 1Gn PG < 3 2 HIGuN s,
k>—2

Now, observing that [Hy, Hi—1] C 3Hy + ([—2Hy, —Hy| U [Hy, 2Hg]), one can

apply (.6) with H = Hy and 6 = 3H}, to get

s=1/2 s—1/2 s—1/2
T/Q_kT/

1G N (N2 ) < NGB+ M2y < Hy * =H
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Summing over k yields the result. O

6. PROOF OF THEOREM [L.5

6.1. Lower bound for the local L?-exponent ap,. Assume that Y4(r) < oo
(see equation (1.4), so that the series Fi y(z) converges to Fg(x). Recall that
p;/q; stands for the partial quotients of .

Pick N such that 0 < |Fs(z) — Fs n(z)| < H and N2~% < H2. Since

[ Fs(x + ) = Fsn(@ + )l z2(0,1))
H/2

||Fs($+) _FS,N(x+')||L2(ﬁH) <

—S

=

N

< TEm

< H,
and since one has
Fo(x+-)—Fs(x) = Fs(x+-)—Fs n(z+-)+ Fsny(z+-) — Fs n(x) + Fs v (z) — Fs (),
one deduces that
1B+ )~ F@)l2qa) = |Fan(@ ) = Fun(@)ll 2 + OCH).

Thus, it is enough to take care of the local L:-norm of Fy n(z+h) — Fs y(x). One
has

|En (e +h) = Fon(@ sy < 3|

Fun(o+257) = Fun(@ + 7))

e L2(imr)
(6.1) < D IFnE+2) = Fon(@ + )l ey, ) -
k>1

where Hy, = H27*. Let us introduce the function f(h) = Fs ny(z+2h) — Fs n(z +
h).

Let jg be the smallest integer such that q;2 < H. For every k > 1, and let j
be the unique integer such that qj_fl < Hp < qj_2 (necessarily j > jg —1). Using
that |z — p;/q;| = |hj| < qj_Q, one sees that

Fin <pj+hj+2-> — Fyn <pj+hj+-)
qj j L2(Bm,,)

Since |h;| < 1/qjqi+1 < vV Hg/q;, we can apply Proposition and Lemma
with Hj, and 6 = h; to get

1l 2, ) =

e ‘00’ . s—1)/2 s
Il 2,y < Hy® +\ﬁm1n<H]g 2 Hy|h; | 3)/2)

4dj
(s—3)/2)

In order to finish the proof we are going to consider three different cases:

7
Hy,

s—1/2 0 _
< H.? —|—MH,£S D/2 min 1,
v
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(1) s —1+1/2roqq(x) > 0: Since h; = q]-_rj we have

12 1 g.B-9)/2
Hmwm<H + 100l HY D min [ |y, e |
| 2

and optimizing in |h;| we get
s—1/2 s—141/2r; _
2 <€ Hy ™ 10l Hy 7 H o (O
by the definition of roqq(z). Adding up in & finishes the proof in this case.

(2) s —141/2roq4(z) = 0 and s = 1: In this case it is enough to show that

2@1 HfHLQ(ﬁHk) < 00. We have
s—1/2 90
oy < Hy * 120

N

which implies

s—1/2 ’ |
Z 11l 2272, ) < Z H, * ﬁlog(qg+1/q])

<Hp<gq;* <Hyp<q;*

-2
9541 qj+1

This yields

ZHfHL?(ﬁHk)

k>1 J:qj#2+odd

1 qj+1
E —log = <« 14 X4(z) < +oo0.
V45 qj ()

(3) s =1+ 1/2744(2) = 0 and s < 1: Since h; < 1/g;qj11, we have

=2 6ol (s—1)/2 Hy,

M2y ) < Hy 2 —I-mm(H L E—

|| ||L (/J'Hk) k \/@ k (qjq]'+1)(373)/2
SO

s—1/2 9 1
Z HfHL?(ﬁHk) < ( Z H, ? )+ l/;l'((m'l)(sl)/;
4, 1 <H<g; 4;  <Hp<q;® J 439+

Finally,

5*1/2 qj+1
D 2, 2 1/ I <145
E>1 j, qﬂé2*odd (d545+1)°

6.2. Upper bound for the local L?-exponent. Assume first that s < 1.

Let K be a large constant. Let 0 < H < (1/K)q2, with ¢ # 2 * odd and
N > H~2. We apply Propositions and to get

0 ~
[ (2 o2) - m (24)] =10y
q 4 L2(firr)

with
_ N e4i7rht2 . ezmm&?
Fu(h) = / : dt.
0 t

s—1/2
LoH""
L2(pipr)
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Using a change of variable, and then after integrating by parts, one obtains

2 2
N 1 NVh ehimt? _ J2imt
—dt

0

Fu(h) = h' ~

— B ((28 - 1)/0+Oo 62::2 dt + O ((N |h)—s—1)).

12
It is easily checked that f0+°° ¢’ tst dt is not zero. This leads us to the estimate

F,(-
‘ ©) L2(fim)

for some non-zero constant Cs. Since 0 < H < ¢~2/K, we deduce that

Fs,N <p+2) 7FS,N <p+)
q q

when H becomes small enough.

= C,H™> (1+O(H))

s—1

H =2
>
gy VA

(6.2 |

Now, pick a convergent p;/q; of  with g; # 2 xodd, and take H; = (1/K)|h;].
One can check that

H; < (1/K
=/ >quj+1 q;

Then, we apply (6.2) to obtain that for every N > H 2 one has

p. p H 2 s—1 1/(2r s—1+1/7‘j
’Fs,N <J+2‘>_F3,N <]_|_.> > J :sz h]/( 75) >>Hj 2
9 9 L2(jin,) Vi
On the other hand, by the triangular inequality,
Fin <pj + 2h> — Fyn (pj + h) < |Fuy (pj n 2h> — Fyn(z)
4aj 4j a;
+ |Fun (7;] + h) — Fn(z)|,
j
which implies that for flj = Hj or It~[j = 2H;, one has
1 ; P,
HF57N(J:‘+')—FS7N(J;‘)HL2(I‘Z~ ) > 2’FS,N <p]—{—2> _FS,N <j+)
K 4 9 L2 (i)
s—1+1/'rj
> Hj 2

Now, we can choose N so large that
1Fa(e+) = Pn(@liage, ) = 1Bl + ) = @)l oy ) + OU),
and we finally obtain
- s—1+1/r]-

HFS(x+>_FS($)HL2(/7FI)>>H] 2

J
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Since this occurs for an infinite number of j, i.e. for an infinite number of small
real numbers H; converging to zero, one concludes that

(1]

(10]
(11]
(12]

[13]

—1+1/rj _s—-1+1
ap,(z) < liminf s—1+1/rj _s—1+1/ Todd(l').
Jj—+o0 2 9
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