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SCATTERING THEORY IN A WEIGHTED L? SPACE FOR A CLASS OF
THE DEFOCUSING INHOMOGENEOUS NONLINEAR SCHRODINGER
EQUATION

VAN DUONG DINH

ABSTRACT. In this paper, we consider the inhomogeneous nonlinear Schréodinger equation (INLS),
namely
i0ru + Au~+ pla| 7lu|u =0, u(0) =up € H',

with b,a > 0. We firstly recall a recent result on the local well-posedness for the (INLS) of
Guzman [15], and improve this result in the two and three spatial dimensional cases. We next
study the decay of global solutions for the defocusing (INLS), i.e. p = —1 when 0 < a < a*
where o* = % for d > 3, and a* = oo for d = 1,2 by assuming that the initial data belongs
to the weighted L? space ¥ = {u € H'(R?) : |z|u € L?(R%)}. We finally combine the local
theory and the decaying property to show the scattering in ¥ for the defocusing (INLS) in the

case oy < a < a*, where a, = %.

1. INTRODUCTION

Consider the inhomogeneous nonlinear Schrédinger equation, namely

i0pu + Au+ plz|blul®u = 0,
u(0) =y,

(INLS)

where 4 : R x R* — C,ug : R — C, 4 = +1 and a,b > 0. The terms g = 1 and p = —1
correspond to the focusing and defocusing cases respectively. The case b = 0 is the well-known
nonlinear Schrodinger equation which has been studied extensively over the last three decades.
The inhomogeneous nonlinear Schrodinger equation arises naturally in nonlinear optics for the
propagation of laser beams, and it is of a form

i0u 4+ Au + K(z)|u|%u = 0. (1.1)

The (INLS) is a particular case of (1.1) with K (z) = |z|~*. The equation (1.1) has been attracted a
lot of interest in a past several years. Bergé in [1] studied formally the stability condition for soliton
solutions of (1.1). Towers-Malomed in [21] observed by means of variational approximation and
direct simulations that a certain type of time-dependent nonlinear medium gives rise to completely
stabe beams. Merle in [17] and Raphaél-Szeftel in [18] studied the problem of existence and
nonexistence of minimal mass blowup solutions for (1.1) with k1 < K(z) < ko and ki, k2 > 0.
Fibich-Wang in [10] investigated the stability of solitary waves for (1.1) with K(z) := K(e|z|)
where € > 0 is small and K € C*(R%) N L>®(R9). The case K(z) = |z|* with b > 0 is studied by
many authors (see e.g. [4, 5, 16, 25] and references therein).
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2 V. D. DINH
In order to review the known results for the (INLS), we recall some facts for this equation. We
firstly note that the (INLS) is invariant under the scaling,
ux(t,z) = )\%u()\%,)\x), A>0.
An easy computation shows
2-b_d
lux () g+ ey = X775 =% [[uo]l g+ (gay-

Thus, the critical Sobolev exponent is given by
d 2-10

=— = 1.2
Yei= 5T (1.2)
Moreover, the (INLS) has the following conserved quantities:
M (u(t)) = [[u(t)|[72(me) = M (uo), (1.3)
1
E(u(t)) := 5lIVu®) 12 @e) — G(#) = E(uo), (1.4)
where
— 1 —b a+2
G(t) == O[_|_2/|9c\ lu(t, ) |* T d. (1.5)

The well-posedness for the (INLS) was firstly studied by Genoud-Stuart in [11, Appendix] (see
also [13]). The proof is based on the abstract theory developed by Cazenave [2] which does not
use Strichartz estimates. Precisely, the authors showed that the focusing (INLS) with 0 < b <
min{2,d} is well posed in H'(R9):

e locally if 0 < a < a7,
e globally for any initial data if 0 < a < ax,
e globally for small initial data if o, < a < ™.

Here a, and o* are defined by

4-—92b =26 jf g >3
, a*::{ a2 DE=9 (1.6)

oo ifd=1,2.

In the case a = a, (L2-critical), Genoud in [12] showed that the focusing (INLS) with 0 < b <
min{2, d} is globally well-posed in H'(R?) assuming uo € H'(R?) and
luoll L2 ray < |QIl L2 R4y

where () is the unique nonnegative, radially symmetric, decreasing solution of the ground state
equation

4

AQ-Q+ QI T =0, (L.7)
Also, Combet-Genoud in [6] established the classification of minimal mass blow-up solutions for
the focusing L2-critical (INLS).
In the case ay, < a < o*, Farah in [7] showed that the focusing (INLS) with 0 < b < min{2,d}
is globally well-posedness in H!(R?) assuming uo € H'(RY) and

B(uo) " M(ug) ™ < B(Q)*M(Q)' ™, (1.8)
190l ey ol 530y < VU e 1QU 7 (1.9)

where () is the unique nonnegative, radially symmetric, decreasing solution of the ground state
equation

AQ - Q+12[7QI*Q = 0. (1.10)
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Note that the existence and uniqueness of nonnegative, radially symmetric, decreasing solutions
to (1.7) and (1.10) were proved by Toland [23] and Yanagida [24] (see also Genoud-Stuart [11]).
Their results hold under the assumption 0 < b < min{2,d} and 0 < o < «*. Farah in [7] also
proved that if uyp € ¥ satisfies (1.8) and

||VUOHZCZ(W) ||u0||2;{£§d) > ||VQHZ°2(W) ||Q||1L;?]§d)» (1.11)

then the blow-up in H!(RY) must occur. Afterwards, Farah-Guzman in [8, 9] proved that the
above global solution is scattering under the radial condition of the initial data.
Recently, Guzman in [15] used Strichartz estimates and the contraction mapping argument to
establish the well-posedness for the (INLS) in Sobolev space. Precisely, he showed that:
e if 0 < a < a, and 0 < b < min{2,d}, then the (INLS) is locally well-posed in L?(R?).
Thus, it is globally well-posed in L2(R?) by mass conservation.
eif0<a<al0<b <band max{0,7v.} <y < min{%,l} where

=2 jfy<d ~ 4 ifd=1,2
&::{ ey Br<g g 5] s Hd=1.23 (1.12)

oo ify=4, 2 ifd>4,

then the (INLS) is locally well-posedness in H?(R%).
eifa, <a<a 0<b<band <7< min {4,1}, then the (INLS) is globally well-posed
in HY(R?) for small initial data.
In particular, he proved the following local well-posedness in the energy space for the (INLS).

Theorem 1.1 ([15]). Let d > 2,0 <b<b and 0 < o < a*, where

P 4 ifd=2,3,
Tl 2 ifd>a4

Then the (INLS) is locally well-posed in H*(R?). Moreover, the solutions satisfy u € L? (R, L9(R%))
for any Schrédinger admissible pair (p,q).

Note that the result of Guzman [15] about the local well-posedness of (INLS) in H'(R9) is
weaker than the one of Genoud-Stuart [11]. Precisely, it does not treat the case d = 1, and there
is a restriction on the validity of b when d = 2 or 3. Although the result showed by Genoud-Stuart
is strong, but one does not know whether the local solutions belong to LV (R, L9(R%)) for any
Schrodinger admissible pair (p, ¢). This property plays an important role in proving the scattering
for the defocusing (INLS). Our first result is the following local well-posedness in H!(R?) which

improves Guzman’s result on the range of b in the two and three spatial dimensions.

Theorem 1.2. Let
d>4, 0<b<2, O0<a<a*,

or
d=3, 0<b<l, O<a<a’,
or
3 6 —4b
= < — _—
d=3, 1<b<y, 0<a<g—.
or

d=2, 0<b<l, O<a<a”.

Then the (INLS) is locally well-posed in H*(R?). Moreover, the solutions satisfy u € L? (R, L9(R%))
for any Schrédinger admissible pair (p,q).
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We will see in Section 3 that one can not expect a similar result as in Theorem 1.1 and Theorem
1.2 holds in the one dimensional case by using Strichartz estimates. Thus the local well-posedness
in the energy space for the (INLS) of Genoud-Stuart is the best known result.

The local well-posedness ! of Genoud-Stuart in [11, 13] combines with the conservations of mass
and energy immediately give the global well-posedness in H!(R?) for the defocusing (INLS), i.e.
u = —1. To our knowledge, there are few results concerning long-time dynamics of the defocusing
(INLS). Let us introduce the following weighted space

Y= HYRY) N L2(RY, |z]2dz) = {u € HY(R?) : |z|u € L?(RY)},
equipped with the norm
lulls == llull g1 (ray + l|2ull 2 (R -
Our next result concerns with the decay of global solutions to the defocusing (INLS) by assuming

the initial data in X.

Theorem 1.3. Let 0 < b < min{2,d}. Let ug € ¥ and u € C(R, H*(R?)) be the unique global
solution to the defocusing (INLS). Then, the following properties hold:

1. If a € [an, @¥), then for every

2<q< % ifd>3,
2<qg<oo ifd=2, (1.13)

2<qg<o0 ifd=1,
there exists C > 0 such that
() o ey < Cle| 233, (1.14)

for all t € R\{0}.
2. If a € (0, ), then for every q given in (1.13), there exists C > 0 such that
_d(@btda) (11
lu@®)llpageey < ORI~ (573, (1.15)
for all t € R\{0}.

This result extends the well-known result of the classical (i.e. b = 0) nonlinear Schrodinger
equation (see e.g. [2, Theorem 7.3.1] and references cited therein).

We then use this decay and Strichartz estimates to show the scattering for global solutions to
the defocusing (INLS). Due to the singularity of |z|~°, the scattering result does not cover the
same range of exponents b and « as in Theorem 1.2. Precisely, we have the following:

Theorem 1.4. Let
d>4, 0<b<2, ay<a<a’,
or
d=3, 0<b<l, BT%<04<3—2I),
or
d=2, 0<b<l, oa,<a<a’.

Let ug € ¥ and u be the unique global solution to the defocusing (INLS). Then there exists ug e
such that
: itA, +
JimJlu(t) — ¢*2uf s = 0.

IThe local well-posedness in H!(R%) of Genoud-Stuart is still valid for the defocusing case.
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In this theorem, we only consider the case « € [, @*). A similar result in the case a € (0, a*)
is possible, but it is complicated due to the rate of decays in (1.15). We will give some comments
about this case in the end of Section 6.

This paper is organized as follows. In the next section, we introduce some notation and recall
Strichartz estimates for the linear Schrodinger equation. In Section 3, we prove the local well-
posedness given in Theorem 1.2. In Section 4, we derive the virial identity and show the pseudo-
conformal conservation law related to the defocusing (INLS). We will give the proof of Theorem
1.3 in Section 5. Section 6 is devoted to the scattering result of Theorem 1.4.

2. PRELIMINARIES

In the sequel, the notation A < B denotes an estimate of the form A < C'B for some constant
C > 0. The constant C' > 0 may change from line to line.

2.1. Nonlinearity. Let F(z,2) := |z|7*f(2) with b > 0 and f(z) := |2|*2. The complex deriva-
tives of f are

0.1(2) = “220el, 0sf(2) = 5]

2|*7252,

We have for z,w € C,

1
F(2) = flw) = / (0-7(w+ 6z — w))(z — w) + 0= F(w + 0= — w)7—0) db.
0
Thus,
|F(w,2) = F(z,w)| < 2]~ (]2|% + |w]*)]z — w]. (2.1)
To deal with the singularity || =, we have the following remark.
Remark 2.1 ([15]). Let B = B(0,1) = {z € R?: |z| < 1} and B¢ = R?\ B. Then
_ Lo d
|| b”L;’(B) <oo, if —>b,
Y
and

_ . d
|| b”L;;(Bc)<OO7 if ;<b.

2.2. Strichartz estimates. Let I C R and p,q € [1,00]. We define the mixed norm

lellzper.ee) = </1 (/Rd |U(t,a:)|qu)é)%

with a usual modification when either p or ¢ are infinity. When there is no risk of confusion, we
may write Ly LY instead of LY (I, L%). We also use L} , when p = q.

Definition 2.2. A pair (p,q) is said to be Schrodinger admissible, for short (p,q) € S, if

2 d d
<p7q> S [2,00]2, (paq,d) 7é (2’0072)7 7+7 = 3-
P oq 2
We denote for any spacetime slab I x R?,
s = s luzny Ielsann = mt ol (2.2

We next recall well-known Strichartz estimates for the linear Schrodinger equation. We refer the
reader to [2, 19] for more details.
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Proposition 2.3. Let u be a solution to the linear Schrédinger equation, namely

t
u(t) = ety —|—/ ei(t_s)AF(s)ds7
0
for some data ug, F'. Then,

llullsczzry < llwollzz + 1F s (2 g)- (2.3)
3. LOCAL EXISTENCE

In this section, we give the proof of the local well-posedness given in Theorem 1.2. To prove
this result, we need the following lemmas which give some estimates of the nonlinearity.

Lemma 3.1 ([15]). Letd > 4 and 0 <b <2 ord=3 and 0 <b < 1. Let 0 < o < o* and
I =10,T). Then, there exist 61,02 > 0 such that

el =l vl ey S (T +T%) [ Vul§ge p lollscee,n, (3.1)
19 (]l ze.0) S (T +T%) [ Vull g . (3.2)

The proof of this result is given in [15, Lemma 3.4]. For reader’s convenience and later use, we
give some details.
Proof of Lemma 3.1. We bound

2|~ ul*vlls pz,ry < Ml lls 2y, + 2]~ lul“vlls p2(pey,n =t A1 + Aa,
IV (2]~ ul“W) | (2, < IV (2]~ lul*w) s 2 )0 + V(@] lulw) || (2 (Be),r =: Bi + Ba.
On B. By Hoélder inequality and Remark 2.1,
Ay < |||z 78wl . , < [|z|? “ll
T O e [ P [T I

S HUH%TI(LLQI)HU”Lfl(LLgl)
S T HVU”Lfl (I,L3%) HU”Lfl(I,Lgl),

provided that (p1,q1) € S and

1 1 1 d 1 « 1 1 « 1 « «
7,:7—’_77 7>b7 7:7—‘77; 7/:7—'_7; 91:7_77
q1 T U1 71 U1 ny q1 Y41 m1  p1 my  p1
and . ) .
n<d —=——-.
! nt  q d

Here the last condition ensures the Sobolev embedding W' (R?) ¢ L™ (R%). We see that condi-
tion % > b implies

d d(a+2) d(a+2)
71—6[— o +a>b or ql>d+a—b' (3.3)
Let us choose o 2)
o+
ql_d+a_b+67

for some 0 < € < 1 to be chosen later. By taking ¢ > 0 small enough, we see that ¢; < d implies
d > b+ 2 which is true since we are considering d > 4,0 < b < 2ord = 3,0<b < 1. On the
other hand, using 0 < a < o* and choosing € > 0 sufficiently small, we see that 2 < ¢; < dQ—jQ. It
remains to check #; > 0. This condition is equivalent to

o a*l o+ 2
my p1 b1

>0 or p; >a-+?2.
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Since (p1,¢1) € S, the above inequality implies
d d 2 2
<

2 ¢ P1 a+2

A direct computation shows
dla+2)[4-20—(d—2)a]+e(d+a—b)(4—da+2)) >0

Since « € (0, a*), we see that 4 — 2b — (d — 2)ae > 0. Thus, by taking € > 0 sufficiently small, the
above inequality holds true. Therefore, we have for a sufficiently small value of e,

Ay STVl $ 2 pylullsczz.ny- (3.4)
We next bound
By < 2|7V ([ul“w) s/ (L2(my,0) + N2~ ul“ull s/ (L2(8).1) = Bi1 + Bia.
The term By is treated similarly as for A; by using the fractional chain rule. We obtain
B ST Vull$lh ), (3.5)
provided € > 0 is taken small enough. Using Remark 2.1, we estimate

B < b—1 « < —b—1 «
L OO < |y oo [ I P
S ||UH%;“1(1,L21)||UHL‘,?1(I,L;1)

5 T91 ||VU||(£§_11(I7L31),

provided that (p1,q1) € S and

1 1 1 d 1 a+1 1 « 1 « «
7/:7—’_7) 7>b+17 — = ) 7/:74_77 91:7_77
q1 71U 71 U1 n1 Y4 mip D1 mi  p1
and ) ) )
n<d —=——-.
! nt  q d
We see that J J 5 p )
—:d—M+a+1>b+1 or q1>M

" 7l d+a—b
The last condition is similar to (3.3). Thus, by choosing ¢; as above, we obtain for ¢ > 0 small
enough,

Biz S T Vull 3l - (3.6)
On B°. Let us choose the following Schrodinger admissible pair
4(a+2) d(a+2) 2)
b2="——"75, 2=
(d—2)x d+«
Let mg, no be such that

=— 4, —=— 4 (3.7)

A direct computation shows

fm @ _q_at2_y [d=a
my P2 P2 4
Note that in our consideration, we always have (d — 2)a < 4. Moreover, it is easy to check that
1 1
ng  qa d
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It allows us to use the Sobolev embedding W14 (R%) c L™ (R%). By Hélder inequality with (3.7),

—b —b
Ax < e ™ful®oll g, g S el

R
Sl fme g pneyllollpe2 (r,ne2y
S TOQHVUH%fz r.peylvllpre (1 L2y
We thus get
Az S TezHVUHg(Lz,])||”HS(L2,1)~
We now bound
By < |2V (Jul“w) | srL2(sey,0) + 121707 ulull s/ (L2(Be), 1) =: Ba1 + Baa.
The term Bs; is treated similarly by using the fractional chain rule, and we obtain

Boy S T%|Vull§ s, 1)- (3-8)

Finally, we estimate

Bay < ||| 70 | *ul| " (1.1% (Be) S |||x‘_b_1”Lg(BC)”uH%;W([’L;z)||u||Lf2(I,LZ2)

0!
S T 2 ||vu||z%‘r2l(1)l/g2)'

Note that i, = ""H + d This shows that
2

B22 5 T02 ||Vu|\g€rL12J)

Combining (3.4), (3) and (3.5), (3.6), (3.8), (3), we complete the proof. O
In the three dimensional case, we also have the following extension.

Lemma 3.2. Letd = 3. Let 1 <b< 2 and 0 < a < 52 and I = [0,T]. Then there exists
01,05 > 0 such that

el =P ul*vll s 22,1y S (T +T%) (V) ull &2 p vl s (22,1, (3.9)

IV (2~ ful )| s (z2,ry S (T +T%) (V) ull 3 1y (3.10)

Proof. We use the notations Ay, As, B11, B1a, B21 and Bsys introduced in the proof of Lemma 3.1.
On B. By Hoélder inequality and Remark 2.1,

—b
Av < el Rl g,

b
iy S ez ol g

o)
N HU||%;”1(1,L31)HU||L§’1(I,Lgl)
S " 1{V) UHLfl (I,Lgl)HU||L§’1(1,Lgl)7

provided that (p1,4q1) € S and

1 1 1 3 1 o 1 1 o 1 « «
7,:7 ) 7>b7 7:7—‘77; 7/:7—'_7; 91:7_77
q1 g4t U1 a! U1 ny q1 b my D1 mi D1
and
1 T
¢1>3, ni€(q,o0) or —=—, 7€(0,1).
n q1

Here the last condition ensures the Sobolev embedding W14t (R3) c L™ (R?). We see that condi-
tion 7—31 > b implies
2 2
i =3 — M >b or q > M
" Q1 3-0b
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Let us choose

32+ ar)
3-b

for some 0 < € < 1 to be chosen later. Since 1 <b < 2,0<a<4—2band 0 <7 < 1, it is obvious

that ¢; > 3. Moreover, by taking ¢ > 0 small enough, we see that ¢; < 6. In order to make 6; > 0,

we need

q1 = +€a

« « a+2 2 2
0)=———=1-— >0 or —< .
my pr P1 P oat?2
Since (p1,¢1) is Schrodinger admissible, it is equivalent to show
5.3 _
2 ¢ a+2

It is then equivalent to
3[8—4b—2ba — a7(2 + 3a)] — €(3 — b)(2 + 3a) > 0.
Since 0 < € < 1, it is enough to show f(7) := 8 — 4b — 2bac — a7(2 4+ 3«) > 0. Note that f(0) >0
provided 0 < a < 4%521’ and f(1) > 0 provided 0 < a < %. Thus, by choosing 7 closed to 0, we
see that f(7) > 0 for 0 < v < 4522, Therefore, we get
AL ST V) ull§ 2 plolls 22,0, (3.11)
provided e, 7 > 0 are taken small enough and

4—2b
1<b<2, 0<a< .

The term Bi; is treated similarly as for A; by using the fractional chain rule. We obtain
Bu ST (V) ull§r2,p I Vul sz, (3.12)
provided e, 7 > 0 is taken small enough and
4—2b
b

1<b<2, 0<a<

‘We next bound

B < —b—1|, | < —b-1 @
12 < |||1'| |u| uHLfll(I,LZ/l(B)) N |||$‘ ||L31(B)H|U| uHLfll(I,Lzl)
S el o lullzr e

0
ST ulSf -

provided that (p1,¢1) € S and

1 1 1 3 1 a—+1 1 e’ 1 « «
7/:7—’_7’ 7>b+17 - = ’ 7,:74_77 91:7_77
q1 4! U1 a! U1 ny V41 mi D1 mi D1
and
1 T
¢1>3, ni€(q,o0) or —=—, 7€(0,1).
ni q1
We see that
3 3(1 1 3(1 1
3 _3 3040@EDT) g o g > UF D7)
71 Q1 2—b

Let us choose
31+ (a+1)7)

2-b te

g1 =
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for some 0 < € < 1 to be determined later. Since we are considering 1 < b < %, by choosing 7
closed to 0 and taking ¢ > 0 small enough, we can check that 3 < ¢; < 6. It remains to show
0, > 0. As above, we need p% < -2 and it is equivalent to

a+2?

53 _ 2

2 ¢ a+2
It is in turn equivalent to

3[6—4b+ a(l —2b) — (a+ 1)71(2+3a)] — (2 —b)(2 + 3a) > 0.

Since 0 < € < 1, it is enough to show g¢(7) := 6 — 4b+ a1 — 2b) — (« + 1)7(2 + 3a) > 0. Note
that ¢g(0) > 0 provided 0 < a < g;—flf. Thus, by choosing 7 closed to 0, we see that g(7) > 0 for
0<ax< gg—_‘li’. Therefore,

Bia ST (V) ull s 1, (3.13)

provided e, 7 > 0 are small enough and

6 —4b
2b—1°
On B°. Let us choose the following Schrédinger admissible pair

~ Ha+2) ~ 3(a+2)
p2—7a ) QQ—73+Q-

3

Let ma, no be such that

1 « 1 1 « 1
—=—+4+—, —=—+—. (3.14)
42 N2 q2 Da mo D2

A direct computation shows
(0% (0% (0%
g = — — —=1——
ma P2 4

Note that in our consideration 1 < b < %, 0 < a < 54 we always have a < 4. Moreover, it is

26—1°
easy to check that
1 1 1
ny g 3

It allows us to use the Sobolev embedding W142(R3) C L"2(R3). By Hélder inequality with (3.14),

Az < || ful*v| S Ml =l ey lul ol

L7 (1,L% (Be)) L7 (1,L%)
< Jullgms g gl .o

STVl gy ol .z

We thus get
Az ST (V) ullg (g2, l10llsz2,0)- (3.15)
The term Bo; is treated similarly by using the fractional chain rule, and we obtain
By S T (V) ull§(z2,n I Vullscze - (3.16)

Finally, we estimate
—bh— —bh—
By < ||| IIU\O‘UIILS;(LLE; Sl s e lullgme g oy lull 22 (1, 72y

STV ul28 ) e

(B<))



SCATTERING IN WEIGHTED SPACE FOR THE DEFOCUSING INLS 11

This implies

By S T(|(V) ull§{ 1)- (3.17)
Combining (3.11), (3.12),(3.13),(3.15), (3.16) and (3.17), we complete the proof. O

Lemma 3.3. Letd=2. Let 0 <b<1land0 < a < oo and I =10,T]. Then there exists 61,602 > 0
such that

Il ~alollsr 22,0y S (T +T%) 119) ull$ze p ol see.n, (3.18)
IV (el ulw) 572,y S (T +T%) [|{(9) a8 - (3.19)

Remark 3.4. In [15], Guzman proved this result with §; = 6, under the assumption 0 < b < 2.
Here we extend it to 0 < b < 1.

Remark 3.5. By using Strichartz estimate, we can not obtain a similar result as in Lemma 3.1,
Lemma 3.2 and Lemma 3.3 for the case d = 1. The reason for this is the singularity |z|~°~* on B.
To bound this term in a Lebesgue space LY with 1 <~ < co, we need

d
- >b+1
Y

This implies that we need at least d > b+ 1, which does not hold when d = 1.

Proof of Lemma 3.3. We continue to use the notations Aj, As, By1, Bi2, B21 and Bay introduced
in the proof of Lemma 3.1.

On B. By Holder inequality and Remark 2.1,
—b b
Av < el Ml oty ot g S Wyl g

S llul

2

1(B)

(6%

L;”l(I,L;fl)||UHL§C(1,L§)

S IV ullEma g 2y 1ol g 2,22
ST ullEoe 1,2y 10l 5= 1, 22),

provided that (p1,q1) € S and

1 1 1 2 1 « 1 1 «
Sy Sy =2 S o2y,
q M vim vy n 20 p; My
and
€ (2,00) LT € (0,1)
n o) or —=—, T .
1 ) n1 27 9

The last condition allows us to use the Sobolev embedding W1?(R?) c L™ (R?). The condition
% > b implies

z:17—7047'>b or —<l—-b—ar
B! q1 q1
Note that since 0 < b < 1, by taking 7 > 0 small enough, we see that 1 —b— a7 > 0. Let us choose
B 2
« 1—-b—ar te

for some 0 < € < 1 to be chosen later. It is obvious that 2 < ¢; < oo and 6; > 0. Therefore, we
obtain

AL STV ull§pe pllvll sz - (3.20)



12 V. D. DINH

The term By is again treated similarly as for A; above using the fractional chain rule. We get
Bu S T"[(V) ull§(ze,n I Vullscze - (3.21)
We continue to bound
< —b—1|,, | ., , < —b—1 5 «a .,
Bia < el ™ Mulull gy ot ) S Mol iz llul®ul g, e,
S HUH%;M(LL;l)HUHLgO(LL;l)
< @) ullgs g gy | (V) ull o2y
ST (V) ul|Zoe 7,2y (V) ull g (1,2),

provided that (p1,¢1) € S and

1 1 1 2 1 1 1
Lol b2y, Lol Loy
q1 Y1 U1 71 U1 n P1 my
and
€ (2,00) LT € (0,1)
ny ,00) or o T 1.
The condition % > b+ 1 implies
2 2 2
—=2———(a+1)r>b+1 or —<1l-b—(a+1)r.
! a1 0
Since 0 < b < 1, by choosing 7 closed to 0, we see that 1 — b — (a+ 1)7 > 0. Let us choose
2

q1 =+ €,

T 1-b- (a+1)7
for some 0 < € < 1 to be chosen later. It is obvious that 2 < ¢; < co and #; > 0. Thus, we obtain

Biy ST [(V) w3 - (3.22)

On B¢. Let us choose the following Schrodinger admissible pair
2(a+2
p2 = 7( o ), Q2 = a+ 2.

It is easy to see that qi, = aq—'gl. By Holder’s inequality,
2
—b —b
Ay < ||| IUI"‘UIILfg L < M=l ||Lg°(BC)|||u|aU||Lf§ L

S [lul

2(Be)) 2)

«@
L*2(1,L%2) ||'UHsz (I,L¥2)
S I ullgme g g 022 1,2

ST lullZee 1,22y 10l LP2 (1, L2295

where ) . )
*,Zi—F*, egziz > 0.
Dy M2 P2 my o+ 2
We thus get
Ay STV ull gz, lolls2.n- (3.23)

By using the fractional chain rule and estimating as for Ay, we get

By S T {(V) ull§ (2, I Vullsczz,n)- (3.24)
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Finally, we bound

_bh—
Baa < |||zl fulull 1,

—b—1 o
; (I,LZQ(BC)) rg |||£L’| HL;C(BC)H|U| 'U,HL::;

(1.L22)
S ||UH%:"2 (I,Lg2)||u||Lf2(1,Lg2)
S V)l

%;’LZ(I,Lg)H“Hsz(l,Lgf)
S T62|| \% UH%;@([,L@)||U||Lf2‘(1,Lf;2)
ST (V) ull§e 1 g2y | (V) ull 2 7 o2y,

Where mo, 65 are as in term As. Thus, we obtain

By < T%| (V) quer12J). (3.25)
Collecting (3.20), (3.21), (3.22), (3.23), (3.24) and (3.25), we complete the proof. O

We are now able to prove Theorem 1.2. From now on, we denote for any spacetime slab I x R¢,
lullsry = 1{V) ulls(zz,n = lullsz,n + 1Vulls@e,n- (3:26)
Proof of Theorem 1.2. We follow the standard argument (see e.g. [2, Chapter 4]). Let

X = {ue Gl H) N LY W), ¥(p,q) € 5 | lullsiry < M},

equipped with the distance
d(u,v) = [[u = vl[sr2,n),

where I = [0,7] and T, M > 0 to be chosen later. By the Duhamel formula, it suffices to prove
that the functional

t

Bu)(t) = e Bug + ip / =8 Dy () | Pu(s)ds
0

is a contraction on (X, d). By Strichartz estimates, we have
125y S Nuwollz + =1~ ul®ulls 2.0y + IV (2]~ Jul*w) s (2.1,
[@(w) = @(0)[s(z2,n) S Mz~ (lul*u = [o]*0) ][5 (L2,1)-

Applying Lemmas 3.1, 3.2, 3.3, we get for some 61,65 > 0,

12w lsr) S luollaz + (T +T%) [lull &),

J@(w) = ®(0)lszz.ny S (T + %) (el + ol ) e = vlls@en.
This shows that for u,v € X, there exists C' > 0 independent of T and uy € H] such that
12(u)lls(ry < Clluollay +C (T +T%) MH,

d(®(u), ®(v)) < C (T +T%) Md(u,v).

If we set M = 2C/||ug||z2 and choose T' > 0 so that

6 6 « 1
C(T"+1%)M <3

then ® is a strict contraction on (X, d). The proof is complete. O



14 V. D. DINH

4. PSEUDO-CONFORMAL CONSERVATION LAW

In this section, we firstly derive the virial identity and then use it to show the pseudo-conformal
conservation law related to the defocusing (INLS). The proof is based on the standard technique
(see e.g. [2, 19]). Given a smooth real valued function a, we define the virial potential by

Va(t) :== /a(x)|u(t,x)\2dw. (4.1)
By a direct computation, we have the following result (see e.g. [20, Lemma 5.3] for the proof).
Lemma 4.1 ([20]). If u is a smooth-in-time and Schwartz-in-space solution to
10w + Au = N(u),
with N(u) satisfying Im (N(u)@) = 0, then we have
d
%Va(t) =2 [ Va(z) -Im (u(t,z)Vu(t,z))dz, (4.2)
Rd
and

2
jﬁ Va(t) = /A2 (2)|u(t,z)|*dz + 4 Z / z)Re (Opu(t, z)05u(t, z))dx

drk=1 (4.3)
Q/Va(x) AN (u), u}p(t, x)dz,

where {f, g}, := Re (fVg — gV f) is the momentum bracket.

Corollary 4.2. If u is a smooth-in-time and Schwartz-in-space solution to the defocusing (INLS),
then we have

2
%v /A2 ault, 2)[2dz + 4 Z /a;ka JRe (Dyult, 2)0;1(t, ))da
Jik=1 (4.4)
)|~ lu(t, 2)*2de — —/Va V(J2| ) u(t, )| 2da.

Proof. Applymg Lemma 4.1 with N(u) = F(z,u) = |z|~°|u®u. Note that

(N ), uly = - 5

«
a+2

V(|2 ul**?) ~ V(|| =) ul**2.

O

We now have the following virial identity for the defocusing (INLS).

Proposition 4.3. Let ug € H*(RY) be such that |x|uy € L?>(R?) and u the corresponding global
solution to the defocusing (INLS). Then, |z|u € C(R, L*(R?). Moreover, for anyt € R,

2

& leu(t) = 16E(uo) + 4(do + 25— )G(1), (4.5)

where G is given in (1.5).
Proof. The first claim follows from the standard approximation argument, we omit the proof and
refer the reader to [2, Proposition 6.5.1] for more details. It remains to show (4.5). Applying
Corollary 4.2 with a(z) = |z|?, we have

& & 2 2

CaValt) = S leu®)E: = SIVu(o)F; + A(da + )G

= 16E(u(t)) + 4(da + 2b — H)G(t).
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The result follows by using the conservation of energy. O

An application of the virial identity is the following “pseudo-conformal conservation law” for
the defocusing (INLS).

Lemma 4.4. Let ug € H'(R?) be such that |x|ug € L*(R?) and u the corresponding global solution
to the defocusing (INLS). Then, for any t € R,

t
|(z + QitV)u(t)H%g + 8t2G(t) = quo"%i +4(4 —2b— da) / sG(s)ds. (4.6)
0

Proof. Set
F@t) = |l(z + 2t V)u(t) |72 + 8°G(2).
By (4.2), we see that

Iz + 20tV )ut) |32 = zu(t)[32 + 422 Vu(t)|2: — 4t / Im (@(t, ) - Val(t,z))dz

d
= leu@®)lzz + 48 Vu(®)|7z -t lzu(®)|7s-
Thus, the conservation of energy implies
d d
F(t) = llzu(®) |72 + 88 E(u(t) -t eu(®)|7z = leu(®)l7z + 8 E(uo) =t [leu(t)|[Zs

Applying (4.5), we get
/ d 2 d 2 d 2
£1(6) = S llwuld) 3 +1668(u0) — S leu(t)f — ¢ leu®)lF; = 404 - 2 — da)iG(o).
Taking integration on (0,t), we obtain (4.6). O

Remark 4.5. This result extends the pseudo-conformal conservation law for the classical (i.e.
b = 0) nonlinear Schrédinger equation (see e.g. [2, Theorem 7.2.1]). Note that (4.6) is a real

conservation law only when o = 4%21).

Remark 4.6. It is easy to see that if ¢ # 0, then

(z + 2itV)u(t, z) = 2itei'%'tv(e*i%u(t, z)), (4.7)
and
' 2 2 —ilzl2 2
Iz + 2itV)u(t)||72 = 4t HV(@ 0 u(t,x))‘ .
Therefore, if we set
u(t,z) = e~ Hu(t, 1), (4.8)

then
@+ 20tV )32 = 42 Vo),

and (4.6) becomes

StPE(v(t)) = ||xu0\|%i +4(4—-2b— da)/o sG(s)ds. (4.9)
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Remark 4.7. Let F(z,u) = |z|7°|u|%u. It follows from (4.7) that

(z + 2itV) F(z,u)| = 2|t|’v(eﬂ%F(x, u)) ‘ — 2t||VF(z,0)], (4.10)
where v is given in (4.8). Using the facts |v] = |u| and 2[¢||Vv| = |(z + 2itV)u|, we also have

lvllpe = llullze,  2[t[[Vollzs = [(z + 2@tV )ul s (4.11)
5. DECAY OF SOLUTIONS IN THE WEIGHTED L? SPACE

In this section, we will give the proof of the decaying property given in Theorem 1.3. We follows
the standard argument of Ginibre-Velo [14] (see also [2, Chapter 7]).

Proof of Theorem 1.3. We have from (4.9) that

St°E(v(t)) = 8t2<%|\V1}(t)||%i + G(t)) = HIUOHQLz +4(4—-2b— doz)/o sG(s)ds,

(5.1)
for all ¢ € R, where v is defined in (4.8).
If a € [o, @), then (5.1) implies

42 |Vo)3s < llzuol3e,

for all ¢ € R. Hence, [|[Vu(t)|[z2 < [t|7" for t € R\{0}. Using (4.11), Gagliardo-Nirenberg’s
inequality and the conservation of mass, we have

d(i-1 1—d(i-1

ez = Io(®)lze S IS oo )

:
< 4G9

1-d(3-1 _d(i_1
ol "8 < 1),
This proves the first claim.

We now assume « € (0,ay). Let us consider only the case t > 1, the case t < —1 is treated
similarly. By taking ¢ =1 in (5.1), we see that

8E(v(1)) = ||xu0||%§ +4(4 —2b— da) /01 sG(s)ds.
Thus,
8t°E(v(t)) = 8E(v(1)) + 4(4 — 2b — da) /t sG(s)ds.
This implies 1
o) = 260 < B + 270 [y,
Applying Gronwall’s inequality, we obtain 1
g(t) < t472b27da, hence G(t) < e
By (5.1), we have

4t

or

t
IVot)]132 S llzuollie +4(4—2b—da)/ e S e

)

0

Vot gz St~
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By Gagliardo-Nirenberg’s inequality, the conservation of mass and (4.11), we obtain

d _1
lu®)lzz = Iz S V0@ P oo,
o _aJ(1_1
gt—m(ra)uuom (3-3) ¢ p-dmpdel (41
This completes the proof. O

6. SCATTERING IN THE WEIGHTED L? SPACE

In this section, we will give the proof of the scattering in the weighted space X given in Theorem
1.4. To do this, we use the decay given in Theorem 1.3 to obtain global bounds on the solution.
The scattering property follows easily from the standard argument. We also give some comments
in the case a € (0, o) in the end of this section.

Let us introduce the following so-called Strauss exponent
2—d—2b+\/d?+12d+ 4+ 4b(b — 2 — d)

2d ’
which is the positive root to the following quadratic equation
do? +(d—2+2b)a+2b—4=0.
Remark 6.1. It is easy to check that for 0 < b < min{2, d},
4—2b

Qg = (6.1)

ap <

Note that when b = 0, ag is the classical Strauss exponent introduced in [22] (see also [3, 2]).
Let us start with the following lemmas providing some estimates on the nonlinearity.

Lemma 6.2. Let d > 4, b € (0,2) and o € [as,a*). Then there exist (p1,q1), (p2,q2) € S
satisfying 2a + 2 > p1,ps and q1,q2 € (2, %) such that

lal el ullsrwe,n S (Iulgm g oy + el g pm) ) sz, (6.2)
IV (el Tl s zo.ny S (g g oy + lelgme g o)) 1Vulls@en, (6.3)
where my = p?’f and ma = 02"122.

Proof. Let us bound
2|~ lulullsrz2,ny < el ~Plul*ulls p2emy,n + 2] ~Clululls (2 pe),n =: A1 + As,
and
V(lz | w)lls z2,ry < V(2| lul*w)lls/z2m),0) + V(2| [ul*u) s (22 (8),1) =: B1 + Ba,
where
Bi < |27V (ul*w) s cr2(my,ry + ]~ ul*ulls (22(8),1) = Bur + Bua,
By < 2]V (|Jul“w) | sr(z2(sey,n) + 2707 ulull s/ (L2(Be),r) =: Ba1 + Baa.
On B. By Hoélder’s inequality and Remark 2.1,

—b —b
Ay < el ™l g ot S Myl

< lullgms g gony s r,pon.
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provided that (p1,q1) € S and

1 1 1 d 1 a+1 1 a 1
7/:7—’—77 7>b7 — = 9 7/:7—'_7
Q. Mon gt U1 q1 pr M1 ;1
These conditions imply
d d 2 2
d_g det? oy 2
71 q1 mi P
Let us choose
d(a+2)
=" t¢ 6.4
Al i—p € (6.4)
for some 0 < € < 1 to be chosen later. Since we are considering d > 4,b € (0,2) and « € [, a*),

it is easy to check that q; € (2, %) provided that € > 0 is taken small enough. We thus get

AL S Hu”%;"l([’[,gl)HUHS(L?,I)- (6.5)
The term Bj; is treated similarly by using the fractional chain rule, and we have
Bu S el g Lo [IVullsez,n- (6.6)
We next bound

Bz < |||9U|7b*1|u|&U\|Lp'1

S Ml = oz Ml “ull
t t

(1LY (B)) (I,LYY)
< Nl oy el

< ”uH%:”l(LLgl)HquLfl(I,Lgl)a

provided
1 1 1 d 1 o 1 1 o 1
—=—4+—, —>b4+1l, —=—4—, —=—+—
q1 Al U1 ga! U1 q1 ni V41 mi  p1
and
1 1 1
1 <d, —=——=.
1 nt q d

Here the last condition allows us to use the homogeneous Sobolev embedding W14 (R?) ¢ L™ (R%).
Note that by taking ¢ > 0 small enough, the condition ¢; < d implies @ < d — b — 2 which is true
for d > 4 and « € [ay, a*). We then have

d d 2 2

4 gt gy @y 2

g Q1 my b1

Therefore, by choosing ¢; as in (6.4), we obtain
Bia S Jul3s g pon) [ Vulseo,ny: (6.7)

On B°. By Holder’s inequality and Remark 2.1,
S el ™l p2z eyl ul®

S llul

Ay < |||z] 7 ul®
2 < Ml ™l ™l g o ey

u”Li”Q(I,LZ?)

%;"Z(I,ng)HUHLf? (I,L2)>
provided that (ps,¢2) € S and
1 1 1 d 1 a+1 1 le} 1

/:7+77 7<b7 - = 9 7/:7+7
5} 72 U2 Y2 U2 q2 D ma D2
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These conditions imply

2 2
i:d_d(a+)<b’ i_l_i
72 q2 ma P2
Let us choose
d(a+2)
g = T e, (6.8)

for some 0 < € < 1 to be chosen later. By taking ¢ > 0 small enough, we see that ¢; € (2, %).
We thus obtain

Ay S ullgma g gomy lullsce.n. (6.9)
Similarly, by using the fractional chain rule, we have
By < Jullga 1 ooy IVullsiiz,n. (6.10)
We now estimate

—b—1 —b—1
Boo < el ™ Mulul s, o ) S el e el

«
(B) Il ot e
S ||UH%1*L2(1,L12)Hu”Lf?(l,Lﬁ?)
< ||U\|CLY:"2(1,L;1)HVUHLf?(I,Lg?)a
provided that (p2,g2) € S and

1 1 1 d 1 @ 1 1 o 1 1 1 1
—=—+— —<b+l, —=—+— S=—+— @<d —=—--.
@B Y2 U2 72 V2 g2 M2 py M2 P2 ne  q d
This is then equivalent to
d d 2 2
d_godet? oy 22
Y2 a2 ma 2

Thus by choosing ¢> as in (6.8), we obtain
Bas S HUH%Z"Z(LLgl)||VU||S(L2,I)~ (6.11)

Collecting (6.5), (6.9) and (6.6), (6.7), (6.10), (6.11), we obtain (6.2) and (6.3).
It remains to check that p;,ps < 2a + 2 where (p1,q1), (p2,q2) € S with ¢1,¢2 as in (6.4) and
(6.8) respectively. Note that g1, ¢o are almost similar up to te. Let us denote (p,q) € S with
d 2
q= %—&—ae, a € {£1}.
We will check that for € > 0 small enough, p < 2a+2 or %—g =
it is equivalent to

% > a%rl By a direct computation,

dlda® + (d — 2+ 2b)a + 2b — 4] + ae(d — b)[d(a + 1) — 2] > 0.

Since a > 4222 > q (see (6.1)), we see that da? + (d — 2+ 2b)a +2b—4 > 0. Therefore, the above
inequality holds true by taking e > 0 sufficiently small. (]

Lemma 6.3. Let d =3. Let

be (o,g), ac [4%%,3—21)).
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Then there exist (p1,q1), (p2,q2) € S satisfying 2a + 2 > p1,p2 and q1,q2 € (3,6) such that

lal = ul*ullsrwen S (Iulgm g oy + lellgms i pomy ) lullsce,n, (6.12)
IV (el s zo.ny S (g g pony + lelgme g o)) | (D ullsaen,  (613)
where m; = pol‘]f2 and my = %.

Proof. We firstly note that by using the same lines as in the proof of Lemma 6.2, the following
estimates

el =l ullsrwo.ny S (Il8m g gy + el pony ) Nullscas oy,
Nl =% (el w)lsza ) S (lellgm oy + 1l §re . pomy ) [Vullscz (6.14)

still hold true for d = 3,b € (0,2) and o € [a,, o*). It remains to estimate |||z~ |u|*ul|s/ (12 1)
To do this, we divide this term into two parts on B and on B¢ which are denoted by Bis and Bas
respectively. By Holder’s inequality and Remark 2.1,

Bz < |||517|7b*1|U|QUHLP'1

S Ml = oz o Ml “ull
t t

(.24 () G
S ||UH%I”1 (I,Lgl) Hu”Lfl (I,L;Ll)
Slull G g pany) V) ull o1 1 pan

provided that (p1,¢1) € S and

1 1 1 d 1 o 1 1 o 1
- =—+—, —>b+1, —= +— =—+—
51 71U 71 U1 g1 N1 Py mip 1
and
1 T
¢1>3, ni€(q,00) or —=—, 7€(0,1).
ni q1
This implies that
d 3 1 2
B! q1 1 P1
Le us choose
la+1+7
qui( 51 )+€7 (6.15)

for some 0 < € < 1 to be chosen later. Since o > 4_T2b, it is obvious that ¢q; > 3. Moreover, the

condition ¢; < 6 implies @ + 7 < 3 — 2b. Thus by choosing 7 closed to 0, we need o < 3 — 2b.
Combining with a > %, we get

4—2b

)
<a<3-2b, 0<b<1. (6.16)
Thus, for b and « satisfying (6.16), we have
Bua S ullgms (. pony | (V) wllsizo
Similarly, we estimate

Baa < |||l =7 ful*ull S Ml 7 oz ey Il *ull

"2(1,0% (Be)) P2 (1,102)
S ||UH%:"2(1,L;2)HU||Lf2(1,L;2)

S ”“H%T"‘(I,L?)H (V) ullzp2 1.22)



SCATTERING IN WEIGHTED SPACE FOR THE DEFOCUSING INLS 21

provided that (p2,g2) € S and

1 1 1 d 1 «o 1 1 « 1
—=—+4—, —<b+l, —=—+— S=—+4—,
qs V2 U2 72 U2 D2 n2 Do ma b2
and
1 T
G2 >3, ng € (ga,00) or —=—, T€(0,1).
UP) q2
We thus get
d 3 1 2
d_, 3o+t +T)<b+1, o _4_2
Y2 q2 ma P2
Let us choose
3 1
g2 = (a;i;”) —e (6.17)

for some 0 < € < 1 to be chosen later. It is easy to see that g» € (3,6) for 0 <b < 2, 4_T2b <a<
3 — 2b and € > 0 small enough. We thus obtain

Baa S ullgme (1, pa2) 1 (V) ulls(z2.0)-
It remains to check p1,ps < 2« + 2 for (p1,4q1), (p2,q2) € S with ¢; and g2 given in (6.15) and
(6.17) respectively. Let us denote (p, q) € S with

q:?)(a;—ille)Jrae, a e {£1}.

The condition p < 2a + 2 is equivalent to

A direct computation shows
3[3a” + 2bar + 2b — 3+ 7(3a + 1)] + ae(2 — b)(3ar + 1) > 0.
By taking € > 0 small enough and 7 closed to 0, it is enough to have
3a” + 2ba +2b — 3> 0.
It implies that o > 3%%. Comparing with (6.16), we see that
4—-2b

<a<3-9%, be (0,2).
The proof is complete. U

We also have the following result in the same spirit with Lemma 6.3 in the two dimensional
case.

Lemma 6.4. Let d = 2. Let b € (0,1) and « € [, ). Then there exist (p1,q1), (p2,q2) € S
satisfying 2o+ 2 > p1,p2 and q1,q2 € (2,00) such that

e ~°ul“ullsrz2,1) S (||U||%71(1,Lgl) + ||U||%72(1,ng)) lullscz2,n), (6.18)
IV (el s z2.ny S (g g pony + Mg g o)) | (D wllsaan,  (619)
where my = ;1“7112 and mo = %.
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Proof. We firstly note that the following estimates
—b
lal =l ullsran,n S (Ielgm g o + lullma g ) lullse,n,

2l =V (ulwlls 22,0y S (g g oy + Nulgma g pon) ) 1Vulseen (6.20)

still hold true for d = 2,b € (0,2) and o € [y, a*) by using the same lines as in the proof of
Lemma 6.2. It remains to estimate the term |||z|=*~!|u|*u||s(2,5). Using the notations given in
the proof of Lemma 6.2, we bound this term by Bis + Bss. By Hoélder’s inequality and Remark
2.1,

Bia < |2 ulu]

rt oy S M ozl

L7 (1L

(L Le)
S ”“HCLY;“(I,Lgl)HUHLfl(z,L:l)

S ull s g, pany V) ull 22 .oy,

provided that (p1,4q1) € S and

1 1 1 2 1 o 1
- =—+—, —>b+1 —= + —,
q1 Al U1 it (%1 q1 ni
and
1 T
¢1>2, ni€(q,00) or —=—, 7T€(0,1).
ni q1
These conditions imply that
2 2 1 2
2y AekldT) oy @2
a! q1 my b1
Let us choose
200+ 1+ 7
q = 7( =% ) + €, (6.21)

for some 0 < e < 1 to be chosen later. It is obvious that ¢; € (2,00) for any 7 € (0,1). We thus
obtain

Buo < s 1 o | (9) llsany-
Similarly,

Boo < —b—1 [eY < —b—1 .
e T O [ e e [

«

"l 2 1,02
S ||UH%I”2(I,L22)Hu”sz(Lng)
SlullEme g pany) (V) ull 22 1 L2y,

provided that

1 1 1 2 1 o 1
- =—+—, —<b+1l —= + —,
qs Y2 U2 71 Vg g2 Na
and
1 T
g2 >2, ng €(qz,0) or —=—, T1€(0,1)
n2 q2
We learn from these conditions that
d 2 1 2
4y 2adlHm) g @2
V2 q ma P2
Let us choose
200+ 1+ 71
=2 ) (6.22)
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for some 0 < ¢ < 1 small enough. By choosing ¢ > 0 sufficiently small, we have g3 € (2, 00) for
any 7 € (0,1). We get

Bay S Jul3a g pon) | (9) ullsceonn.
To complete the proof, we need to check py, ps < 2a+ 2 with (p1,¢q1), (P2, q2) € S where ¢; and g2
given in (6.21) and (6.22) respectively. Let us denote (p,q) € S with

2 1
q= (OZ;LibJrT)—Fae, a e {£1}.
The condition p < 2a + 2 is equivalent to
2 2 1
1_2_2
q p o+l

It is in turn equivalent to

2[a? + ba+b—1+7a] + aea(l —b) > 0.
By taking € > 0 small enough and 7 closed to 0, this condition holds true provided a®4ba+b—1 > 0.
This implies @ > 1 — b which is satisfied since a € [, a*) . The proof is complete. (]

As a direct consequence of Lemmas 6.2,6.3,6.4, we have the following global H!-Strichartz
bound of solutions to the defocusing (INLS).

Proposition 6.5. Let

d>4, b€ (0,2), «€ a,a"),
or

d=3, be (0, g) a € [a, 3 — 2b),

or

d=2, be(0,1), «c€ a,a").
Let ug € ¥ and u be the global solution to the defocusing (INLS). Then u € LP(R, W4(R%)) for
any Schrodinger admissible pair (p,q).

Proof. We have from the Duhamel formula,
t
u(t) = P ug — 2/ e =B 2170 u(s) | u(s)ds. (6.23)
0

Let 0 < T < t. We apply Lemmas 6.2,6.3,6.4 with I = (T,t) and use the conservation of mass to
get ?

lullsry < Cllu(T) s + Clllzl " lul*ulls z2,r) + CIV (2|~ [ul“w)lls(2,1)

< Clluollm +C (Iullgm 1 gy + Nullgma g paay ) Nullsr,

where (p;, q;) € S satisfy p; < 2a+2,¢; € (2,2*) and m; = p“p‘ for ¢ = 1,2. Here 2* = ﬂ if
d > 3 and 2* = oo if d = 2. Note that the constant C' is independent of I and may change from

line to line. The norm Hu||Lm1(I Loy can be written as

p_Q B2
||u uu I ds) "

By the decay of global solutlons given in Theorem 1.3, we see that

apg

P2 <S I’z_2

_ 1_ 1 _ 2
fu()lge <5~ G738 =673 so Jlu(s) |7

2See (3.26) for the definition of llullscry-
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Since p; < 2a0 42 or % > 1, by choosing T > 0 large enough,

pi—2

o [ I as)

1
”u”S(I) <C+ 5““”5(1) or ||U||s(]) < 2C.

1
< -
—4

‘We thus obtain

Letting ¢ — +o00, we obtain ||ul|g((7,4o0)) < 2C. Similarly, one can prove that |[ug((—oc,—7)) <
2C. Combining these two bounds and the local theory, we prove u € LP(R, W14(R%)) for any
Schrodinger admissible pair (p, q). O

Remark 6.6. Using this global H'-Strichartz bound, one can obtain easily (see the proof of
Theorem 1.4 given below) the scattering in H! provided that uy € ¥. But one does not know
whether the scattering states ugt belong to X.

In order to show the scattering states ug € ¥, we need to show the global L2-Strichartz bound
for the weighted solutions (z + 2itV)u(t). To do this, we need the following estimates on the
nonlinearity.

Lemma 6.7. 1. Let

d=3, be(0,1), ac (5%%,3—21)).

Then there exist (p1,q1), (p2, q2) € S satisfying o+ 1 > p1,p2 and q1,q2 € (3,6) such that

ol el ulsren S (el g oy + lullm g gy ) 109) ulse.n.

2. Let
d=2, be(0,1), «c€ a,a").
Then there exist (p1,q1), (p2,q2) € S satisfying o +1 > p1,pa and g1, g2 € (2,00) such that

2l =l ulls 22,0y S (Il o pmy + lel$ma g o) ) 119) wlsizz,n:

Proof. In the case d = 3, we use the same argument as in the proof of Lemma 6.3 with

3(0[+1+T)+ 3a+1+7)

_— € = — €

2 b P 2 b

for some ¢ > 0 small enough and 7 closed to 0. It remains to check o + 1 > p;,ps where

(p1,q1), (p2,q2) € S. Let us denote (p,q) € S with

Q1 =

qzw—kae, a e {+1}.
2—-0
The condition p < o + 1 is equivalent to
3 3 2 2
2 ¢ p  a+l

An easy computation shows
3[3a% +2(b— 1)a +2b— 54 7(3a — 1)] + ae(2 — b)(3ac — 1) > 0.
By taking € and 7 small enough, it is enough to show
30 +2(b—1)a+2b—5>0.

This implies that a > 5%%. Comparing with the assumptions b € (O, %) and « € [4%26, 3— 2b) of
Lemma 6.3, we have
5—2b
be(0,1), ac (7,3—%).
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The case d = 2 is treated similarly. As in the proof of Lemma 6.4, we choose

_ 2(a+1+47) _ 2(a41+47)
e
for some €,7 > 0 small enough. As above, let us denote (p, ¢) € S with
2 1
QZ%—FCLG, a € {£1}.

The condition p < o + 1 is equivalent to

An easy computation shows
2[® + (b—1Da+b—24+7(a—1)] 4+ ae(l —b)(a —1) > 0.
By taking € and 7 small enough, it is enough to show
a®+(b—1a+b—2>0.
This implies that o > 1 — b which is always satisfied for « € [ay, @*). The proof is complete. O

Proposition 6.8. Let d,b and « be as in Theorem 1.4. Let ug € ¥ and u be the global solution to
the defocusing (INLS). Set

w(t) := (z + 2itV)u(t).
Then w € LP(R, LY(R%)) for every Schrédinger admissible pair (p,q).

Proof. We firstly notice that « + 2itV commutes with i9; + A. By Duhamel’s formula,

w(t) = e aug — i / =98 (1 4+ 2isV) (|| =P |u(s)|Yu(s))ds. (6.24)
0

Let v be as in (4.8). By (4.10), we have
(& + 20t V) (||~ ul*w)| = 2|V (J2] *v|*0)],  Jo] = [ul, 2[¢]|Vo] = |wl.
Case 1: d > 4. Strichartz estimates and Lemma 6.2 show that for any ¢ > 0 and I = (0,t),
lwllsczz,n < llzvollzz + Iz + 2isV)(j2|~°ul*u)|lsrz2,r)
< llwuollzz + 1215V (1] ~*v]*0) s/ (z2,1)-
Let 0 < T <t. We bound
21519 (|~ ol0) s cz2.0) < 121519 (2]~ o0z, 0.2 HIASI V(2] ol “0) L 22,y = A+B.

The term A is treated as follows. By Lemma 6.2 and keeping in mind that |v| = |ul|, 2|s||Vv| = |w|,
we bound

AS (lullgm oy,pom) + Nellgra oy p22) ) 12181 Pl sz,
< (Il

for some (p;, q;) € S satisfy p; < 2a +2,¢; € (2,2%) and m; = ;‘—’7”2 for i = 1,2. We next estimate

7 (om),za T llul %1”2<<0,T>,L22>) sz,

e,
< T

el o7, 220y lull e (orymy <000 =12
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Here the time T > 0 is large but fixed and u € L{°((0,7T), H}) by the local theory. We also have
lwls(L2,0,7)) < oo which is proved in the Appendix. This shows the boundedness of A. For the
term B, we bound

B S (Jlulg

™ ((T,t),L3Y) + Hu||%;"2((T,t),Lf;2)) [12[s|Vollszz (7,0

S (Wl vy gy + NlEma iy gy ) Iz,

for some (p;,q;) € S satisty p; < 2a +2,¢; € (2,2*) and m; = % for i = 1,2. By the same

argument as in the proof of Proposition 6.5, we see that ||u|/¢ % is small for T' > 0 large enough.

m; (T t)
Therefore,

1
lwllsey <C+ §Hw||S(L2,I) or |lwl|lsz2,y <2C.

Letting ¢ — +o0, we prove that |w|g(z2,0,400)) < 2C. Similarly, one proves as well that
|wlls(z2,(—00,0)) < 2C. This shows w € LP(R, LI(R%)) for any Schrodinger admissible pair (p, q).
Case 2: d = 2,3. We bound

lwllsz,n S lwuollrz + [|(x + 2isV) (2] =P lul*u)ll s (12,1
S llwuollzz + 112]s|V (J2| =" |ol*0) |5+ (L2.1)
S llzuollzz + 121821~V (Jol*0) s/ L2,y + 11218l o] *0llsr 22,1
< quOHL% + A+ B.

The term A is treated similarly as in Case 1 using (6.14), (6.20). It remains to bound the term B.
By Lemma 6.7,

1 1
B S (sl ullgm g o) + sl ull§ma g pos) ) Illscan,n),

for some (p;,q;) € S satisfy p; < a+ 1,¢; € (2,2*) and m; = poi‘zi’é for i = 1,2. We learn from

Proposition 6.5 that |lus2,r) < oo. Let us bound |[|s |auHL for ¢ = 1,2. To do so, we

split I into (0,7) and (T,t). By Sobolev embedding

my (I qu)

1+
|H ‘QUHL i((0,T),LY) SJ T m

T((T,), LYY T /H"l [[u(s) T&ds)

By the decay of global solutions given in Theorem 1.3, we see that

ull T (0.1),13) < 00

We next write

sl =l

2a—p;

o) S ()l < Jsf = 7 () = s (G 3) < o528

Since p; < a+1 or M > 1, by taking 7" > 0 sufficiently large, we see that |||s] au||Lml((T £).095)

is small. This proves that the term B is bounded for some T > 0 large enough. Therefore,
lwlls(zz,n < C+ §Hw||S(L2,I) or fwllsce,n <2C.
By letting ¢ tends to +o00, we complete the proof. O

We are now able to prove Theorem 1.4. The proof follows by a standard argument (see e.g. [2]

r [19).
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Proof of Theorem 1.4. Let u be the global solution to the defocusing (INLS). By the time
reserval symmetry, we only consider the positive time. The Duhamel formula (6.23) implies

e MAY(t) = ug — i/t eI x| b u(s) [Yu(s)ds.
0
Let 0 < t; < ty < 0o. By Strichartz estimates and Lemmas 6.2,6.3, 6.4,
e~ =2 uts) — e_itlAu(tl)HH; = H /:2 e_itSA|x|_b|U(S)|au(8)d8HHl
L 2
Sl lul®ullsr (2, (61,02)) + IV (1272 lalu) s (22,(61,2))

S (Iallgms 1005 0 .2 Ml

where (p;, q;) € S satisfy p; < 2a+2,¢; € (2,2*) and m; = p‘z‘f’é for i = 1,2. By the same argument

as in Proposition 6.5 and the global bound ||ul|g®) < 0o, we see that

(I

as t1,ty — +00. This show that e~#2u(t) is a Cauchy sequence in H'(R?) as t — +o0o. Therefore,
there exists uy € H'(RY) such that e"**2u(t) — uf as t — +oo. Note that this convergence holds
for d,b and « as in Proposition 6.5. We now show that this scattering state ug belongs to ¥. To
do so, we firstly observe that the operator x 4 2itV can be written as

x + 20tV = Py A, (6.25)

L7 (b ey 1l %;'LZ‘((tl,tz),Lzz)) lll sty = 0

Indeed, since x+2itV commutes with i0; + A, we see that if u is a solution to the linear Schrodinger
equation, then so is (z + 2itV)u. Thus, if we set u(t) = e*“¢, then

(x4 2itV)u(t) = e"rgp.
By setting ¢ = e~ %?), we see that
(x4 20tV ) = ePae™ 59y,
which proves (6.25). Using the Duhamel formula (6.24) and (6.25), we have

ze"Bu(t) = zug — i / e (@ 4 2isV) (] lu(s)| " u(s))ds.
0

Case 1: d > 4. By Strichartz estimates, Lemma 6.2 and using the same argument as in Propo-
sition 6.8, we see that

lze~ 22 u(ty) — e~ Du(ty)| 12 = H / et (1 2isV)(|x\*b|u(s)|au(s))d8‘
t1

L3
< I +2isV) (12 lul*u) |57 (22 (12
S 1211V (27 01*0) s (22, (01,))

S (Il

S (Illms 1005 0,29 ) N0 ls22, 00

L7 (b1, ey 1l ﬁ'@((n,tz),w)) 12[sV0ll (L2, (21.1))

where (p;,q;) € S satisfy p; < 2a+ 2,¢; € (2,2*) and m; = % for i = 1,2. Arguing as in the
proof of Proposition 6.8 and the global bound ||w||s(z2r) < 00, we see that

(el oy, Il oy .2 T2, =
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as t17t2 — +00.
Case 2: d = 2,3.

lwe~t2u(ta) — we " Su(ty)] 12 = | / e (o + 2isV) (fal ~fu(s) "u(s))ds|
< (@ + 2659 (2]l W)l 572211000
S 1218V (|2 ~* ol o) ls7 (22, (11,12

H2|3||$|7bv(|v|av)||S’(L2,(t1,t2)) + HZ‘S‘|x|7b71|U|QUHS’(L2,(t1,tz))
=: A+ B.

L3

A

For term A, we use (6.14), (6.20) and the fact |v| = |ul,2|s||Vv| = |w] to have

AS (Il oy + 1l 0 2 ) 1215190522, 00,

/S (”uH%:"l((tl,tg),Lgl) + HuH%Tz((tl,tg),L?)) ||wHS(L27(t1,t2))a (626)
for some (p;,q;) € S satisfy p; < 2a+2,¢; € (2,2*) and m; = 1% for ¢ = 1,2. Similarly, by
Lemma 6.7,

B % (sl ullgms oy ony + Ml oy 20y ) T2, ety (6.27)

for some (p;,q;) € S satisfy p; < o+ 1,¢; € (2,2%) and m; = ap’ for i = 1,2. By the same
argument as in Case 2 of the proof of Proposition 6.8, we see that the right hand sides of (6.26)
and (6.27) tend to 0 as t1,t2 — +00.

In both cases, we show that ze *“u(t) is a Cauchy consequence in L? as t — 4o00. We thus
have xug € L? and so uar € Y. Moreover,

wd () = up — i / =98 =P lu(s) | *u(s)ds.
t

By repeating the above estimates, we prove as well that

—itA

le™* S u(t) = uglls = 0,

as t — 400. The proof is complete. O

Remark 6.9. We end this section by giving some comments on the scattering in 3 for a € (0, ay).
In this case, by Theorem 1.3, we have the following decay of global solutions to the defocusing
(INLS)
,M 1_1

lu®llzg < 1 (-3), (6.28)
for g as in (1.13). Let us consider the easiest case d > 4. In order to obtain the global H!-Strichartz
bound on u and the global L2-Strichartz bound on w (see Proposition 6.5 and Proposition 6.8),
we need ||u||%m((T 1,19y tO be small as T' > 0 large enough, where (p,q) € S and m = pT This
norm can be written as

o

(/Tt ”u(s)HangdS R / lu(s)7a 2dS)T. (6.29)

_ a(2b+da)

lu(s)|fy® < 5= H5

Using (6.28),
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To make the right hand side of (6.29) small, we need aé%f:g‘;) > 1 or equivalently 2p < 4+a(2b+da)
hence
d d 2 4
———_=—> 6.30
2 ¢ p o 4+ a2b+da) (6.30)

Let us choose ¢ as in the proof of Lemma 6.2, i.e.
d 2

q= %—&—ae, a € {1},

for some € > 0 small enough. We see that (6.30) is equivalent to
d[d*a® + 4bda® + (4d — 8 4 4b%)a + 8b — 16] + ae(d — b)[4d — 8 + da(2b + da)] > 0.

By taking € > 0 small enough, it is enough to show f(«a) := d?a®+4bda?+ (4d—8+4b%)a+8b—16 >
0. Since b € (0,2), we see that f(0) =8> — 16 < 0 and f(a.) = f (:2) = 8(4%;%) > 0. Hence
f(a) = 0 has a solution in (0, a,). Thus, the inequality f(a) > 0 holds true for a sub interval
of (0, ay). By the same argument as for the case a € [ay,a*), we can obtain a similar scattering
result in ¥ for a certain range of o € (0, oy ).

APPENDIX A. LOCAL L2-STRICHARTZ BOUND OF WEIGHTED SOLUTIONS

Lemma A.1. Let d,b and « be as in Theorem 1.2. Let ug € ¥ and u be the corresponding global
solutions to the defocusing (INLS). Set

w(t) = (z + 2itV)u(t).

Then w € LY (R, L9(R%)) for any Schridinger admissible pair (p,q).

loc

Proof. We follow the argument of Tao-Visan-Zhang [20]. For simplifying the notation, we denote
H(t) = z + 2itV. We will show that ||Hul[g2 ) < oo for any finite time interval I of R. By the
time reversal symmetry, we may assume I = [0,7]. We split [ into a finite number of subintervals
I; = [tj,tj+1] such that |I;| < e for some small constant € > 0 to be chosen later.

Case 1: d>4,b€(0,2) or d=3,b€ (0,1) and « € (0,a*). By (6.25), we see that on each
interval I,

H(t)u(t) = '~ H(tj)ulty) —i/ e INH () (Ja] () *u(s))ds.

tj
Let v be as in (4.8). By Strichartz estimates and (3.2) and that |v(s)| = |u(s)],2|s||Vv(s)| =
|H (s)u(s)|, we have
IHullsz2,r,) S I1H E)ut;) ez + 11H (s) (2|0 ul*u) || s/ r2,1,)
S IH ()22 + 11218V (2] ol*0)[ls7(z2 1)
S IH ) ulty)lez + (11 + 111%) IVull$ e,z 1211 Vollsze, o)
(

SH (t)u(ts)l| 2 + (661 + 602) lull$er,) IHul s (22,1,

J

Since [|ul|sr) < 0o, by choosing € > 0 small enough depending on T’ [|ul| g(r), we get
|Hullsz2,r;) S IH(t)u(t;)| 2
By induction, we have for each j,
[Hulls(z2,1;) < 1H(0)u(0)]| L2 = [[zuollz2-
Summing these estimates over all subintervals I, we obtain

||HUHS(L2,I) < 0o0.
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Case 2: d=3,be [1,3) and a € (0, %) or d=2,b€(0,1) and «a € (0,a*). By Strichartz

est

imates, (3.10), (3.19) and keeping in mind that |v| = |ul,2|s||Vv| = |Hu|, we bound
[Hullsz2,1,) S IH(E)ult) ez + [H(s)(l2][ul*u) s/ (22,1,
S IH ) ut) ez + 1121V (2 ol*v) 51221,
S IH ) ulty)ez + (LI + 151%) (V) ull§ee,1,) 12181V olls 22,1y
+ (I + 1LY (V) ull§ e, lull sz 1y
SIH Gtz + (€ + ) [lull g, | Hullszz 1)

()

Since ||ul|gr) < 0o, by choosing € > 0 small enough depending on T [|u| g(r), we get

for

[Hulls(rz2,1;) < ClIH(t;)ult;)| 2 + C,
some constant C' > 0 independent of T'. By induction, we get for each j,

|Hullsr2,1;) < Cllauoll Lz + C.

Summing over all subintervals I;, we complete the proof. O

ACKNOWLEDGMENTS

The author would like to express his deep thanks to his wife-Uyen Cong for her encouragement

and support. He would like to thank his supervisor Prof. Jean-Marc Bouclet for the kind guidance
and constant encouragement. He also would like to thank the reviewer for his/her helpful comments
and suggestions.

(1]
(2]
(3]

REFERENCES

L. Bergé, Soliton stability versus collapse, Phys. Rev. E 62, No. 3 (2000), doi: 10.1103/PhysRevE.62.R3071,
R3071-R3074. 1

T. Cazenave, Semilinear Schridinger equations, Courant Lecture Notes in Mathematics 10, Courant Institute
of Mathematical Sciences, AMS, 2003. 2, 4, 5, 13, 14, 15, 16, 17, 26

T. Cazenave, F. B. Weissler, Rapidly decaying solutions of the nonlinear Schrodinger equation, Commun.
Math. Phys. 147 (1992), 75-100. 17

J. Chen, On a class of nonlinear inhomogeneous Schriodinger equation, J. Appl. Math. Comput. 32 (2010),
237-253. 1

J. Chen, B. Guo, Sharp global existence and blowing up results for inhomogeneous Schrodinger equations,
Discrete Contin. Dyn. Sys. Ser. B 8, No. 2 (2007), 357-367. 1

V. Combet, F. Genoud, Classification of minimal mass blow-up solutions for an L? critical inhomogeneous
NLS, J. Evol. Equ. 16, No. 2 (2016), doi: 10.1007/s00028-015-0309-z, 483-500. 2

L. G. Farah, Global well-posedness and blow-up on the energy space for the inhomogeneous nonlinear
Schrédinger equation, J. Evol. Equ. 16, No. 1 (2016), doi: 10.1007/s00028-01500298-y, 193-208. 2, 3

L. G. Farah, C. M. Guzman, Scattering for the radial 3D cubic focusing inhomogeneous nonlinear
Schrédinger equation, J. Differential Equations 262, No. 8 (2017), doi: 10.1016/j.jde.2017.01.013, 4175-4231. 3
L. G. Farah, C. M. Guzman, Scattering for the radial focusing INLS equation in higher dimensions, preprint
arXiv:1703.10988, 2017. 3

, G. Fibich, X. P. Wang, Stability of solitary waves for nonlinear Schrédinger equations with inhomogeneous
nonlinearities, Physica D 175 (2003), doi: 10.1016/S0167-2789(02)00626-7, 96-108. 1

F. Genoud, C. A. Stuart, Schrédinger equations with a spatially decaying monlinearily: existence and
stability of standing waves, Discrete Contin. Dyn. Syst. 21, No. 1 (2008), doi: 10.3934/dcds.2008.21.137, 137-
286. 2, 3, 4

F. Genoud, An inhomogeneous, L?-critical, nonlinear Schrédinger equation, Z. Anal. Anwend. 31, No. 3
(2012), doi: 10.4171/ZAA /1460, 283-290. 2



(13]

22]
23]
24]

[25]

SCATTERING IN WEIGHTED SPACE FOR THE DEFOCUSING INLS 31

F. Genoud, Théorie de bifurcation et de stabilité pour une équation de Schédinger avec une non-linéarité
compacte, PhD Thesis No. 4233, EPFL 2008. 2, 4

J. Ginibre, G. Velo, On a class of nonlinear Sch’godinger equations, J. Funct. Anal. 32 (1979), 1-71. 16

C. M. Guzman, On well posedness for the inhomogneous nonlinear Schridinger equation, Nonlinear Anal.
37 (2017), doi: 10.1016/j.nonrwa.2017.02.018, 249-286. 1, 3, 5, 6, 11

Y. Liu, X. P. Wang, K. Wang, Instability of standing waves of the Schrodinger equations with inhomoge-
neous nonlinearity, Trans. Amer. Math. Soc. 358, No. 5 (2006), doi: 10.1090/S0002-9947-05-03763-3, 2105-2122.
1

F. Merle, Nonezxistence of minimal blow-up solutions of equations tuy = —Au — k(x)\u|%u in RN, Ann. Inst.
H. Poincaré Phys. Théor. 64, No. 1 (1996), 35-85. 1

P. Raphaél, J. Szeftel, Existence and uniqueness of minimal blow-up solutions to an inhomogeneous mass
critical NLS, J. Amer. Math. Soc. 24, No. 2 (2011), doi: 10.1090/S0894-0347-2010-00688-1, 471-546. 1

T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS Regional Conference Series in Math-
ematics 106, AMS, 2006. 5, 14, 26

T. Tao, M. Visan, X. Zhang, The nonlinear Schrodinger equation with combined power-type nonlinearities,
Comm. Partial Differential Equations 32 (2007), doi: 10.1080/0360530070158880, 1281-1343. 14, 29

I. Towers, B. A. Malomed, Stable (2+1)-dimensional solitons in a layered medium with sign-alternating
Kerr nonlinearity, J. Opt. Soc. Amer. B Opt. Phys. 19, No. 3 (2002), doi: 10.1364/JOSAA.19.000537, 537-543.
1

Y. Tsutsumi, Scattering problem for nonlinear Schrodinger equations, Ann. Inst. Henri Poincaré, Physisque
Théorique 43 (1985), 312-347. 17

J. F. Toland, Uniqueness of positive solutions of some semilinear Sturm-Liouville problems on the half line,
Proc. Roy. Soc. Edinburgh Sect. A 97 (1984), 259-263. 3

E. Yanagida, Uniqueness of positive radial solutions of Au+ g(r)u+ h(r)uP = 0 in RN Arch. Ration. Mech.
Anal. 115 (1991), 257-274. 3

S. Zhu, Blow-up solutions for the inhomogeneous Schrédinger equation with L2 supercritical nonlinearity, J.
Math. Anal. Appl. 409 (2014), doi: 10.1016/j.jmaa.2013.07.029, 760-776.

(V. D. Dinh) INSTITUT DE MATHEMATIQUES DE TOULOUSE UMRA5219, UNIVERSITE TouLouse CNRS, 31062

TouLOUSE CEDEX 9, FRANCE

E-mail address: dinhvan.duong@math.univ-toulouse.fr



	1. Introduction
	2. Preliminaries
	2.1. Nonlinearity
	2.2. Strichartz estimates

	3. Local existence
	4. Pseudo-conformal conservation law
	5. Decay of solutions in the weighted L2 space
	6. Scattering in the weighted L2 space
	Appendix A. Local L2-Strichartz bound of weighted solutions
	Acknowledgments
	References

