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Form factor of any polyhedron: a general compact
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A general and compact formula is established for the form factor of any
polyhedron, which involves only the apex coordinates and the apex connections.
For large diffusion vector q, the form factor behaves like ¢~ for generic
directions, but it exhibits g2 singularities in the directions perpendicular to the
edges and ¢~ singularities in the directions normal to the faces. General results
are established for these singularities. Using a Python implementation,
illustrative examples are discussed. The generality of the formula and of its
singularities are likely to be important for any discussion of scattering from
polyhedral particles.

1. Introduction

The increasing development of nanoscience has lead to an
unprecedented control of nanoparticle synthesis (Goubet et
al., 2013; Murphy et al., 2005; Xia et al., 2009; Xie et al., 2012;
Zhang et al., 2012). The control of naonparticle shapes is of
major importance for their physical properties in diverse
fields: magnetism (Gruner et al., 2008), optics and plasmonics
(Langille et al., 2012), and catalysis, for which the nature of the
faces is crucial (Balmes et al., 2016; Yamada et al., 2011). Fine
control of the shape and the size of nanoparticles has opened
the route to the elaboration via self-assembly of superlattices
of such nanoparticles (Cho et al., 2005; Geuchies et al., 2016;
Goubet et al., 2016; Jones et al., 2010; Kalesaki et al., 2014; Lee
et al., 2011).

X-ray scattering techniques are an important tool for
studying and following these self-assembled nanoparticle
system (Geuchies et al., 2016; Goubet et al., 2016; Jones et al.,
2010; Renaud et al., 2009). As pointed out by Senesi and Lee,
the calculation of the form factor of the particles is of major
importance in the context of any scattering technique. On the
one hand, the use of Green’s theorem and surface triangula-
tion approaches (Georg & Tausch, 1994) leads to very efficient
numerical methods for particles having ‘smooth’ surfaces
(Chourou et al., 2013). On the other hand, for elementary
polyhedra, the existence of very simple analytical formulae for
the form factor indicates the presence of singularities for
special directions of the diffusion vector q. The existence of
such singularities gives rise to a number of questions: Do these
singularities exist for any polyhedron? What are their common
properties? Analytically answering these questions is the
subject of this paper.

Until now, two approaches have been employed to calculate
analytically the form factor of specific polyhedra: (i) direct
calculation of the integral on the polyhedron, which is the case
for simple pyramids (tetrahedron, square pyramid efc.) or
simple prisms (cube, parallelepiped efc.); (ii) cutting the poly-
hedron into elementary parts which are generally polygonal
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pyramids (Senesi & Lee, 2015). These methods allow us to
establish interesting results, but they lead to the construction
of form factor catalogues (Babonneau, 2010; Lazzari, 2002).
By formulating the calculation with simple vectorial opera-
tions, we will establish a general, compact and exact formula.
This formula is valid for a very large class of polyhedra, those
polyhedra severable into convex polyhedra, and it involves
only the apex coordinates and the description of the apex
connections. Its simplicity and generality allow one to identify
the directions of the diffusion vector for which singularities
appear. The first kind of singularity leads to an excess of
diffusion in planes perpendicular to the edges, whereas the
second kind leads to an excess of diffusion along lines normal
to the faces. While the second singularity was already well
known for each specific polyhedron, little attention has been
paid so far to the first. Finally, we give a Python implementa-
tion of the formula and apply it to some illustrative cases.

2. Form factor of any polygon
2.1. Form factor of a triangle

Because of its importance in this work, we will establish in
detail this well known result, allowing us to present our
notations. Let us consider the triangle represented in Fig. 1, of
apices A,, A,, A;, the direction angles of the sides A,A;, A| A5,
A A, being o, a,, o5, respectively. We intend to calculate the
form factor, i.e. the integral of exp(—iq - r) over the triangle
surface, F,, = [ [, exp(—iq - r)d’s. We have

X3 y1—(x—xp) cot(ap)
Fy= / exp(—iq,x) exp(—iq,y)dy| dx
X1 y1—(x—xp) cot(az)
X y3—(x—x3) cot(ay)
+ f exp(—ig,x) exp(—ig,y)dy| dx
X3 y1—(x—x) cot(az)

_ 4 [ exp(—iq,x) exp{—iq,[y; — (x — x;) cot(ets)]} dx
ay
i ki . j
g, / exp(—iq,x) exp{—iq,[y; — (x — x;) cot(,)]} dx

+ qiy / exp(—iq,x) exp{—iq,[y, — (x —x,) cot(e;)]} dx

-1
 q,lq, — q, cot(ay)]
x {exp[—i(q.x, + q,y,)] — exp[—i(q.x, + q,y))]}
-1
~ a,[q, — g, cot(a,)]

x {exp[—i(q.x; + q,y3)] — exp[—i(q,.x; + q,y))]}
1

qy[qx - qy COt(al )]
x {exp[—i(q.x, + 4,y,)] — exp[—i(q, x5 + q,y:)]}. (1)

Three phases appear in this result: g.x; + q,y;, 4., +¢q,¥,
and q,x; + q,y;, with coefficients

-1 -1
qy[qx - qy COt((xZ)] Qy[qx - Qy COt((X3)]
sin(o, — a3)

lg, sin(e,) — q, cos(a,)]lg, sin(e;) — q, cos(a;)]”

-1 -1
qy[qx - qy COt(a3)] a Qy[qx - LIy COt(al)]
B sin(o; — o) and
~ [g,sin(ey) — g, cos(a3)]g, sin(e;) — g, cos(e;)]’
~1 ~1
a,[q, — q,cot(@)]  q,lq, — g, cot(e,)]
_ sin(e; — o) o)

[q. sin(e,) — 4, cos(@,)llg, sine;) — g, cos(et,)]’

A major point in the whole following calculation is to note that
operations on vectors such as the scalar product, V-W,
the vector product, V x W, and the mixed product,
U-(VxW)=(U,V,W), are invariant under changes of
basis and rotations. Therefore, we will search for a formulation
of the form factor using such vectorial operations. Denoting by
n the unit vector normal to the A;A,A; plane which completes
the right-handed axis system, the coefficient of the phase term
g% +q,y; can be rewritten as [n-(AA; X AjA;)]/
[(q-AA))(q- A A;)] and we have finally for the form factor

3
Y (A A X AA,
FA = ZGXP(—I(] : OAZ) n ( i+14% X Ay 1—1) (3)

pay (@ - A A)Q-AA)

In this equation, the operations on the indexes must be done
modulo 3. This will be a general rule of great importance in the
whole paper: for index i, varying in the range 1...p, the
operation i 4+ k or i — k must be understood modulo p.

&

Figure 1
Scheme of the triangle A;A,A;.
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2.2. Form factor of simple polygons

We show by induction in Appendix A that the form factor of
a simple p-gon, i.e. a simple uncrossed polygon with p apices,
can be written as

p n(A A X AA,; )
Fgn = ) exp(—igq- OA) — = = ——— ==
P ; (q-AA)g-AA,)

This formula can be obtained by direct calculation following
the calculation scheme employed for the triangle, but its

demonstration by induction illustrates a cutting procedure
quite useful in the context of this article.

4)

3. Form factor of a polyhedron
3.1. Form factor of a tetrahedron

Let us consider the tetrahedron represented in Fig. 2, of
base A;A,A; parallel to the xy plane at height z, the fourth
apex being A, at height z,,.

The form factor is given by

Ftetra = ///exp(_lq : l’) d3V

= exp(—iq - OA,)

Zp

3

n-(a,a xa_a) .

X E exp(—iq - Aga;)dz. (5)
/ —(q-a,,3)(q-a_,a) ’

20

Since the triangles A;A,A; and a,a,a; are similar in a
homothetic transformation of centre A, and ratio
(z — z0)/(zy, — 2), We have

n- (a2 Xa_a) _ - (AiA; X A A)
(q-a,2)(q-a,_3) (q- A A)q A A)
and Aja; = AjA(z — zy)/(z, — z)- Therefore, we obtain

Az

0 AO
Figure 2

Tetrahedron. The two triangles marked with the bold and dashed lines are
similar in a homothetic transformation of centre A, and ratio

(z — z0)/(z, — 29)-

g

. n-(A A XA_A)

Fe ra — eXP(—lq - 0OA )/ E i+14% i i
- ’ i=1 (q ’ Ai+1Ai)(q : A,;] A,)
z

X exp (—iq - AYA,; < __ZO ) dz. 6)

Zp — X

Note that it is not necessary for A, to be vertically aligned with
the triangle barycentre to obtain such an integral, as assumed
by Senesi & Lee (2015). After integration, one obtains
Ftetra = (Zb - ZO) exp(—zq ' OAO)
23:[ n-(A A x A A) exp(—iq- AA) + 1}

(q-AA)q-AA) —i(q - AgA;)
_ 23:[ AA, (A A XA _A)

(q-ALA)G-AA)GAA)

x exp(—iq - OAi)i| —iexp(—iq- OA)

i=1

i=1

% i AA, (A A XA A) )
i=1

= (q- Ai+1Ai)(q A 1A AYA)) ’

where the operations on the indexes are done modulo 3 in the
set 1, 2, 3.

3.2. Form factor of a polygonal pyramid

Using the same procedure of calculation, the previous
formula can be generalized to the form factor of a polygonal
pyramid:

F i[ AvA; - (A A X AL A)
r —1
py (@- A AN A A) (G- AA)

—iexp(—iq- OA,)

X Xp:[ AoA; - (A A XA A) :|
(q-AA)G- A A)(g-AA) .

exp(—iq - OA,-)]

i=1

®)

i=1

This result is essential. It will allow us to calculate the general
formula for simple polyhedra.

3.3. Compact formula for the form factor of a simple
polyhedron

We will proceed in two steps: first we will establish a
compact formula for a special class of polyhedra, the ‘not too
concave’ polyhedra, and second we will demonstrate in
appendices some lemmas which allow us to generalize the
validity of that formula for a quite large class of polyhedra, the
polyhedra severable into convex parts.

Let us consider a polyhedron for which there exists a finite
locus where all the faces can be seen without passing through
the polyhedron exterior. This class of polyhedra contains all
the convex polyhedra but also all the polyhedra that are not
too concave. Choosing a point M in this locus, the polyhedron
can be divided in polygonal pyramids. Labelling by j the n;
faces and by v; , the ordered circuit of the m(j) apices of the jth
face, one obtains using formula (8)

J. Appl. Cryst. (2017). 50, 1245-1255
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MA, -(A, A, xA A, )
Tk jok+1" T Vik ik " T Vik—1

ng m(j)
Fopg =i
pihd Z[Z(q A, A )G-A A, ) MA, )

j=1 Vik+1

X exp(—iq - OAW):| — iexp(—iq - OM)

MA, -(A, A, XA, A
Jk ).k

Vik+1" Vik

ny m(j) )
Vi k=1
X .
=1 | k=1 (q ' Av/_kﬂ Avjvk)(q ' Av/_kAv/_k,l)(q ' MAVM)
)

The phase term exp(—iq - OA,) associated with the apex A,
appears several times in formula (9). Let us label by w; ; the
circuit of the p; apices connected to the apex i. The order of
this connection circuit can be determined unambiguously by
the order of the face circuits as shown in Fig. 3.

Using these indices, the summation may be rewritten as

n

i a2 MA, - (A, A, xAA, )
Ihd = ! . -
P == @A, A)g- AiAWl'A‘*l)(q ‘MA)
x exp(—iq - OA;) — iexp(—iq - OM)
. [ PO MA,; - (A, A, xAA, )
y is is—1 , (10)
i=1 | s=1 (q- AW,JAi)(q : AiAW,,J-fl)(q "MA)

n

where n, is the number of apices. Note that the phase term
associated with each apex is involved in the inner summation
when using the faces’ circuits while it is involved in the outer
summation when using the apices’ circuits.

The formula obtained may seem surprising because of its
explicit dependence on the choice of M. This apparent
dependency can be removed, which will lead to our general
compact formula for the form factor. Let us start with the
coefficient G, of the phase term exp(—iq - OA,).

G " MA’ ) (AWI.SAi X AiAWLs—l)
a s=1 (q ' Aw;_xAi)(q : AiAw;J_l)(q ' MA[) B

MA, -V,
11)
q-MA,

Figure 3
Principle of orientations of the edges’ circuits.

PZ("'): AWisAi X AiAWz s—1 (12)
o s=1 (q ’ AWi,:Ai)(q ’ AiAWi.:—l) '

We will show that V;, is parallel to q. For this purpose, we will
calculate q x V,. We have

V. =
axVi=2, (@ A, A)g A, A)

s=1 |
(@A, A)A, A~ (G- A, AIA, A,
(q ! Aw,-_XAi)(q : AinS,IAi)

20 qx (AWmAi x AW,,s—lAi):|

s=1 ]

aor AW;vAi AW[.v—lAi
B s=1 _(q ' AwmAi) (q : Aw,»_l,l l)
20 A AL PG A )
_ Wis™ 1 _ Wis—1" "1
s=1 (q ’ AWi,JAi) s=1 (q ) Awi,s—lAi)
=0. (13)

Therefore, we have V, = t,q with ¢, = (V, - q)/¢°. This leads to

MAi ) (tiq) =t = <" |: 9 (Awi»SAi X Awi,s—lAi) :|

Gl. =~ =t =
q-MA, (q-A, A)g-A, A)g
(14)

which does not depend on M and which can be calculated with
only the apex coordinates. At this step, the remaining
dependence of the form factor on M is concentrated in a term
where the phase q - OM appears with a rational function of the
M coordinates. Since the form factor must not depend on M,
this rational fraction must be zero. A direct geometrical proof
of this vanishing can be found in Appendix B. Finally, we have

n q-(A, A xA, A)

a | pG) ) )
Fona = Z{Zm A AYa-A, AN

=

i| exp(—iq - OA)).

(15)

The following points must be noted:

(1) The expression of the form factor involves only the apex
coordinates and the topology of their connections but, in its
final form, no particular cutting of the polyhedron is involved.

(2) For large g values, the form factor behaves like g—°

(3) For the purpose of demonstration, we have used a
special cutting and we have restrained our discussion to not
too concave polyhedra, i.e. polyhedra for which there exists a
finite locus where all the faces can be seen without passing
through the polyhedron exterior. We give in Appendix C a
method which allows one to generalize the validity of this
formula in its same form to any polyhedron severable into
convex parts. While a little more technical, this generalization
is very similar to the inductive demonstration given previously
for the form factor of a p-gon.

4. The different singularities

In the denominator of formula (15) which leads to the form
factor, the diffusion vector q is involved in several scalar
products. This clearly shows that there exist directions of q for
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which the form factor presents singularities: q may be
perpendicular to a single edge; q may be perpendicular to two
consecutive edges in the circuit around an apex, in which case
q is normal to the face to which these two edges belong; or q
may be zero, leading to a zone centre singularity.

4.1. First-kind singularities: q perpendicular to an edge

Let us study the singularity which occurs when q is
perpendicular to the edge A;A; without being normal to either
of the two faces to which this edge belongs. Defining s and ¢ by
the equalities w;, =j and w;, =i, we will set j_ =w, _,,
Jy = Wisp1» i =w;,4 and 1+ = W; 41 The four terms invol-
ving the scalar product q- A/A; are written as

q - (ALA; X AA) ] exp(—iq - OA) = C
L(q- Ain)(q : Aj+Ai)q2_ ' 7*(q- Ain)
x exp(—iq - OA,),
[ q- (Ain X Aj—A[) i . _ D;
@ AANG A, Ag| TP O0A) =)
LG - AyA)Ig - A;_A)g” | q°\q - AA

x exp(—iq - OA)),

q- (A A X AA)

exp(—iq- OA) = S E—
L(q- AiAj)(q : Ai+A,‘)512_ P ! 7*(q- AiAj)
x exp(—iq - OA)),
q-(AA; xA_A) . D,
exp(—iq-OA)=—"——
L(q- AiAj)(q : Ai—Aj)qz_ ! q*(q- AiA_,')
x exp(—iq - OA)),
(16)
and their sum is written as
C,+D
_ OA)— ———— OA.
TP AA)eXP( iq-OA)) — 7 AA)eXP( iq- OA))
C,+D
C + D C D; } (- OA) 17)
exp(—iq -
7°(q- Ain)

We will denote by n_ the unit normal to the face to which 4; ,
A;, A;, A; belong and by n, the unit normal to the face to
which A; , A;, A;, A; belong. Writing q =an, + fn_+
y(n_ x n,) and A/A; = a(n_ X n ), we obtain

Co= Ilm C =IlmC =

(9-A;A)—0 y—0

ﬁ[ot + B, -n ). (18)

The key point to note is that this limit is independent of A,.
Thus, we have Cj =D = (a/B)le+p(n, -n_)] and
Dy = Cjp = (a/a)[B+ a(n, -n_)]. A series expansion leads
for the whole singularity to

a B exp(—iq-AA)—1 E
a{ [ﬁ Tt n)} 7(q- AJ/’Ai) - qz}

x exp(—iq - OA))
of[n - e n
(@-n)—(q-n)(n_-n,)
(q-n_)—(q- n+)(n7 : Il+)
(q-n)—(q-n)n_-ny)

exp(—iq - A/A,) — 1 E} )
+—(exp(—iq- OA),  (19)
q*(q- Ain) 7 !

+2(n, - n_)]

where E is obtained by a series expansion of C; and D; to the
first order. The singularity is the sum of a cardinal sine term
and a diffuse term. The following points must be noted:

(a) The locus of the first-kind singularity is a plane normal
to the edge and intersecting the origin, leading to great circles
on a sphere of radius gq.

(b) For large g values, the first-kind singularity behaves
like g2

(c) Through a, the first-kind singularity is proportional to
the edge length, A;A;.

(d) The first-kind singularity exhibits fringes of period
2m/A;A; in the direction of the edge.

4.2. Second-kind singularities: q normal to a face

Let us study the singularity which occurs when q is normal
to a face without being zero. We denote by n the unit normal
to this face pointing toward the exterior. We have
q = g, n + q;. We will index by j the m; apices of this face. For
each of these apices, there is one term in the inner sum for
which the two scalar products of the denominator are zero
when q; = 0. Grouping all these singular terms, we obtain

i q-(ALA XA LA)
F,, exp(—iq - OA)) ! I
g Z p( q ( ]+1A)(q j— 1A)

= ;eXp(—iq -0A))

(A]HA X A;i_A))
j+1Aj)(q j—lAj)

X Z exp(—iq - A A, ) (
=1 a

iq .
= q—jeXp(—lq -0A))

s A XA A
x Zexp(—iq” “AA) n (A A X A A)
= ((Jn “AiLA)g AL A)

iq )
= —;exp(—lq -0OA))H. (20)

We need to calculate H, = liqu_>0 H. But we can recognize in
H the two-dimensional form factor of the polygon A, ... A
Its limit for q; — 0 is the area of the polygon,

ne

—1 my—

ZZA

j=1 k=j+1

Stace = 2“ 1 X AAL, (1)

and we have

J. Appl. Cryst. (2017). 50, 1245-1255
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[ .
Fsing(qH = 0) = TeXP(—lq . OAl)
q.

me—1 me—1
X (n- > 2 AAL X AkAk+1>. (22)
j=1 k=j+1
The following points must be noted:

(a) The locus of the second-kind singularity is a line normal
to the face and intersecting the origin, leading to poles on a
sphere of radius q.

(b) For large g, values, the second-kind singularity behaves
like g~ '.

(¢) The second-kind singularity is proportional to the face
area.

(d) The treatment of this second singularity includes
partially terms involved previously in the treatment of the first
singularity. For the term affected by the nullity of only one
scalar product of the denominator, the treatment of the first
singularity must be done using only C; and D; and taking
advantage of the fact that their limits are equal.

4.3. Third-kind singularities: vanishing g

When q tends to 0, all the denominators are vanishing at the
same time. Recalling the integral expression of the form
factor, we have

Fplhd(q =0)= fffl d’v = Vol (23)
where V4 is the volume of the polyhedron.

4.4. Faces nesting

For symmetric polyhedra, it frequently occurs that two faces
are parallel. In these cases, the directions corresponding to the
second singularity associated with each of the parallel faces
are the same, leading to well marked oscillations of period
27/d superposed on the ¢! term, d being the diameter joining
the two faces. Consideration of the form factor of the tetra-
hedron for which such parallelism does not occur will clearly
show that these oscillations are not intrinsic to the second-
kind singularity, but must be attributed to the nesting of the
faces.

5. Numerical implementation and examples
5.1. Python program

A numerical program using formula (15) must account for
the singularities. Owing to their power-law nature, the treat-
ment of these singularities can be done numerically by
calculating the form factor in the immediate vicinity of the
singularities. We have implemented such an approach in a
Python program. A major point is to build a function which is
called with an array of q values. Using such a method, a typical
time of some 1075 s per q value is obtained on a desk top
computer for a g array of size greater than 1000. Our imple-
mentation needs only the apex coordinate array, A;, and the
face circuit array, v;,. As already mentioned, the travelling
direction of each circuit is of major importance when using

formula (15). This determination may be quite tedious for
non-trivial polyhedra, and therefore it is performed by the
application using only one point defining the interior of a
given face. The whole application which corresponds to a
Python class is available under the name poly_scat_
funct.py at http://www.insp.jussieu.fr/-7-Logiciels-.html and
as supporting information for this article.

Note that our analytical treatment compared to cutting
methods has the advantage of avoiding the artificial intro-
duction of ghost faces and ghost edges. These ghost faces and
ghost edges in a numerical implementation necessitate the
subtraction of two singular terms, leading to possible numer-
ical imprecision.

5.2. lllustrative examples

In this section, we will study several examples: a tetra-
hedron, a truncated cube and a stellated cube. We will pay
special attention to the singularities and we will assess
numerically the g domain for which their power-law behaviour
is clearly distinguishable. We will use dimensionless variables
Fona/Vona and g, = q(Vplhd)1/3. For all the studied cases, the
limit of F/V for small g values is 1, as it should be.

5.2.1. Tetrahedron. Let us consider the regular tetrahedron.
Fig. 4 represents the variation of the form factor with g for
various q directions. For g, > 20, three power-law behaviours
are clearly visible. A least-squares fit of the form factor in the
direction normal to a face allows us to determine a prefactor
equal to 1.8018, to be compared with S,../V*? =1(37/°) ~
1.8014 as given by the analytical study performed in the

0.01 [

FIV

0.001 |

0.0001 |

10° [

10°®
1000

””iIO - .....1.00
Qv

Y=

01

Figure 4

Form factor of a tetrahedron. Red dots: ordinary q direction = (0.704
0.616 0.707). Blue dots: q direction perpendicular to an edge = (100).
Green dots: q direction perpendicular to an edge = (1/2Y2 0 1/2/2).
Brown circles: q direction normal to a face = (001). Full lines: best fits by
q3, ¢ and ¢! laws. The multiplicative coefficient of the ¢! law is
1.8018, to be compared with S;,../V?? = 1.8014.
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previous section. Note that in the direction normal to a face
there is no oscillation of the intensity, while oscillations are
clearly visible in the other directions. This is due to the
absence of face nesting. This absence of nesting for the
tetrahedron allows us to study the predicted presence of
fringes parallel to the planes associated with the first-kind
singularity. Fig. 5 shows the presence of such fringes: for large
enough g values (g, > 100) the fringes’ period is in quite good
accordance with the analytical prediction, 27/a, and the
fringes are already visible for g, = 30. Fig. 6 represents a
three-dimensional plot of the form factor for g, = 100. The
loci of the second singularities, poles, and of the first-kind
singularities, great circles joining theses poles, are clearly
visible.

12 8
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4
8L
412
g Y NN
o o
2L
0

5 4 3 2 1 0 1 2 3 4 5
g*al(2mr)

Figure 5

Cardinal sine fringes in the edge direction. Red line and left scale: q, =
100V1/3(100). Blue line and left scale: q, = 100V'/3(1/21/2 0 1/2'/2).
Green line and right scale: q, = 30V'/3(100). Black line and right scale:
qo = 30V13(1/2172 0 1/272).

=2

Figure 6
Three-dimensional plot of F/V for a tetrahedron, ¢V'/*> =100. The
colour scale is logarithmic.

5.2.2. Truncated cube. We will now study the well known
case of the cube, but we will discuss the case of a cube trun-
cated by chamfers along its edges, represented in Fig. 7. Such a
truncated cube has three kinds of faces — {001} large faces of
area S, = exp(2)(1 —2¢)°, {011} medium faces of area
S, = exp(2)(1 —2¢)(2"%¢) and {111} small faces of area
S, = exp(2)(3'/2/2¢?) — and two types of edges — long edges of
direction (100) and short edges of direction (110). Its volume
is V = exp(3)(1 — 6&% + 16/3¢%). In Fig. 8, the ¢~ power-law
behaviour of F/V is clearly visible for g, > 100 for the direc-
tions normal to a face, while for directions perpendicular to an
edge, the g2 power-law behaviour appears for g, > 1000. Fig. 9
represents a three-dimensional plot of the form factor for
g, = 200. For the second-kind singularities, the singularities
associated with the faces {001} and {011} are clearly visible,
while a wide maximum appears in the direction {111} corre-
sponding to the small faces. For the first-kind singularities, the

sei

Figure 7
Schematic views of an edge-truncated cube.
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10 4 5 6
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q*V1/3

Figure 8
Form factor of an edge-truncated cube with ¢ = 10%. Red dots: ordinary
q direction = (0.704 0.616 0.707); red line: 5000(qV'/*)™. Blue dots: q
direction perpendicular to a short edge = (1/2"/2 1/2 1/2). Green dots: q
direction perpendicular to a long edge = (3'/2/2 1/2 0); green line:
3(gV'/?)™%. Black dots: q direction normal to a large face = (001); black
line: 25,(gV'/?)™". Brown dots: q direction normal to a medium face =
(1/2'72 1/2'72 0); brown line: 28, (¢V'/?)”". Pink dots: q direction normal
to a small face = (1/3'/2 1/3'/2 1/3'/2); pink line: 25,(qV"/*)~". Black open
circles: q direction = (1/3'/2 1732 1/31/2), for an untruncated cube.
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Figure 9

Three-dimensional plot of F/V for a truncated cube, gV'/*> = 200. The
colour scale is logarithmic.
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Figure 10
Schematic views of a stellated cube.
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Form factor of a stellated cube e = 1, h = 2. Red dots: ordinary q
direction = (0.704 0.616 0.707); red line: 250(gV**)™. Blue dots:
q direction perpendicular to a ‘base’ edge = (3/2/2 1/2 0). Green dots:
q direction perpendicular to a ‘tip’ edge = (2/3 2/3 1/3). Black dots: q
direction normal to both a ‘base’ edge and a ‘tip’ ‘edge’ =
(1/2Y/% 1/2'2 0); black line: 5(qV'/*)™%. Yellow dots: q direction normal
to four ‘base’ edges = (001). Brown dots: q direction normal to a face =
(0 1/2 h)/(h* + 1/4)""*; brown line: 28(qV'/3) ™.

Figure 12
Three-dimensional plot of F/V for a stellated cube, ¢gV'/> = 150. The
colour scale is logarithmic.

great circles associated with the edges (100) are clearly visible,
while the great circles associated with the edges (110) are
wide. Because of the nesting, oscillations are observed along
every singular direction.

5.2.3. Stellated cube. Let us consider the case of a stellated
cube, represented in Fig. 10. Such a stellated cube has one kind
of face, {0 1/2 h}, and two types of edge, the ‘base’ edges of
direction (100) and the ‘tip’ edges of direction (h 1/2 1/2). Its
volume is V = exp(3)(1 + 2h). In Fig. 11, the g~! power-law
behaviour of F/V is clearly visible for g, > 20 for the direction
normal to a face, while for directions perpendicular to an edge,
the g~2 power-law behaviour appears for g, > 100. Note that
the direction (001), which corresponds to a first-kind singu-
larity, behaves effectively as ¢—2, whereas this direction would
correspond to a ghost face in a naive cutting procedure. Fig. 12
represents a three-dimensional plot of the form factor for
q, = 150. The poles associated with the normals to the faces
are clearly visible, together with both the great circles asso-
ciated with the edges (100) and the great circles associated
with the edges (h 1/2 1/2). Because of the nesting, oscillations
are observed along every singular direction.

6. Conclusion

The use of vectorial notations and a careful examination of the
summation procedure involved in the calculation of the form
factor of a polyhedron, F;4, allows us to obtain a general and
compact formula using only the apex coordinates and the
connection circuit of each apex. The formula is valid for a very
large class of polyhedra, the polyhedra severable into convex
polyhedra.

A first advantage of this formula is to allow a generic
analysis of the singularities. Three classes of q directions
appear: the ordinary direction for which F,,q behaves like q
for large g, the directions perpendicular to an edge for which a
g~? behaviour is found and the directions normal to a face for
which a g~! behaviour is found. These singularities are
intrinsically associated with the presence of truncations in the
polyhedron. Their intensities are proportional, respectively, to
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the edge lengths and the face areas. The g range for which they
are easily distinguishable depends also on the geometrical
details of the system. The numerical study that we have
performed on some examples seems to indicate that obser-
vation of the singularities is easier for ‘acute’ polyhedra (a
tetrahedron and a stellated cube) than for ‘smooth’ polyhedra
(a truncated cube). As shown by the comparison of the case of
the tetrahedron with the case of the truncated cube, the
nesting of faces leads to the appearance of oscillations
concomitant with the singularities.

A second advantage of this formula is to avoid the need to
cut complex polyhedra into elementary parts. The construc-
tion of a form factor catalogue is therefore useless.

We think that the generality of the formula that we have
obtained will facilitate the structural determination of super-
lattices. In the field of coherent scattering by single particles,
which will benefit from the development of high-quality
facilities like low-emittance synchrotrons and X-ray free-
electron lasers, the general results that we have established on
singularities may allow an optimization of the data acquisition
strategy.

APPENDIX A
Inductive demonstration of formula (4)

We have established by direct calculation the formula for a
triangle. With the hypothesis that the formula is correct for a
p-gon, we will show that the formula is valid for a (p + 1)-gon.
Adding a supplementary side between the apices i + 1 and
i+ 3, we cut the (p + 1)-gon in two parts: a p-gon and a
triangle, as shown in Fig. 13. We can calculate the form factor
of the (p 4 1)-gon using formula (4) applied to those two parts
and using the additivity of the integration. In this sum, the
coefficient of the phase term associated with the apex i + 1,
c, is

A
Figure 13
Cutting of a (p 4 1)-gon into a p-gon and a triangle. Note the difference in

circuit directions for the edge A;,A;,; for the triangle and the p-gon.

c—n- |: A A X A
(4 -AAL QAL A L)
ApAi, X AsAL i|
(@ AsAL )@ ALAL,)
n
B (@ -AAL)Q-ALA L)
) [(q AL AL)ALA L XAAL)
(q-AyiALs)
4 (0 -AA DA LA L, X Ai+1Ai+3)]
(q-AAL)

+

n
B (q- AiAi+1)(q : Ai+1Ai+2)
) |:_(q AGALDAA L (g AA DA A
(- AiALs)

x Ai+1Ai+3]
B n
B q-AAL )G ALAL)
) |:q X (AA, X AA)

(q-AAL)
n

B (0-AAL)Q- AL AL)
(q- Ai+1Ai+3)(Ai+1Ai+2 X AiAH—l)
. { (0 A ALs)
[Ai+1Ai+3 : (Ai+1Ai+2 X AiAi+1)]q

B (q- Ai+1Ai+3) } @)

Since all the apices of the (p + 1)-gon are coplanar, we have
[A 1AL (A AL X AjA )] = 0 and we ultimately find

x Ai+1Ai+3:|

= n- (Ai+1Ai+2 X AiAi+1)
q-AA)(Q-A AL '

which is the coefficient we need for the phase term associated
with the apex i+ 1 in the application of formula (4) to the
(p 4+ 1)-gon. The same calculation can be performed for the
phase term associated with the apex i + 3. The coefficient of
the phase term associated with the apex i 4 2 is the same for
the (p 4+ 1)-gon and the triangle, and the coefficients asso-
ciated with all the other apices are the same for the (p + 1)-
gon and the p-gon. All together, these results demonstrate the
validity of formula (4) for the (p + 1)-gon.

(25)

APPENDIX B
Vanishing of the coefficient of the phase term
exp(—iq-OM)

We want to demonstrate the vanishing of the coefficient
n’(

s, [ 29 MA,;- (A, A; xAA, )
Go=2 | XA, Ay AA e Ay @
i=1 | s=1 (q it z)(q TN wi‘x,l)(q : i)

Using the expression of each of its components established
when calculating the coefficients of the other phase terms, we
have
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n.

. Z p0 q- (A, A xA, A) @)
o —1 (q . Awi_SAi)(q : Awi_S,IAi)qz .

i=1

Using the indexings by the circuit associated with the faces, we
have

G, = i mX(]): a4 (AV/,kJrlAVi»" X Av/""lAvj'k) (28)
0 k=1 (q- AVjvk+1AV/',k)(q ’ AV/kalAVf”‘)qz |

j=1
For a triangular face from which the apices are labelled A, A,,

A, we have

") q-(A,, A, XA, A,)
@A, A G A A G
. (A A X AJA))
(g AA))(q - AsA))g?
q- (AA;, X AA))
(q4-A3A,)(q - AA,)g?
q- (AA; X AA;)
(q-AA)(q- AAy)G*
Using the closure relation A A;+ A;A, +AA; =0, we
have

AA, X A A =AA X AA =AA xAA,  (30)

(29)

and
AA; XA A=A A XAA =AA XAA,. (31)

The three terms have the same numerator. Factorization leads
to

1 1
+
(4-AA)(q-AA) (- AA;)(q-AA,)
+ ! (32)
(4-AA5)(q- AA)
and finally to
q AA —q-AA +q-AA 0. (33)

(q-AA)(q-AA)(q - A3A,) B

Using the same inductive method as used in Appendix A, the
vanishing of the coefficient associated with a triangular face
can be generalized to a face with p apices. Each partial sum
involved in the general sum, G, is therefore null, leading to
the nullity of G,,.

APPENDIX C
Generalization to branched polyhedra: some cutting
tools

C1. Lemma 1: Adding a ‘coplanar’ edge

Consider a circuit of edges around an apex, V;...V,. If we
add artificially between the edge V; and the edge V,, an edge
W coplanar with them, the part of the new sum around the
apex involving W will be

R= (q, Vi1, W)
- 2
(q-Vii)(g-W)g

(qv W, Vz)
(q-W)(q-V)g*

(34)

The three vectors being coplanar, we have W = £V, + ¢V,
which leads to

. {(q, Vi1, V)
B (q- Vi+1)[§(q Vi) +eq- Vi)]q2
+ §(q, Vi, Vo)
(q-V)[E@- Vi) + &q- V)]a?
_ [E(q : Vi+1) +¢(q- Vi)](q’ Vi, V)
- (q-V)(q- Vi+1)['§(q Vi) + (g - Vi)]q2
(9, Vi1, V)

@ V)@ Vi) G5)

This is just the term involving V, , and V; in the old sum
before adding W.

C2. Lemma 2: Adding an apex in the middle of a face

Let us add artificially an apex in the middle of a face. Using
lemma 1, this addition does not change the circuit sum around
the former apices. For the new apex, the use of lemma 1 allows
us to suppress one after the other all the new edges until we
have only two of them, for which the circuit sum is obviously
null, the predecessor of one of the edges being also its
successor. It is worth remarking that this addition of an apex
can be done on the periphery of the face, i.e. on an edge, since,
in every circuit sum, only the directions of the edges are
relevant.

C3. Lemma 3: joining two polyhedra by a face

A polyhedron may be built by joining by a face two poly-
hedra. For this face, the interior of the first polyhedron is the
exterior of the other one and vice versa. Therefore, when the
summation is performed using the indexing of the apices by
faces the term associated with this face disappears. In the same
way, a polyhedron may be obtained by digging a hole from a
face. Once again, the terms associated with the face from
which the hole is dug disappear in the expression of the form
factor.

C4. Branched polyhedra severable into convex polyhedra

By using the three previous lemmas, formula (15) estab-
lished for not too concave polyhedra can be generalized to
every polyhedron severable into convex polyhedra. While the
precise topological study of polyhedra is far outside the scope
of this paper, we believe that this generalization is valid in
practice for most of the useful polyhedra.
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