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1

This work is motivated by a series of papers by Degond and Ringhofer about the deriva-
tion of quantum hydrodynamical models from first principles. In [3], their main idea
is to transpose to the quantum setting the entropy closure strategy that Levermore

used for kinetic equations [7]. Degond and Ringhofer starting point is the quantum
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Abstract

This work is concerned with the minimization of quantum entropies under lo-
cal constraints of density, current, and energy. The problem arises in the work of
Degond and Ringhofer about the derivation of quantum hydrodynamical models
from first principles, and is an adaptation to the quantum setting of the moment
closure strategy by entropy minimization encountered in kinetic equations. The
main mathematical difficulty is the lack of compactness needed to recover the
energy constraint. We circumvent this issue by a monotonicity argument involv-
ing energy, temperature and entropy, that is inspired by some thermodynamical
considerations.

Introduction

Liouville-BGK equation of the form
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where o is the density operator (a self-adjoint nonnegative trace class operator), H is
a given Hamiltonian, [-,-] denotes the commutator between two operators, and @ is
BGK-type collision operator that reads, for some relaxation time 7,

Qo) = %(Qeq[@] —0).

The corner stone of the model is the definition of the quantum statistical equilibrium
Ocqlo], that is obtained by minimizing a quantum entropy under constraints. This is
the quantum equivalent of Levermore’s approach of minimization of a classical entropy
under constraints of density, velocity, and energy. The well-posedness of the classical
minimization problem was addressed in [6], and our main motivation here is to inves-
tigate that of the quantum minimization problem. We will focus on the von Neumann
entropy, defined by

S(0) = Tr(s(0)), s(x) =zlogrx — x,

for a density operator p. In [3], geq[0] is formally introduced as the unique minimizer of S
under local constraints of density, current, and energy. The latter are defined as follows
(we give further an equivalent definition better suited for the mathematical analysis):
to any density operator g, we can associate a Wigner function Wp|(z, p), see e.g. [9], so
that the particle density n[o], the current density n[g|u[o], and the energy density w[o]
of o are given by similar formulas as in the classical picture,

/W (x,p)d

nlel(e)ule / PW (el p)dp

\ /IplW (2, p)dp

In the statistical physics terminology, fixing the density, current, and energy amounts
to consider equilibria in the microcanonical ensemble.

Degond and Ringhofer theory raises many interesting mathematical questions, and,
to the best of our knowledge, only a few have been answered so far. In [11], it was
proved that the free energy Fr(o), defined (formally) as, for some 7" > 0,

Fr(o) = Tr(Ho) + TTr(s(0)),

where s is the Boltzmann entropy s(z) = zlogx — x, admits a unique minimizer under
the first two local constraints defined on R? that is n[o] = ng, u[o] = ue, for given
functions ng(z) and ue(z) with € R? and appropriate regularity assumptions.

In [10], the minimizer of Fr with the density constraint n[g] = ng only, was charac-
terized in a one dimensional periodic domain. In the case of the Boltzmann entropy, the
minimizer has the form ¢ = exp(—(H + A)/T) (a “Quantum Maxwellian”), where A(x)
is a function, the so-called chemical potential, i.e. the Lagrange parameter associated
with the local density constraint. Under minimal assumptions on ny, it is shown in [10]
that the potential A belongs to H~! (the Sobolev space), which is sufficient to define the
Hamiltonian H + A in the sense of quadratic forms in 1D, but poses problems in higher



dimensions. The characterization of the minimizer of Fr as a quantum Maxwellian in
dimensions greater than one is then still an open problem.

In [12] and still in a one dimensional periodic setting, it was shown that the Liouville-
BGK equation (1), with equilibrium defined as the unique minimizer of Fr under the
local density constraint only, admits a solution that converges for long time to the unique
minimizer of Fr under a global density constraint, i.e. the L' norm of n[g] and not n[g]
is prescribed.

The question of existence and uniqueness of a minimizer of S under the constraints
nlo] = no, u[g] = ug, and w[p] = wy, for ng, ug, wy given functions, has been open
since the formal derivations of Degond and Ringhofer. We provide in this paper a
first result in a one dimensional setting, and show that S admits a unique minimizer
satisfying the constraints. We are limited to 1D since it is not possible at the present
time to characterize the minimizer as a quantum Maxwellian in dimensions greater than
one. We nevertheless believe our method is sufficiently general to be used in higher
dimensions when a proper construction of the quantum Maxwellian is available. Note
that the minimization problem can be recast as an inverse problem: given appropriate
no, Up, Wo, what is the most likely equilibrium density operator (most likely in the sense
that it minimizes a given entropy) that yields such local density, current, and energy?

The main mathematical difficulty in the minimization of S is to handle the energy
constraint. It is indeed direct to show that minimizing sequences (g, )nen satisfy in the
limit n — oo the density and current constraints, see [11], but there is not sufficient
compactness to recover the energy constraint. More explicitly, we know that w]o,]
converges weakly in L' some w[g], but we cannot conclude that w[p] = wy. A standard
technique such as the concentration-compactness principle [8] does not seem to apply
here since it typically requires some uniform estimates on the sequence (w|gn])nen in
addition to the one imposed by the constraint, see e.g. the example provided in [4,
Chapter 4], while we only know in our problem that the sequence is uniformly bounded
in L'. Hence, the recovery of compactness has to come entirely from the properties of
the entropy S since no better uniform estimates are available.

Our method goes schematically as follows, and is inspired by the physical principle
that, in the canonical ensemble, the (mathematical) entropy decreases with the temper-
ature. Since there is no explicitly defined temperature at this stage in the minimization
problem with constraints ng, uo and wy (there is a kinetic energy though, so we can
expect some implictly defined temperature via the energy), we will artificially introduce
it by considering the free energy Fr, that we will minimize under the local constraints
no and ug for all T > 0. Having in mind the elementary monotonic relation £ = 3/2kgT
between the kinetic energy E and the temperature T' of a perfect gas in 3D (kg is the
Boltzmann constant), we will show, and this is the core argument of the proof, that the
kinetic energy of the constrained minimizer or,,, ., of Fr is a strictly increasing function
of the temperature. At least from a mathematical point of view, this is by no means
a straightforward result since o7, 4, is only defined via an intricate implicit relation
and not explicitly. From the strict increase of the kinetic energy, a standard calculus
of variations argument then shows that the entropy of o7, ., is strictly decreasing as
T increases. This monotonic relation between entropy and temperature subsequently
allows us to minimize S under the local constraints ng, ug, and a global energy con-
straint. The local energy constraint is then recovered by an argument of the type weak



convergence plus convergence of the norm in the space of trace class operators implies
strong convergence, together with strict decrease of the entropy.

The article is structured as follows: the functional setting is introduced in Section
2. We work in a one-dimensional periodic domain, and our proofs carries over directly
to a bounded 1D domain with Neumann boundary conditions. Our main result and an
outline of its proof are given in Section 3. Section 4 is devoted to the proof the main
theorem, and some technical lemmas are stated in an Appendix.

Acknowledgment. OP’s work is funded by NSF CAREER grant DMS-1452349.

2 Preliminaries

Notation. Our domain €2 is the 1-torus [0, 1]. We will denote by L"(Q) , r € [1, o0],
the usual Lebesgue spaces of complex-valued functions, and by W*"(Q) the standard
Sobolev spaces. We introduce as well H*(Q) = W*2(Q), and (-,-) for the Hermitian
product on L?*(Q) with the convention (f,g) = [, fgdz. We will use the notations
V =d/dz and A = d?/dz* for brevity. The free Hamiltonian —1A is denoted by Ho,
with domain

HZ, = {ue H*Q): u(0) =u(l), Vu(0) = Vu(1)} .

per

We denote by H], the space of H'(Q) functions u that satisfy u(0) = u(1). Its dual
space is H_, .. Moreover, £(L?*(Q)) is the space of bounded operators on L*(Q2), J1 =
Ji(L?(Q)) is the space of trace class operators on L*(Q2), and J the space of Hilbert-
Schmidt operators on L*(2). With Tr(-) the operator trace, we will extensively use the
facts that, for the duality product (A, B) — Tr(A*B), J; is the dual of the space of
compact operators on L?(2), and that £(L*(€2)) is the dual of J;, see [14]. In the sequel,
we will refer to a density operator as a nonnegative, trace class, self-adjoint operator on
L*(Q). For |o| = /0% 0, we introduce the following space:

¢={oed: VHilolVH € 7},

where v/Hy|o|v/Hy denotes the extension of the operator \/Hy|o|v/Hy to L?(£2). We will
drop the extension sign in the sequel to ease notation. The space £ is a Banach space
when endowed with the norm

lolle = Tx(|ol) + Tr(v/Holo|v/Ho).

Finally, the energy space is the following closed convex subspace of &£:

Et={pe&:0>0}.

The constraints. The first three moments of a density operator o are defined as
follows: for any smooth function ¢ on €2, and identifying a function with its associated
multiplication operator, the (local) density n[o], current n[ojulo] and energy w|o| of o
are uniquely defined by duality by



/Q nloledr = Tr(op)

/Qn[@]u[@]wdx = —iTr (Q (¢V+ %Vso))
/Qw[g]goda: _ —%Tr (Q (wv + iA(p)) |

We will recast the energy constraint as follows. Denote by (pp, ¢p)pen the spectral
elements of a density operator o (eigenvalues counted with multiplicity), and let

1
klo] = ) Z Pp‘v¢p|2'
peN

A short calculation shows that
1
wlo] = ko] — gA”[d

Hence, since n[g| is prescribed, we can equivalently set a constraint on w[g| or on kg,
and we choose k[g] since it is nonnegative. Note also the classical (formal) relations

nlo =Y poldpl’s  nloule) =S <Z pp¢;V¢p) : (2)

peN peN

For o € €1, we denote the kinetic energy of o by

E(o) = Tr(\/ﬁog Ho)-

We introduce below various admissible sets for the minimization problem. The first
three impose local constraints on the density, current and energy, while the last one
imposes a global constraint on the energy:

A(ng) = {0 €& nlo] =no}
A(ng,uo) = {0 € ET 1 nlo] =no, ulo] = uo}
A(no,uo, ko) = {0 € T+ nlo] = no, ulo] = uo, klo] = ko}

Agy(eo) = {Q €&t Ep) = eo}.

Remark 2.1 We will use the following equivalence: let o be a density operator, then
E(g) < oo (and therefore o € ) if and only if klo] € L' (in the sense that the
series defining k[o] is absolutely convergent in L'). This follows for instance from the
observation that E(0) < oo if and only if \/Ho\/0 € Jo and from [14, Theorem 6.22,
item (g)]. We then have, for all o € £,

E(o) = |IFla]llr- (3)

Remark 2.2 A simple calculation shows that, for any o € ET, we have 2k[g] =
—n[VV].

Throughout the paper, C' will denote a generic constant that might differ from line
to line.



3 Main result

We state in this section our main result and give an outline of the proof. We introduce
first the set of admissible constraints M as

M = {(ng,uo, ko) € (Ll(Q))3 . ng = nlol], ug = ulg|, ko = k[o], for some ¢ € 5*} )

The set M is just the set of constraints (ng,ug, ko) that are the moments of at least
one density operator in £*. Its characterization in the kinetic case was adressed in [5]
and is not completely straightforward. The question is still open in the quantum case
and we expect the problem to be significantly harder than in the classical case. It is
nevertheless direct to construct many (ng, ug, ko) in M: for any V' € L>*(Q) real-valued,
consider for instance o = f(Hy + V') for f smooth, positive, and decreasing sufficiently
fast at the infinity (e.g. [~ 22f(x)dx < o0), and equip Hy 4+ V with the domain H?2,;
then, for g(z) = fox ug(y)dy, the moments of o = e“oe ™ are in M. Moreover, the
density n[o] is in Hp,,, ulo] € L*(Q), ko] € L*(Q), k[o] > 0, and the Krein-Rutman
theorem shows that the ground state is strictly positive and as a consequence that n[g]
is bounded below.

Recalling that S(p) = Tr(s(p)) with s(x) = xlogx — x, our main result is the
Theorem 3.1 Suppose that (ng, ug, ko) € M, where ng € H2, withng > 0, ug € L*(Q),

per
and ko € L*(Q2). Then, the constrained minimization problem

min S
A(no,uo,ko) (Q)

admits a unique solution.

The form of the minimizer is characterized formally in [2], and it reads
o=exp(—H(A, B,C)),

where, for some functions (A, B, C) called respectively the generalized chemical poten-
tial, the generalized mean velocity, and the generalized temperature, we have

a0 (v (9) 1 (1)) o2 L (9. 2)) s 20

When the energy constraint is global, i.e. when ||k[g]||z: is prescribed, then the Lagrange
parameter C' is constant and the Hamiltonian takes the more familiar form

H(A,B,C) = — (iV — B)’ + A.
2C
The rigorous justification of the formulas above will be done in a future work.

We only considered here the Boltzmann entropy since it encodes the main difficulties
of the proof. The analysis carries over directly to the Fermi-Dirac entropy of the form
s(x) = xzlogx + (1 — x)log(l — x), x € [0,1]. More generally, the main properties
of the entropy required for Theorem 3.1 to hold true are the following, supposing that
|nol|r < 1 for simplicity: s € C°([0,1])NCY((0, 1)), s is strictly convex, (s')7! is a strictly
positive and strictly decreasing function (this is crucial for the monoticity of the kinetic
energy) with [;*2?(s') 7! (z)dx < oo, S(p) is bounded below in £ and continuous for
the weak-* topology of £*.



Outline of the proof. We proceed as explained in the introduction. For (9,)nen a
minimizing sequence in A(ny, ug, ko), the main difficulty is to show that k[o,] converges
weakly in L! to ky. There are, for this, several steps. The first one is to introduce the
free energy Fr, defined by, for any o € €1 and any T > 0,

Fr(o) = E(0) + T'S5(0).
We minimize Fr under two local constraints ng and ug, and prove the following theorem:

Theorem 3.2 Suppose that ng € H} = with ng > 0, and that uy € L*>. Then, for any

per
T > 0, the constrained minimization problem

min F 4
nin 7(0) (4)

admits a unique solution that reads

T
QT,no,uo - ezfQT,noe_Zfa f(l') = / UO(JI)dl’,
0

where o7y, 5 the unique solution to the problem

min F . )
A (o) (5)
The proof of Theorem 3.2, given in Section 4.2, follows from a simple change of gauge
and the fact that (5) is well-posed. The core to the proof of Theorem 3.1, and the most
difficult part, is Theorem 3.3 below.

Theorem 3.3 For any T > 0, let 0rnou, be the minimizer of Theorem 3.2 with the

additional condition that ng € ngr, and consider

ET = E(QT,no,uo)y ST = S(QT,TLQ,UO)-

Then, Er and —St are strictly increasing continuous functions on R7 and

1
lim E;r = = (/ |V /no|*dx + / n0]u0|2da:> = M. (6)
T—0t 2 QO [}

The proof of Theorem 3.3, given in Section 4.4, is based on a calculation of OrEr
that raises various difficulties. First, the minimizer o7,, in (5) admits an implicit
representation of the form or,, = exp(—(Hy + Ar)/T'), where Ar is a function that
depends on 7" and on g7, via a complex relation. When differentiating E;, one needs
to differentiate or,, and therefore Ay. Due to the intricacy of the relation between
0T,n, and Ap, it is difficult to apply the implicit function theorem in order to obtain the
differentiability in the variable T'. We therefore proceed by approximation, and consider
a penalized version of the problem (5) in which the relation between the minimizer and
the corresponding potential Ar is straightforward. It is then possible to the use the
implicit function theorem to justify the differentiation with respect to 7'. The price to
pay is the need for non-trivial uniform estimates in the penalization parameter to pass
to the limit. The second difficulty is the calculation of OrEr per se for the penalized

7



problem: we will see that each terms need to be carefully expressed in order to take
advantage of some compensations and show the positivity of the derivative. The last
difficulty is to show the strict increase of Ex for the nonpenalized problem: while there
is a strict inequality in the penalized problem, it does not pass to the limit. We fix this
by using some results from calculus of variations that allow us to relate drE; and 0rSr,
which, together with the uniqueness of solutions to (5), yield the strict increase by a
contradiction argument.

With Theorem 3.3 at hand, we can then show in Theorem 3.4 below that the min-
imization problem with two local constraints ng, uy and a global constraint E(g) = e
admits a unique solution, which is of the form gg ., for some implicitly defined
temperature T that depends on ng, ug and ey.

Theorem 3.4 Suppose that ng € H2, with ng > 0, that uy € L*(), and that ey > myq

per
for the mgy of Theorem 3.3. Then, the constrained minimization problem

min S 7
A(no,uo)ﬂAg(eo) <Q) ( )

admits a unique solution. When ey > mqg and with the notation of Theorem 3.2, the
solution has the form or, nou,, where Ty = Ty(ng,ug, o). When ey = my, the set

A(ng, ug) N Ay(eo) is reduced to the operator €' |\/ng){\/nole .

The proof of Theorem 3.4 is given in Section 4.3. The proof of Theorem 3.1, given in
Section 4.1, is concluded by setting eq = ||ko||z: and by exploiting Theorem 3.4, with the
observation that the L' norm of the limit of k[p,] has to be equal to ey otherwise there
is a contradiction with the strict decrease of the entropy. This, with classical arguments
about the convergence of positive operators in 77, allows us to conclude that the limit
of klo,] is ky. Note that the condition eq = ||ko||z1 > mo is automatically verified for

(no, ug, ko) € M. We will see indeed that, for kg = k[o] with o € £,

) 1
lkollsr = B() = min (o) + 5 [ noluofds
A(no) 2 Jq

1
Z - (/ |V\/n0|2dx+/n0|u0|2da:) = my.
2 Q Q

The rest of the paper is devoted to the proof of our main theorem.

4 Proofs

We start with the proof of Theorem 3.1.

4.1 Proof of Theorem 3.1

We remark first that the set A(ng, ug, ko) is not empty by construction and address the
case || ko|[zr > my first. Second, (3) and item (i) of Lemma 5.3 show that the entropy
S(o) is bounded below by —C'| kg H1L/12 for any o € A(ng, ug, ko). We can therefore consider
a minimizing sequence (9, )neny C A(ng, uo, ko) such that



lim S(g,) = inf S. (8)

n—r00 A(no,uo,ko)

The sequence is bounded in & since

lonlle = T (0) + T (v/Hoony/Hy ) = lInollus + [Follus- (9)

According to Lemma 5.2 (i), it follows that, up to a subsequence, (0,)nen converges
strongly in J' to a certain limit o. Then, item (ii) of Lemma 5.3 shows that S is
continuous for the weak-* topology on £, that is, combining with (8),

S(o) = lim S(g,) = inf S. (10)

n—00 A(no,uo,ko)

Note in passing that the continuity of S for the minimizing sequences, and not just
the semi-lower continuity, is an important ingredient of the proof. The true question
following (10) is therefore whether o € A(ng, ug, ko) or not. This is clear for the first
two moments n[g] and u[g] as there is sufficient compactness, see e.g. [11, Theorem 2.1
and Theorem 4.3], and we have

nlo] =ng and  u[p] = uy.

The main difficult is therefore to show that k[o] = ko. For this, the key ingredients are
Theorems 3.3 and 3.4. The starting point is the fact that, since v/ Hyo0,v/ Hj is positive
and uniformly bounded in J*' according to (9),

V Hoon/Hy — / Hyon/ Hy, weak-x in J', (11)

which is not enough to obtain k[g] = ko, we would need for this weak convergence in 7,
and not weak-* convergence. We will actually prove that (11) holds strongly in ;. To
this end, we have first from (3) and (11), together with Lemma 5.2,

Iklellzr < liminf [lEfo]lz = ol

If [|k[o]|lz: = ||ko||lzr, we claim that we are done. In order to prove this, we will need
the following result:

Lemma 4.1 (Theorem 2.21 and addendum H of [16]) Suppose that Ay, — A weakly
in the sense of operators and that ||Ag||7, — [|All 7. Then ||Ax — Al 7 — 0.

Then, since by hypothesis

|VEse /B, = IFlealllsr = Ihollir = Iklellle: = |[vHoev/E||

and (11) holds, it follows from Lemma 4.1 that (we use here the fact that weak-x
convergence in J; implies the weak convergence in the sense of operators),

V' Hoon/ Hy — \/Hoo\/Hy, strongly in J*. (12)



Then, according to Remark 2.2,
2||ko — Klolllzr = 2l[klen] — Kol = [VenV = VoV||71. (13)

Finally, it is not difficult to conclude from (12) and the strong convergence of g, to o
in Jp, that the last term in (13) converges to zero as n — co. Hence, we have obtained
that ko = klo] if ||k[o]||r = ||kol|z:. We therefore assume from now on that

er = |[klelllzr < kol =: o,

and will prove a contradiction. To this end, since we assumed here that ||ko||z: > meo,
it follows from Theorem 3.4, for j € {0,1}, that there exist 7; > 0, and a unique
0 *= 0T} no,u0> SUch that
o; = argmin S(o).
A(no,ug)NAg(ej;)

Therefore, by construction,
e1 = E(01) = Er, <eo = E(00) = Eqy.

Theorem 3.3 then implies that 77 < Ty, and also that S(g1) > S(0p). Since e; =
| E[o]|| £, we have that o € A(no, up) N Agy(er). Together with (10), this yields
S < S(p)= inf S(o).
(e) < S8(g) = | inf ~S(o)
We will see that there is a contradiction above: by taking the infimum over nonnegative

functions kg € L' (we denote this set by L}) such that ||ko||z: = ey, and by using
Lemma 4.2 below, we find

min S(o) =25 < inf inf  S(o) = min S(o) = S(00),
A(no,uo)NAg(e1) ( ) (Ql) - koELi_ A(no,uo,ko) ( ) A(no,up)NAg(eo) ( ) (QO)
llkoll ,1=e0

which contradicts S(o1) > S(0¢). Therefore, our starting hypothesis, namely ||kol|z: >
|\k[o]|lLt, is false and we must have ||ko||zr = ||k[o]||z:. As we have seen, this implies
that kg = k[o] and completes the proof of Theorem 3.1 in the case || ko|[z: > mo provided
we establish Lemma 4.2 below.

Lemma 4.2 Let eg > mg. We have the equality

inf inf S(o) = min S(o).
koeLl  A(no,uo,ko) A(no,uo)NAg(eo)
llkoll ;1 =¢€0

Proof. We will prove the two opposite inequalities to obtain the equality and start
with the direction <. First, by Theorem 3.4, there exists gy := 07 no,u, Such that

0o = argmin S(p).
A(no,uo)ﬂAg(EO)

We show below the intuitive result that gy minimizes S in A(ng,ug) with the local
energy constraint k[g] = k[go], namely

inf  S(o)= min S(o) = S(0). (14)

A(no,uo,k[0o]) A(no,uo,k[o])

10



Indeed, since ||k[oo]||z: = €o and as a consequence A(no, uo, k[0o]) C A(no, ug) NAy(eo),
we obtain
S(00) = min S(o) < inf S(o). (15)

O'EA(TLQ,Uo)mAg(eo) - UEA(?’Lo,uo,k[Q()D

Moreover, we have clearly oy € A(no, ug, k[oo]) and, hence,

in S(o) < S(00). 16
o€ A(no,uo,k[00]) ( ) - (QO) ( )
Combining (15) and (16), we obtain (14). Consider now the mapping G : L, — R,
given by, Vk € L%,

G(k):= inf S(o).
(k) := ,Inf 50)
Using the fact that ||k[oo]||L: = eo together with (14) and the definition of gy, we deduce
the inequality

inf inf  S(o)= iInf G(ky)) <Gk =9 = min S(o).
kOEL}F A(TLO,UO,k’O) (0) /C()GLl+ ( 0) - ( [QO]) (QO) A(Tbo,uo)ﬁAg(eo) (U)
lEoll ,1=e0 kol ;,1=€o0
(17)

We now prove the reverse inequality to conclude the proof. For ||ko||1 = e, we have
A(ng, uo, ko) C A(ng, up) N Ay(ep) and, thus,

min S(e) < inf  S(o).
A(no,u0)NAg(eo) A(no,uo,ko)

By taking the infimum over kg, this leads to the following inequality

min S(o) < inf inf  S(o),

A(no,uo)NAg(eo) koeLl  A(no,uo,ko)
llkoll ,1=€0

which, combined with (17), concludes the proof of the Lemma. 0O

We conclude the proof of Theorem 3.1 with the case ||ko|lpr = mo. Let o €
A(ng,ug, ko) such that kg = k[o]. According to Theorem 3.4, there is only one such
o, which reads o = €/|,/ng)(y/nole ™, where f is defined in Theorem 3.2. This ends
the proof.

4.2 Proof of Theorem 3.2

Consider first the minimization problem (5) for any fixed 7" > 0. According to [10,
Theorem 2.1], the problem admits a unique solution that reads
Hy

OT,ny = €XP (_T) ) Hy=H)+ A, Ae Hp_elr7 A real-valued. (18)

Above, the Hamiltonian H, is defined in the sense of quadratic forms on H},,. Denoting
by (pp, ¢p)pen the spectral elements of or,,, we can choose the eigenfunctions ¢, to be
real-valued since the chemical potential A is real. Besides, it is a classical fact, see e.g.
[1, Theorem A.2], that if o € £T, then the series defining u[g] in (2) converges in L.
Then, by (2),

nOU[QT,no] = 0. (19)
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We claim that the unique minimizer of Fr in A(ng, ug) is
OT ug,ng = eifQT,noeiifa

for the f defined in the theorem. We prove this in two steps.

Step 1: 0ruyn, is admissible. We verify first that or.,., € £T. It is clear by
construction that g7, is a density operator if or,, is one as well. We then check
that E(0run,) is finite. For this, we remark that if (p,, ¢,)pen are the spectral elements
of 01,, then (p,, et ®p)pen are those of o1, n,- By Remark 2.1, it suffices to verify that

pr”v(eif¢p)||%2 <0
peN
to conclude that E(or.4yn,) < 0o. This is direct since
S Vo)l = Sl Vol + [ moluofe, 20
peEN peEN

which is finite as o7, € £ and ug € L? ng € H' C L™. Tt is also clear that
N[0T upme) = M[0T.me] = Mo, and it remains to address the current contraint. This is
straightforward since

n[QTyuo,no]u[QTyuo,no] - %Z ppe_iqu;v(gbpeif) - n[QTﬂo]U[QTﬁlo] + n[QT,no}uo
peN

= TNolUo; (21)
thanks to (19). Hence, 074,15, belongs to A(ng, up).

Step 2: 07,45, 1S the minimizer. Take any o € A(ng, up). We can write
0= eife’ifgeife’if = eifae’if,

where by construction o € £, nlo] = n[g], and u[o] = 0 by a calculation similar as
(21). Furthermore, following (20), we have the relation

1
File) = Fr(o) + 5 [ mluofd.

Hence,
min F = min F ge ¥
0€A(no,uo) T(Q) oc€A(no,0) T( )
> min Fp(efoe™)
oc€A(no)

1
= min Fr(o) + = *dx.
oed(n) 7(0) 2/Q"O|u0| v

Since o7, is the unique minimizer of Fr in A(ny), it follows that

. 1 i —i
min  Fr(o) > F(orn,) + 5 / no|uo|*dr = Fr(e ng,noe f)
Q

0€A(no,u0)

A%

FT(QT,uo,no)‘

Since Fr has a unique minimizer in A(ng, ug) and o190, € A(no, up), this shows that
0T ug.mo 15 this minimizer and ends the proof.

12



4.3 Proof of Theorem 3.4

We start by fixing the local constraints ng € HZ,,, with ng > 0, ug € L?(Q), and

per’
ep > my. For any T' > 0, the minimization problem (4) admits a unique solution o7 .4,

thanks to Theorem 3.2. Then, it follows from Theorem 3.3 that E(or,,.4,) is a strictly
increasing continuous function of T with limit my as T" — 0. Hence, for any ey > my,
there exists a unique T > 0 such that

E(QTOJLO,UO) = ETO = €o.
We remark that Ty implicitly depends on ey, ng and ug. By considering the minimization
problem (4) with 7" = T}, we deduce that

min FTO(Q) = FT()(QTO,HO,UO) =e€o Tt TOS(QTO,TLOMO)'

A(no,uo)

Moreover, we have by construction that o7 ., € A(n0, uo) N Ag(eo) and, hence,

TO(QTO, 05 0) A(ISOIEO) To(g> = A(no,ulol)lﬂAg(eo) To(g) = TO(QTm 05 0)

which leads to the fact that

argmin  Fr (p) = argmin Fr,(0) = 01, n0.u0-

A(no,uo)NAg(eo) A(no,uo)
Thus, we obtain
argmin = S(p) = argmin (e +7pS(0)) = argmin  Fr(0) = 01 m0.u0
A(no,uo)ﬂAg(eo) A(no,uo)ﬂAg(EO) A(no,uo)ﬂAg(EO)

which gives a solution to the minimization problem (7). The uniqueness then follows
from the strict convexity of S in £7.

We conclude the proof with the case ey = mg. Proceeding as in Step 2 of the proof
of Theorem 3.2, we can show that

1
min F = min F —i——/nuzdx.
A(no,uo) (2] A(no) (o) 2 Ja olto

Since F(-) and the constraints are linear in p, the minima above are unique. Then, a
direct calculation based on the Cauchy-Schwarz inequality shows that, for any o € £,

SIV /Rl < E(o) (22)

Finally, according the hypotheses on ng, we have that \/ng € H*, so that the operator
|v/10){(y/T0o] is in A(ng). Together with (22), this means that

1
in E(o) = =||Vy/nol|7--
min E(e) = 5[V v/nollz:

Therefore, for any o € A(ng, up) with || k[o]|| .1 = me, we have

. 1
mo = |[k[o]ll: = E(0) > min E(o) + - / noltiol2dz = mo.
A(no) 2 Q

Since the minimizer of E(-) in A(ng) is unique, there is only one such ¢ that reads, for

the f defined in Theorem 3.2, o = €'/|\/ng)(y/nole /. This ends the proof of Theorem
3.4.
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4.4 Proof of Theorem 3.3

The proof comprises several steps that we list below:
1. Continuity of Er and Sr.
2. Limit of Ex as T — 0.
3. Penalization and uniform bounds.

4. Application of the implicit function theorem to obtain the differentiability with
respect to T

5. Calculation of d7Er and a proof that Er is nondecreasing.
6. Derivation of a relation between drEr and 07Sy, proof that Sy is nonincreasing.

7. Strict increase of E; and —Sy.

Step 1: Er and Sy are continuous. For any T > 0, let o := 07,40, be the unique
solution to problem (4), and consider a sequence {7}, },>0 C R% such that T,, — T as
n — oo. Without loss of generality, we assume that T,, € [T_,T.], Vn > 0. We will
show first that

or, — O, strongly in 7, (23)

n—o0

and will do so by bounding uniformly o7, in £*. For this, denote by (pp, ¢p)pen the spec-
tral elements of a density operator ¢ € £F, where the eigenvalues p, form a decreasing
sequence with limit zero. Then,

Tr(eloge) = > pplogp, <D pylogp, <logpo Y py

peEN pp>1 pp>1
< ol log llellcczz) < ol log ol - (24)

This, together with the facts that g7, is the minimizer of Fr, in A(ng,uo) and that
or, € A(ng,up), leads to

Fr,(er,) < Fr,(or,) < E(or,) + T[[nol| 1 log o] 1. (25)

Furthermore, we have according to estimate (61) of Lemma 5.3,

E(or,) — TyCE(er,)"* < E(or,) — T.CE(er,)"* < E(or,) + ToS(er,) = Fr,(er,)-
(26)
Combining (25) and (26), we deduce that E(or,) is uniformly bounded. Thus, up to a
subsequence and following Lemma 5.2, o7, converges strongly in [J; to a o € £1, which
remains to be identified. To do so, we use again Lemmas 5.2 and 5.3 to obtain that

E(o) <liminfE(or,) and  TS(0) = lim T,,S(or,).
n—oo n—oo

The latter result shows that St is continuous. For the continuity of E7, we deduce from
what is above that

FT(O') S lim il’lfFTn(QTn) S lim SupFTn(QTn) S lim SupFTn(gT) = FT(QT)‘
n—00

n—o0 n—o0
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Above, we used the fact that o7, is the minimizer of Fr, in A(ug, ng), which shows that
Fr,(or,) < Fr,(or) since or € A(ng,up). Since the minimizer of Fr in A(ng,ug) is
unique, we conclude that o = g7, and that the entire sequence converges, which yields
(23). Finally, the previous string of inequalities implies the continuity of Frr(or), which,
since we have seen above that St is continuous, yields that Er is continuous.

Step 2: The limit 7' — 0. The first part is to show that the free energy of a minimizer
over A(ng, ugp) converges as ' — 0 to the minimum of the kinetic energy over A(ng, uo).
For this, estimate (24), together with item (i) of Lemma 5.3 and the use of the Young
inequality, yields, for some C} and C5 positive and independent of p,

E(o)(1 = C\T) — CoT < Fr(o) < E(o) + Tllelln logllolln, Vo€ E™.

Then,

min F 1-CiT)—CT < min F < | min F +T|ngl| 1 log ||nol| 1,
(in B@) 1-CT)-CT < min, Frlo) < (min B(0)) +Tlalle o ol

and, as a consequence,

lim min F = min F(p).

T—0 A(no,uo) T(Q) A(no,uo) (Q)
Furthermore, if (T},),en is any decreasing sequence with limit zero and 7, < 1, we
can show as in Step 1 that (07, ng.ue)nen is uniformly bounded in £%, which implies in
particular that

lim min F = lim F o) = lim E nowe) = min E(p).
00 A(no,uo) Tn(Q) 00 Tn(QTn7 0, 0) n—y00 (QTny 0, 0) A(TLO,UO) (Q)
It thus remains to characterize the minimum of the energy over A(ng, up), which, as we
have seen at the end of the proof of Theorem 3.4, is my. This concludes the proof of

(6).

Step 3: The penalized problem. We remark once again that, according to (20),
we have

1
E@ragan) = E(ern) + 5 [ naluolda,
Q

which means that we only need to consider o7, to study the monoticity of E (01, .u,)
since ng and ug are independent of T'. Consider now the penalized functional

F.(0) = Fr(e) + -lInle] ol

The main properties of F. that we need are the following, see [10] for the details: first,
F. admits a unique minimizer in £* that we denote by o.; furthermore, for all T' > 0
and all nyg € Héer, 0e converges to or,, strongly in £ as ¢ — 0. Also, p. admits the

expression
Hy+ A —
O = €XpP | — 0 i d ) Az—: = n[QE] 1o S Hler'
T 5 P
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Note that the relation between A. and p. is linear and fairly simple. This is the main
reason for introducing the penalized problem, and will allow us to establish the differ-
entiability of g. with respect to T. We have also an estimate of the form (this follows
from a similar calculation as (26)),

loclle < C(1+T7), (27)
which also holds for o7,,. We have finally
In[oe] = nlorm,llIz2 < Ce(1 +T7). (28)

With the purpose of deriving estimates uniform in ¢, it is shown in [12, Proposition
4.1], that the chemical potential A. can be written as (accounting for 7" and the factor
1/2 in the free Hamiltonian), with n. = nfo.|,

A = 1 (iAn[Qg] + %n[VgEV] + T'nfo: log ga]) : (29)

£

The latter expression has to be understood in Hp;i since we only know at this stage

that o. € £ and therefore that n. € H! by (58). The main result of this section is

per

the estimate below, that will be crucial when passing to the limit: for all T' € [T7, T3],
[Acllze < C. (30)

The constant C' depends on the interval [T}, T3] but not on 7. In order to prove (30),
we write nf[o.] = €A, + np and find from (29),

1 1
/ n.(A.)*dz + 2/ (VA dx = <1Ano + §n[VgaV] + T'n[o. log -], Aa) . (31)
Q Q

Since . converges strongly to g in £, we can conclude from (58) and a Sobolev em-
bedding that the respective local densities converge strongly in C°([0,1]). In particular,
with the Gagliardo-Nirenberg estimate

/2, 11/2
lulleogo,y < Cllull s Jullz,
we find from (28), (58) and (27),
||7’La — n0‘|co([071]) S 0(1 + T2)1/4+3/8€1/4.

For T' < T3, and since ng is uniformly bounded from below by a strictly positive constant,
we have, for e sufficiently small,

ne(x) > C >0, Va € [0,1], (32)

where C' does not depend on T'. Besides, for (p,., ¢pc)pen the spectral elements of o,

[n[Voe V|2 < Z PpelVpellis,

peEN

16



that we need to control uniformly. For this, we realize first that o. is uniformly bounded
in £ since it converges to ¢ in £. Then, according to Lemma 5.5,

Tr (Hoo-Ho) < C(1+T7) (1+ (1 + [|AclZ2)ll0clle) < C(L+T*) (1 + [[Acllz2).  (33)
By the Gagliardo-Nirenberg inequality
3/4) 1/4

lellzs < Clielzz el

we find, together with (33) and the Cauchy-Schwarz inequality, that

In[Vo-Vile < Cllocll” (lloclle + T (Hoo-Ho))'"*

< CO+THYA (14 || A2 (34)
In the same way,
Info:log oc]llr: < Z |00, 108 ppc| | 0pc |70 (35)
peN
3/4 1/4
< <Z Pp.e|1og pp75|4/3> <Z Pp ||V by, H%2> :
peEN peEN

Since | o] < Co, we have that p,. < Cp, ¥p € N. Then, for x € [0, Cy], there exists
C such that z|logx[*® < Cx?/? for instance. According to Lemma 5.4 for the second
inequality below, we find

3 ppellog ppel 2 < CTe(02?) < Cloc||*.

peN

This shows that n[g. log g.] is bounded in L? independently of . We are now ready to
conclude. Going back to (31), using (32) together with (34), yields

1Allze < C (L4 | Angllze + T+ (1 + T2V (1 + || Acf72) ") -

Since Ang € L? by the hypotheses, an homogeneity argument for any 7' € [Ty, Tb] leads
to (30).

Step 4: . is differentiable with respect to 1. We prove in this section that the
penalized solution p. is differentiable w.r.t. the temperature 7. Since the parameter
¢ plays no role here, we set it to one to ease notation. We will also use the standard
shorthand 5 = 1/T. We start by recalling the implicit function theorem on Banach
spaces.

Theorem 4.3 Let X,Y,Z be three Banach spaces and f : X xY — Z be a con-
tinuously Fréchet differentiable mapping. If (zo,y0) € X XY, f(xo,y0) = 0 and
y — Df(xo,90)(0,y) is a Banach space isomorphism from Y onto Z, then there ex-
st neighbourhoods U of xo and V' of yo and a Fréchet differentiable function g : U — V'
such that f(z,g(x)) =0, and f(x,y) =0 if and only if y = g(z), for all (x,y) € U X V.
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Consider the functional Z defined formally by
I(B, 0) i= g — e MHoH A - Alg] := no] — no.

By construction, we have Z(f3, o) = 0 for any 8 > 0, and we will show that Z is contin-
uously differentiable on R x £. We start with the continuity of Z.

Step 4a: The functional T is continuous from R x & to £. We prove first that 7 is
continuous from R* x & to £(L?). For this, consider a sequence (S8, o )ken C [Bo, £1] X E
such that

(B, 0k) ond (B,0), in [Bo, 1] x E. (36)

Estimate (58) of Lemma 5.1 shows that A[gy] is uniformly bounded in H', which,
together with a Sobolev embedding, yields

Alox] — Alol, strongly in L*. (37)

k—+o0

For any p € &£, define then the self-adjoint operator H|[g] := Hy+ A[p| with domain ngr

(equipped with its usual norm, which is equivalent to (||¢||2, + ||(Ho + Alo])¢l|2,)?

since Alp] € L>). Write then

BHlo] — BrHlor] = (B — Br)H|o] + Br(Hl[o] — Hlox]) := ax + by.

From (36) and (37), we have

sup - (lawpllc2 + [[brgll2)  — 0,

_ k—4o0
Il 3., =1

which, according to [14], Theorem 8.25, item (b), yields the convergence of 5y H[ox] to
S H|[p|] in the norm resolvent sense. In turn, we conclude from [14, Theorem 8.20, item
(a)], that

e dittion — et — 0, (38)

which proves the continuity of I from R% x € to L(L?).

We address now the continuity in £ using compactness arguments. First, the op-
erator H[gg| has a compact resolvent and denote by (An[0k], dm[0k])men its spectral
elements. The min-max principle yields the inequality

Ym = [ Alek]lloe < Amlox] < vm + | Alox]ll o, (39)

where the 7, are the eigenvalues of H,, which, counting muliplicities, read vy = 0,
Yo, = Yor—1 = 2(wk)? for k > 1. We also have the direct estimate, using (37),

IVémlowllze < 2Amlor] + 2l Alor] | + C < Cym + C.

This then yields, for o}, = exp(—S8yH|ox]),

(v Hoow/Ho) = 3 e Vg ,la[3 < €3 e OO (144,) < €. (40)

meN meN
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Since oy, is positive, this shows that oy is uniformly bounded in €. Using (33), we obtain
from (37) and (40) the estimate

Tr (HoO'kH()) S C.

This, together with Lemma 5.2 item (ii) and (38), shows that o) converges strongly
in £ to e#Hle This proves the continuity from R% x & to £&. We address now the
differentiability.

Step 4b: Differentiability of Z. With the representation

o [ €= Hle)

2

e~ PHld —

a direct calculation shows that the Fréchet derivative of Z with respect to o € &, in the
direction o € £ and at the point (5, o), reads

1 B _ _
DI[B,o)(0) = o = 5— | e (= = H[d]) "nlo](z — Hlel)"'dz =: o = Z[8, ¢l ().
Y
Above, v is a smooth contour in the complex plane, symmetric around the real axis,
and defined as follows: for some M > 0, denote by By, the ball {o € &, |o|le < M}.
Then, by estimate (57), there is a constant ¢j; > 0 such that

[Afell[z < l[nfelllze + [[nollz= < Cllelle + lInollz= < car-

For all ¢ € By, and denoting by Sp(H|g]) the spectrum of H[g] equipped with the
domain ngr, we have
Sp(H]a))  [—ear, 50).

Fix r = ¢pr + 1. The contour 7 is then written as v = v U 72 U 73, where 715 = {z €
C,z =re", 0 ¢ (—n/4,7/4)}, where 3 is a broken line starting at re’™/* and going
to the infinity with an angle 6y € (0,7/2), and = is the symmetric of 3 with respect
to the real axis. The contour v is oriented from the positive to the negative imaginary
parts. See [15, page 249] for a depiction of a similar contour. By construction of ~,
there exists then mj; > 0 such that

Iz = Hlo) M lean < mu, V€7, Vo€ B (41)

We will prove that the derivative DZ[f3, o] is continuous from R* x £ to £(&) (the
space of bounded operator from & to £). For this, we clearly only need to work with
Z|B, o], and we will proceed as in the proof of continuity of Z: we show first the continuity
from R x & to L(E,L(L?)), and then prove some uniform estimates and proceed by
compactness. A key ingredient is the following lemma:

Lemma 4.4 There exists Chr,, > 0 such that, for all o € By and any B € [Bo, Bi],
we have

Te((1+ Ho) | Z[8, (o)1 + Ho)*'*) < CugolInlo]llo, Vo € €.
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The proof is postponed to the end of the section. As announced, we start with
the continuity from R% x & to L(€, L(L?)). Consider then a sequence (S, 0 )ren C
[Bo, B1] x € as in (36) and such that ||ox||le < My, for some My > 0 independent of k.
We choose the constant M in the construction of the contour v such that M > M, and
|lolle < M so that we can use the same contour v for both ¢ and g,. We write

Z[Br, o] — Z|B, 0] = Ry + Ry,

where
1
Ryi(o) = 5 (7% —e77%) (z — H[ox))'n[o](z — Hlox))""dz
i J,
1
Ryp(o) = 25 Ve_BZRk[Z]dZ
and

Ry[2](0) = (z — H[ox]) 'nlo](z — Hox]) ™" — (= — H[o]) 'n[o](z — H[o]) "

Using (57) to bound ||n[o]| = by ||o]le, we find from (41) that
IR ()l czey < Cllolle / o5 — o5 da,
g

Since e — e 2| < e Pl 4 e=Poclzl for all B, € [By, £1] and for some constant ¢ that
depends on the contour -, it follows from dominated convergence that

1Realelllcecany = O

Regarding Ry 2, we have

IRal)llen < Cllole [ |e*| [~ Hlg) ™ = (= = Hlow) " 110, =

Since S H[px] converges to SH|[gx] in the norm resolvent sense as proved in Step 4a,
and as a consequence H [gx] to H|g], it follows that

I(z = Hlo])™ = (= = H[ow]) " [l ez2) o0 Vzen.
—+00
This, together with (41) and dominated convergence, shows that Ry, converges strongly
to zero in L(E,L(L?)) as k — oo. We have therefore obtained the continuity of Z[3, ¢]
from R% x & to L(E, L(L?)), that is

1 Z[Br, ox] — Z[8, olll (e,c22)) o 0. (42)
We now prove the continuity from R% x £ to £(€). Lemma 4.4 implies that, Vk € N,
Te((1+ Ho)**|Z[8, 0)(0)|(1 + Ho)**) < Curgosliolle, Vo €.
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Fix o0 € £. Applying item (ii) of Lemma 5.2 together with (42), we can conclude that
Z Bk, o) (o) converges to Z[f3, o](c) strongly in €. This holds for all o € £, and provides
us with the pointwise convergence of Z[fy, ok

The convergence in £(€) follows from a standard /3 argument: denote by Bg the
unit ball of &£, which is compact for the the weak-x topology. It is metrizable since
the space of compact operators on L? is separable, and denote by dg an associated
metric. From the pointwise convergence, one can construct by a diagonal argument a
subsequence such that Z|[By, ox](c) — Z[B, 0](o) strongly in € for all & in a countable
dense subset of Bg for the metric de. Since we have some equicontinuity from Lemma
4.4, i.e.

1218, (o) lle < Crtgomlinfollc=, Ve € Bus, ¥8 € [Bo, Bl

it suffices to show that the map o — n[o] is continuous from Bg equipped with dg¢ to
the space L* to conclude the £/3 argument. This is direct: take o € Bg and a sequence
0, € Bg such that dg(o,0,) — 0. The sequence n[o,] is then uniformy bounded in H'
by (58), and as a consequence of classical Sobolev embeddings, there is a subsequence
such that nlo,] converges to some n strongly in L. According to Lemma 5.2 (i),
there is a subsequence such that o, converges to o strongly in J;, which implies that
nlo,] — nlo] strongly in L'. Hence, n = n[o], and we have obtained a subsequence
such that nfoy] — nlo] in L when dg¢(oy,0) — 0. The fact that the entire sequence
converges follows from the uniqueness of the limit. As a conclusion of the £/3 argument,
we have just obtained that

sup || Z[Br, ox](0) — Z[B, 0l(0)||e e 0

o€Bg¢

which ends the proof of continuity of DZ.

The proof that 93Z(8, 0) = —H|p]e ?Hll is continuous from R% x £ to £ is similar
to the proof of continuity of Z and is omitted.
Step 4c: the implicit function theorem. Recalling that g. is the unique minimizer of F.
with temperature 7' = 1/, it remains to prove that 0 — DZ[f, g.|(¢) is an isomorphism
in £ in order to apply the implicit function theorem. For this, set the constant M in the
definition of the contour v such that g. € By, and remark that Lemma 5.2 (ii) together
with Lemma 4.4 imply that the operator o — Z[f, p.](c) is compact in €. We can then
apply the Fredholm alternative, and we only need to show the injectivity to obtain the
invertibility. Suppose then that for some non zero o € &,

DI[B, ¢:](c) = 0. (43)
Assume for the moment that, with nfo] € L™,
Tr (Z[B, 0c)(0)nlo]) <0, Vo €&. (44)
Then,
0 =Tr (DZ[B, o] (o)n[o]) = [[n[o]lz> — Tx (Z[B, o:)(o)n[o]) = |In[o]||Z--

This shows that n|o] = 0, and as a consequence Z[3, o.|(c) = 0, and by (43), o = 0.
This yields that o — DZ[f, o] is an isomorphism in £. An application of the implicit
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function theorem then shows that o. is differentiable in a neighborhood of 5. Since
G is arbltrary and o, is uniquely defined for all 8 € R%, we can finally conclude that
0. € CHR%,E).

It remains to prove (44) and Lemma 4.4 to conclude this section.
Proof of (44). Using standard complex analysis, one finds that Z|[3, o.] admits the
expression, for all 0 € £ and all ¢ € L2,

Z1B, 0:)(0)p = Y Gmsi (s nl0)bm) (S 0). (45)

m, k=0

where

_Be_ﬁAkv if )\k - )\m7
e PR P N # Ay

M

Sm.k =

and (A, Or)ren are the spectral elements of H[p.|. According to Lemma 5.6, the series
above is absolutely convergent in L?. Since Z[3, 0.|(c) is trace class and n[o] € L>,
then (45) shows that

Tr (Z[B, 0. Z Smokl0 ,n[0)om[d])

m,k=0

)

which is nonpositive.

Proof of Lemma 4.4. First of all, for all o € &, the operator Z[3, o|(0) is self-adjoint on
L?, and its definition shows that

Z[ﬁ) Q](O) - Z+ — Z_’
where
Zy = % e_ﬁz(z_H[Q])_lnjF[U](z_H[Q])_ldzZO,
for n.[o] the positive and negative parts of n[o]. Then, for W = Z, + Z_ > 0 with

W=t [ e Hlg)nlol(z — Hlol) d.

2w -
we have
Tv (1 + Ho)**|Z[B, ol(o)|(I + Ho)**) < T ((I + Ho)*/*W (I + Ho)**).

The last inequality is simply a consequence of the triangle inequality in the space
JY(H??) when H?/? is equipped with the norm

ol sz = (2 + Ho)* ]l 2.

In order to justify some calculations, we will work with the operator Z,, that is introduced
below:

Z, = R,WR,, R, = (I +nHy)?
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Note first that the operator
W, = (I + Ho)*!*Ry (= — H[o])}|no]|(z — H[o]) ' Ry(I + Ho)*"*
is trace class, uniformly in z € «, as, using (41),
IWollz < llnlelll=ll(z = H[o]) "M |Zez2) I (1 + Ho)* Ry %, < Cy-
This will allow us to exchange operator traces and integrals over 2. Since R, (I + Hy)3/*
is a bounded operator and R, and H, commute, we have

Tr((I + Ho)*'*Z, (I + Hp)**)

= o [P (R Ho) (e — o) alol (e — Hlel) /T Ty ) dz
= F1 + Fg,
where
Ro= % e T (BJnlo]|(= — Hle) VI + Hy ) dz
P = % e~ Tr (R,%(A[g] — 2= 1)(z — H[o)) Mno]|(z — H|o)) "'V + Hg) dz.

For u = exp(—fH|o]) and exchanging again trace and integral, F} admits the simple

expression
Fy = Te (R2nfo]juy/T+ Hy)

that can be controlled by

17| < [Inlo]llze | Byl cea lu/T + Hollg, < Clinfo]lzelulle-

With o € By, a similar estimate as (40) shows that ||ull¢ can be bounded by some
constant that depends on M, so that |Fi| < Cy||nfo]||L~. Regarding F5, we have

|[Fo| < C/dZ|€_BZ|||A[Q]—Z—1IILwIIH[U]IILMII(Z—H[ o) Nl (z=Hle) ™' VT + Holl ).
N

Following (39), we have that \,,[0] behaves like m? for large m. As a consequence, for
any z € v and any g € By,

I = Hle) Mg = 31 = Anlel| < O,
m>0
where () is independent of z. Also, since z € 7, p € By and Alp| € L™, the operator
(z — H[o])™! is bounded from L? to HZ, uniformly in z and in ¢. This shows that

per
(z — H[o])"'\/T + Hy is bounded in £(L?) independently of z and ¢ when z € v and
0 € Bys. As a consequence, for any 3 € 5, 1],

| F2| < Cullnfo]]| o /CZZIGBZI(1 +120) < Cu o lInfo]]| o

y
At this point, we have therefore proven that

Tr (1 + Ho)*!"Zy(I + Ho)*") < Chr g pulInfo]l| .

Since Z, converges to W strongly in £(L?) as n — 0, the above bound ends the proof
of the lemma by semi-lower continuity of the trace norm.
Everything is now in place to study to the monotonicity of the kinetic energy.
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Step 5: The kinetic energy is increasing. We use the notation of Step 3, namely
0- is the unique minimizer of the penalized functional F. with o. = exp(—H./T), H. =
Hy+ A.. We will keep implicit the dependency of o. and A. on T to simplify notation,
and introduce

E&T = E(Qg)

We know from Step 4 that the derivative of o. with respect to T' is continuous and
belongs to £. We will need to regularize though to properly use the cyclicity of the
trace and introduce for this the operator R, = (I + nHy)~2. We have first

Eer = Tr(\/ Hoge/ Ho) = lim Tr(Ry/ Hoo-r/ HoRy) = limy B,

Indeed, since Orp is self-adjoint, we can decompose it into positive and negative parts,
i.e. Oro =B, — B_, with BL >0, ByB_ = B_B, =0, and |0rg| = By + B_. Since
By € ET for all T > 0, it then follows easily that

Tr(\/HoBiv/ Hy) = %ig(l)Tr(Rn\/HoBi\/HoRn).

Using the cyclicity of the trace and the fact that R, and H, commute, we find

OrE, = Tr (R2Ho0ro.) = Tr (R2H.0r0.) — Tr (R2A.0ro:)
=Tr (R} (H. — TOrA:) Oro-) — Tr (R2 (A — TOrA.) dro-) .

Above, e0rA. = n[0ro.] is well-defined in L*> thanks to (57) since drp. € €. Our
first task is to pass to the limit  — 0 to recover drE. . Since A. and OrA. belong
to L and Oro. is trace class, the only term requiring attention is the first one in the
r.h.s. above. For this, and following the expression of the differential of the functional
T defined in Step 4, we have

1 1 2
aTQz—: = ,ZTQHEQE - % /y 677(2 - He)ilaTAs(Z - Hs)ildz
= GLg + GQ’E.

The first term G . is such that H.G,. € J1 and therefore poses no issue in the limit
n — 0. Regarding the second one, we write

1 .
HGre = —5— [ €77 (Gi(2) + Ga(2)) dz,

™ .
with
Gi(z) = —0pA.(z—H.)™
Go(z) = 2(z—H:) 'OrAc(z— He) ™.

Both G; and G, are trace class since O A. € L™ and (z — H.)™! is trace class as we saw
in the proof of Lemma 4.4. Besides, G; is uniformly bounded in J; w.r.t. z and G5 is
bounded by |z| in J;. This shows that H.G2. € J1, and as a consequence we can pass
to the limit 7 — 0 and obtain that

8TE€7T = TI' ((fl(S — T@TAE) 8TQ&) — TI' ((AE — T@TAE) 8TQE) .
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By using
Tr<A58TQa) = (Aaa n[aTQE]) = €8T||A5||%2
Tr<aTAaaTQa> = (aTA87 n[aTQE]) = EHaTAaH%%
we deduce that
OrE.r + e0r||Acl|72 — T 0r Acl|7
=Tr (HEG178) + Tr <H8G27a) —TTr (8TAEG1,5) —TTr (aTAEGZE)
= 7i1,5 + 75,5 + 7?’:,5 + 721,5‘

The key observation is that 7o, + 73. = 0, while 7, + 74, > 0. Indeed, with the
definition of G; and G, above, we have first that

_L.Tr (/ e—:?gl(z)dz) = Tr(drA-0.).

21 -

On the other hand, since we have seen that G, has sufficient regularity, we can exchange
trace and integral to arrive at

1 _z 1 . - -
o (/76 ng(Z)dz) = o ) TTr ((2 — Ho) '0rA(z — Ho) ™) d2
1 .
= 55 7ze_TTr(&TAE(z—HE)_Q) dz
1 .
= —_T A -7 _H -2 . 4
2 r(aT E/er " (2 = He) dz) (46)

If f(x) = 2e~*/T, then standard complex analysis shows that the complex integral above
is just f'(H.), that is 9. — H.o./T. This means that

Tr(H.Gse) = %Tr(&TAEHEgs) = TTr(0rAG\,.),

which proves the claim that 75, + T3 = 0. The fact that T%7;. = Tr (H?0.) > 0 is
clear. The fact that 7;. > 0 is an easy consequence of (44) with o = Jrp.. At this
stage, we have therefore arrived at

OrE.p > —edr||Adll7-. (47)
Integrating the previous inequality and expliciting the dependency of A, on T, we find,
V15> 1T > O,
EE,T2 - EE,T1 > —€ (||A67T2||%2 - ||A57T1||%2) .
As claimed at the beginning of Step 3, we have, for all 7" > 0 and all ny € H!

per’
Ez—:,T ;)) E(QTJLQ)?
which, thanks to the crucial uniform bound (30), leads to
E(Qszo) = E(QThno)a VI, > Th > 0. (48)

Note that there is no information about dr E(or,) since we do not have the uniform
estimates required to pass to the limit in (47). We derive in the next step a relation
between the energy and the entropy that will allows us to prove that the energy is
strictly increasing and the entropy strictly decreasing.

25



Step 6: Relation between the derivatives of the kinetic energy and the en-
tropy, and decrease of the entropy. For any 7' > 0 and g, r the unique minimizer
of the penalized problem (we make explicit here the dependency of o., F. and A, w.r.t.
T since it will be needed further), the goal of this section is to prove the following
relation,

d d
ﬁE(Qs,T) TdTS(QET) +€ HAETHL27 (49)

or more exactly an integrated version of it that will be more useful when passing to the
limit ¢ — 0. We will see that expression (49) is a consequence of standard calculus of
variations arguments. Consider first the penalized free energy F.r(o.7) that we aim
to differentiate w.r.t. 7. Since we have proved in Step 4 that for any 7" > 0, o.r
is continuously differentiable w.r.t. 7 with values in &, it follows that E(g.r) and
|n[o-7] — nol|72 are differentiable, and we have

d
d—TE(QeT TI'(\/ HoaTga\/ H()) < 0

1 d 1
oz grlnloe] = nollt: = Z(fore.],nle.] - no) < oo.

In particular, the last term can be recast as, using the definition of A.,

1A rllZ2-

- nleea] - mollZ = S

2dT

We have the following lemma, whose proof is postponed to the end of the section:
Lemma 4.5 The derivative of S(o0.1) with respect to T is well-defined for all T > 0.

The above lemma shows that the Gateaux derivative of S at g, 1 in the direction Oro. 1
is well-defined, as a consequence so does that of F. . We are now ready to conclude.
We have first on the one hand,

d

d d 1d
= B (o) + T7=8(007) + S(0e) + 5 llnloe] = mollfs. (50)

FE,T(Q&‘,T) - dT dT

On the other hand, since g. r is the minimizer of F. 7, we have DF. r[o.r|(Oro-1) = 0,
and as a consequence

%Fa(ge,T) - DFE[QE,T](aTQE,T) + S(Qe,T) - S(QE,T)' (51)

Combining (51) with (50), we find (49). After integration, the latter becomes

Ts

E(Qa,Tz) - E(Qe,ﬁ) = T2S(Qa,T2) - TlS(Qa,T1) _/ S(QS,T)dT+€||A€7T2 ||%2 - 8||AE,T1 ||%2

T

We have already mentioned that o.r converges to gr,, strongly in &€ for all 7" > 0,
so that E(p.r) converges to E(p.r) for all T > 0. An application of Lemma 5.3 (ii)
shows that S(g.r) converges to S(o-r). We then pass to the limit in the integral using
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dominated convergence and estimate (53) further. Using (30), we arrive at, for all
T27 Tl > 07

Ts

E0tane) — E(01,m0) = T35 (02sms) — T15(011.m0) — / S(orm)dT.  (52)

T
This is one of the main results of this section. The other one concerns the fact that the
entropy is nonincreasing. Indeed, combining (49) and (47), we arrive at

1 d
= > e 2.
dTS(Q&T) - 2€T dTHAE’THLQ

Integrating, we find, for all 75 > T7 > 0,

AE 2 Ty T AE 9
S(eem) — S(0emy) > —2¢ {%} 9 / ez o,
T T T T

Sending ¢ to zero with estimate (30) yields the desired result.
We conclude with the proof of Lemma 4.5.

Proof of Lemma 4.5. We need to differentiate the entropy term, and have to be a little
careful since log x has a singularity at x = 0. For n > 0, we hence regularize the entropy
as

sp(x) = (z +n)log(x +n) —z —nlogn.
For any p € €T, the operator log(p + n) is bounded. Then, the Gateaux derivative of

Sy(0) :== Tr(s,(p)) in the direction u € €T is well-defined and reads, see [11, Lemma
5.3] for a proof,

DS,[ol(u) = Tr(log(n + o)u).
Hence, since Orp.1 € &,
d
dT
We sent now 7 to zero by observing that, for 5 = 1/T,

Sy(0e1) = —Tr(log(n + Qa;r)aTQa;r)-

Tr(log(n + 0-7)030-17)
_ —Tr(log(n + Q&T)Hg’TQ&T) + Tr(log(n + 0.1) 2, QE,T](aBQE,T))
= Gl?’](T) + GQ,W(T)7

where H.p = Hy + A r equipped with D(H.r) = H},,, and Z[3, o|(0) is defined in
Step 4b. The first term G, is just
G14(T) =— Z log(n + 6_6’\”’5)/\13766_6)"”5,

peN

where the A,. are the eigenvalues of H. . Moreover, calculations close to (46) using
the cyclicity of the trace and the fact that log(n+ g.7) and (z — H. 7) ! commute show
that the second term Gy, is equal to

Go,y(T) = Tl"( log(n + Qa,T)Qa,Tn[aTQs,T])-
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At that point, we therefore have obtained that, for all 77,7, > 0,

T

Sy(0em,) — Syloem) = / (=G, (T)/T? + G (T)) dT.

YE

and we need some estimates to pass to the limit. The term G, is treated directly
using the min-max principle and estimate (39). Its limit is denoted by G; and satisfies
SUDrcir, 13 |G1] < C. For the other terms, a similar calculation as (35) with the L?
norm replaced by the L' norm, shows that, together with (27), Va € [0, 1],

| log(a + o-1)0e7||7n < C+Clloerlle < C+ CT?, (53)

where C' does not depend on a. We then claim that log(n + o0-1)o-7 converges to
log(0s7)0 7 strongly in J; for all T > 0. Indeed, on the one hand, for (p,)pen the
cigenvalues of o. 7,

Hog(n+ 0er)oerll s = > pollog(n+pp)l = > ppllog(py)| = log(0er)0erll 7, (54)

peEN peN

while, on the other, a similar calculation as above shows that log(n+ g..r)o-r converges
to log(g.r)o.r strongly in £(L?). Lemma 4.1 then yields the desired result. As a
consequence, V1 > 0,

711% Sn(@z—:,T) = S(QE,T)? 717% G2,17 = G2 = Tl"( 10g<Qs,T>Q€,Tn[aTQs,T]) .
Finally, the fact that 0.7 € C'(R%,£), together with (53)-(54) yields

sup |G2,n| S sup || 1082(77 + Qa,T)Qa,T||J1 sup ||n[aTga,T} ||L°°
TG[T:[,TQ] TE[T17T2} TG[Tl ,TQ]

< C sup ||Oroerlle <C.
TE[Tl,TQ]

which allows us to use dominated convergence and obtain

T>

S(Qs,Tz) - S(Qs,T1) = / (Gl + G2)dT7 VT, > 17 > 0.

T

Since g, r is continuous w.r.t. 7"in &, it can be shown with similar proofs as above that
(G1 and G5 are continuous in 1" as well, we omit the details. This then concludes the
proof of the lemma since 7T} and T, are arbitrary.

Step 7: Er and Sy are strictly increasing. The aim of this step is to prove that
we have the strict inequality

ET1 > ETO, VTl > T() > 0.

In Step 5, we have proved the non strict inequality (48), and it therefore only remains
to prove that if 17 # T, then

ETI 7é ETO'
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Since the energy is nondecreasing and continuous, we proceed by contradiction and
assume that there exists a non empty open subset I = (Tp, T1) of R¥ such that E, = E,,
Vu,v € I. From (52), it follows that

US(Oumng) — VS (0vmg) = / S(o1.n,)dT, Yu,v € 1. (55)

Since we have seen in Step 1 that Sy is continuous on R* , this shows that (uS,)" exists,
is continuous and equal to S, for all u € I. As a consequence, S!, = 0 for all u € I. We
then deduce that, Yu,v € I,

Fu(@u,no) = Eu + usu - Ev + UEU = Fu(gv,no)'

Since the minimizer of F), is unique, we have gy, = 0u.n, Which, by (18), leads to the

equality

H H
[QUJZO] — [QU,’RO] , H[Qv,no] = HO + A[Qv,no]. (56)

u (%

For A[oy.n,], expression (29) becomes

1 /1 1
Alovne) = — | =Ang + 51V 0une V] + 01000 108 00.n0] | -
Un 4 2

Since Oy ny = Ovny, We can write

A[Quno] = f + ug, A[va,o] = f +vg, f?g € LQ'

It finally follows from (56),
Ho+f Ho+ [

u (%

which implies w = v for all w,v € I. This is in contradiction with the fact that I
is open. Hence, Er is strictly increasing. The fact that Sy is strictly decreasing is
now straightforward. Indeed, we already know from Step 6 that S; is nonincreasing.
Supposing that it is constant for all u,v € I for some open interval I, we find from (52)
that E, = E,, for all u,v € I, which contradicts the fact that Er is strictly increasing.
Hence, St is strictly decreasing. This ends the proof of Theorem 3.3.

5 Appendix

We give here a few technical lemmas that are used throughout the paper. The simple
proof of the first one can be found in [12, Lemma 5.3].

Lemma 5.1 Suppose g is self-adjoint and belongs to €. Then, the following estimates

hold:
In[olll = < Cloll % lloll* (57)
IVnlalll2 < Clloll% ol (58)

The second lemma provides us with important compactness results.
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Lemma 5.2 ([10], Lemma 3.1) (i) Let (ox)ren be a bounded sequence of ET. Then,
up to an extraction of a subsequence, there exists o € £ such that

o —>o0oinJ ask— +o0

and

Tr(\/HOQ HO)SliminfTr(\/Hogk HO).
k—+4o0

(11) Let (or)ken be a sequence of operators such that g — o strongly in L(L*) and
Tr((I 4+ Ho)*|ok|(I + Ho)™) < C for some a > 1/2. Then, ), converge to o strongly in
£.

Item (ii) is not stated in [10] and we detail here a proof for completeness. First, there
exists B and a subsequence such that (I + Hy)*|ox|({ + Ho)® converges to B weakly-x
in J;. Since |gx| — |o| in £(L?) as g, — ¢ in L£L(L?), and (I + Hp)* is injective, this
implies that B = (I + Hp)*|o|(I + Hp)*. Write then, since (I + Hy)'™2* is a compact
operator on L2,

Tr((I + Ho)"?|o|(I + Ho)'?) = Tr((I + Ho)*|ox|(I + Ho)*(I + Ho)'~>*)
Tr((I + Ho)*|o|(I + Ho)*(I + Ho)'**) (59)
= Tr((I + Ho)"?|o|(I + Ho)'"?).

4

When H' is equipped with the norm
ull e = [[(1 + Ho)*/?ul| 2,
we have the identification
Te((I + Ho)'[ol(I + Ho)"?) = llell gy = llelle. (60)

In order to apply Lemma 4.1, it remains to prove that o5 converges weakly to o in the
sense of bounded operator in H*, that is

((I 4 Ho)Y?oru, (I + Ho)Y*v) — (I + Ho)Y?ou, (I + Hy)"*v), Vu,v € H'.

From the observation that g and ¢ are uniformly bounded in £(H') according to (60)
and (59), we can actually consider test functions v above in H2. The result then follows
since (I + Hy)'/? is self-adjoint and g, — ¢ in £(L?). Lemma 4.1 finally yields the
strong convergence of g, to ¢ in Jy(H") and therefore in &.

The lemma below provides us with important properties of the entropy.

Lemma 5.3 ([10], Lemma 5.2) The application o — Tr(plogo — 0) possesses the
following properties.
(i) There exists a constant C > 0 such that, for all o € ET, we have

Tr(ologo—0) > =C (Tr(\/ﬁog Ho)>l/2- (61)

(ii) Let o be a bounded sequence of ET such that oy, converges to o in Jy, then o log op —
or converges to plog o — o in J.
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The next two lemmas state some regularity results for density operators. The second
one is adapted from [13] to account for the dependency in 7'

Lemma 5.4 ([10], Lemma A.1) Let p € ET. Then, we have the estimate

Tr(QQ/g) <C (Tr(\/ﬁog H0)>2/3.

Lemma 5.5 ([13], Lemma 4.4) Let V € L*(Q) and define o = exp(—(Hy + V)/T),
where D(Hy+ V) = H2,. Then o € ET and HyoHy € Jy, with the estimate

per*
Tr(HooHo) < C(1+T%) (1+ (1+[V]72) llelle) -
The last lemma is a technical result.

Lemma 5.6 Let H = Hy + A, with A € L™ and domain H,.. Denote by (A\e[H])ren
the nondecreasing sequence of eigenvalues of H counted with multiplicity. Then,

+o00o
Z —Sm[H| < 400,

m,k=0

where
—e M if N [H] = A\n[H],

e~ Mo lH] _ o= Am|[H]

S U AH] # ],
Proof. We first remark that, by symmetry,

gm,k[H] =

“+o00 +o0 —+o00 k—1
STkl ] =Y Gl H 42N —GuulH] = L+ I + I,
m,k=0 m=0 k=0 m=0
where
400 k—1 —+o0 k-1
I, = Z Z —§m,k[H], I3 = Z Z —§m,k[H]-
k=0 m=0Apm [H]=\[H] k=0 m=0,\m [H]#\,[H]

The min-max principle yields

Ym = [ Allee < An[H] < 9 + (| All e, (62)
where the 7, are the eigenvalues of H,, which, counting muliplicities, read v9 = 0,
Yok = Vok_1 = 2(7Tk;)2 for k£ > 1. Concerning [, we then immediately have

+oo
L = Z e M < oo,

m=0
We now turn to Iy and I3. From (62) and the expression of ~,,, we can see that, for
n > 1 and m = 2p,

)‘m+n[H] - /\m[H]

vV

Yop+n — Vop — 2||A||L°°
n2
> 2n? (np—i— T ||A||Loo/7r2)

1
2m? <p—i— i |\A||Loo/7r2> :

Y
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Denoting by /o the integer part of ||Al|z=/(27?), the r.h.s. above is positive provided
p > fy. When m = 2p — 1, a similar estimate as above holds now for n > 2 due
to the multiplicity of ~,,. Thus, for &k > 2(¢y + 1), the indices m < k — 1 such that
Am|H| = A\[H] are at most m = k — 1. Hence,

400 k—1

—)\ H]
2 ORI T
k‘=2(€0+1) m:O,/\m[H]:)\k[H] k=2 60+1

which shows that I, is finite. Let N = min{n € N: \,[H] > 0} and Ny = max(N, 2({y+
1)). Consider now

+oo k-2 +oo No—1
=2 2 —wslHl L= ) —snulH]
k=N m=Ny k=No m=0

For k > m > N such that \,,[H] < A\[H],

Am[H] Am [H]

< 1 e~ T < I Ayeemy[H]e™ 7T
= N T A H] ] NelH] Dyt (] — A lH]

—Sm, k[ H]

where

((m)=min{n € N: A\ 1n[H] > \u[H]}.
According to the discussion above, ¢(2p) =1 and ¢(2p + 1) = 2 for p > {y. Hence,

[H] _ Am/[H]
m+€m € T

< +400.
:Z S e
Finally,

oo No—1 oo 00 o)
C CNy C
I5 < ~—— =< < < 00,

which shows that I is finite and ends the proof. O
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