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Optimal location of resources maximizing the total
population size in logistic models*

Idriss Mazarit Grégoire Nadin® Yannick Privat?

Abstract

In this article, we consider a species whose population density solves the steady diffusive
logistic equation in a heterogeneous environment modeled with the help of a spatially non
constant coefficient standing for a resources distribution. We address the issue of maximizing
the total population size with respect to the resources distribution, considering some uniform
pointwise bounds as well as prescribing the total amount of resources. By assuming the
diffusion rate of the species large enough, we prove that any optimal configuration is bang-
bang (in other words an extreme point of the admissible set) meaning that this problem can
be recast as a shape optimization problem, the unknown domain standing for the resources
location. In the one-dimensional case, this problem is deeply analyzed, and for large diffusion
rates, all optimal configurations are exhibited. This study is completed by several numerical
simulations in the one dimensional case.

Keywords: diffusive logistic equation, rearrangement inequalities, symmetrization, optimal con-
trol, shape optimization, optimality conditions.

AMS classification: 49K20, 35Q92, 49J30, 34B15.
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1 Introduction

1.1 Motivations and state of the art

In this article, we investigate an optimal control problem arising in population dynamics. Let
us consider the population density 0,, , of a given species evolving in a bounded and connected
domain © in R” with n € IN*, having a ¢ boundary. In what follows, we will assume that 6,, ,, is
the positive solution of the steady logistic-diffusive equation (denoted (LDE) in the sequel) which

writes
PO, () + (m(x) — Oy (2)) 0w () =0 € Q,
Lo — z € 0Q,

» =

(LDE)

where m € L*°(Q) stands for the resources distribution and p > 0 stands for the dispersal ability
of the species, also called diffusion rate. From a biological point of view, the real number m(z)
is the local intrinsic growth rate of species at location x of the habitat 2 and can be seen as a
measure of the resources available at x.

As will be explained below, we will only consider non-negative resource distributions.m, i.e
such that m € L°(Q) = {m € L>(Q2),m > 0 a.e}. In view of investigating the influence of spatial
heterogeneity on the model, we consider the optimal control problem of maximizing the functional

F,:LT(Q)>m— ][ O i
Q

where the notation { denotes the average operator, in other words fQ f= ﬁ fQ f. The functional
F stands for the total population size, in order to further our understanding of spatial heterogene-
ity on population dynamics.

In the framework of population dynamics, the density 6,, , solving Equation (LDE) can be inter-
preted as a steady state associated to the following evolution equation

?(t, x) = pAu(t,z) + u(t,x)(m(z) —u(t,z)) t>0, z€Q
gu(t,x) =0 t>0, x €0 (LDEE)
u(0,z) =u’(z) = 0,u’ #£0 x €



modeling the spatiotemporal behavior of a population density u in a domain 2 with the spatially
heterogeneous resource term m.

The pioneering works by Fisher [12], Kolmogorov-Petrovski-Piskounov [27] and Skellam [40] on
the logistic diffusive equation were mainly concerned with the spatially homogeneous case. There-
after, many authors investigated the influence of spatial heterogeneity on population dynamics and
species survival. In [23], propagation properties in a patch model environment are studied. In [22],
a spectral condition for species survival in heterogeneous environments has been derived, while [20]
deals with the influence of fragmentation and concentration of resources on population dynamics.
These works were followed by [2] dedicated to an optimal design problem, that will be commented
in the sequel.

Investigating existence and uniqueness properties of solutions for the two previous equations as
well as their regularity properties boils down to the study of spectral properties for the linearized

operator
L:DL)> frs uAf +mf,

where the domain of £ is D(£) = {f € L*() | Af € L*(Q)} and of its first eigenvalue \;(m, i),
characterized by the Courant-Fischer formula

Mmog) = sup {—u [rwse+ [ me}. )
FeEWr2(Q) [ f2=1 Q Q

Indeed, the positiveness of A(m, ) is a sufficient condition ensuring the well-posedness of equations
(LDEE) and (LDE) ([2]). Then, Equation (LDE) has a unique positive solution 6,,, € W2(Q).
Furthermore, for any p > 1, 6,, ,, belongs to W2?(£2), and there holds

0< i%fem#i < Hm;li < ||mHLoo(Q) (2)

Moreover, the steady state 6,, , is globally asymptotically stable: for any ug € W12(Q) such that
ug = 0 a.e. in Q and ug # 0, one has

) = Omull e, = 0.
where u denotes the unique solution of (LDEE) with initial state uq (belonging to L2(0,T; W12(Q))
for every T > 0).

The importance of Aj(m, i) for stability issues related to population dynamics models was first
noted in simple cases by Ludwig, Aronson and Weinberger [34]. Let us mention [10] where the
case of diffusive Lotka-Volterra equations is investigated.

To guarantee that A;(m, u) > 0, it is enough to work with distributions of resources m satisfying
the assumption

m € LY (Q) where LT(Q) = {m € L>(Q), /Qm > 0} . (H1)

Note that the issue of maximizing this principal eigenvalue was addressed for instance in [19, 20,
28, 33, 39].

In the survey article [32], Lou suggests the following problem: the parameter p > 0 being fixed,
which weight m maximizes the total population size among all uniformly bounded elements of
L>(Q)?

In this article, we aim at providing partial answers to this issue, and more generally new results
about the influence of the spatial heterogeneity m(-) on the total population size.



For that purpose, let us introduce the total population size functional, defined for a given u > 0
by

F,:LY(Q)2m+— / O s (3)
Q

where 6,,, , denotes the solution of equation (LDE).

Let us mention several previous works dealing with the maximization of the total population
size functional. It is shown in [31] that, among all weights m such that fﬂ m = mg, there holds
F,(m) > F,,(my) = my; this inequality is strict whenever m is nonconstant. Moreover, it is also
shown that the problem of maximizing F), over L°(€2) has no solution.

Remark 1. The fact that m = mg is a minimum for F,, among the resources distributions
m satisfying me = myg relies on the following observation: multiplying (LDE) by % and
m,p

va/nL 2
u/ 7| g| + / (m—"6p,)=0. (4)
Q Q

O,

integrating by parts yields

Ivf”i“‘ff > mg = Fj,(mo) for all m € LT (Q) such that f,m =
m,p

mg. It follows that the constant function equal to mg is a global minimizer of F), over {m €
LE(Q), fgm = mo}.

In the recent article [1], it is shown that, when = (0, ¢), one has

and therefore, F},(m) = mqo + p [,

V>0, Yme LE(Q) |m >0 ae., ][Om,ugii][m.
Q Q

This inequality is sharp, although the right-hand side is never reached, and the authors exhibit a
sequence (Mg, pix)ken such that f, 0m, 4,/ fo mr — 3 as k — +oo, but for such a sequence there
holds |[mg||e(q)y — +oc and py — 0 as k — +oo.

In [32], it is proved that, without L' or L> bounds on the weight function m, the maximization
problem is ill-posed. It is thus natural to introduce two parameters x, my > 0, and to restrict our
investigation to the class

M. () := {meL“(Q),OSméma.e ,][m:mo}. (5)
Q
It is notable that in [9], the more general functional Jp defined by
Jp(m) = / (O — Bm?)  for B0
Q

is introduced. In the case B = 0, the authors apply the so-called Pontryagin principle, show the
Gateaux-differentiability of Jg and carry out numerical simulations backing up the conjecture that
maximizers of Jy over M,,, () are of bang-bang type.

However, proving this bang-bang property is a challenge. The analysis of optimal conditions
is quite complex, because the sensitivity of the functional ”total population size” with respect to
m(-) is directly related to the solution of an adjoint state, solving a linearized version of (LDE).
Deriving and exploiting the properties of optimal configurations therefore requires a thorough
understanding of the 8,, ,, behavior as well as the associated state. To do this, we are introducing
a new asymptotic method to exploit optimal conditions.

We will investigate two properties of the maximizers of the total population size function F,.



1. Pointwise constraints. The main issue that will be addressed in what follows is the bang-
bang character of optimal weights m*(+), in other words, whether m* is equal to 0 or x almost
everywhere. Noting that M,,, () is a convex set and that bang-bang functions are the
extreme points of this convex set, this question rewrites:

Are the mazimizers m* extreme points of the set M, ()2

In our main result (Theorem 1) we provide a positive answer for large diffusivities. It
is notable that our proof rests upon a well-adapted expansion of the solution 6,, ,, of (LDE)
with respect to the diffusivity pu.

This approach could be considered unusual, since such results are usually obtained by an
analysis of the properties of the adjoint state (or switching function). However, since the
switching function very implicitly depends on the design variable m(-), we did not obtain
this result in this way.

2. Concentration-fragmentation. It is well known that resource concentration (which means
that the distribution of resources m decreases in all directions, see Definition 2 for a specific
statement) promotes the survival of species [2]. On the contrary, we will say that a resource
distribution m = kx g, where E is a subset of €2, is fragmented when the E set is disconnected.
In the figure 1,  is a square, and the intuitive notion of concentration-fragmentation of
resource distribution is illustrated.

m=10

Figure 1: = (0,1)2. The left distribution is ”concentrated” (connected) whereas the right one is
fragmented (disconnected).

A natural issue related to qualitative properties of maximizers is thus
Are mazimizers m* concentrated? Fragmentated?

In Theorem 2, we consider the case of a orthotope shape habitat, and we show that concen-
tration occurs for large diffusivities: if m, maximizes F), over M, (Q2), the sequence
{m,},>0 strongly converges in L*(Q) to a concentrated distribution as y — oo,

In the one-dimensional case, we also prove that if the diffusivity is large enough, there are
only two maximizers, that are plotted on Fig. 2 (see Theorem 3).



0 my/x 1 0 moy/x 1

Figure 2: 2 = (0,1). Plot of the only two maximizers of F,, over M, ().

0 1 0 my/x 1

Figure 3: 2 =(0,1). A double crenel (on the left) is better than a single one (on the right).

Finally, in the one-dimensional case, we obtain a surprising result: fragmentation may be
better than concentration for small diffusivities (see Theorem 4 and Fig. 3 below).

This is surprising because in many problems of optimizing the logistic-diffusive equation, it
is expected that the best disposition of resources will be concentrated.

1.2 Main results

In the whole article, the notation y; will be used to denote the characteristic function of a mea-
surable subset I of R", in other words, the function equal to 1 in I and 0 elsewhere.

For the reasons mentioned in Section 1.1, it is biologically relevant to consider the class of
admissible weights M, .(2) defined by (5), where £ > 0 and mg > 0 denote two positive
parameters such that my < & (so that this set is nontrivial).

We will henceforth consider the following optimal design problem.



Optimal design problem. Fizn € IN', u>0, k>0, mg € (0,x) and let Q be a
bounded connected domain of R™ having a €% boundary. We consider the optimization
problem

sup  Fy(m). (Py)
MEM e, mg (Q)

As will be highlighted in the sequel, the existence of a maximizer follows from a direct argument.
We will thus investigate the qualitative properties of maximizers described in the previous section
(bang-bang character, concentration/fragmentation phenomena).

For the sake of readability, almost all the proofs are postponed to Section 2.

Let us stress that the bang-bang character of maximizer is of practical interest in view of
spreading resources in an optimal way. Indeed, in the case where a maximizer m* writes m* = kxg,
the total size of population is maximized by locating all the resources on E.

1.2.1 First property

We start with a preliminary result related to the saturation of pointwise constraints for Problem
(P);), valid for all diffusivities pz. It is obtained by exploiting the first order optimality conditions
for Problem (7;), written in terms of an adjoint state.

Proposition 1. Let n € IN*, >0, & > 0, mg € (0,x). Let m* be a solution of Problem (P};).
Then, the set {m = k} U {m = 0} has a positive measure

1.2.2 The bang-bang property holds for large diffusivities

For large values of u, we will prove that the variational problem can be recast in terms of a shape
optimization problem, as underlined in the next results.

Theorem 1. Let n € IN*, k > 0, mg € (0,k). There exists a positive number p* = p*(Q, k, mo)
such that, for every u = p*, the functional F), is strictly convex. As a consequence, for p = p*,
any mazimizer of I, over My, »(Q) (or similarly any solution of Problem (P))) is moreover of
bang-bang type'.

We emphasize that the proof of Theorem 1 is quite original, since it does not rest upon the
exploitation of adjoint state properties, but upon the use of a power series expansions in the
diffusivity p of the solution 6,, , of (LDE), as well as their derivative with respect to the design
variable m. In particular, this expansion is used to prove that, if p is large enough, then the
function F), is strictly convex. Since the extreme points of My,  (€2) are bang-bang resources
functions, the conclusion readily follows.

This theorem justifies that Problem (73,'}) can be recast as a shape optimization problem. Indeed,
every maximizer m* is of the form m* = kxg where E is a measurable subset such that |E| =
mo|QY /K.

Remark 2. We can rewrite this result in terms of shape optimization, by considering as main
unknown the subset E of {2 where resources are located: indeed, under the assumptions of Theorem
1, there exists a positive number p* = p*(2,k,mg) such that, for every p > p*, the shape
optimization problem

sup Fu(kxe), (6)
ECS, |El=mo|Q|/x

n other words, it is,an element of Mimg,x () equal a.e. to 0 or £ in Q.



where the supremum is taken over all measurable subset £ C Q such that |E| = mg|Q2|/k, has a
solution. We underline the fact that, for such a shape functional, which is “non-energetic” in the
sense that the solution of the PDE involved cannot be seen as a minimizer of the same functional,
proving the existence of maximizers is usually intricate.

1.2.3 Concentration occurs for large diffusivities

In this section, we state two results suggesting concentration properties for the solutions of Problem
(P);) may hold for large diffusivities.
For that purpose, let us introduce the function space

X :=wWh(Q)n {ue W1»2(Q),][ u:O} (7)
Q
and the energy functional
1
Em:Xaqu][|Vu\2—m0][mu. (8)
2 Ja Q

Theorem 2. [-convergence property]

1. Let Q be a domain with a 6% boundary. For any p > 0, let m,, be a solution of Problem (73;})

Any L' closure point of {m,},>0 as p — oo is a solution of the optimal design problem

i in&,,(u). 9
mGMH:?,K(Q) Iu?%l)r(l (u) ( )

2. In the case of a two dimensional orthotope Q = (0;a1) % (0; az2), any solution of the asymptotic
optimization problem (9) is decreasing in every direction.

As will be clear in the proof, this theorem is a I'-convergence property.
In the one-dimensional case, one can refine this result by showing that, for p large enough, the
maximizer is a step function.

Theorem 3. Let us assume thatn =1 and Q = (0,1). Let k > 0, mg € (0,k). There exists i >0
such that, for any p > fi, any solution m of Problem (P)!) is equal a.e. to either m or m(1 —-),
where M = KX (1—¢,1) and £ =mo/k.

1.2.4 Fragmentation may occur for small diffusivities

Let us conclude by underlining that the statement of Theorem 3 cannot be true for all p > 0.
Indeed, we provide an example in Section 3.1 where a double-crenel growth rate gives a larger
total population size than the simple crenel m of Theorem 3.

Theorem 4. The function m = kx(1-¢,1) (and m(l —-) = Kkx(0,¢)) does not solve Problem (P};)
for small values of p. More precisely, if we extend m outside of (0,1) by periodicity, there exists
w >0 such that

F#(m(Q )) > Fu(m)~

This result is quite unusual. For the optimization of the first eigenvalue Aj(m, ) defined by
(1) with respect to m on the interval (0;1)

sup  Ap(m, )
meM((0;1))

we know (see [2]) that the only solutions are m and m(1 — -), for any p.
It is notable that the following result is a byproduct of Theorem 4 above.



Corollary 1. There exists p > 0 such that the problems

sup  Ai(m, 1)
meM((0;1))

and
sup  F,(m)
meM((0;1))

do not have the same mazximizers.

For further comments on the relationship between the main eigenvalue and the total size of the
population, we refer to [35], where an asymptotic analysis of the main eigenvalue (relative to u as
1 — 400) is performed, and the references therein.

We conclude this section by mentioning the recent work [36], that was reported to us when
we wrote this article. They show that, if we assume the optimal distribution of regular resources
(more precisely, Riemann integrable), then it is necessarily of bang-bang type. Their proof is based
on a perturbation argument valid for all 4 >0. However, proving such regularity is generally quite
difficult. Our proof, although it is not valid for all p, is not based on such a regularity assumption,
but these two combined results seem to suggest that all maximizers of this problem are of bang-bang

type.

1.3 Tools and notations

In this section, we gather some useful tools we will use to prove the main results.

Rearrangements of functions and principal eigenvalue. Let us first recall several mono-
tonicity and regularity related to the principal eigenvalue of the operator L.

Proposition 2. [/0] Let m € L3°(Q?) and p > 0.
(i) The mapping IR’ > p+— Ai(m, p) is continuous and non-increasing.

(ii) If m < my, then Ay(m,pu) < A\ (my, p), and the equality is true if, and only if m = m; a.e.
in Q.

In the proof of Theorem 3, we will use rearrangement inequalities at length. Let us briefly
recall the notion of decreasing rearrangement.

Definition 1. For a given function b € L?(0,1), one defines its monotone decreasing (resp. mono-
tone increasing) rearrangement ba, (resp. byr) on (0,1) by bar(x) = sup{c € R | x € Qf}, where
O =(1—|92|,1) with Q. = {b > c} (resp. bpr(-) = bar(1 —-)).

The functions by, and by, enjoy nice properties. In particular, the Polya-Szego and Hardy-
Littlewood inequalities allow to compare integral quantities depending on b, b4, by and their
derivative.

Theorem ([24, 29]). Let u be a non-negative and measurable function.

(i) If ¢ is any measurable function from Ry to IR, then

1 1 1
/Ow(u):/O w(udr):/[) Y(upy)  (equimeasurability);



(ii) If u belongs to WHP(0,1) with 1 < p, then
/ iy / ()7 = / () (Polya inequality);
(iii) If u, v belong to L*(0,1), then
/ uv < / UpyrVpy = / Ugrar  (Hardy-Littlewood inequality);

The equality case in the Polya-Szego inequality is the object of the Brothers-Ziemer theorem
(see e.g. [L1]).

Symmetric decreasing functions In higher dimensions, in order to highlight concentration
phenomena, we will use another notion of symmetry, namely monotone symmetric rearrange-
ments that are extensions of monotone rearrangements in one dimension. Here, ) denotes the
n-dimensional orthotope [];—; (a;, b;).

Definition 2. For a given function b € L'(Q), one defines its symmetric decreasing rearrange-
ment bsg on Q as follows: first fix the n — 1 variables z2,...,x,. Define by ¢q as the monotone
decreasing rearrangement of x — b(z,x2,...,x,). Then fix x1,xs,...,z, and define by sq as the
monotone decreasing rearrangement of x — by sq(z1,,...,x,). Perform such monotone decreas-
ing rearrangements successively. The resulting function is the symmetric decreasing rearrangement

of b.

We define the symmetric increasing rearrangement in a direction i a similar fashion and write it
biiq. Note that, in higher dimensions, the definition of decreasing rearrangement strongly depends
on the order in which the variables are taken.

Similarly to the one-dimensional case, the Pdlya-Szego and Hardy-Littlewood inequalities allow
us to compare integral quantities.

Theorem ([2, 3]). Let u be a non-negative and measurable function defined on a box Q = [];—,(0;a;).

(i) If 1 is any measurable function from Ry to IR, then
/ Y(u) = / Y(usq) = / Y(usg) (equimeasurability);
Q Q Q

(ii) If u belongs to WHP(Q) with 1 < p, then, for every i € Ny, [a;;b;] = w1, Uws,; Uws;, where
the map (x1,...,%i—1,Tix1,---,TN) = w(T1,...,2,) is decreasing if x; € w1, increasing if
x; € wa; and constant if T; € ws ;.

/ [VulP > / [Vusql?  (Pdlya inequality);
Q Q
Furthermore, if, for any i € IN,, [o|Vul? = [, |Vu;salP then there exist three measurable
subets wi1,w;2 and w; 3 of (0;a;) such that
1. (0;a;) = wijn Uw; swi 3,
2. u=ujpq on HZ_:11 (0;ar) X w1 X HZ:Z-_H(O; ak),
3. U= u;q 0N H;;ll(o, ag) X wia X HZ:H_l(O; ag),
4w =i pa = wia on [Ti_y (05 ax) x wig x [Ti_; (05 ).

(iii) If u, v belong to L*(Q), then

/uvg/usdvsd (Hardy-Littlewood inequality);
Q Q

10



Poincaré constants and elliptic regularity results. We will denote by cgl) the optimal
positive constant such that for every p € [1,+00), f € LP(Q2) and u € WHP(Q) satisfying

Au=f inD(Q),

there holds
lullwza@) < < (1l + llull o)) -

The optimal constant in the Poincaré-Wirtinger inequality will be denoted by C’I(fgv(ﬂ). This
inequality reads: for every u € W1P(€),

u—][u
Q

We will also use the following regularity results:

< OB () Vul Lo (- (10)
LP(Q)

Theorem. ([/1, Theorem 9.1]) Let Q be a €* domain. There exists a constant Cq > 0 such that,
if f € L>®(Q) and u € WH%(Q) solve

—Au=f inQ,
{ % =0 on 011, (1)
then
IVullr ) < Callfllzy@)- (12)

Theorem. ([S, Theorem 1.1]) Let Q be a €% domain. There exists a constant Cq > 0 such that,
if f € L®(Q) and u € WH%(Q) solve

—Au=f inQ,
{ g% =0 on 01, (13)
then
IVull Lo @) < Callflle()- (14)

Remark 1. This result is in fact a corollary [8, Theorem 1.1]. In this article it is proved that the
L norm of the gradient of f is bounded by the Lorentz norm L™(Q) of f, which is automatically
controlled by the L () norm of f.

Note that Stampacchia’s orginal result deals with Dirichlet boundary conditions. However, the
same duality arguments provide the result for Neumann boundary conditions.

Theorem. ([50]) Letr € (1;+00). There exists C,. > 0 such that, if f € L"(Q) and ifu € WHT(Q)
be a solution of

—Au=div(f) inQ,
{ % =0 on 012, (15)
then there holds
IVullr @y < Crll fllLr(@)- (16)

2 Proofs of the main results

2.1 First order optimality conditions for Problem (7))

To prove the main results, we first need to state the first order optimality conditions for Problem
(73]}). For that purpose, let us introduce the tangent cone to M, (€2) at any point of this set.

11



Definition 3. ([15, chapter 7]) For every m € My, (S2), the tangent cone to the set M, () at
m, denoted by Tmp/\/lmo,m(ﬂ) is the set of functions h € L () such that, for any sequence of positive
real numbers €, decreasing to 0, there exists a sequence of functions hy, € L>(£2) converging to h
as n — 400, and m + exhy, € My, () for every n € IN.

We will show that, for any m € M, () and any admissible perturbation h € Tin, Mo ()5
the functional F), is twice Gateaux-differentiable at m in direction h. To do that, we will show
that the solution mapping

S:m € My 1 (Q) = O, € L2(Q),

where §,,, ,, denotes the solution of (LDE), is twice Gateaux-differentiable. In this view, we provide
several L?(Q) estimates of the solution 6, ,.

Lemma 1. ([9]) The mappping S is twice Gditeauz-differentiable.

For the sake of simplicity, we will denote by 6, , = dS(m)[h] the Gateaux-differential of 6, ,
at m in direction h and by 6., , = d*S(m)[h, h] its second order derivative at m in direction h.
Elementary computations show that ¢, , solves the PDE

Dby, + (M= 20, )0 = —hby, . in Q,
96,0, (17)
871; =0 on 69,
whereas @).m# solves the PDE
{ uAémyﬂ + émyﬂ(m —20,,) = —2 (hﬂ.m’“ — 03,1#) in Q, (18)
898";'“ = on 02,

It follows that, for all u > 0, the application F), is Gateaux-differentiable with respect to m in
direction h and its Gateaux derivative writes

AE m){1) = [

Since the expression of dF),(m)[h] above is not workable, we need to introduce the adjoint state
Dm,u to the equation satisfied by 6, ,, i.e the solution of the equation
{ PP+ Prnja (M = 20m,0) = 1 in €2, (19)

Lpé”"" =0 on 0.
174

Note that p,,,, belongs to W12(Q) and is unique, according to the Fredholm alternative. In fact,
we can prove the following regularity results on pp, i Py € L%(Q), [|Pmull ) < M, where
M is uniform in m € M, »(Q) and, for any p € [1;400), pm, € W2P(RQ), so that Sobolev
embeddings guarantee that p,, , € €1%(Q).

Now, multiplying the main equation of (19) by ém,u and integrating two times by parts leads
to the expression

dF,(m)[h] = f/ﬂhem,#pm#.

Now consider a maximizer m. For every perturbation h in the cone 7y, Moy ()5 there holds
dF,(m)[h] > 0. The analysis of such optimality condition is standard in optimal control theory
(see for example [43]) and leads to the following result.

Proposition 3. Let us define om, ;i = Om,uPm,u, where 0y, and pp, ,, solve respectively equations
(LDE) and (19). There ezists ¢ € R such that

{pmp <y ={m=r}, {pup=c}={0<m<r} {Pu,>c}={m=0}

12



2.2 Proof of Proposition 1

An easy but tedious computation shows that the function ¢,, , introduced in Proposition 3 is
¢1(Q) N W12(Q) function, as a product of two €1 functions and satisfies (in a W2 weak
sense)

Om, Om pu|? _ :
PP — 210 <V<pm7u, vamﬁ> + Omop (2u% +2m — 39m,u) =0m,u inQ, (20)
L%VZ’” =0 on 012,

where (-, -) stands for the usual Euclidean inner product. To prove that |[{m = 0}|+|[{m = k}| > 0,
we argue by contradiction, by assuming that |[{m = k}| = |{m = 0}| = 0. Therefore, ¢, , = c a.e.
in © and, according to (20), there holds

2
c (2,u|v99m”;| +2m — 39m’#> =0Om,u

m,p

Integrating this identity and using that 6,,, > 0in © and ¢ # 0, we get

vo?’ﬂ (L 2
Q em,,u Q @

Equation (4) yields that the left-hand side equals 0, so that one has ¢ = —1. Coming back to the
equation satisfied by ¢,y , leads to

[V O

m=0m, — U 5

O
The logistic diffusive equation (LDE) is then transformed into
A M|v‘9m,u|2 =0.

Integrating this equation by parts yields fQ |V9m’u|2 = 0. Thus, 0, is constant, and so is m. In
other words, m = mg, which, according to (4) (see Remark 1) is impossible. The expected result
follows.

2.3 Proof of Theorem 1

The proof of Theorem 1 is based on a careful asymptotic analysis with respect to the diffusivity
variable p.

Let us first explain the outlines of the proof.

Let us fix m € M, «(Q) and h € L®(Q). In the sequel, the dot or double dot notation f or
f will respectively denote first and second order Gateaux-differential of f at m in direction h.

According to Lemma 1, F, is twice Gateaux-differentiable and its second order Géteaux-
derivative is given by

d2FM(m)[h7 h] Z/Qém,;“

where émw is the second Géteaux derivative of S, defined as the unique solution of (18).
Let m; and mg be two elements of M., (€2) and define

b [0;1] 5t Fﬂ(tmg +(1— t)ml) — tF,(ms) — (1 — )F, (my).

13



One has
¢,
dt?

(t) = /Qé(l—t)ml-i‘t"w#“ and  ¢,(0) = ¢,(1) =0,

where é(l—t)m1+tm2,p must be interpreted as a bilinear form from L>(Q) to W2(Q), evaluated
two times at the same direction mo — m,. Hence, to get the strict convexity of F),, it suffices to
show that, whenever pu is large enough,

/ éthJr(lft)ml,,u >0
Q

as soon as my # me (in L>(Q)) and t € (0,1), or equivalently that d?F,(m)[h, k] > 0 as soon as
m € M, () and h € L>°(£2). Note that since h = my — mq, it is possible to assume without
loss of generality that ||h[| () < 2k.

The proof is based on an asymptotic expansion of 8,, ,, into a main term and a reminder one, with
respect to the diffusivity p. It is well-known (see e.g. [31, Lemma 2.2]) that one has

1,2
O Y, . (21)

H—00

However, since we are working with resources distributions living in M., ,.(€2), such a convergence
property does not allow us to exploit it for deriving optimality properties for Problem (Pﬁ)

For this reason, in what follows, we find a first order term in this asymptotic expansion. To get
an insight into the proof’s main idea, let us first proceed in a formal way, by looking for a function

M,m such that

771,m
O, = mo + ——

as u — o0o. Plugging this formal expansion in (LDE) and identifying at order % yields that 7,
satisfies

Omm _ on 0N

{ ANy m +mo(m —mg) =0 inQ,
ov

To make this equation well-posed, it is convenient to introduce the function 7); ,, defined as the
ungiue solution to the system

Afj1,m +mo(m —mg) =0 in Q,
2 — on 99,
JCQ ﬁl,m = 07

and to determine a constant 3 ,, such that

Mm = ﬁl,m + ﬁl,m~

In view of identifying the constant 1 ,,, we integrate equation (LDE) to get

/ O (M — 0y ) = 0.
Q

which yields, at the order i,

1 . 1 .
Bim = */ M.m(m —mo) = *2/ IV 1m %
Q mgy Jo

mo

14



Therefore, one has formally

1 .
][ gm,,u %mo—‘r*][ |V7717m|2.
Q HJo

As will be proved in Step 1 (paragraph 2.3), the mapping M, »(2) > m +— [, is convex so
that, at the order ﬁ, the mapping M, () > m — fQ Om,u is convex. We will prove the validity
of all the claims above, by taking into account remainder terms in the asymptotic expansion above,
to prove that the mapping Fy, : m — f, 6, ,, is itself convex whenever p is large enough.

Remark 3. One could also notice that the quantity 5 ,, arose in the recent paper [14], where the
authors determine the large time behavior of a diffusive Lotka-Volterra competitive system between
two populations with growth rates m; and mq. If 51, > B1,m,, then when g is large enough,
the solution converges as t — 400 to the steady state solution of a scalar equation associated with
the growth rate mi. In other words, the species with growth rate m chases the other one. In the
present article, as a byproduct of our results, we maximize the function m +— B; ,,. This remark
implies that this intermediate result might find other applications of its own.

Let us now formalize rigorously the reasoning outlined above, by considering an expansion of

the form .
O = g o 2

Hence, one has for all m € M, (),

1 1 ..
w(m)[h, h] o) n t g | R
We will show that there holds

, C(h) A
P E(m)lhh] > = % (1 - u) (22)

for all 4 > 0, where C(h) and A denote some positive constants.

The strict convexity of F), will then follow. Concerning the bang-bang character of maximizers,
notice that the admissible set M,,, () is convex, and that its extreme points are exactly the
bang-bang functions of M, .(£2). Once the strict convexity of F}, showed, we then easily infer
that F), reaches its maxima at extreme points, in other words that any maximizer is bang-bang.
Indeed, assuming by contradiction the existence of a maximizer writing tm; + (1 — t)my with
t € (0,1), my and mg, two elements of My, (£2) such that m; # ms on a positive Lebesgue
measure set, one has

F,(tmi+ (1 —t)ma) < tF,(m1) + (1 —t)F,(m2) < max{F,(m1), F.(ms2)},

by convexity of F,,, whence the contradiction.
The rest of the proof is devoted to the proof of the inequality (22). It is divided into the
following steps:

Step 1. Uniform estimate of [, 7j1m with respect to p.
Step 2. Definition and expansion of the reminder term R, ,.

Step 3. Uniform estimate of R, , with respect to p.

15



Step 1: minoration of fQ fi1,m- One computes successively

; 1 2 A 5 1 X =
51,m = 7][ (7]1,mm + Ul,mh) s /Bl,m = 7][ (2771,mh + nl,mh) (23)
mo Jo mo Jo
where ﬁLm solves the equation
Afym +moeh =0 in Q .
g o with / fitm = 0. (24)
=5 =0, on 0f) Q

Notice moreover that {}/:l\l,m = 0, since ﬁ1,m is linear with respect to h. Moreover, multiplying the

equation above by 7;717m and integrating by parts yields
. 2 P
Prm = —5 f [Vinm|” >0 (25)
my Ja

whenever h # 0, according to (23). Finally, we obtain
. = B 2 2 R 2
Mm = ‘Q|Bl,m + nl,m = |Q|ﬁ1,m = 5 |V771,m| .
Q Q my Ja
It is then notable that [(, 7j1,m > 0.

Step 2: expansion of the reminder term R,,,. Instead of studying directly the equation
(18), our strategy consists in providing a well-chosen expansion of 6,, ,, of the form

“+o0
ém,u = Z ’i where the (i are such that Z fQ Ck M][ M,m-
k=0 =2 M

For that purpose, we will expand formally 6, ,, as

+
) o Oonk,m 2%
=D (26)
k=0 H

Note that, as underlined previously, since 0, , . I)m mp in L>(Q), we already know that 7, =
mo.

Provided that this expansion makes sense and is (two times) differentiable term by term (what
will be checked in the sequel) in the sense of Gateaux, we will get the following expansions

+o00 7]
A k,m
mo - and 0, , :Z L

Plugging the expression (26) of 6,, , into the logistic diffusive equation (LDE), a formal computa-
tion yields that for all £ € IN, 7, ., satisfies the induction relation

k—1

AT 1.m + (M = 200)em = D Memk—tm =0 in Q,
=1
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as well as homogeneous Neumann boundary conditions. These relations do not allow to define
Nk,m in & unique way (it is determined up to a constant), which leads to introducing fjy41,m as the
solution of the PDE

Aﬁk+1 m (m 2m0)77k m 5:11 Me,mMNk—e,m = 0 in Q . / ~
g 1m + m = Xy MemTlk—t, with m=0, (27
{ 787”“5’;”" =0 on 0f) ' Q Mhe+1, 27)

and to define the real number Sy ., in such a way that

Vk € ]N* Ne,m = ﬁk,m + ﬂk,m'
Integrating the main equation of (LDE) yields

/ e’m,u - 7n u) = 0.

Plugging the expansion (26) and identifying the terms of order k indicates that we must define
Br.m by the induction relation

k
1 . 1
Brstm = — F M1 — — D 1 NemTks1-tm-
Mo Jo Mo\ = /e

This leads to the following cascade system on the coefficients {n m }ren:

o,m = Mo,
ANy g +mo(m —mg) =0 in Q and for all £ € IN*,
A77k+1 m+ (m 2m0)77k,7n - Z];:_ll e mMNk—e,m = 0 in Qv (28)

dnk m
=5 =0 over o0,

1 A 1 k
fQ Ne+1,m = BkJrl,m - mo. fQ mnk4+1,m — mo Z@:l fQ e, mMNk+1—0,m-

Now, the Gateaux-differentiability of both 7y, ., and By, with respect to m follows from similar
arguments as those used to prove Proposition 1. Similarly to System (28), the system satisfied
by the derivatives needs the introduction of two auxiliary sequences {nk m tkeN and {nk m T keN
satisfying an integral condition. The sequence {7y m }ren hence satisfies

Mo,m = 0, and for all £ € N,
A{];]k“rl,m + (m - 2m0)ﬁk,m - 2 Z?;ll ﬁzm’rlkiz’m = _hnk,m ln Q’

X . k—1 . .
At 1,m + (m — 2mo) Mk, m — 2 Egzll Ne,mMk—t,m = —PNk,m in €, (29)
873”:’” = 8%’“”’" = 0 over 09,
JCQ f]k,m - 0

fo Mht1,m = Brtin = m%] fo (Mg 1,m + Mt 1.m) — m% Zif:l oy Mo T t1— -
Let us also write the system satisfied by the second order differentials. One gets

flo,m = 0, and for all k£ € N,

At 1,m + (M = 2m0)ilkm — 2 30 Tiem M- t,m = 2(2’;;11 T — hﬁk,m) in Q.

Al 1.m + (M — 2m0)ijem — 2 252—11 Ne.mMe—t,m = 2(2?;11 Ne,mMk—0,m — hﬁk,m) in €,

8ﬁk,7rl _ ank mo_ 0 on 69

81{; Tov
Talem =0, . i .
fQ ﬁk—&-l,m = Bk+1,m = ,,,%0 fﬂ(hﬁk+1,m + m'f}k—&-l,m) - % Zé:l fg(ﬁé,mﬁk—&-l—i,m + ﬁ[,mnk—ﬁ-l—é,m)-

(30)
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Step 3: uniform estimates of R,, . This section is devoted to proving an estimate on Bk,m
namely

Vk € N* ) A(k)él,ma (31)
The power series Z;ﬁ‘i A(k)z* has a positive convergence radius.

This estimate is a key point in our reasoning. Indeed, recall that our goal is to prove that F, is
convex. Assume it established and expand F), as

Fu(m) fgnkm Zﬂkm

k=

Differentiating this expression twice with respect to m in direction h yields

mh, ) =S ﬂ;;;”.
k=1

Note that the sum starts at k = 1 since fy ,, = mo does not depend on m.
If the estimate (31) holds, we are can then write

A@)

puE, (m)[h, h] = )[h, h] + me ")WMG—ZM
k=2
Ak+2
>0

.. 1

EWMMQ e
Now, notice that the power series associated with {A(k + 2)}rew also has a positive convergence
radius. Then, the right hand side term is positive provided that u be large enough.. For the sake
of notational clarity, we define § as follows: by the Rellich-Kondrachov embedding theorem, see [4,
Theorem 9.16], there exists § > 0 such that the continuous embedding W2(Q) < L2+9(Q) holds.
We fix such a § > 0.
From the explicit expression of ﬁkm in (30), one claims that (31) immediately follows from the six
following estimates:

1. | Lo (@) 5 [V m| oo () < c(k), (1)

IVikm 2 < BENVILml L2 ) (1})

7k.,m Nl 2 () < YEIV I ml 22(0); (IF)

98 m || 26 () < ARV ml L2(0), (I%)

Vit | L1y < SRV ml|Z () (13)

ik m |22 () < (o) Vi mlIZ2(g)- (1)

where for all k € IN, the numbers «(k), 8(k), v(k), v(k), d(k) and e(k) are positive and such that

Property (31) holds true.

In what follows, we will write f < g when there exists a constant C' (independent of k) such
that f < Cyg.

The end of the proof is devoted to proving the aforementioned estimates .

ESTIMATE (/%) This estimate follows from an iterative procedure.
Let us fix a(0) = mg and assume that, for some k € IN*, the estimate (I%) holds true.

18



By W2P(Q) elliptic regularity theorem, there holds

k-1
e by S mlzsi + (= 2o = e
(=1 Lr(Q)
One thus gets from the induction hypothesis
k-1 k-1
| 20 = S| Srah) + Y a0l -
=1 Lr(2) =0
Moreover, using that |[gxi1mllzr@) < [|9k+1,mllzr@) + |Be+1,m| and the LP-Poincaré-Wirtinger

inequality (see Section 1.3), we get

I7k-+1,m | e (@) SNV ARt1,m | 22 (02)-
We now use the result from [8, Theorem 1.1] recalled in the introduction: it readily yields

k k

<Y a(ta

L=(Q)  y=0

V041 m | Lo () S | km| oo () +

The term Bi41,m is controlled similarly, so that

k k
BrsrmlS D alOalk =0+ a(talk+1-10).

=0 =1
Since it is clear that the sequence {a(k)}ren can be assumed to be increasing, we write

k k k—1
> a(talk —0) +Za alk+1-0 =Y alk—0)(al) +al+1)) + a(0)alk)
£=0 =1 £=0
k—
<) a4+ ak —0).
0=

[

[}

Under this assumption, one has

k
7+ 1.mll 2o @) < [Brstim| + ks 1mll oS Y el + Dok — 0).
£=0

This reasoning guarantees the existence of a constant C'1, depending only on 2, k and myg, such
that the sequence defined recursively by «(0) = mg and

k—1

alk+1)=C1 Y a(l+Da(k— 1)
£=0

satisfies the estimate (I¥).
Setting a = a(k)/C¥ for all k € IN, we know that {ay }rew is a shifted Catalan sequence (see
[38]), and therefore, the power series Y a(k)z* has a positive convergence radius.
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ESTIMATES (I};) AND (I¥). Obviously, one can assume that $(0) = v(0) = 0. One again, we
work by induction, by assuming these two estimates known at a given & € IN. Since (/ ’; ) is an
estimate on the L2()-norm of the gradient of 7 1., it suffices to deal with 71 ,,. According
to the Poincaré-Wirtinger inequality, one has fQ ‘ﬁk+1’m‘2§ fQ |Vﬁk+1,m\2. Now, using the weak
formulation of the equations on 741 and 1y ,, as well as the uniform boundedness of ||h||Loo(Q),
we get

k-1
][ \Viks1ml? = ][(m — 2mo) Mk, m Mhe41,m — 2 Z][ Mhe—0,mMe,mMhe+1,m + ][ ke mMke41,m
Q Q 0 Q

k
1730e,m || L2 () 1k +1,m L2 ) + Za (k= Ol Mg, 2@ el L20) +
=1

][ nk,m<v"71,ma vﬁk+1,m> + f 7.7k+1,m<v{’.71,m7 Vnk,m>
Q Q

A

A
4
=
e
s
3
T
s
<
=
3
S
2
~~
=
+
(-
2
o
|
=
2
=
+
2
=
+
2
x
~—

A
<
3
=
+
—
3
=
[
2
<
3
iy
3
=
[§)
=2
N
=
S~—
+
(]~
Q
—~
ol
|
=
Q
—~
~
~—
~—

~
Il
o

where the constants appearing in these inequalities only depend on €2, k and mg. It follows that
there exists a constant C5 such that, by setting for all k¥ € IN,

k
Blk+1)= < )+ > alk - Ha )

the inequality (75) is satisfied at rank k + 1.
Let us now state the estimate (Ié”) By using the Poincaré-Wirtinger inequality, there holds

k
‘Bk—&-l,m‘ - | X ][ (Pt 1.m + MTt1m) — 2 Zf e, mMk+1—6,m
Mo Jo mo ;= Ja
) k
S ]é(vﬁl,ma Vikt1.m) + Vit 1mll 2@y + 1V05mll 2@y D v(@alk +1 - 0)
=1 .
S alk+ DIViumlize@) + Bk + DIVirmllz@ + Vimlz @) Y v(Dalk +1 - 0).
=1

Once again, since all the constants appearing in the inequalities depend only on €2, k and mg, we
infer that one can choose C3 such that, by setting

k
Ak +1) = Cy <B(k+ D +alk+1)+ > v(0alk+1- e)) 7
=1

the estimate (%) is satisfied. Notice that, by bounding each term a(¢), £ < k by a(k) and by using
the explicit formula for 5(k 4 1), there exists a constant Cy depending only on 2, x and mg such
that

k
<Ci Y alk+1-0(y(0) + a(0).
=0
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Under this form, the same arguments as previously guarantee that the associated power series has
a positive convergence radius.

ESTIMATE (Ié) This is a simple consequence of the Sobolev embedding W12(Q) «— L2+9(Q).
Let Cs > 0 be such that, for any u € W12(Q),

llull 2150y < Csllullwr.2(q)-
Then, Estimates (1) and (I1) rewrite

7k, m lwi2 @) < (B(k) + (k) [Vi,mll L2 )-
and setting
A(k) = Cs (B(k) + (k)

concludes the proof of Estimate (I;’;)

ESTIMATES (I}) AND (IF). As previously, we first set (0) = £(0) = 0 and argue by induction.

To prove these estimates, let us first control ||V'I§k+1’mHL1(Q). To this aim, let us use Estimates
(L :’;)7 the Stampacchia regularity Estimate (12) and the Lions-Magenes regularity Estimate (16).
We first split the equation on ﬁk+1,m in System (30) as follows:

i 1. i 1 .. ) : :
hnk:,m = _mink:,mAnl,m - _mi ( div (nk,mvnl,m> - <V77k,m7 V771,m>) .
0 0

Introduce the function

k—1 k—1
2 . .
Hy, = -2 nm_2 "m 7m_2< .m.7m> —(V mav m
k= (m — 2mg)7j, ;W, M—t, ;W, Mk—e, +m0< Nheyms V11,m)

then ﬁk+1,m solves
AﬁkJrl,m + Hk = 42 div (ﬁk,mvﬁl,m) )

along with Neumann boundary conditions.
By using the induction assumption and the Cauchy-Schwarz inequality, one gets

k—1 k—1
| Hill(0) S (s(k) + Y e@alk =0 +> v Oy(k—0)+ 7(1)7(k)> IV mll 320
/=1 /=1

Furthermore, let us consider the same number § > 0 as the one introduced and used in Estimate
(Iéj)7 and define r > 1 such that 1 = 1 + Q—Jlr&. By combining Estimate (I%‘) with the Hoélder’s
inequality, we have

0, V1 m [ 2 < N | 245 (@) IV 711,m | 22 () < ARV 1,2 (0 (32)
Let us introduce (g+1,&k+1) as the respective solutions of

Awk—ﬁ—l +H,=0 in(,
st — on A, (33)
fQ wk#»l = 03
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and
Ay = —2div(e,m Vii,m) in Q,

Opr _ 4
fong 2 N on 01, (34)
s0 that Mgy 1.m = Vi1 + Exr1. Stampacchia’s Estimate (12) leads to
k-1 k—1
IVl L) SIHE L @) S <€(k) + > e(Oalk =0+ Oy -0+ W(I)V(k)> IVi,m 1220
=1 =1

and moreover,

IVE&t1llnr @) SIVEk+1llr ) by Holder’s inequality
S7k,m Viiml| Lr (o) by Lions and Magenes Estimate (16)
S:Y(k)Hvﬁl,mHsz(Q) by Estimate (32).

To conclude, let us write

IVitkttmllzi @) = IV¥rt1 + Vil

k—1 k—1
S <€(k) + Y e(Oalk =0+ Y A(Oy(k =) +7(1)y(k) + ’7(@) IV mll 22 -
(=1 (=1

=:6(k+1)

To derive e(k + 1), we proceed as in the proof of Estimate (If), by using the Poincaré-Wirtinger
inequality. It remains to provide an estimate of fQ fkt+1,m- First, let us note that

. 1 : 1
Bt = — Moy Viler1.m) < —B(L5(k + D || Virml220n-
F ikt = e (Dt Vi) < 2= BO8E + 1) Vil

This first inequality combined with the Cauchy-Schwarz inequality gives

(=1

k
][27’7’k+1,m§ (6(1)5(k + D +5k+1)+ Y (O +1-0) +alk+1 - f)S(@)) Bim
¢
This concludes the proof.

Summary What we have proved here is that the functional F), has an asymptotic expansion of
the form

F
F#:mo—ki—kR#,

where Fy(m) = # Jo IVn1m|? is a strictly convex functional, and where R, satisfies the two
0
following conditions:

1. R,= O (#) uniformly in M, (),

=00

2. R, can be expanded in a power series of i as follows:
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3. R, is twice Gateaux-differentiable, and, for any m € M,,, ..(£2), for any admissible variation
h € T Moy (95
| Bl )| S i m) 1.

It immediately follows that the functional F), satisfies the following lower bound on its second
derivative: for any m € M, »(€), for any admissible variation h € T Moy ()5

(1 - ;) Fy(m)li, W] uf (m) B, ], (35)

so that it has a positive second derivative. Hence, F), is strictly convex for ;1 large enough.

Since the maximizers of a strictly convex functional defined on a convex set are extreme points, and
that the extreme points of M, (€2) are bang-bang functions, this ensures that all maximizers of
F), are bang-bang functions.

2.4 Proof of Theorem 2
2.4.1 Proof of I'-convergence property for general domains

To prove this theorem, we proceed in three steps: we first prove weak convergence, then show
that maximizers of the functional F; are necessarily extreme points of M, (€2) and finally recast
Fy using the energy functional &,,. Since weak convergence to an extreme point entails strong
convergence, this will conclude the proof of the I'-convergence property.

Convergence of maximizers. For y > 0, let m,, be a solution to (P};). According to Theorem
1, there exists p* > 0 such that m, = kxg, for all 4 > p*, where E,, C Qis such that |E, | = mo%.
Since the family {m,},>o is uniformly bounded in L*°(), it converges up to a subsequence to
some element Mo, € My, (2), weakly star in L°°(€2). Observe that the maximizers of F), over
M. (§2) are the same as the maximizers of p(F, — mg). Recall that, given m in M, (),

there holds p(F,(m) —mg) = fQ Mm+ O (%) according to the proof of Theorem 1, where the
=00

notation O (i) stands for a function uniformly bounded in L ().
For an arbitrary m € M,,, .(£2), by passing to the limit in the inequality

p(Fu(my) —mo) = p(Fu(m) —mo)

one gets that me, is necessarily a maximizer of the functional Fy over M., ..(£2).

Wa have shown in the proof of Theorem 1 that Fj is convex on My, .(£2) (Step 1). Its
maximizers are thus extreme points. It follows that any weak limit of {m,},~0 is an extreme
point to this set. Thus, the convergence is in fact strong in L' ([15, Proposition 2.2.1]).

“Energetic” expression of Fj(m). Recall that Fy is defined by

1
Fi(m) = oo} ]i IV 01,m|?,
o

where 71, solves
ANy +mo(m —mp) =0 in Q,
O — 1 o on o9,
fomm = 5z fo [ViLml*.
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The last constraint, which is derived from the integration of Equation (LDE), by passing to the
limit as p — +o00, is not so easy to handle. This is why we prefer to deal with 7); ,,, solving the
same equation as 11, completed with the integral condition

f ﬁl,m =0.
Q

Since 11 ., and 7 ,, only differ up to an additive constant, we have V1 ,, = V91 m, so that

1 . R
Fi(m) = T IViim|? and 1 m, € X. (36)
0

Regarding then the variational problem

sup Fi(m), (PV1)
meM(Q)

and standard reasoning on the PDE solved by #; »,, yields that

Fy(m)=-2 %12 Em(u),

leading to the desired result.

2.4.2 Properties of maximizers of F} in a two-dimensional orthotope

We investigate here the case of the two-dimensional orthotope @ = (0;a1) X (0;az2). In the last
section, we proved that every maximizer m of Fy over M, () is of the form m = kxg where
E is a measurable subset of Q such that x| FE| = m|Q|.

Let E* be such a set. We will prove that E* is, up to a rotation of €2, decreasing in every
direction. It relies on the combination of symmetric decreasing rearrangements properties and
optimality conditions for Problem (PV}).

Introduce the notation #; g+ := M1,m,. A similar reasoning to the one used in Proposition 3
(see e.g. [43]) yields the existence of a Lagrange multiplier ¢ such that
{me->ct=FE" {np <ct=(E) {hpg =c}=0E" (37)

We already know, thanks to the equality case in the decreasing rearrangement inequality, that any
maximizer E* is decreasing or increasing in every direction.

To conclude, it remains to prove that E* is connected. Let us argue by contradiction, by
assuming that E* has at least two connected components.

In what follows, if ¥ denotes a measurable subset of £, we will use the notation 71, g+ 1= M1 xy g -
The steps of the proof are illustrated on Figure 4 below.

Step 1: E* has at most two components. It is clear from the equality case in the Polya-Szego
inequality that 71 g+ is decreasing in every direction (i.e, it is either nondecreasing or nonincreasing
on every horizontal or vertical line).

Let e = (0,0),e2 = (a1,0),e3 = (a1,a2),es = (0,az) be the four vertices of the orthotope
Q = (0;a1) x (0;a2). Let E; be a connected component of E*. Since E; is monotonic in both
directions x and y, thus it necessarily contains at least one vertex. Up to a rotation, one can
assume that e; € Fj. Since Ej is decreasing in the direction y, there exists z € [0;a1] and a
non-increasing function f : [0; z] — [0;a1] such that

El = {(l’,t) , T € (val) 7t € [Oaf(x)]}
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Since f is decreasing, one has E; C [0;z] x [0; f(0)].

Let E5 be another connected component of E*. Since E* is monotonic in every direction, the
only possibility is that E; meet the upper corner [z;a1] x [f(0); az], meaning that es € F2 and
therefore, there exist T € [z;a1] and a non-decreasing function g : [T; az] — [0; az] such that

Ey ={(x,t),x € [T;a1] ,t € [az — g(x); az2]}

Step 2: geometrical properties of F; and F;. We are going to prove that g or f is constant
and that z = Z. Let by be the decreasing rearrangement in the direction y. Let F, := bo(E*).
We claim that, by optimality of E*, we have

Fi(bo(E™)) = F1(E™) and ba(11,5+) = 01,b,(B+)- (38)

For the sake of clarity, the proof of (38) is postponed to the end of this step.
Since by (E*) is necessarily a solution of Problem (PV}), it follows, by monotonicity of maximiz-

ers, that the mapping f : € [0;a1] — H! ( ({z} x [0; ag])ﬁbg(E*)) is also monotonic. However, it

is straightforward that f = [X[0;2] T 9X[7a:]- If f is nonconstant, it follows that f is non-increasing.
Since g is non-decreasing and has the same monotonicity as f, it follows that g is necessarily con-

stant. Hence, we get that x = T and that inf f is positive. Else, f would be non-increasing and
0z

vanish in (z;Z). Finally, we also conclude that inf f > g. Thus, we re led to consider the following

[0;z]

situation: z =7, f > a and f is non-increasing and ¢ is constant, i.e g = a.

Proof of (38). Recall that for every m € M(Q), 71, is the unique minimizer of the energy func-
tional &,, over X where &,, and X are defined by (7)-(8). For a measurable subset E of {2, introduce
the notations F1(E) := Fi(kxg) and Eg 1= Exy . Since Fi(m) = _mlggm(ﬁl,m) and since E* is a
maximizer of I}, we have

Fi(E*) < Fi(bo(EY)).
Furthermore, one has

X 2 A 2 .
Fi(E") = —WgE*(ﬂl,E*) < —ngQ(E*)(bz(ﬂl,E*))
0 0

2 R *
< —ﬁgbg(E*)(nl,bg(E*)) = Fi(b2(E")).
0

by using successively the Hardy-Littlewood and Polya-Szeg6 inequalities.

Thus, all these inequalities are in fact equality holds, implying that be(E*) is also a maximizer
of Fy over M(). Furthermore, by the equimeasurability property, one has by (1,5+) € X, so that
ba(1,E+) is a minimizer of Epy By over X. The conclusion follows. O

Step 3: E* has at most one component. To get a contradiction, let us use the optimality
conditions (37). This step is illustrated on the bottom of Figure 4.

By using the aforementioned properties of maximizers, we get that n, g« is constant and equal
to con {z} x [0;a] C bo(E™*):

b (E+) = ¢ on {z} x [0;a]. (39)

Furthermore, since by(E*) is a maximizer of [}, it follows that 7); j,(g-) must be constant on
O0be(E*). But one has ba(f1, g+) = 71,5+ on [0;z] x [0; ag] since 71, g+ is decreasing in the vertical
direction on this subset. It follows that #); j,(g+) is equal to ¢ on partial by(E™*)

However, by the strict maximum principle, 7 j,(z+) cannot reach its minimum in by (E*), which
is a contradiction with (39). This concludes the proof.
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graph of az — ¢

Figure 4: Illustration of the proof and the notations used.

2.5 Proof of Theorem 3

As a preliminary remark, we claim that the function 65, solving (LDE) with m = 7 is positive
increasing. Indeed, recall that 6y, is the unique minimizer of the energy functional

1 1 1
1 1
E:-WL(Q,Ry) > u s E/ u'2——/ m*u2+—/ u. (40)
2 Jo 2Jo 3 Jo

By using the rearrangement inequalities recalled in Section 1.3 and the relation (). = m, one
easily shows that

EOmp) = E((Ompor),

and therefore, one has necessarily 0y, = (0, )pr by uniqueness of the steady-state (see Section
1.1). Hence, 6y,, is non-decreasing. Moreover, according to (LDE), 6y , is convex on (0,1 — /)
and concave on (1 — ¢,1) which, combined with the boundary conditions on 6, justifies the
positiveness of its derivative. The expected result follows.

Step 1: convergence of sequences of maximizers. As a consequence of Theorem 2, we get
that the functions m = kx(o,¢) or m(1 — ) = kx(1—¢,1) are the only closure points of the family
(my,)u>o for the L*(0,1) topology.
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Step 2: asymptotic behaviour of p,, , and of ¢,,, We claim that, as done for the solution
O, of (LDE), the following asymptotic behaviour for the adjoint state p, ,

_ 1 . 2,2
pm,u, - _mio + #900(;), m W (0, 1)7

by using Sobolev embeddings. In particular, this expansion holds in €1([0, 1]).
Introduce the function z,, = p(pm, . +1). Using the convergence results established in the previous
steps, in particular that (m,),>o converges to m in L*(0,1) and that ¢p,, , = =1+ O (&)

p—o0 M
uniformly in €*([0, 1])* as 4 — +00, one infers that (z,,),>0 is uniformly bounded in €*:*([0, 1])
and converges, up to a subsequence to z,, in €1([0,1]), where 2., satisfies in particular

20+ 2(mg —m) = 0,

with Neumann Boundary conditions in the W12 sense.

Conclusion: m, = m or m(l —-) whenever 4 is large enough. According to Theorem 1
and Proposition 3, we know at this step that for ;1 large enough, there exists ¢, € IR such that

{Wmu,u > C/L} = {m/L = 0}, {QOmW/L < C,u} = {mu = ’f}~

We will show that, provided that u be large enough, one has necessarily m, = m or m, =

m(1l — ). Since m = k in (0,¢), it follows that z,, is strictly convex on this interval and since
(0) = 0, one has necessarily 2z, > 0 in (0,¢). Similarly, by concavity of z in (¢,1), one has
> 0 in this interval.
Furthermore, let us introduce d,, = u(c, + 1). Since (2,),>0 is bounded in C°((0,1)), (d,) >0
converges up to a subsequence to some d,. By monotonicity of z,, and a compactness argument,
there exists a unique zo € [0,£] such that zoo(Zoo) = deo. The dominated convergence theorem
hence yields

/
ZDO
!/
ZOO

Hzoo < doo}| = kY, Hzoo = doo}| = k(1 = 0),

and the the aforementioned local convergence results yield
{ZOO>dOO}C{m:0}7 {Zoo<doo}c{7h:ﬂ}-

Hence, the inclusions are equalities (the equality of sets must be understood up to a zero Lebesgue
measure set) by using that z, is increasing.

Moreover, since zs is increasing, one has zo,(0) < doo and zoo(1l) > doo. Since the family
(24) >0 is uniformly Lipschitz-continuous, there exists ¢ > 0 such that for p large enough, there
holds

2y <dyin (0,¢), 2, >d,in(l1-¢1), 2,>0 in(s1—¢).
This implies the existence of x,, € (0,1) such that
{zp <d,}=10,2,) and {z,>d,} = (zu,1],

whence the result.

2This is obtained similarly to the proof’s technique of theorem 1, using elliptic estimates and Sobolev embedding
for the functions 0m,, , and pm, -
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2.6 Proof of Theorem 4

Let k > 0,mg > 0, and m := kX[1_p,1) With £ = 72 i.e the single crenel distribution.
In order to prove this result, as the function g > 0 — F), ((2 -)) has a first local maximizer
([31, Theorem 1.2, Remark 1.4]), we define p; as its first local maximizer. One gets from a simple
change of variables that 0, ,,, (22) = 05,(2.),4, /4(2) for all 2 € Q and thus one has

Fpuy (m) = Feg (m(2-))

4

But our choice of p; yields that p+— F), ((2-)) is increasing on (0, y1) and thus:

Fpuy(m) = Fuy (m(2-)) < Fyy (m(2)) - (41)

4

3 Conclusion and further comments

3.1 About the 1D case

Let us assume in this section that n = 1 and Q = (0,1). We provide hereafter several numerical
simulations based on the primal formulation of the optimal design problem (73;;) on Fig. 5, we
investigate the general problem (7};) and we plot the optimal m determined numerically for several
values of p.

These simulations were obtained with an interior point method applied to the optimal control
problem (P}). We used a Runge-Kutta method of order 4 to discretize the underlying differential
equations. The control m has been also discretized, which has allowed to reduce the optimal
control problem to some finite dimensional minimization problem with constraints. We used the
code IPOPT (see [42]) combined with AMPL (see [13]) on a standard desktop machine. We considered
a regular subdivision of (0,1) with N points, where the order of magnitude of N is 1000/u. The
resulting code works out the solution quickly (around 5 to 10 seconds depending on the choice of
the parameter ).

In the cases mentioned above, the algorithm is initialized with several choices of function m,
among which the optimal simple crenel as p is large enough. If p is equal to 1 or 5, the simple
crenel is obtained at convergence. Nevertheless, in the case u = 0.01, we obtain a “symmetric”
double crenel (in accordance with Theorem 4) at convergence.

Although we have no guarantee to obtain optimal solutions by using this numerical approach,
we checked that a simple crenel is better than a double one in the cases p = 1, 5 whereas we
observe the contrary in the case p = 0.01.

Notice that we encountered a problem when dealing with too small values of p (for instance
1 =0.001). Indeed, in that case, the stiffness of the discretized system seems to become huge as u
takes small positive values and makes the numerical computations hard to converge. Improvements
of the numerical method should be found for further numerical investigations.

3.2 Comments and open issues

It is also interesting, from a biological point of view, to investigate a more general version of
Problem (7)) for changing-sign weights. In that case, the admissible class of weights is then
transformed (for instance) into

Moy (82) = {m € L*(Q),m € [-1;k] a.e and ][ m= mo} ,
Q
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Figure 5: mg = 0.4, k = 1. From left to right: p = 0.01,1,5. Top: plot of the optimal solution
of Problem (P);) computed with the help of an interior point method. Bottom: plot of the
corresponding eigenfunction.

with mg € (0,1) (so that A;(m,u) > 0 and Equation (LDE) is well-posed). We claim that the
main results of this article can be extended without effort to this new framework and that we will
still obtain the bang-bang character of maximizers provided that p be large enough. Such a class
has also been considered in the context of principal eigenvalue minimization (see [18, 28]).

Finally, we end this section by providing some open problems for which we did not manage to
bring complete answer and that deserve and remain, to our opinion, to be investigated. They are
in order:

(for general domains ) we conjecture that maximizers are bang-bang functions for any
> 0. As outlined in the introduction, this conjecture is supported by Theorem 1 and the
main result of [36].

(for general domains 2) use the main results of the present article to determine numerically
the maximizer m* with the help of an adapted shape optimization algorithm;

(for Q = (0;1)) given that, for u small enough, the optimal configurations for A;(-, u) and
F,, are not equal, it would be natural and biologically relevant to try to maximize a convex
combination of F,, and Aq (-, ).

(for general domains ) investigate the asymptotic behavior of maximizer as the parameter
w1 tends to 07 Such a issue appears intricate since it requires a refine study of singular limits
for Problem (LDE).
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A Convergence of the series

Let o= L he the minimum of the convergence radii associated to the power series Y- a(k)x®, - B(k)z*

Zv( Yz¥, 37 8(k)z* and Y e(k)z* introduced in the proof of Theorem 1.
We will show that, whenever p > 7, the following expansions

+oo +oo . +oo ..

Nem 0 Nke,m _é Nke,m
S ST, Y e
=0 k=1 k=1

I

make sense in L?(£2). Since the proofs for the series defining G.m,# and ém,ﬂ are exactly similar
to the one for 6,, ,, we only concentrate on the expansion of 0,,,. By construction, the series
Joo,u i= ;:Og Tem converges in W12(Q) to a function Joo,u- We need to show that geo = Oy

To this aim, let us set

for any N € IN*, Notice that gy, solves the equation

N

HAGN e+ gN—1,um Z
k=0

=0, inQ (42)

with Neumann boundary conditions.

In order to pass to the limit N — oo, one has to determine the limit of g, := ijzo U
First note that the Cauchy-Schwarz inequality proves the absolute convergence of the sequence
{81} yen 0 W12(Q) as N — oo. Let H denote its limit. Now, let us show that

gN,u Njoo gc2>o,u, in LZ(Q)7

whenever p is large enough. Let R; be the convergence radius of the power series associated with
the sequence {a(k)}rew. This convergence radius is known to be positive. As a consequence, the
convergence radius Ry of the power series associated with the sequence {a(k)?}ren is also positive
and Ry = R3.

Let € > 0. Since we are only working with large diffusivities, let us assume that p > 1 and that
> (5 )1/E Noting that, for any N € IN, we have

N
INp — Oy = Z knkm< 3 Wv;”).

{=N—k+1 H

and using the fact that the sequence {a(k)}ren was built increasing, we get the existence of M > 0
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such that

IGn5 = 9% ullL2) =

N 1 N e
> ik ( > ’7)

o M H

(=N —k+1 L2(Q)
N N
a(k) a(f)
ey
k=0 (=N—k+1
9 Al | 1 1- Hkl—l . 2
< a(N) Z A P g by using that a(k)a(f) < a(N)
k=0 Iz
(N +1)a(N)?
<M N
M N+1 «a(N)?

(Ml—a)N+1 (ME)N+1 :

This last quantity converges to zero as N — oo. Besides, since pu* > R%, it follows that the
2
sequence {(Z‘E()LN)H} is bounded. Assuming moreover that u'=¢ > 1, we get
N—o0

N +1
(U1=)N+1 Noeo

We conclude that H = ggo’ .- Passing to the limit in Equation (42), it follows that

IUAggo,u + goo,u(m - goo,,t) =0 in®

with Neumann boundary conditions.
Finally, we know that g. . —4>_ mo > 0 uniformly in M,,, () so that, for u large enough,
p— 400

Joo,u 1s positive. The uniqueness of positive solutions of equation (LDE) entails that, for 4 large
enough, goo,u = O, This concludes the proof of the series expansion convergences and thus, the
proof of Theorem 1.
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