Keywords: 

Stochastic Graphical Models

Markov Random Fields, Bayesian Networks Random variables X with discrete domains joint probability distribution p(X ) defined through the product of positive real-valued functions:

p(X = t) ∝ c S ∈C c S (t[S])
Massively used in 2/3D Image Analysis, Statistical Physics, NLP, planning/reasoning under uncertainty. . .

Maximum a Posteriori MAP-MRF

MRF≡ CFN up to a (-log) transform.

Binary MRF/CFN as 01LP (infinite k, finite costs)

01 LP Variables, for a binary MRF/CFN 1 x ia : value a used for variable x i .

2 y iajb : pair (a, b) used for x i and

x j Minimize i,a c i (a) • x ia + c ij ∈C a∈D i ,b∈D j c ij (a, b) • y iajb subject to a∈D i x ia = 1 ∀i ∈ {1, . . . , n} b∈D j y iajb = x ia ∀c ij ∈ C , ∀a ∈ D i x ia , y iajb ∈ {0, 1}
Linear relaxation : the local polytope 47,25,53 Graphical Model Processing

Exact approaches (beyond ILP)

1 Full dynamic programming (Variable elimination, 

1 optimum cost from x 1 to a ∈ D i knowing those for x i-1 2 min x i-1 (c i-1 + c i,i-1 )
3 Use external functions (messages) to store DP results

x i-1 x i a b c d a b c d 1 4 3 2 5 0 2 2 1 1 optimum cost from x 1 to a ∈ D i knowing those for x i-1 2 min x i-1 (c i-1 + c i,i-1 )
3 Use external functions (messages) to store DP results

x i-1 x i a b c d a b c d 1 4 3 2 5 0 2 2 1 3 0 0 0 3 optimum cost from x 1 to a ∈ D i knowing those for x i-1 min x i-1 (c i-1 + c i,i-1 )
Use external functions (messages) to store DP results Everything is connected :-)

Solves

Questions ?

  Berge acyclic MRF/BN (acyclic Factor Graphs) Does not converge on graphs (Loopy Belief Propagation) Massively used to produce "good" solutions (turbo-decoding 42 ) More recently introduced in Distributed COP 18 Not an equivalence preserving transformation 40 Soft Arc Consistency ˜MP with reformulation Soft AC as Dynamic programming 1 MRF message passing but. . .
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  use c ∅ and c i (•) to store optimum cost from x 1 to x i Preserves equivalence by "cost shifting" Project ({ij}, {i}, a, α) Shifts α units of cost between c i (a) and c ij .Shift direction: sign of α.α constrained: no negative costs! Precondition: -c i (a) ≤ α ≤ min t ∈D ij ,t [i]=a c ij (t ); Procedure Project({i, j}, {i}, a, α) c i (a) ← c i (a) + α; foreach (t ∈ D ij such that t [i] = a, c ij (t ) < k) do

AC as Dynamic programming

LP Variables, for a binary CFN 1 u i : amount of cost shifted from c i to c ∅ 2 p ija : amount of cost shifted from c ij to a

See [47, 25, 7, 53, 11].

OSAC is the dual of the local polytope 01 LP Variables, for a binary CFN 1 x ia : value a used for variable x i .

2 y iajb : pair (a, b) used for x i and x j

The MRF local polytope 53

Minimize

u i multiplier for (1) and p ija for (2).

Better understanding

Soft ACs (MP with reformulation) are approximate greedy Block Coordinate Descent solvers of the dual LP (OSAC).

They find feasible (but non necessarily optimal) solutions of the dual.

optimal does not mean more efficient for tree search.

Properties of VAC

Solutions of Bool(P) are optimal in P.

VAC solves tree-structured problems, solves CFNs with submodular cost functions (Monge matrices)

solves CFNs for which AC is a decision procedure in Bool(P).

if P is VAC and one value a in each domain such that c i (a) = 0 is solved.

There is always at least one such value (or else not VAC).

In practice -Solvers By far most used: simulated annealing (Rosetta 21 ).