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1. INTRODUCTION

As noted by Lynne (1988), "some of the most challenging production economic
concepts are those of "technical interdependence” and "jointness” as pertaining to the
products in a multiproduct firm". Extending the works of Samuelson (1966), Lau (1972,
1978) and Hall (1973), Kohli (1981, 1983) has defined four forms of non-jointness : in
input quantities, in output quantities, in input prices and in output prices. But only non-
jointness in input gquantities, or, more simply, non-jointness since the qualification in
input quantities is frequently omitted, has received a great deal of attention by

agricultural economists.

Two sources of jointness, at least, are particularly relevant to agricultural
production : the "public" nature of some inputs whose use in one process does not
diminish their use in another (Baumol et al., 1982), and the "quasi-fixity" of some
allocatable inputs whose supply to the firm is fixed, but whose allocation among
production processes is variable (Hugues, 1981 ; Shumway et al., 1984).

On the other hand, Sakai (1974) has defined four propositions which govern the
market conduct of the multiproduct-multifactor firm in the "normal™ case : the total
marginal cost of an output decreases with increases in other output quantities (cost
complementarities) and does not decrease with increases in input prices (input
normality), and the total marginal revenue of an input does not decrease with increases
in other input quantities ("cooperant" inputs) and output prices (output normality). Since
cost complementarities have no equivalent in the single-output case, they can be viewed
as the most important proposition of Sakai. Baumol et al. have shown that the total cost
function is joint in input quantities and exhibits cost complementarities when the firm
uses one normal public input. By contrast, Moschini (1988, 1989) has shown that cost
complementarities are not verified when jointness in input quantities is due to normal

allocatable inputs.

The first purpose of this note is to reconcile Baumol et al. and Moschini's results
and to show that there is no contradiction between their propositions. More specifically,
we will show first that the proposition of Baumol et al. cannot be generalized to the
multiinput case without additional assumptions on netput relationships. We will show
then that the results of Moschini may be explained by the fact that the model he
considers is non-joint in input quantities in the long run, i.e. when the firm optimizes on
all inputs, whereas the model of Baumol et al. is non-joint in input quantities in the short
run, i.e. when the public input is fixed. In the model of Moschini, the firm moves from
unconstrained to constrained regime with a tendency towards more substitutability



between outputs. In the model of Baumol et al., there is a tendency towards more
complementarity between outputs because the firm moves from constrained to

unconstrained regime.

2. DEFINING THE "NORMAL CASE"

According to Sakai, a multiproduct - multifactor technology is normal if the
following propositions, stated in terms of weak inequalities on the total or long-run cost

and revenue functions, are satisfied

§2c/syi6yy < 0O vi, v, i+ 3 [1]
§2c/6yidwy = 0 Vi, Vk [2]
§°R/6xXp6%x = O Vh, Vk, h + k [3]
§2R/8xpspy 2 0 Vh, Vi [4]

1

min [w'x ; x € T(y)]; and
be

where C(y,w)

R(p,x) = max [p'y ; ¥y € T(x)]
y

Cly,w) is the unconstrained cost function, R(p,x) is the unconstrained revenue
function, y is the vector of M output quantities with corresponding vector price p, and x
is the vector of N input quantities with corresponding vector price w. Price and quantity
vectors are positive vectors of real numbers. T is the production possibility set ; it is
assumed nonempty, closed, bounded from above and convex; it permits also free
disposal. Finally, T(y) and T(x) are the input and output possibility sets, respectively.

Hertel (1984, 1987) and Moschini (1988, 1989) have analyzed at some length
these four propositions, particularly in order to evaluate their validity in the context of

agriculture at the firm and sector levels.

Propositions [2] and [4] rule out inferior inputs and outputs, respectively, while
proposition [3] is a generalization to the multiproduct case of Rader's (1968) concept of
cooperant factors of production defined in the single-output case. As noted by Moschini
(1989), proposition [1] has no equivalent in the single-output case. It implies that the
total marginal cost of an output tends to decrease when the quantities of other outputs

increase.



Furthermore, Sakai has shown that propositions [1] to [4] imply some
restrictions on the technology at the unconstrained Marshallian equilibrium : gross
substitution among inputs and outputs and regressive (or inferority) relationships

between inputs and outputs are ruled out, i.e.

§2n/6piépy 2 0 Vi, Vj | [5]
§2m/Swpbwy = O Vh, Vk [6]
Szﬂ/SpiSWh = 6211/6wh6pi <0 Vi, Vh [7]

where w(p,w) is the total or long-run profit function defined by

n(p,w) = max [p'y -w'x ; (-%,y) € T] [8a]
Y.X
= max [p'y - C(w,y)] [8b]
Y
= max [R(p,%) -w'x] [8c]
X

3. PUBLIC INPUTS AND COST COMPLEMENTARITIES

Baumol et al. have shown that, if the source of jointness arises uniquely from an
input whose use in one production process does not diminish its use in another (in this
sense, it is a public input), then the joint unconstrained cost function exhibits cost
complementarities, i.e. proposition [1] is satisfied, under normality assumption of the
public input. More specifically, the unconstrained cost function defined by Baumol et al.
may be written as

M

c(y,w) = min [ = cRi(y;,wl, x°) + w° x°] [9]
x° i=1

1,%°) is the constrained or short-run cost function (i = 1, ..., M), »°

1

where CR:.L (vi,w
is the public input (price w®), and w' is the price vector of variable inputs X . If the

public input is normal, i.e. if SZCRi/Syiﬁxo < 0, we have (for anyi==])

. . M .
§2c/6yi8y4= - (62CR'/6y16x°) (62CRI/8y46x°) /= (62CRY/6x%6x°) < 0
i=1
[10]



In the single-output case, the normality of an input with respect to the output is
traditionally defined in terms of output-compensated input demands, i.e. §3, (y,w) /8y
> 0 (see, for example, Chambers, 1988, p. 69). Proposition [2] is a straightforward
generalization to the multiproduct case of this definition. Nevertheless, Baumol et al. use
a different definition of input normality stated in terms of partial second derivatives of
the constrained cost function CRi (vi ,wl ,%°) with respect to levels ¥® and Yi.In
the single-public input case, it is easy to show that 52 c/ 6w §yi = 0 implies
SZCRi/é‘xoGyi < 0. Unfortunately, in the multiple-public input case, this implication
does not hold in general.

To show this, it is convenient to rewrite [9] as

M . .
c(y,w) = min [Z CRY(yi,wl,x°) + w®'x°] [11a]
x° i=1
= min [CR(y,wl,x°) + w®'x°] [11b]

X
where x© is now a vector of public inputs with corresponding vector price w©. In matrix
notation, we have then
[62c/6yisyj] = [82CR!/6yi8yj)
5 M . ‘
- [6%CR'/6x%6y;]1 ' [5 62cR1/6x%6x0]71 [62CRI/6x%6y4] [12]
i=1 ,
or, equivalently, by using [11b]

[62C/8yisyj] = [86°CR/6yiyj]

- [6%CR/6x%6y] ' [62CR/6x°6x°] ™1 [62CR/5x06y5] [13]

Furthermore, using the Hessian identities approach of Lau (1976), we have also

[62cRY/6x%6y;1=[ 62CR/ 6x06y;1=[62C/6wCswO] "L [62c/6wCsyi]  [14]

M .
[Z 62cRY/6x%6x°]=[62CR/6x°6x°1=-[62C/swC6wO] 1 [15]
i=1

The assumptions of concavity of the unconstrained cost function C(y,w) in
input prices w, and more particularly in public input prices w° , and of normality of public
inputs x© with respect to outputs Yy are not sufficient to garantee that the elements of
the vector [SZCRi/Sxo Syi]=[62 CR/é‘xOSYi] are all nonpositive. Therefore, in the

1 Obviously, 82CRifdy;dyj = §2CRIsy;by; = O when i .



multiple-public input case, 62C/6w°L6y; > 0 does not imply &2 CRi/é‘xc’Syi =
§2cR/6x%6y; < 0, and the sign of expressions [12] and [13] cannot be defined
unambiguously. In orther words, even if the public inputs are normal, i.e. satisfy
inequality [2], the joint cost function C(y,w) does not necessarily exhibit cost
complementarities for all output pairs. Only in some cases {(one public input, all public
inputs are substitutable at the Hicksian equilibrium defined with respect to Clw,y)? ....,

for example), expressions [12] and [13] are nonpositive without ambiguity.

4. ALLOCATABLE FIXED INPUTS AND NETPUT RELATIONSHIPS

Furthermore, Moschini (1989) has shown that propositions [5] to [7] "are
affected under allocatable fixed inputs. In particular, [5] is always violated (indeed
reversed) for any ig=j, and [7] need not hold". In other words, "cost complementarities
between outputs do not exist when outputs are joint because of fixed allocatable factors
which are normal inputs” (Nelson, 1991), and "an output price increase may decrease
the demand of some inputs" (Moschini). Below, we will show that Moschini's results
may be explained by the fact that the model he considers is a constrained one, i.e. with
some allocatable facros fixed at given levels, in the case where the unconstrained
technology is normal but non-joint in input quantities (which is allowed in the normal
case). Furthermore, we will show that Moschini's results do not depend on the nature of
the inputs which are fixed (i.e. public or allocatable) and that [7] necessarily holds.

The joint short-run cost function analyzed by Moschini is the following

M ’ ; : ; M |,
CR(Y,w,2z) = min, [Z w'x!; yj= f1(x*,z1) and = z* < z ) [16]
xt,zt i=1 i=1
where xi and 2 are vectors of inputs used exclusively in the production of yi s = 1,

....M ; and f' is a strictly concave production function. Variable inputs x are purchased at

competitive prices w and allocatable fixed inputs z satisfy the availability constraint, i.e.
M
E g % .2

i=1
[16]1 may also be written as
M ) M
CR(y,w,z) = min ([= ¢ (yj,w,2") ; = 2 < z] [17]
zt i=1 i=1

2 |n that case, cSZC/cwa,riw(j is an M matrix and its inverse possesses nonpositive elements only.



where Ci(yi,w,zi) are "partially constrained" cost functions which are non-joint in
input quantities, i.e. 52 Cl/dyiayj = 0, for any ig=j. The long-run cost function can
therefore be defined by

M

c(y,w,r) = min , [Z w'xl + rizl ; yi= £1(xt,z1)1] [18a]
xt, zl i=1

=min [£ cl(yi,w,2t) + rrzl] [18Db]
zt i=1

= min [CR(y,w,2) + r'z)] [18c]

Z
where r is the price vector of allocatable factors z. Finally, we define the long-run profit
function m(p,w,r), the long-run revenue function R(p,x,z) and the short-run profit function

7R(p,w,z) by the following equations

m(p,w,r) = max [p'y - C(y,w,r)] [19a]
¥

= max [7mR(p,wW,2) -r'z) [19Db]
z

= max [R(p,%x,2) - w'x — r'z] [19c]
X, 2

At this stage, it is interesting to note that definitions [18c], [19a], [19b] and
[19c] do not depend on the nature of factors z and are satisfied in the cases where z are

allocatable inputs and where they are public inputs.

Using the Hessian identities approach of Lau, it follows that

[62nR/Spsw] = [62R/6psx][62R/6x6x] L [20]

We assume then that the unconstrained revenue function R(p,x,z) satisfies
properties [3] and [4]. We have therefore 62R/6pi §%c = 0, for any i and k, and
62R/6xh6xk > 0, for any h==k. Furthermore, R being concave in x and satisfying
property [4], [62R/ axax]“l has nonpositive elements only. It is then easy to show
that §27R/6pj 6wk < O, for any i and k, which shows that [7] necessarily holds at the

short-run equilibrium contrary to the third proposition of Moschini 3.

Using the same approach in terms of Hessian identities, we have also

3 since 52‘!'1/5pi5|d (r' is the unconstrained non-joint profit function) may be equal to zero in the
normal case, Moschini claims _tq prove that_§! R/6p; 6wy rgax be nonnegative. Nevertheless, we have also
the following relationship: & 11/6piﬁwk=-(620'/6wk6yi) (§°x'/8p;8p;). 1t is then easy to show that both
righ-hand side terms of Moschini's equation [12] are equal to zero (and not only the second right-hand
side term) and that 621R/6pi6uk is equal to zero. Therefore, proposition [7] is not violated.



[627R/ 8psz]=[62R/6p6z]~[6°R/6pSx] [62R/6x6x] ™  [6°R/6x62] [21]

and

[627R/8pSpl=[62m/EpSp]+[62m/Spsr] [62nR/ 626D] [22]

Using the same reasoning as previously, i.e. properties [3] and [4], and the
concavity of R in x and z, we can show that the elements of [<52 TR/ épéz] are
nonnegative. Property [7] implies that the elements of [52 m/8pér] are nonpositive.
The long-run technology being non joint in input quantities, the matrix [62 m/6pdp] is
diagonal. It follows therefore that the off-diagonal elements of [6211R/6p6p] are
nonpositive. Finally, it is easy to show that the off-diagonal elements of [62 CR/8ydy]
are nonnegative using the Hessian identity [52 CR/S8yéy]= [(5‘2 mR/ Spap]-l and the

properties of M matrices.

We have shown that a technology, which satisfies properties [3] and [4] and is
non-joint in input quantities at the unconstrained equilibrium, verifies the property of cost
substitutabilities in the short run, i.e. when some inputs are fixed. This implication does
not depend on the nature, allocatable or public, of the inputs which are fixed in the short
run 4. Therefore, our results (6211R/ épiépy < O, for any i==j, and 2 CR/6yidyy 2
0 for any i=j) are more general than propositions 1 and 2 of Moschini. Finally, we have
shown that the third proposition of Moschini is not satisfied, i.e. we have
621rR/ §pidwyx =< 0, for any i and k. Finally, it is interesting to note that we do not use |
the property of input normality but only properties associated to the unconstrained

revenue function.

5. CONCLUDING COMMENTS

If production is joint only because some allocatable inputs are constraining, the
restricted technology, defined with respect to constrained profit and cost functions,
exhibits cost substitutabilities (i.e. GZCR/in éyy = 0 for any i==j) and gross
substitutability among outputs (i.e. é‘sz/apiapj < 0 for any ig) if the
unconstrained technology is normal and, more precisely, if the unconstrained revenue
function satisfies properties [3] of [4] of Sakai. Therefore, in constrained regime,

constraints on -the availability of allocatable inputs imply that the technology is

4 Because we use only definitions of objective functions stated in terms of 7, R and C and not m and CJ,
th% 'prewous demonstration corresponds to the case where fixed inputs in the short run may be allocatable or
public. :



characterized by increasing marginal costs when the quantities of other outputs increase

and decreasing marginal profits when the prices of other outputs increase.

These results differ from those obtained when joint production is due to public
inputs. In that case, the marginal cost of an output tends to increase when the quantities
of other outputs decrease (under normality assumption of public inputs, this proposition
is strictly correct only in the case of one public input) and gross substitution among

output is ruled out.

These apparent opposite results are not contradictory. In the allocatable-factor
case, netput relationships are examined in constrained regime whereas they are analyzed
in unconstrained situation in the public factor case. In the allocatable factor case, the
unconstrained technology is non-joint in input quantities (i.e. verifies & T/ 6pi Spj = 0
and 62C/6yié‘yj = 0, for any is=j) and therefore does not violate the "normal”
restrictions on C and w. In fact, cost substitutabilities in constrained regime do not
depend on the nature of constrained inputs, but are due to non-jointness in input
quantities (which is allowed in the normal case) in unconstrained regime.
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