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Abstract

Some scales of spaces of ultra-differentiable functions are introduced, having good
stability properties with respect to infinitely many derivatives and compositions.
They are well-suited for solving non-linear functional equations by means of hard
implicit function theorems. They comprise Gevrey functions and thus, as a limiting
case, analytic functions. Using majorizing series, we manage to characterize them in
terms of a real sequence M bounding the growth of derivatives.

In this functional setting, we prove two fundamental results of Hamiltonian per-
turbation theory: the invariant torus theorem, where the invariant torus remains
ultra-differentiable under the assumption that its frequency satisfies some arithmetic
condition which we call BRjs, and which generalizes the Bruno-Riissmann condi-
tion; and Nekhoroshev’s theorem, where the stability time depends on the ultra-
differentiable class of the pertubation, through the same sequence M. Our proof
uses periodic averaging, while a substitute of the analyticity width allows us to by-
pass analytic smoothing.

We also prove converse statements on the destruction of invariant tori and on
the existence of diffusing orbits with ultra-differentiable perturbations, by respec-
tively mimicking a construction of Bessi (in the analytic category) and Marco-Sauzin
(in the Gevrey non-analytic category). When the perturbation space satisfies some
additional condition (we then call it matching), we manage to narrow the gap be-
tween stability hypotheses (e.g. the BRjs condition) and instability hypotheses, thus
circumbscribing the stability threshold.

The formulas relating the growth M of derivatives of the perturbation on the one
hand, and the arithmetics of robust frequencies or the stability time on the other
hand, bring light to the competition between stability properties of nearly integrable
systems and the distance to integrability. Due to our method of proof using width
of regularity as a regularizing parameter, these formulas are closer to optimal as the
the regularity tends to analyticity.
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1 Introduction

1.1 High regularity in perturbation theory

The purpose of this article is two-fold. First, we introduce and study the general properties
of a class of ultra-differentiable functions well-suited for solving non-linear functional equa-
tions with iterative methods. Second, within this framework, we generalize the fundamental
results of Hamiltonian perturbation theory such as the KAM theorem on the preservation
of invariant tori or the Nekhoroshev theorem on the long-time stability of solutions; we also
prove “converse” statements such as the destruction of tori or the construction of unstable
orbits (the so-called Arnold diffusion).

First recall that real-analytic functions in m variables are characterized by a growth
of their derivatives of order s~I¥I|k|! for k € N™ and some analyticity width s > 0; in the
periodic case, this is equivalent to a decay of Fourier coefficients of order e~V for j € Z™.

In his foundational paper [Kol54], Kolmogorov proved that an invariant torus in a
real-analytic non-degenerate integrable Hamiltonian system can be preserved, as a real-
analytic embedded torus, under an arbitrary small real-analytic perturbation, provided
the frequency vector satisfies a Diophantine condition. This theorem of Kolmogorov has
generated a tremendous amount of work, and new proofs of more general statement ap-
peared. Among them, still in the analytic case, by using very accurate approximation
results of analytic functions by polynomials, Riisssmann ([Riis01]) was able to improve the
arithmetic condition, and get what is now called the Bruno-Riissmann condition (BR-
condition for short). This condition, which was introduced earlier (in a different form) by
Bruno ([Bru71], [Bru72]) in the Siegel linearization problem (a different problem involving
small divisors), is known to be optimal in the Siegel problem in complex dimension one
(this is a celebrated result of Yoccoz [Yoc88], [Yoc95]). Whether BR is optimal in higher
dimension or in the Hamiltonian problem is open. A different proof of the Kolmogorov
theorem with the BR-condition was then given in [BF13], [BF14]; instead of approximating
the real-analytic perturbation by a polynomial, the idea consists in approximating the fre-
quency vector by suitable periodic vectors. Let us point out that all these proofs crucially
use a complex extension of the domain and of the Hamiltonian in order to use methods
of complex analysis. Also, even though it is not known if the BR~condition is optimal, a
construction of Bessi [Bes(0(], inspired by the theory of Arnold diffusion, shows that BR
cannot be improved much, if at all.

A second fundamental result is due to Nekhoroshev, who showed in [Nek77], [Nek79]
that all solutions of a perturbed “generic” real-analytic integrable Hamiltonian system are
stable for an exponentially long interval of time. This generic class of integrable Hamilto-
nians, which are known as steep, includes as a particular case the quasi-convex functions
for which the proof of Nekhoroshev theorem greatly simplifies. As a consequence, bet-
ter quantitative results were obtained in [Loc92], [LN92], [LNN94] and in [P6s93] for the
quasi-convex case. Together with the improvements obtained in [BM11] and in [ZZ17] and
the examples of analytic Arnold diffusion in [Bes96], [Bes97] and [Zhall], all these results



determine precisely the time-scale of stability. The quantitative result of the quasi-convex
case was recently extended to the general steep case in [GCB16]; however, no examples
of Arnold diffusion are known for steep non-convex integrable Hamiltonians. Let us also
remark that even though linear integrable Hamiltonians are non-steep, they are stable for
a long interval of time provided the (constant) frequency is non-resonant; this is a well-
known result assuming the frequency to be Diophantine, but in the general case this was
observed in [Boul2] along with the fact that the stability estimates thus obtained are op-
timal as examples of Arnold diffusion with controlled speed are quite easily constructed in
this context.

Next, given a real parameter o > 1, allowing a growth of the derivatives of order
s~I*|E|!* for k € N™ or, equivalently, a decay of Fourier coefficients of order =7 DY for
J € Z™ in the periodic case, one is led to consider a-Gevrey functions of m variables,
which thus reduce to real-analytic functions when a@ = 1. The “width” s > 0 extends
the significance of the analyticity width of analytic functions. Since the introduction by
Gevrey of the class of functions now baring his name ([GevliS]), there has been a huge
amount of works on Gevrey functions, mainly for PDEs, but also more recently in other
fields, including dynamical systems.

The theorem of Kolmogorov, under the classical Diophantine condition, was extended
to this Gevrey context by Popov [Pop04]. His proof, which is based on approximation
of Gevrey functions by real-analytic ones, did not allow him to reach weaker arithmetic
condition even though one would expect the statement to be true under a condition which
generalizes the BR-condition. Recently, we introduced in [BF17] such a condition that we
called the BR,-condition and under which an invariant torus is preserved as an a-Gevrey
torus for a non-degenerate close to integrable a-Gevrey system. The proof in [BF17] was
direct, in the sense that in the real-analytic case it does not use any complex extension,
and in the Gevrey case it does not use analytic approximation. Actually, one of the main
difficulties was to obtain functional estimates (and in particular product, derivatives and
composition estimates) which were not known and were clearly required if one wants to
implement an iterative scheme (typical of KAM) within the a-Gevrey category. Indeed,
of particular importance was to obtain a norm estimate for the composition of a function
by a diffeomorphism in which the loss of “width” is arbitrarily small provided the dif-
feomorphism is arbitrarily close to the identity; such an estimate is needed if one insists
on having some “width” parameter left after infinitely many compositions. These crucial
estimates were obtained in [BF17], and with further work using the method introduced
in [BF13], [BF14] the result was achieved. Also we observed that Bessi’s example could
be modified to give a necessary condition close to the sufficient BR,-condition; in partic-
ular, invariant torus with a frequency which satisfy the BR-condition can be destroyed by
an arbitrarily small perturbation which is a-Gevrey for any a > 1, and this is in sharp
contrast with some other small divisors problem (as for instance the formal Gevrey Siegel
problem considered in [CM00] and [Car03]).

As for the Nekhoroshev theorem, the extension to a-Gevrey quasi-convex Hamiltonians
was achieved in [MS02]. Here precise composition estimates were not needed (even though



the authors were aware that their composition result was not accurate). Indeed, it is known
since the work of Lochak that for quasi-convex Hamiltonians, one only needs a normal form
at periodic frequency and thus, from an analytical point of view, one is dealing with the
problem of eliminating the time-dependence in a slow-fast periodic system. This problem
always has a formal solution which of course may be divergent: in [RS96] it was proved
that for an analytic system, the associated formal series has a Gevrey character, and this
was extended (in a Hamiltonian setting) for an arbitrary a-Gevrey system. Once one
knows the existence of a formal solution with such a Gevrey Character, techniques of re-
summation allow to find a Gevrey (convergent) normal form with an exponentially small
remainder, and this is all what is needed to prove the Nekhoroshev theorem for quasi-
convex Hamiltonians. Examples of Arnold diffusion were also obtained in [MS02] but in
the Gevrey non-analytic case o > 1, as the method uses the existence of bump functions.
However, even though the improvement of [BM11] does extend to the more general Gevrey
setting, for the moment this is not the case of [ZZ17] and thus the optimal time-scale of
stability in the Gevrey case is not yet completely determined. Nekhoroshev estimates have
been obtained also in the general steep case for Gevrey Hamiltonians (see [Boull]), yet
the quantitative result is very poor compared to the analytic case studied in [GCBI16].
Finally, for Gevrey linear integrable Hamiltonians, precise and essentially optimal stability
and instability result are proved in [Boul3a].

More generally, for a sequence of positive real numbers M = (M;);en, we can consider
the class of smooth functions having a growth of derivatives of order 3""“‘M‘k| for k € N™
and some s > 0 which we still call a “width”. This defines a class of ultra-differentiable
functions associated to M, or simply M-ultra-differentiable functions. The real-analytic
and a-Gevrey regularity are nothing but the particular cases where respectively M; = !
and M; = [!*. In terms of Fourier coefficients for periodic functions, this amounts to
a decay of order el for j € Z™, for some suitable positive increasing function €
again the real-analytic and a-Gevrey regularity correspond to respectively (y) = y and
Q(y) = y/*. It is one of our goal here to introduce a class of ultra-differentiable functions
in which non-linear problems can be solved by an iterative method within this class. To do
so, we will restrict the allowed sequence M by requiring two conditions to be satisfied (see
§ [L2 for the precise definition of M-ultra-differentiable functions and these two conditions).
The first of these conditions (which we will call (HIJ)) is a kind of regularity condition and
it is classical and very often satisfied. In particular it implies stability by product and by
composition; for the composition a loss of “width” occur so in order to be able to perform
infinitely many compositions, we will have to show that the loss can be arbitrarily small
when the composition involves a diffeormorphism arbitrarily close to the identity. The
second condition (which we will call (H2)) is, however, more restrictive as it requires the
sequence M not to grow too fast at infinity; it implies not only stability by derivation
but moreover that the loss of width can be taken arbitrarily small, and thus one may say
that this condition amounts to stability under ‘infinitely many derivations”. This growth
restriction is quantified by a function which we will call C, and in good cases it will be
related to the function {2 which controls the decay of Fourier coefficients in the periodic case



(see § for more information on these functions C' and €2). The functional estimates we
obtained in [BF17] in the Gevrey setting will be generalized to this M-ultra-differentiable
setting where M satisfies these two conditions (HIJ) and (HZ2]).

As a first application, we will give the proof of KAM type theorems within this class
of M-ultra-differentiable functions (see § for precise statements). We will introduce
an arithmetic condition, the BRj;-condition, and under which an invariant torus is pre-
served as an M-ultra-differentiable torus for a non-degenerate close to integrable M-ultra-
differentiable Hamiltonian system (see §[.4] for the definition of this arithmetic condition).
This BRs-condition reduces to the BR,-condition when M; = [!* so this includes the main
result of [BE17] but it encompasses many more cases. Let us point out that this BRj-
condition does not depend directly on M but rather on the associated function C' that was
mentioned above. Again, Bessi’s example could be modified to give a necessary condition
for the preservation of an invariant torus, yet this necessary condition now involves the
function © and not C' and thus only in the good cases (where these two functions are
related; this will be called matching in the sequel) this necessary condition shows that the
sufficient condition cannot be improved too much, if any.

As a second application, we will extend Nekhoroshev theory to this class of M-ultra-
differentiable functions (see § for precise statements). As we already explained, in the
analytic case we have a good knowledge, the main issue being the Arnold diffusion for
steep non-convex systems. In the more general Gevrey case, the time-scale of stability is
not yet completely determined in the quasi-convex case but also only poor quantitative
statement are known in the general steep case. In the ultra-differentiable setting, basically
we will be able to extend the knowledge we have for the general Gevrey case but not the
more precise knowledge of the analytic case. First, for linear integrable Hamiltonians, we
will give accurate and essentially optimal stability and instability result, which completely
extends the analytic and Gevrey case; exactly like for the KAM type results, the stability
(that is, positive) result involves the C' function whereas the diffusion (that is, negative)
result involves the 2 function and so one has to consider the result to be accurate only for
matching sequences. Then, for quasi-convex integrable Hamiltonians, our stability result
again will be a complete generalization of the analytic and Gevrey case, however, exactly
like for the Gevrey case, the improvement of [ZZ17] cannot be reached and the construction
of Arnold diffusion, following [MS02], requires bump function and thus a further assumption
of non-quasi-analyticity. Finally, in the steep case, a result generalizing [Boull] will be
obtained but the quantitative result will be again quite far from the more accurate analytic

case [GCBI16].

1.2 Ultra-differentiable functions

Recall that n > 1 is an integer, T" = R™/Z" and let D C R™ be the open ball of radius one
centered at the origin. For a small parameter ¢ > 0, we consider a Hamiltonian function



H:T" x D — R of the form
H(0, 1) = h(I) + (6., 1), .
Vh(O) = wp € R™.

We shall assume that the Hamiltonian H is ultra-differentiable on T" x D, in the following
sense. Let us fix a sequence M := (M;);ey of positive real numbers with My = M; = 1. The
function H is said to be ultra-differentiable with respect to M (or M-ultra-differentiable)
if H is smooth and there exists s > 0 such that, using multi-indices notation (see § [2),

(15| +1)°s™0* H (0, T)I) 2
Hlpys:=c sup ( sup < oo, c:=47n"/3. 1
‘ |M (0,1)€T"x D \keN2n M\kl / ( )

The space of such Hamiltonians will be denoted by U s(T™ x D) or, more simply, U (T™ x
D). This definition can be extended to vector-valued functions X : T" x D — RP by setting

( (I¥] +1)28'k|8kX(9,I)I1) o

| X |ars:=c sup
(0,1)eT™xD

sup
keN2n M|k‘

(2)
where |.|; is the l;-norm of vectors in R, or the sum of the absolute values of the com-
ponents, thus defining the space Us(T™ x D,RP). As a rule, we will use the [;-norm for
vectors, so for simplicity we shall write |.|; = |.|.

Condition ([I) may be imaged as some modification of the Taylor series of H having
radius of convergence at least s. Thus, the parameter s extends the concept of width of an-
alyticity of an analytic function (see example[I]), and will be called the (ultra-differentiable)
width. To emphasize its role, we shall also say that H is (M, s)-ultra-differentiable if ()
holds. These classes of ultra-differentiable functions we are considering here are usually
called Denjoy-Carleman classes (of Roumieu type) in the literature; we refer to [Thi08] for
a nice survey.

General properties of these ultra-differentiable norms (under certain assumptions we
will introduce below) are described in §[2. In particular we explain there the (inessential)
role of the factor (|k| + 1)? and the normalizing constant ¢ > 0 in ().

Let us now give the main example of ultra-differentiable class of functions.

Example 1. Given a > 1, let us define the sequence
M, = (1)en. (3)

Observe that a function is M,-ultra-differentiable if and only if it is a-Gevrey, and thus it
is Mi-ultra-differentiable if and only if it is real-analytic, in which case the parameter s > 0
is the width of analyticity. (The case when 0 < o < 1 corresponds to entire functions and
will not be considered in this work.) More examples of sequences will be given in § [[.4l

Without further information on the sequence M, one cannot expect much structure on
the space of M-ultra-differentiable functions. For our purposes here, we will have to make

7



two assumptions. But first associated to the sequence M we define three other sequences
= (uhien, N = (Ni)ien and v := (1)ien by

_ M N, M, _ N

= : = . 4
Mo CPTT MTN T T (4)

[

As My = My, =1, we have Ny = N; = 1 and pg = vy = 1. Clearly, the knowledge of one of
these sequences determines the other three. The two assumptions we will require are the
following:

The sequence N is log-convex, i.e., the sequence v is non-decreasing. (H1)
The sequence p is sub-exponential, i.e., llim I"'In(p) = 0. (H2)
—+00

Let us briefly describe the role of these two assumptions.

The log-convexity condition (HI) is a very classical assumption in the literature, in
particular it implies that the space of M-ultra-differentiable function is closed under prod-
uct and composition; as a matter of fact, for this to be true slightly weaker conditions are
required (see Lemma [[2] and Lemma [I5] in respectively § 2.4 and § [27]). Clearly, if v is
increasing then so is p thus the log-convexity of N implies the log-convexity of M (but
the reverse implication is not true in general). Let us also point out that (HI)) and the
normalization Ny = My = 1 imply

N >1, M >, leN

with the limiting case where N; = 1, M; = I!, corresponding to the space of analytic
functions.

Up to our knowledge, the sub-exponential condition (H2|) hasn’t been used so far in the
literature. This condition implies that our space of functions is closed under derivation,
which is easily seen to be equivalent to the condition

1
1 M, T
sup i} = sup < ]\l/[H) < +00,
leN leN 1

but it is definitely stronger: instead of just requiring that the sequence </,cll/ l) is
leN

bounded, (H2)) demands that this sequence converges to 1.
However, (H2) is not an inordinate property. Indeed, a condition commonly assumed in
the literature on ultra-differentiable functions is the following, so-called moderate growth:

M, )l“
su < 400 MG
z,je% (Mle (MG)

As Lemma 46 shows (Appendix [A]), this condition is stronger than our hypothesis (H2]).
Actually, one can image (H2) as the guarantee that our functional space is “stable
by infinitely many derivations”. Indeed, in view of our choice of norms, the condition




(H2) is exactly the one that ensures we have an analogue of the Cauchy estimates for
analytic functions: if f is (M, s)-ultra-differentiable, then its derivative [ is (M, s')-ultra-
differentiable for any s’ < s and we can bound the (M, s')-norm of f’ in terms of the
(M, s)-norm of f and a function of s — ¢, that we call C'(s —s’) (C stands for Cauchy). As
s’ converges to s, this function blows up and its asymptotics plays an important role in the
sequel. It will be defined and briefly studied in the next section, along another function,
which we call  (this function was already mentioned in the introduction) and which can
actually be defined without any assumption on the sequence M.

1.3 Functions C and ()
Given 0 < 0 < 1, we define the Cauchy function C' = C); by

C(o) := sup e " = sup ——e¢ (5)
leN en M,
where the sequence p was defined in (4): that C(o) is finite for all o > 0 follows from (and
in fact is equivalent to) (H2)) which guarantees that p has a sub-exponential growth. Let
us first remark that v, > vy = 1 (this follows from (HI)) and the normalization) and thus

C(o) =sup(l + Dye " > sup(l + 1)e " > (eo) ™. (6)
leN leN

Clearly, the supremum in () is in fact a maximum and the function C' is thus continuous
on ]0, 1[. Besides, there exists some 0 < & < 1 which depends only on the sequence M such
that C(0) =1 for any ¢ < 0 < 1 (we will assume that ¢ is minimal with this property);
the interesting limit is when o goes to zero (in the discussion above, this corresponds to
s’ = s(1 — o) and the limit s’ — s amounts to 0 — 0). For 0 < o < 7, the function C' is
then decreasing, and so the restriction

C:10,6] — [1,+o0]
is a homeomorphism, which has a continuous decreasing functionnal inverse
C~t:[1,400[-]0,5].

The behavior of C(¢), as o tends to zero, translates into the behavior of C~!(y), as y tends
to infinity.

Let us now introduce another function, this one classically attached to the sequence
M, which we will call 2 = Q,;, and which is defined by

Qy) :==1n (sup ylMll) =sup (/Iny —In M) . (7)
leN leN

One can show (see [CC94] or [Thi03]) that this defines a function

Q: [0, +o00[— [0, 400]

9



which is continuous, constant equal to zero for y < 1 and strictly increasing for y > 1.
Clearly, Q(y) grows faster than In (yl) for any [ € N as y goes to infinity, but also

)
y—+o0 ln(y)

= +o00. (8)

For a periodic function f € Us(T"), letting f = >, ;. fje; be its Fourier expansion, one
easily checks that 2 controls the decay of the Fourier coefficients in the sense that

[fil < exp(=Q(slj])), JeZ" (9)

Here too, it is the asymptotic of the function 2 at infinity which is of interest to us, so to
make things more precise, let us introduce the following definition.

Let us say that two real-valued functions f and g of one variable, defined in the neigh-
borhood of u, u € {0,400}, are equivalent up to scalings (at u) if there exist positive
constants a and b such that

flax) < g(z) < f(bx), z — u.
In the sequel we shall simply write f(z) < g(x) without referring to the precise value u.
Example 2. Let us come back to the Example [Il where
Mo = (I")ien,  pa = (14 1)")ien.
Clearly, (HI) and (H2)) are satisfied, and simple computations lead to
Clo)y=o2 CHy) =y Qy) =y~

In the above example, one remarks that the inverse of {2 is equivalent up to scalings
(at infinity) to the functional inverse of C. Let us give a name to sequences with such a
property: a sequence M will be called matching if

Ctx1/Q (10)

where the functions C' and 2 have been defined respectively in (B) and (7). In the sequel,
matching sequences will play a special role: these will be the sequences for which we will
be able to compare in the sharpest way stability results (KAM, Nekhoroshev) to instability
results (destruction of tori, Arnold diffusion).

1.4 An arithmetic condition for ultra-differentiable functions

Given wy € R", define the function

Wy, [1,400) = [Wy, (1), +00], @+ max{|k-wo|™ | k€Z" 0< |kl <Q}. (11)

10



This function ¥, measures the size of the so-called small denominators. We will impose
a condition that prevents ¥, from growing too fast at infinity; the precise condition will
actually depends on the sequence M through C~!, the inverse of the Cauchy function C
we introduced in the previous section.

But first let us recall that the function ¥, is non-decreasing (thus with a countable
number of discontinuities) and piecewise constant. In the sequel, it will be more convenient
to work with a continuous version of W, : it is not hard to prove (see, for instance,
Appendix A of [BF13]) that one can find a continuous non-decreasing function ¥ : [1, c0) —
[W(1),+00) such that ¥(1) = ¥, (1) and

U (@) S ¥(Q) < ¥y (@ + 1), Q=1 (12)

Clearly, for all k € Z" \ {0}, we still have
| - wol > 1/ (|k])

and in the condition we will introduce below, one may use U instead of ¥,,,.
Let us now define the function

A1, 400) = [B(1),400), Q— QU(Q)
which is continuous and increasing; A has therefore a functional inverse
A7 [U(1), 400) = [1,400), ATlToA=AocAl=1Id

which is also continuous and increasing.
We are now ready to introduce our arithmetic condition adapted to M-ultra-differentiable
functions. We say that wy € BRy if, for any ¢ > 0,

“+oo . . dx
C™ (A7 (@) — < +o0, (BRwm)
A(1/c) Z

where C~! is the functional inverse of the Cauchy function C' defined in (&). This definition
is somewhat involved, which calls for a few comments and examples.

First observe that the condition (BRy]) is unchanged if one replaces C~! by a function
which is equivalent to it up to scalings. In particular, instead of using the function W,
we may as well use U,,, (the role of A~ will then be played by a generalized inverse of
Q — QV¥,,(Q)) as one can easily check from (I2) (see Appendix A of [BEF13] for more
details). The set [BRy]may be empty (see Example [6l below) or not. Before giving concrete
examples, recall that the set D, of 7-Diophantine vectors (7 > n — 1) is the set of vectors
for which there exists v > 0 such that ¥, (Q) < Q7 /v for all @ > 1. It is well-known and
easy to prove that D, is non-empty, and has full measure if 7 > n — 1.

Example 3. Let us come back to the Examples [I] and 2], where

M, = (I')en, C'_l(y) = y_l/o‘.

11



As we already pointed out, M, is matching. In this case, condition (BRy) is satisfied if
and only if

+oo 1
/A(l) ATyt < (Aa)

which is a condition we introduced in [BF17], and where it is shown to be equivalent to
the a-Bruno-Riissmann condition

0 (W,
/1 n<Ql+1(/§))dQ < 0. (BRa)

Let us denote by BR,, the set of vectors satisfying this latter condition. It is not hard to
check that BR,, is strictly included in BR if o/ < o and

maZlBRa \ UTZn—lDT
is non-empty.

Example 4. Given o > 1 and § > 0, let us now consider more generally the sequence
M, g defined by

l
(Map)o =0, (Mag)=1]](In(e—144)" 1>1.

=0
Clearly, M, = M, and (HI) and (H2) are satisfied. We have
pi = (7 +1)*(ne + 7))’
and elementary computations show that
Clo) = o (In(o™"))?, C(y) =y " (In(y))”*

but also
Q(y) = y'/*(In(y)) =
and so M, g is matching. In this case, condition (BRy) is satisfied if and only if

= a e
/Aa) (A T(m)tra T (BRa,s)

By extension, let us denote by BR,, g the set of vectors satisfying this latter condition, then
BR,, g is strictly included in BRy s if &/ < a or o =« and 5’ < 3, and

Na>1, 3>0BRag = Na>1BRa \ Ursp—1 D
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Example 5. Let us now give an example in which the growth of the sequence M is wilder.
Equivalently, it is sufficient to prescribe the sequence p, and let us choose

w = exp((In(1))?), M; ~ exp(I(In(1))?).
As before, one easily check that (HI)) and (H2]) are satisfied. One can then computes
C(o) < exp ((ln 071)2 +Ino 'Inln a*1>
and
C'(y) < exp (—(Iny — Inlny)"/?) .

Here, one can check that the sequence is not matching. But observing for instance that
given any d > 1, for y large one has

C~'(y) < (Iny)™

then one easily sees that the set of vectors satisfying condition (BRyj) contains all Dio-
phantine vectors (actually the inclusion is strict, though it is cumbersome to make the
condition (BRy)) explicit in this case).

To conclude, let us give another example in which the growth is so wild that no vectors

satisfy the condition (BRy).

Example 6. Let
pu = exp(I'?), My ~ exp(1*?).

Here too, (HIl) and (H2) are satisfied but it is easy to compute

1 _ 1
C(o) < exp <E) . CHy) =< Ty’

Again, this sequence is not matching. Recalling that A~!(z) grows at most like /" when
x goes to infinity (this is an easy consequence of Dirichlet’s box principle), one verifies that
the integral in (BRy) is always divergent, and hence the set (BRy) is empty.

1.5 KAM type results

Now let us come back to the Hamiltonian H as in (&), which we recall is given by

H(0,1) = h(I) + =f(0,1), (6,I)€T"x D
Vh(0) :=wy € R™.

The integrable Hamiltonian A is said to be non-degenerate at 0 € D if the Hessian matrix
V2h(0) € M,(R) has a non-zero determinant. The image of the map Oy : T" — T" x B,
0 — (0,0), is an embedded torus invariant by the flow of h carrying a quasi-periodic flow
with frequency wy. We shall prove that this quasi-periodic invariant embedded torus is
preserved by an arbitrary small perturbation, provided h is non-degenerate, H is M-ultra-
differentiable with M satisfying (HIJ) and (H2), and wy satisfies the BRy-condition.

13



Theorem A. Let H be as in (&), where H is (M, s)-ultra-differentiable with M satisfying
(HI) and (H2), wy € R™ satisfying (BRyl) and A is non-degenerate. Then there exists
0 < ' < s such that for all € small enough, there exists an (M, s')-ultra-differentiable torus
embedding O, : T" — T™ x D such that ©,,(T") is invariant by the Hamiltonian flow of
H and quasi-periodic with frequency wy. Moreover, ©,, is close to O in the sense that

|@w0 - @0|M,s/ S C\/g
for some constant ¢ > 1 independent of €.

Theorem [Al is deduced from a KAM theorem for a Hamiltonian with parameters, for
which a quantitative statement is given in § 3.1l In the analytic case M = M, this is a
result of Rilssmann [Riis01] and in the Gevrey case M = M,, o > 1, this is a result we
proved in [BF17]. Theorem [A] is more general, and it applies for instance to the family
M, s given in Example [ or to the more rapidly growing sequence described in Example
As Example [0l shows, if the sequence M grows too fast, the above result is actually void;
in the sequel when we will refer to Theorem [A] we will make the implicit assumption that
the BRy-condition is non-empty.

According to Theorem [A], the BRy-condition is sufficient for the preservation of an
invariant torus under an M-ultra-differentiable perturbation. A natural question is: is it
necessary? To this question, here we only bring a partial answer. Following Bessi [Bes00)],
one can show that if w = wy satisfies a condition (the condition (Byg), which is defined
below), the torus can be destroyed. In general, this condition seems unrelated to the BRy-
condition. In the case of matching sequences M = (M));en one can compare them easily. In
the case of moderate growth sequences M one can also compare the two conditions, albeit
more loosely, since the sequence M may then be upper and lower bounded by matching
sequences, as shown by lemma Recall that associated to M is a function €2 which was
defined in (7)), and that by definition M is matching if

C™Hy) =< 1/Qy), y~ +o0.

Theorem B. Given a > 1, assume that the vector w € R" satisfies the following condition:
there exists ¢ > 0 such that
In(7,(Q))

lim sup —————2~ > 0. B
oot Q(cQ) (Bw)

Then an invariant torus with frequency w can be destroyed by an arbitrary small M-ultra-
differentiable perturbation.

Thus the condition that wy does not satisfy (Byl), namely

- In(V,(Q)
Ve > 0, QLHJIrloo W =0, (RM)

is a necessary condition for Theorem [Al to hold true. Actually, we expect that this con-
dition (Ryf) is a necessary and sufficient condition to solve the cohomological equation

14



associated to w in the M-ultra-differentiable case (in the case M = Mj, that this condition
is sufficient was shown in [Riis75]).
Now in the case where M is matching, condition (Ryf) is equivalent to

Ve>0, Ql_i)r}rloo C™HeQ) In(V,(Q)). (13)

It is not hard to check that in general, condition (BRy) implies (I3]) but clearly they are
not equivalent to one another, so, in the matching case, there remains a gap between the
sufficient and necessary conditions.

Looking at the family M, the necessary condition (Ry) reads

lim In(¥,(Q))

Q—+o0 Ql/a =0

which shows that one cannot improve the value of the exponent in the sufficient condition

T In(Py, (Q))
More generally, looking at the family M, 3, o > 1, § > 0, the necessary condition (R
reads 5/
1 *In(¥
i (@7 (W, (Q)) _ 0.
Q—+o00 Ql/a

which also shows that one cannot improve the values of the exponents in the sufficient

condition
[ ey,
aqy T(A7H(x))e

So the gap between the condition (BRy]) and condition (Ry) is narrow; in turn, this means
that Theorem [Alis quite accurate if one restricts attention to matching sequences. For non-
matching sequences, Theorem [A] still gives a non-trivial result (see the Example [H), albeit
not necessarily accurate.

T < Q.

We also have variants of Theorem [A] in the case where h is iso-energetically non-
degenerate or the perturbation depends periodically on time.

We say that the integrable Hamiltonian h is iso-energetically non-degenerate at 0 if the
so-called bordered Hessian of h,

(5 39)

has a non-zero determinant. Under this assumption, the unperturbed torus I = 0, with
energy h(0), can be continued to a torus with the same energy but with a frequency of the
form Awg for A close to one.

15



Theorem C. Let H be as in (), where H is (M, s)-ultra-differentiable with M satisfying
(HI) and ([H2), wo € R™ satisfying (BRyl) and h is iso-energetically non-degenerate. Then
there exists 0 < s’ < s such that for all € small enough, there exist A € R* and an (M, s)-
ultra-differentiable torus embedding O, : T" — T" x D such that ©,,(T") is invariant
by the Hamiltonian flow of H, contained in H~!(h(0)) and quasi-periodic with frequency
Awg. Moreover, A is close to one and ©,, is close to © in the sense that

‘)\_1| SC\/E, |@w0_@O‘M7s’ SC\/E
for some constant ¢ > 1 independent of «.

We can also look at the non-autonomous time-periodic version; we consider a slightly
different setting by looking at a Hamiltonian function H : T" x D x T — R of the form

H(0,1) = h(I) +€f(6,1,1), @
*
Vh(0) :=wy € R™.
It is better to consider the unperturbed torus / = 0 as an invariant torus for the integrable
Hamiltonian h : D x R — R defined by h(1,J) := h(I) + J: it is then quasi-periodic with
frequency @y := (wo, 1), has dimension n + 1 and is the image of the trivial embedding
Op:T"xT—T"x D xT.

Theorem D. Let H be as in ), where H is (M, s)-ultra-differentiable with M satisfying
(HI) and (H2), wy € R™ satisfying (BRyl) and A is non-degenerate. Then there exists
0 < s < s such that for all € small enough, there exists an (M, s’)-ultra-differentiable
torus embedding O, : T" x T — T™ x D x T such that ©,,(T" x T) is invariant by the
Hamiltonian flow of H and quasi-periodic with frequency @,. Moreover, (:)WO is close to O
in the sense that

|éwo — éo|M,s' < /e

for some constant ¢ > 1 independent of €.

Theorem [Cl and Theorem DI are essentially equivalent statements and can be easily
deduced from Theorem [ALl in the analytic case details are given in [TZ10], Chapter 2, but
it is plain to observe that the arguments still work in the ultra-differentiable case.

We can also state a discrete analogue of Theorem [Al Given a function h : D — R, we
define the exact-symplectic map

F,:T"xD—=T'x D, (6,I)— (0+Vh(),I).

Theorem E. Let F': T" x D — T" x D be an (M, s)-ultra-differentiable exact symplectic
map, with M satisfying (HIl) and (H2)) and such that

|F — Fh|a,so S E.

Assume that wy = VR(0) satisfies (BRyl) and that h is non-degenerate. Then there exists
0 < &' < s such that for all € small enough, there exists an (M, s’)-ultra-differentiable
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torus embedding O, : T" — T" x D such that ©,,(T") is invariant by F' and ©,,, gives a
conjugacy between the translation of vector wy on T" and the restriction of F' to O, (T").
Moreover, O, is close to © in the sense that

1Ouy — Oolis < cV/e
for some constant ¢ > 1 independent of €.

Let us recall that Theorem [A] follows from a KAM theorem for a Hamiltonian with
parameters; from this last theorem we will also deduce Arnold’s normal form theorem for
vector fields on the torus close to constant, in the ultra-differentiable setting.

Theorem F. Let M be a sequence satisfying (HI)) and (H2), wy € R™ satisfying (BRyl)
and X € Uy s(T", R™) a vector field on T™ of the form

X:w0+B, \B|M,s§,u

Then, for p sufficiently small, there exist a vector wj € R™ and an (M, s/2)-ultra-differentiable
diffeomorphism = : T" — T" such that X + w§ — wy is conjugate to wy via =:

E(X + wy — wo) = wo.
Moreover, we have the estimate
wg — wol < cp, [E = 1d|ars2 < cp
for some constant ¢ > 1 independent of .

Observe that because of the shift of frequency wj — wp, in general this result does not
give any information on the vector field X. Under some further assumption (for instance,
if wy belongs to the rotation set of X, see [Karl6]), then this shift vanishes and Theorem [E]
implies that X is conjugated to wy.

An even more restricted setting is when X is proportional to wy (so that the flow of X
is a re-parametrization of the linear flow of frequency wy and thus wy is the unique rotation
vector of X); Theorem [E] applies in this case to give a conjugacy to wp, assuming that wy
satisfies (BRy), but the proof is actually much simpler in this case (it boils down to solve
only once the cohomological equation) and should require the weaker condition that wy
satisfies (Ryf), as it is stated in the analytic case M = M; in [Fay02]. Still in [Fay02], it is
proved that for M = Mj, if wy satisfies (Byl), then there is a dense set of reparametrized
linear flow which are weak-mixing (and so cannot be conjugated to the linear flow); thus a
necessary condition for Theorem [F] to hold true is that wy satisfies (Ry]) (and this is also a
sufficient condition if we impose that X is proportional to wy). Clearly, this should extend
to the general case of an matching sequence and thus (Ryf) is a necessary condition for
Theorem [E] to hold true, as in Theorem [Al

Finally, to conclude this section, let us a give the discrete version of Theorem [El Given
wo € R”, let T,,, be the translation of T" of vector wy:

Ty : T —=T", 0+ 0+ wp.
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Theorem G. Let M be a sequence satisfying (HIl) and (H2), wy € R™ satisfying (BRy)
and T € Uy s(T™, T") a diffeomorphism of T" of the form

T:Two+Ba |B|M,S§/~’L

Then, for p sufficiently small, there exist a vector wj € R™ and an (M, s/2)-ultra-differentiable
diffeomorphism = : T" — T" such that T+ wj — wy is conjugate to 7, via =:

=1lo (T +wi —wp) 0 = =1T,,.
Moreover, we have the estimate
|lwg —wol <cp,  |E —1d|arse < cp

for some constant ¢ > 1 independent of .

1.6 Hamiltonian normal forms and Nekhoroshev type results

We are still considering a Hamiltonian H as in (@) but we write w instead of wy, that is

HO,1)=h(I)+cf(0,1), (0,1)eT*xD
Vh(0) := wy =w € R™\ {0}.

We do not assume that w is non-resonant, but we assume at least it is non-zero; without
loss of generality (up to a linear symplectic change of coordinates) it can always be written
as

w=(@,0) € RY x R"*
for some 1 < d < n and where w € R? is non-resonant. One can still define ¥,,, A, and
Al by
U,(Q) = Vs(Q), Au(Q):=0QV,(Q), Q=1
and

Ab(a) = sup{Q > 1| AL(Q) <}, &> T, (L).

Alternatively, one may also use their continuous and equivalent versions ¥, A and A~

From now on, let us denote by L, the linear integrable Hamiltonian of constant fre-
quency w, that is L,(I) = w - I. Our first result is a normal form statement up to a small
remainder, in the special case where the integrable Hamiltonian is linear.

Theorem H. Let H be as in (), where H is (M, s)-ultra-differentiable with M satisfying
) and ([{2) and h = L, with w = (@,0) € R? x R"? and & non-resonant. For all &
sufficiently small, there exists a (M, s/2)-ultra-differentiable symplectic transformation

@IT”XDUQ—)THXD

such that -
Hod=h+f+f
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where {f,h} = 0 and with the estimates

|(I) — Id|s/2 < Cllll(Ail(Cgsgil))g, |f|s/2 < e,
Flejz < crzexp (—es (CH ers A (ease 1) ™)

where ¢; > 1, o < 1, c3 < 1 and ¢4 < 1 depend only on n, w and the function C.

This result was known in the analytic case (see [Fas90], [P6s93]) and in the Gevrey case
([Boul3al). Theorem [Hlimplies the following “partial” stability result, in which we denote
by II; : R* — RY the projection onto the first d components.

Corollary 1. Under the assumptions of Theorem!H, for any Iy € D5 and any v > 0 such
that
201U (A (case™h))e < r < 1/4,

any solution (0(t),I(t)) of H with I1(0) = I, satisfy
Ta(1(t) — Io)] < 2r, |t| < &rse”'exp <—C3 (Cil(cﬁﬁfl(cz«%*l)))_l)

as long as 1(t) € Dyys, where ¢y > 1, ¢4 <1 <1, c3 <1 andcy <1 depend only on n,
w and the function C.

Let us point out that these stability estimates actually apply to any solution; indeed,
if 1(0) € Dy_4 for an arbitrary but fixed 6 > 0, one would obtain

[Ma(1(t) = 1(0))] < &

for the same interval of time as long as I(¢) stays in the domain, upon letting the constants
and the smallness assumption depend on §. For convenience only, we sated the result for
any solution with I(0) € D;/s and the restriction on time was that I(t) stays in Dy/. In
general, this result does not give a confinement of the action variables for a long interval
of time because it may well happen that the orbit escape the domain very quickly; the
only exception is when d = n, that is when w is actually non-resonant. The next corollary
follows at once from the preceding one.

Corollary 2. Under the assumptions of Theorem[H and in the case where w = @ € R" is
non-resonant, for any Iy € Dy5 and any r > 0 such that

21U (A (case™h))e <7 < 1/4,
any solution (0(t), I(t)) of H with I(0) = Iy satisfy
(I(t) = Io)| < 2r, [t] < Evrseexp (s (O eas A (5= ™)) )
where ¢ > 1, ¢ <1 ey <1, c3<1 andcy <1 depend only on n, w and the function C'.
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A natural question is whether these last estimates can be improved in general. With-
out any assumption on the sequence M = (M;);en, we can always construct an example
of unstable orbits with controlled speed in the special case where the integrable Hamilto-
nian h is linear. In the statement below, for convenience we will measure the size of the
perturbation f not by its norm but rather by the norm of its Hamiltonian vector field X;.

Theorem I. There exist a sequence of Hamiltonians H; = h+ f; = L, + f; as in (@) where
w= (@,0) € R x R"? with & non-resonant and

|ij|5 < 20€j, lim &; = O,

Jj—+oo
such that H; has a solution (0;(t), [;(t)) which is globally defined and satisfies
[tle; exp (—Q(16msAL(2;)) < [a(L;(t) — L;(0))] < [tle; exp (—Q(8msAL((225) 7)) -

In the analytic case, this theorem was proved in [Boul2] and then extended in [Boul3al
in the Gevrey case.

In general, this last statement is not related to Theorem [H] or Corollary [ because it
is the function €, and not C~!, which measures the speed of instability. Yet for matching
sequences, for which by definition 1/Q is equivalent to C'~!, Theorem [ shows that in
general one cannot improve the conclusions of both Corollary [l and Theorem [Hl

Theorem [HI gives a global normal form for a linear integrable Hamiltonian h = L, and
Corollary [l gives a global stability result. For an arbitrary nonlinear integrable Hamiltonian
h, these global results translate into local results, valid on a small ball of radius p > 0
around the origin. The only results we can obtain have an anistropic character, so for a
given p > 0, it is convenient to introduce the scalings

o0, 1) := (0,pD), o' (6,1) := (6,p'1).
Clearly, o, is a diffeomorphism between T" x D and T" x D,

Theorem J. Let H be as in (&), where H is (M, s)-ultra-differentiable with M satisfying
I) and (2) and w = (©,0) € R? x R" ¢ with & non-resonant. For all ¢ and all p
sufficiently small with

Ve<p<l,
there exists a (M, s/4)-ultra-differentiable symplectic transformation

O:T" x Dy —T" x D,

such that -
Hod=h+f+f
where {f, L,} = 0 and with the estimates

o, o® oo, —Id|yu < WU(A casp™!))ple,  |f ooyl < e,
0 0pla < creexp (—e (CHeasAHeasp™))) )

where ¢; > 1, ¢ <1, c3 < 1 and ¢4 < 1 depend only on n, w, |h|s and the function C.
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In the analytic or Gevrey case, a similar result but with weaker estimates was obtained
in [Boul3al. As before, Theorem [Jlimplies the following “partial” and local stability result.

Corollary 3. Under the assumptions of Theoremld, for any Iy € D,/s and any r > 0 such
that
201U (A (cpse™))e <7 < p/4,

any solution (0(t), I(t)) of H with I(0) = Iy satisfy
[I(t) = Io| < 2r, |t| < é&rse™ exp (—03 (Cfl(C4SA71(623P71)))71)

as long as I(t) € Dyja, where c; > 1, ¢ <1 ¢y <1, c3 <1 andcy <1 depend only on n,
w, |h|s and the function C.

Again, we also have the special case where the frequency is non-resonant.

Corollary 4. Under the assumptions of Theorem[] and in the case where w = & € R" is
non-resonant, for any Iy € D,s and any r > 0 such that

201U (A (cpse™))e <7 < p/4,
any solution (0(t), I(t)) of H with I(0) = Iy satisfy
[1(t) = Io| <2r, |t] < cirse™ exp (—03 (Cfl(C4SA71(623P71)))71)

where ¢y > 1, ¢ <1 ¢y <1, c3 <1 andcy <1 depend only on n, w, |h|s and the function

C.

For an arbitrary non-linear integrable Hamiltonian, one can only obtain local and partial
stability result; moreover we do not have an equivalent of Theorem [l as Corollary B can be
improved in many cases.

In order to obtain global and full stability, one needs a further assumption on the
integrable part. Let us say that h : G — R is quasi-conver on some domain G C R™ if
there exist positive constants [ and m, such that for all I € G, it satisfies the following two
properties:

IVh(I)| > 1 (14)
and at least of the inequalities
[VA(I)- €| > 1j¢],  [V2R(I)E - €] = ml¢]® (15)

is satisfied for any £ € R". To emphasize the role of the constants [ and m, we say that h is
(I, m)-quasi-convex. This definition is slightly more restrictive than the one used in [P6s93],
as (I4)) is not assumed in the latter reference; we actually require h not to have critical
points just for convenience, in order to have a statement which is uniform in phase space
(this is not the case in [P6s93]). Observe that if we assume (I4]) and only the second part
of (I3 for all £ € R™ orthogonal to VA(I), then (X)) is actually satisfied for a possibly
smaller constant [ (see [MS02] for instance).
Under this quasi-convexity assumption, we will prove the following result.

21



Theorem K. Let H be as in (), where H is (M, s)-ultra-differentiable with M satisfying
(1) and ([H2) and A is (I, m)-quasi-convex. For all ¢ sufficiently small, any Iy € Dy, and
any solution (0(t), I(t)) of H with I1(0) = Iy, we have

1 1 _1
1(t) = Io] < ers(s ), |t] < &rsexp ( (07 (ess(s=)) )

where ¢; > 1, co < 1 and ¢z < 1 depend only on n, |h|s, [, m and the function C.

In the analytic case M = M, this theorem is due to Nekhoroshev ([Nek77],[Nek79])
with an exponent worse than 1/(2n); the acutal value 1/(2n) was later obtained in [Loc92],
[LN92], [LNN94] and [P6s93]. The Gevrey case M = M, for « > 1 was established
in [MS02], and so our Theorem [K] further extend these results for any sequence M satisfying
(HI) and ([H2).

As before, the natural question is whether these stability estimates can be improved
in general, and to do so, one has to construct unstable orbits. As a matter of fact, the
exponent 1/(2n) in the time-scale of stability in Theorem [K] can be improved if one is
willing to allows a drift arbitrarily close to one (that is, replacing the drift in the action
variables of order /™ by a drift of order € with b arbitrarily close to zero). In the
Gevrey case M = M, for a > 1 (thus including the analytic case), it was proved in [BMI11]
that one can get an exponent arbitrarily close to 1/(2(n — 1)) and in the analytic case, it
was proved in [ZZ17] that one can get an exponent arbitrarily close to 1/(2(n — 2)).

For analytic Hamiltonians, this ends the question of optimality as examples of unstable
orbits with exponent 1/(2(n—2)) where constructed in [Bes96] for n = 3, [Bes97] for n = 4
and [Zhall|] for n > 5. For Gevrey non-analytic Hamiltonians « > 1 a similar result was
obtained in [MS02], but the latter crucially use the assumption that the space of a-Gevrey
functions contains bump functions.

For a given sequence M = (M;)en, it is said to be non-quasi-analytic if the following
condition is satisfied:

The sequence (1/py)ieny = (M;/M11)en is summable, i.e., Z M /My < +o00.  (H3)
leN

Due to a famous theorem of Denjoy-Carleman, this condition exactly characterizes classes
which are non-quasi-analytic; we recall here that a function (say, on the real line) is quasi-
analytic if it vanishes identically if and only if its formal Taylor series vanishes at some
point. Actually, non-quasi-analytic classes contain bump functions (with arbitrarily small
support) and this follows from the proof of Denjoy-Carleman theorem.

As it turns out, we are not able to use the mechanism of [Bes96], [Bes97] and [Zhall]
but we can still use the construction of [MS02], for a sequence M which satisty (HIJ), (H2l)
but also (H3). Here is a precise statement.

Theorem L. Let n > 3. There exist a sequence of Hamiltonians H; = h + f; as in ),
where H; is (M, s)-ultra-differentiable with M satisfying (HI)), (H2) and (H3), h satis-

fies (I4) and (I5]) and

|fils < ey, jEELHOOEj =0,
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such that the following holds. The Hamiltonian H; has a solution (6;(¢),;(t)) which
satisfies
|1;(7j) = 1;(0)] = 1

where 7; > 0 satisfies, for j large enough, the estimates

— 5ty 1
exp (29 (claj 2("2))) <7; <exp (29 (025]' 2("2)))

for positive constants ¢; < ¢o < 1 which depend only n, s and the sequence M.

Leaving aside the question of the exponent 1/(2(n — 2)) that we already discussed,
Theorem [] says that Theorem [Kl is essentially optimal, at least for matching sequences
which satisfy (H3).

To conclude, we recall that Nekhoroshev actually proved Theorem [K] in the analytic
case not only for quasi-convex functions, but for a much larger and generic class of functions
that we now define.

We say that a differentiable function h : G — R is steep on some domain G C R" if
there exist positive constants [, L, 9, p;, for any integer 1 < j < n — 1, such that for all
I € G, we have |VRh(I)| > [ and, for all integer 1 < j < n — 1, for all vector space A € R"
of dimension j, letting A = I + A the associated affine subspace passing through I and h,
the restriction of h to A, the inequality

. ) ;
jpax . min |Vhx(I") = Vhy(I)| > L&Y
holds true for all 0 < £ < §. As before, to emphasize the role of the constants we say that
his (I, L, 6, (pj)i<j<n—1)-steep on G and, if all the p; = p, we say that h is (I, L, J, p)-steep
on G.

One may easily check that quasi-convex functions are steep, and in fact they are the
“steepest” as one has p = 1 in this case (in general p; are integers larger than one).
But steep functions form a much larger class of functions and among sufficiently smooth
functions they are generic in many senses (see [Nek79] or [BENIT]).

The original proof of Nekhoroshev, in the analytic case, was dealing with steep in-
tegrable Hamiltonians but the values of the stability exponents, which depend on the
steepness exponents p; for 1 < j < n, were not very sharp and even restricted to the quasi-
convex they would be of order 1/n? which is obviously worse than the exponent 1/(2n) of
Theorem [Kl A different and somehow simpler proof was given in [BN12], using only rough
periodic approximations, but leading also to bad values for the exponents; the interest
was that this method was flexible enough to give results in the Gevrey (and even finitely
differentiable) case, see [Boull]. Sharp exponents, generalizing those of the quasi-convex
case, were finally obtained in [GCB16] but so far it is restricted to the analytic case. So in
the more general setting of ultra-differentiable functions we are considering here, we were
not able to extend the results of [GCBI16], but we will manage to use the method originally
introduced in [BN12| to obtain the following result.
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Theorem M. Let H be as in ([®), where H is (M, s)-ultra-differentiable with M satisfying
(1)) and (H2) and & is (I, L, , p)-steep. For all e sufficiently small, any Iy € D/, and any
solution (6(t), I(t)) of H with I(0) = Iy, we have

1(8) = To| < crema,  [t] < sexp (02 (Cil <633(51)2flw>>_1>

where a := (np)"~! and ¢; > 1, ¢; < 1 and c¢3 < 1 which depend only on n, |h|s, I, L, §, p
and the function C.

As we already explained before, the value of the exponent 1/(2na) is very bad here and
one should expect better exponents such as those obtained in [GCB16]. However unlike
the quasi-convex Theorem [Kl which comes with Theorem [l to test the optimality of the
exponents, we do not have such instability result in the steep non-quasi-convex case; this
is actually an open problem in any regularity, including the analytic one.

2 Estimates on ultra-differentiable functions

Let us start by recalling some notations and definitions. Given an integer m > 1 and
k= (ki,...,ky,) € N we define

m m
Bl = ki, k'=]]k
i=1 i=1
Given x € R™, we set
m
zF = fo’
i=1

and for a smooth function f : B — R defined on some open ball B C R™ (see Remark [I]
at the end of § 2.1] for functions defined on an open set of R™ x T™) and a € B, we set

0" f(a) =0y} - 0y f(a).

Given a sequence M = (M;);eny with My = M; = 1 and s > 0, recall from § [[.2] that the
function f is said to be (M, s)-ultra-differentiable if

|flare := csup <Sup (] + 1)25|0% £ (a)

< o0, c:=47n%/3. 16
aeB \keNm Mg, ) / (16)

The space of such functions will be denoted by Uy s(B), and, equipped with the above
norm, it is a Banach space. On the one hand, the role of the factor (|k| 4+ 1)? is to make
easier the estimates for the product and for the composition of ultra-differentiable functions
(see respectively Lemmas [l and [4]). On the other hand, the role of the normalizing
constant ¢ > 0 in the definition is to ensure that Uy s(B) is a Banach algebra with respect

24



to multiplication (see Lemma [[I). The factor (|k| + 1)? is only here for convenience and
it can be removed (see § 2.4 and § 2.7]); then one has to choose a different normalizing
constant to turn Uy, s(B) into a Banach algebra.

The above definition can be extended to vector-valued functions f = (fi)1<i<p : K — RP
for p > 1 by setting

0 f(a) == > [0"fi(a)], a€K
1<i<p

in ([I6). The space of such vector-valued functions is still a Banach space with the above
norm, and it will be denoted by Uy (B, RP). The case of matrix-valued functions, say
with values in the space M,,,(R) of matrices with m rows and p columns, is reduced to
the case of vector-valued functions by simply identifying M,, ,(R) to R™P.

In the sequel, to lighten the notations, we will simply write |.|s (respectively Us(B)
and Us(B,RP)) instead of | . |ps (vespectively Unss(B) and Uy (B, RP)).

2.1 Majorant series and ultra-differentiable functions

The definition of ultra-differentiable functions can be conveniently reformulated in terms
of majorant series with one variable (see [Kom79], [Kom80] and also [SCKO03]).

But first let us consider a formal power series in m variables X = (X1,...,X,,) with
coefficients in a normed real vector space (F,|.|g), which is a formal sum of the form

AX) = ) AX, Ap = Ay

keN™m

.....

Such a formal series is said to be majorized by another formal power series with real
non-negative coefficients

B(X) = Z ByX* By = By, €RT,
keNm
and we write A < B, if
|Ax|lp < Bk, VkeN™. (17)

Next, following [SCKO03], we introduce a notion of a smooth function being majorized by
a formal power series in one variable. So let f : B — RP be a smooth function defined on
some open ball B C R™, and F' be a formal power series in one variable with non-negative
coefficients, that we shall write as

+oo
F
F(X) = l—!le.

=0

We will say that f is majorized by F on B, and we will write f <p F' (or f(z) <p F (X)),
if for all a € B and all £ € N™, we have

0% f(a)l < Fiwy. (18)
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It will be usefull to rephrase this relation in terms of the formal Taylor series of f at points
a € B (taking values in RP), defined by

T.f(X) =) %!(CL)X’“.

keNm™

To the formal series F' in one variable, one can associate a formal series I’ in m variables
simply by setting

A

F(X0, o X)) = (X1 4+ Xn).
Then
f<p F inthesense of (I8) & Va € B T,f < F in the sense of (I7)
(with E=RP and |.|g =|.|n).

Now, given a sequence M and s > 0, let us define the following formal power series in
one variable

U.(X) ::clfﬁ% (é)l:clfaﬂy (é)l c—4n?/3 (19)

1=0 =0

(recall from (@) that we have defined N; := M;/I!). The following characterization of
ultra-differentiable functions is evident from the definitions (I€) and (I§]).

Proposition 5. If f : B — RP is a smooth function and s > 0, then
| fls = inf {C € [0, +o0] | f <p CUs}

and
[ €U (B,RP) & | f|s < 0.

Remark 1. Note that being an ultra-differentiable function is a local property. So the
above immediately translates for functions defined on an open subet of the product of T"
and R™, by merely considering any local chart at any point of the torus. These definitions
thus encompass the space U;(T" x D, RP) introduced in §[L.2

2.2 Properties of majorant series

We collect here some properties of majorant series that will be used later on. It is clear
how to define the derivatives of a formal power series in one variable, and also a linear
combination and the product of two such formal power series. We then have the following
lemma.
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Lemma 6. Let f,g: B — RP be smooth functions, F,G be two formal power series in one
variable, and assume that
f <<B F7 g <<B G

Then
If<gdE  keN™ (20)
M+ pg <p IMNF+|p|G, AeR, peR. (21)
Moreover, the scalar product f-g = "_, figi - B — R satisfies
f-9<p FG. (22)

For a proof, we refer to [SCKO03|, Lemma 2.2, in which the case p = 1 is considered;
but the general case p > 1 is entirely similar.
Given two formal power series in one variable F' and G, we define the composition

F G of Fand G by

FOGX) =Y % (G(X) - G(0).

1=0
Lemma 7. Let f : B — RP, g : D — R™ be smooth functions where B and D are open
balls of R™ such that g(D) C B, and assume that

f < B F, g <p G.

Then
fog<p FOG.

Once again, for a proof we refer to [SCK03], Lemma 2.3.

2.3 Derivatives

In this section, we will show that derivatives of a M-ultra-differentiable function are still
M-ultra-differentiable, at the expense of reducing the width parameter s > 0; these are
analogues of Cauchy estimates for analytic functions. It is precisely at this point that the
assumption (H2) on the sequence M is needed and that the Cauchy function C' comes into
play.

Proposition 8. Let f € U (B,RP) and 0 < o < 1. Then for any k € N™ with |k| = 1,
oFf e Gsi-0)(B,RP) and we have

|akf|8(1—0) < 5710(0)‘f|s-

We have stated the above proposition only for & € N™ with |k| = 1 as this is the
only case we shall need; but clearly one could obtain an estimate for any £ € N™ by a
straightforward induction.
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Proof. From Proposition [l and (20) of Lemma [@] it is sufficient to prove that
81Us < 8710<0)U8(1_0) (23)

where Uy is the formal power series defined in ([I9). We have

+00 - Foo
1 M, X1 1 My, X!
1 ) — 1 1 _ -1 +1

0U(X)=c E (120 =1) o Z(l+2)2 TR

=1 =0

and hence (23)) is true if, for all [ € N,

which is trivially true by the definition of the function C in (B) and since 1 — o < e for
0<o<1. O

For f: B — R, let Vf: B — R™ be the vector-valued function formed by the partial
derivatives of f of order one, and more generally, for f : B — RP, we let Vf : B —
M,, »(R) >~ R™ be the matrix-valued function whose columns are given by Vf; where
f = (fi)1<i<p- Then we have the following obvious corollary of Proposition 8l

Corollary 9. Let 0 <o < 1. If f e U(B,R), then Vf € Usa_o)(B,R™) and
|vf|8(1—a) < m5_10(0)|f|8
and if [ € Us(B,RP), then Vf € Uyq—q)(B,R™) and

IV flsa—oy < mps~'C(0)|f]s.

2.4 Products

In this section, we shall prove that the space of M-ultra-differentiable functions is stable
under multiplication, provided ([HI) is satisfied.

Proposition 10. Let f, g € Us(B,RP), with M satisfying (HI)). Then f-g € Us(B,R) and
we have
|f - gls < [flslgls:

Once again, in view of Proposition [l and ([22) of Proposition [6] Proposition 00 is a
direct consequence of the following lemma.

Lemma 11. We have
U2 < Us.

To prove this lemma, we will need another elementary lemma which makes use of the

condition ([HIJ).
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Lemma 12. If M satisfies (HI)), then
NN, < Nijw, (L k) € N2
Proof. Since the sequence v is increasing and Ny = 1, we have
NN, =vy... v qVy.. Vg1 S Vy... V1V ... Vsk—1 = Nppg.
O

The proof of Lemma [Tl given below follows [Lax53]. Observe that we only need the
conclusion of Lemma [[2, which is thus weaker than the condition (HIJ). It is this latter
lemma that motivates the introduction of the normalizing constant in U (and thus in the
ultra-differentiable norm); without this constant one would have U? < cU,. Let us point
out that the proof given below is elementary thanks to the factor (|k|+1)? in the definition
of the norm (I6]) (which gives the factor (I+1)? in the defintion of Uy); without this factor,
the statement is true (with a different normalizing constant) but the proof is more involved
(see Lemma 2.7 of [SCKO03| for the sequence M, a > 1).

Proof of Lemmallll. Recall that

+o00 l +o00 l

_ 1 M (X _ N, X

X)) = ¢! E = T} =t E -
Us(X) = — (I+1) 1! (s) ¢ l:0<l+1)2<8)

and so the assertion of the lemma amounts to prove that for all [ € N,

2
NN” <o AT (24)
A= 1 = 3

QMN

Observe that the sum in the left-hand side of (24)) is symmetric with respect to j +— [ — 7,
and that from Lemma [I2, N;N;_; < N, for all I € N and all 0 < j <[. Hence,

= (j+1)? l—g+1)2—j:0(j+1)(l—g+1 M «(j+1 l—y+1)

Then for any 0 < j <1/2, (I—j+1)> > (1/2+1)? > (I + 1)?/4, and therefore

l /2 +00
Z N;N,_; < 8N, Z IR 8N, 3 1 _4ar N
S G =g+1)? T (+ 12 G+ T (12 G+ 3 (1+1)°

which is the inequality we wanted to prove. O

29



Proposition [I0 can be extended to matrix-valued functions. More precisely, given f :

=J =P t=xhv >

we define f-g: B — My, ,(R) by f-g:=((f"9)ir)i<i<m, 1<k<q Where
p
(f-9)ix = Z fi9i k-
=1

Then the following statement is an obvious corollary of Proposition [I0l

Corollary 13. Let f € Us(B, My, ,(R)), g € Us(B, My, 4(R)). Then f-g € Us(B, My, 4(R))
and we have

f - gls < [flslgls.

2.5 Compositions

Our goal here is to prove that the space of M-ultra-differentiable functions is stable under
composition, provided M satisfies (HI), at the expense of reducing the width s > 0 as
with derivatives. The main point is that we will be able to reduce the width by a factor
arbitrarily close to one provided the composition involves a map arbitrarily close to the
identity.

But first we need to define two additional formal power series associated to Us, the

latter being defined in (I9). So we define U, by

0.0 = 000 - 00 = Y e (5 (25)

and U, by

+00 !
- _ Ny (X
(X)) =t — | - 2
belX) =e z;(lw)?(s) -
It is clear that . _
sTIXTL(X) = U,(X). (27)
Lemma 14. We have ~ ~ o _
U82 << Us, USUS << US'

As for Lemma [TT], the factor ({4 1)? in the definition of U, makes the proof simple, but
the statement is still true with this factor (see Lemma 2.4 of [SCK03] for the sequence M,,
a > 1). To prove Lemma [[4] we shall need the following preliminary lemma, in which we
use the assumption (HI).

Lemma 15. If M satisfies (HIl), then

NN, < Niyg_q, (l, k‘) e N? \ {O}
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Proof. We assume, without loss of generality, that [ > 1. Since the sequence v is increasing
and Ny = 1, we have

NlNk =ly...Vi_1WolV1 ... VE—1 S ... "1 ...Viyg—2 = VON1+k_1
and the result follows since we normalized vy = N; /Ny = 1. O

Observe that exactly as for Lemma [IT], we only need the conclusion of Lemma [I5 to
hold true, which is thus weaker than the condition (HIJ).

Proof of Lemma[1j. 1t is enough to prove the first part of the statement, as the second
part of the statement follows from it; indeed, if U? < Uy, then using (27) we have

U (X)Us(X) = s ' XU((X)U,(X) < s XU,(X) = Uy(X).
As in Lemma [IT] to prove that U? < U, one needs to show

I
Z NN < Ny .o 4 (28)

= Gr 2R+ 28 = v ap 3

The sum in the left-hand side of (28§]) is still symmetric with respect to j — [ — j, and for
any | € N and any 0 < j <[, we have N;;1N;_j11 < Nj4; by Lemma [[5l Therefore

l 1/2 1/2
N, N: 1N 1

]+1 l—j+1 JH+14Vi—j+1

E <2 E < 2N, E .

(2P —j+2P T T 2P - +22 T T 2P -+ 2

Moreover, as in Lemma [T}, for any 0 < j <1/2, (I —j+2)* > (I/2+2)* > (1+2)?/4, and
so the last inequality leads to

! 12
Z NjaNi_j < 8Ny 1 Z 1 < 4m® N
(

G+22(0-j+2° ~ (1+22 & (j+2?2~ 3 (1+2)

Jj=

which concludes the proof. O

Proposition 16. Let f € U (B,RP), 0 < 0 < 1, g € Usa—_o)(D,RP) where B and D are
open balls of R™ such that g(D) C B. If

|g - Id‘s(l—a) < S0, (29)
then fog € Usa—o)(D,RP) and

|fog‘s(1—a) < ‘f|s
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As it will be clear in the proof, the conclusions of Proposition [I6 holds true under the
slightly weaker assumption that

[U|s(1—0y — sup |u(z)| < so
reB

but this will not be needed.
Proof. Let uw =g —1d € Us(1—-»)(D,RP) and
a = |f|87 b:= |u|s(1—a)
so that, from Proposition [
fz) < alUs(X),  u(z) <p bUsa-0)(X)

and consequently
f(l‘) <B (IUS(X), g(fE) <p X + bUS(l—O’) (X)

We now apply Lemma [7 and, recalling the definition of U, and U, given respectively in 25)
and (26]), we obtain

flgle)) < als (X +0Usa-0)(X))
= aUy(0) + aUs (X + bUs1-0) (X))
—  alU,(0) + aU, (X +b(s(1 — 0)) " X Ty1o (X))
+oo

N (X b(s(1— o) X Ty (X))
_ QUS(O)M;(Hll)Q( (o1 = 2) Xt >>

— all(0)+ aj:zl (zivilw (%)l (14 b1 = 0)) Vi1 (X))l (30)

From the first part of Lemma [I4], for any j € N, we have

Us—o) < Ust-0)

and therefore
(1 +b(s(1 — a))_lﬁs(l_g)(X)y = ZZ: <l.)bj(s(1 — cr))_jUsa—g)(X)j

< Usa-o)(X) zl: <Z.)bj(8(1 — )™



Now, from (29) we get
b=|ulsq_0) < s0
and thus
L+b(s(1—0) ' <l4+o0(l-0)'=(1-0)"
This gives

l ~
(14 b(s(1 = ) U1 (X)) < Oupaop(X)(1 = )"
which, together with (30), yields

. =y, x Y
flo(z)) < aUs<0>+aUs<1—o><X>l§;<z+1>2( >>)

= alUy(0) + alUsa-0)(X)Us1-0) (X)-
Using the second part of Lemma [I4] this gives
f(g(z)) <p aUs(0) + aUsq—o) (X)
and since U,(0) = Us1-6)(0), we arrive at
F(9(x)) <p a(Us-0)(0) + Usr-0) (X)) = alUs1-0) (X).

Using Proposition [, we eventually obtain

|f Og|3(170) <a= |f|8

and this concludes the proof. O

2.6 Flows

The goal of this section is to show that the flow of a M-ultra-differentiable vector field
is M-ultra-differentiable, under the assumptions (HIJ) and (H2), and to obtain a norm
estimate on this flow in terms of the norm of the vector field; to prove this we will use the
estimates on derivatives, products and composition we already obtained in §[2.3] § 2.4l and
§ and the classical contraction fixed point theorem.

Here we will consider a situation adapted to the applications in § [l and § @} that is we
consider functions H = H(0, I,w) which are defined and ultra-differentiable on a domain
of the form

T" x D, x Dp(wp) C T" x R" x R"

where D, is the open ball of radius r > 0 centered at the origin and Dy (wp) is the open
ball of radius h > 0 centered at a vector wg € R™. In the statements below, the variables
w € Dp(wp) play the role of a fixed parameter, hence to simplify the notations we will
explicitly suppress the dependence on w € Dy (wp).

Let us first start with a vector-valued function D : T" — R" which depends only on
0 € T", and that we shall considered as a vector field on T".
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Lemma 17. Given D € U(T™",R"™), let 0 < 0 < 1 and assume that
D, < so. (31)

Then for any t € [0, 1], the time-t map D' of the flow of D belongs to Ui—o)(T™, T") and
we have the estimate
|D* —1d|5(1-0)2 < t|Ds. (32)

Observe that the width decreases from s to s(1 — ¢)? because we will have to apply
consecutively Propositions [I6 and [§ (or, more precisely, Corollary [@]), and each application
induces a decrease of s by a factor 1 — o.

Proof. The fact that D' is smooth and defined for all ¢ € [0,1] (in fact, for all ¢ € R)
follows from the compactness of T" and the classical result on the existence and uniqueness
of solutions of differential equations (even though this will essentially be re-proved below);
the only thing we need to prove is the estimate (82), and clearly it is sufficient to prove
that for all ¢ € [0, 1],

D'~ | < DI

So let us consider the space V' := C([0, 1],Us—y2(T", T")) of continuous map from [0, 1]
t0 Us(1—y2(T", T™): given an element ® € V and t € [0, 1], we shall write ®* := ®(¢) and
consequently ® = (®*)yci0,1). We equip V' with the following norm:

P|| = D 1_0
10} := max [©]sq—o:
which makes it a Banach space, and if we set p := |D|s, we define

B,V :={® eV |[|&—1d] < p}.
We can eventually define a Picard operator P associated to D by
P:B,V =V, &~ P(®)

where P(®) = (P(®)");c[0,1] is defined by
t
P(®) = 1d + / Do d7dr.
0

To prove the lemma, it is sufficient to prove that P has a unique fixed point ®, € B,V
as necessarily (®!);cio1] = (D")tejo,1). Therefore it is sufficient to prove that P sends B,V
into itself and that one of its iterate is a contraction, as B,V is a complete subset of the
Banach space V.

First we need to show that P maps B,V into itself. So assume ® € B,V using (31])
this implies that for all ¢ € [0, 1],

" — Id|5(1-0)2 < p < s0.
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Letting o* be such that (1 — 0)?> =1 — ¢*, we have o < ¢* and therefore
|(I)t — Id|8(1_0*) = |(I)t — Id|8(1_0)2 S SO S so*

so that (29) of Proposition [If] is satisfied (with f = D and g = ® for any ¢ € [0, 1]) and
the latter proposition applies: this gives

|DO(I)t‘S(1_U)2 = ‘Do@t‘s(l,o*) S |D|s = pP, t e [O, 1]

t
/ Do ®"dr
0

1P(®) - 1d]| < p.

This proves that P maps B,V into itself.
It remains to show that some iterate of P is a contraction. So let ®;,®, € B,V then
for any t € [0, 1],

hence
|P(®)" — Id| =

s(1—0)?

<tp<p, tel0,1]
s(1—0)?

and therefore

P(®y)f — P(dy)! = /Ot (Do ®] — Do ®5)dr
— /Ot (/01 VDo (s] 4 (1 — s)@;)ds> (D] — BT)dr

t
= /YT-(CI)I—CI)Q)dT.
0

Using (29), we can apply Proposition [I6 and together with Corollary [, we obtain, for any
0< <,
Y7 |s1—0)2 < |VD|sa—0y < n?s'C(c)|Dls.

Using Corollary [I3] this gives, for any ¢ € [0, 1],
IP@2) = P(@2)]aape < tns™C(0) D, ma [0 — 6510y

and hence, setting x := n?s~'C(a)|D|s,

max |P(D1)" — P(P2)"|s(1—0)2 < Kl max |7 — D3 |s(1-0)2

A well-known induction then gives, for any j € N,

J T J T ("{t)] T T
max [P?(®1)" — P/(®2)"|sa-0)2 £ ~—— max |[®] — O |,1_o)2

0<7<t gloosr<t
and hence setting t =1
: : K
[|P7(®1) — PP (@) < ﬁ||<1>1 — 0|,
This proves that some iterate of P is a contraction, which concludes the proof. O
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Now let us consider a Hamiltonian function X on T" x D, of the form
X(0,1)=Cc@O)+D@O)-1I, C:T"—=R, D:T"—R" (33)

The Hamiltonian equations associated to X are given by:

0(t) = VX (0(t), I(t)) = D(6(1)),
[(t) = —=VeX (0(1), I(t)) = —VC(6(t)) — VD)) - 1.

The equations for # are uncoupled from the equations of I (and hence can be integrated
independently), while the equations for I are affine in I; it is well-known that these facts
lead to a simple form of the Hamiltonian flow associated to X (see, for instance, [Vil0g]).

Proposition 18. Let X be as in B3) with C € U, (T",R) and D € U, (T, R"). Let
0 <o <1 and assume that
|D|s < so. (34)

Then for any t € [0,1], the time-t map X' of the Hamiltonian flow of X is of the form
XU0, 1) = (0+ E"0), I+ F'(0)-1+G'H))

where E' € Uyi_p2 (T, R"), F' € Us(l_g)z(T",R”Q) and G* € Uyq_qy2 (T, R") with the
estimates
|Ejt|s(17<7)2 < t|D|sa

|F[s1-0)2 < n?s7'C(0)|D|s exp(tn®s~'C(0)| Dl,), (35)
|G [s1—0)2 < ns™1C(0)|Clsexp(tn?s~'C(0)|D]s).

As a consequence, given 0 < § < r, if we further assume that
ns 'C (o) exp(tn*s 'C(0)|D|s)(rn|D|s + |Cls) < 6 (36)
then Xt maps T" x D,_s into T" x D,.

Proof. The second part of the statement clearly follows from the first part, so let us prove
the latter. From the specific form of the Hamiltonian equations associated to X, one has,
for any t € [0, 1],
XU0, 1) = (0+ E"0), I+ F'(9)-1+G'H))

with

EY0) = [, D0+ E7())dr,

FY(0) = — [ VD0 + E™(0))dr — [ VD(0 + ET()) - F"(0)dr

GH0) = — [4 VC (0 + ET(0))dr — [, VD0 + E"(0)) - G™(0)dr.
Because of (B4]), Lemma [I7] applies and the flow D*(8) = 6 + E*(0) satisfies (B2]), and
therefore

|E's(1—0y2 = |D' — Id|s1—0y2 < t|Ds
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which gives the first estimate of (B5). Using this estimate and (B4]), we can apply Propo-
sition [I6] and Corollary [@ to obtain, for any 0 < 7 <t <1,

|VD o DT|S(1_0)2 < |VD|S(1,J) < n23_10(0)|D|5.

Looking at the expression of F', this gives

t
|Ft|8(1—o')2 <n?s'C(0)|D|, (1 +/ |FT|S(1_0)2dT)
0
which, by Gronwall’s inequality, implies that for all ¢ € [0, 1],
|Fs1-0)2 < n°s ' C(0)|D|sexp(tn®s~'C(o)|D],)

which gives the second estimate of (B3]). For the third estimate of (BH), observe that the
same argument yields

¢
|Gt|s(1,o)z < ns*IC(U)|C|S +n2310(0)|D|8/0 |GT|5(1,U)2d7'

and again, by Gronwall’s inequality, for all ¢ € [0, 1] we have
|Gt|5(1_0)2 < ns 'C(0)|Clsexp(tn®s *C(0)|D|s).
This concludes the proof. O
The last lemma gives estimates on the Hamiltonian flow associated to a Hamiltonian
X on T" x D, which is affine in I; the flow has then a special form and precise estimates
can be obtained (they are needed in §[3)). On the other hand, in § @], we will need estimates

valid for an arbitrary Hamiltonian Y on T" x D,; the lemma below gives rougher estimates
in this general case but they will prove sufficient for our purpose.

Proposition 19. Given Y € U(T™ x D,.), let 0 < o < 1 and assume that

Y], < (2n) 's’cC(a) . (37)
Then for any t € [0,1], the time-t map Y' of the Hamiltonian flow of Y belongs to
Us(1—gy3 (T™ x Dy1—)3, T" X Dr(l,o)z) and we have the estimate

Y = 1d[s0-0p < Y. (38)
Proof. The proof is just a variation of the proof of Lemma [I7, so we just point out the

differences. As before, we know that the flow Y exists and is smooth, so we only need to
prove that Y* maps T" x D, (1—gys into T™ X D,._,)2 and that the estimate

V= 1d[ sy < [Y]s (39)

holds true. Let Xy be the Hamiltonian vector field: it follows from Corollary [0 and (37])
that

[ Xvlsa-0) < 2057 Co)[Y]s < 50 (40)
and thus Y* maps T" X D,_n)i into T" X D,q_,yi-1 for i = 1,2,3. To prove the esti-
mate (B9), at this point one can just repeat the proof of Lemma [T, with s(1 — o) instead

of s, Xy instead of D; the required condition (BI)) translates into | Xy |41, < so which is
nothing but (40). O
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2.7 Inverse functions

In this last section, we shall prove that if an M-ultra-differentiable map is sufficiently close
to the identity, then its local inverse is still M-ultra-differentiable, provided M satisfies
(HI) and (H2). Exactly like in § 2.6, we will use the estimates on derivatives, products
and composition we obtained in § 23], § 2.4l and § and the classical contraction fixed
point theorem.

Again, to prove this in a setting adapted to §[3], let us consider a map ¢ which depends
only on w € Dp(wp), that is ¢ : Dy(wo) — R™.

Proposition 20. Given ¢ € Us(Dy(wo),R"), let 0 < 0 < 1 and assume that
61|, < n25C(0) L, |6 —1d], < h/2 (41)
Then there exists a unique ¢ € Gyi_qy2(Dps2(wo), Dy(wo)) such that ¢ o ¢ =1d and
o = 1d[sq—0> < |¢ —1d[s. (42)

Proof. Let us define V' := Uy _gy2 (Dpy2(wo), R™), which is a Banach space with the norm
|| =1 |sa-0)2, and for p := |¢ —Id|,, we set

BV = {veV||v—1d| < p}.
Let us define the following Picard operator P associated to ¢:
P:B,V =V, ¢Y—P)=I1d—(¢—1d)o.

It is clear that ¢op = Id if and only if ¢ is a fixed point of P, and therefore the proposition
will be proved once we have shown that P has a unique fixed point in B,V, and to do this
it is enough to prove that P is a well-defined contraction of B,V

First let us prove that P maps B,V into itself. So let v € B,V , and using the second
part of (A1), observe that since

sup  [Y(w) —w| < |l —1d[| < p < h/2

w€Dy, 2(wo)

then ¢ maps Dj,jo(wo) into Dy, (wp). Now recall that for any 0 < o < 1, C(0) > (eo)™" so
the first part of (41) gives in particular

Iy —1d[| < p < s0
and allows us to apply Proposition [[6 (with 0* > ¢ defined by (1 —0)? = (1 — ¢*)) to get
(¢ —1d) o || = (¢ = 1d) 0 Pls1-0)2 < ¢ = Id]s = p

and thus
[P(y) = 1d]| = [[(¢ — 1d) o 4[| < p,
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that is, P maps B,V into itself. To show that P is a contraction, using Corollary [
Corollary I3 and Proposition [If one gets (exactly as in the proof of Lemma [I7) for any

1/}17 1?2 € pr:

1P(41) = P(t2)|] = [[(¢ = 1d) 0 ¢y — (¢ —1d) 0 4in|| < s~ C ()| — Td]asl[thr — el

and thus the fact that P is a contraction follows from the first part of (41l). This ends the
proof. O

3 Application to KAM theory

In this section, we give applications to KAM theory, namely we prove Theorem [Al Theo-
rem [F] and Theorem [Bl Theorem [Al and Theorem [F] will be deduced from a KAM theorem
with parameters (Theorem [N|below) and Theorem [B]is an adaptation of a result of [Bes00].
All the other KAM theorems we stated can be deduced from Theorem [Al, Theorem [E] or
Theorem [Nl so we will not give details about their proof.

In the special case where the Hamiltonians are Gevrey regular, that is M = M, for
a > 1, these results are contained in [BF17] and so it is our purpose here to extend them
to the more general setting we are considering.

3.1 Statement of the KAM theorem with parameters

Let us now consider the following setting. Fix wy € R"\ {0}. Re-ordering the components
of wy and re-scaling the Hamiltonian allow us to assume without loss of generality that

Wy — (1,@0) € an W € [—1, 1]”71.
Given real numbers 7 > 0 and h > 0, we let
D, ={I eR"||I| <r}, Dplwy):={weR"||w—wo| <h}.

Since wy is fixed, for simplicity we shall remove it from the notation write Dy, = Dp(wp),
and we set
Dﬁh = DT X Dh.

Our Hamiltonians will be defined on T" x D, ;, a neighborhood of T" x {0} x {wp} in
T x R™ x R™.

Let s > 0,7 > 0 a fixed parameter, ¢ > 0 and p > 0 two small parameters. We consider
a function H € Us(T" x D, ) of the form

HO,I,w)=e(w)+w-I1+A0,w)+ BO,w)-I+M®O,I,w)-I?

J/

N(Iw) P(0.1,w) R(0,1,) (%)
Als<e, |Bls<u, |ViR[;<7n
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where the notation M (0, I,w)-I? stands for the vector I given twice as an argument to the
symmetric bilinear form M (0, I,w). Observe that A: T" x D, - R, B: T" x D;, - R"
whereas M : T" x D,.,, = M,(R) with M, (R) the ring of real square matrices of size n.

The function H in () should be considered as an ultra-differentiable Hamiltonian
on T" x D,, depending on a parameter w € Dy; for a fixed parameter w € Dj,, when
convenient, we will write

H(0,1)= H(0.I,w), N,(I)=N(,w), P,0,I)=P0, I,w), R.0.I)=R(0,I,w).

The image of the map @y : T" — T" x D,, 6 — (0,0) is an ultra-differentiable embedded
torus in T" x D, invariant by the Hamiltonian flow of N, + R,, and quasi-periodic with
frequency wy. The next theorem asserts that this quasi-periodic torus will persist, being
only slightly deformed, as an invariant torus not for the Hamiltonian flow of H,, but for
the Hamiltonian flow of H,,, where wg is a parameter close to wy, provided € and p are
sufficiently small and wy satisfies the BRy;-condition. Here is the precise statement.

Theorem N. Let H be as in (=), with M = (M;),en satisfying (HI)) and (H2)), and wy
satisfying (BRyl). There exist positive constants ¢; < 1, ¢co < 1 and ¢3 > 1 depending only
on n such that if

VESpu<h/2, Ve<r, h<a(Q¥(Q) (43)
where Qg > n + 2 is sufficiently large so that
1 -1 1 e 1 1 A1 dx 1
C™ (c2(1+1m) "5Qp) + (In2) C™ (c2(1+1m) "sA (:L’))? <In2(4n+2)"" (44)
A(Qo)

then the following holds true. There exist a vector wi € R™ and an (M, s/2)-ultra-
differentiable embedding
o, T" x Dyjg — T" x D,

of the form
Q)ZO(H,I) =0+ E(0), I+ F*0)-1+G*(9))

with the estimates
lwg — wol < eap, [E |2 < e3W(Qo)p, [ F7 52 < csA(Qo)p,  [GT sz < e3A(Qo)e (45)
and such that

Hy:o® (0.1) =€y +wo-I+R0,1), R 0,I)=M0,1)- I

*
0

with the estimates

<cse,  |VIR* = ViR ls2 < csnA(Qo)p.

e — ews
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Theorem [Al follows quite directly from Theorem [N| introducing the frequencies w =
Vh(I) as independent parameters, taking 1 = /¢, and tuning the shift of frequency w$ —wy
using the non-degeneracy assumption on the unperturbed Hamiltonian. Theorem [F]follows
also from Theorem [N| by realizing X as the restriction of a Hamiltonian vector field on
an invariant torus, setting ¢ = n = 0 and letting pu be the only small parameter. These
arguments are made precise in § - § 3.6l but we first concentrate on the proof of
Theorem [NI

In all this section, we do not pay attention to how constants depend on the dimension
n as it is fixed. Hence in the sequel we shall write

u<v (respectively u-<v, u=-v, u-=v)
if, for some constant ¢ > 1 depending only on n, we have

u<cv (respectively cu <v, u=cv, cu="v).

3.2 Approximation by rational vectors

Recall that we have written wy = (1,@p) € R with @y € [—1,1]""!. For a given Q > 1, it is
always possible to find a rational vector v = (1, p/q) € Q", with p € Z"~! and ¢ € N, which
is a Q-approximation in the sense that |quwy — qv| < @', and for which the denominator
q satisfies the upper bound ¢ < Q™ !: this is essentially the content of Dirichlet’s theorem
on simultaneous rational approximations, and it holds true without any assumption on wy.
In our situation, since we have assumed that wy is non-resonant, there exist not only one,
but n linearly independent rational vectors in Q™ which are Q-approximations. Moreover,

one can obtain not only linearly independent vectors, but rational vectors vy,...,v, of
denominators ¢y, ..., q, such that the associated integer vectors qvq, ..., q,v, form a Z-
basis of Z". However, the upper bound on the corresponding denominators ¢, ..., q, is

necessarily larger than Q" !, and is given by a function of () that we can call here U, (see
[BE13] for more precise and general information, but note that in this reference, ¥;, was
denoted by W¥,,, and V¥, which we defined in (II]), was denoted by ¥/, ). A consequence
of the main Diophantine result of [BE13| is that this function W, is in fact essentially
equivalent to the function ¥, .

Proposition 21. Let wy = (1,&0) € R™ be a non-resonant vector, with &y € [—1,1]"71.
For any QQ > n + 2, there exist n rational vectors vy, ...,v,, of denominators qi,...,qy,
such that qiv, ..., qnv, form a Z-basis of Z"" and for j € {1,...,n},

lwo — il < (4;Q)7", 1< ¢ <¥(Q).

For a proof of the above proposition with ¥, instead of ¥, we refer to [BF13], Theorem
2.1 and Proposition 2.3; now by (I2)), ¥, < ¥ and so one may replace ¥, by V.

Now given a g-rational vector v and a smooth function H defined on T" x D, , we
define

[H],(0,I,w) = /01 H(O+tqu, I, w)dt. (46)
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Given n rational vectors vy, ..., v,, we let [H],, =[-+-[H]y - ]u, Finally we define

(H|(I,w) = H(0,1,w)do. (47)
’]Tn
The following proposition is a consequence of the fact that the vectors qivy, ..., g,v, form
a Z-basis of Z".
Proposition 22 ([Boul3b, Corollary 6]). Let vy, ..., v, be rational vectors, of denomina-

tors qq, ..., qn, such that q vy, ..., q,v, form a Z-basis of Z", and H a function defined on
T" x D, . Then

3.3 KAM step

Now we describe an elementary step of our iterative procedure. Such a step consists in
pulling back the Hamiltonian H by a transformation of the form

F=(d,0):(0,1,w)— (B(0,1,w), p(w));

® is a parameter-depending change of coordinates and ¢ a change of parameters. Moreover,
our change of coordinates will be of the form

S0, 1,w)=3,00,1) =0+ EO,w), I+ FO,w) I+ G0,w))
with
E:T'x D, —-R" F:T"xDy,— M,(R), G:T"xD,—R"
and for each fixed parameter w, ®, will be symplectic. For simplicity, we shall write
® = (E, F,G); the composition of such transformations F = (®,p) = (E,F,G, ) is

again a transformation of the same form, and we shall denote by G the groupoid of such
transformations.

Proposition 23. Let H be as in (&), with M = (M,)en satisfying (HI)) and (H2) and
wo = (1,wp) € R™ non-resonant. Consider 0 <o <1,0<d <7, Q > n—+2, and assume
that

VESu<h/2, Ve, h<(QUQ)T, ru-<d(QU(Q), (1+4n)<QsClo)”".

Then there exists an (M, s(1 — o)) -ultra-differentiable transformation o
F=(P,0)=(E,F,G¢):T"xX D512 —=T" x D, €G,
with the estimates
1 Els-oy2n < U(@)pts  |VE|sa-gyensr < s71C(0)¥(Q) 1,
|Fls-oyze < s71C(0)U(Q)p, [V EF|—gpentr < 572C(0)*T(Q)p, (49)

|G|s(1—0)2" < 3710(0)\11(@)57 |VG|S(1—0)2"+1 < 5720(0)2\11(@)57
|(p - Id|8(1_0-)2n < u, |V(p - Id|8(1_0—)2n+1 < 8710(0')[1
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such that

HoF0,I,w)=e¢ (w)+w-IT+ATO)+ B 0)-I+M"(0,1,w)-I?

J/

-~ -~

N+(Iw) P+(0,1,w) RH+(0,1,w)

with the estimates

{|A+|s(10)2n+1 S 5/167 |B+|s(17¢7)2”+1 S ILL/47

(50)
et —eoplsa-oyzrr <Al [VIRY — VIR 0 Flsa-gentt < 7| Fls1-o)2n.

Proof. We divide the proof of the KAM step into five small steps. Except for the last one,
the parameter w € D), will be fixed, so for simplicity, in the first four steps we will drop
the dependence on the parameter w € Dj,. Let us first notice that (@8] clearly implies the
following seven inequalities:

he< (QU(Q)"!
V(Q)u-<sC(o)™!
e<ru

rus 1C(0)¥(Q) <o
0= (QU(Q) 55)
(141)-<QsC(a)™* 56)
1< h/2. (57)

51)
52)
3)
4)

A~ N /N /N /N
ot Ot

It is also important to notice that the implicit constant appearing in (56) is independent
of the other ones; we may choose it as large as we want without affecting the other implicit
constants. In the first three steps, the term R which contains terms of order at least 2 in
I will be ignored, that is we will only consider H = H — R= N + P.

1. Rational approximations of wy and w € Dy,

Since wy is non-resonant, given () > n + 2, we can apply Proposition 21} there exist
n rational vectors vy,...,v,, of denominators qi,...,q,, such that ¢.vq,...,q,v, form a
Z-basis of Z" and for j € {1,...,n},

wo — vl < (@), 1< <P(Q).
For any w € Dy, using (B1l) and ¢; < ¥(Q), we have
w = v;| < fw = wol + fwo — vl <h + (¢;Q) 7 < (QU(Q)) ™ + (@) < (@) (58)

2. Successive rational averagings

Let us set Ay := A, By := B so that Py(0,1) := A1(0) + B1(0) - I satisfies P, = P.
Recalling that [.], denotes the averaging along the periodic flow associated to a periodic
vector v € R™ (see (@), we define inductively, for 1 < j <n,

Ajpr = [Ajly;,  Bjr1:=[Bjlv;, Pjy1:=[Pjly,
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so in particular Pj(0,1) = A;(0) + B;j(#) - I for 1 < j < n. Let us also define X;, for
1<j<n,by
X;(0,1):=C;(0)+D;0) -1

where

1 1
C;(0) = Qj/ (Aj — Aj1)(0 + tgjuy)tdt, D;(0) = q]'/ (Bj — Bj11)(0 + tqjv;)tdt.
0 0

If we further define N; by N;(I/) = e(w) 4+ v; - I, it is then easy to check, by a simple
integration by parts, that the equations

{C;,N;} =A;—Ajy, {Dj,N;} =B; —Bj1, 1<j<n, (59)
are satisfied and then
{X;, N} =P =Py, 1<j<n, (60)

are also satisfied, where {., .} denotes the usual Poisson bracket. Moreover, we have the

estimates
|Aj‘s S ‘A|s S g, |Bj|s S ‘B|S S K, (61>

and then
1Cils < qilAjls < qie < ¥(Q)e,  |Djls < q4|Bjls < gipn < ¥ (Q)pu (62)

Next, for any 0 < 5 < n, define

= renTs 8= s(l- o) s = s(1- o)

Let X; be the time-t map of the Hamiltonian flow of X;. Using (62)), together with
inequalities (52), (B3), (54) and the fact that C(c)~' < o (this is (@), the condition (34)
and (36]) of Proposition I8 § 2 are satisfied, so the latter proposition can be applied: for
1 < j < n, Xjis (M, 3;)-ultra-differentiable, it maps T" x D, into T x D, _, for all
t €10,1] and it is of the form

Xi0.1)=(0+ EN0), I+ F(0) -1+ G(0))
with

|E;|§g < |Dj|8j—1 < qj(Q)M? |VE§|S] < 8710(0‘)\11(@)”
F]s, <57 @)Dy, <5 COUQp, [V, <sColB@u (63)
|G§-\§j < 5_10<0'>|Cj|sj71 <s1C(a)¥(Q)e, \VG;\S]. < s720(0)*V(Q)e.

Now we define ®° :=1Id to be the identity and inductively ® := &~ o X for 1 < j <n.

Then & maps T" x D,, into T" x D, and one easily checks, by induction using the
estimates (63)), that @7 is still of the form

®IO, 1) = (04 FEI(0), ]+ F () -1+G )
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with the estimates, for j =1, ..., n,

Bl < Q) [VE], <57 C0) U@,
|F7]s; < s 1C(0)0(Q)p,  |VFs, <572C(0)*W(Q)p, (64)
|G7]s, <s7'C(0)¥(Q)e, VG|, <572C(0)*U(Q)e.

3. New Hamiltonian

Let us come back to the Hamiltonian H = H — R= N+ P = N + P;. We claim that
for all 0 < 7 < n, we have

Ho® =N+ P+ Py, Ph0,1)=A7,(0) + Bj(0) - 1
with the estimates
AT |5, < (Qs)7'Clo)e,  |Bfyls, < (Qs)'Clo)p. (65)

Let us prove the claim by induction on 0 < j < n. For j = 0, we may set P;” := 0 and
there is nothing to prove. So let us assume that the claim is true for some 7 — 1 > 0, and
we need to show it is still true for 7 > 1. By this inductive assumption, we have

]:IOCI)j:]:qu)j_loX}:(N+Pj+Pj+)oXj1
with
|AT]5,_, < (Qs)"'Clo)e,  |Bfs,_, < (Qs)"'C(o)p. (66)
Let S; =w-I —wv; -1 sothat N = N, + S, and thus
]:IO(I)j:(Nj+5j+Pj+P]+)OX]‘1:(Nj+Sj+Pj)OX}+P]+OX}'

Let us consider the first summand of the last sum. Using the equality (60), a standard
computation based on Taylor’s formula with integral remainder gives

(Nj+S;+ Pj) o X} = N+ [Pjly; + Pjy1 = N+ Pyyi + Py
with )
ﬁj+1 = /0 Wf—i—l O thdt, Wf—i—l = {(]_ — t)Pj+1 + tPj + Sj,Xj}.
Clearly, W}, is still of the form
Wi (0,1)=W;,,(0,0)+VW;,,(0,0)- 1

as this is true for P;, S;, X; and that this form is preserved under Poisson bracket. Using
the estimates for P;(6,0), V;P;(6,0), X;(0,0), V;X;(0,0) (given respectively in (6Il) and
in (62)), the fact that

S](H,O) :O, VIS](H,O) =W =7
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with the inequality (58]), and the estimates for the derivatives and the product of Gevrey
functions (given respectively in Proposition[§, Corollary @ and Proposition [I0, Corollary [I3]
§ ), one finds, for all ¢ € [0, 1]

(W71(0,0)ls, < (s7'Clo)gep+s'Clo)gep+ s Clo)qe(q;Q) ")
< s 'Clo)gep+ (Qs)"'Clo)e

Since ¢; < U(Q), using (B3]) the latter estimate reduces to

W1 (6,0)]s, < (Qs)"'Clo)e.

Similarly, one obtains
VW (0.0)], < (Q8) o)
Then, using the expression of X; and the associated estimates (63), a direct computation,

still using (BH), gives 3
1By (6,0)]5, < (@5)Clo)e
and
1B (6,0)]s, < (Qs) ' Clo).

Using again the estimates of X} given by (63)), and the inductive assumption (66}, we also
find
+ 1 -1
1PF o X16,0)]5, < (@9)Clo)e

and

V(P o X})(G, 0)]s, < (Qs)"'C(o)p

Eventually, we may define
Pl =P+ Pl oX]

so that

Ho® =N+ Py +Pf,

]+1(9 I) A+

j+1

() + B (0) - 1
and these last estimates imply that
AL, < (@) Clo)e,  |Bfls, < (@s) " Clo)p.
The claim is proved. So we may set
¢ :=9" (E,F,G):=(E", F" ,G"),
with, as (64) tells us with j = n,

|Els, <U(Q)p, |VE|,, <s'C(0)¥(Q)p
|F|s, <57 'C(o)¥(Q)p, |VF,, <s72C(0)*T(Q)p (67)
|Gls, < s 1C(0)¥(Q)e, |VG|s, <s2C(0)?*T(Q)e.
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Observe that Pyy1 = [+ [Ply, o, = [Plu,
and as a consequence

o, and thus by Proposition P2, P, = [P],

-----

Ho®(0,1)=ctw-1+[A+[B]- T+ A%,(0) + Bf,y(0) - 1
with the estimates

A als, < (@s) ' Clo)e, |Bpls, < (Qs) ' Clo)p. (68)

4. FEstimate of the remainder

Now we take into account the remainder term R that we previously ignored: we have
H = H + R, and therefore

Ho®(0,])=e4w-I+[Al+ [B]- I+ At ,(0)+ B,(0) - I+ Ro®(0,I).
Let us decompose

Ro®(0,1) = Ro®(0,0)+ V(Ro®)(6,0)-I + R(6,1)

Ro(0) R1(0)

and let us define ) )

We have R(0,1) = M(0,I) - I* and as H and R differ only by terms of order at most one
in I, V2H = V2R so

1 1
M(9,I) = / (1 —t)VIH(9,tI)dt = / (1 —t)VIR(0,tI)dt
0 0
and therefore |M|; < n. Then, as ®(0,0) = (0 + E(6), G(A)), we have the expression
Ro(0) = R(®(6,0)) = M(0 + E(0),G(0)) - G(6)*
and so using the above estimate on M, together with the estimates on E, G and the esti-
mates for the product and compostion of Gevrey functions (given respectively in Proposi-
tion [I0 and Proposition [I6, § 2]), we find
| Rols,, <nlG, <n(s™'C(0)T(Q)p)’e <n(Qs)*C(0)*e <1(Qs) " C(0)e.
Then, we have V;R(0,I) = M(0,I) - I* with
R 1 1
M(9,1) = / V2H(0,tI)dt = / ViR(0,tI)dt
0 0
and hence | M|, < n also. Since
Vi@ —1dfs, = |Fls, <s7'C(o)T(Q)u-<1 (69)
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we obtain, using the fact that ¢ < p? and proceeding as before,
|Rils, <nlGls, <ns™ C(0)T(Q)e <n(s C(o)U(Q)p)p < n(Qs) ™' C (o).
These last estimates on Ry and Ry, together with (68), imply
[Als, < (L+0)(Qs)"'Clo)e,  [Bls, < (L+n0)(Qs)"'Clo)p.
We can finally now use (56) to ensure that
|Als, <¢/16, |Bls, < p/4. (70)

It is important to recall here that we may choose the implicit constant in (B0) as large as
we want (in order to achieve ([Z0l)) without affecting any of the other implicit constants.
Then observe also that H o ® and R differ only by terms of order at most one in I, so

V3(Ho®) = V2R, V?H=V?:R

and therefore using the formula for the Hessian of a composition, (69) and the fact that
V2® is identically zero, one finds

ViR = ViR o ®|5, <n|F|,. (71)
We also set € := e + [A] and observe that
& —els, < |[A]ls < |Al. (72)

5. Change of frequencies and final estimates

Let us now write explicitly the dependence on the parameter w € Dj,: we have
Ho®(0,I,w)=¢éw)+ (w+[B]w)) I+ A0,w)+ BO,w) I+ RO,1,w).
Consider the map ¢(w) := w + [B(w)], it satisfies
¢ —1d|s < [[B]|s < |Bs <

and therefore the conditions (41l of Proposition 20] are satisfied: the first condition of (41)
follows, from instance, from condition (52]) and the fact that U(Q) > @ > 1, whereas the
second condition of (4I]) is implied by condition (57). Hence Proposition 200 applies and
one finds a unique ¢ € G, (Dp/2, Dp,) such that ¢ o ¢ = 1Id and

o —d[s, < [¢—Id|, < . (73)
We do have ¢(w) + [B(p(w))] = w and thus, setting F := (P, ¢), this implies that
HoF(9,1,w) = Ho®(4, I, p(w)) = é(p(w)) +w- T+ A0, p(w)) +B(6, p(w))- T+ R (6. 1, p(w))
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and at the end we set
et =¢éop, AT ::flocp, Bt ::Bocp, R* ::Rogo.
Using once again Proposition [I6], the inequalities (70), (71)) and (72) imply

|A+|5n - |AO S0|87’L S |A|§n S 6/]‘67

|B+|5n - |BOS0|S7’L S |B|§n S M/47

le" —eopls, =€ —e)opls, <[e—els, <A, )

VIRt —ViRo F|;, = |(ViR = ViRo ®) o |, < |VIR — ViRo [s, <n|F|s,,

which were the estimates (50) we needed to prove. The transformation F = (®,¢) =
(E,F,G,¢) € Gmaps T" x D,_5p/, into T" x D,;, and it follows from (67) and (73] that

|Els, <¥(Q)p, |VEs, <s7'C(0)¥(Q)p,

|Fls, <s7'C(0)¥(Q)u,  |VFs, <s72C(0)*V(Q)u,
|Gls, <072 (Q)e, |VG|s, <s52C(0)*T(Q)e,

o —1dls, <p, [V —1Id]s, <s7'C(0)u

which were the wanted estimates (49]). This concludes the proof. O

3.4 Iterations and convergence

We now define, for ¢ € N, the following decreasing geometric sequences:
g :=16"", wi:=4""u, 0;:=2"%, h;=2""h. (74)
Next, for a constant Qg to be chosen below, we define A; and Q;, ¢ € N, by
Ai=2'A(Qo), Qi =AT1(4) = ATH(2'A(Qo)). (75)

Let us now choose 0 < ¢y < 1, which depends only on n, for which the last inequality
of ([48) is satisfied with implicit constant 2cs, that is

(1+m)(202) 7" < QsClo) ™. (76)
We can now define o;, i € N, by
o; = Cca(1+ 1) 1sQ;) (77)
and finally, we define §;, s; and r;, ¢« € N, by

So=50=38, 8it1=35(1—0)" siy1=s(1—0)"" ro=r, 1 =r;—0. (78)
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Obviously, we have

lim 7 :r—Z(Si:r/Q.

i——400
€N

We claim that, assuming that wy satisfies (BRy), if we choose Qg as in ([@4]) we have

ZEJIPOO $; > 52 = El_!](l — o) > 1)2. (79)
Indeed, we have
ZO’Z‘ = o0p+ g;
iEN i>1
= C Y1 +m)"sQo) + Y C M (ea(1 4 ) 'sATH(2'A(Q0)))
lziroo
< 0_1(02(1+n)_18Qo)+/ C™Hea(1+ 1) TsATH2VA(Q0)))dy
0
-1 -1 -1 e -1 —1_A-1 dx
= C a4 Q)+ D) [ O () A @)
A(Qo) x
< In2(4n+2)7*

where we used (44)) in the last line. In particular, for any i € N we have o; < In2(4n+2)~!
which implies
In(1 - ;)" = 2n+ 1) In(l — 0;) > —(4n + 2)0;

and thus

d In(l—0)™" > ~(An+2)) 0; > —In2
1€N ieN

and finally

[J@ =)™ =exp <Z In(1 — al-)%“) > 1/2.

ieN ieN
This shows that ([9) holds true with our choice of o;. Applying inductively Proposition
we will easily obtain the following proposition.

Proposition 24. Let H be as in [&H), with M = (M;)en satisfying (HI) and (H2) and
wo satisfying (BRy). Fiz Qo > n+ 2 so that (@) is satisfied, and assume that

Ve<u<h/2, Ve<r, h-<AQo) (80)
Then, for each i € N, there exists an (M, s;)-ultra-differentiable transformation
Fi= (0 ¢") = (B, F',G" ") : T" x Dy p, = T" x D, € G,
such that Fit! = Fio Fii1, with

Fir1 = (Pir1, 0iv1) = (Biyr, Fig1, Gigr, 9in1) - T X Dy pyy — T X Dy, €6,
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satisfying the following estimates

Eis1ls <U(Qi)pi, |VEifls., <s7'Clo )‘1’( i) i
|Fitlsy <851 C(03) W(Q0) i, IVlesm 2C(03)2 0 (Qs) i (81)
|Gi+1 81 <5 10((7@)\11(621-)8@-, ‘VGiJrl siv1 < S 20<0i>2\I]< i)giv
|90i+1 —Id 3i41 /~L |v90i+1 —1Id Sit1 < 3;1C(Ui)/”bi
and such that
HoFif,I,w) =e'(w)+w-I+A0)+ B'(O)- I +M(0,I,w)- I
Ni(Tw) Pi(0.1.w) Ri(0.1,)
with the estimates
‘Al Sit1 < €iy |BZ Sit+1 < i,
‘eH—l —€e'o Pit1]si41 < |Al‘a,sw (82>

|V%Ri+1 — V%RZ o i+1|si+1 < n|E+1|§i+1'

Let us emphasize that the implicit constants in the above proposition depend only on
n and are thus independent of 7 € N.

Proof. For i = 0, we let F° be the identity, ¢ = e, A" := A, B® := B, R’ := R,
MP := M and there is nothing to prove. The general case follows by an easy induction.
Indeed, assume that the statement holds true for some i € N so that H o F is (M, s;)-
ultra-differentiable on the domain T" x D, ,,. We want to apply Proposition 23] to this
Hamiltonian, with ¢ = ¢;, p = p;, r =1y, s =s;, h = h;, 0 = 0; and ) = Q). First, by our
choice of @)y and 9y it is clear that 0 < o; < 1,0 < 9; < r;, and @); > n+ 2. Then, recalling
the definition of the constant ¢y, we need to check that the conditions

VE S < hi/2, e < b <AQ) 7
it < 0 A(Q:) 7", (14n)(2c2) ™ < QisiC(0) ™!

are satisfied. From the definition of (); and o; we have
A(Qi) = AATH(AY)) = A, Cloy) = C(CTHea(1 4 1) 1sQi)) = ca(1 4+ 1) 'sQ;
and as 27 < r; < r, it is sufficient to check the conditions
Ve < <h/2, & < 27, h-< A;l, T < 5ZA;1, s/2 < s;. (83)

The last condition of (B3] is satisfied, for all i € N, simply by the choice of Q) satis-
fying (#4), as this implies ([79). As for the other four conditions of (83]), using the fact
that the sequences ¢;, u;, h;, A;l and 0; decrease at a geometric rate with respective ratio
1/16, 1/4, 1/2, 1/2 and 1/2, it is clear that they are satisfied for any ¢ € N if and only
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if they are satisfied for ¢ = 0. The first three conditions of (83]) for i = 0 are nothing
but (80). Moreover, using our choice of §y = r/4, the fourth condition of (83) for i = 0
reads ;1 -< Ay' and this also follows from (80).

Hence Proposition can be applied, and all the conclusions of the statement follow
at once from the conclusions of Proposition 23] O

We can finally conclude the proof of Theorem [N, by showing that one can pass to the
limit ¢ — 400 in Proposition 241

Proof of Theorem[N. Recall that we are given € > 0, > 0, r > 0, s > 0, h > 0 and that
we define the sequences €;, 1, 0;, h; in ([4]), and then we chose Qy > n + 2 satisfying (44])
to define the sequences A;, Q; in ([[8) and o; in ([[7) and finally, §;, s; and r; were defined
in (78). Moreover, we have

{hmi—H—oo g = limy 4 oo gty = limy o0 hy = 0, (84)

oo =17 — D ey 0 =7/2, limiy008i = s [ien(1 — 03)*" ! > 5/2

and for later use, let us observe that the following series are convergent and can be made
as small as one wishes thanks to condition ([43]) of Theorem [Nk

+oo +o0o +oo
D s o < Qi = Y (W(Q1) M Aspi < 2(T(Qo)) Aot = 2Qop (85)
i=0 =0 =0
+o0o
> i < 2p (86)
=0
+00 +oo
Z s C(00) W (Qi) i < Z Aipi <2800 = 2Q0 ¥ (Qo) 1 (87)
i=0 i=0
+oo +o0
S W(Qim <D Q7 Ay < 204 Aopt = 2U(Qo)p (88)
i=0 i=0
+00 +o0
Z 8710<0'Z'>\I’(Qi)8i S Z Aigi S 2A0€ = 2@0‘1’(@0)8 (89)
i=0 i=0

Now the condition (@3] of Theorem [N] implies that the condition (80) of Proposition
is satisfied; what we need to prove is that the sequences given by this Proposition 241 do

convergence in the Banach space of (M, s/2)-ultra-differentiable functions. Recall that
FO=(E° F° G° ) is the identity, while for ¢ > 0,

(EHl’FiH, GHl’SOHl) = -Fiﬂ = ‘7:i O JSit1 = (Eia Fi7Gi7 @i) © (Ez'+1, Fz’+17Gi+17 <Pz‘+1)
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from which one easily obtains the following inductive expressions:

B0, w) = B (0, w) + B'(0 + B (0, w), iz (w))
FHH0,w) = Fip1(0,w) + FY(0 + Eip1(0,w), wi1(w)) - (Id + Fiy1 (6, w))
Gi+1(9 w) = (F'(0 + Ei1(0,w), pira(w)) +1d) - Giga (0, w) + G (0 + B (0, w), piga (w))

P =l opip.
(90)

Let us first prove that the sequence (' converges. We claim that for all i € N, we have

Vo'l < [T+ s Clom) <1

where the fact that the last product is bounded uniformly in i € N follows from (85). For
i =0, ©° = Id and there is nothing to prove; for ¢ € N since '™ = ¢’ 0 ;41 we have

V't = (V<Pi °© S0i+1) Vit

so that using the estimate for ¢;11 and Vi, given in (8I]), Proposition 24] the claim
follows by induction. Using this claim, and writing

1
P - =popi—¢ = (/ V' o (tpiv1 + (1 — t)Id)dt) (pir1 —1d)
0

one finds
i1 i |

|90 = P siq1 < |§0i+1 - Id|5i+l’

and therefore
|t — S0i|sz-+1 < i
Using the convergence of (84)) and (86]), one finds that the sequence ¢* converges to a trivial
map
©" {wot = Dp, ¢"(wo) :=wp
such that
|y — wol < .

Now let us define
Vigr(0,w) == (0 + Eip1(0,w), piv1(w)), Vier = (Id + Eiy1, 0iv1)

and observe that since U((Q);) > 1, then the estimates for F;\ 1, VEi i1, ¢ir1 and Vi
given in Proposition 4] implies that

|Vz‘+1 - Id|s,-+1 < \P(Qi):uia |VV1‘+1 - Id|s,-+1 < 5_10(%')‘1’(@1‘)#@'
Using these estimates, and the fact that E“*! can be written as

E*' =B+ E' o Vi
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we can proceed as before, using the convergence of (87) to show first that

‘VEZ < ZS 1 Ql)m< 1

and then A A
|E1H—1 - Ez|8i+1 < |Ei+1|8i+1 < \P(QZ)MZ
Using the convergence of (84) and (88, this shows that E’ converges to a map
E*:']I‘"x{wo}—)']I‘"XDh

such that
|E"[s572 < W (Qo)pu-

For the F, we do have the expression
FHY = Fiy + (F o Viga) - (Id + Fiyq)

or alternatively '
FH = (Id+ F' o Vigy) - Fiyq + F' o Vi

and thus A ' ' ' '
FH' — F = (Id+ F'oVi,) - F + FloVi, — F.

As before, using the estimates on F;,; and VF;;; given in Proposition 24], one shows that
VF,, < Zs 2C(01)*T(Q1)
but however, here, the sum above is not convergent. Yet we do have
sC(oy) Y VFY,, < sC(oy)~ Zs (01)*W(Q))u < Zs 1O>o) ¥ (Q)m <1

from (88) and using the fact that the estimate for V;;; can be written as

Viiy —1d

Sit+1 < 30(0-24)*13*1007@.)\11(@24)“@.

one obtains '
|F' o Vigr — F'lsy, < 5710 (00)U(Qy)

By induction, one shows that
|F2 5 < Z Ql)ﬂl<1
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from which one obtains '
[Id + F' o Viiqls, < 1

and as a consequence, ) )
|F2+1 - Fl|s¢+1 < Silc(ai)\y(Qi)ui'

Using the convergence of (84) and (87), this shows that F converges to a map
F*:T" x {wo} = T" x Dy,

such that
|F* |52 < QoW (Qo) -

For G, we have the expression

and thus ‘ ' ' ‘ '
G — G = (F'oVi +1d) - Gy + G o Vi — G

Proceeding exactly as we did for E* and F*, using the convergence of (84]), (87) and (89)),
one finds that G converges to a map

G*:T" x {wo} — T" x Dy,

such that
|G*|s/2 < Q¥ (Qo)e.

In summary, the map F* converges to a map
F* i T" X Dyjg x {wo} = T" x Dy,
which belongs to G, of the form
{f*w,f,wO) = (9%, (6.1). ),
QL (0,1) = (0+E*(0),I+F0)-1+G*(0))

with the estimates

‘E*|s/2 < ‘I’(QO)% ‘F*‘s/z < QO\I]<QO)U7 \G*\s/z < QO‘I’(QO)& |w{§ - Wo\ < . (91)

Then from the estimates ‘ ‘
|Az‘si S Eiy |Bz‘si S Hi,

given in (82), Proposition 24, and the convergence (84), it follows that both A* and B’
converge to zero. Next from the estimates
< A,

i+1 )
‘6 — € 0 Witlls; >
Sit1 < T7|Fi+1

V2R — V2R o Fipq

Si4+1
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still given in (82), Proposition 24, one can prove in the same way as we did before, that e’
converges to a trivial map

e {wo} = Dp, €' (wp) :=¢;

such that
leg — ewz] <€ (92)

whereas M* converges to a map
M* 2 T" x Dyjo X {wo} = T" x Dy,
such that, setting R*(0,1) = M*(0,1)I - I,

W?R* - V?erg ‘3/2 < NQo¥(Qo) - (93)
Therefore we have

Ho F*(0,1,wy) = Hy: 0 ®% (6, 1) = e+ wo - [ + R*(6, 1),

*
0

which, together with the previous estimates (O1I), (02) and (@3], is what we wanted to
prove. 0

3.5 Proof of Theorem [A]
In this section, we show how Theorem [N] implies Theorem [A] following [P&s01].

Proof of Theorem[4l. For simplicity, let us change the notation in (&) to consider a Hamil-
tonian H : T" x D — R of the form

H(q,p) = h(p) +€f(q,p),
Vh(()) = wy € R™

where H is (M, sg)-ultra-differentiable for some sy > 0: concretely, we just replaced the

variables (6, 1) by (¢q,p), € by € and s by sg. Recall that we may assume that wy is of the

form
Wo = (1,@0) S an Wo € [—1, 1]”71.

For py € B, we expand h in a small neighborhood of py: writing p = py + I for I close to
zero, we get

h(p) = h(po) + Vph(po) - I + /01(1 — t)V2h(po +t1) - I* dt.

Similarly, we expand ef with respect to p, in a small neighborhood of pq:

1
cFa.0) = ef(@.0) + VS (a.po) - T+ [ (1=OVifla.m+t1)- P
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Since V,h : B — Q is a diffeomorphism, instead of py we can use w = V,h(py) as a new
variable, and letting Vg := (Vh)™!, we write

h(p) =e(w) +w- I+ Ry(I,w)
with .
e(w) :=h(Vyg(w)), Rp(l,w):= / (1= t)V2h(Vag(w) +tI) - 17 dt
0
and also, letting 6 = q,
ef(q,p) = €A(0,w) + eB(0,w) - I + eRy (0, I, w)
with . .
AO,w) = f(0,V,9(w)), B(O,w):=V,f(0,V,g(w))
and )
Rs(0,1,w) = e/ (1 =t)Vof(0,Vug(w) + tI) - I dt.
0
Finally, we can set
A:=€eA, B:=¢B, R:=R,+eR;=M®01Iw) I?
so that h + €f can be written as
HO,I,w)=¢ew)+w-I+ A0,w)+ B(l,w) -1+ R(,1,w),
and we have
VER(0, 1,w) = V3h(Vuglw) + T) + €V3 (0, Vug(w) + I),

By assumption, h and f are (M, sp)-ultra-differentiable on T" x B, and since the space of
ultra-differentiable functions is closed under taking derivatives, products, composition and
inversion (by the assumptions (HIl) and (H2), up to restricting the parameter sg, see § 2
for the relevant estimates), we claim that we can find s > 0,7 > 0, h > 0 and ¢ > 0 which
are independent of € such that H is (M, s)-ultra-differentiable on the domain T™ x D,
with the estimates

|Al, < @, |B|,<é |VIR|,<Eé

We may set
ei=2¢C¢ pi=+le, ni=¢

and assuming e small enough, we have ¢e < u = /e. Thus we have
[Als<e, |Bls<p, [ViRl: <n.

Having fixed s > 0 and r > 0, we may choose @)y sufficiently large so that (44) holds true,
and then by further restricting first s, and then e, we may assume that the condition (43])
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is satisfied. Theorem [Nl applies: there exist an (M, s/2)-ultra-differentiable embedding
T, : T" — T" x D,, defined by

Ty (0) == P, (0,0) = (0 4+ E*(0),G*(0))

where @, is given by Theorem [N] and a vector w§ € R™ such that Y, (T") is invariant by
the Hamiltonian flow of H,; and quasi-periodic with frequency wy. Moreover, wg and T,
satisfy the estimates

wi —wol et (B a2 < cUQo)ts Gl < cQo¥(Qo)e

for some large constant ¢ > 1. Since h is non-degenerate, there exists p§ such that Vh(pg) =
wg and, up to taking ¢ > 1 larger and recalling that ;1 = /e, the above estimates imply

Pl < eV 1B < CUQuIVE,  [G7 Ly < cQu¥(Qu)e. (94)

Now observe that an orbit (6(t),I(¢)) for the Hamiltonian H,; corresponds to an orbit
(q(t),p(t)) = (6(t), I(t)+pg) for our original Hamiltonian. Hence, if we define 7" : T" xR™ —
T x R™ by T(0,1) = (0,1 + pj) and

Ouy =T oy T" 5 T x RY, 0,(6) = (04 F(6),G*(0) + p;)

then ©,, is an (M, s/2)-ultra-differentiable torus embedding such that ©,,, (T™) is invariant
by the Hamiltonian flow of H and quasi-periodic with frequency wg. The estimates on
the distance between ©,,, and the trivial embedding © follows directly from (@4]), which
finishes the proof. O

3.6 Proof of Theorem [F]

Now we show how Theorem [F] follows from Theorem [Nl

Proof of Theorem[F. Consider the vector field X = wy + B € U,(T™,R™) as in the state-
ment. It can be trivially included into a parameter-depending vector field: given i > 0,
let X € Us(T™ x Dp, R™) be such that

X(0,w)=X,(0)=w+B#), weD, X,=X.
Now given any r > 0, consider the Hamiltonian A defined on T" x D, by
HO,I,w)=H,0,]):=w-1+ B(0)-1I. (95)

Clearly, for any parameter w, the torus T" x {0} is invariant by the Hamiltonian vector
field Xp,, and, upon identifying T" x {0} with T", the restriction of Xp, to this torus
coincides with X_,.
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Now the Hamiltonian H defined in (93]) is of the form (&H) with ¢ =7 =0 (and e = 0)
and therefore for p sufficiently small, Theorem [Nl applies: there exist a vector wi € R™ and
an (M, s/2)-ultra-differentiable embedding

¢, T" x Dypjg — T" x D,
here of the form
(I)ZO(@,I) =@+ E"0),[+F0)-1)
with the estimates
lwg —wol < eap, [E |2 < c3W(Qo)p,  [F7 |52 < c3A(Qo)p

and such that

Hys o ®; (0,1) = wo- 1. (96)
The embedding ®;, clearly leaves invariant the torus T" x {0} and induces a diffeomorphism
of this torus that can be identified to = := Id + E*. Writing the equality (98] in terms

of Hamiltonian vector fields, we have, upon restriction to the invariant torus and recalling
that the restriction of Xy, coincides with X,

*
0

E* (Xwg) = Wy-
But Xw;; = Xwo + wj —wo = X + w§ — wp and therefore
E*(X "—WS - wo) = Wy

which, together with the estimates on wj and = — Id = E*, was the statement we wanted
to prove. 0

3.7 Proof of Theorem Bl

The goal of this short section is to show how Theorem [B] follows directly from the work of
Bessi in [Bes00)].

In Bessi, one starts with a non-resonant vector w € R™ which is assumed to be “expo-
nentially Liouville” in the following sense: there exists sy > 0 and a sequence k; € Z" with
|kj| = +00 as j — +oo for which

0< ‘k] : w‘ < e %olkil, (Cl,so)

Given this sequence of k; € Z", one can find another sequence l~€j € Z" such that for all
j €N, |k| <lkjl, kj - k; = 0 and |k; - w| > c|k;| for some constant ¢ > 0 independent of j.
Then one defines the following sequence of Hamiltonians on R™/(27Z") x R™ (which
are similar to the Hamiltonian considered by Arnold in [Arn64]):
HY(0,1) =51 - 1T+ F5i(0), (0,1) e R"/(QWZ?) x R
F27(0) = evjs(1 — cos(k; - 0))(1 + pin j,s cos(k; - 0)) (H1,s)
0<e<1,0<pu<sl, v,:= e*s‘kﬂ, Vjs = e slkil,
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Observe that the only role of the sequences v, ;s and 7y ; 5 is to ensure that the sequence
of perturbations Fel}{ satisfy, for all j € Nand all 0 < p < 1:

FMl= s [FNO) <4
0eCn/(2nZ™), Im(6)<s|

In [Bes00], Bessi proved the following theorem.

Theorem 25 (Bessi). Assume that w € R" satisfy (Crs). Then, if so > s, for any
0 <e <1, there exists p. > 0 and j. € N such that for any 0 < p < p. and any j > je,
the Hamiltonian system defined in does not have any invariant torus T satisfying

(i) T projgects diffeomorphically to T™;

(i) There is a C* diffeomorphism between T™ and T which conjugates the flow on T to
the linear flow on T™ of frequency w.

It is clear that it is the regularity of the perturbation, here the analyticity which causes
the exponential decay of the Fourier coefficients, that forces the condition (Ci)). If the
perturbation is assumed to be only of class C" for some r € N, then can be weakened
to cover frequencies w which are Diophantine with an exponent 7 which is related to r (this
can be obtained from Bessi’s work; one can find a better quantitative result in [CW13],
which also uses ideas of [Bes00)]).

Here we would like to consider the case where the perturbation is M-ultra-differentiable,
for a given sequence M = (M;);en; we will consider a slight modification of the family of
Hamiltonians to a family of Hamiltonians depending on M, which are
still analytic but for which the perturbation are bounded and small only in a M-ultra-
differentiable norm.

First we need to compute the M-norm of the function Py () := cos(k-6) for an arbitrary
k € 7. Using the fact that (I + 1) < 4! for any [ € N and recalling the definition of the
function € in (), we have

1 2.0 l 4 l
Bl — esup LTS (k)

cexp(2(4|k|s)).
leN M, leN ! P({(4]k]s))

Now we introduce the following condition on the non-resonant vector w € R™: there exists
sop > 0 and a sequence k; € Z™ with |k;| — +o0 as j — +oo for which
0 < [kj - w| < exp(=Q(4|k]so))- (Cht,s0)

For the sequence M = M, this condition reduces to (C)), up to an unimportant factor
4. Then we consider the following modified sequence of Hamiltonians:
Hé‘fﬁ(@, I):= %I I+ FE%’]'(G), 0,1)¢€ R"/(QWZ"N) x R™
FE%’J(Q) = epj,s(1 — cos(k; - 0))(1 + ubp ;s cos(k; - 6)) i (Hprjs)
0<e,nu<1, vay;s:=exp(—Q4]k;[s0)), Pnrjs = exp(—Q(4]k;|s0))-
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With these choices of vy ;s and 7y ;s we have that, for all j € Nand all 0 < p < 1:
|F€%’j s < Ace.

The argument of Bessi goes exactly the same of way for this family of Hamiltonians
under the condition (Chzs)), up to the following minor point one has to check: recall
from (&) that  satisfies

Q(t)

1m —— =100
t—+o0 In(t) *

and thus, using the condition that sy > s, one obtains

lim sup (exp(2(4]k;|s0) — Q(4[kjls))) = +o0

j—+oo
which is necessary for Bessi’s argument to go through. So we have the following statement.
Theorem 26. Assume that w € R" satisfy (Cus). Then, if so > s, for any 0 < e <1,

there exists p. > 0 and j. € N such that for any 0 < p < p. and any j > j, the
Hamiltonian system defined in does not have any invariant torus T satisfying

(1) T projects diffeomorphically to T™;
(i) There is a C* diffeomorphism between T™ and T which conjugates the flow on T to
the linear flow on T" of frequency w.

Now Theorem [26] implies Theorem [B] as if w satisfies (By), then it satisfies for
some sy > 0 and it is sufficient to consider a Hamiltonian system as in with s < sg.

4 Application to Hamiltonian normal forms and Nekhoro-
shev theory

In this section, we give applications to Hamiltonian normal forms and Nekhoroshev theory:
we prove Theorem [H| and Theorem [, Theorem [J, Theorem [Kl and Theorem [ and finally
Theorem Ml

In the special case where the Hamiltonians are Gevrey regular, proofs of all those results
are contained in [MS02], [Boul3b] and [Boull]. Our purpose here is to give an extension to
ultra-differentiable Hamiltonians; our crucial technical result will be a flexible normal form
around a periodic frequency (Proposition in § A1), as all the results will be deduced
from it.

As before, we shall write

u<v (respectively u-<v, u=-v, u-=v)
if, for some unimportant “implicit” constant ¢ > 1, we have
u<cv (respectively cu <v, u=cv, cu=nv).

Clearly, what we will consider as being unimportant depends on the precise setting, and it
will be made clear at the beginning of each of the next sections.
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4.1 Periodic averaging

Recall that a vector v € R™ \ {0} is called periodic if there exists ¢ > 0 such that tv € Z";
its period 7' is then defined as the smallest such ¢ > 0. Let v be a T-periodic vector, and
let us denote by L,(I) = v - I the linear integrable Hamiltonian with frequency v.

In this section, given positive real parameters s, d, u, p, v, we shall consider the following
Hamiltonian:

H@,I)=L,(I)+S{U)+ R(I)+ F(6,1),
H:T"x Ds — R
IVSls <p, [VRl;<p, |Fls<v,
n = max{x, p},
where Dy C R" is the ball of radius § around the origin.

The goal of this section is to prove the following result, in which implicit constants will
depend only on n and where { .} denotes the usual Poisson bracket.

Proposition 27. Let H be as in ({), with M satisfying (HI)) and [H2) and v T-periodic.
There exists a constant A=-1 such that, for & > 1, if

v < C(/ig)’lsn, CH(s(ATn)™) < Ke, K i= In&(24) 7, (97)

(%)

then there exists a (M, s/&)-ultra-differentiable symplectic transformation
q)ZTnXD5/£—>TnXD5

such that )
Hod=L,+S+R+F+F

with {F, L,} = 0 and the estimates
‘(I) - Id|s/§ < 2Tv, |F‘s/§ <2y, |F|s/§ < vexp <_’K9£ (071<S(AT77>71))_1> : (98>

Moreover, if I is an integrable Hamiltonian such that {I, F'} =0, then {I, F} = 0.

Proposition will be proved by iterating a large number of times an elementary
averaging step we now describe. Let us consider the following slightly more general setting:

H@O,I)=L,(I)+S(I)+ R(I)+GO,I)+ F(0,1),
H:T"x Ds — R

IVSls<n, VRl <p, [Fls<v, [G[<2v, {G L} =0,
1 := max{y, p}

which reduces to () when G = 0. Given a T-periodic frequency v € R\ {0} and a function
K :T" x Ds — R, let us define [K], : T" x Ds — R by

(99)

K],(0,1) = /0 K0+ 1T, Dt

Clearly, [K], is the projection of K onto the kernel of the operator {.,L,}, that is
{K,L,} =0 if and only then K = [K],.
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Lemma 28. Let H be as in (Q9), with M satisfying (HIl) and [H2) and v T-periodic.
Given 0 < o0 < 1, assume that
C(o)*Tv-< s> (100)

Then there exist a (M, s(1 — o)3)-ultra-differentiable symplectic transformation

v T" x D(g(l,J)S — T" x Ds

such that
HoV=L,+S+R+G+[F],+F"

with the estimates
U —Id|sq-0p <Tv, |F'|su_0p < (Tv*C(0)*s™> +TnuC(o)s™"). (101)

Moreover, if I is an integrable Hamiltonian such that {I, F'} = {I,G} =0, then {I,[F],} =
{I,F*} =0.

Proof. Let us define Y : T" x Ds — R by
1
Y0,1) =T / (F — [F],)(8 + ¢T, )tdt.
0

It is easy to check, using an integration by part, that
{YNy}=F—[F|l,=F+S+R+G—-[F+S+R+G], (102)

where the second equality follows from the fact that [S+ R+ G|, =S+ R+ G since S, R
are integrable and {G, L,} = 0 by assumption. Moreover, we have the estimates

T
Yl < SIF = [FLl < TIF|, < Tw. (103)

Recalling from (@) that (ec)™' < C(0), the inequalities (I00) imply that (37) is satisfied,
and thus Proposition 19 can be applied: for any ¢ € [0,1], the time-t map Y of the
Hamiltonian flow of Y belongs to Us—oys (T" X Dsa—oys, T" X Ds1—s)2) and we have the
estimate

V' —1d[s0-0)2 < Y5 (104)

We set W = Y!: then (I04) and (I03) gives the first estimate of (I01). Now a well-known

computation using Taylor’s formula with integral remainder yields
HoVU=L,+S+R+G+[F],+F*"

with .
Fr ::/ FooYtdt, F,:={tF+(1—1t)[F],+S+R+G,Y}.
0
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To estimate F'*, observe that Y* maps T" x Dsq_s)s into T" X Dgi_gy2, so using (I04)
and (I00), we can apply Proposition [If to get

|F+|s(1—a)3 < |Ft|s(1—a)2'
Now F}, for any ¢t € [0, 1], can be easily estimated using Corollary @ and thus we get

|Filsa-oz < (TVC(0)*s 2+ Tv*C(0)*s 2 + TvuC(o)s™
+TvpC(o)s™ + Tv*C(0)*s™?)
< (Tv*C(o)*s 2 +TvnC(o)s™)

as 1 = max{u, p} by definition. This gives the second estimate of (I0T]).

It remains to prove the second part of the statement, so let I be an integrable Hamilto-
nian such that {I, F'} = {I, G} = 0. Obviously, as I is integrable we also have {I, L, } =0,
which gives {I,[F],} = 0: indeed, letting LT the ¢tT-time of the Hamiltonian flow associ-
ated to L,, as {I, L,} = 0 we have I o LT = [ hence

{I,[F],} = {I,/OlFoLf}Tdt}

1
= /{],FOLZT}dt
0
1
— /{[oLiT,FoLiT}dt
0

1

= / {I,F}oL"dt
0

= 0.

Using this, one obtains then {I,Y} = 0 by a similar argument. Now using {/,Y} = 0 and
again the same argument, to show that {I, F*} = 0 one needs to show that {I, F;} = 0 for
all t € [0,1]: but this in turns follows from Jacobi identity, as each element in the bracket
F, commutes with /. This concludes the proof. O

To prove Proposition 27 it remains to apply inductively Lemma 28 m times, for some
optimized choice of m, choosing the same o ~ m ™! at each step. Actually, to obtain sharper
estimates, we will use a trick due to Neishtadt which consists in applying Lemma 2§ a first
time with o ~ 1 large, and then (m — 1) times with o ~ m™! uniformly small.

Proof of Proposition[27. Let m > 1 be an integer to be chosen below. We set oy =
In&(24)7! and for m > 2, 0, :=In&(24(m — 1))~%. For all 0 < j < m, we define

7j—1
R R E )
vii=e v, Vi = Vi,
=0
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and
s;:=8(1—01)* (1 —0,,)°0 Y 65 :=6(1 —01)*(1 — 0,,,)307V.

We claim that if
v < C(oy) sy, Tn-<Cloy,) s (105)

then for all 1 < j < m, there exist a (M, s;)-ultra-differentiable symplectic transformation
(I)jiTnXD(gj—)TnXDg

such that B R
HO(I)]:LU+S+R+FJ+FJ

with {F}, L,} = 0 and the estimates
(@, —1dls, < Ty |Fls, <50 |l <vpa(TnClon)s™) = x5

Moreover, if I is an integrable Hamiltonian such that {I, F'} = 0, then we have {I, F}} =
{I,F;} = 0. Observe that v; < 2v and as 01 > 0,,, one can use (I03) to ensure that
Xj S l/j.

The statement follows from this claim: indeed, it suffices to choose the integer m as

Iné(24)" (C7 Y (s(ATy) ™) ' <m < 14+ 1Ing(24)"" (C Y (s(ATn) ™))™
for a suitable constant A=-1. Clearly (@7) gives (I05) and m > 1, so we may set
d:=o,, F:=F,, F = Fm,
observe that s, > s/&, 0,, > 0/€, and thus
S T" x Dsje — T" x Ds
is a (M, s/&)-ultra-differentiable symplectic transformation such that
Ho®d=L,+S+R+F+F
with {F, L,} = 0 and the estimates
@ —Idye < 2T, |F|ye < 2v,

and
|Fluje < vexp(—m) < vexp(—In&(24)~ (O (s(ATn)™") 7).

So it remains to prove the claim, and we will do it by induction on j. The second part
of the claim is obvious by induction using the second part of Lemma 28 so we will only
prove the first part of the claim. For j = 1, (I03]) implies that

C(01)*Tv < C(0y)Tns -< s*
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and thus (O0) is satisfied: Lemmaapplies, with 0 = 07 and G = 0, and we set &, := U,
Fy :=[F], and Fy; = F*. Clearly, {F},L,} =0. As v, = vy = v, we do have

@, —1d|s, < Ty, |File <
For Fy, observe that from the first part of (I0F) one has
Tv*C(o1)?s 2 < TvnC(oy)s™*
and thus )
|Eils, < (Tv2Cl01)*s™2 + TvnClo1)s™") < TvnC(on)s™ = xi.

Now assume that the statement is true for some 1 < j < m—1, and let us prove it remains
true for 2 < j 4+ 1 < m. The inductive hypothesis gives a (M, s;)-ultra-differentiable
symplectic transformation

(I)jiTnXD(gj—)TnXDg

such that B )

with {F};, L,} = 0 and the estimates

| —1d|s, < Ty, Fils, <50 1Ejls < w0 (TnClon)s™).

We wish to apply Lemma 8 to this Hamiltonian with o = o,,, F; instead of G and ﬁ’j
instead of F': we have )
[Fj] <5 <20
and, from the first part of (I05)
Tx; < Tv; 1\ TuC(oy)s™' < TvTnC(oy)s™ < (Tn)? (106)

so that the second part of (I05]) implies (I00). Lemma 28 applies to give a transformation
VU such that, if define ®;,; := ®; o ¥;, then

(I)j+1 T % D5

j+1—)TnXD5

is an (M, sj41)-ultra-differentiable symplectic transformation such that

~

Ho®j =L, +S+R+F;+[F, +F}
and hence, setting Fj,, = F; + [F}]v and ﬁ’jﬂ = ﬁ’j*, we have
Ho®jy =L, +S+ R+ Fyy + Fjpy.
Clearly {Fj;1,L,} = 0 and as \ﬁ’j|sj < v;, we have
|Fials;pn < Ejls; + |[Fj]v|sj- <%tV =%
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and, using Proposition [16]

@01 —1d|,,,, <[®; —1d|,, +|¥; —d|s,,, < T+ Tv; = Tyju.

For F},y, using (I06) and the second part of (I0F) we can estimate

| +1‘ < (TX]C<Um) 572 + TanC<0m)571)
< X (T*°C(om)*s™ 2 +TnC(om)s )
< x;TnC(o,)s™
< Xjt1-
This proves the claim, and thus the proposition. O

4.2 Stability in the linear case: proof of Theorem [H

The goal here is to prove Theorem [H and Corollary [I} implicit constants will depend only
on n, w and the function C.

Our proof will use Proposition 7] (which can be seen as Theorem [Hl in the special case
where d = 1) which we proved in § L1l We will also use a slightly more general version of
Proposition 211 (§ B.2]) which we now state and which is still contained in [BE13].

Proposition 29. Let w = (©,0) € R? x R with @ a non-resonant vector. For any
Q > n+ 2, there exist d periodic vectors vy,...,vg € R x {0}, of periods Tt, ..., Ty, such
that Tyvy, . .., Tyvg form a Z-basis of Z¢ x {0} and for j € {1,...,d},

wo — vl < (T;Q)!, 1<T;<¥(Q).

Given any w € R", let us now define

[H].,(0,1):= lim —/H@—l—tw )dt. (107)

s—+4+00 §

When w = (©,0) € RY x R" ¢ with & a non-resonant vector, clearly [H], = [H]; where
[H)4(0,1) = / H(6,1)db; ...db,.
Td

We then have the following result, which, as before, is slightly more general than Proposi-
tion B0, and is a consequence of the fact that Tivy, ..., Tyvy form a Z-basis of Z¢ x {0}.

Proposition 30. Let vy, ...,vy € R4 x {0} be the periodic vectors given by Proposition[29,
and H a function defined on T"™ x D,. Then

and {H, L,} = 0 if and only if {H, L,;} = 0 for any 1 < j < d.
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Given positive real parameters s, p, v, we shall consider the following Hamiltonian:

H(0,1) = Ly,(I) + R(I) + F(6,1),
H:T"xD—-R, w=(@0)ecR! xR (108)
IVR[; <p, |F|s<v

where @ is non-resonant. In the special case where R = 0, p = 0 and v = ¢, this is exactly
a Hamiltonian H as in (&) with h = L, which is the setting of Theorem [H]
We are now ready to prove the following statement, which will easily imply Theorem [Hl

Proposition 31. Let H be as in ([I08)), where H is (M, s)-ultra-differentiable with M
satisfying (HI) and (H2) and h = L, with w = (©,0) € RYx {0} and & non-resonant. For
@ > n+ 2, assume that

PQU(Q)-<1, vQU(Q)s <1, AsQ>1, (109)
for some A -=1. Then there exists a (M, s/2)-ultra-differentiable symplectic transformation
(DZTnXDl/Q—)TnXD

such that )
Hod=L,+R+F+F

where {F, L,} = 0 and with the estimates
© —1dy)s < U(Q)r, |Flop<v, |Flys<vexp (—HW (C*I(ASQ))*I) .
Proof of Theorem[H. Here R =10, p =0 and F = f with v = ¢, it suffices to choose
Q:=A"1 (0255_1) , cp=-1
and to verify that choosing ¢ sufficiently small allows indeed to apply Proposition 31l [

Proof of Proposition[31. Recall that we are considering
H=L,+R+F.

Since @) > n + 2, we can apply Proposition 29 there exist d periodic vectors vy, ..., vg, of
periods 11, . .., Ty, such that Thvy, . .., Tyvg form a Z-basis of Z2x {0} and for j € {1,...,d},

Wl < (M), 1<T)<W,(Q).
For j € {1,...,d}, let us define

S] = Lw - L’Uja M] = (T]Q)_l
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with a suitable implicit constant so that
IV Sjls = clw —v;] < py.

Note that L, = L,, +5;, and that Tjv; =- Q! for any 1 < j < d. Let us further choose
¢ :=2Y% and define, for 1 < j <d

sj =867, 8 =67

so that in particular s; = s/2 and 6, = 1/2.
We claim that for all 1 < j < d, there exists a (M, sj)—ultra—dif‘ferentiable symplectic
map
¢ T" x Ds, — T" x D
such that B )
Ho®; = L,+ R+ F;+ F},
with {F}, L,,} = 0 for any 1 < < j, and with the estimates

o, —Id|,. <V Fil, <
{‘ j d|sj< (Q)Va | J|sJ<V7 (110)

|y, < vexp(—tya (C7H(AsQ)) 7).

The proof of the proposition follows from this claim: it is sufficient to let

b = (I)d, F = Fd, F = ﬁd
since from Corollary 22, {F, L,,} = 0 for 1 <i < d is equivalent to {F, L,} = 0.
Now let us prove the claim by induction on 1 < j < d. For 7 = 1, our Hamiltonian can

be written as
H=L,+R+F=L,+5+R+F

and this is nothing but Proposition 27, which can be applied with p; instead of u, be-
cause (I09) implies that n = max{ui,p} = p; and ([@7): indeed, since T; < ¥(Q) and
Ty =- Q71 the inequalities (T09) imply

p< i, v-<sn Tn-<s

which gives (7)) for a proper choice of implicit constants. So now assume that the statement
holds true for some 1 < j < d — 1, and let us prove that it is true for 2 < j 4+ 1 < d. By
the inductive assumption, there exists a (M, s;)-ultra-differentiable symplectic map

Q;: T" x D5, — T" x D

such that B )
Ho®; =L,+ R+ F; + F},
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with {F}, L,,} = 0 for any 1 < < j, and with the estimates

{@f4m%<www,yéu<u

. i . (111)
Byl < vexp(—ra (71 (AsQ)) 7).

Let us consider the Hamiltonian
which is (M, s;)-ultra-differentiable on the domain T™ x Dj,. It can also be written as
Hj = LUj+1 +Sj-l—l +R+Fj
and because of (I09), we can still apply Proposition 27 to this Hamiltonian with p;,; and
a constant times v instead of respectively p and v (and as before, n = p;11). Therefore,
since s;/& = sj41 and 0,;/§ = 0,41, we can find a (M, s;41)-ultra-differentiable symplectic

transformation
O T" x Ds.

n
J_H—)']T XD5].

such that - L
Hjo(b:Lw+R+Fj+Fj
with {ﬁ’], Ly, } = 0 and the estimates

— = _ _ —1
1© —Id|s,,, < Tjsrv, |Fils <v,  |Fjls;e <vexp(—rqya (CTH(AsQ)) ).

Sj+1
Moreover, for 1 < i < j, since L,, are integrable Hamiltonians for which {L,,, F;} = 0,
then {L,,, F;} = 0 and thus {F}, L,,} = 0 for 1 <4 < j + 1. We may set

— —
= ~ —

(I)j+1 = (I)j @) (i), F’j-f—l = F’j, Fj+1 = Fj +Fj O(I)
so that ) R
Ho®; , =L,+ R+ Fji1+ Fjp1.

We already explained that {F;,1, L,,} =0 for 1 <i < j+ 1, and
‘Fj+1|sj+1 <.
It is obvious that
(I)jJrl T % D5j+1 — T" x D5
and using Proposition [[6] and the fact that T;,; < V(Q), one has

|(I>j+1 - Id| < |(I)j+1 - Id|5j + |(iD - Id|3j+1 < \I[(Q)V

Sj+1

To conclude, using once again Proposition [16] we have

A _ A - -1
|F1j+1|sj+1 < |F1j|sj+1 + |FJ|S] < VeXp(_’%T/d (C 1<)\8Q>) )

This proves that the statement holds true for j + 1, which finished the induction and the
proof. O
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Let us conclude by giving the proof of Corollary [l

Proof of Corollary[d. Since we are under the assumptions of Theorem [H] let us first con-
sider the Hamiltonian in normal form

Hod=h+ f_|_f
where
@ZT”XDl/QéTnXD’
{JF, L.} = 0 and with the estimates

1@ — Id|sp < V(A (case ™)), | fls2 < cae,
|flssz < crzexp(—cs (C(easA™ (ease™))) 7).

Let (A(t), I(t)) be a solution of H o® with f(()) € Dyyy. Since {f,L,} =0 and w = (@,0) €
R% x R" % with & non-resonant, we have Op; f =0 for 1 < j < d and thus

Ha(Z(t) = 1) < |t]  sup  |96f(6. 1)

(0,1)ET"x D, o
for all ¢ as long as I(t) € D, /4. By Corollary [@ and the above estimate on f, we have

sup |89f(9~, f)| < s te exp(—cs (C_l(c4sA_1(0255_1)))71)

(0,1)ET"x Dy 5

hence if we define
T-=rse " exp(cs (C ' (casA™ (case™))) 71)

we obtain )

a(I(t) = 1)) <r, [H<T
since 7 < 1/4 and as long as I(t) € Dyj;. Now coming back to the original Hamil-
tonian H, any solution (6(t), I(t)) with I(0) € Dy/s gives rise to a solution (6(t), I(t)) =

O1(0(t), I(t)) of Ho® with I(0) € 1/4, and therefore, for |¢| < T and such that I(t) € D, 4,
we obtain

Ma(1(t) = 1(0))] < [Ma(Z(8) = I(0)] + [Ma((t) = 1(0))[ + [TLa(Z(0) — 1(0))]
< r 420U (A  epse™h)e
< 2r
since we assumed r > 2¢; W (A7 (cse71))e. This concludes the proof. O
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4.3 Diffusion in the linear case: proof of Theorem [I
In this section we shall give the proof of Theorem [I.

Proof. For convenience, let us write
w=(@,0)=(1,@1,...,04-1,0) € R x R"

with |w;] < 1for 1 <i <d—1. Let us denote by (p;/¢;),en the sequence of the convergents
of i, for instance. We have the classical inequalities

(¢ +q) " <lggor —pjl < g5, JEN,
and since g1 > g;, this gives
2q11) 7" < lggor —pjl < gy, JEN (112)
Now by definition of ¥, we obtain
g1 < Wulgs) < 2gj41. (113)
The perturbation f; will be of the form
£0.1) = fi(I) + f7(0), (0,1) € T" x R™.
First, we choose fjl(I) =v; -1 —w- I, where v; = (1,p;/q;, w2, ...,w04-1,0). We set
gj = w1 — p;i/qjl

and observe that ¢; tends to zero as j tends to infinity. From the inequalities (I12) and
(I13), recalling the definitions of A, and A*, we have

(280(g)) 7" <& <2(Au(g)) ™, AL((2e5)7Y) < g5 < AL(2e57). (114)

Now by definition, |81fj1|8 = cej. Then, if we let k; = (p;, —q;,0,...,0) € Z", we define
f7(0) = eju;sin(27k; - ) with p; to be chosen. Note that

q; < ksl < 2¢; (115)
since |g;| > |p;| (as |w1| < 1). It is easy to estimate
\&;fﬂs < cgjp;2mlk;| exp (2(8m|k;|s))

and so we choose

pj = (2k;|) " exp (—Q(8k;]s))
so that [0 f7]s < cej. Finally, we set f; = f] + f7 and we have

|ij|s < |alfj1|s + |69fj2|s < 2ce;.
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Now we can write the Hamiltonian

H;(0,1) = Luo(I)+ f;(6,1)
= w-I4+vj - I —w-I+e;p;sin2nk;-0)
= vj- I +¢ejp;sin(2nk; - 0)

and as k; - v; = 0, the associated system is easily integrated:

I(t) = Io—t2nkjejp;cos(2mk;.bp).

Choosing any solution (6(t),I(t)) with an initial condition (6(0),(0)) for which k; - 6(0)
is an integer, using the definition of j1;, we obtain

[1(t) = 1(0)] = [L1(¢) — Li(0)] + [I2(t) — L2(0)| = |t[e; exp (—Q(8n[k;]s)) -
Using (I15) and (II4) this gives
|tle; exp (—Q(IGWSAZ(2€J-_1))) < |I(t) — I(0)| < |tlejexp (—Q(SWSAZ((Qsj)_l)))

which is what we wanted to prove, as |I(t) — I(0)| = [I14(1(¢) — 1(0))]. O

4.4 Stability in the non-linear case: proof of Theorem [J|

The goal here is to prove Theorem [J] and Corollary B} implicit constants will depend only
on n, w, |h|s and the function C.

As before, Theorem [Jl will be an easy consequence of the following proposition, where
we recall that given p > 0, we let

o=o0,:(0,1)— (6,p]).

Proposition 32. Let H be as in (@), where H is (M, s)-ultra-differentiable with M sat-
isfying (HI) and ([{2) and w = (@,0) € R? x R"~¢ with @ non-resonant. For Q > n + 2
and /e < p < 1, assume that

pQU(Q)s™ <1, AsQ>-1, (116)
for some A-=1. Then there exists a (M, s/4)-ultra-differentiable symplectic transformation
O:T" x Dyp —T" x D,

such that -
Hod=h+f+f

where {f, L,} = 0 and with the estimates
ot odoo — Id|s/2 < ¥ (Q)e, |fo olsj2 <e, \f 00|52 < Ee€xp (—521/(1 (C’I(ASQ))_l) )
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Proof of Theorem[] 1t suffices to choose
Q:=A"1 (CQSp_l) , c=-1
and to verify that choosing p sufficiently small allows indeed to apply Proposition BI. [

Proof of Proposition[34. To analyze our Hamiltonian H in the domain T" x D,, which is
a neighborhood of size p around the origin in action space, we rescale the action variables

using the map
og=0,:(0,1)— (6,pI)

which sends the domain T" x D onto T" x D, the latter being included in T" x D since
p < 1. Let
H =p(Hoo)

be the rescaled Hamiltonian, so H' is defined on T™ x D and reads
H'(6,1) = p~"H(0,pI) = p ' hlpI) + p ' f(6,pI), (6,1) € T" x D.

Without loss of generality, we assume that h(0) = 0. Now, using Taylor’s formula, we can
expand h around the origin to obtain

1
h(pl) = pw - I + p2/ (1 —t)V2h(tpI)(I, 1)dt = pw - I + p*W (1)
0

and so we can write
H =L,+R+F,
R:=ph!, F:=pYfoo).

Now we know that |f|s < €, so that
P (foo)ls <ple
Moreover, applying Corollary [ we have the estimate
[V |50 < s |hlsp<s™!
so eventually our Hamiltonian H’ reads

H =L,+ R+ F,
R:=ph!, F:=p(foo)
|R|s/2 < Silpa |F|s/2 < pilg-

It has exactly the form (I08)) with s/2 instead of s, a constant times s~ p instead of p and
p~le instead of v; using the assumption that /e < p, we have

v=ple<p
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and (II6) implies (I09). It follows that Proposition Bl can be applied, and it gives the
existence of a (M, s/4)-ultra-differentiable symplectic transformation

(I)IZTnXDl/Q—)TnXD

such that B )
Hod=L,+R+F+F

where {F, L, } = 0 and with the estimates
(' ~1d|sya < W(Q)pte, |Flyu<ple, [Flya<pteexp(—rqpu (C71(AsQ)) ). (117)
Now, scaling back to our original coordinates, we define
P=00® o0 ' :T"x D,y —T"xD,
so that
Hod® = pH od oo™!

p(Ly+R+F+F)oo™
= L, +p*h)oo '+ pFoot+ Foo!
P P P P

where we used the definition of R. Observe that (pL,, + p?h’) o 0! = h, so we may set

and write

Ho®=h+f+f.

Since {F, L,} =0, {Foo™! L,} =0 and thus {f, L,} = 0. To conclude, observe that the
estimates (II7) can be written again as

o to® oo —1d|su<¥(Q)pte, |fool|syu<e,
Foolya<eexp (—raa (C(0sQ)) ™)
which is exactly what we wanted to prove. O

Let us conclude by giving the proof of Corollary B, which is just a slight variation on
the proof of Corollary [II

Proof of Corollary[3. Since we are under the assumptions of Theorem [J], let us first consider
the Hamiltonian in normal form

Hod=h+f+f

where
O :T" x Dyp — T" x D,
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{JF, L.} = 0 and with the estimates

ot o® oo —1d|su < V(A (case™))pte, [foo|ss < ce,
|foolsa < creexp(—cs3 (C’fl(c4sA*1(025p*1)))_1).

Decomposing ¢ = (g, ;) into its angle and action space components, and observing that
Og(foo)=(0sf) oo, one obtains from these last estimates and Corollary [ that

|(I)[ — Id]|s/4 S Cl\II(A_l(CQSEE_l))ff

and

sup |89f(§, l:)\ < s teexp(—cs (C’I(C4SA’1(0231)’1)))_1).

(é,f)E'H‘”XDp/Q

Let (A(t), I(t)) be a solution of Ho® with I(0) € D,4. Since {f, L,} = 0 and w = (@,0) €

R x R with & non-resonant, we have 9y, f = 0 for 1 < j < d and thus

La(L(t) = 1O)| < [t sup  |0pf(8,1)]

(6,1)eT"x D,

for all ¢ as long as I(t) € D,s. So if we define
T-=rse " exp(cs (C~ (casA (ca5e71))) 71)

we obtain ) )

[Ma(L(t) = 1O <, | <T
since r < p/4 as long as I~(t) € D,/2. Now coming back to the original Hamiltonian H, any
solution (0(t), I(t)) with I(0) € D,s gives rise to a solution (6(t),I(t)) = ®1(0(t), I(t))
of H o ® with I(0) € D,/4, and therefore, for |t| < T and such that I(t) € D,,s, we obtain

Ta(I(t) = 1(0)] < |Ha(Z(t) = I(2))] + a(Z(t) = 1(0))| + [ILa(1(0) — 1(0))]
< 420U (A epse™h)e
< 2r
since we assumed 1 > 2¢; W (A7 (cose71))e. This concludes the proof. O

4.5 Stability in the quasi-convex case: proof of Theorem [K|

The aim of this section is to prove Theorem [K} implicit constants will depend only on n,
|h|s and the function C' (except at the very end of the proof where they will also depend
on [ and m).

To prove Theorem [K| we will have to establish several intermediate statements. The
first one is a normal form for an arbitrary non-linear Hamiltonian in a neighborhood of a
periodic frequency. In order not to assume that h is a local diffeomorphism, the following
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definition will be useful in the sequel. For a fixed integrable Hamiltonian A and for p > 0,
a point I; € D in action space is said to be pu-close to be T-periodic if there exists a
T-periodic vector v € R™\ {0} such that

|IVRh(I}) —v| < p. (118)

We will use the notation D,(I;) to denote the ball of radius r > 0 centered at the point
I;. We have the following proposition, where we define

7'1(0,]) = (0,] — Il)
and we recall that, given p > 0,
o(0,1) = a,(60, 1) = (9, pl).

Proposition 33. Let H be as in (), where H is (M, s)-ultra-differentiable with M satis-
fying (HI)) and [H2). Let I € D34 be p-close to be T-periodic, and given p > 0, assume
that

pus < p, e-<p’, Tp-<s’ p<1/d (119)

Then there ezists a (M, s/4)-ultra-differentiable symplectic transformation
® :T" x D,s(ly) = T" x D,(I)

such that o
Hod=h+f+f

where {f, L,} = 0 and with the estimates

|7-1_1 ocoltodoogor — Id|s/4 < QTP%& |JFO CTO7'1|5/4 < 2,
[Foaomlys <eexp (—ry (CTH(2(ATp) ™)),

Proof. Observe that since p < 1/4 and I; € D34, then D,([;) is included in D. Without
loss of generality, we may assume that I; = 0 so that 7 is the identity, and we may also
assume that ~(0) = 0. Let

H =p Y (Hoo)

be the rescaled Hamiltonian, so H' is defined on T" x D and reads
H(0,1) = p™ H(0, pT) = p~"h{pl) + p~ f(6, pI), (6,1) € T x D.
Using Taylor’s formula, we can expand h around the origin to obtain
1
h(pl) = pw - I + p2/ (1 —t)V2h(tpI)(I,1)dt = pw - I + p*W (1)
0
which can be written again as
h(pl) = pv -1+ p(w—wv)- I+ p*H'(I)
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and therefore

H =L,+S+R+F,
S:=L,—L, R:=ph, F:=p(foo).

From the assumptions that I is p-close to be T-periodic we know that
IVS|s < cp.

Then as |f|s < &, we have
P~ (foo)ls<p e

and moreover, applying Corollary [@, we have the estimate
|Vh/‘5/2 < 871.
Eventually our Hamiltonian H' reads

H=L,+S+R+F,
R:=ph, S:=L,—L, F:=p(foo)
|VS‘S/2 < cpu, ‘R|s/2 < 571/77 |F‘s/2 < /7715-

It has exactly the form (f) with s/2 instead of s, cu instead of i, a constant times s~ p in-

stead of p and p~!e instead of v; one easily check that (TT9) implies n =+ max{u, s 1p}=-s"1p

and (@7)). It follows that Proposition [27] can be applied, and it gives, choosing § = 1 and
¢ = 2, the existence of a (M, s/4)-ultra-differentiable symplectic transformation

(I)/ZTnXDl/Q—)TnXD

such that B R
Hod® =L, +S+F+F

with {F, L,} = 0 and the estimates

O —1d|,y <2Tp~ e, |Flou <20 'e,
{\ |s/4 [ Fs/a (120)

Pl < pteesp (=i (CH(ATp) ) 7).
Now, scaling back to our original coordinates, we define
d=00® o0 ' :T"x D, —T"x D,
so that

Ho® = pH od oo™ !
p(Ly+R+F+F)oo™
= (pLy+p*h) oot 4+ pFoo '+ pFoo™!
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where we used the definition of R. Observe that (pL, + p*h’) o o' = h, so we may set

and write

Since {F,L,} =0, {Foo™! L,} =0 and thus {f, L,} = 0. To conclude, observe that the
estimates (I20) can be written again as

ot o® oo —1d|su <2Tp7 e, |fool|yu <2,
Foolys < eexp (—ra (1 (H(ATp) ) )
which is exactly what we wanted to prove. O

From the last proposition, it is easy to prove that the action variables of any solution
starting close to I; have small variation for a long interval of time in the direction given
by the periodic vector v. Using the quasi-convexity assumption on h, we will prove that
the action variables have also small variation for a long interval of time in the directions
transverse to v but tangent to the energy level. Let us recall that h : D — R is (I, m)-
quasi-convex, for positive constants [ and m, if for all I € D, it satisfies

V(1) = 1
and at least of the inequalities
[Vh(I) - €] > g, [VPR(I)E - €] = mlg/*
holds true for all £ € R™.
Proposition 34. Under the assumptions of Proposition[33 and if
w-<mp, p-<l, e-<mp? (121)
for any Iy € D,(I1) and any solution (0(t),1(t)) of H with 1(0) = Iy, we have
1(8) = o] < p, |t -<mpse™ exp(rz (C(s*(ATp) ™)) )
where A=-1.
The proof below follows [P6s93].

Proof. Let us define

T, -=mp*se ' exp(ko (C_l(s(ATp)_l))_l).

For any solution (6(t), I(t)) of H o ® with I(0) € Dy, (1), let T, €]0, 400] be the time of
first exit of the ball centered at I of radius p/4; observe that u < p/8 can be arranged by
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the first inequality in (I21]) so this is well-defined. We claim it is sufficient to prove that
T, <T,. Indeed, in this case one would have

[I(t) = 1(0)| < p/4, 0<t<T,

and as the image of Dy, (I;) (respectively D,/5(11)) under ® contains D, ([;) (respectively
is contained in D,(I1)), one would obtain that

I(t)—I(0)|<p, 0<t<T,

for any solution (6(t), I(t)) of H with 1(0) € D, ().

So it remains to prove the claim, and we will do this by contradiction assuming that
T := min{T,,T.} = T.. To simplify the notations, we remove the tilde from the notations
and we consider a solution (6(t), I(t)) of H o ® with I(0) € Ds,(I;). Let us write

Al:=I1(T)—1(0), I(s):=1Ip+sA(I), w(l(s)):=Vh(I(s))
for 0 < s < 1. Observe that since we are assuming 7" = T,, then
|AI| = p/4. (122)

Recalling that
|\Vh(L) —v| <

for some T-periodic v, we let II, be the orthogonal projection onto the line generated
by v and I} = Id — II, be the orthogonal projection onto the orthogonal of v. Since
I(0) € Dy, (1), we have

w(1(0)) = VA(L)| < p (123)

and using (122)) and the fact that p < p, we obtain
w(I(s)) = VA(L)] < p.
So from the last two inequalities
w(I(s)) — o] <p. (124)
Since IT v = 0 we have
Iy w(I(s)] = [T (w(I(s) —v)| < p

and so

w(I(s)) - TIEAT| < I (w(I(s) — 0))|[IL AT| < p| AL, (125)

Observe that for s = 0, we have the better estimate

lw(I(0)) - TIEAT| < p|AI. (126)
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On the other hand, our Hamiltonian is of the form
Ho®=h+f+f
with {f, L,} = 0, which implies that II, (89ﬂ = 0 and thus

1) A < [ hatr(6) - anfl
Using Corollary @ one easily obtains an estimate of dyf from the known estimate on f,
and, by the definition of 7" with a proper implicit constant, we arrive at
w(I(s)) - IL,AI| < mp*/96 = (mp/24) | Al (127)
where the last equality follows from (I22)). From (I25) and (I27) we get
w(I(s)) - AI| < p|AT]

and by a proper choice of the implicit constant in the second condition of ([I21]), we can
ensure that

w(I(s))- AI| < I|AI]. (128)

To reach a contradiction, let Ah := h(I(T)) — h(I(0)) so that Taylor formula with integral
remainder at the point I(0) gives

1
Ah = w(I(0))- AT + / (1 —5)V2h(I(s))AI - Alds.
0
Since h is (I, m)-convex, using (I28) we know that
|V2h(I(s))AI - AIl > m|AI|?
and therefore
m|AT? < 2|Ah|+2|w(I(0))- Al < 2|Ah| +2|w(1(0)) - TIFAI| +2|w(1(0)) - TL,AI|. (129)

Using the preservation of energy, the last part of (IZI) and (I22), we have

2

mp m 9
2|Ah| < —— = —|AIl|". 13
Ak <= < 22 = Zjall (130)

Next, from (I26]) we obtain
poom
2|w(1(0)) - TIFAI| < p|AIl < -+ E\AIP
for some C'=-1, and, using the first part of (I2I]) and (I22]), we can ensure that
2lw(1(0)) - TIEAT] < %mu? + %|A[|2 - %Au?. (131)
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Finally, recall from (I27]) that
20w(I(s)) - IL,AI| < mp?/48 = %Au?. (132)

and thus (129), (I30), (I31) and (I32) yields
m|AI? < m|AT?

which is absurd.
This proves the proposition for positive times, but for negative times the argument is
completely similar so this concludes the proof. O

To finish the proof of Theorem [Kl we just need the following lemma which is a direct
application of Dirichlet’s box principle.

Lemma 35. Let w € R"\ {0}, and Q > 1 a real number. Then there ezists a T-periodic
vector v € R™\ {0} such that

w—v < (n-1)(TQ)7", || <T <nfw7'Q""

Proof. Fix Q > 1. Up to a re-ordering of its component, we can write w = |w|s (%1, x) for
some z € R""! and by Dirichlet’s approximation theorem, there exists a primitive rational
vector p/q € Q"1, such that

iz —ple < Q71 1<g<@Q"
The vector v = |w|s(E1,p/q) € R™ is then T-periodic, for T = |w| !q, and we have
= <T Mgz —pl, |wl <T < lwlgQ"

which implies

w—v[ < (n=1)TQ)", |w'<T <nfw/~'Q"!
and this was the statement to prove. O
Proof of Theorem[Kl Let @ > 1 be a real number to be chosen below. Recall that we are
considering H as in (&) where H is (M, s)-ultra-differentiable with M satisfying (HIl) and
(H2) and h is (m,l)-quasi-convex. To further simplify the exposition, implicit constants
will now also depend on [ and m.

Consider any solution (6(t),(t)) of H with I(0) € D/,. We can apply Lemma [35] to
w:= Vh(I(0)) and find a T-periodic vector w € R™\ {0} such that

lw—v| < (TQ)™, 1-<T<Q"

We set
p=-(TQ)™
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so that 1(0) is p-close to be T-periodic. Then we set
p=-sp=-s(TQ)™"
and using the fact that T < Q"~!, (IT9) and (I21)) are satisfied provided that
Q*e-<s’, Qs->1. (133)

Assuming (I33]), Proposition and Proposition B4 apply, and we obtain the stability
estimates

[1(t) = I(0)] < p<sQ 7,

for

|t| < sexp (/{2 (C'_l(aQs))_l) . a-=1.
To conclude, to fulfill (I33)) we may choose
Q-=(s’")m

to finally reach )
[1(t) = I(0)] < p < s(s™2%),

|t] -< sexp (/{2 (C_l (a's(szs_l)ﬁ>>l) , d-=1

which was the statement to prove. O

for

4.6 Diffusion in the quasi-convex case: proof of Theorem [[J

The goal of this section is to give a proof of Theorem [l which is the construction of
an unstable orbit assuming that we are working in a non-quasi analytic class of ultra-
differentiable functions (which are characterized by the condition (H3), see § [LG]).

The construction, which is due to Marco-Sauzin, is explained in details in [MS02] in
the case where M = M, with a > 1; we are aiming at showing that it still works in
any non-quasi-analytic class of ultra-differentiable functions, and it requires only a minor
modification (in the same way as Theorem [Bl required a minor modification of [Bes00]).

The interest is that when the sequence M is matching, the instability result is very
close to the stability result given by Theorem [K| and thus this shows that the latter result
is quite accurate.

From now on, we write A := T x R the infinite annulus. Given a potential function
U:T — R, we consider the following family of maps 9, : A — A defined by

Gg(0,1) = (0+qI,1 —q 'U'(0+4qI)), (0,1) €A, (134)
for ¢ € N*. If we require U’(0) = —1, for example if we choose

U(0) = —(27) *sin(270), U'(0) = — cos(276),

83



then it is easy to see that 1,(0,0) = (0,¢™") and by induction

1(0,0) = (0, kq™") (135)

for any k € Z. After ¢ iterations, the point (0,0) drifts from the circle I = 0 to the circle
I =1 and it is bi-asymptotic to infinity, in the sense that the sequence (1/15(0, 0))keZ is
not contained in any semi-infinite annulus of A. Clearly these maps are exact-symplectic,
but obviously they have no invariant circles and so they cannot be “close to integrable”.

However, we will use the fact that they can be written as a composition of time-one maps,
by =3 Vo <<1>%f2 00 q>%f2> =7 Vo (cbéﬂ)q, (136)

to embed 1, in the ¢'-iterate of a near-integrable map of A", for n > 2. To do so, we will
use the following “coupling lemma”, in which the product of functions acting on separate
variables is denoted by ®, i.e.

fog(x, )= f(x)g(z) zeA™ 2 cA™.

Lemma 36 (Marco-Sauzin). Let m,m’ > 1, F : A™ — A™ and G : A™ — A™ two
maps, and f : A™ — R and g : A™ — R two Hamiltonian functions generating complete
vector fields. Suppose there is a point a € A™ which is q-periodic for G and such that the
following “synchronisation” conditions hold:

gla) =1, dg(a)=0, g(G*(a)) =0, dg(G*(a)) =0, (S)
for1 <k <q—1. Then the mapping
U=/ 0 (FxG): A™™ — A™H™
1s well-defined and for all x € A™,
Ui(z,a) = (& o FU(2),a).

Therefore, if we set m = 1, F = ®2/f and f = ¢~'U in the coupling lemma, the ¢"-
iterate U4 will leave the submanifold A x {a} invariant, and its restriction to this annulus
will coincide with our “unstable map” v,. Hence, after ¢? iterations of W, the I;-component
of the point ((0,0),a) € A? will move from 0 to 1.

The difficult part is then to find what kind of dynamics we can put on the second factor
to apply this coupling lemma. Following [MS02], we introduce a new sequence of “large”
parameters A; € N* for j € N and in the second factor we consider a family of suitably
rescaled penduli on A given by

1
Pj(0s, I5) = 3 2+ A;2V(92),

where V(0) = — cos 2m6. We eventually define

G, = GrUEHEHHE) ANV (0:),
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In this case, the map ¥ given by the coupling lemma is a perturbation of

oh — paUiHIE++I7)
of the form ¥ = ®“ o \Ili”r”, with
u=f®ayg, v:AfV.

But for the map G}, due to the presence of the pendulum factor, it is possible to find a
periodic orbit for G; with an irregular distribution: more precisely, a g;-periodic point a;
such that its distance to the rest of its orbit is of order N j’l, no matter how large g; is.

Let us denote by (p;)j>o the ordered sequence of prime numbers and let us choose
Aj = p; Al where A} =1 if n =2 and

A; = Dj-(n-3)Pj—(n-a) P EN°, n >3
Our goal is to prove the following proposition.

Proposition 37. Let n > 2 and s > 0. Then for all j € N, there exist a sequence of
functions g; € Us(A"1), a sequence of points a; € T and positive constants ¢; and s’
depending only on s and M such that if

B] =2 [6162(n71)Aj eXp(QQ(S'p])) + 1j| y q] = AJB],
then a; is q;-periodic for G; and (g5, G4, a;,q;) satisfy the synchronization conditions (3):
95(a;) =1, dg;(a;) =0, g;(G}(a;)) =0, dg;(G}(ay)) =0,
for 1 <k <q; —1. Moreover, the estimate
g5 1gsls <A77, (137)
holds true.

We claim that to prove Theorem [ it is enough to justify Proposition 37l Indeed, it
is rather easy to obtain a discrete version of Theorem [[] for maps on A", using the prime
number Theorem which ensures that

1 1
n—1 n—1
Aj <p; < 2Aj
for j large enough, and hence, setting ¢; = Aj_2
~36-D ~3GT)
2(n—1 2(n—1
£; <p; < 2 .

Then by an elementary suspension argument (using the existence of bump functions for
non-quasi-analytic ultra-differentiable functions) one arrives at Theorem [[] with a quasi-
convex integrable Hamiltonian in n + 1 degrees of freedom. This is described in details
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in [MS02] for the Gevrey case and works exactly in the same way in our context, so we
shall not give more details and concentrate on the proof of Proposition [371
We first consider the simple pendulum

PO.1)= 3P4 V(B), (6.1) €A
With our convention, the stable equilibrium is at (0,0) and the unstable one is at (0,1/2).
Given any B € N*, there is a unique point b® = (0, I3) which is B-periodic for ® (this is
just the intersection between the vertical line {0} x R and the closed orbit for the pendulum
of period B). One can check that Iz €]2,3] and as B goes to infinity, (0, ) tends to the
point (0,2) which belongs to the upper separatrix. Since P;(0,1) = 51> + A;?V(6), then
one can see that
ot = aj_l o ®4 P o oj,
where 0;(0,1) = (0, A;I) is the rescaling by A; in the action components. Therefore the
point b? = (0, Aj_llg) is g;-periodic for ®%7, for ¢; = A;B. Let (®!);cr be the flow of the
pendulum, and
®; (0, 1p) = (05(1), I5(t)).
The function 0pz(t) is analytic. The crucial observation is the following simple property of
the pendulum

Lemma 38. Let 9 = —% + % arctan e™ < % For any B € N*,
Op(t) & [-0,7],
forte[1/2,B—1/2].

Hence no matter how large B is, most of the points of the orbit of b € A will be outside
the set {—0J < 6 < ¥} xR. The construction of a function that vanishes, as well as its first
derivative, at these points, will be easily arranged by means of a function, depending only
on the angle variables, with support in {—9 < 6 < 9}.

As for the other points, it is convenient to introduce the function

T [—9,9] — ] —1/2,1/2]

which is the analytic inverse of #g. One can give an explicit formula for this map:

0
d
0 VI —4sinmp
In particular, it is analytic and therefore it belongs to Us([—9,9]) for any sequence M :=

(M;)ien and any s > 0, and one can obtain the following estimate (see Lemma 2.3 in [MS02]
for a proof).

Lemma 39. For any sequence M := (M,;);en and any s > 0,

A=AM,s) = sup |Tp|s < +00.
BeN~
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Under the action of 75, the points of the orbit of b” whose projection onto T belongs
to {—1¥ < 6 < ¥} get equi-distributed, and we can use the following elementary lemma,
which is the only place where the regularity of the function actually come into play.

Lemma 40. For p € N*, the analytic function n, : T — R defined by

152 i
0)=1- cos 27l
np( ) (p lz; )

satisfies
mp(0) =1, 1,(0) =0, np(k/p) = m,(k/p) =0,
for1 <k<p-—1, and
1] s < ¢ exp(2Q(87ps)).
Proof. Let

p—1

&(0) = ! Z cos 2ml6.

p =0

For any [ € N, we have

sup [&"] < (27p)’
€T

hence

12l2 l l
(125 Cm) _ | (Seps)

= cexp(Q(&8mps
i < csup TR — coxp(@(8mps)

|€p|s = csup
leN

and therefore
‘np‘s < |£p|§ < ? eXp<QQ(87Tp5))-

We can now conclude the proof of Proposition 371

Proof of Proposition[37. Given s > 0, consider a bump function ¢,y € Us(T) which van-
ishes identically outside | — 9, Y[ and let ¢; = |5 9|. We choose our function g; € Us(A™1),
depending only on the angle variables, of the form

gi=9" @ @g",

where
2
gj( 1(02) = np, (75, (02))05,9(62),
and ‘
g](Z)(ei) = Mpj—(n—s (92>7 3<i<n.
Now we choose our point a; = (a§2), . ,agn)) € A"l We set

(2) _ 1B _ -
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where
Bj =2 [ci®™V Ajexp(2Q(s'p;)) + 1]
and

ag‘i) = (Oap;,l(n,i))a 3<i<n.

Using the definition of A;, it is not hard to check that a; is g;-periodic for the map Gj.
Now let us show that the synchronization conditions () hold true, that is

gila;) =1, dg;(a;) =0, g;(Gi(a;)) =0, dg;(Gi(a;)) =0,

for 1 <k < ¢; — 1. Since ¢, 4(0) = 1, then

2 n
gi(a;) = ¢i2(0) - - g (0) = 1
and as ¢, 4(0) = 0, then
dg;(a;) = 0.
To prove the other conditions, let us write G?(aj) = (O, I) e A"t for 1 <k <gq;—1.

If 9,(92) does not belong to | — ¥, J|, then g](?) and its first derivative vanish at 9,22) because
it is the case for ¢, », so

9i(0k) = dg;(6r) = 0.
Otherwise, if — < 9,(92) < 1, one can easily check that

_Aj—l Sk‘SAj_l
and therefore .
(2)
TB]. (9 ) =
k Aj
while "
o) — , 3<i<n.
Pj—(n—i)

If A} divides k, that is k = k'A’ for some k' € Z, then

k K
TB; (‘9122)) P p_
J j

and therefore, by Lemma B0, 7,, vanishes with its differential at 0,(62), and so does gj(»z).
Otherwise, A; does not divide k and then, for 3 < ¢ < n, at least one of the functions
Mp,—(n_py vVanishes with its differential at 9,&2), and so does g§i). Hence in any case

gi(0r) =dg;(0;) =0, 1<k<gq —1,

and the synchronization conditions () are satisfied.
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Now it remains to estimate the norm of the function g;. First, by definition of ¢; and
using Proposition 10, one finds

l9ils < Cl|npj o TBj|S|77pj_(n—3)|s T |77pj|s-
Then, using Lemma [39, Proposition [I6] and Lemma 40 we obtain
115, © Th, s < ¢ exp(2Q(s'p;))

for some s” which depends only on s and A. By Lemma@Q for 3 < i < n, since p;_(,—i) < pj,
we have

Mo,y |s < € exp(2Q(s'p;))

and therefore
19515 < e1®™ Vexp(2(n — 1)Q(s'p;))

Finally, by definition of B; we obtain

9ls < BjAj_la
and as ¢; = A;B;, we end up with

q; gjils < A

This concludes the proof. O

4.7 Stability in the steep case: proof of Theorem [M]

The goal of this section is to prove Theorem [M} implicit constants will depend only on n,
|h|s, I, L, §, p and the function C.
Given positive real parameters s, d, i, v, consider a Hamiltonian of the form

H(0,1) = L,(I)+g(I) + f(0,1),
H:T"x Ds — R (#)
IVgls <p,  |fls <v,

where { .} denotes the usual Poisson bracket, Ds C R™ is the ball of radius § around the
origin. Observe that this is nothing but a special case of (ff), up to a change of notations,
and thus the following proposition is just a special case of Proposition 27, written in a
slightly different way using a real parameter K > 1.

Proposition 41. Let H be as in ([#), with M satisfying (HI) and (H2) and v a T-periodic
vector. Given K > 1, assume that

v-<sp, Tp-<s, KTp-<l. (138)
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Then there ezists a (M, s/2)-ultra-differentiable symplectic transformation
qfﬁT”XDg/g—)TnXD(g

such that -
HoW=L,+g+f+f

with {f,L,} = 0 and the estimates
U —Id|yo < 2T, |floe <20, |flu < vexp (—/{2 (c—l(Ks))*l) . (139)

Moreover, if I is an integrable Hamiltonian such that {I, F'} =0, then {I, F} = 0.

Next consider Tj-periodic vectors v; for every 1 < ¢ < n, and assume that they are
linearly independent. For simplicity, let us just write L;(I) = v; - I. Now consider the
following Hamiltonian:

H;(0,1) = L;(I) + g;(I) + f(0,1),
HjZTnXD(gj—)R (#])
‘VQJ"S]' < Pj; ‘f|sj <v
where we set §; = 2771 and s; = sd;.
Proposition 42. Let 1 < j < n, H; be as in (#)) with M satisfying (HI) and (H2).
Given K > 1, assume that

. (140)
lvj —vj1l < pj-1,  pi<pjo1, J=2

{v-<sm, Tipi<s, KTp-<1 1<i<j,
Then there ezist a (M, s/2)-ultra-differentiable symplectic transformation
\I/j :T™ x Dl/g — T" x D(;j

such that .
HjoV;=1Lj+g+f+f"

with {f,L;} =0 for 1 <i < j and the estimates
_ _ -1
1T, —1ds)2 < g?é{ﬂy}’ \flsjp<vs  |[fT|sjp<vexp <—/€2 (C7H(Ks)) ) . (141)

Moreover, if I is an integrable Hamiltonian such that {I, f} =0, then {I, f} = 0.

Proof. For j = 1, this is nothing but Proposition @1l (setting f = f and f+ = f) so we may
argue by induction. Thus we assume that the statement is true for some 1 < j—1<n—1,
and we need to show that it remains true for 2 < j < n.
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To the Hamiltonian H; = L;+ g; + f we can apply Proposition @Il (with L;, g;, s;, 6;, p;
instead of L,, g, s, 0, p) as (I41) implies (I39): since s;/2 = s,_1 and §;/2 = §;_;, we find a
(M, s;_1)-ultra-differentiable symplectic transformation W7 : T" x Dy, _, — T" x Dy, such
that R

HjoW =1L;+g;+f+f

with {f, L;} = 0 and with the estimates
|\I/j - Id|5j—1 <',I‘jya |-f|8j—1 <V, |f|8j—1 < Vexp <_KJ2 (C_l(K‘S))71> :

Moreover, if I is an integrable Hamiltonian such that {f, I} =0, then {f, I} = 0.
Then observe that we can write

HjoW —f=Li+g+f=Lii+gia+f gi1:=1L;j—Li_1+g;

where B
|f|5j_1 <v

and, using (I40),
IVgj-1ls,os S IV(Lj = Li-1)ls;oy + [V gsls,0 < pj1 + pj < pjea.

Thus we can apply our inductive assumption (with f instead of f), and there exists a
(M, s/2)-ultra-differentiable symplectic transformation

U, 1 :T" x Dyjg — T" x Ds;_,
such that
(Hoq’j—f)o‘l’j—lzLj71+gj—1+J%+J?+:Lj+9j+f+f+
with {f, L;} =0for 1 <i<j—1and the estimates

W1 —Id]s2 < 13%{1{7}’/% (flspp<v, |fflsp<vexp <—/‘€2 (C_l(KS))_1> :

Moreover, if I is an integrable Hamiltonian such that {f, I} = 0, then {f, I} = 0. We may
then set ' L B )
\I/j =W o \I/j_l, f = f, f+ = f+ + f o \IIj—l-
Obviously we have )
|f|s/2 <.

Using Proposition [I6, we get

(¥ =]y <[99 = 1], + U1 = 1d]y/p < max{Tiw}
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but also
= 2 = 2 _ —1
[ s SN s+ 1 0 Walspe < | fFsp2 + | fls,o <vexp <—f€2 (C7H(K5s)) ) :

From the first part of the inductive assumption, we know that {f, L;} = 0for 1 <i < j—1,
but since { f, L;} = 0, from the second part of the inductive assumption (applied to S = L;)
we obtain {f L;} = 0 and hence {f L;} =0 for 1 < i < j. This proves the first part
of the statement, but the second part is obvious, as {f, I} = 0 implies {f,I} = 0 which
implies {f, I} = 0. O

Now let us come back to a Hamiltonian as in (). For any 1 < j < n, let I; € Dy s,
and as before, we still consider a Tj-periodic vector v; and a positive parameter p;.

Proposition 43. Let 1 < j <n and H be as in ([®), and given K > 1, assume that
IVA(IL;) = vl < pj pj-<1,

e-<p?, Tipi-<s*, KTp-<1l, 1<i<j, (142)
wij = wjal - <pj-1, pi<pi-, 257

Then there exists a smooth symplectic transformation
(I) T XDPJ/2([)_>TnXD5]PJ<[>

such that

with {f', L;} =0 for 1 <i < j and with the estimate

|, ®; — Id1|00(1rnxppj/2(1j)) < maxi<;<j{Ti}e,

* -1 -1 -1 (143)
\&;f |CO(’]Tn><Dpj/2([j)) < ES T eXp (—lig (C (KS)) ) .

Let us point out that one can obtain better (anisotropic) estimates such as those ob-
tained in Proposition 32l or Proposition 33} yet only the estimates (I43]) will be useful in
the sequel.

Proof. Observe that the assumptions p; -< 1 ensures that Dj,,, (1;) is contained in D. With-
out loss of generality, we may assume that /; = 0 and h(0) = 0, and we set w := Vh(0).
Let 0;(6,1) := (0, p;I): expanding h o o; at order 2 around I = 0 we have

hoo;(I)=pjw- I+pjh (I), Ie€ Dy,
with [Vhjsj2 < |Vh|s2 < s7. Now consider H; := p; 'H o 0y; it can be written as

HJ(Q,I) :wl+p]hj(f)+p]_1fooj(0,l) :wjl+gj(f)+f]
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with
gi(I) == (w—=w;) - T+ psh; (D), f;(I): p;'fo0;(0,1)
satisfying the estimates
19352 < 57005, gslsrz < 05 le.

To this Hamiltonian we can then apply Proposition B2, with s/2 instead of 2771s, s™!p;
instead of p; and v = ,0;15, as ([42) implies (I40): for s'-=s, we obtain a (M, s')-ultra
differentiable symplectic transformation

\I/j T % D1/2 — T™ x ng
such that .

HioW;=L;+gi+f+f"
with {f,L;} = 0 for 1 <i < j and ¥, and f* satisfying the estimates (IZI)) with s~'p;
instead of p; and v = pj’le. We can eventually set

-1 ;-1 -1
Qj:=0j0¥;00;", f’::pjfocrj , f*::pjf+oaj .

One easily check that H o ®; = h + f' + f*, that {f’,L;} = 0 for 1 < ¢ < j and the
wanted estimates (I43) on ®; and f* follows easily from the estimates on ¥, and f* given

by (I41). O

For 1 < j <mn,let A; C R" be the real subspace orthogonal to vy,...,v;: since these
vectors are linearly independent, A; has dimension n — j. Let also I, (respectively Il 1)
J

be the orthogonal projection onto A; (respectively A]l)

Proposition 44. Let H; :== H o ®; be the Hamiltonian given by Proposition [{3, and let
(0(t), I(t)) be a solution of the system associated to H; with I(0) € D, )4(I;). Then for
1 <5 <n-—1, we have the following dichotomy:
(1) either I(t) € Dpj/Q(I(O)) for 0 <t < sexp (@ (C’_l(Ks))A),
(2) or there exists a time 0 < tT < sexp (/@2 (C*I(Ks))_1> for which |I(tT) — I(0)] =
p;/2 and

(1) = IO)] < py/2. [Hys(I(t) ~ [O)] <2, 0<t<t,

For j =n, we have I(t) € D, /2(1(0)) for 0 <t < sexp (—@ (C”l(Ks))ﬂ).

Proof. First assume 1 < j < n — 1. Let t© > 0 be the time of first exit of I(¢) from
D,,/2(1(0)). Then either t* > sexp </<;2 (C”l(Ks))ﬂ), in which case (1) clearly holds

true, or t* < sexp (/@2 (C*I(KS))fl), in which case we will show that (2) holds true. The
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facts that |I(t7) — I(0)| = p;/2 and |I(t) — 1(0)| < p;/2 for 0 < ¢ < ¢* are obvious. Then
since Ho®; = h+ f'+ f* with {f', L;} = 0 for 1 <i < j, we have 0y f' € A;, and thus for
0<t<tr

[Tps (1(t) = 1(0))] < [t|06f *[co(raxp,, 1,y < tFes™ exp <—H2 (Cfl(KS))ﬂ) < .

For j = n, since {f’,L;} = 0 for 1 < j < n, the Hamiltonian f’ is integrable and the
last estimate shows that t© > sexp (@ (CYK s))ﬂ); then the conclusion follows from
< pPn- 0

Proposition and Proposition [44] which consist respectively in the construction of
normal forms and their dynamical consequences, constitute the analytical part of the proof.
The geometrical part will be based on two propositions. The first one is Proposition [35]
which we already used in § and is a mere consequence of Dirichlet’s box principle. The
second one is a consequence of the steepness property of h; the statement below is a special
case of the lemma on “almost plane curves” of Nekhoroshev, stated in [Nek77] and proved
in [Nek79] (our case below corresponds to “plane curves”).

Proposition 45. Let h : G — R be a smooth function which is (I, L, 0, p)-steep, and such
that sup;cq |V2h(I)| < 1. Let v : [0,t*] — R™ be a continuous curve, X a proper affine
subspace of R™ and o > 0. Assume that

(i) for allt € [0,t*], y(t) € A;
(ii) for allt € [0,£], |7(0) = ~(t)] < ¢ and |y(0) —y(t")| = ¢;
(7ii) the ball {I € R™ | |I —~(0)| < o} is contained in G;
(iv) 0-<1,
then there exists a time t € [0,t*] such that
ITAVA(Y (@) > 2",
where A is the vector space associated to \.

We can now conclude the proof of Theorem [M]

Proof of Theorem[M. For 1 < j < n, let us set

. __1
aj = (np)"7,  Qj-=e

and )
K':Ql '2872"‘11.

Given any solution (6(t), I(t)) of the Hamiltonian system associated to H with 1(0) € Dy s,
we claim that

1) = 10)| <@, [ < sexp (2 (C7(K5) )
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provided that
<1, Q'-<s’ (144)

which holds true if ¢ is sufficiently small.

In view of the definitions of )1, K and the fact that a; = a, this claim clearly implies
the statement we want to prove for positive times; for negative times the argument is
entirely similar. So it remains to prove the claim, and we will do this by an algorithm that
stops after at most n steps. Let us write

T 1= Sexp (/{2 (C'_l(Ks))fl) :

For the first step, we set I; := I(0) and we apply Proposition B3l to w := Vh(I;) with
@ = Q1: we find a Ti-periodic vector v; € R™ \ {0} such that

|Vh([1) —’U1|<' (TlQl)_l, 1<‘T1<'Q71L_1.

Let us set p; =- (T1Q1)~*. The conditions (I44) imply (I42) for 5 = 1 and hence Propo-
sition [43] can be applied: let H; := H o ®; be the new Hamiltonian, and let us denote by
(61(t), I'(t)) its solutions. Consider the solution for which ®,((6'(0), 1'(0))) = (0(0), I(0)):
in view of the estimate on ®; given in Proposition @3, I'(0) € D,, /4(I1) and Proposition 4]
gives a dichotomy:

(1) either I'(t) € D,, /2(1*(0)) for 0 <t < 7,
(2) or there exists a time 0 < t] < 7% for which |I'(t]) — I'(0)| = p;/2 and
() = 'O < /2, [TMas (1t = I'0)) <2, 0 <t <t
If the first alternative holds true, the claim is proved since this implies
11(t) —1(0)] <2p1< Q7' 0<t< 7y

If the second alternative holds true, we will show how the algorithm moves to the second
step. Consider the curve

Yi(t) == 1'(0) + Iy, (I'(t) —1'(0)).
Since € -< p1, we can ensure that
() = 7(0)] = [Ty, (1) = 170)) | = [ (t) = 11(0)] — [Ty (11 (t]) = 11(0))] > p1 /4
and therefore we can find a time 0 < ¢ < ¢{ for which

{w) —m(0) <pr/d, 0<t<t
71(t]) — 1 (0)] = pr /4.
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This curve ~;, on the interval [0,¢]], satisfies the assumption of Proposition 45 with \ :=
I'(0) + Ay, 0 = p1/4 and therefore we can find a time #; € [0,#}] such that

TIa, VR(n(81))] > .
Moreover, ) i i
[y (t) = I ()] = [Ty (I'(8) = 1(0)) [ <e

and since ¢ -< p} as one easily check, we find that
[Ta, VA(T' (1)) > Y.

Then, using the estimate on ®; given in Proposition B3] and the fact that Tie-< p}, one
also has

[I(t) — I'(E)] < A}
and thus
s, VR(I(t1))] > py.
Now we set I := I(#;), and we apply again Proposition B5l to w := Vh(Iy) with Q = Qy:
we find a Ty-periodic vector ve € R™ \ {0} such that
|VR(I) — v < (ThQo) ™, 1<Ty< @yt
Let us set py =- (T5Q3)~!. To check that v, is linearly independent from v, observe that

P2 < Qz_l < Q" <}

and therefore, by a proper choice of implicit constants, one can ensure that
|Ta, va] = [TIa, VA(I2))] = [Tla, (VA(L3) = v2) | = [, VA(L))| = [VA(I2) — 02| > 0.

Clearly, we have ps-<p; and it is straightforward to check that |v; — vg| << p;. Then
conditions (I44]) imply (I42) for j = 2, and once again, we can apply Proposition [43 and
Proposition [44] leading to a new dichotomy: if the first alternative holds true, the claim is
proved while if the second alternative holds true, we move to the next step. If the algorithm
lasts n — 1 steps, then only possibility (1) in Proposition B4l can hold and this concludes
the proof of the claim. O

A On the moderate growth condition

Recall from § [L.1l that the sequence M has moderate growth if

M.\
sup (ﬂ) < 400 (MG)

. .. . . 1
Here we compare this condition to (H2), which requires the sequence ( %)Dl
In 4y o

to zero as [ goes to infinity; in particular, (H2) is satisfied if (W)DQ is bounded.

to converge
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Lemma 46. If conditions (HI)) and (MG hold, positive sequences (1f1%l)l>2

are bounded away from 0 and +o0o and, in particular, [H2)) is satisfied.
Proof. As noticed in § 2] (HI) implies
M >0, w>l+1 (VleN),

and (lﬁl_ﬂll)lm

which shows that both sequences of the statement are lower bounded.
Now, assume that (M) has moderate growth. In restriction to j = I, (MG]) reduces to

My < A'M?
for some A € [1, 400 independant of [ € N. Using that M; = 1, by induction we see that
My < AP (k€ N). (145)

As already noticed, (I implies that M itself is log-convex, hence, if 28 <[ < 2F+1,

ok+1_y 1—2k

My < My ™ M2 < (Mo Mok ) 2%

>~

Using (I45), if & > 1,
M, < AR/ZHG+1) < g5Ik/2

whence
5

M, < (Am)“nl (Vi > 2),

In M, s bounded.

Y
Let us now see why p; := l?n—“l’ is upper bounded. For any given [ € N, let k = k; € N

be such that 2871 <[ < 2%, By the definition (d) of p,

and the sequence

M2k+1 = MZk,uzk .. .M2k+1_1.
Because of (HI), the sequence (M) is larger than 1 and the sequence p is increasing, so
Mops1 > (,uzk)Qk > (m)zk — 2ol

Using (I[45]), we get
plnl < (k+1)In A,

and as ni
n

E+1) < — +2

(k+1) = In2 +
we have . )

<IhA|—+ — [>1
pr="1 <1n2+1n1) (vi=1),

which shows that (p;) must be bounded. O
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