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A CONVEX APPROACH TO SUPER-RESOLUTION AND
REGULARIZATION OF LINES IN IMAGES

KEVIN POLISANO*, LAURENT CONDAT'!, MARIANNE CLAUSEL*, AND VALERIE
PERRIER*

Abstract. We present a new convex formulation for the problem of recovering lines in degraded
images. Following the recent paradigm of super-resolution, we formulate a dedicated atomic norm
penalty and we solve this optimization problem by means of a primal-dual algorithm. This parsi-
monious model enables the reconstruction of lines from lowpass measurements, even in presence of
a large amount of noise or blur. Furthermore, a Prony method performed on rows and columns of
the restored image, provides a spectral estimation of the line parameters, with subpixel accuracy.

Key words. Super-resolution, sparse recovery, convex optimization, line detection, splitting
method, spectral estimation

AMS subject classifications. 94A08, 94A12, 94A20, 47N10, 90C22, 90C25

1. Introduction. Many restoration or reconstruction imaging problems are ill-
posed and must be regularized. So, they can be formulated as convex optimization
problems formed by the combination of a data fidelity term with a norm-based reg-
ularizer. Typically, given the data y = Ax® + €, for some unknown image x* to
estimate, some known observation operator A and some noise €, one aims at solving
a problem like:

1
Find % € argmin _ [|Ax - y|* + AR(x)

where A controls the tradeoff between data fidelity and regularization and R is a con-
vex regularization functional. R can be chosen to promote some kind of smoothness.
The classical Tikhonov regularizer R(x) = ||Vx||3 generally makes the problem easy
to solve, but yields over-smoothing of the textures and edges in the recovered image X.
A popular and better regularizer is the total variation R(x) = ||Vx]|1, see e.g [16, 26];
it yields images with sharp edges, but the textures are still over-smoothed, there are
staircasing effects and the pixel values tend to be clustered in piecewise constant ar-
eas. To overcome these drawbacks, one can penalize higher order derivatives [50, 9] or
make use of nonlocal penalties [63, 24, 21]. Another approach, which is at the heart
of the recent paradigm of sparse recovery [77, 41] and compressed sensing [35, 81], is
to choose R to favor some notion of low complexity. Indeed, many phenomena, when
observed by instruments, yield data living in high dimensional spaces, but inherently
governed by a small number of degrees of freedom. One early choice was to set R as
the £; norm of wavelet coefficients of the image. But the signals encountered in ap-
plications like radar, array processing, communication, seismology, or remote sensing,
are usually specified by parameters in a continuous domain, from which they depend
nonlinearly. So, modern sampling theory has widened its scope to a broader class
of signals, with so-called finite rate of innovation, i.e. ruled by parcimonious models
[52, 37, 6, 85]. This encompasses reconstruction of pulses from lowpass measurements
[28] and spectral estimation, which is the reconstruction of sinusoids from point sam-
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ples [78, 79], with many applications [18, 47, 84, 10, 80, 51, 69, 76, 27]. The knowledge
of the kind of elements we want to promote in the image makes it possible to esti-
mate them from coarse-scale measurements, even with infinite precision if there is no
noise. Methods achieving this goal are qualified as super-resolution methods, because
they uncover fine scale information, which was lost in the data, beyond the Rayleigh
or Nyquist resolution limit of the acquisition system [43, 13]. However, in this con-
text, maximum likelihood estimation amounts to structured low rank approximation,
which forms nonconvex and very difficult, even NP-hard in general, problems [55, 28].
An elegant and unifying formulation, which yields convex problems, is based on the
atomic norm [4, 25]. We place ourselves in this general framework of atomic norm
minimization: the sought-after image x* is supposed to be a sparse positive combi-
nation of the elements of an infinite dictionary A, indexed by continuously varying
parameters. Then, one can choose R as the atomic norm ||x|| 4 of the image x, which
can be viewed as the £; norm of the coefficients, when the image is expressed in terms
of the unit-norm elements of A, called atoms:

(1) |x]]4 =inf {t >0:x € tconv(A)},

where conv(A) is the convex hull of the atoms. In this paper, we consider the setting,
which is new to our knowledge, where the atoms are lines. Expressed in the Fourier
domain, these atoms can be characterized with respect to their rows and columns
and the problem can be reduced to a dictionary of 1-D complex exponential sam-
ples, indexed by their frequency and phase, whose atomic norms can be computed via
semidefinite programming [86]. This formulation makes it possible to derive a convex
optimization problem under constraints, solved by mean of a primal-dual splitting al-
gorithm [23]. Then, applying a Prony-like method [71] to the solution of the algorithm
allows us to extract the parameters of the lines. This approach estimates the lines with
high accuracy, whereas the Hough [45, 46, 56] and the Radon [70, 31, 57] transforms
fail, due to their discrete nature. Our motivation stems from the frequent presence in
biomedical images, e.g. in microscopy, of elongated structures like filaments, neurons,
veins, which are deteriorated when reconstructed with classical penalties.

Some related works are dedicated to the recovery of curve-like singularities, by
variational methods [1, 88], Riesz-based models [53, 54] or so-called finite rate of
innovation methods [52, 75, 20, 61, 42, 59, 61]. The originality of our method is
that we reduce the minimization over an infinite dictionary of lines to a semidefinite
programming problem, taking advantage of the line structure in both directions of
the grid. Although there are works in the same vein to recover 2-D point sources, or
equivalently to estimate the parameters of 2-D exponentials [67, 64, 29, 36], applying
similar principles to the estimation of lines is not straightforward and is new, to our
knowledge.

The paper is organized as follows. The model is described in section 2, the
framework of atomic norm minimization underlying the super-resolution principle is
introduced in section 3, the algorithms we derive are presented in section 4. Then a
Prony-like method is developed in section 5, as a way to perform spectral estimation
of the line parameters. Section 6 gives an overview of related works. Finally some
experimental results are shown in section 7. Part of this work has been published in
a conference paper [66]. In the present paper, we added mathematical developments,
another algorithm, a new estimation procedure for the line parameters, an extension
to the whole range of line angles without restriction any more, an application to
inpainting problems and several numerical experiments.
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Notations. Vectors, e.g. z = (20,...,2n-1) and matrices have component
indexes starting at zero. The Hilbert space of complex matrices of size M x N is
denoted by Mjpsn. The entry in the (ky + 1)-th row and (k2 + 1)-th column of a
matrix M is referred to M[ky, ko] or My, r,. Due to required multiple subscripts,
we often adopt the MATLAB™ notation M[ky,:] (resp. MJ:, ko]) for referring to the
(k1+1)-th row (resp. (k2+1)-th column) of the matrix M. To extract a submatrix, we
also use the notation M[p; : g1,p2 : g2]. The nuclear norm of the matrix M, denoted
by M|, = >, 0:(M), is the sum of its singular values o;(IM). The operation M ®N
denotes the Kronecker product between a m x n matrix M and a p x ¢ matrix N,
whose result is the mp x ng matrix

MyoN -+ Mg,1N
(2) MeoN=| : - z
MnL—l,ON e Mm—l,n—lN

The ground truths for distributions or matrices to recover are denoted by a sharp
#, while the estimated variables are denoted by a tilde . Continuous (resp. discrete)
1-D Fourier transform of functions or distributions (resp. vectors) is denoted by a
hat =. For 2-D functions, distributions, or matrices, the notation f always refers to
the horizontal Fourier transform of f, while the 2-D Fourier transform is denoted by
Ff. When it is necessary to distinguish them, the horizontal and vertical Fourier
transform are denoted by Fif and Faf, respectively. The Radon transform of a
function f is denoted by R f. The projection operator onto a set C is denoted by P
and the proximity operator of a closed proper convex function f : RV — R U {+o0}
(see [8, 3, 22, 62]) is defined by

) prox (&) = argmin () + gz~ w13 )

2. An image model of blurred lines. Our aim is to restore lines from an
observed image y = b® 4 €, which is made of a blurred image b* containing lines
and corrupted by some noise € and then to estimate the parameters—angle, offset,
amplitude—of the lines. In this section, we formulate what we precisely mean by an
image containing lines. In short, b? is a sum of perfect lines which have been blurred
and then sampled. Both processes are detailed in the following.

2.1. The ideal continuous model and the objectives. We place ourselves in
the quotient space P = R/(WZ) x R, corresponding to the 2-D plane with horizontal
W-periodicity, for some integer W > 1. To simplify the notations, we suppose that
W is odd and we set M = (W —1)/2.

A perfect line, with angle § € (—m/2,7/2] with respect to the vertical axis,
amplitude a > 0 and offset 1 € R from the origin on the horizontal axis, can be defined
as a tempered distribution, which maps a function v in the Schwartz class S(R?) to
its integral along the geometric line .£ = {(t1,t2) € P : (t1 — 1) cosf +tasinh = 0} ;
that is, to « fz ¥ (t1,t2) dty dto. Thus, by a slight abuse of notation, we can write the
perfect line as:

(tl,tg) cPr— Ot(S((tl 77’]) COSO+t2SiD9) s

where § is the (1-D) Dirac distribution. For more details about multi-dimensional
distributions over curves or surfaces, we refer the interested reader to [44, 60].
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(a) (b)

FIG. 1. (a) The image b¥ of three blurred lines and (b) the Radon transform of bt.
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FiGc. 2. (a) Parameters (0,n) characterizing the position of a line in the 2-D plane, (b) the
matriz convention we use to display the image obtained by sampling with unit step the blurred line
bt =z x ¢ and (c) the resulting discrete image bt[n1,na] = (z# * ¢)(n1,n2).

We define the distribution z¥, which is a sum of K different such perfect lines, for
some integer K > 1, as

K
(4) ¥ (t,ty) EP Zaké((tl — i) cos O + tosinby) .

k=1
Figure 2a illustrates the line parameters and Figure 2b the convention we use for
representing images.

HypOTHESIS 1. At this time, we suppose that the lines are rather vertical; that
is, for every k=1,..., K, 0 € (—7/4,7/4].

This hypothesis is made, because the rows and columns of the image will be processed
differently. We will proceeed in the Fourier domain, by applying the discrete 1-D
Fourier transform on every row of the image; we insist on the fact that we do not
consider the usual 2-D Fourier transform. This setting may appear restrictive, but
we show in subsection 4.3 that, in fact, we are able to deal with the general case.

2.2. A blur model for an exact sampling process. The observed image b#
of size W x H in Figure 2c is obtained by convolution of the distribution z# with a
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blur function ¢, followed by sampling with unit step:
(5)  bf[ni,ng] = (' x d)(n1,m2), Y1 =0,....W -1, no=0,....,H—1.

The point spread function (PSF) ¢ is assumed to be separable; that is, it can be
written ¢(t1,t2) = p1(t1)pa(ta). So, the function b* = 2% x ¢ can be obtained by a
first horizontal convolution with (7 and then a second vertical convolution with .
We can show (see Appendix A) that we get the function

K

(6) W =abx¢:(t1,ty) eP s Zak¢k((t1 — i) cos b + tasinby) ,
k=1

(7) pr = <<mlo,fl<<m9k>) * (mlg,f?(mek)) ’

if 0 # 0 and ¥, = @7 else.

REMARK 1. We can notice that (6) can also be interpreted as follows: every line
has undergone a 1-D convolution with ¥y in the direction transverse to it. We can
also notice that if @1 and vy are Gaussian functions and have same variance k2, it
follows from (7) that Yy has variance HQ(COSQ 0 + sin? 9) = k2 as well.

Assumptions. We assume that ¢; and @9 have the following properties:
(i) ¢1 € L*(0,W) is W-periodic, bounded, such that fOW p1(t1)dty = 1 and
bandlimited; that is, its Fourier coefficients

1 v N
Cm(‘Pl) = W/ (Pl(t1)€ j2mmty /W dt,
0

are zero for every m € Z with |m| > (W +1)/2 = M + 1. Then, the discrete

filter
8) (gln] = ¢1(n)) ¢z
has discrete Fourier coefficients
~ 1 Wl N
glml = 37 nz_% glnle W = () -

(ii) 2 € L'(R) is such that [, ¢s(t2) dtz = 1 and bandlimited so that the discrete
filter

(9) (hln] = ¢2(n)), oy
has compact support of length 25 + 1, for some S € N; that is,
hin]=0, if |n|=S+1.

An example of three blurred lines is depicted in Figure la. We insist on the
fact that no discrete approximation is made during the sampling process leading
from the continuous to the discrete formulation, due to the Assumptions (i), (ii) and
Hypothesis 1. These important guarantees, for the purpose of super-resolution, are
detailed in Appendix A.
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REMARK 2. These assumptions are convenient and reasonable. Indeed, in prac-
tice, we can always approximate a PSF by a bandlimited function. That said, we also
propose in Appendiz A a weaker version of Assumption (ii), denoted by (ii’), which
relaz the bandlimited restriction. Regarding the periodicity in Assumption (i), this
hypothesis can be circumuvented by considering an acquisition process yielding a twice
larger image, in order to “periodize” the observed image.

2.3. Toward an inverse problem in the Fourier domain. Let us further
characterize the blurred image bf in Fourier domain, i.e. its 1-D discrete Fourier
transform (DFT) on its first component (in the horizontal direction) denoted by b¥.
To achieve this, let us also denote by X! the discrete image obtained by sampling
z% = Fia¥, which is the horizontal Fourier transform, in the sense of distributions, of
the ideal model z¥ (4) made up of 1-D Dirac distributions. Therefore, X* is composed
of a sampled sum of exponentials:

K

(10) < [m,ng] = Z Co(zikekej%r(nz tan 0, —n;,) 2 ’
k=1

cooosM, no=-S,... H—1+S.

REMARK 3. X is such that X*[—m,na] = X*[m, na]*, where -* denotes the complex
conjugation, so we can only deal with the right part X*[0 : M, :] and we can note that

the row corresponding to m = 0 is real and equal to Zéil coD;kOk' We consider in the

following the Fourier image X*[m,ny] of size (M +1) x Hg, with Hg = H + 28, due
to the addition of S pizels beyond the boundaries, allowing the convolution with filter
h determined hereafter.

Our goal will be to reconstruct X* from Bu, that is from its observations through a
known degradation operator A, which we characterize in the following proposition:

PROPOSITION 1. Let A be the operator which for allm = 0,. .., M multiplies each
row vector X*m,:] of X¥ by the corresponding Fourier coefficient glm] and convolves
it with the filter h = (h_g, ..., ho,...,hg). Then, we have the relation

(11) AXF = Dbt
which can be alternatively rewrite on each row m =0,..., M as:
(12) glm](®*m, ] = h) = bi[m, ] .
Proof. See in Appendix B. ]

REMARK 4. From a matriz point of view, the operator A corresponds to a left
and right matriz multiplication with the matrices G of size (M + 1) x (M + 1) and
the transpose of H of size H x Hg defined by:

h—S hS 0 0 0
0 hog -+ hs 0 - 0
0 0 hog -~ hg 0
0 0 0 h.g hs

that is,
(14) AR = GR'HT .
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Finally, the image b of the blurred lines is corrupted by noise, so that we observe
the degraded image

(15) y=bl+e e~N(0,(),

with ¢ the noise level. Thus, the problem consists from (15) and (11) in recovering
X from y, which takes the form of a ill-posed linear inverse problem. Then, we will
need to express a convex optimization problem, under constraints exploiting the sparse
structure of the signal we are looking for, namely that it is a combination of lines. The
super-resolution process consists of recovering the high frequency content (lost because
of the blur operator) from the degraded image y, which can be viewed as a spectral
extrapolation process. Then, we aim at recovering the parameters (0, 1y, o) of these
lines, as a post-process, after the reconstruction. This procedure will be decomposed
as:

1. First, solve a convex optimization problem of the form:
(16) Minimize |y — AX||, under the constraint that X is made of lines ;

that is, to go to the bottom line of the diagram in Figure 15 from y to X*.
2. Second, perform a Prony-like method on X* in order to estimate the K pa-
rameters (0, Nk, ak).

These two steps are summarized in Figure 3. Note that this work also covers the
case where a mask is applied; that is, it can encompass inpainting problems. In the
next section, we present the framework of atomic norm, from which the optimization
problem will be derived.

3. Super-resolution detection of lines.

3.1. Atomic norm and semidefinite characterizations. Consider a complex
signal z € CV represented as a K-sparse mixture of atoms from the set

Az{a(w)e(CN:weQ},

that is,
K
z = cha(wk), =20, wpeN.
k=1

We consider atoms a(w) € CV that are continuously indexed in the dictionary A
by the parameter w in a compact set . The atomic norm, first introduced in [19], is
defined as

|z]|4a=1inf {t >0: 2 € tconv(A)},

where conv(A) denotes the convex hull of a general atomic set A, enforcing sparsity.
Chandrasekaran et al. [19] argue that the atomic norm is the best convex heuristic for
underdetermined, structured linear inverse problems, which generalizes the ¢; norm
for sparse recovery and the nuclear norm for low-rank matrix completion.
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PRONY

Fic. 3. The two steps of the procedure : a convex optimization formulation for the reconstruc-
tion of the lines (in orange) and a Prony-like method for the estimation of their parameters (in
purple).

In our problem (4) the atoms are somehow lines, so one can considered in the
Fourier domain the dictionary Asp indexed by the angle and the offset; that is,
composed of the 2-D exponential atoms of size W x Hg:

2 tan 0, — w
asp (Or, nr) = el2m(nz tan b =nijm/W-
cos 0y,

m=—-M,....M, no=-5...,.H—-1+85,

as illustrated in Figure 4. The problem is that there is no closed-form expression for
the atomic norm in these 2-D dictionaries, to our knowledge. However, in the case of
1-D complex exponentials, there is a way to compute the atomic norm via semidefinite
programming. So, we reformulate the problem using the simplified 1-D case. From
now on, we consider the dictionaries

(17) A:{a(f,qS)EC'”, felo1], qu[O,Qﬂ')},

(18) Ay = {a(f) e, fep, 11} ,

in which the atoms are the vectors of components [a(f, ¢)]; = /™) i € I and
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= o + o + a3

—
ﬁ\".‘_"_":
Y

Fic. 4. Ilustration with a signal made of a weighted combination of three lines (in gray). In
the Fourier domain, we have through the sampling process the same kind of combination, but with
2-D exponential atoms asp (0, nk). In both cases, the weights o; are the amplitudes of the lines.

[a(f)]; = [a(f,0)]; = ei?™/i i € I. The atomic norm writes:

(19) |z||la = inf {ZC; iz = Zc;a(f,g,¢;)} .
k k

0;620
frelo,1)
¢, €[0,2m)

THEOREM 2 (Caratheodory). A wvector z = (2n_q,---,27,20,21,---,2N—1) Of
length 2N — 1, with zg € R, is a positive combination of K < N atoms a(fy) if and
only if Tn(z4) = 0 and is of rank K, where z4 = (29,...,2n-1) is of length N,
Ty : CV — Tn is the Toeplitz operator

* *
20 21 T ZN-1
*
21 20 Tt AN-—2
(20) Ty : 2z =(20,---,2N-1) — : . . . )
ZN—-1 &ZN-2 20

with Ty the Hilbert subspace of My composed of Hermitian Toeplitz matrices and = 0
denotes positive semidefiniteness. Moreover, this decomposition is unique, if K < N.

Proof. See references [14, 15, 83, 65]. d
We are now in position to characterize the atomic norm:

PROPOSITION 3. The atomic norm |[z|.a can be characterized by the following
semidefinite program:

(21) oo = i faos Tz = (T30 2) o)

qeCN ,qo>0 z do

where qo is the first component of vector ¢ = (qo,...,qn_1) € Rt x CN~1 and

2 =%,

Proof. This result is an improvement of [82, Proposition II.1] and the proof is
given in Appendix C. O
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Since the matrix T’ (z,q) in (21) is Hermitian and positive semidefinite, its
eigenvalues (\;)ogi<n are positive reals. So, go = ﬁtr(Tﬁv(z,q)) = ﬁ Zio i
is real and positive.

3.2. Properties of the model X with respect to the atomic norm. In
Fourier domain, the discrete image X* given by (10) can be viewed as a sum of atoms:

regarding the columns lﬂlz of the matrix X, with I = {0,..., Hg — 1}, we have:
K

(22) lglz = iu[:>n2] = cha(fnz,k) )
k=1

and regarding the rows ¢!, with [ = {—M,... M}, we have:

K
(23) tgn =x! [ma :] = Z Cka(fm,ka ¢m,k)T s
k=1
where
Qg ng tan O — ng
24 = = ————
(24) k cos b’ Jra b W
2Tmmng mtan 0y,

¢m,k:= w fm,k:T7

A e = Ckel¢m,k Emp = eJ¢m,k )
; ’ ,

The vectors lfm of size W = 2M + 1 are positive combinations of K atoms a(fn, k),
with K < M, since we can reasonably assume that the number of lines K is smaller
than half the number of pixels M. Thus, Theorem 2 ensures that the decomposition
(22) is unique, hence, following (19):

K
(25) 1B, 4= cx =%*0,ns], Vny=0,...,Hg—1.
k=1

By contrast, since the coefficients d,, ; are complex, Theorem 2 no longer holds and
we simply have from Proposition 3:

K
(26) [0 <S e Ym= M, M.
k=1

Let us take a closer look at the case of one line; that is, K = 1, characterized by
parameters (6,7, a). We recall by (10) that X* can be written as:

<t — 27 ((f1—fo)na+fo)m _ @ __n _ tanf -7
X*[m,ng| = cre , 1= , = , = .
[ 2] ! ' cos fo w h w
Let z = (20,...,2n—-1) be a complex vector, whose elements z; are rearranged in a

Toeplitz matrix P g (z) of size (N — K) x (K + 1) and rank K as follows:

ZK P 20

ZN-1 *** ZN-K-1

We get the following characterization of one line in Fourier domain:



A CONVEX APPROACH TO SUPER-RESOLUTION OF LINES IN IMAGES 11

PROPOSITION 4. An image X is of the form X[m, n] = c;ed27(Ji=fo)ntfo)m) if gnd
only if the columns l,, and rows t,, of X are such that T (1) is positive semidefinite
and of rank one, P1(ty,) is of rank one and X[0,n] = X[0,0] for all m and n.

Proof. See Appendix D. ]

Besides, with D = diag(ci,...,cx) and Vi, = [a(fn,1) -+ a(fa,,x)], we can
remark that

K K
Tu(l,) =D cxTar(@(fos k) = Y k@(frs k)@ frr k)" = Vi, DV,
k=1 k=1

where -* denotes the hermitian conjugate. Since the Toeplitz matrices Tas(a(fnyk))
only contain ones on their main diagonal, then 4 tr(Ty(15,)) = ZkK:I ¢k. Moreover,
the trace of a positive semidefinite matrix is equal to its nuclear norm, hence:

K
ITar (@)l = te(Tar(th,)) = MY~ e = M|, |4 -
k=1

The nuclear norm of a matrix, which corresponds to the sum of its singular val-
ues, is often used as a convex approximation of the rank of this matrix [73, 72].
Consequently, in the following, we consider a convex relaxation of the line character-
ization given in Proposition 4, in which the rank constraint on T M(lfm) is replaced
by an atomic norm constraint on ||I%_|l4. Since the minimum value to achieve is
= Zszl ¢ and since the atomic norm lies on the first row X[0,ng] = X[0, 0], we
impose the constraint X[0, ns] = X[0,0] < ¢f. We do the same for the rows.

REMARK 5. We showed that if every row and column of the horizontal Fourier
transform of the image satisfy assumptions of the Proposition 4, then we have the
horizontal Fourier transform of an image containing one line. So, Proposition 4
supports our strateqy of dealing with the rows and columns of the image, to reformulate
the 2-D problem as a combination of 1-D problems. Proposition 4 shows that, in the
case of one line, we do mot lose anything by this process; in other words, there is
no other image than the image containing one line, whose rows and columns have
the prescribed form. This is an indication (not a proof) that the upcoming SDP
formulation (27)-(28) is tight: we will not promote structures other than lines in the
image. We could not derive a similar characterization for K > 2 lines, which is
a difficult task, but the philosophy remains: the aim is to minimize atomic norms
of rows and columns simultaneously, so that the solution will be composed of sparse
sums of exponentials in both directions. The convex optimization problem exploiting
this strategy is presented in the next section.

4. Minimization problem with atomic norm regularization. Given the
operator A : X — ) defined in (14) using the filters (8)-(9) and ¥y the Fourier
version of the degraded image observed (15), we are looking for an image X € X
which minimizes |AX — ¥||y, for the norm derived from the inner product (32) and
whose rows and columns satisfy properties (25) and (26). We fix a constant ¢ < cf.
Consequently, the following optimization problem provides an estimator of X* defined
in (10):

1o~ -
(27) X € argmin §||AX—yH§,,
(R@)exxQ
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(28a) x[0,n2] =%[0,0] < ¢,
(28b) q[m,0] <c,

(28¢) s.t Tr1(X[5,n2]) =0,
(284) T, (X[m,:],qlm,:]) =0,

Vng =0,....Hs—1, Vm=1,... M |

where the real Hilbert spaces (X, (-,)x), (I, {-,-)y) and (9, (-,-)g) are respectively
defined by

(29) x = {x e mR(0,]) =0} ,

endowed with the following inner product:

Hs—1 M Hg—1
(30) (X1,X2)x = Z X1[0,m2]%2[0, n2] + 2Re (Z Z X1[m, nalXam, n2]*> )

no=0 m=1 ny=0

(31) Y= {§ e COT+DXH . 1 (5[0,]) = o} ,

which is equivalent to (29) for S = 0, endowed with the inner product:

H-1 M H-1

(32)  (¥y1,¥2)y = ) ¥1[0,n2]y2[0,n2] 4 2Re (Z > [m,n2]§2[m7”2]*> ;
no=0 m=1ny=0

(33) Q= {q e CM+)xHs . Iiy(g]:, 0]) = 0} )

endowed with the following inner product:

(34) (a1, a2)o = Z d1[m, O]qz[m, 0] + 2Re < i Z a1 [m, na]az[m, nﬂ*) .

m=0 na=1 m=0

REMARK 6. Since we deal with rows and columns of X € X and rows of q € Q,
we also mention the real Hilbert spaces they belong to, which are respectively denoted
by Xy CR x CM, X, ¢ CHs and Q¢ C R x CHs~1 endowed with the following inner
products:

M
(35) (Iy,15) x, = 11]0]l2[0] + 2Re <Z ll[m]lrz[m}*> ,
s m=1
(36) <t1, t2>Xt = QRG (Z tl [’I’Lg]tg[ng]*> 5
n2=1 e
(37) (q1,q2) 0, = q1(0]q2[0] + 2Re < a [nz]qz[nz]*> :

The operators Tpr41 : X — Ty+1 and T}IS : Xy X Qp — Thg4+1 are defined
respectively on columns and rows of X € X and q € Q, endowed respectively with the
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inner products (35) and (36)-(37), to Hermitian Toeplitz matrices of dimension M + 1
and Hg + 1 respectively, whose spaces are denoted by 7as41 and Trg4+1 endowed with
the classical inner product on complex matrices:

(38) (M,N)pe =Y MpN,;
]

and corresponding Frobenius norm
1/2
2
(39) Mg = (> M|
.3

The expressions of the operators T and T’ are given respectively in (20) and (21).

REMARK 7. This optimization problem could be rewritten in a regularized form
imvolving a parameter A to tune, what is not any better than the tuning parameter c,
which has the advantage of having a physical meaning, related to the line intensities.
Moreover, we have a simple estimator of ¢ noticing that

b#[0, no] = (G0]RF[0, ] * h) [no] = (Z h[z’]) gloj¢f =¢*, Vny=1,...,H.

Then, since y[0,nz] = b0, ns] + € with E(€) = 0, one can get an estimation of the
parameter ¢ by averaging the first row:

T

-1

1

CEE ¥[0,n2] = c* .

0

We keep this constrained formulation and write it in a more suitable way as follows.
Let H = X x Q be the Hilbert space in which the variable X = (X, q) lies, endowed
with the following inner product:

(40) ((X1,q1), (X2,q2) )1 = (X1, X2)x + (q1,d2)0
Let us define LY : # — Thg+1 and L :H — Tar41 by

(41) L&) (X)

m

(42) L2)(X) =Ty

n2

[m, ], alm,:])
X[;, na]) -

We denote by ¢ the indicator function of a convex set C, defined by

{o ifz € C
Lo P T — .

o (X
+1(

+oo ifx ¢ C

We denote by C the cone of positive semidefinite matrices and we introduce the set
B C H corresponding to the boundary constraints:

(43) B= {(ﬁ,q) € H : X[0,n2] = X[0,0] < ¢, q[m,0] < c} )
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Then the optimization problem (27) under constraints (28) can be rewritten as follows:
(44)

M Hs—1
s . Liva -
X = argmin {2||Ax — 33 + ws(X) + Z 1oL (X)) + Z LC(L%)(X))} .

m=1 no=0

We now propose two different algorithms to solve this convex optimization prob-
lem. The first one in subsection 4.1 is more general and can be applied to the extended
setting (with no restriction on the line angles) and inpainting problems, presented in
subsection 4.3 and subsection 4.4 respectively, whereas the second cannot, since it
is difficult to compute the proximity operator associated to the data fidelity term.
However, the second algorithm detailed in subsection 4.2, happens to be faster and
so will be used for most of the numerical experiments exposed in section 7.

4.1. First algorithm design. The optimization problem (44) can be cast as a
minimization problem, involving smooth, proximable and linear composite terms [23]:

Q-1
(45) X = argmin {F(X) +G(X)+ > Hi(Li(X))} ,

with F(X) = }||Ax — ¥/}, X = (X,q), G = ¢, which is proximable, Q = M + Hg
linear composite terms where H; = t¢, L; = L§2) when 0 < i < Hg—1and L; =
Ly .1 when Hg < i < Hs + M — 1. We define Hz = 3% ' Hyz;, LO(X) =
LX), ..., LY (X)) and LO(X) = LI (X),...,.L¥ _(X)). L = (LO,LO?) is

-1

the linear operator such that the composite terms Cans be written H o L, where o
denotes composition. We define an inner product on the range of L"), L® and L,
which are product spaces, as the sum of the inner products defined on these spaces
(similarly to (40)). We denote the corresponding norms by |[-[| (1, [|[l2) and [|-]| 1 o)-

We define the following operator norms:

|AS]
(46) JA] = sup 12xly
T
L;(X
(47) 1L = sup Eille

xen Xl
LX)l

. T L R
xen Xy
L(X
(49) 1L = sup LX) (1,2
xen Xy

We now establish some properties of these functions, operators and norms.

LEMMA 5. The norm (46) of the operator A defined in (14) is given by

(50) AL = [IgllollPo]loo -

Proof. If we denote by X, the (k+1)-th row of X, then by definition the operator A
maps the (k+1)-th row of X to g[k](Xx*h). Let us calculate the norm of this operator.
By considering in Fourier the norm operator f — f x h we have the inequality

X5 5 Bll2 < [1P]loo[[Xk]l2 -
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Thus, with the norm derived from (30) we get

(51) A3 = [Gol* %o * Rl3 + 2[G111%1 * hll5 + - - - + 2[Gar[*[|%s * R[5
< (G NBIZ (R0l + 2010 [13 + -+ + 2[R0 [3)
< gl IRl IR -
Since the filter h is lowpass, the equality is attained for an image X whose all rows are

zero, except one which is constant (and nonzero), of index mg, where g,,, corresponds
to the maximum | g|| ., which proves the result (50). |

LEMMA 6. The adjoint operator of the operator A is denoted by A* and defined
such that (AX, z)y, = (X, A*z) . Its matriz expression is given by

(52) A*Z=G'zZH .

Proof. From the definition (14), we have the matrix product AX = GxH". Then
we use the fact that for any matrix M, we have (MX1, X2) ,, = (X1, M*X;) ,, and
we remark that

(X1, Ro)p = (X1, Xo) o + (X1, o)y — (X1[0,:], X2[0,:]) g -

This yields the claimed result. |
Then, we have the following proposition:

PROPOSITION 7. For X = (X, q), the gradient of F(X) = 3||AX —y|13, is

VF(X) = (A*(AX-¥),0)"

which is Lipschitz-continuous with Lipschitz constant 8 = HﬁHgOHi\ngo
Proof. See in Appendix G. 0

We now give in the next proposition the adjoint operators of:
(53) TM+1 : (le <'7 '>Xl) - (TM+1ﬂ <‘, >M) )
(54) Ty (Xe % Qes (5 Daxo,) = (T, (5 ) 5

where the inner products are defined in (35), (36), (37) and (38).

PROPOSITION 8. For M) ¢ Tis+1 and M@ € Taryq the adjoint operators of
(53) and (54) applied to MY and M) give the vectors

2y =Th  M® e Rx CM |
(z1,q1) = T};SM(I) eCHs x (Rx CHs™1),

respectively, whose components are:

M—k
zlk]= > M2, VE=0,....M,
=0

Hs—1—k
2kl =My, k= Y MY, oMYy o Yk=0,..., Hs 1.
=0
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Proof. See in Appendix E. 0
Now we will provide an explicit upper bound for the operator norm ||L]|.

PROPOSITION 9. The norm of the operator L = (LM L3, where

with LY and L%) defined in (41)-(42), satisfies
LI < LD + L2 = 1T 1° + | TarnI* = (Hs +1) + (M + 1) .

Proof. See in Appendix F. ]

To solve the problem (44), we first propose Algorithm 1, which uses the primal-
dual method introduced in [66]. Following [23, Theorem 5.1], we know that the
method converges to a solution (X, &, ...,€p—1) of the problem (45), provided the
parameters 7 > 0 and ¢ > 0 in Algorithm 1 are such that

1 B

(55) — —o|L*> 3.
T 2

We then choose 0 < 7 < 2,0 = (Hg + M +2)72(1/7 — 3/1.9) and p, = p = 1.

Algorithm 1 Primal-dual splitting algorithm for (45)

Input: y 1-D FFT of the blurred and noisy data image y

Output: X solution of the optimization problem (27) under constraints (28)
1: Initialize primal and dual variables to zero Xo =0, &0 =0, Vi € [1,Q]
2: for n =1 to Number of iterations do

3 Xup1 = prox,¢(X, — 7VF(X,) — 7 2% L€ ),
4 Xn+1 = ann+1 - (1 - pn)X’ru

5 fori=0to Q@ —1do

6 €i,n+1 = prOXaH;‘ (Ez,n + O'Li(2Xn+1 - Xn))a

7: &int1 = Pn€int1 + (1 — pn)&in,

8 end for

9: end for

We detail below the other terms in lines 3 and 6 of Algorithm 1, involving the
computation of proximity operators and adjoint operators. For more details on convex
analysis, monotone operator theory and proximal splitting methods, we refer the
reader to [8, 3, 22, 62].

Hs—14

Set Tg = His Y oo X[0,m2], set G = 15, with B defined in (43). Then we have, for

every m, no:
x[0,n2] =Tg if Tg <
prox,q(X,q) = { X[0,n2] = ¢ otherwise

¢ if gfm,0] > ¢

Let Pz be the projection operator onto the cone of positive matrix C; by Moreau
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identity [3],
1
prox, - (M) =M — oproxm, | —-M | =M — P (M) .
; S\ g

Finally, we need to compute, in line 3 of the algorithm, the adjoint operators
Ly, where the operators L; are defined in (41)-(42). The dual variables (§;.,); in

) € TH5+1 or M£7,22) S TM+1-
By definition, the adjoint operators give the images (zs,ll),q%)) = LMY and
(z%),q%)) = ng) *M%) According to the definitions (41)-(42), for a primal vari-
able X = (X, q) the operators LY and Lﬁ}ﬁ act respectively on the (m + 1)-th row of
the images (X, q) and on the (ny 4 1)-th column of the image X only; so we can easily

see, concerning the adjoint operators, that qgi) =0 and zgi) (resp. z%% qgrlL)) is zero,

except at the corresponding column index ng (resp. row index m), where

Algorithm 1 refer to Hermitian Toeplitz matrices M%

(56) 221, na] = T M2,
(57) (Z%) [m7 :]’ q%) [ma ]) = TII;('S MS}L) )

with the expression of the adjoint operators T}, , and T}js given in Proposition 8.
Thus, the operations on X,, = (X,,q,) before applying prox, . consist in a gradient
descent step X,, — 7VF(X,), followed by an update of all its rows and columns due
to the terms —7 Z?:_ol L¥&; ., whose expressions are provided by (56) and (57).

7

4.2. Second algorithm design. We can note that in Algorithm 1, 7 must be
smaller than 2/8, which is a limitation in terms of convergence speed. To overcome
this issue, we subsequently developed a second algorithm, similar to Algorithm 1,
but with the data fidelity term ||AX — ¥||3 activated through its proximity operator,
instead of its gradient. We consider solving the optimization problem by an over-
relaxed version [23] of the Chambolle-Pock algorithm [17]:

(58) X* = argmin {G(X) + HL(X))},

XeH
with now G = }||A - —y||3, which is proximable, Hz = ZZQ:O H;z; with H; = 1¢ for
i < Q, where Ly = L'”) when 0 <i < Hs —1,L; =L{";, | when Hs <i<Q—1
and Hg = 1 with Lg = Id. So now, |L||? < Hg + M + 3.

Let 7 > 0 and ¢ > 0 such that 7o|L||? = 1, then the primal-dual Algorithm 2,
with F' = 0 and weights p, = p = 1.9, which is an over-relaxed version of the
Chambolle-Pock algorithm, converges to a solution (X, &y, ..., g—1) of the problem
(45) [23, Theorem 5.1].

The Algorithm 2 requires computing prox, . Since we have

(59) p =prox,¢(X) & X —p=V(rG)(p) ,
©&x-—p=TA"(Ap-Yy),
SX+TAy=(I+7A"A)p,

the proximity operator has the following expression:

prox, (%) = (I+7A"A) (R + TA"S) ,
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Algorithm 2 Primal-dual splitting algorithm for (58)

Input: y 1-D FFT of the blurred and noisy data image y

Output: X solution of the optimization problem (27) under constraints (28)
1: Initialize all primal and dual variables to zero
2: for n =1 to Number of iterations do
3: Xﬂ+1 = prOB(TG (Xﬂ -T Z?:Bl L:Ez,n)a

4 Xn+1 = ann+1 - (1 - pn)Xn

5 fori=0toQ—1do

6 &im+1 = ProXe g (§im + oLi(2X011 — Xn)),
7 gi,n—&-l - pngi,n—&-l + (]- - pn)Ez,n

8 end for

9: end for

for which we propose below two ways of computing the inverse.
We proved in Lemma 6 that A*y = G*YH and then

I+7A*A)X=%+PxQ, P=7G'G, Q=H"H.
(

The square matrices P and Q are of size p = M + 1 and ¢ = Hg. We have to solve
(I+7A*A)X = z; that is, X + PXQ = z. This kind of system can be solved by the
mean of the Kronecker Product (2) as:

X+PxQ=2z <= (I,;+Q®P")vec(X) = vec(z).

where vec(X) denotes the vectorization of the matrix X formed by stacking the columns
of X into a single column vector and I,, + Q ® PT is a matrix of size pg x pg which
can be inverted, giving access to vec(X) and then to X. Finally, the operator prox,
can be seen as a large matrix-vector product.

Another option consists in operating on the rows X,, of X, since the operator A
acts on them:

I+7A*A)X =2 <= I+ Gn]’Q)Xm =2m, Ym=0,...,M .

This time, the operator prox,, involves performing M + 1 matrix-vector products of
size g x g, which appears to be more efficient in practice.

4.3. Extended problem formulation. We now consider a data image b* con-
taining lines with no angle restriction, which extends the previous case by relaxing the
assumption made in Hypothesis 1. We can decompose this image into the sum of two
images b? = b? + b, with b? (resp. b%) containing vertical (resp. horizontal) lines,
that is with angles in (—n /4, 7/4] (resp. outside this range). We can also define ﬁg of
size (M +1) x Hg and %, of size Wg x (P+1) with Wg = W +25 and P = (H —1)/2
such as AR} = gﬁ and AR} = Bg, where g» = (0p_g,h,0p_g) and A denotes the
operator which multiplies each column vector }A(g[:, ns] by the corresponding Fourier
coefficient ga[ns] and convolves it with the filter h; that is, ARy = (CA-‘Q)ACQ) * h with
G, = diag(g2[0], ..., g2[P]). We finally define the Hermitian symmetry operator Sy
(resp. S2), which to each column v = (vg,v1,...,var) (vesp. row v = (vg,V1,...,Up))
associates the symmetric extension (v}, ..., vo,...,vam) (resp. (Vp,...,v0,...,0p)).
Let X; = (X1,q1) and X5 = (X2,q2) be the optimization variables, living in spaces
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H1:X1><Ql and’HQZngQg. LetH:Hle}‘lz,X:XlXXQ anszleQQ.
The data fidelity term is now:

1 =N _ - 1 - N
F(Xy,X2) = §||}T151AX1 + T3 'S2AR, — y|lp= §||A1X1 + A% —y|E,

with A; = fflslA, A, = F{lsgA, where F7 (resp. F2) is the Fourier transform
with respect to the columns (resp. rows) and |[|-||p is the Frobenius norm.

PROPOSITION 10. The gradient of F is

1 Al*(Alﬁl + A2§2 — y)
60 VF(X1,X5) == " - ~ ,
( ) ( 1 2) 2(A2 (A1X1+A2X2—y)
which is Lipschitz-continuous of Lipschitz constant § = m
Proof. See in Appendix H. 0

The image iﬁ keeps the same kind of constraints as in the Algorithm 1, which

act similarly on the image §ﬁ2 in a rotated way; that is, we define

(61) L) (X5) = Tpi1(Ra[m, ])
(62) L{Y(X5) = Ty, (fiple(Ra[:, na]), fAliplr(qa [z, n2])) |

where fliplr denotes a flip from left to right on each column of the matrix.
The boundary constraints on X; and X, are respectively given by:

63)  Bi— {(ihql) € My %[0, ma] = %1[0,0] < e1, qrm, 0] < cl} ,

(64) By = {(§27Q2) € Ha : X2[m, 0] = X2[0,0] < c2, q2[P,ng] < 02} .

Likewise, the inner product on spaces X, and Qs are:

Ws—1 P Ws-1
(65) (z1,Z2)x, = Z zl[m,O]zQ[m,0]+2Re<Z Z zl[m,ng]zQ[m,ng]*> ,

m=0 no=1 m=0

(66) (z1,22)0, :2R€<Z i Zl[m,n2]z2[m7n2]*> )

no=0 m=0

and so the adjoint of the operators remain the same.
Like before, we define L®)(X;) = (L{(X2), ..., L. _;(X2)), also LY(X;) =
LY(Xy), ..., L (X)) and L = (LM, LA, L®) L®). 1t is casy to show that
L2 < L) 4+ L) + L) + L2,
SHs+1)+M+1)+(P+1)+(Ws +1).
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Finally, we have

> < . 1 N .
(67) (Xi,X3)= argmin {2A1x1—|—A2X2—y||%

(X1,X2)eH
M Hs—1
+g, (X)) + Y e (X)) + > we(LP (X))
m=1 no=0
Ws—1 P
+5,(X2) + D e(LP(X2)) + Y LC(L%?(X2))} -
m=0 no=1

4.4. Inpainting problems. We now consider the case in which a binary mask
is applied on the data image, like in Figure 3. The corresponding linear operator,
denoted by M, consists in elementwise multiplication of the matrix b? with a binary
matrix, whose zero coeflicients are the indices of the pixels unavailable to observation.
We have M* = M. The data fidelity term becomes F(X) = 1|MF; 'S;Ax — y|3,
whose gradient can be expressed as previously, with 8 = 1/W (since | F; || = 1/W
and |[M]|| = 1). The constraints remain the same as in (28) and the method is also
easily transposable to the extended setting of subsection 4.3.

At this point, the first part of the process has been completed; that is, the image
%! has been restored from the degraded image y. From this image, we can for instance
reduce the blur by applying other filters g, and h,. with smaller spread and visualize
the resulting image b, passing the solution X through this new blur operator A.,;
that is, b, = A, X.

5. Recovering the line parameters by a Prony-like method. In this sec-
tion, we present the method that underlies the second step of this work (see Figure 3),
namely the estimation of the line parameters, which is related to the spectral estima-
tion field. We now focus on estimating the parameters (0, oy, nx), which characterize
the K lines, from the solution of the minimization problem X (27), extended by Her-
mitian symmetry to m = —M, ..., —1 beforehand. This requires the use of a classical
spectral estimation method [78, 79].

5.1. Sketch of the 1-D Prony TLS method. The recovering procedure
hereafter, based on [71], is an extended method of the famous Prony method [68].
Let us sketch this method, which is based on an annihilating property [5]. Let

z = (zo, ey zN_l) be a complex vector, whose components are:
K .

(63) zi=» dp () Vi=0,... N-1,
k=1

with dy, € C, fx € [-1/2,1/2) the parameters to retrieve and N > 2K + 1.
Let ¢ = e32™fr  we introduce the annihilating polynomial H(¢) = H{;(C —¢) =
szio hi¢K =t with hg = 1. Then, we can note that for all 7 = K,..., N — 1:

K K K K K
69) > hizi=Y M (Z dkg:_l> =Y di(i (Z hlg,f—l> =0.
1=0 1=0 k=1 k=1 1=0

H(Cr)=0
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By rearranging the elements z; in a Toeplitz matrix Py (z) of size (N — K) x (K +1)
and rank K as follows:

2K 20

ZN—-1 **° ZN-K-1

(69) can be written with h = (hg,...,hk) as:
(zxh)(r)=0, VYr=K,....N—-1<=Prh=0.

Consequently, the method consists in finding a right singular vector h = (hq, ..., hx)
of the matrix Pk (z) associated to the singular value zero. From the SDV decom-
position Pg(2z) = V;3XV3, it corresponds to the (K + 1)-th column of Vy, that is
h = V;[;, K 4+ 1]. Thus, the roots of the polynomial H({) = Zzio hi¢E=1 are the
searched complex values (; = e$?"/* and then f;, = arg((y)/(2).

The Algorithm 3 below described the procedure for estimating the frequencies:

Algorithm 3 ProNy

Input: Z = (%,...,2y_1) € CN a vector of form (68) possibly corrupted by noise,
with N > 2K + 1 and K the number of frequencies to retrieve.
Output: { fk}szl the estimated frequencies.
1: Compute the SVD decomposition V; 3V} of the matrix P (2) (70)
2. Extract the (K + 1)-th right singular vector h = (ho, ..., hx)T = Vi[5, K +1].
3. Compute f = arg(gk)/(%r), with {@},’le the roots of polynomial Zf:o hiCF.

Finally, the complex amplitudes can be retrieved as well, by writing (68) in matrix
form z = Ud, where d = (d1,...,dk) and the matrix U of size N x K is

1 - 1
e 27 f1 .. e~ i2mfKk
—j4m f1 —j4m
(71) U= (a(fi) - a(fx)) = et o4 fx
e—jzﬂ'(}v_l)fl . e—jQw(].\f—l)fK

and we recover the amplitudes by least-squares approximation:
(72) d=(UU)"'U*z.

5.2. Procedure of the line parameters estimation. We start with the angle
parameters estimation by applying a Prony-like method onto the rows t,, of the output
solution X, since from (23) and (24) one have theoritically

K
(73) th =% m.:] = dpra(fmr)"
k=1

whose frequencies to estimate are related to the angles by fy, r = taHTG’“m. The number
of lines can be found either by a dedicated method like the approximate Prony method
(APM) [67] or by evaluating the rank of the dual matrices T ps41(X]:, n2]) at the end
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of the algorithm, from the decreasing profile of their eigenvalues. The output solution
of the algorithm X, whose stopping criteria is met when this one is sufficiently close
to the exact solution HS& = ﬁnH < 1, then remains some noise. In the noiseless case,
the Prony method is always able to recover the frequencies with infinite precision, if
the number of samples N is greater than 2K. But in our case, the estimate f, s is
affected by some uncertainty e, x; that is, fm,k = fm,k+€m,k, due to the instability of
root finding in presence of noise. Then, we propose to estimate the angle parameters
by applying K linear regression to the data { fm,khgmg M since

tan 6y
w

fm,k = m—+ €m,k »

which leads to an estimation of the slope tan 6 and then to the angle 8. The errors
€m,r committed by evaluating the frequencies f, ; have an amplitude which depends
on m. Indeed, for a small m, the frequencies f,, = %m, are close to each other
and the Prony method fails to accurately determine the frequencies. Consequently, it
is preferable to start the linear regression with the largest values m > myg, in order to
space the frequencies on the unit circle. We have to make sure that for large values of
m, the two extremal frequencies, say fm,1 < 0 and f,, xk > 0, are not close to —m and
m, respectively, at the same time, as this would violate the separation criteria. Then,
the angles 0 estimated from the K linear regressions are used to form the matrices
U,, and to obtain the complex estimated amplitudes d,,, by solving least-squares
linear systems (72).

REMARK 8. In the preliminary version of this work [66], we proposed a simplistic
method consisting in averaging the estimates

ém,k = arctan(me,k/m) = arctan(W fr, /m + Wep o /m) = 0 1 + Wem i /m

whose error is actually amplified by a factor W/m; this gives bad results, in particular
for a small m. Consequently, the mean 0y = ﬁ E%Zl Om 1 did not lead to a robust
estimation of the angles Oy

The previous estimation process of the frequencies fm, r and the angle estimation
are possible, as long as the sorting process of the frequencies fmyk is related to the
corresponding angles 61 < -+ < 0, < -+ < 0k for all m, which allows us to perform
the linear regression with respect to m. It would not be possible to do the same with
frake = (notan@y — 1) /W to estimate the offsets n, performing the Prony method
on the columns, because the affine relation does not preserve the order (one can find
n and n’ such that fn7k1 < fmkz and fﬁn/_’kl > fn’,kfz)'

The frequencies are not uniquely determined, as they belong to an interval of
length greater than one f, x € [—(Hs + M)/W,(Hs + M)/W] and above all we
would lose the correspondence between the fnz’k and the previous estimated angles
ék, which compromises the estimation of the 7. Thus, the solution is to perform the

Prony method on the estimated vectors €5 = {ém,k}%znm’ noticing from (24) that

dm,k/|dm,k| = (e—j27r17k/W> l )

which leads to the frequency estimation of a single sampled exponential. This way,
the correspondence between the angles 6 and the offsets 7 is preserved.
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Finally, regarding the amplitudes cg, taking the modulus of the Jm,k’s leads to
inaccurate estimates, since they are computed from the solution X and their ampli-
tudes have been shrunk, due to the choice of a parameter ¢ < c* to remove noise.
Like often with variational methods, this yields a bias towards zero and yields images
with a loss of contras; that is, the line intensities are globally smaller. That is why we
propose to perform a refitting step, to recover the amplitudes in a better way. Given
the estimated 2-D atoms Cosl i aQD(ék, 7k ), we evaluate the amplitudes & by applying
least-squares estimation to the noisy data y:

2

K
- - 1 _
Z%Ak -y||, Ar= — Aayp (Ok, k) -
cos 0y,

k=1

(74) (a1,...,4K) = argmin
A1, K

The procedure is summarized Algorithm 4 and is illustrated in Figure 5:

Algorithm 4 Extraction of line parameters

Input: X solution of the optimization problem (27) under constraints (28)
Output: {0x}5 , {f} | and {ax}<, the estimated parameters of the lines x.
1: Estimate K via APM or the rank of the matrices T ps41(X[:, n2)).

2: for m=1to M do

3. Extract the row £, = X[m,].

4: Compute { frm 1 1, ¢ PRONY(E,,, K) and sort the frequencies with resp. to k.
5: end for

6: for k=1 to K do

7. Perform a linear regression on { f,, 1}
8: end for

9: for m=1to M do_ B ~
10:  Form the matrix U,, = (a(tanym/W)---a(tanOxm/W)).

11:  Compute the vector dp, = (dim 1,y dm )" = (U, U,,) U~ .
12:  Compute the normalized values €y, = czmk/ﬂmk
13: end for

14: for k=1 to K do

15:  Form the vector &, = (€m k) msm,-

16:  Compute 7 < W x PRONY(€j, 1).

17: end for

18: Evaluate the amplitudes {&y}5_, by solving the least-squares problem (74).

M

m>meo O estimate tan ék and then ék.

6. Other related works and further comments. Below we discuss other
approaches to estimate line parameters and discuss their effectiveness:

e There exist sophisticated methods, called debiasing methods [12, 32, 33], which
could be considered to recover the line intensities oy, instead of the least-squares
method (74) used here.

e For recovering the offsets 7, we also could apply the Prony method on the
middle line (ng = 0) of the image X, since from (22) we have

K
(75) ] = 3 cyer2mmm/ W
k=1
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Fic. 5. Parameters extraction procedure illustrating the Algorithm 4.

and since the arguments of these exponentials are uniquely determined. Provided
that the latter frequencies are well separated, it would give a better estimation of
the offsets 7, but the correspondence with the angles 6 would be lost, as mentioned
previously. To reconnect them, one could rely on the work of [67] (or equivalent [64]),
noticing that

K K
<t [m, n2] = Z ieﬂﬂ'(nrg tan O —ne) 7 — Z f ej2ﬂm<(221>(ta::/k‘,<,w)>
cos 0y, cos 0y,

k=1 k=1

are the samples (indexed by m) of the Fourier transform of Zszl ﬁ%—ké(tan 01 /Wi /W)
(denoted by hg) along radial lines indexed by ng, that is hg(mng, m) = X*[m,na].
One could exploit this information to couple the right frequencies (tan 6y /W, n, /W)
among all the possibilities {(tan 0y, /W, g, /W) : k1,ke = 1,..., K}, using the esti-
mated frequencies along the radial lines hg(mng, m); that is, using the Prony method
along columns of X.

This procedure, called sparse approximate Prony method (SAPM), requires the
use of samples along lines hy(n,0), ho(0,n), ho(n,an+ 8) forn € Zy = [-N,N|NZ
and a, 8 € Z, conveniently chosen. Therefore, it first requires to separately estimate
the frequencies along the horizontal axis hg(n,0) and the vertical axis ho(0,n), before
coupling them through the lines ho(n,an + ). We get the frequencies 7, /W along
one axis, since from (75) we have ho(0,m) = I3[m] = %[m,0]. However, we do not
directly have access to ho(n,0) from X* for estimating the tan 6, /7. We admittedly
have these frequencies appearing on the first row X*[1,:], but they are clustered and
badly separated on this one. Consequently, it is better to use our procedure for esti-
mating the angles, which exploits the other rows for larger index m, in order to space
the frequencies before applying the Prony method; this is reminiscent of the strategies
of decimation developed in [29, 11, 2]. Moreover, our proposed method to estimate
the offsets n; deals with the rows and columns jointly and automatically preserves the
correspondence, without having to restore it a posteriori. This is less arbitrary than
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performing the Prony method on lg (75), which requires well-separated frequencies
on this column; this is a meaningless condition, since the lines can intersect the r—axis.

e The authors of [36] proposed a convex approach to the recovery of a superpo-
sition of point sources from samples of its Fourier transform along radial lines. They
also emphasize the equivalence between working with the radial Fourier coefficients
and working with its Radon projections, according to the Fourier slice theorem. An
important question is then how many lines (or projections) and samples are needed
to obtain an exact reconstruction. The authors of [74] show that K points can theo-
retically be determined by the projection onto K + 1 distinct lines through the origin.
In [64], it was conjectured that under certain additional assumptions, it is possible to
choose only four lines passing through the origin to guarantee a unique reconstruction,
but this conjecture has been shown to be false in [34]. These authors cast the problem
into a nonconvex optimization problem for which there are guarantees for recovering
the points, but this constrained optimization problem is NP-hard. Finally, the authors
of [36] give a total variation minimization formulation of the problem. Like in [64],
where the radial line of angle 6 is chosen to maximize the minimal distance between
two projections onto it, the authors show the crucial role of the minimal separation
distance vmin(Ag) between the projected positions Ay = {(0,24)}5_ ;. Thus, they
proved that for a set of radial measurements © € S! for which the global minimal sep-
aration distance is Vi, = infoeo Vmin(Ag), total variation minimization has a unique
solution achieved by their algorithm from 3 different radial lines of © and a sampling
set Zy with N > 2/vpin. These results provide strong guarantees, but the framework
is quite different from ours, especially because the unit sampling step is constant
on every radial line, while in our case the samples are taken on points (mmng, m).
Moreover, the frequencies along these lines can easily collide, which contradicts the
separation assumption on the projected positions. Finally, a common point between
our two-step super-resolution recovery of lines and the references cited above is that
all these methods come down to 1-D settings, based on a sufficient separation property.

e A final approach might be to apply the Radon transform to the noisy blurred
lines y = bf + €, which somehow transform blurred lines to blurred peaks, repre-
senting in Figure 1b by 2-D point sources in the Radon domain. Then, we come
down to a classical 2-D spikes super-resolution problem, with on the one hand a noise
amount which is somehow reduced [58] and on the other hand a minimal separation
infj,; dist(6x, 0;), which is better than the one we have with the frequencies tan 6, /W
of x. However, the main drawback is that the Radon transform is performed on the
data image y of blurred and noisy lines, which is finite and discrete, so that it pro-
duces some artifacts like “Butterfly patterns” (see Figure 1) [30, 48, 49], due to the
finite length of lines. Moreover, they induce discrete other approximations due to the
projections on a grid [87]. These problems are avoided with our model and assump-
tions, which yields an off-the-grid super-resolution estimation of the parameters and
outperforms the naive approaches using the Radon (or Hough) transform.

7. Experimental results. The reconstruction procedure was implemented in
MATLAB™ code, available on the webpage of the first author. We consider an image of
size W = H = 65, containing three lines of parameters (61,m,a1) = (—7/5,0,255),
(02,m2,a2) = (7/16,—15,255) and (03,13, a3) = (7/6,10,255). We consider the nor-
malized filter h approximating a Gaussian function of standard deviation «; that is,
@o i t > (21K2) /2 exp(—t2/(2K2)), on the compact set [—S, S] with S = [4k] — 1;
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and the normalized filter g = (0ps—g, b, 0p7—5), whose DFT is an interpolation of fl,
which approaches the continuous Fourier transform @y : v + exp(—272k21?). Then,
IGllcc = |[Rlloc = 1. We use the Algorithm 2 for solving the optimization problem
(44) and recovering the lines in the following experiments:

e The first experiment consists in the reconstruction of the lines from X in absence
of noise, (1) by applying the operator A on this solution, possibly with other kernels
g and h,. and then taking the 1-D inverse Fourier transform; and (2) by applying the
Prony method to recover the parameters of the lines, in the aim to display the lines by
vectorial drawing. We run the algorithm for 106 iterations. Results of relative errors
for the solution X and the estimated parameters are given in Figure 6 and Table 1,
where Ay, /0; =10, —0;]/10;|, Aa, /i = |os—&i]/|as] and A,, = |n;—7;|. Although the
algorithm is slow to achieve high accuracy, convergence is guaranteed and we observe
empirically perfect reconstruction of z#, when the lines are not too close to each other.

e The purpose of the second experiment is to show the robustness of the method
in presence of a strong noise level (Figure 7a). With ¢ = ¢f/3 and only 2.10% itera-
tions, we are able to completely remove the noise and to estimate the line parameters
with an error of 1072,

o Finally, the third experiment, with 10° iterations, illustrates the efficiency of
the method even in presence of a large blur (Figure 7b), yielding an error of 1074,
For both experiments, the estimated images corresponding to step (1) and (2) are
visually identical and are displayed in Figure 7c and Figure 7d.

We emphasize that our algorithm has a much higher accuracy than what is
achieved by peak detection after the Hough or Radon transform. These methods
are relevant for giving a coarse estimation of line parameters. They are robust to
strong noise, but completely fail with a strong blur, which prevents peak detection
(see Figure 8). Notice that even by decreasing the discretization steps of the process,
we rapidly reach a plateau, as illustrated by Figure 9. This method is limited in ac-
curacy by the pixel grid. By contrast, our super-resolution method makes it possible
to achieve infinite precision for the line parameters.
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(b) (c) (d)

FiGc. 7. (a) An imagey = bt + € of three lines !, blurred by a Gaussian kernel ¢ with spread
k =1 and corrupted by a strong noise € ~ N(0,¢) with { = 200, for the second experiment, (b) with
a strong blur (k = 8) and no noise (C = 0) for the third ezperiment, (c) the denoised image b, (d)
a vectorial drawing of the estimated lines of x! by the Prony-like method.

TABLE 1
Errors on line parameters recovered by the proposed method.

’ Experiment 1 H Experiment 2 H Experiment 3 ‘

Ng/0 | (1077,3.107%,7.1077) (1072,6.1072,9.1072) || (6.1077,9.107°,8.107°)
A,/ (1077,1077,1077) (1072,9.1072,2.107 1) (4.1075,2.107°,2.1077)
A, | (4107%,7.1075,7.107%) || (5.107%,4.1072,3.107%) || (5.107°,107%,3.107%)

7.1. Closing lines. For a reasonable amount of noise (¢ = 20), the algorithm
succeeds in separating two close lines (61, m1, 1) = (—0.73, —1,255) and (02, 72, a2) =
(—0.75,1,255) as illustrated in Figure 10. The estimation of the parameters gives
(01,71, 81) = (—0.725,—0.7,237) and (0,72, do) = (—0.753, —0.6, 251).

7.2. More lines and different amplitudes. A more complicated example is
depicted in Figure 1la, containing seven well-separated lines whose parameters are
enumerated in Table 2, corrupted by some noise with variance ( = 20. We run the
algorithm with ¢ = 0.8¢f, 7 = 1, 0 = (1(M+Hg+2))~! and after only 2.10? iterations,
we are able to denoise the image as illustrated in Figure 11b and to estimate the line
parameters, with the proposed Prony procedure, as illustrated in Figure 11d, with an
error of 1072, as reported in Table 3.

7.3. General case. We consider an image y = b? + € composed as four noisy
blurred lines (x = 1 and ¢ = 20) whose two of them are rather vertical (i.e with angle in
(—m/4,7/4]), while the two other ones are rather horizontal. The extended algorithm
presented in subsection 4.3, provides after n = 6 - 10* iterations the denoised images
depicted in Figure 12. It acts as an angles selector according to the horizontality and
verticality: the rather vertical lines are gathered in the reconstructed image by (see
Figure 12b) and the rather horizontal lines are gathered in the reconstructed image
by (see Figure 12¢), so that b a by + by, which validates the procedure.

7.4. Inpainting. We consider occluded lines with a mask M as described in the
subsection 4.4. In Figure 13, we occlude a portion of the blurred line (k = 1) by
applying a square mask M in the middle. We run the optimization algorithm and
visualize the Figure 13a to Figure 13d, that is the evolution of the reconstruction
after n = 2.10%, n = 10* and n = 10° iterations. We can see that the method is able
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(a) (b) (c)

FIG. 10. (a) An image y = bf + € of two closed lines x¥, blurred by a Gaussian kernel ¢ with

spread k = 1 and corrupted by noise € ~ N(0,20) (b) the denoised image b, (¢c) the ground truth
image b (d) a vectorial drawing of the estimated lines of at by the Prony-like method.

(d)

TABLE 2
Angles, offsets and amplitudes of the seven lines.

Or || =075 | —0.5 | —0.25 [ 1073 | 0.3 [ 0.55 [ 0.75
Nk 15 25 2 7 -20| -5 | —10
oy 60 80 255 100 | 180 | 120 | 240
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(d)

FiG. 11. (a) An imagey = b? + € of seven well-separated lines =, blurred by a Gaussian kernel
¢ with spread k = 1 and corrupted by noise € ~ N (0,20) (b) the denoised image b, (c) the ground
truth image bt (d) a vectorial drawing of the estimated lines of zt by the Prony-like method.

TABLE 3
Errors on line parameters recovered by the proposed method.

A6 11072 ]21072 [ 1.1073 [ 2.1072 [ 5.10°2 [ 5.1073 | 1.1073
An [ 51071 [ 71072 [ 41072 | 1.107 T | 1.1072 | 2.1072 | 1.1072
Aa/a || 41072 | 51072 | 51073 [ 41072 | 6.107° | 1.1072 | 4.1073

to reconstruct the part of line occluded thanks to the information available outside
the mask and to the optimization constraints related to the line structure. In the
same way, Figure 13e to Figure 13h enable to visualize the “diffusion process” of the
information within the occluded part in the Fourier domain. Finally, the experiment
is carried out for an image containing three occluded lines, either by a bigger mask in
Figure 14a, or by a mask whose binary inputs were drawn randomly Figure 14b. In
both cases the lines are successfully reconstructed as in Figure 14c.

8. Conclusion. We proposed a new variational formulation for the problem of
recovering lines in degraded images, using the framework of atomic norm minimiza-
tion. A primal-dual splitting algorithm has been used to solve the convex optimization
problem. We applied it successfully to several image restoration problems, recovering
lines parameters by the Prony method and we showed the robustness of the method
to strong blur and strong noise level. We insist on the novelty of our approach, which
is to estimate lines with parameters (angle, offset, amplitude) living in a continuum,
with perfect reconstruction in absence of noise, without being limited by the discrete
nature of the image, nor its finite size. This work can be viewed as a proof of concept
for super-resolution line detection and invites us to revisit the Hough transform in a
continuous way. Many theoretical questions remain open, like the study of the separa-
tion conditions under which perfect reconstruction can be guaranteed. The robustness
of the method needs to be theoretically studied and would requires a statistical anal-
ysis ; this is left for future work. From a practical point of view, parallel computing
would be welcome to speed up the proposed algorithm. We should also investigate
the possibility of relaxing the periodicity and bandlimitedness assumptions, possibly
by solving a convex feasibility program without any regularizers [39, 38]. At the time
of finalizing this paper, we became aware of the two other recent papers [7] and [40];
we leave for future work the study of their relationship to the setting considered here.
In subsequent work, we plan to apply the proposed approach to biomedical images
containing curved structures, like tubulins, by operating on small overlapping patches.
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(b) (©)

FIG. 12. (a) An image y = b? + € of four well-separated lines !, blurred by a Gaussian kernel
¢ with spread k = 1 and corrupted by noise € ~ N(0,20), two of them being rather vertical (angle
in (—m/4,7/4]) and the two other ones rather horizontal, (b) the reconstructed image b1, (c) the
reconstructed image 52.

(a) (b) (c) (d)

AN AN
NY -

mm

®) (2)

FiG. 13. (a) An image y = bt + € of one line z!, blurred by a Gaussian kernel ¢ with
spread k = 1, no noise and a small square mask M, (b) reconstruction of b by inpainting after
2 - 102 idterations, (c) after 10* iterations, (d) at convergence ; (e)-(f)-(g)-(h) the corresponding
reconstructions of X in the Fourier domain over iterations.

.
A
(a) (b)

Fic. 14. (a) An image 'y = b + € of three line z¥, blurred by a Gaussian kernel ¢ with spread
k =1, no noise and a large square mask M, (b) with a random mask and (c) their reconstruction
at convergence.
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Appendix A. Characterization of the sampling process.

Formally, we can write 2! x ¢ = (2! * ¢1) * ¢p with ¢y (t1,12) = ©1(t1)d(t2) and
do(t1,t2) = 8(t1)p2(ta), where 1 and @9 are L' functions. So, after the first hori-
zontal convolution, using the fact that d(at) = §(¢)/|a| for any a # 0, we obtain the
function:

o
i ©1 (t1 — N+ to tan@k) .
Ox

K
76 P=at ke (th,te)
(76) u =z % ¢y 1 (ta,t2) kZ:lCOS

We can show that, after the second vertical convolution, we get the function bf ob-
tained in (6). Figure 15 explains our notations in more details and illustrates the
relation between all continuous and discrete variables. In the following we consider a
weaker version of Assumption (ii) about s:

Assumption (ii’) g2 € L*(R) is such that fR ©a(ta) dta = 1. Denoting sinc(ta) =
sin(mta)/(7t2) the sinus cardinal with sinc(0) = 1, we make the assumption that the
discrete filter
(77) (h[n] = (pg * sinc)(n))nEZ ,
has compact support of length 25 + 1, for some S € N; that is,

hln) =0, if |n|>S+1.

REMARK 9. Note that if @9 is bandlimited, we simply have h[n] = @a(n), which
reverts back to Assumption (ii).

Let us deduce from these assumptions some other properties satisfied by 1 and @9
and their associated discrete filters g and h. First, we have the following proposition:

ProOPOSITION 11 (Nyquist-Whittaker—Shannon). The function @1, which is pe-
riodic and bandlimited, is determined by W degrees of freedom only. That is, with the
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coefficients gln] = ¢1(n), n =0,..., W — 1, the function ¢, is a linear combination
of shifted Dirichlet kernels Dy (t) = ZngM elmt:

w—-1
(79 o) = g 3 gl (T

), VteR.
n=0

Proof. Let us start with the following classical theorem; in our notations:

THEOREM 12 (Nyquist Whittaker-Shannon). Let f be a T-periodic function and
em(f) =0 for |m| > M 4+ 1. Then f can be reconstructed from the regular sampling

{f(ka),k =0,1,...,2M}, where a = m}ﬂﬁ is the sampling rate, in this way:
1 X o
(79) flz) = M1 Z f(ka)D <T(9€ - ka)) ;
k=0
where Dyy is the Dirichlet Kernel:
M . 1
) sin ((M + f)w)
80 D = gmae _ T2 200
(50) ww= 3 o

Applying to ¢1 which is W-periodic and ¢, (¢1) = 0 for |m| > M+1 with 2M+1 =W,
then @ = 1 and the Nyquist theorem leads to:

(s1) a) = 3 pu(m—nTlon)
n—0 W sin (W)

Consequently, we give this explicit formula g[n] = p1(n) and g[n] = ¢—p(p1) for
n=0,1,...,2M. By the simple change of variable n < n — M, one can also obtain:

M

(52 n;M gDl(n)WSin (W) .

sinw(t —n)

Then,

1 w 1 M
e = — == 1

that is, the filter g is normalized as well. Moreover

w M M
| ara= 30 g = 3 a2
0 n=—M n=—M
and by Parseval relation:
M 1 w
> lenlel = 3 famlP =g [ a2,
meZ m=—M 0

Now, we describe the sampling process leading from continuous to discrete formula-
tion, based on the following proposition:
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PROPOSITION 13. It is equivalent to perform the wvertical convolutzon of ut =
xt % ¢y with py, with @y *sinc, or with the Dirac comb v : ty — Zn——S h[nlé(ta —n),
where hn] = (g * sinc)(n).

Proof. Due to Hypothesis 1, the assumption 0y, € (—n/4,7/4] yields |tan 8| < 1
for every k = 1,..., K. So, the function u* given in (76), as a function of t5 at
fixed ¢;, is bandlimited: for every t; € [0, W), the Fourier transform Fouf : wy +
Jg ub(t1, ta)e™3mw2t2 dty, which is a distribution (sum of K Dirac combs), is zero for
every |wa| = 1/2. Indeed, we have:

K
. w2 . t1 — Mk
Fauf = —1 | — 2 .
Fou'](w2) = sin 0, w1 (tan 9k> P (‘] w2 tan 6y )

Since |tan6| < 1, we have |wa/tanfy| > |ws|. The support of @; is included in
[—1/2,1/2] (e (p1) =0 for |m| > M + 1 and M/W < 1/2), as well as the support of
Fouf which is necessarily included in the support of 3;. Then, we have the equivalence
Foul = Foul- L1219 & uf = uf xsinc and furthermore uf * 5 = u * (g *sinc). In

the Fourier domain, the function h = ¢4 xsinc is bandlimited, so []:guu]h = []-'guu]hper
where hper corresponds to the periodization of the spectrum of h with period 1, which

amounts to saying that
Pxh o= uf (Z hln ) :
d

REMARK 10. Assumption (i’) implies that the filter (h[n]), should have compact
support, but we can note that the function h = pgxsinc does not have compact support,
since it is bandlimited. This means that the continuous function h has to vanish
at integer points t = n for |n| > S. Given such a compact filter (h[n])5__g, the
unique bandlimited function h satisfying these conditions is obtained by the Shannon
interpolation formula:

S
(t) = Z hln]sinc(t —n) .

n=—=S5

By uniqueness, we necessarily have pg *sinc = h and we can notice that there always
exists a bandlimited solution po of this equation, which is simply w2 = h. In practice,
we can always approximate a PSF by a bandlimited function h, with 25 + 1 samples
h[n] of this PSF; that is why we argued in Assumption (ii) that the compact support
assumption is not restrictive.

Now, to obtain the discrete image bf of (5), let us first define u? by sampling u = zfx¢;
with unit step:

(83) u[ny, no] = (¥ ¢1)(n1,m2), Vi =0,..., W—1, nyg=-S,...,H-1+85.
With the above assumptions and Proposition 13, we can express b? from uf using a

discrete vertical convolution with the filter h:

s
(84) bu[nl,ng}: Z w[ny,ne—plhlp], Yni=0,..., W—1, ny=0,...,H—1.
p=—S
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Altogether, we completely and exactly characterized the sampling process, which

involves a continuous blur ¢, using the two discrete and finite filters (g[n])!_;' and

(h[n]);f:_g

Appendix B. Proof of Proposition 1. First, we consider the image u*
obtained by applying the 1-D DFT on every column of u* (see (83)):

w—
(85) uﬁ [m, na) Z [n1,ns]e —i%pm ,
Vm:—M,...,M7 ng=-S....H-14+5,
which are the exact Fourier coefficients of the function ¢ ~— (x* * ¢1)(t, ns), following
Assumption (i). Hence, from (76) and 6*[m,no] = fOW(x” % ¢1)(t, ng)e 35" dt,
we obtain:

(86)  6*[m,ng] = glm|X*[m,na), Vm=-M,....M, ng=-S ..., H-1+S5.

Now we apply a 1-D DFT on the first component of the discrete image bf (see (84)),
leading to the elements

(87)  bflm,ng) = (@[m,]*h)[na], VYm=-M,...,M, ny=0,....,H—1.
Following (86) and (87), as illustrated in Figure 15, we have

AR =b? |
which concludes the proof.

Appendix C. Proof of Proposition 3.
Let us introduce

(88) SDP(z) =  inf {qO;T;V(z,q)<TN£q) Z)H}.

qeCN go>0 z do0

We want to prove that SDP(z) = [|z|| , and that the minimum in (88) is achieved.

e Suppose that z = Zszl cra(fr, dr), with ¢, > 0.
Let us define ¢ = Zle cra(fx), with ¢ = (go0,491,---,9n-1)- Then gy = Zszl Cp.

For i =0,...,N — 1, the atoms a(fy) have elements [a(f)]; = 2™+ hence
1 e~ I27 Sk ceo eTi2mfR(N-1)
ed2mfr 1 ceo e i2nfR(N=-2)
Tn(alfi)=| . - | ,
Q2T (N-1)  oi2mfi(N-2) .. 1
1
el2nfk
- , (1 e e .. e T(N-D)

ei27fu(N—1)

= a(fr)a(fr)”
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We deduce that

K
:cha fk *a

K
Z a(fr, or)a(fr, or)"

Therefore, the matrix

<TN£Q) Z) _ ick <a(fk:17 Cbk)) (a(fkf ¢k))*
z Q0 p

is positive semidefinite. Given ¢g = 2521 ¢k, we get SDP(z) < Eszl Ck-
Since this holds for any decomposition of z, we conclude that SDP(z) < ||z|| 4.

z do
In particular we have Ty(q) = 0. We denote by r the rank of Txy(g). Theorem 2
ensures that Ty (q) = 0 and is of rank r < N, if and only if there exists dp > 0 and
distinct fi, such that

e Conversely, let ¢ € C be a vector such that gy > 0 and TNiq) z) = 0.

(89) q=>_da(fy),
k=1
(90) w=>ds.
k=1
Let us set D = diag(dy,...,d,) and
1 1 . 1
ejZﬂ-fl ej27rf2 e ej27rf7‘
i2mfi2 ei2nf2 L gienf?

V= (a'(fl) a(fr)) =

Q2TA(N=1)  gi2nfa(N=1) .. oi2mfi(N—1)

e

By linearity of the operator T y:

Tn(g) =) diTn(al(fr))

> dra(fr)alfi)”
k=1

=VDV~*.

Since T n(a(fx)) contains only ones on the diagonal, we have

1
Ntl‘ TN de>0
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Besides, +tr(Tn(q)) = qo, therefore gy > 0.
A B
B* C

[C~0=M:>=0] = [A-BC'B*:>0].

Let be M a general block matrix M = ( ), the Schur complement gives

z
The left term is satisfied by hypothesis, hence

We apply this lemma to M = <TN£q) qz), with A = Tx(q), B =2z and C = qp.
0

TN(Q)*qo_lzz* =0 < VDV*fqo_lzz* =0.

We define the square matrix V, by extracting the r first rows and columns of V|,
which is a Vandermonde matrix, whose determinant is

det(V,) = [ (a(fi) —a(fr))-
1<h<i<r

Since we assumed [ # fi, Vk # 1, V,. is invertible and rank(V) = r. Let us define
v:C" — CVN and v* : CV — C" the linear operators corresponding to matrices V
and V*. We have rank(v*) = rank(v) = r. By the rank-nullity theorem:

dim(ker v*) =N —r.
Thus, there exists a vector p € CV such that p # 0 and V*p = 0 & p*V = 0.
Consequently,
p*(VDV* —¢;'22")p >0« (p*V)D(V*p) — ¢y 'p*22"p >0,
q ' lp=]3 <0
& [p =23 =0,
S pz=0,
&plz.

Since p € ker v*, then z € (ker v*)* = Im v, so there exists a vector w € C" such
that z = Vw = Zk L wra(fr), hence

VDV* — ¢; ' Vww*V* = 0.

Besides, Im v* C C" and dim(Im v*) = rank(v*) = r = dim(C"), thus Im v* = C"
and v* is surjective. Consequently, there exists a vector u € CV such that V*u =
sen(w) = (wy/|wi, ..., w,/|w.])T and

w (VDV* — ¢; ' Vww* Vu > 0 < (u*V)D(V*u) — ¢; H(u* V)ww* (Vi) >0,

1
< sgn(w)*Dsgn(w) — —sgn(w) ww*sgn(w) > 0,

do
r 2
@de 7]6

T * 2
k =Y,
(k—l |
(Z |wk|> , (since qo = de) )
k=1

~ QO = |wk‘ = ||ZH.A )
k=1
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by definition of the atomic norm (19). Taking the infimum leads to SDP(z) > ||z] -

e Finally, let us show that the infimum of the linear form ¢ : g — qq is achieved
on the set

Afz) = {q ERT X CVL: Ty (2,q) = (Tiﬁ‘” ;) - o} ;
0
that is,

91 SDP(z) = inf /¢ = min /¢
(o1) ()= inf_f(a)= win (lq).

(i) Let us notice that since g € A(z) implies Tn(q) = 0 then

1 N-1
q) =q = Ntr (Tn(q Z Ai 2

1=

with \; the eigenvalues of T y(q) which are positive reals.

(ii) First we show that A(z) is nonempty, since g = (||2]|2,0,...,0)T € A(z). Indeed

for a fixed vector z = (z0,...,2x-1) € CN, v = (vg,...,vx) € CN*1 and v’ =
(vo, ..., vn_1) € CV we have for this q :
N-1
* TN q z *
< zg ) q0> v = |z[|2]|v]|3 + 2Re <UN z; zv) :
7
> ||zll2]|v]13 — 2lon[{z,v")] ,
> |lzll2llv]13 — 2lon|llzl2]lv"]]2
> |lzll2([[0[13 = 2lon|[[0l|2 + lon]?)
> |lzll2([[v'[l2 = vn])?
>0.

Then q = (||z]|2,0,...,0)T € A(2) and gy = ||2||2, which means that A(z) is nonempty
and the set {{(q) : ¢ € A(2)} C RT is nonempty, so it admits a lower bound less than
or equal to ||z]|2, hence

0 < SDP(z) = inf 4(q) <|z|2-
qcA(z)

(iii) From (ii), we have

SDP(z) = inf /¢ = inf ¢
()= inf_f(a) = inf (a).

where
B(z) ={q € A(2), @ < ||z[l2} C A(2) .
Now, from (89) and (90) we can show that B(z) is bounded since:

Vg e A(z), ldql; < deHafk s < VN di=VNao,
k=1
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hence
Vg € B(z), |qll; < VNgo < VN|z|2.

Consequently,
B(z) C By, (0,][z]2) -

(iv) Moreover, A(z) = Ty (z,-)"1(C) is a closed set since the cone of positive matrix
C is closed and the mapping T’y (z,-) is linear, so it is continuous in finite dimension.
Thus,

B(z) = A(z)n{g e R" x CN1:g < 2|5}

is a closed set, as the intersection of two closed sets.

(v) From (iii) and (iv), we conclude that B(z) is a compact set and that the function
¢, which is linear and then continuous, achieves its minimum on B(z) so on A(z),
which proves the result (91).

Appendix D. Proof of Proposition 4.

The proof of the direct implication is straightforward. Let us consider the converse
one.

By Theorem 2, since Vn, Ty (1) = 0 and is of rank one, then there exists 7, > 0
and f,, € [0, 1] such that

ln[m] = vy exp(j2m fum) .
Since we assume Vn, X[0,n] = X[0, 0] = ¢1, then I,,[0] = lp[0] = ¢1, we have
(92) l,[m] = ¢y exp(j2m fum) .
Let m be fixed. The Prony matrix Py (t,,) of size 2 x (N — 1)

tn[1] t,,,[0]
Pl(tm) =
tnlN — 1] £,[N 2]

is of rank one, consequently there exists A,, € C such that
tm[n+ 1] = Antm[n], YO<n<<N-2.
Thus,
tmn] = Antn[0], YO<n<N-1.

From (92) ¢,,[0] = lp[m] = c1 exp(j27 fom), tn[1] = l1[m] = ¢1 exp(j27 fim) and then

A = 20 = A oxp(i2m(fy — fo)m) -

Therefore, we have

tm[n] = Artn[0],
= exp(j27(f1 — fo)m)"c1 exp(j2m fom) ,
= crexpli2n((f1 — fo)n + fo)m] .
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Appendix E. Proof of Proposition 8.

For z = (20,...,2x-1) € Rx CN~1 and M € Ty C My a Hermitian Toeplitz
matrix of dimension N. We have:

(Tn(z), M)y = Y, [Tn(2)];My,

0<i,j<N—1

*
E ZJ,ZM” + E Ziijij ;
0<i<j<N -1 0<j<i<KN—-1
N—-1N-1-k N—-1N-1-k

(;) Z Zle,l+k+Z Z ZZMHk,l;

k=0 [=0 k=1 [1=0
() N-1 N-1 N—-1-k
= 2 (Z Ml,l> + 2Re { > ( > Ml+k,l> } ,
=0 k=1 =0

with () a change of variable k <— j — 4 and (x*) using that M1 = Mj, ;.

Then, by writing

20 0

T/ (2,q) = 0 S Tn(q) ;
ZN—1

2y - 37\171‘ 0 0 O‘QO

we obtain as well for M € Ty y1:

N-1
<T/N(Z7 q), M>M = 2Re { Z ZZMNH,k}

k=0
N N-1  /N-1-k

+q0 (Z Ml,l) + 2Re { > g ( > Ml+k,l> } .
1=0 k=1 1=0

Consequently, the adjoint of the operator
Tarsr (A, o) = (T, )

with the inner product (-, -) , defined in (35), when applied to a matrix M® € Tarsa,
yields the vector

2o =T M® e RxCM |
whose components are:

M—k
zlk]= > M2, VE=0,... M.
1=

Similarly, the adjoint of the operator
TII{S : (Xt X Qta <" '>Xt + <'? >Qt) — (TH3+17 <'7 >M) ’

with the inner products (-, ), and (-, ), defined in (36)-(37), when applied to
M®) € Ty 11, yields the pair of vectors

(z1,q1) = T, MM € CHs x (R x CHs 1y |
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whose components are:

Hs—1—k
2kl =My, k= Y MY, +aMYy) 4 Vk=0,... Hs 1.
1=0

Appendix F. Proof of Proposition 9.

T 2)|1?
First, let us determine the operator norm || Tps41° = sup M
R

By definition, we have ||z||§(l = 2242212+ 4 2|zum|>. Moreover, we get:
ITaa(2)IE = (M+1)2542M |21 420M = 1) ool -2 |zae P < (441) 2l |
with equality when z = (1,0,...,0), hence

(93) ITara|* =M +1.

Let us now decompose the operator T/HS as follows:

20 0
, 0 : Ts(q)
THS(zvq) = ZHg—1 +
2y 225—1‘ 0 0 0‘610
Ti(z) T2(q)

We directly have ||T1(z)|\§ = ||ZH2X,,7 that is ||T1|| = 1. Besides, we have
IT2(@) e = (Hs + Dag + 2(Hs = Dlar|* + - +2|qus—1|* < (Hs + 1) |lallg,

with equality when g = (1,0,...,0), hence HT2||2 =Hg+1.

Now, we have

Tz ally I T2 + I T(a)]2
Iz )50, Nzl +lall,
Tl 215, + 1T gl
12113, + llall%,
| Ta]® + (1 - a) [ T

2 2 2
max([| T[], [ T2[") = [ T[],

b
<
<

2
lal,

T=1%, +lall%,

and is achieved when z = 0 and ¢ = (1,0,...,0), hence

T, ||* = Hs + 1.
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We are now able to derive the operator norms (48):

o, = X o,
< Z(nx G, + Nl 1G,)

m=1
< |1* 115,
with equality when X = 0, g[0,:] =0 and q[m,:] = (1,0,...,0) for all m € [1, M].

Similarly, we have

Hs—1 2
L0, = 3 el
H X) (2) nQZZO :(X) F
Hs—1
2 -~ 2
<Taral® D IRL ol
’I’L2:O

2 2
STl X5,
with equality when q = 0 and X[:, no] = (1,0,...,0) for all np € [0, Hg — 1].
We conclude that

HL<1>H = || T | = Hs + 1,

M
HL<2>H(2) = | Taria|> =M +1.

Finally,

2
LI = L0 |+ L@, -

2
||+ [Le) > XI5 -
(H 8 ) IXIE,

Appendix G. Proof of Proposition 7. Let F; and F» be the mappings:
~ .o A

Fi:X€X §||Axfy||y2 €R,
F:X=X,q eH—XeX.

Then, F' : H — R writes F' = F; o F5 and its differential at X is:

(dF)x,(X) = (dF1) py(x,) © (dF2)x,(X) -
First, we have
~ 1 ~ ~
Fi(x+h)=g[AX+h) - ylli; )

*IIA —YI|y+ <AX y,Ah)y + 2 <Ah AX — >y+*|\Ah||y,

= F1(X) + (AX —¥,Ah)y +o(|[h[ x) ,
=F1(X)+ (A*(AX —¥),h)x + o(|h]x) ,
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that is

(dFy)z(h) = (A"(AX - ), h)x .
Moreover, Fy is linear so (dFy)x,(X) = F2(X), hence

(@), (%) = (A" (A% —3).2 = (A7 V) x)

that is

VF(Xy) = (A*(Ai‘) - ?)) .

Consequently,

IVE(X) = VF(X) [ < [ATAR - X)[x < [ATAJ|X - %2 -
We get 3 = ||A*Al| = |A|* and Lemma 5 concludes the proof.

Appendix H. Proof of Proposition 10. Let us compute the differential
function of F:

F(X;+hy, X5+ hy)

1 =N N ~ ~
= §<A1X1 + A2Xs + Aithy + Aghy —y, A1X; + AxXy + Athy + Aghy —y)
1 =R R 1 1
=F(X4,X2) + §<A1h1, Aq1X1 + AoXo —y)m + §<A1h1, Azho) g + §<A1h1, Aqihi)

1 =N R 1 1
+§<A2h2, AqiX + AoXo —y)m + §<A2h2, Aqihy) g+ §<A2h27 Azho) g,

with

[{A1hy, Agho)m| < [[Aall|Azfll[ba i3, [B2ll3, = o ([I(h, ha)llx)

so we deduce that

1 (A" (AR %y —
VF(X1,Xs) = 5 (Al (Aa; +Aas y>) .

A" (Arxy + AgXs —y)

The adjoint operators are A*z = (Giz)xh’, (F; 1) = #F1 and (Fy ')* = £, and

ST (v_py--s 00, 00) = (Vo,...,0p) and S5(v_p,...,v0,...,vp) = (Vo,...,Up).
Let us determine the Lipschitz constant of the gradient VF":

1 N N =N =R =N
IVF(X1,X5) — VE(X], X5)[15 = 1||A1 (Ar(x1 — X)) + Az (X2 — X5))|%,

1 . =N =N =N =N
+ ZHA2 (A1(X1 — X)) + Az(X2 — X)) |3, -

We are looking for a majoration of each term. We deal with the first one Cy, the
second Cy being obtained in the same way. Using the inequality (a +b)? < 2a® + 2b*:

1

C1 < (1A AR — %[l + [ Ar" Az IR — X5 2,)*

<

DO =

-~ = 1 =~ =~
1AL AP 1%0 = R1[1%, + 5 A" A% — %53, -
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We have ||A]| = |A*]| = 1, [|Si%1|lr = |%:]lx, for i € {1,2}; that is, [|S;]| = 1 and

IF7 0ll3 = e llvl3; that is, 77| = 5. Hence, [Aq]l < 7, [|ALI < 1, A2l <
and ||Az|| < 1. Consequently, we get
1 ~ o~ 2 1 o~ ~ 2
Cr < WHXI - x5, + ﬁ”xz — X5 %,

and exactly the same majoration for Cy. Thus, we have

with

5w ZE U

z 4

wn

IVE(X1, Xa) = VF(X], X5) |5 < B2(I1X0 — X3, + X2 — X57,) -

1
~ min(W, H)
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