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Abstract

This paper develops a computationally efficient parametric approach to the esti-
mation of general hidden Markov models (HMMs). For non-Gaussian HMMs, the
calculation of the Maximum Likelihood Estimator (MLE) involves a high-dimensional
integral without an explicit solution that is difficult to calculate with precision. We
develop a new alternative method based on the theory of estimating functions and de-
convolution strategy. Our procedure requires the same assumptions as the MLE and
deconvolution estimators. We provide theoretical guarantees on the performance of
the resulting estimator; its consistency and asymptotic normality are established. This
leads to building confidence intervals in practice. Monte Carlo experiments are inves-
tigated and compared with the MLE. Finally, we illustrate our approach on real data
for ex-ante interest rate forecasts.

Keywords: Parametric inference; Stochastic volatility; Measurement error; Contrast func-
tion; Expected Inflation; Unobserved components model.



1 Introduction

In this paper, a hidden non-linear Markov model (HMM) with hetersocedastic noise is con-

sidered; we observe n random variables Y7, ..., Y, 1 having the following additive structure

Yi=X;+¢g

(1)
Xiy1 = bgy (Xi) + 09, (Xi)1iv1,

where (X;);>1 is a strictly stationary, ergodic unobserved Markov chain that depends on
two unknown measurable functions by, and oy, and besides its initial distribution, the chain
(Xi)i>1 is characterized by its transition, i.e. the distribution of X;; given X; and by its
stationary density fp,. We assume that the transition distribution admits a density Ilg,,
defined by Iy, (z, y)dy = Py, (Xi+1 € dy|X; = ). For the identifiability of (1), we assume
that 1 admits a known density with respect to the Lebesgue measure denoted by f.. This
assumption cannot be easily removed, even if the density of ¢; is completely known up to
a scale parameter, the model (1) may be non-identifiable as soon as the invariant density
of X is smoother than the density of the noise (see, e.g., Butucea and Matias (2005)).
Our objective is to estimate the parameter vector 6y for non-linear HMMs with het-
eroscedastic innovations described by the function g, in (1) assuming that the model is
correctly specified, i.e., g belongs to the interior of a compact set © C R", with r € N*.
Many articles are devoted to parameter estimation and to the study of asymptotic
properties of estimators when (X;);>1 is an autoregressive moving average (ARMA) process
(see Newey and McFadden (1994a), Staudenmayer and Buonaccorsi (2005) and Costa and
Alpuim (2010)). However, for more general models, (1) is known as HMM with potentially
a non-compact continuous state space. This model constitutes a very famous class of
discrete-time stochastic processes, with many applications in various fields such as biology,
speech recognition or finance. In Douc et al. (2011), the authors study the consistency of
the MLE estimator for general HMMs, but they do not provide a method for calculating it
in practice. It is well-known that its computation is extremely expensive due to the non-
observability of the Markov chain and the proposed methodologies are essentially based
on Expectation-Maximization approach or Monte Carlo-based methods (e.g. Markov chain
Monte Carlo, Sequential Monte Carlo or particle Markov chain Monte Carlo, see Andrieu
et al. (2010),Chopin et al. (2013) and Olsson and Rydén (2007)). Except in the Gaussian

and linear setting, where the MLE can be processed by a Kalman filter and in this particular



case the calculation will be relatively fast but there are few cases where real data satisfy
this assumption.

In this paper, we do not consider the Bayesian approach, the model (1) is also known
in this case as the so-called convolution model, and our approach is therefore based on
Fourier analysis. The restrictions on error distribution and rate of convergence obtained
for our estimator are also of the same type. If we focus our attention on (semi-)parametric
models, few results exist. To the best of our knowledge, the first study that gives a consistent
estimator is Comte and Taupin (2001). The authors propose an estimation procedure based
on a least squares minimization. Recently, in Dedecker et al. (2014), the authors extend
this approach in a general context for models defined as X; = bg,(X;—1) + 7, where by, is
the regression function assumed to be known up to g and for homoscedastic innovations 7;.
Also, in El Kolei (2013) and El Kolei and Pelgrin (2017) the authors propose a consistent
estimator for parametric models assuming knowledge of the stationary density fp, up to
the unknown parameters 6y for the construction of the estimator. For many processes, this
density has no explicit form, and even in some cases where it is known, it may be more
complex to apply deconvolution techniques using this density rather than the transition
density. For example, the autoregressive conditional heteroscedasticity (ARCH) process
is a family of processes for which transition density has an explicit form as opposed to
the stationary density. These processes are widely used to model economic or financial
variables.

In this work, our goal is to develop a new computationally efficient approach whose
construction does not require knowledge of the invariant density. We provide a consistent
estimator with a parametric rate of convergence for general models. Our approach is valid
for non-linear HMMs with heteroscedastic innovations and our estimation principle is in-
spired by the one proposed in Lacour (2008). We adapt their approach in a parametric
context, assuming that the form of the transition density Ilg, is known up to some unknown
parameter 6y. The methodology we are developing is purely parametric and we are going
further in this direction by proposing an analytical expression of the asymptotic variance
matrix E(én) which thus allows us to consider the construction of confidence intervals (CIs).

Under general assumptions, we prove that our estimator is consistent and give some
conditions under which the asymptotic normality can be stated and also provide an analyt-

ical expression of the asymptotic variance matrix. We show that this approach is much less



greedy from a computational point of view than the MLE for non-Gaussian HMMs and its
implementation is straightforward since it requires to compute only Fourier transforms as
in Dedecker et al. (2014). In particular, a numerical illustration is given for three models:
a Gaussian AR(1) model for which our approach can be well understood; an AR(1) process
with Laplace noises in order to study the influence of the smoothness of observation noise
on the estimation of the parameters since it is known in deconvolution that this influences
the convergence rate (see, e.g., Fan et al. (1991)); a stochastic volatility model (SV) also
referred to as the unobserved components/stochastic volatility model (see, e.g., Stock and
Watson (2007), Harvey and Shephard (1996) and Chan (2017)). There is by now a large
literature on the fitting of SV models (see, e.g., the reviews in Ghysels et al. (1996), Bos
and Shephard (2006) and Omori et al. (2007)). All are based on Bayesian methods and in
particular MCMC methods. We therefore propose an alternative estimation method that
is simple to implement and quick to calculate for this model, which is widely used in prac-
tice. We also illustrate the applicability of our procedure on a real dataset to estimate the
ex-ante real interest rate since it is shown in Holston et al. (2017) and recently in Laubach
and Williams (2003) that interest rates are subject to considerable real-time measurement
error. In particular, we focus on the great inflation period. We show that during this
period the Gaussianity hypothesis of observation noise is not verified and that in this study
a SV-type model gives better results for the latent variable estimation. In this context, the
Kalman filter is no longer optimal and therefore leads to a bias in parameter estimation,
since in this case we approach the noise density by a Gaussian density to construct the
MLE. This bias on the parameters propagates in the estimation of the latent variable (see
El Kolei and Patras (2018)). This cannot be overlooked in models where the latent variable
to be predicted is used to make political decisions. It seems important to study estimators
other than the MLE that cannot be calculated by the Kalman filter. In this respect, our
approach therefore provides better results than the (quasi-)MLE estimate.

The remainder of the paper is organized as follows. In Section 2, we present our as-
sumptions on the Markov chain and give examples of such chains. Section 3 describes our
estimator and its statistical properties. The consistency and the asymptotic normality of
the estimator are established in Section 4. Simulated examples are provided in Section 5

and the real data application in Section 6. The proofs are gathered in Section 8.



2 Framework

2.1 Notations, Assumptions and Examples

Before presenting in detail the main estimation procedure of our study, let us introduce

some preliminary notations and assumptions.

2.1.1 Notations

The Fourier transform of an integrable function u is denoted by u*(t) = [ e~ " u(z)dz. We
set (u,v) ;= [ w(z)v(z) fo, (x)dx with vv = |[v|>. The norm of the operator T is defined by
T|lr = (J [ |1T(z,y)|?fo, (x)dzdy) Y2 Let us recall that, by the properties of the Fourier
transform, we have (u*)*(z) = 2ru(—z) and (w1, uz), = (1/(27)) (uj, u3),;. We denote by
Vg the vector of the partial derivatives of g with respect to (w.r.t) §. The Hessian matrix
of g w.r.t 6 is denoted by V32g. For any matrix A = (A; ) ;, the Frobenius norm is defined

by [JAf} = /3220514

of Y;. We set (t ® s)(z,y) = t(x)s(y).

2. We set Y; = (Y3, Y1) and y; = (i, vi11) is a given realization

In the following, for the sake of conciseness, P, E, Var and Cov denote respectively the
probability Py, , the expected value Eq,, the variance Vary, and the covariance Covg, when
the true parameter is §y. Additionally, we write P,, (resp. P) the empirical expectation
(resp. theoretical), that is, for any stochastic variable X = (X;);, Pn(X) = (1/n) > " X;
(resp. P(X) = E[X]). For the purposes of this study, we work with IIy on a compact subset

A = A; x Ay. For more clarity, we write Ily instead of IIy1 4.
2.1.2 Assumptions

For the construction of our estimator, we consider three different types of assumptions.

A 1.

Smoothness and miring assumptions:

(i) The function to estimate Ily belongs to Li(A) NLa(A) and is twice continuously dif-
ferentiable w.r.t 6 € © for any r and measurable w.r.t x for all 6 in ©. Additionally,

each coordinate of Volly and each coordinate of V3l belongs to Li(A) NLa(A).
(11) The (X;); is strictly stationary, ergodic and c-mizing with invariant density fy, .

Assumptions on the noise ¢; and innovations n:



(i13) — The errors (g;); are independent and identically distributed centered random vari-
ables with finite variance, E [eﬂ = 02. The random variable 1 admits a known

density, fe, belongs to Lao(R), and for all z € R, fX(x) # 0.

— The innovations (n;); are independent and identically distributed centered ran-

dom variables.
Identifiability assumptions:

(iv) The mapping 6 — Pmy = ||IIy — H@OH? — || g, ||§ admits a unique minimum at 6y and

its hesstan matriz denoted by Vg is non-singular in 0g.

Let’s make a few remarks on the above assumptions. Assumption A 1(7) is not restric-
tive and is often satisfied for many processes.

Taking the process (X;); defined in (1), we provide conditions on the functions b, o
and 7 ensuring that assumption A 1(7) is satisfied (see Doukhan (1994)). Subsection 2.1.3

gives some examples of Markov chains satisfying these first two hypotheses.

(a) The random variables (7;); are i.i.d. with an everywhere positive and continuous

density function independent of (X;);.

(b) The function by, is bounded on every bounded set; that is, for every K > 0, sup, < |bg, (2)] <

Q.

(c) The function oy, satisfies, for every K > 0 and constant o1, 0 < o1 < inf|,<x 79, (7)

and sup| < 09, () < 0.

(d) There exist constants C, > 0 and C, > 0, sufficiently large M; > 0, My > 0,
c1 > 0 and ¢z > 0 such that |bg,(z)| < Cplx| + c1, for |z| > My and |og,(z)| <

Cy|z| + co, for |z| > My and Cy, + E[n|Cy < 1.

Assumption A 1(#4) on f; is quite usual when considering deconvolution estimation, in
particular, the first part is essential for the identifiability of the model (1). This assumption
cannot be easily removed: even if the density of ¢; is completely known up to a scale
parameter, the model (1) may be non-identifiable as soon as the invariant density of X is
smoother than the density of the noise (see Butucea and Matias (2005)). The second part

of A 1(4ii) ensures the existence of the estimation criterion.



2.1.3 Examples
(Non-linear) AR(1) process: let us consider the following process
X = bgy(Xi-1) + mi,

where 7; has a density with respect to the Lebesgue measure, which does not depend on
i > 1. We suppose that by, is bounded on any compact set and that there exists C' > 0 and
p < 1 such that for all |z| > C, |bg,| < p|z|. In Mokkadem (1990) the author shows that if
there exists p > 0 such that sup, E[|n;|’] < co then the chain is geometrically ergodic.
ARCH process: the ARCH process is given by

X, = b90 (Xi—l) + 0g, (Xi—l)ni’

where bg, and oy, are two continuous functions such that o(z) # 0 for all . We suppose
that the distribution of 7; has a continuous density with respect to the Lebesgue measure

and that there exists p > 0 such that E[|n[P] < co. If

lim sup 2@+ |70 ()| (Elln1[7)) /7

<1,

then the chain is geometrically ergodic (see Doukhan (1994)).
ARX(1,1) process: the non-linear process ARX(1,1) is defined by

Xi = boy(Xiz1,Z;) + m,

where by, is bounded and (7;);, (Z;); are independent sequences of i.i.d. random variables
with E[|n;|] < co. We assume that the distribution of the variables Z; admits a density
w.r.t. the Lebesgue measure. Suppose that there exist p < 1 and a locally bounded measure
function g : R — RT such that E[g(Z;)] < oo and two constants M > 0 and ¢ > 0 such
that, V|(u,v)| > M, we have
|bg, (u, v)| < plu| + h(v) —c and  sup |bg,(z)| < oo,
|z|<M

then the chain is geometrically ergodic (see Doukhan (1994) p.105).

3 Estimation Procedure

A key ingredient in the construction of our estimator of the parameter 6y is the choice of a

“contrast function”. Details about this notion can be found in Van der Vaart (1998). For



the purpose of this study, we consider the following contrast function

Py = }ijz ) — 2V, (Y0). (2)
where the operators (2 and V' are given by

Vi, (2, y) =2 // i(wutyv) e ()f€ () )dudv and Qm, (z) = ;/eim“Mdu,
(3)
We are now able to explain the choice of such contrast function and to describe in detail
our procedure.
The procedure: Owing to the definition of the model (1), the Y; are not i.i.d.. However,
by assumption A1(ii), they are stationary ergodic !, so the convergence of P,mg to Pmyg
as n tends to infinity is provided by the Ergodic Theorem. Moreover, the limit Pmg of the
contrast function can be explicitly computed. To do this, we use the same technique as in
the convolution problem (see Comte et al. (2006)). Let us denote by Fx the density of X;
and Fy the density of Y;. We remark that Fy = Fx * (f: ® f;) and Fy = F(fZ ® f7),

where x stands for the convolution product, and then by Parseval equality we have

//mﬁ‘// X_//ﬂ®k
o | [vi T = [ [ v = B, v,

Similarly, the operator @ is defined to replace the term [ He ,y)dy. The operators

@) and V are chosen to satisfy the following Lemma.
Lemma 3.1. For alli € {1,...,n+ 1}, we have
E[Vi1, (Yi)| X1, ..., Xnt1] = p(X;).
E[Qm, (Yi)| X1, .., Xny1] = [ Ta(Xi, y)dy.
3. BV, (Y:)] = [ [Hg(z, y)g, (z,y) fo, (z)dzdy.

4. E[Qn, (Yi)] = [ [ Tp(x,y) fo, (x)dzdy.
We refer the reader to Doukhan (1994) for the proof that if (X;); is an ergodic process then the process

(Y3)s, which is the sum of an ergodic process with an i.i.d. noise, is again stationary ergodic. Moreover, by
the definition of an ergodic process, if (Y;); is an ergodic process then the couple Y; = (Yi, Yiy1) inherits

the property (see Genon-Catalot et al. (2000))



The proof of Lemma 3.1 is postponed in Subsection 8.1. It follows from Lemma 3.1 that

Py = [ [ W) o (@)dody 2 [ [ o(o, )y (2,9) oy (2)dody

= [[Tg|[} — 2(Ig, Mg, ) s = [Ty — Ly |7 — | Tlgy |7 (4)

Hence, the contrast defined in (2) is the empirical counterpart of the La-norm between

the true transition density Ily, and the transition density IIp computed at 6 € ©.

Under the identifiability assumption A1(7v), this quantity is minimal when 6=60y. So,

the associated minimum-contrast estimator é\n is defined as any solution of

~

0n = inP i 5
n = arg min Prmg (5)
For this contrast to be well defined, operators () and V must satisfy:

A 2. The functions Vi, and Qng defined in (3) must be integrable and each coordinate of
Qvgng and Qvgng have to be integrable as well. In the same way, each coordinate of Vv, 1,

and Ve, have to be integrable.

This assumption can be understood as “IT and its first two derivatives (resp. (II2)*)
have to be smooth enough compared to fX”. For some models, this integrability assumption
is not satisfied. In particular, for models where the functions I} and (II3)* are less smooth
than f7. In this case, we propose to insert a weight function or a truncation Kernel as in

Dedecker et al. (2014) p. 285 to circumvent the issue of integrability. More precisely, define

1 (ITg * K)*(u,0)

1TU % (H@*K)*
QH%K(QZ') = 27{'/6 Wdu and VHQ,K =

frofe
where K* is the Fourier transform of a density deconvolution kernel with compact support
and satisfies |1 — K*(t)| < 1>1. This assumption is for instance a problem for Gaussian

noise, and the weight function is then mandatory.

4 Asymptotic Properties of the Estimator

The following result states the consistency of our estimator and the Central Limit The-
orem (CLT) for a-mixing processes. To this aim, we further assume that the following

assumptions hold true:



A 3.
(2) (Local dominance): E [supgee ‘QHE (Yl)H < 00.

(#2) (Moment condition): For some § >0 and for j € {1,...,r}:

246
E||Qom (Y1)

096

< 0.

(4i2) (Hessian local dominance): For some neighborhood U of 0y and for j, k € {1,...,r}

E |sup |Q 02112 (Y1)|| < 0.
ocu 30,06,
Let us now introduce the matrix (@) given by
’ +oo
S(0) =V, 'Q0)V; " with  Q(0) = Q(0) +2>_Q1(0), (6)
j=2

where Q0 (0) = Var (Vomg(Y1)) and Q;_1(0) = Cov (Vgmy(Y1), Vome(Y;)).

Theorem 4.1. Under Assumptions A1-A3 let gn be the least square estimator defined in
(5), we have

-~

0, — 6o in probability as n — oo.
Moreover,

V0, — 85) — N (0,%(6p)) in law as n — oo.

The proof of Theorem 4.1 is provided in Subsection 8.2.

The following corollary gives an expression of the matrices () and Vp, defined in

Y(0) of Theorem 4.1.

Corollary 4.1. Under Assumptions A1-A3, the matriz Q(0y) is given by

—+00

Q(6o) = Q0(60) +2 Y Qj-1(60),
=2

where

Q(fo) =E[QZ, (V1)) + 4E[VZ, 1, (Y1)]

_ {E(/vgng(xl,y)dy)Q +4E(V9H9(X1)>2
— 4E< / vgng(xl,y)dy)E<V9He(X1)) }

10



and, the covariance terms are given by
0-1(60) ~Cov | VB (Xs, ). [ VT3 )y
+ 4(C0U (Vollp(X1), Volly(X;)) — Cov (/ Voll3(X1,y)dy, Veﬂe(Xj)) );

where the differential Vylly is taken at point 0 = 0.

Furthermore, the Hessian matriz Vy, is given by

oy Ol _
. :2 — R — .
<[V9°]m)j,k << 90" 00, > f> . at the point = o
]7

The proof of Corollary 4.1 is given in Subsection 8.3.

Sketch of proof: Let us now state the strategy of the proof, the full proof is given in Ap-
pendix 8. Clearly, the proof of Theorem 4.1 relies on M-estimators properties and on the
deconvolution strategy. The existence of our estimator follows from regularity properties
of the function Ily and compactness argument of the parameter space, it is explained in
Appendix8.2.1. The key ingredient of the proof consists in proving the asymptotic proper-
ties of our estimator. This is done by splitting the proof into two parts: we first give the
consistency result in Appendix 8.2.2 and then give the asymptotic normality in Appendix

8.2.3. Let us introduce the principal arguments:

The main idea for proving the consistency of a M-estimator comes from the following
observation: if P,my converges to Pmy in probability, and if the true parameter solves the
limit minimization problem, then, the limit of the argument of the minimum é\n is 6y. By
using the uniform convergence in probability and the compactness of the parameter space,
we show that the argmin of the limit is the limit of the argmin. Combining these arguments
with the dominance argument A3(i) give the consistency of our estimator, and then, the

first part of Theorem 4.1.

The asymptotic normality follows essentially from CLT for mixing processes (see Jones
(2004)). Thanks to the consistency, the proof is based on a moment condition of the Jaco-
bian vector of the function my(y) = Qng (y) — Vi1, (y) and on a local dominance condition of
its Hessian matrix. These conditions are given in A3(ii) and A3(iii). To refer to likelihood
results, one can see these assumptions as a moment condition of the score function and a

local dominance condition of the Hessian.

11



Remark 4.1. It should be noted that the construction of the estimator defined in (5) does
not need to know the stationary density and assumptions A3 need only its reqularity. The
exception is the identifiability assumption A1(iv) which appears to be non-trivial and in
particular the second part of this assumption since the first part concerns the uniqueness
of Pmyg which is strictly convex w.r.t. . Nevertheless, the second part implies computing
the Hessian matriz of Pmyg to obtain the asymptotic variance matrixz and this computation
needs to know the stationary density by our definition of the norm. Therefore, we propose
for the computation of the confidence bounds a consistent estimator of this variance matriz

i Appendix 8.4.

5 Simulations

5.1 The Models

We start from this following HMM
Yi=Xi+e
Xit1 = o Xi + nit1,

where the noises ¢; and the innovations n; are supposed to be i.i.d. centered random

(7)

variables with variance respectively o2 and 08,77.

Here, the unknown vector of parameters is 6y = (¢o, 08777) and for stationary and ergodic
properties of the process X;, we assume that the parameter ¢y satisfies |¢o| < 1 (see
Doukhan (1994)). In this setting, the transition function Il (z,y) is also Gaussian with
mean equal to ¢gx and variance ng. And, to analyse the influence of the regularity of the
density of observation noises on parameter estimation, we consider three types of noises:

Case 1: Gaussian noise (super-smooth). The density of ¢ is given by

1 x?
fs(ﬂf) = O'E\/%exp (w) .

We have f*(z) = exp (—o2z?/2). The vector of parameters 6y belongs to the compact

subset © given by © = [-1 +7;1 — 7] x [02,,;02.) With 02, > 02 + 7 where r, T, 02
and o2, are positive real constants. We consider this subset since by construction the

operators Qng and Vp, are well defined for U%m > o2,

Case 2: Laplace noise (ordinary smooth). The density of £; is given by

| V2
fola) = e (—%m) -

12




It satisfies f*(x) = 1/(1 + o222 /2).

Case 3: log —X? noise (super smooth). The density of 1 is given by

1 z 1
fe(x) = oz exp (2 ~3 exp(a:)).
We have fZ(z) = (1/y/m)2"T (1/2 + iz) e~%® where £ = E[log(£2,,)] and Var[log(£2,,)]=

o? = 7?/2, and T'(z) denotes the gamma function defined I'(z) = [;*¢*~'e~'dt. For the

£

cases 2 and 3 the vector of parameters § = (¢, 0?) belongs to the compact subset © given

by [~1+7r;1—7]x[02, ;02,,,] with 7, 02 . and o2, positive real constants. Furthermore,

min’ ¥ max min

this latter case corresponds to the SV model introduced by Taylor (2005)

Rit1 = exp (Xl;l) 5;‘6;1,
Xit1 = ¢oXi + nig1,
where [ denotes a positive constant. The noises &; 41 and 7;41 are two centered Gaussian
random variables with standard variance o2 and o3.
In the original paper of Taylor (1994), the constant 3 is equal to 12. In this case,
by applying a log transformation Y;11 = log(R? ) — Eflog(¢7,,)] and e;11 = log(£24) —
E[log(¢2,,)], the log-transform SV model is a special case of the model (7). We postponed

in Appendix 8.4 the verification of Theorem 4.1 assumptions for these three models.

5.2 Expression of the Contrasts

For all the models described above, we can express the theoretical and empirical contrasts
regardless of the type of observation noise used. These expressions are given in the following

proposition

Proposition 5.1. For the HMM model (7) the theoretical contrast defined in (4) is given

by

_ Op + 00,n o Q(Q% _ 1)
Pmy=—-1+ 2/mono0y \/mf%(—l — ¢p) — 7o, (1+ ¢ — 2¢¢0)’ )

and the empirical contrasts used in our simulations are obtained as follows

boo_ L 1 2 “ A;
" 2wy n\ w02 — (62 + 1)od) ;e"p (‘2@% (@ + 1>oz>> ’

2We argue that our approach can be applied when we introduce a long mean parameter p into the

volatility process.

13
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Figure 1: Contrast functions. (a): Pmgy as a function of the parameters ¢ and ag for
one realization of (7), with n = 2000. (b): P,m§. (c): Pymk. (d): P,mg. (e)-(h):
Corresponding contour lines. The red circle represents the global minimizer 6y of Pmyg and

the blue circle, the one of ang, ang and angc respectively.

n—1
ang = 2\/17?0_77 - 2n\/1277ra;°’7 ZZ_;exp (— 2“3%) (402 —2(1+ ¢2)af;052(.,4i — a%)
T oA — 6 A% + 30;47>),
where A; = (Yiy1 — ¢Y;)2.
X 1 2= x
Pymy = W - ; Vit, (Yi, Yig1)

[

_e2ut
- _ 1 ¢ % Woioy
with VH@ (.73, y) T 4n? exp(i51)2*izf‘(%—iz) exp(igy)2*iyl"(%—iy)

transform of the indicator function and computed in practice over a large truncated interval

where 1*(z) denotes the Fourier

such that

Tsinc(%) for T large and x # 0
1%(x) =
T forx=0

The notation ang, ang and angY corresponds to the case 1, case 2 and case 3

respectively (see Figure 1 for a visual representation of these contrasts).
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Figure 1 depicts the three empirical and true contrast curves as a function of the param-
eters ¢ and 0727 for one realization of (7), with n = 2000. It can be observed that these three
empirical contrasts give reliable estimates for the theoretical contrast, and in turn, also a

high-quality estimate of the optimal parameter for the three types of noise distributions.

5.3 Monte Carlo Simulation and Comparison with the MLE

Let us present the results of our simulation experiments. First, we perform a MC study
for the first two cases to analyse the influence of the noise regularity on the performance of
the estimate (case 3 has the same regularity as case 1). For the first case, we compare our
approach to the MLE. This case is favorable for the MLE since its calculation is fast via
the Kalman filter. Indeed, the linearity of the model and the gaussianity of the observation
noises make the use of the Kalman filter suitable for the computation of the MLE. However,
this is no longer the case for Laplace’s noises. For noises other than Gaussian noises, the
calculation of the MLE is more complicated in practice and requires the use of algorithms
such as MCMC, EM, SAEM, SMC or alternative estimation strategies (see Andrieu et al.
(2010), Chopin et al. (2013) and Olsson and Rydén (2007)), which require a longer com-
putation time. Moreover, it is important to note that even in the most favourable case for
calculating the MLE our approach is faster than the Kalman filter as it only requires the
minimization of an explicitly known contrast function.

For each simulation, we consider three different signal-to-noise ratios denoted SNR (i.e.
SNR = 07 /02 = 1/02, with 0 equals to 1/40,1/20 and 1/10 corresponding to low, medium
and high noise level). For all experiments, we set ¢ = 0.7 and having in mind financial
and economic setting we generate samples of different sizes (i.e. n = 500 up to 2000). We
represent the results obtained, on Boxplots for each parameter and for 100 repetitions in
Figure 2. We can see that, as already noticed in the deconvolution setting there is little
difference between Laplace and Gaussian €;’s. The convergence is slightly better for Laplace
noise. Moreover, increasing the sample size leads to noticeable improvements of the results
and in all cases and for all the noise distributions the estimation is good. The MLE provides
better overall results which is not surprising since in the case 1 it is the best unbiased linear
estimator but we can see that for the parameter ¢ our estimator is slightly better. The
estimation of the variance o2 is more difficult and this is all the more true as the SNR

n
decreases.
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Figure 2: Boxplot of parameter estimators for different sample sizes (first two rows: Case

2

1, last two rows: Case 2). The horizontal lines represent the values of true parameters oy,

and ¢. Our proposed contrast estimator is represented by the blue boxes, and the Kalman

MLE by the black ones.
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Figure 3: Coverage probability for 95% ClIs versus sample size n (Case 1 top Case 2 bottom)

based on 1000 simulations.

Our estimation procedure allows us to deepen our analysis since Theorem 4.1 applies
and as we already mentioned, Corollary 4.1 allows to compute Cls in practice: For all

1 =1,2:

N Y én i A ) én i
P (= [ S22
n n

as n — oo where 2)_, /s is the 1 —a/2 quantile of the Gaussian law, g ; is the it" coordinate
of 0y and e; is the i*" coordinate of the vector of the canonical basis of R2. The covariance
matrix E(én) is computed by plug-in the variance matrix defined in (11) (see Appendix
8.4) in (6). We investigate the coverage probabilities for sample size ranging from 100 to
2000 with a replication number of 1000. We compute the CI for each sample and plot the
proportion of samples for which the true parameters are contained in the CI for the two
cases 1 and 2. The results are shown in the Figure 3. It can be seen that the computed
proportions provide good estimators for the empirical coverage probability for the Cls of
both parameters whatever the type of noise. We can also see that these proportions deviate

slightly from the theoretical value as the noise level increases. Indeed, the size of the ICs

tends to increase as the noise level increases.
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6 Application on the Ex-Ante Real Interest Rate

Ex-ante real interest rate is important in finance and economics because it provides a
measure of the real return on an asset between now and the future. It is a fruitful indicator
of the monetary policy direction of central banks. Nevertheless, it is important to make a
distinction between the ex-post real rate, which is the observed series, and the ex-ante real
rate which is unobserved. While the ex-post real rate is simply the difference between the
observed nominal interest rate and the observed actual inflation, the ex-ante real rate is
defined as the difference between the nominal rate and the unobserved expected inflation
rate. Since monetary policy makers cannot observe inflation within the period, they must
establish their interest rate decisions on the expected inflation rate. Hence, the ex-ante real
rate is probably a better indicator of the monetary policy orientation.

There are two different strategies for the estimation of the ex-ante real rate. The first
consists in using a proxy variable for the ex-ante real rate (see, e.g., Holston et al. (2017)
for the US region and recently in Laubach and Williams (2003) for Canada, the Euro Area
and the UK). The second strategy consists in treating the ex-ante real rate as an unknown
variable using a latent factor model (see, e.g., Burmeister et al. (1986), Hamilton (1994b)
Hamilton (1994a)). Our procedure is in line with this second strategy in which the factor

model is specified as follows

Yi=a+ Xi+ e
9)
Xt =Xy 1+

where Y; is the observed ex-post real interest rate, X; is the latent ex-ante real interest
rate adjusted by a parameter «, ¢ a parameter of persistence and &4 (resp. 1) centered
Gaussian random variables with variance o2 (resp. 0727).

This modelization comes from the fact that if we denote by Y,¢ the ex-ante real interest
rate, we have that Y, = R; — Zf with R; the observed nominal interest rate and Zj the
expected inflation rate. So, the unobserved part of Y,° comes from the expected inflation
rate. Furthermore, the ex-post real interest rate Y; is obtained from Y; = R; — Z; with Z;
the observed actual inflation rate. Hence, expanding these expressions to allow for expected

inflation rate Z¢ gives

n:Rt—If—f—If—It:ne'f—é‘t
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Figure 4: Observed ex-post real rate (left) and observed actual inflation rate (right).

where ¢; = Z7 — 7, is the inflation expectations random variables. If people do not make
systematic errors in forecasting inflation, then e;, might reasonably be assumed to be a
Gaussian white noise with variance denotes by o2. This assumption is known as the Rational
Expectation Hypothesis (REH). Thus, the REH is very naturally suitable for a state-space
representation (see, e.g., Burmeister and Wall (1982)) and defining X; = Y, — a as the
ex-ante real interest rate adjusted by its population mean « gives the modelization (9).

The dataset was split into in and out-of-sample monthly data sets. The in-sample
contained 75% (it ranges from 1 January 1962 to 1 March 1973) of the total dataset and
the out-of-sample the remaining 25% (from 1 April 1973 to 1 March 1975, i.e. for a horizon
of two years). This places us in the period of great inflation for the US region. More
precisely, the ex-post real interest rate Y; (represented in Figure 4(a)) is then computed as
the difference between the annualized nominal funds rate and the annualized percentage
inflation rate I; (depicted in Figure 4(b)) obtained from the consumer price index for all
urban consumers. The data are available from the Federal Reserve Economic Data. We
consider two of the models previously studied, the Gaussian AR model and the SV model.

Let us denote 0 = (¢, a%) the vector of unknown parameters to be estimated. We make
a two-stage estimation: in the first step we estimate the unknown parameter vector 6 on
the in-sample by minimizing the contrast introduced in this paper. The second step is
devoted to the ex-ante real rate forecasts and the expected inflation rate forecasts on the
out-of-sample by plugging 0 obtained from the in-sample set in the first stage by running
a Kalman filter. So that all forecasts are computed using the pseudo out-of-sample.

The value of the estimation obtained in the first step is as follows: aar = 1.5699,
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Figure 6: Correlogram of €; for AR model (left) and of €; for SV model (right).

Gsy = 2.1895, dar = 0.5750, sy = 0.8500,6%5 = 4.4048 and 62, = 3.1756 and the
forecasts obtained from the out-of-sample are shown in Figure 5. A first examination of
our results reveals that our forecasts expected inflation series is plausible for the two models.
Nevertheless, the results are better for the SV model: the Mean Squared Forecast Error
is divided by a factor 10 for the SV model. The Kolmogorov-Smirnov test suggests that
during the great inflation period the data are no longer Gaussian and exhibit more like
a distribution with heavy tails. The null hypothesis is rejected at level 8 = 0.05 but is
accepted at level 8 = 0.1. This result may explain why the SV model is significantly better
than the AR model. The mean of the forecast error e, = Z; — Af is sufficiently close to
zero and the Ljung box test accepts the null hypothesis, meaning that the forecast errors
are not correlated for the two models. The correlograms for the two models are given in

Figure 6. These results are consistent with the rational expectation hypothesis. If one
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compares the results of the parameters estimation for the two models one can see that the
persistence parameter ¢ is higher for the SV model than the AR model, on the other hand,
the variance is lower. Therefore, the variance of ff is smaller than that of Z; for the SV
model. These results are consistent with the economically intuitive notion that expectations
are smoother than realizations. Most importantly, these results corroborate those of the
thorough analysis in Stock and Watson (2007) and Pivetta and Reis (2007) whose find that

the persistence parameter is high and close to one for this period of study.

7 Conclusion

In this paper we propose a new estimation strategy for non-linear and non-Gaussian HMM
models. This methodology makes it possible to bypass the MLE estimate known to be
difficult to calculate for these models. Our approach is not based on MC methods (MCMC
or particle filtering methods), which avoids the instability problems of most of the proposed
methods when minimizing the criterion following MC errors (see Doucet et al. (2001)). The
parameter estimation step in HMM models is very important since it is shown in El Kolei
and Patras (2018) that the bias on the parameters propagates in the estimation of the latent
variable. This cannot be overlooked in models where the latent variable to be predicted
is used to make political decisions. For example, in this paper, we have looked at the
prediction of the ex-ante interest rates and show that during the period of high inflation
the annualized inflation rate exhibits distribution with heavy tails. Thus, in this context
the SV model seems more appropriate and gives better results. Nevertheless, since this
model is no longer Gaussian it seems important to study estimators other than the MLE
that cannot be calculated by the Kalman filter. In this context, we provide a new easily
way to estimate the parameters in a Gaussian and non-Gaussian setting. This provides an
alternative estimation method to those proposed in the literature that are largely based on

MC methods.
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8 Proofs

8.1 Proof of Lemma 3.1

Proof. We prove only points 1. and 2. since the other assertions are immediate conse-
quences.

1. Let us set
: : — 1 1Y;u+1Y; v HZ(U’ U)
VH@(YZ,YZH) = i //e f;(—u)fg(—v)dUdv'

By denoting Xi., = (X1,..., Xp+1), we have

115 (u, v)

P2 ) 2 (o) M

1 ViutiY
ElVit (¥, Vi) ] = gy [ [EE™ 000 Xy
By using the independence between (X;) and (g;), we have

E[eYiut?Yiriv| X, 1] = BletXiutiXinveieiuticny x o 0]

— eiXiu+iXi+1UE[eisiu]E[eiEiJrlv]
= T £ (—u) f2 ().

Hence

1 e .
EVit, (Yo) [ X1ng1] = ypc) //QZXZHZX“’WHQ(U’U)dUdU = p(X;, Xip1) = Hp(Xy).

The point 1. is proved.

2. For the operator (), we proceed in a similar manner. We have

Qn )= - fore ey,

Hence
A ! Yiu I3 (u, 0)
B{Qn, (1) K] = = B K] 22

By using the independence between X; and ¢;, we have
E[eiyiu’Xl:nJrl] — E[eiXiu+i5iu|X1:n+l] — eiXqu[eiaiu] — eiXiuf:(—u).

Thus
1 i X UTT*
E[Qm, (Yi)| X1ni1] = o /G’XZ 115 (u, 0)du

By denoting by Iy, the function « + Iy ,(z) = Ilg(x,y), we obtain
I (u, 0) = //e_imﬂgvy(:c)dxdy = /szy(u)dy.
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So
1 IX;uTT*
o [ ]e I, (—uw)dudy = [1lg(z,y)dy.

The point 2. is proved. O

8.2 Proofs of Theorem 4.1

For the reader convenience we split the proof of Theorem 4.1 into three parts: in Subsec-
tion 8.2.1, we give the proof of the existence of our contrast estimator defined in (3). In
Subsection 8.2.2, we prove the consistency, that is, the first part of Theorem 4.1. Then,
we prove the asymptotic normality of our estimator in Subsection 8.2.3, that is, the second

part of Theorem 4.1. The Section 8.3 is devoted to Corollary 4.1.

8.2.1 Proof of the Existence and Measurability of the M-Estimator

By assumption, the function mg(y:) = @nz (yi) — 2Vi1, (vi) is continuous w.r.t §. Hence, the
function P,mg = L 37 | my(Y;) is continuous w.r.t 6 belonging to the compact subset ©.
So, there exists 0 belongs to © such that infgeg Prymg = Ppmy. O

8.2.2 Proof of the Consistency

For the consistency of our estimator, we need to use the uniform convergence given in the

following Lemma. Let us consider the following quantities:
Ph—lzn:h(Y»)- Ps—lth(Y») dPH—lzn:v%(Y»)
nO—n'1017 né—n.199zan n9—n119917
1= 1= 1=

where hg(y) is real function from © x ) with value in R.

Lemma 8.1. Uniform Law of Large Numbers (see Newey and McFadden (1994a) for the

proof). Let (Y;)i>1 be an ergodic stationary process and suppose that:

1. hg(y) is continuous in O for all y and measurable in y for all § in the compact subset

o.

2. There exists a function s(y) (called the dominating function) such that |he(y)| < s(y)
for all 0 € © and E[s(Y1)] < co. Then

sup |P,hg — Phy| — 0 in probability as n — oco.

[<(C]
Moreover, Phy is a continuous function of 6.
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By assumption Iy is continuous w.r.t 6 for any x and measurable w.r.t z for all § which
implies the continuity and the measurability of the function P, my on the compact subset
©. Furthermore, the local dominance assumption A3(7) implies that E [supgcg |mo(Y)|] is

finite. Indeed, by assumption A3(i), we have

mo(y)| = | Qug (i) — 2Vin, (v) +2 Vi, ()] < oc.

< |Qm ()

Lemma 8.1 gives us the uniform convergence in probability of the contrast function: for

any € > 0:
lim P (sup |P,mg — Pmy| < 5> =1
n—oo 0cO

Combining the uniform convergence with (Newey and McFadden, 1994b, Theorem 2.1 p.
2121 chapter 36) yields the weak (convergence in probability) consistency of the estimator.
O

Remark 8.1. In most applications, we do not know the bounds for the true parameter.
So the compactness assumption is sometimes restrictive, one can replace the compactness
assumption by: 0y is an element of the interior of a convex parameter space © C R". Then,
under our assumptions except the compactness, the estimator is also consistent. The proof
is the same and the existence is proved by using convexr optimization arguments. One can

refer to Hayashi (2000) for this discussion.

8.2.3 Proof of the asymptotic normality

For the CLT, we need to define the a-mixing property of a process (we refer the reader to

Doukhan (1994) for a complete review of mixing processes).

Definition 8.1 (a-mixing (strongly mixing process)). Let Y := (Y;); denotes a general
sequence of random variables on a probability space (Q, F,Pg) and let FJ* = o(Yi,...,Yn).

The sequence Y is said to be a-mixing if a(n) — 0 as n — oo, where

a(n) ;= sup sup IPo(ANB) —Py(A)Py(B)|.
k>1 AeFl BeF,

The proof of the CLT is based on the following Lemma.
Lemma 8.2. Suppose that the conditions of the consistency hold. Suppose further that:
(1) (Y;); is a-mixing.
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(ii) (Moment condition): for some 6 >0 and for each j € {1,...,7}

2+6
< oQ.

6m9 (Yl)
E |22 2D
U 90,

(iii) (Hessian Local condition): for some neighborhood U of 0y and for j,k € {1,...,1}:
E [sup ] < o0.
ocu

Then, gn defined in (5) is asymptotically normal with asymptotic covariance matriz given

82m9 (Yl)
96,00},

by
S(60) = V,, ' 200)V,,

where Vg, is the Hessian of the mapping Pmy given in (4).

Proof. The proof follows from Proposition 7.8 p. 472 of Hayashi (2000) and Jones (2004),
and by using the fact that, by regularity assumptions A1(z) and the Lebesgue Differentia-
tion Theorem, we have E[V2my(Y1)] = V2E[mg(Y1)]. O

It just remains to check that the conditions (ii) and (%) of Lemma 8.2 hold under our
assumptions A3(4i) and A (7).
(ii): As the function IIj is twice continuously differentiable w.r.t 6, for all y; € R? and so
also 112, the mapping mg(y;) : 0 € © — my(y;) = Qng (yi) — 2V, (yi) is twice continuously

differentiable for all § € © and its first derivatives are given by

Vomg(yi) = VeQuz (i) — 2V Vi, (yi)-

2
By assumption, for each j € {1,...,r}, %—lg]‘_‘) and %—gj‘_‘) belong to L;(R), therefore one can

apply the Lebesgue Differentiation Theorem and Fubini Theorem to obtain

Voma(y:) = | Qu,m (1) — 2V, (v)] (10)

Then, for some 6 > 0, by the moment assumption A3(ii), we have

246 249
Vomo(ys) " = |Qu,m () — 2V, (v:)

5
+ O [Vy,m, (yi)*™0 < oo,

2+
<Ci ‘Qvgng (vi)

where C7 and Cy and C3 denote three positive constants.
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2772
(ii): For j, ke {1,...,r}, B%jggk and E;nggk belong to L (R), the Lebesgue Differentiation

Theorem gives
Vimo(y:) = |Quzm () — 2Vzn, (v)]

and, for some neighborhood U of 6y, by the local dominance assumption A3(iii),

E |sup HVng(Yi)M <E [sup Hsznz(Yi) } +2E [sup HVV2H9 (YY)
ocuU ocu oo ocu o

This ends the proof of Theorem 4.1. O

| <.

8.3 Proof of Corollary 4.1
By replacing Vymg(Y1) by its expression (10), we have
Qo(6) = Var {ngm) — 2V, (YI)}
— Var (QWH% (Yl)) + 4Var (Ve,11, (Y1) — 4Cov <QV0H3 (Y1), Vo1, (Y1)> .

Owing to Lemma 3.1, we obtain

Var (Qu,m (1)) = ElQu,nz(V1)?] - ElQy,m (V)]

= E[Qv,12(Y1)?] — E[VoIIH(X1)]*.

In a similar manner, using again Lemma 3.1, we have

Var (VVGHG (Yl)) = E[VVGHG (Y1)2] - E[VVGHG (Yl)]2
= E[Ve,m,(Y1)?] — E[VeIlp(X1))?

and
Cou (Qem(¥1), Voo (¥1)) = 2| BQe,3 (Y1) Veon, (Y0) Xt
& [BQg,3 () Xiorsa] | 2 ElVrn, (V) X
= E{Qgym (V) Vo, (Y1)
— B [ VoI (X )y EIV T (X))
Hence
Qo(0) = Var (Veme(Y1))
= B{Quym (V1)) + 4E[Ve,1, (Y1)?] — 4E[Qg, (V) V1, (Y1)

- (E[Veﬂe(xl)]2 + 4E[VoIlp(X1)]* — 4E[/ Veﬂz(Xhy)dy]E[Vaﬂe(X1)]) :
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Calculus of the covariance matriz of Corollary 4.1: By replacing Vgmg(Y1) by its expression

(10), we have

Q;_1(8) = Cov (Vome(Y1), Vome(Y;))
=E[Vomg(Y1)Veme(Y ;)] — E[Veme (Y1) E[Veme(Y;)].

It follows from Lemma 3.1 and the stationarity assumption Al(iw) of (¥;);>1 that
E[Vemg(Y1)] = E[/ VolI3( X1, y)dy] — 2E[Velle(X1)].

Moreover

E[Voma(Y )] = E[VoIT(X;)] - 2E[Volly(X,)].
Hence
E[Voma(Y1)E[Voma(Y;)) = B | Voll3(X1,y)dy)BL [ VoI, )i

- 28( [ VoI, ) IVl (X, )
~ 2E(Vllo (X0)JE( [ VoI (X;. )i
+ AE[VoTTy(X 1) E[VeIls(X,))-

On the other hand, we have

E[Vems(Y1)Vomo(Y;)] = E| (Qu,uz (Y1) — 2V, (Y1) Q12 (V) — 2V, (V)

= E[Qv,mz("1)Qv,nz (V)] — 2E[Qv, 1z (Y1) Vo, (Y;)]
— 2E[Vy 11, (V1) Qv,pmz (Y5)] + 4E [V, (Y1) Ve, (Y5)].

Furthermore, the Tower property yields
ElQv,mz(Y1)Qv,nz (Y))] = E[/ VgH%(Xl,y)dy/VgH%(Xj,y)dy].
Similarly, we have
EVo,m, (Y1) Va,m, ()] = E[Velly(X1)Vollp(X;)].
Hence, by the stationarity of (Y;)i>1,
E[Voma(Y1)Voma(Y;)] = EL | VoIT3(X0,y)dy | Va3, 5)dy)

+ 4E[VyIIp(X1) Vollp(X;)] — 4E[Qveng (Y1) Ve, (Y5)]-
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By using Lemma 3.1, the last term is equal to
(@, (Y1) Vo, (Y5)) = EL | VoIl (X1, 5)dy Vol (X,).
Therefore, the covariance matrix is given by

Q;j_1(8) = Cov (Vemg(Y1), Veme(Y;))
| / VolI3 (X1, y)dy / Voll3(X;, y)dy] — / VoII3(Xy, y)dy|E / VoT3(X;, y)dy]
+ 4E[Vllp(X1)Vollp(X;)] — 4E[Velly(X1)|E[Vellp(X;)]

—4E] / VoI (X1, y)dyVsTlp(X,)] + 4E] / VolI3 (X1, y)JE[Vlly(X,)].
Thus
Cov (Vgmg(Y1), Veme(Y;)) = Cov (/ Vollg(X1,y dy,/Veﬂe Y )dy>

+4 ((Cov (Vollg(X1), Vollp(X;))

— Cov </ Veﬂg(th)dy,VeHe(Xj))) :

Ezxpression of the Hessian matriz Vy: We have
Prmg = [|TTp|3 — 2 (ITp, Ty, .

Under A1(:) ,for all  in ©, the mapping 6 — Pmy is twice differentiable w.r.t 6 on the

compact subset ©. For j € {1,...,r}, at the point § = 6y, we have

oPm 81‘[9 81'[9 8H9 o
Py (O ) (2 ) <o ( ) o

and for j,k € {1,...,r}:

2Pm 211, oTl, Oll, oll, Oll,
=2((<=0 1m,-1 e —o( (£, 0 .
96,00}, (6) <<aej9k’ o 9°> * < 96" 00, >>]k << 96y, " 00, >>Jk

The proof of Corollary 4.1 is completed. O

8.4 Contrast and Checking Assumptions for the Simulations

Contrasts for the simulations: To compute the several contrasts defined in Proposi-

tion 8 the following quantities are essentially required: (II3(z,0))*,II5(z,y) and f*(z). For
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the model defined in (7), the square of the transition density is also Gaussian up to the

2

parameter 1/(2,/mo3

) with mean ¢z and variance J% /2. Hence, if we are interested in

computing the following Fourier transform

(T1(z,0))* = /em“</ﬂg(u,fu)dv>du = /em“ﬁg(u)du: (I(z))*.

And we have Tg(z) = 1/ (21 /7'('0'72)) by integration of the Gaussian density. Hence,

(I2(, 0))* = 1/ (2\/7??0 /eim —1/ (2\/7773> 1 ().

For IIj(z,y) the computation is the same and given by

(T ()" = / e—m< / e—ive / Hg(u,v)dv> du
= / e—m< / e YN (v, pu, o)) dudv

* o2 '
:/6im (N(%@ta UU)) du = e;yQ/e’“(“d’y)du

= 6_%’21*(:6 +9y),

where N (v, a,b) stands for the Gaussian density computed at the point v with mean a and
standard deviation b. Furthermore, for each simulation case the Fourier transform of the
noise density are given in Section 5.

Checking assumptions A1-A3: By inspecting the functions bg, : = — ¢ox one can
easily see that regularity assumptions are well-satisfied and if ¢ satisfies |¢pg| < 1 the
process is strictly stationary. It remains to check assumptions Al(iw) and A2-A3. The
strict convexity of the function Pmy gives that 6y is a minimum and Assumption Al(iv)
also requires to compute the Hessian matrix belonging to Soxo (where S represents the

space of symmetric matrix) and given by

2
Olly <8H9 BH9>
¢ 99 » 902/ f
V@o = 2
<<9H9 8Hg> Jlly
99 * 902/ f o2

(see Corollary 4.1). The computation of this matrix can be easily done for AR(1) processes

since all densities are explicit, and we have

2
90,m

1 - 2
V et _1+¢0
% 4ﬁ0% 0

vl O
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For processes with not an explicit expression one can use the following estimator

Z Qaznz = 2V, (Y2) (11)

802

since under the integrability assumption A2 and the Hessian local dominance assumption
A3(1ii) the matrix V; is a consistent estimator of Vy,. For Gaussian noise the integrability
assumption A2 is not satisfied and as we explained in Section 2 the use of a kernel truncation
or a weight function is then mandatory. The existence of Assumptions A3 depends on

2
the regularity of the following functions: IIj, (@) and ( 8%?%&)* (resp. (I12)*, (%%f)*

and (80 ga )*) for j,1 € {1,---,r}? and especially on the type of error distribution. As
explained in Comte et al. (2010) and Fan (1991) , the convergence rate is determined by
the tail behavior of the modulus of the characteristic function of the errors distribution:
the faster the modulus function goes to zero in the tail, the slower the convergence. More
specifically, one has:

Laplace noise: the convergence towards zero of the modulus of the characteristic function
is polynomial. In addition, by the compactness of the parameter space © and since the func-

tions (II5/ f2), (BH") /fXan (a%zjlggl )*/ £ have the following form C4 () P(z) exp(—C2(0)z?)

(meaning that they are super-smooth) where C(0) and C2(0) are two constants well-defined
in the compact parameter set © and P(z) a polynomial function independent of 6, we obtain
that the moment condition and locale dominance assumptions A3 are satisfied.

Gaussian noise/ log — X2 noise: convergence to zero of the modulus of the characteristic
function of f. is exponential. In this case, the rate of convergence is slower than the one of
the ordinary smooth case. This result fully agrees with recent advances in deconvolution

theory: the smoother are the noises the slower the convergence (see Comte et al. (2010)).
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