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Foreword

Our interest in the study and computation of electromagnetic fields started
during the 1990s. For Franck Assous, it originated from the need to compute
precisely the motion of charged particles for plasma physics applications. For
Patrick Ciarlet, it began with the study of the relations between the electro-
magnetic fields and their potentials from a mathematical point of view. From
both the numerical and the theoretical points of view, it soon appeared that
one had to be especially careful when dealing with singular configurations. A
typical example occurs when one has to solve a seemingly elementary problem,
namely the computation of the fields in vacuum, around a perfectly conduct-
ing body, or inside a perfectly conducting cavity or waveguide. Together with
Simon Labrunie, we started to investigate this problem for a class of such bod-
ies that are invariant by rotation. Since then, we have collaborated regularly
on this topic and many others.

Going back to the example, when the interface between the body and vac-
uum is piecewise smooth and when the computational domain is locally non-
convex near this interface, intense electromagnetic fields may occur. Pointwise
values are unbounded, and mathematically, the smoothness of the fields deteri-
orates. It turns out that this common situation induces challenging problems,
which we address here. Though the contents of this monograph chiefly deal
with theoretical issues, most results are derived in order to solve problems
numerically, using discretized variational formulations (we do not address the
issue of discretization in this book).

The focus of this monograph is clearly an applied mathematical one; how-
ever, we begin by discussing the physical framework of electromagnetism and
related models. One of the main points of the book is the introduction of
mathematical tools to characterize electromagnetic fields precisely and, among
others, the traces of those fields on submanifolds of R?. This issue is especially
important on nonsmooth submanifolds. Another important issue is the math-
ematical measure of those fields, which can take several forms. Interestingly,
this leads to very different categories of discretized problems. A third main
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issue is the introduction and justification of approximate models in a broad
sense, such as, for instance static, quasi-static or time-harmonic, and also of
reduced models, namely 2D and 2%D models. The last important issue deals
with the introduction and study of models that govern the motion of charged
particles interacting with electromagnetic fields.

The text is entirely self-contained: we only assume from the reader a
bachelor-level background in analysis, and we give all the necessary basic
definitions. Nevertheless, this monograph includes some original approaches
and novel applications not covered, to our knowledge, in previous books. It is
chiefly intended for researchers in applied mathematics who work on Maxwell’s
equations and their approximate or coupled models. Much of its material may
also serve as a basis for master or doctorate-level courses on mathematical
electromagnetism.

We are indebted to a number of people who contributed, to various extents,
to the topics we address in this monograph. Let all of them be thanked: Régine
Barthelmé, Anne-Sophie Bonnet-BenDhia, Annalisa Buffa, Lucas Chesnel,
Pierre Degond, Emmanuelle Garcia, Erell Jamelot, Pierre-Arnaud Raviart,
Jacques Segré, Eric Sonnendriicker, Jun Zou and Carlo Maria Zwolf.

Finally, we gratefully acknowledge the help of the following readers of pre-
liminary versions of the manuscript: Lucas Chesnel, Lipeng Dai, Benjamin
Goursaud, and Claire Scheid.

Franck Assous, Patrick Ciarlet and Simon Labrunie
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1

Physical framework and models

The aim of this first chapter is to present the physics framework of electromag-
netism, in relation to the main sets of equations, that is, Maxwell’s equations
and some related approximations. In that sense, it is neither a purely physi-
cal nor a purely mathematical point of view. The term model might be more
appropriate: sometimes, it will be necessary to refer to specific applications
in order to clarify our purpose, presented in a selective and biased way, as it
leans on the authors’ personal view. This being stated, this chapter remains a
fairly general introduction, including the foremost models in electromagnetics.
Although the choice of such applications is guided by our own experience, the
presentation follows a natural structure.

Consequently, in the first section, we introduce the electromagnetic fields and
the set of equations that governs them, namely Maxwell’s equations. Among
others, we present their integral and differential forms. Next, we define a class
of constitutive relations, which provide additional relations between electro-
magnetic fields and are needed to close Maxwell’s equations. Then, we briefly
review the solvability of Maxwell’s equations, that is, the existence of electro-
magnetic fields, in the presence of source terms. We then investigate how they
can be reformulated as potential problems. Finally, we relate some notions on
conducting media.

In Section 1.2, we address the special case of stationary equations, which have
time-periodic solutions, the so-called time-harmonic fields. The useful notion
of plane waves is also introduced, as a particular case of the time-harmonic
solutions.

Maxwell’s equations are related to electrically charged particles. Hence, there
exists a strong correlation between Maxwell’s equations and models that de-
scribe the motion of particles. This correlation is at the core of most models
in which Maxwell’s equations are coupled with other sets of equations: two
of them — the Vlasov—Maxwell model and an example of a magnetohydrody-
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namics model (or MHD) — will be detailed in Section 1.3.

We introduce in the next section approximate models of Maxwell’s equations,
ranging from the static to the time-dependent ones, in which one or all time
derivatives are neglected. We also consider a general way of deriving such ap-
proximate models.

In Section 1.5, we recall the classification of partial differential equations, and
check that Maxwell’s equations are hyperbolic partial differential equations.

At an interface between two media, the electromagnetic fields fulfill some
conditions. In a similar way, when one of the media is considered as being
exterior to the domain of interest,! interface conditions are then formulated
as boundary conditions on the boundary of the domain. Also, to reduce the
overall computation cost, one usually truncates the domain by introducing an
artificial boundary, on which (absorbing) boundary conditions are prescribed.
Another possibility is to introduce a thin, dissipative layer, in which the fields
are damped. This constitutes the first topic of Section 1.6. The second topic
is the radiation condition, which is required for problems set in unbounded
domains to discriminate between outgoing and incoming waves.

The aim of the last section is to recall the basic notions of energy in the
context of Maxwell’s equations. In particular, notions such as electromagnetic
energy flow, Poynting vector and energy conservation are defined.

We conclude this introductory chapter by providing a set of bibliographical
references.

1.1 Electromagnetic fields and Maxwell’s equations

We present the electromagnetic fields in their time-dependent form, as the so-
lutions to Maxwell’s equations. The various components of the electric and of
the magnetic fields are related to source terms by either a set of integral equa-
tions or a set of first-order partial differential equations. Then, we study the
constitutive relations, which provide additional relations for the electromag-
netic fields. With this set of equations — differential Maxwell equations and
constitutive relations — we can state that, starting from a given configuration,
the electromagnetic fields (exist and) evolve in a unique way. We also expose
another formulation, called the potential formulation, with a reduced number
of unknowns, which can be interpreted as primitives of the electromagnetic
fields. Finally, we conclude with a brief study of conducting/insulating media.

! Unless otherwise specified, in this chapter, a domain is an open region of space.
Another meaning is given for the mathematical studies, starting in Chapter 2.
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1.1.1 Integral Maxwell equations

The propagation of the electromagnetic fields in continuum media are de-
scribed using four space- and time-dependent functions. If we respectively
denote by & = (z1,22,23) and t the space and time variables, these four
R3-valued, or vector-valued, functions defined in time-space R x R? are

the electric field E,

the magnetic induction B,
the magnetic field® H,

the electric displacement D.

=W

These vector functions are governed by the integral Mazwell equations below.
These four equations are respectively called Ampere’s law, Faraday’s law,
Gauss’s law and the absence of magnetic monopoles. They read as (system of

units ST)
d
—</D-dS>— H~dl:—/J~dS, (1.1)
dt \Js a5 5

i( B-dS>+ E.-dl -0, (1.2)
dt S/ BS/
D.dsS :/ odV, (1.3)
ov 174
B-dS — 0. (1.4)
ov’

Above, S, S’ are any surface of R?, and V, V'’ are any volume of R3. One can
write elements dS and dl as dS = ndS and dl = T dl, where n and T are,
respectively, the unit outward normal vector to S and the unit tangent vector
to the curve 5. When S is the closed surface bounding a volume, then n is
pointing outward from the enclosed volume. Similarly, the unit tangent vector
to 05 is pointing in the direction given by the right-hand rule.

There are two source terms, respectively, o and J. g is an R-valued, or scalar-
valued, function called the electrostatic charge density. It is a non-vanishing
function in the presence of electric charges. J is an R3-valued function called
the current density. It is a non-vanishing function as soon as there exists
a charge displacement, or in other words, an electric current. Now, take the
time-derivative of Eq. (1.3) and consider S = 9V in Eq. (1.1): by construction,
S is a closed surface (0S = ), so that these data satisfy the integral charge
conservation equation

%(/ngv)Jr/avJ.ds_o. (15)

Again, V is any volume of R3.

2 H is sometimes called the magnetizing field.
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1.1.2 Equivalent reformulation of Maxwell’s equations

Starting from the integral form of Maxwell’s equations (1.1-1.4), one can refor-
mulate them in a differential form,® with the help of Stokes and Ostrogradsky
formulas

/curlF-d.S': F.dl and/diVFdV: F-dSs.
S o8 \%4 ov

One easily derives the differential Mazwell equations (system of units SI):

86—? —curlH = —J, (1.6)
i)—? +curl E =0, (1.7)
div D = p, (1.8)
div B = 0. (1.9)

The differential charge conservation equation can be expressed as

do .
Eer“’J_O' (1.10)

However, the above set of equations is not equivalent to the integral set of
equations. As a matter of fact, two notions are missing.

The first one is related to the behavior of the fields across an interface between
two different media. Let X' be such an interface.
Starting from the volumic integral equations (1.3)-(1.4), we consider thin vol-
umes V. crossing the interface. As e goes to zero, their height goes to zero, and
so does the area of their top and bottom faces (parallel to the interface), with
proper scaling. The top and bottom faces are disks whose radius is propor-
tional to €, while the height is proportional to €2. As a consequence, the area
of the lateral surface is proportional to € and its contribution is negligible as
€ goes to zero. Passing to the limit in Eq. (1.3) and Eq. (1.4) then provides
some information on the jump of the normal (with respect to ') components
of D and B:

[D-’I’LE]E:O’E, [B’I’LE]E:O (111)

Above, [f]s denotes the jump across the interface fiop — foottom, and nx
is the unit normal vector to X going from bottom to top. The right-hand
side oy corresponds to the idealized surface charge density on X: formally,

0 = 0'252(4).

3 The standard differential operators curl, div, grad, and A are mathematically
defined in §1.5.1.

4 By definition, d5 is the surface Dirac mass on X, so one has f ov = fz oxv g dS
for ad hoc functions v.
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Starting from Egs. (1.1)-(1.2), the reasoning is similar. For the tangential
components, one gets

[’I’LEXE]EZO, [’I”LEXH]EZjE, (112)

with j 5 the (idealized) surface current density on X (j 5 is tangential to X).
Finally, if divy denotes the surface divergence, or tangential divergence, op-
erator, integral charge conservation equation (1.5) yields

a(;LtE +diV2j2+[J"I’LE]E =0.

The second notion is topological. For instance, one can consider that the do-
main of interest is the exterior of a thick (resistive®) wire, or the exterior of
a finite set of (perfectly conducting®) spheres. In the first case, the domain is
not topologically trivial, and in the second one, its boundary is not connected.
In both instances, a finite number of relations — derived from homology theory
— have to be added to the differential equations (1.6)-(1.9) and the interface
relations (1.11)-(1.12) (see Chapter 3 for details). We assume that, by doing
s0, we obtain a framework that is equivalent to the integral Maxwell equations
(1.1)-(1.4).

1.1.3 Constitutive relations

Maxwell’s equations are insufficient to characterize the electromagnetic fields
completely. The system has to be closed by adding relations that describe
the properties of the medium in which the electromagnetic fields propagate.
These are the so-called constitutive relations, relating, for instance, D and B
to E and H, namely

D=D(E,H) and B=B(E H).

(We could also choose a priori to use such a relation as D = D(E, B), etc.)
These constitutive relations can be very complex. For this reason, we will
make a number of assumptions on the medium (listed below), which lead to
generic expressions of the constitutive relations. This will yield three main
categories of medium, which are, from the more general to the more specific:

1. the chiral medium, a linear and bi-anisotropic medium ;

2. the perfect medium, a chiral, non-dispersive and anisotropic medium ;

3. the inhomogeneous medium, a perfect and isotropic medium, and its sub-
category, the homogeneous medium, which is, in addition, spatially homo-
geneous.

In what follows, E(t) (or B(t), etc.) denotes the value of the electric field on
R? at time t: © — E(t, ). Let us now list the assumptions about the medium.

5 See the end of the section.
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e The medium is linear. This means that its response is linear with respect
to electromagnetic inputs (also called excitations later on). In addition, it
is expected that when the inputs are small, the response of the medium is
also small.

e The medium satisfies a causality principle. In other words, the value of
(D(t), B(t)) depends only on the values of (E(s), H(s)) for s < t.

e The medium satisfies a time-invariance principle. Let 7 > 0 be given. If
the response to t — (E(t), H(t)) is t — (D(t), B(t)), then the response
tot— (E(t—7),H({t—7))ist— (D(t—71),B(t—71)).

Note that the first assumption corresponds to a linear approximation of
D = D(E, H): for electromagnetic fields, whose amplitude is not too large,
a first-order Taylor expansion is justified. Furthermore, the smallness require-
ment can be viewed as a stability condition (with respect to the inputs). An
immediate consequence of the second assumption is that, if (E(s), H(s)) =0
for all s < tg, then (D(to), B(tp)) = 0. Taking all those assumptions into
account leads to the constitutive relations

{D:&:E—i—{H—i—@d*E—i-{d*H

B=(E+pH+ (% E+ g » H. (1.13)

Let us comment on expression (1.13).

The constitutive parameters e, §, ( and p are 3 x 3 tensor real-valued func-
tions or distributions of the space variable x. Indeed, according to the time-
invariance principle, these quantities must be independent of t. Among them,
¢ is called the dielectric tensor, while p is called the tensor of magnetic per-
meability.

The constitutive parameters €4, &4, (4 and pg are 3 x 3 tensor real-valued
functions of the time and space variables (¢, ). The notation * denotes the
convolution product, a priori with respect to the four variables (¢, x):

(eqa* E)(t,x) = / / ca(s, y)E(t —s,x —y)dyds, etc.
s€R JyeR3

The causality principle implies €q4(s) = $a(s) = (a(s) = pa(s) = 0, for all
s < 0. As a consequence, the convolution product reduces to

(ea*x E)(t,x) = / / ca(s, y)E(t —s,x —y)dyds, etc.
0 y€ER3

Often, the response depends very locally (in space) on the behavior of the
input. So, one assumes locality in space in the convolution product, or, in
other words, that the integral in y is taken over a “small” volume around the
origin. Here, we further restrict this dependence, as we consider that one can
(formally) write® eq(s,y) = eq(s) @ do, etc. We finally reach the expression of
the convolution product

6 By definition, 0z, is the Dirac mass in @o, so one has f 00v = qov(xo) for ad hoc
functions v.
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(eax E)(t,x) = /000 ea(s)E(t — s,x)ds, etc. (1.14)

To summarize the above considerations, the constitutive parameters €4, &4,
(g and g are 3 x 3 tensor real-valued functions of the time variable ¢ which
vanish uniformly for strictly negative values of ¢, and as a consequence, the
convolution product * is performed with respect to positive times only (cf.
(1.14)).

To carry on with the comments on (1.13), we note that the right-hand side
can be divided into two parts:

(1.15)

eE+tH
(E+pH

is called the optical response. It is instantaneous, since the values of the input
are considered only at the current time. The other part,

{@d*E‘FEd*H, (116)

Cax E+pgx H,

is called the dispersive response, hence a notation with an index 4. It is dis-
persive in time, and as such, it models the memory of the medium.

The relations (1.13) with the convolution products as in (1.14) are linear and
bi-anisotropic; they model a linear and bi-anisotropic medium, also called a
chiral medium. Several simplifying assumptions can be made.

e The medium is non-dispersive when the dispersive response (1.16) van-
ishes. In other words, the response of the medium is purely optical (1.15).
The medium is anisotropic provided that § = ( = 0.

An anisotropic medium is isotropic when, additionally, the 3 x 3 tensors €
and p are proportional to the identity matrix: € = €l3 and p = uls.

For an anisotropic medium, the constitutive parameters ¢ and p are scalar
real-valued functions of @: € and p are respectively called the electric permit-
tivity and the magnetic permeability of the medium.

In this monograph, apart from the “general” case of a chiral medium, we shall
assume most of the time that the medium is perfect, that is, non-dispersive
and anisotropic, or inhomogeneous, that is, perfect and isotropic. In a perfect
medium, the constitutive relations read as

D(t,x) =¢(x) E(t,x) and B(t,x) = p(x) H(t,x), V(t,z) € Rx R®. (1.17)

In this case, the differential Maxwell equations (1.6-1.9) can be written with
the unknowns E and H. They read as
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OF
© o curl H = —J, (1.18)
[pa—I_tI +curl E =0, (1.19)
div(eE) = p, (1.20)
div(pH) = 0. (1.21)

To write down Egs. (1.6-1.9) with the unknowns E and B, one has to note
that p is necessarily invertible on R?, since we assumed at the beginning that
the constitutive relations could also have been written as H = H(E, B)...
So, Egs. (1.18-1.21) can be equivalently recast as

@%—? —curl(y™'B) = —J, (1.22)
i)—? +curl E =0, (1.23)
div(eE) = o, (1.24)

div B = 0. (1.25)

In an inhomogeneous medium, one simply replaces the tensor fields € and p
with the scalar fields e and u in Eqs. (1.18-1.21) or in Egs. (1.22-1.25).
Finally, if the perfect medium is also isotropic and spatially homogeneous, we
say (for short) that it is a homogeneous medium. In a homogeneous medium,
the constitutive relations can finally be expressed as

D(t,x) = E(t,x) and B(t,z) = p H(t,x), ¥(t,z) € R x R®.

Above, € and p are constant numbers. Remark that vacuum is a particular case
of a homogeneous medium, which will be often considered in this monograph.
The electric permittivity and the magnetic permeability are, in that case,
denoted as g¢ (g9 = (367.10°) "'Fm~!) and po (po = 47.10""Hm 1), and we
have the relation c?egug = 1, where ¢ = 3.10%ms ™! is the speed of light. The
differential Maxwell equations become, in this case,

E 1
%—t —c* curl B = —gJ, (1.26)
B
%—t +curl E =0, (1.27)
divE = ig, (1.28)
€0
div B = 0. (1.29)

1.1.4 Solvability of Maxwell’s equations

What about the proof of the existence of electromagnetic fields on R3?
To begin with, there exist many “experimental proofs” of the existence of
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electromagnetic fields! These experiments actually led to the definition of the
equations that govern electromagnetic phenomena, and of the related elec-
tromagnetic fields, by Maxwell and many others during the 19th and 20th
centuries. So, it is safe to assume that these fields exist, the challenge being
mathematical and computational nowadays...

Where does the theory originate? Let us give a brief account of one of the
more elementary (mathematically speaking!) results on charged particles at
rest (results have also been obtained for circuits, involving currents).

The fundamental experimental results we report here were obtained by
Charles Augustin de Coulomb in 1785, when he studied repulsive or attractive
forces between charged bodies, small elder balls. In the air — a homogeneous
medium (e = g,) — let us consider two charged particles, part; and part, at
rest. Their respective positions are 1 and «, whereas their respective electric
charges are ¢; and ¢. In short, Coulomb’s results (now known as Coulomb’s
law) state that the two particles interact electrically” with one another, in
the following way. The force F' acting on particle part and originating from
particle part; is such that:

it is repulsive if ¢1¢ > 0, and attractive if ¢3¢ < 0;

its direction is parallel to the line joining the two particles;
its modulus is proportional to |z — 1|72

its modulus is also proportional to ¢; and q.

If one sets the proportionality coefficient to (the modern) 1/4me,, one finds
that
_4a (z— 1)

Amey o — a1 |?

F(x)
Now, define the electric field as the force per unit charge. One infers that

o (x—x)

E(z) = I
@) dme, e —aq)?

Interestingly, it turns out, after some elementary computations, that one has

1 73

E = —grad, ¢, with ¢1(z) = Are, |z — o]

In particular, one gets that curl E = 0, which bears a striking resemblance
to Faraday’s law (1.27) for a system at rest. Moreover, after another series
of simple computations, one finds that div E = p1/e,, where g; is equal to
01() = (105, (x): in other words, the charge density is created by the particle
party, so Gauss’s law (1.28) is satisfied too...

Furthermore, Coulomb proved that the total force produced by N charged
particles on an (N + 1)-th particle (all particles being at rest) is equal to the

7 Or: electrostatically.
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sum of the individual two-particle forces, so the same conclusions can actually
be drawn for any discrete system of charged particles at rest! The formula for
the charge density is then on(x) = ), .« n €0z, (), while

: 1 qi
@ 1<i<N v

See §1.3 and §1.7 for continuations.

Now, we focus on the mathematical existence of electromagnetic fields. Ev-
idently, we note that one can devise by hand some solutions to Maxwell’s
equations for well-chosen right-hand sides (using, for instance, Fourier Trans-
form or Green functions, cf. Chapter 6 of [142]). However, one can also solve
this set of equations in more general and more systematic ways. We give two
examples below.

The first one deals with the mathematical existence of the electromagnetic
fields, assuming a homogeneous medium in R?. More precisely, one adds initial
conditions to Eqgs. (1.26-1.29), which read as

E(0)=E,, B(0)=B,. (1.31)

(Above, we assume that the problem begins at time ¢ = 0.)

The couple (Ey, By) constitutes part of the data, the other part being
t — (J(t),0(t)), for ¢ > 0. The set of equations (1.26-1.29) together with
the initial conditions (1.31) is called a Cauchy problem. Based on the semi-
group theory, one can prove that there exists one, and only one, solution
t — (E(t),B(t)), for t > 0, to this Cauchy problem. Moreover, it depends
continuously on the data (the so-called stability condition). In a more com-
pact way, whenever an existence, uniqueness and continuous dependence with
respect to the data result is achieved, one says that the related problem is well-
posed: in our case, the Cauchy problem set in all space R? made of a homoge-
neous medium is well-posed. Obviously, once the existence and uniqueness of
(E, B) is achieved, the same conclusion follows for (D, H) = (g0 E, yy ' B)
(see Chapter 5 for more details).

Here, one has to be very careful, since the uniqueness and continuous depen-
dence of the solution require a (mathematical) measure of the electromagnetic
fields and of the data. To achieve these results, one uses the quantity Wy
(see below) as the measure for the fields. In this case, it reads as

1 1
ch(t):/ Lol B(t @) + —|B(t, @)%} da. (1.32)
R3 2 Ho
It turns out that W, defines the electromagnetic energy in this kind of

medium. For more details on energy-related matters, we refer the reader to
the upcoming §1.7.
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The second result deals with the existence of the electromagnetic fields, assum-
ing now a general chiral medium in R3. By using the same mathematical tools
(in a more involved way, see [141]), one can also derive a well-posedness result.
To measure the fields, one resorts to an integral similar to (1.32), namely

Walt) = [ {1B(t.2)? +|H(t.2)?) da.

Note that this measure is used to define the stability condition, which has
been previously mentioned. Once the existence and uniqueness of (E, H) is
achieved, the same conclusion follows for (D, B), according to the constitutive
relations (1.13).

Remark 1.1.1 In a bounded domain, one can derive similar results, with a
variety of mathematical tools. We refer the reader again to Chapter 5.

1.1.5 Potential formulation of Maxwell’s equations

Let us introduce another formulation of Maxwell’s equations. For the sake of
simplicity, we assume that we are in vacuum (in all space, R3), with Maxwell’s
equations written in differential form as Eqgs. (1.26-1.29). According to the
divergence-free property of the magnetic induction B, there exists a vector
potential A such that

B =curlA.

Plugging this into Faraday’s law (1.27), we obtain

curl(% +E)=0.

Then, there exists a scalar potential ¢ such that

0A
— +E=—grad¢. (1.33)
ot
This allows us to introduce a formulation in the variables (A, ¢) - the vector
potential and the scalar potential, respectively - since it holds there that

E = —grad¢ — %—? ,
B =curlA. (1.35)

This formulation requires only the four unknowns A and ¢, instead of the six
unknowns for the E and B-field formulation. Moreover, any couple (E, B)
defined by Egs. (1.34-1.35) automatically satisfies Faraday’s law and the ab-
sence of free magnetic monopoles. From this (restrictive) point of view, the
potentials A and ¢ are independent of one another. Now, if one takes into
account Ampere’s and Gauss’s laws, constraints appear in the choice of A
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and ¢ (see Eqs (1.37-1.38) below). Also, the vector potential A governed by
Eq. (1.35) is determined up to a gradient of a scalar function: there lies an
indetermination that has to be removed. On the other hand, for the scalar
potential, the indetermination is up to a constant: it can be removed simply
by imposing a vanishing limit at infinity. Several approaches can be used to
overcome this difficulty. In what follows, two commonly used methods are
exposed. If one recalls the identity

curl curl — graddiv=—-A, (1.36)

then Egs. (1.26) and (1.28), with the electromagnetic fields expressed as in
(1.34-1.35), yield

”?A 9 1. op, 1
—ﬁ(d' A)—Ad)*i (1.38)
a1 1v = EOQ . .

These equations suggest that one consider either one of the following two
conditions, each one of them helpful in its own way for removing the indeter-
mination.

Lorentz gauge

Let us take (A, ¢) such that the gradient-term in equation (1.37) vanishes:

c%ﬁfo%:o.

Hence, Eqs. (1.37-1.38) are written within the Lorentz gauge framework as

2

%%—02AA:ELJ,
0

(92(;5 9 2

This gauge is often used for theoretical matters, since it amounts to solving
two wave equations, a vector one for A and a scalar one for ¢. Remark as well
that these equations are independent of the coordinate system. This property
is useful for many instances, such as, for example, those originating from the
theory of relativity.

Coulomb gauge

This consists in setting the first term in Eq. (1.38) to zero. We thus consider
A such that
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divA=0.
Egs. (1.37-1.38) are now written as

2A 1 06
61}2 —c"AA = E—OJ —grad(E) y
1
Ap=——p.
€0

Choosing such a gauge yields a potential ¢, which is related to ¢ by a static
equation (however, ¢ and g can be time-dependent). This model is often used
when A is irrelevant, because electrostatic phenomena dominate. This is usu-
ally the case in plasma models (see, for instance, §1.4.5).

Remark 1.1.2 The calculations formally performed here are justified for
problems posed in all space. Actually, difficulties appear for the same prob-
lems posed in a bounded domain. The first ones are due to the topological
nature of the domain. The other ones revolve around the definition of compat-
ible boundary conditions on the potentials (A, ¢), with respect to those of the
electromagnetic fields (E, B). For an extended discussion, we refer the reader
to Chapter 3.

1.1.6 Conducting and insulating media

For a medium that is also a conductor, we have to describe the property of
the medium in terms of conductivity. This leads to expression of the current
density J as a function of the electric field E

J=J(E).

Assuming that the medium is linear, the current density J and the electric
field E are governed by Ohm’s law

J=oE+o4xFE,

where o is a 3 x 3 tensor real-valued function of the space variable @, which is
called the tensor of conductivity. The quantity oy is also a 3 X 3 tensor real-
valued function, but of the time variable ¢t. The convolution product is similar
to (1.14): it is realized in time, enforcing the causality principle. Similarly to
the constitutive relations, we shall usually restrict our studies to a perfect
medium. In this case, Ohm’s law is expressed as

J(t,z) =cE(t,x) . (1.39)

If, in addition, the medium is inhomogeneous, o = ol and o is called the con-
ductivity. In the particular case of a homogeneous medium, the conductivity
is independent of . Alternatively, one could introduce the resistivity o= of
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the medium, together with the notion of a resistive medium.

In most cases, the current density can be divided into two parts,
J = Jext + Ja’ ;

where J¢;; denotes an externally imposed current density, and J, is the
current density related to the conductivity o of the medium by the relation
(1.39). As a consequence, one has to modify Ampere’s law (1.6), which can
be read as

OF
@E +0F — curl H = —J 5 . (1.40)

On the one hand, if the medium is an insulator — o = 0 — there is no electri-
cally generated current in this medium. An insulator is also called a dielectric.
So, one has, in the absence of an externally imposed current, J = 0.

On the other hand, we will often deal with a perfectly conducting medium,
that is, a perfect conductor, in which the conductivity is assumed to be “in-
finite”: all electromagnetic fields (and in particular, E and B) are uniformly
equal to zero in such a medium. This ideal situation is often used to model
metals. Let us discuss the validity of this statement, which is related to the
skin depth 6 inside a conducting medium. This length is the characteristic scale
on which the electromagnetic fields vanish inside the conductor, provided its
thickness is locally much larger than 6. The fields decay exponentially rela-
tive to the depth (distance from the surface), and so one can consider that
they vanish uniformly at a depth larger than a few §. Note that this behavior
is not contradictory to the accumulation of charges and/or currents at the
surface of the conductor, the so-called skin effect. The skin depth depends
on the frequency v of the inputs and on the conductivity of the medium: ¢
is proportional to (o v)~'/2 (see §1.2.3 for details). For radio signals in the
1-100 MHz frequency range, § varies from 7 to 70 10~%m for copper. In the
case of a perfect conductor, we simply assume that the skin depth is equal to
zero for all inputs. As we noted above, one can have non-zero charge and/or
current densities at the surface of a perfect conductor: this is the infinite skin

effect.

1.2 Stationary equations

It can happen that one studies fields and sources for which the behavior in
time is explicitly known. For instance, time-periodic solutions to Maxwell’s
equations, respectively called time-harmonic electromagnetic fields and time-
harmonic Maxwell equations. We first study the basic properties related to
these fields and equations. Next, we address the topic of electromagnetic plane
waves, which are a class of particular solutions, widely used in theoretical
physics and in applications, for instance, to assess numerical methods for the
time-harmonic Maxwell equations, or to build radiation conditions.
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1.2.1 Time-harmonic Maxwell equations

We deal with time-periodic, or time-harmonic, solutions to Maxwell’s equa-
tions in a perfect medium (here, R?), with a known time dependence exp(—wwt),
w € R. Basically, it is assumed that the time Fourier Transform of the complex-
valued fields, for instance,

ElW . z) = (27‘1’)71/ E°(s,x)exp(w's) ds,

is of the form E(w',z) = §(w’ — w) ® e(x), so that taking the reverse time
Fourier Transform yields

E°(t,x) = . E(n, z) exp(—mt) dny = e(x) exp(—wwt).

The real-valued — physical — solutions are then written as

E(t,z) = R(e(x) exp(—wt)) , (1.41)
H(t,z) = R(h(x) exp(—wt)) , (1.42)
D(t,z) = R(d(x) exp(—wwt)) , (1.43)
B(t,x) = R(b(x) exp(—wwt)) . (1.44)

Equivalently, one has E(t,z) = {e(x) exp(—wt) + €(x) exp(wt))}, etc. As
a consequence, one can restrict the study of time-harmonic fields to positive
values of w, which is called the pulsation. It is related to the frequency v by
the formula w = 27v.

Remark 1.2.1 Formally, for a pulsation w equal to zero, one gets static
fields, in the sense that they are independent of time. In this way, static fields
are a “special instance” among stationary fields.

The data o(t,z) and J(t, x) are also time-harmonic:

o(t,x) = N(r(x) exp(—wt)) , (1.45)
J(t,x) = R(j(x) exp(—wwt)) . (1.46)

Evidently, the time dependence is identical between the data and the solution.
Here, we just used straightforward computations!

On the other hand, what happens when one only knows that the data are
time-harmonic (without any information on the fields)? In other words, how
do the fields, seen as the solution to Maxwell’s equations, behave? The an-
swer, which is much more subtle than the above-mentioned computations, is
known as the limiting amplitude principle. It is important to note that this
principle can be rigorously/mathematically justified, cf. [105]. It turns out
that, provided the data is compactly supported in space, the solution adopts
a time-harmonic behavior as t goes to infinity, in bounded regions (of R3). So,
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common sense proves true in this case. Provided that ¢ and J behave as in
Egs. (1.45-1.46), then the electromagnetic fields behave as in Eqs. (1.41-1.44)

when t — +o00, with the same pulsation w.

The time-harmonic Maxwell equations are

wd+curlh = j, (1.47)
—wb 4+ curle = 0, (1.48)
divd =r, (1.49)

divb = 0, (1.50)

where the charge conservation equation (1.10) becomes
—wr +divy =0. (1.51)
Since the medium is perfect, we have
d(z) = e(@)e(z)  and  b(x) = p(@)h(z),

so that we can express the time-harmonic Maxwell equations in the electro-
magnetic fields e and b, as

wee + curl(u~'b) = 3, (1.52)
—wb + curle = 0, (1.53)
divee =, (1.54)

divb = 0. (1.55)

Clearly, one of the fields can be removed in (1.52) and (1.53) to give us

—w?ee + curl(p~! curle) = wj, (1.56)
—w?b + curl(e ! curl(uy~'b)) = curl(e'j). (1.57)

On the one hand, the set of equations (1.56-1.57) is often called a fized fre-
quency problem. Given® w # 0 and non-vanishing data (j,r), find the solution
(e,b). The conditions (1.54) and (1.55) on the divergence of the electromag-
netic fields are contained in Eqs. (1.56-1.57): simply take their respective
divergence, and use the charge conservation equation (1.51) for the electric
field, bearing in mind that w # 0.

On the other hand, one can assume that the current and charge densities
vanish. The equations read as

8 To deserve the label fized frequency problem, one assumes a non-vanishing value
of the pulsation. Otherwise, one solves a static problem, cf. §1.4.1.
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—w?ee + curl(p~ ! curle) = 0, (1.58)
—w?b + curl(e ™ (curl(p—'b)) = 0, (1.59)
div(ee) = 0, (1.60)

divh = 0. (1.61)

As noted earlier, the condition on the divergence of the electromagnetic fields
would be implicit in Eqgs. (1.58-1.59) under the condition w # 0. However,
one does not make this assumption here. The set of equations (1.58-1.61) is
usually called an unknown frequency problem: find the triples (w,e,b) with
(e,b) # (0,0) governed by (1.58-1.61). The same set of equations can be
considered as an eigenvalue problem, also called an eigenproblem. Here, the
pulsation w is not the eigenvalue. More precisely, its square w? is related to
the eigenvalue. For that, it is useful (but not mandatory, see Chapter 8) to
assume that the medium is homogeneous, so that ¢ and p are constants, as,
for instance, in vacuum.

Remark 1.2.2 The unknown frequency problem models free vibrations of the
electromagnetic fields. On the other hand, the fized frequency problem models
sustained vibrations (via a periodic input) of the fields.

In a homogeneous medium, eliminating, as previously, the e-field or the b-
field from one of the above Eqgs. (1.52-1.53) yields, with f, = wpuj and f, =
pcurl § as the (possibly vanishing) right-hand sides,

curl curl e — e = f curl curl b— b= f,,

e

where
A= (ep)w?. (1.62)

Using the identity (1.36) leads to, with f, = —f, +¢e lgradr, f, = —f,

e + Ae = f! b+ Ab = f.

e

From the point of view of the fixed frequency problem ((£.,f,) # (0,0)),
this means that each component of the vector fields e or b (here called ) is
governed by the scalar Helmholtz equation

A+ X = f. (1.63)

From the point of view of the eigenvalue problem, (), 1) is simply a couple
eigenvalue—eigenvector of the Laplace operator: the pulsation w is related to
the eigenvalue A by the relation (1.62).

Remark 1.2.3 It is important to remark that the components are not inde-
pendent of one another. Indeed, the components are linked by the divergence-
free conditions dive = 0 and divb = 0. As we will see in §1.6, Eq. (1.63) plays
an important role in establishing the radiation condition, which is widely used
in diffraction problems.
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1.2.2 Electromagnetic plane waves

Let us study a particular class of periodic solutions to Maxwell’s equations,
the plane waves solutions, in a homogeneous medium (again, R?).

Introduce the time-space Fourier Transform of complex-valued fields, for in-
stance,

EW E)=(2r)" /E[R3 /6[R E°(s,y)exp(—1(k -y —w's))dsdy.

The plane waves can be viewed as the reverse time-space Fourier transform
of fields, which possess the following form in the phase space (w’, k'):

EW k) =EWw —w)@i(k'—k), B, k)=Biw —w) @ik —k).
(Eo and By both belong to C?, and k is a vector of R?, called the wave vector).

From the above, we deduce that the complex-valued plane waves consist of
solutions of the form

E°(t,x) = Egexp(i(k - x — wt)), (1.64)
B¢(t,z) = Boexp(i(k - x — wt)). (1.65)

We keep the convention, according to which the physical electromagnetic fields
are obtained by taking the real part of (1.64-1.65): for instance,

1 _
§{E0 exp(u(k - & — wt)) + Egexp(—u(k - & — wt))}.
Again, the pulsation w takes only positive values.

Remark 1.2.4 We will examine how the plane waves are involved in obtain-
ing the absorbing boundary conditions (cf. Section 1.6).

A plane wave propagates. To measure its velocity of propagation, one usually
considers the velocity at which a constant phase (a phase is the value of
(E°, B°) at a given time and position) travels. It is called the phase velocity
and, according to expressions (1.64-1.65), it is equal to

w
k|

So, k # 0. The quantity |k| is called the wave number, and A = 27/|k| is the
associated wavelength. If we let d € S? be the direction of k, i.e., k = |k|d,
we can further define the vector velocity of propagation, v, = v,d.

Let us consider that the medium is without sources (charge and current
density), so that the fields and pulsation solve the problem (1.52-1.55) with
zero right-hand sides, due to the explicit time-dependence of the plane waves.
In addition, they have a special form with respect to the space variable x, so

vp(w, [k]) = (1.66)
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one has curl E = 1k x E and div E = 1k - E. The equations become, since
e, b are constant numbers,

epwBo+k x By =0, (1.67)
—~wBo+kx Eg=0, (1.68)
k-Eo=0, (1.69)
k-By=0. (1.70)

One can remove B from the first two equations to obtain

k x (k X Eo) = —EILszEO .
This equation requires the vector k x (k x Eq) to be parallel to Eg, which
is possible if and only if k- Ey = 0, i.e., Eq. (1.69) precisely. This yields
|k|? = euw?, and then k x (k x Eg) = —|k|*>Ey. Finally, this allows one to
characterize a plane wave as a solution to the following system of equations:

k| = enw, (1.71)
k-Eo=0, (1.72)

1
BO = —kx EQ. (173)
w

Expression (1.71), relating k to w, is called the dispersion relation (see, for
instance, [152]). Additionally, the relations (1.72-1.73) prove that Ey and By
are transverse to the propagation direction of the plane waves, and orthogonal
to one another.

From (1.66) and (1.71), one infers that v, = ¢, with ¢ = 1/,/n. Denoting

k = |k|, one may compute the group velocity defined by
dw
k)= —(k
v!]( ) dk( )a

which usually measures the velocity at which energy is conveyed by a wave.
In a homogeneous medium (see (1.71)), k — w(k) is linear. Hence, the group
velocity is the same for all electromagnetic plane waves, and equal to the

phase velocity: v, = v,. These waves are non-dispersive, and in this sense, a
homogeneous medium itself is non-dispersive.

To conclude this series of elementary computations, we have established that,
for any wave vector k € R?\ {0}, there exists an electromagnetic complex-
valued plane wave, which reads as

E(t,z) = Eqexp(iu(k - x — c|kl|t)),
B¢(t,z) = Boexp(i(k -« — c|k|t)),

with E verifying (1.72) and related to By as in (1.73).
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More generally, the electromagnetic fields in R? can be considered as a super-
position of plane waves (plus constant fields), so that Eg and B depend on
the wave vector, and one ultimately has

E‘(t,x) = Eo(k)exp(i(k - = — c|k|t)) dk,
keR3

B¢(t,x) = e By(k)exp(iu(k - x — c|k|t)) dk .

The physical electromagnetic fields can be expressed in two forms. First, as
1 N
E(t,x) = 5 / {Eo(k)exp(u(k - & — c|kl|t)) + Eo(k) exp(—u(k - @ — c|klt))} dk,
keR3
1 -
B(t,x) = 5 / {Bo(k) exp(u(k - « — c|k|t)) + Bo(k) exp(—u(k - @ — c|klt))} dk.
keR3

Second (and the expressions are equivalent), as

E(t,x) = 1 /keks {Eo(k) exp(—uc|k|t) + Eo(—k) exp(ic|k|t) } exp(ik - ) dk,

B(t,x) = L /keks {Bo(k) exp(—1c|kl|t) + Bo(—k) exp(ic|kl|t) } exp(ik - ) dk .

Remark 1.2.5 Everywhere in space, any couple (k,w) such that c|k| = w
yields a plane wave governed by Mazwell’s equations (with all possible choices
of propagation directions in S%). In particular, any strictly positive w is ad-
missible, which yields all values X > 0 (cf. (1.62)). If one thinks in terms
of the eigenvalue problem (1.58-1.61), the corresponding “eigenvector” is not
measurable in the sense of (1.32), so it is called a generalized eigenvector.
Adding the constant vectors (generalized eigenvectors related to X = 0), the
set of values X\ is {\ > 0}, which is the continuous spectrum. In a bounded
domain, however, the situation is completely different: a quantisation phe-
nomenon occurs, i.e., only certain definite values of w are possible. What is
more, classical eigenvectors exist, and the set of eigenvalues is discrete and
countable. Most examples studied in this book will fall into the latter category
of a countable spectrum.

1.2.3 Electromagnetic plane waves inside a conductor

Let us focus on the time-harmonic Maxwell equations inside an inhomoge-
neous conductor. In this case, it holds that j(x) = o(x)e(x), in the absence
of an externally imposed current. The time-harmonic Maxwell equations (1.52-
1.55) become
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we e+ curl(p~'b) =0,
—wb 4 curle = 0,
dive,e =0,

divb = 0,

with the complez-valued e, = e4+10w ™. From now on, the medium is assumed
to be spatially homogeneous. Consider an electromagnetic plane wave as in
(1.64-1.65), that is, e(x) = Egexp(tk - ) and b(x) = Bgexp(tk - x), with
k € C3 of the form k = k d, where d is a real unit vector and k = k, +1k_ € C.
Note that one can write

exp(i(k - x —wt)) = exp(—k_d - x) exp(r(kid - T — wt)),

so d can be considered as the actual direction of propagation, if k. > 0. This
is the convention we adopt below.

One reaches Eqs. (1.67-1.70), with € replaced by e,. Eliminating By, one finds
the relation k x (k x Eg) = —e,uw? Eyg. It follows that k? = ¢, puw?, and one

finds that
1/2

)

1 2, ,—2_.—2 1/2:|:1
ki:s~/5uw<( row 25 ) >

with s = +1. According to the convention we adopted, one necessarily has
s = +1. In particular, it holds that k_ > 0, so one can write

exp(u(k - & — wt)) = exp(—k_d - x) exp(1(k4d - x — wt)),

with an attenuation factor exp(—k_d - x). The electromagnetic plane wave is
absorbed by the conductor as it propagates. In other words, the conductor is
a dissipative medium. To conclude, note that the notion of skin depth follows
from this discussion, if one considers an approximation of the attenuation
factor when 1 = o(we) ™! > 1. More precisely, the skin depth & is the distance
parallel to d such that the attenuation factor decreases by a factor exp(1),
ie.,, k_d = 1. Since n > 1,

5= L ()21 (ov)~1/2
= — = ~ — (O
k—  Jeuw 2 T ’

which is the result stated in §1.1.6.

As e, depends on w, electromagnetic waves inside a conductor are dispersive,
in the sense that they do not travel at the same velocity for different w (see
also §1.2.4 next). To characterize their behavior, one can study their group
velocity, now equal to vy (k%) = w'(k}), which measures the velocity at which
energy is transported, for values of k close to k?r.
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1.2.4 Dispersive media

Applying the (time) Fourier transform to a convolution product results in
the product of the (time) Fourier transforms, times 27. One infers that the
constitutive relations (1.13) can be equivalently recast in the w variable as®

{ D(w) = (e + 2mé4(w)) E(w) + (§+ 27rla(w)) H (w)
B(w) = ((+ 2m(q(w)) E(w) + (1 + 27mfa(w)) H (w).

It follows that a medium is non-dispersive as soon as the Fourier transforms of
the constitutive parameters are independent of w. We outline the discussion
below on some properties of the constitutive parameters for ”physically rea-
sonable” media, cf. [170, §1] for details. Assuming that the causality principle
holds, it follows that

tal) = (2m) |

seR

(1.74)

eq(s) exp(uws)ds = (2m) ! /000 eq(s) exp(ws) ds.

This expression has two simple, but important, consequences. First, because
€4 is a real-valued tensor, it holds that ¢4(—w) = €4(w) for all w € R. Also,
one notices that ¢; has a regular analytic continuation in the upper half-
plane §(w) > 0. In addition, assume, for instance, that w — €4(w) is square
integrable over R. Then, one can build dispersion relations, also called the
Kramers-Kronig relations, that respectively relate the real part R(€q(w)) to
all imaginary parts (3(€4(0)))e>0 and the imaginary part 3(€4(w)) to all real
parts (R(&a(0)))oo:

R(ea(w)) = %pv /OOO Wd& F(8a(w)) = _Z_WPV /Ooo Mdg

02 — w? T 02 _ 2 0

where pv denotes Cauchy’s principal value. On the other hand, if w — &4(w)
is square integrable over R and if one of the two Kramers-Kronig relations
holds,'® one finds by applying the (time) inverse Fourier transform that
eq(s) = 0 for s < 0. Hence, the causality principle holds.
Among dispersive media, one model, which describes the optical (and ther-
mal) properties of some metals, has received renewed attention in recent years.
This is the Lorentz model, with &1 (w) = (é1 + €a,r(w))l3, where &1, = g¢ is
the optical response and the dispersive response is given by
2
Eowp
£ w))=--———
a1 w) w? —w? +wyg
2 2
2 wT—wWr WYL )
= egow, | — “+1 .
P ( (W? —w?)? + w2 (W2 — w?)? + w2
% The fields P(w) = 2réq(w)E(w) and M(w) = 2mfa(w)H (w) are respectively
called electric and magnetic polarizations.
10" Other conditions on &g lead to the same conclusion. For instance, if w — ¢4(w)

is a real-valued, even function of w that can be expressed as a rational fraction,
with decaying condition ¢4(w) = O(w™?) for large |w|.
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Above, w, is the plasma frequency, v, > 0 is a damping coefficient that
accounts for the dissipation, and wy # 0 is the resonance pulsation. The
case wy, = 0 is usually called the Drude model. One may also add a param-
eter that acts on the optical response: £y is modified to é;, = e,.6¢ with
€5 > 1. Note that in the absence of damping, there exist pulsation ranges
in which €7, + £4(w) < 0. One may generalize the Lorentz model by defining
€a,c(w) = (€6 + X p—1 ng f1€4,0(w))ls with different values of the resonance
pulsation wy, for 1 < L < Ng, and where fr, are strength factors. By construc-
tion, the one-pulsation Lorentz model with 7 > 0 is square integrable, and
it fulfills the Kramers-Kronig relations. As a consequence, the causality prin-
ciple holds for this model. Thanks to the results of footnote '°, the causality
principle is also verified in the absence of damping.

Finally, the real and imaginary parts of £; have been measured experimentally
for a number of metals. In general, &g is approzimately real, i.e., |R(£4(w))]
is usually much larger than |3(£4(w))|. In given pulsation ranges, these ex-
periments can be matched by either the one-resonance Lorentz model, or the
generalized model, with appropriately chosen coefficients.

As seen previously, an inhomogeneous conductor is dispersive. Indeed, in
Ampere’s law (1.40), 9; D is replaced by €0, E+ o E. So, after the time Fourier
transform, one finds that —wD(w) = —weE(w) + cE(w). In (1.74), €4.cond

is equal to
. 10
Ed,cond(w) - % .

As expected, Econg = € + 24, cona IS equal to e, as defined in §1.2.3.

1.3 Coupling with other models

Maxwell’s equations are related to electrically charged particles. For instance,
Gauss’s law (1.3) can be viewed as a (proportionality) relation between the
flux of the electric displacement D through a surface and the amount of
charges contained inside. In the same way, Coulomb’s law allows one to express
the electromagnetic interaction force between particles, from which one can
deduce the static equations for the electric field E. In a more general way, the
motion of charged particles generates electromagnetic fields. Conversely, for a
population of charged particles with a mass m and a charge ¢ (for simplicity
reasons, we consider particles that belong to a single species), the main force
field is the electromagnetic force field, called the Lorentz force. This force
describes the way in which the electromagnetic fields E (¢, ) and B(t,x) act
on a particle with a velocity v(t):

F=q(E+vxB). (1.75)

Hence, there exists a strong correlation between Maxwell’s equations and mod-
els that describe the motion of (charged) particles. This correlation is at the
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core of most coupled models, where Maxwell’s equations appear jointly with
other sets of equations, which usually govern the motion of charged particles.

To describe the motion of a set of N particles, one can consider the molec-
ular level, namely by looking simultaneously at the positions (x;)1<i<n and
the velocities (v;)1<i<n of these particles. Assuming that the particles follow
Newton’s law, the equations of motion are written as

dilti d

— v, m%zF—i—Fmt, 1<i<N. (1.76)

Above, F' is the external force acting on the particles and F';;;; denotes the
interaction force that occurs between the particles. These equations are com-
plemented with initial conditions, for instance, at time ¢t = 0,

z;(0) =z, ©i(0)=0], 1<i<N. (1.77)

Note that the system (1.76-1.77) is uniquely solvable, in the sense that it al-
lows one to determine the motion of the IV particles. This corresponds to a
mechanical description of the set of particles.

Another approach — the statistical description — relies on

7n(t, X, V), where X = (x1,---,xzy) €R*N, V = (v1,--- ,on) € R?V,

7wy is the N-particle distribution function: 7y (t, X, V)dXdV denotes the
probability that the N particles are respectively located at positions (x1,- - , &N ),
with velocities (vq,---,vy), at time ¢. Then, if one considers the actual tra-
jectory of the particles in the 6 N-dimensional space t — (X (t), V (t)), it holds
that

Lan(t XO,VW) =0, mx(n0) =74 (). (1.78)

Indeed, along the trajectory actually followed by the particles, no particle is
created, and no particle vanishes.
With the help of the chain rule, one can rewrite the previous equation as

o dX 9 av o
ot dt 0X dt o0V

0 al d.’l)k N dvk
Z Sk 27k —0.
<8t + ; @ Vet 2 7dt v”’“) ™

) mn =0, or
(1.79)

(This is the Liouwville equation.)
One can prove that the mechanical and statistical descriptions are equivalent,
via the method of characteristics (see, for instance, [99]).
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The charge and current densities induced by the motion of these particles can
be written as

N N
ot,x) = Zq Og,ty(x) and J(t,x) = Zq Oz, (1) (T) @ v;(t), (1.80)

where 0, ;) is the Dirac mass in a;(t).
In the following, we will consider more tractable approaches, namely the ki-
netic model and the fluid model. Note that the kinetic description can be
viewed as an intermediate stage between the molecular and the fluid descrip-
tions: it contains information on the distribution of the particle velocities,
which is lost in a fluid description. Indeed, the fluid model consists in looking
at macroscopic averages of the quantities associated with the particles. The
next two subsections are devoted to the models resulting from the coupling
of Maxwell’s equations with either the kinetic or the fluid approach.

1.3.1 Vlasov—Maxwell model

In this kinetic approach, we consider a population of charged particles, subject
to a given external force field F(¢,z,v) such that'! div,, F = 0. Each particle
is characterized by its position  and its velocity v in the so-called phase
space (z,v) € RS x R3. Instead of considering each particle individually, we
introduce the distribution function f(¢,«,v), which can be defined as the
average number of particles in a volume daxdv of the phase space. So, we have

f(t, 2, v) dedv = number of particles at time ¢ in a
volume dxdv centred at (x,v) in the phase space.

How can this approach be related to the mechanical description (1.76-1.77),
or to the statistical description (1.78-1.79)7 Simply, if we denote by X _ and
V _ the variables (z2,--- ,zy) and (va, -+ ,vn), we remark that

(t,:v,v)»—>N/ / an(t, e, X _,v,V_)dX_dV_
x_Jv_

is an admissible distribution function. Let it be called f.
Now, we recall that Eq. (1.76) writes
d d
T Vg, mk F(t,xy,vr) + Fin(t, (xe)e), 1<k<N.
dt dt
Here, we assume that F';,; does not depend on (vy);. More generally, it would
be enough that div,, Fin: = 0, for all k.

1 In particular, this is the case for the Lorentz force (1.75). As a matter of fact,
divy F(t,x,v) = q(dive E + dive (v X B)) = 0, since the electromagnetic fields
are independent of v in the phase space.
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To determine the equations that govern f, we integrate Eq. (1.79) with respect
to X _, V _. This leads to

—f—i—v mf+//d”1 Vo, mn dX _dV _

+Z//vk Vo, mn dX _dV _ +Z// Wi G oy dX_ AV =

We note that the first two terms are directly expressed in terms of f, since
the differentiation is performed in ¢, or in @ = @, both of which are absent
n (X_,V_). Let us perform the integration by parts of the penultimate
integrals with respect to the variable ) (the same index as in the summation).
If there is no particle flux at infinity, when |xx| — 400, we find that, since it
holds that divg, vi, = 0 (v}, is another variable), one has

//’Uk~vmk7TNdX,dV, :—//(divmk 'Uk)TrNdX,dV, =

Similarly, integrating the last integrals with respect to the variable v, we find
that they vanish too (div,, vi = 3 is independent of t). Next, we have to deal
with the middle term, which can be split as

d 1 1
//ﬂ Vo, mn dX _ dV_:EF-va—F//EFmt-VvledX_dV_.

Then, summing up, we reach the relation

ﬁ—i—'u-me—l-iF-V,,f: —/ / lFmt-V,ﬂrNdX,dV,.

ot m m

The right-hand side is called the collision integral. To model collisions, one
usually rewrites this right-hand side as a collision kernel Q(f), which is the
rate of change of f per unit time. There are different expressions of Q(f)
(linear, quadratic, etc.) depending on the physics involved, which can be very
intricate. This yields the relation

of

Dro. Vf+1F Vof = Q(f).

Finally, substituting the expression of the Lorentz force (1.75) in this equation,
we obtain that the distribution function f(¢, x, v) is governed by the following
transport equation, called the Boltzmann equation:

of

5T Vel t (B +vx B)-Vof = Q). (181)

In the kinetic description, the expressions (1.80) of the charge and the current
densities are respectively given by
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o(t,x) =¢q ft,z,v) dv, (1.82)
R3

J(t,x) = q/[RS flt,x,v)v dv. (1.83)

When there are several species of particle (respectively, with masses (mg)q
and charges (¢a)a ), one introduces one distribution function per species (fo)q -
Each function is governed by Eq. (1.81). Then, the contributions of all species
add up to define g and J,

ot ) => o /[R falt,z,v) dv, (1.84)
an fa (t,z,v)v dv. (1.85)

When several species coexist, the collision integrals include intra-species in-
teractions and inter-species interactions. The inter-species interactions here
model transferred quantities (such as the momentum or the energy) between
different species. If the collision kernels (Qq(f))a model elastic collisions be-
tween neighboring particles, then conservation laws apply. One finds that

Qu(f) dv =0, Yo and Z o(f)vdv =0. (1.86)
RS

To simplify'? the presentation, we neglect collisions, so the distribution func-
tion is governed by the so-called Viasov equation

of

o7 v Val+ (E+v><B)-v,,f:o, (1.87)

when only a single species of particles is concerned. To be able to couple the
Vlasov equation with Maxwell’s ones, one has to check that p and J, defined
as above, satisfy the differential charge conservation equation (1.10). First,
one has divy v = 0 in the phase space, so that v - Vg f = divg(fv). In the
same way, one has F -V, f = div,(fF). So, the integration of ¢ times Eq.
(1.87) in v over R? yields

O:qg fdv+q/ divy(fov) dv—l—i divy, (fF) dv
Ot Jry R} m Jey

_ % rdivy+ 2 [ il R do

12 Note, however, that in the more general case of a kinetic description given by
Eq. (1.81) for several species, one can still prove that ¢ and J defined by Egs.
(1.84-1.85) satisfy the differential charge conservation equation (1.10). This is a
straightforward consequence of Eq. (1.86).
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Assuming that f|F| goes to zero sufficiently rapidly when |v| goes to infinity,
we obtain, by integration by parts, that the last term vanishes. Indeed,

/ divy(fF) dv = lim divy (fF) dv = lim f(F-n,) ds =0.
R3 R=+o /B, (0,R) R=+o0 JoB,(0,R)

So, we conclude that ¢ and J given by Eqgs. (1.82-1.83) satisfy the differential
charge conservation equation as expected.

The relations (1.22-1.25) and (1.82-1.87) clearly express the coupling of
Maxwell’s and Vlasov’s equations, since o(t,x) and J(t,x) are the right-
hand sides'? of Maxwell’s equations. Moreover, the electromagnetic fields E
and B play a crucial role in the force F' acting on the particles, cf. Eq.
(1.75). Hence, even if Vlasov’s equation and Maxwell’s equations are lin-
ear, their coupling yields a problem that is globally quadratic. Indeed, the
term L(E +v x B) -V, f is a quadratic term in f, since E and B depend
linearly'® on f through ¢ and J. Thus, the Vlasov—Maxwell model is a non-
linear, strongly coupled problem to solve. See Chapter 10 for mathematical
studies on this topic.

For the sake of completeness, we conclude this section with a review of
several variants of the Vlasov—Maxwell model, which are used in certain ap-
plications according to the relative importance of electromagnetic phenomena.
For instance, when rapid electromagnetic phenomena occur, it is more consis-
tent to assume a priori that particles obey the relativistic laws of motion. In
this framework, phase space is described in terms of positions and momenta
(xz,p) € RS x [Rf, rather than velocities. The distribution function is written
as f(t,x,p); and velocity becomes a function of momentum:

v(p) = b .

pl\*
mq/1l+ <—>
mcC

The distribution function is governed by a modified version of (1.87), namely

At o(p) Vel +a(B+o(p) x B)- Vpf =0.

The charge and current densities are now defined as

o) =a [ ftapdo,  Ta)=q [ ft.o.p)ol)dp

These satisfy the differential charge conservation equation (1.10).

13 It can happen that, in Maxwell’s equations, parts of ¢ and J are due to external
charge and current sources. In this case, E and B depend in an affine way on f.
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1.3.2 Magnetohydrodynamics

Magnetohydrodynamics (MHD) is the study of the flow of a conducting fluid
under the action of applied electromagnetic fields, e.g., a plasma. Usually,
one considers the plasma as a solution of electrons and ions (a compressible,
conducting, two-fluid). Roughly speaking, it consists in coupling the classical
hydrodynamical equations for the fluid with an approximation of Maxwell’s
equations, in which the displacement current 0; D is neglected.

In a first step, we recall how one can build a fluid model from the Vlasov
equation (1.87). Then, we derive usable expressions for the magnetic induc-
tion. Finally, the hydrodynamical equations are coupled to Maxwell’s, to fi-
nally yield the magnetohydrodynamics model.

As recalled in the introduction to this section, hydrodynamical models are
based on a set of conservation equations derived from the Vlasov equation.
A simple way to derive these equations is to take the moments of the Vlasov
equation. Indeed, fluid descriptions consist in looking at macroscopic averages
(with respect to the velocities) of the particle quantities over volumes that are
large enough to cancel the statistical fluctuations, but that are small compared
to the scales of interest. Hence, fluid unknowns are moments of the distribution
function f, such as the particle density n(t, ), the mass density p(t, x), the
mean velocity w(t, x), the mean energy W (¢, ) or the 3 x 3 pressure tensor
P(t, ). The first four can be respectively defined as

n(t,x) = fdv, p(t,e)=mn(t, ),
RY
nu(t,x) = fvdv,
RY
nWitz)= = [ flv]? dv
R

For the sake of completeness, we have included the moment of order 2 that
corresponds to the mean energy. Note that the preceeding equations, together
with Egs. (1.82-1.83), immediately yield

o(t,x) = gn(t,x), J(t,x)=qgn(t,x)ut,x).

Before proceeding, we introduce a variable that allows us to describe the
random motion of the fluid:

w(t,z,v) =v —u(t,x) <so that ft, z,v)w dv = 0) .
RY

Then, the pressure tensor P(t, ) is defined as
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P(t,z)=m | fw@w dv.
R?
(Above, w ® w is a symmetric tensor of order 3.)

We split this tensor as
P =pl; + Q.

The field p is the scalar pressure of the fluid. From the above, one easily infers
the relation 2nW = mn|u|? + 3p, which corresponds to a splitting of the en-
ergy (kinetic and internal). Usually, p, u and p are called the hydrodynamical
variables.

To obtain the evolution equations, we multiply Eq. (1.87) by a test function
¢(v) and integrate with respect to v to get

0

- f¢dv+div/ fv¢dv+i/ divy(fF) ¢ dv = 0.
Ot Jr; R} m Jrg

Using an integration-by-parts formula (for the last term), and assuming that
f&|F| goes to zero sufficiently rapidly at infinity, we find

0 f¢dv+div/ foodo—~ [ fF-Vydv=0.
Ot Jr; R} m Jg;

Now, choosing ¢(v) respectively equal to 1, (vg)g=123 and |v|?, in other
words, by taking moments of order 0, 1 and 2, we obtain a sequence of hydro-
dynamical evolution equations.
First, taking ¢(v) = 1 leads to the integral equation

0

— fdv+div| fvdv=0,
Ot Jrs R

or, with the above definitions of the mass density and mean velocity,

9p | . B
pn +div(pu) =0. (1.88)

To write simple expressions for the moments of order 1 and 2, let us consider
the special case of a laminar (or monokinetic) beam that is a gas in which all
the particles move at the same velocity wu(t, ). In this case, the distribution
function becomes simply

f(tv T, 'U) = n(ta w)5u(t,m) ('U)

As a consequence, for the moment of order 1, we find the equivalent scalar or
vector formulas

(pug) +divipuru) =nF,, 1<k<3, or
(1.89)
(pu)+divipu®@u)=nF.

SIS
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(The definition of the vector operator div is clear from the equivalence be-
tween the scalar and vector formulas.)

For the moment of order 2, we note that in this special case of a laminar beam,
one has P = 0. The fluid is without pressure (in particular, p = 0). Eqs. (1.88-
1.89) are, respectively, the mass and momentum conservation equations for a
fluid without pressure.

On the other hand, what happens when such a construction is used to establish
fluid equations in general? For instance, for a simple fluid with pressure, or
for a fluid including several species of particle. If there are two or more species
(labeled by the index «), then one builds one Eq. (1.88) and one Eq. (1.89)
per species. Eq. (1.88) remains unchanged. For the moments of order 1, Eq.
(1.89) retains the same structure, with the following modifications (on the
vector formula):

e The pressure tensor appears on the left-hand side. More precisely, the
second term is changed to div(pu®@u+P) = div(pu®@u)+grad p+divQ.

e For a fluid including several species of particles, a term is added on the
right-hand side, to take into account the transferred mean momentum T'r,
between different species.

To summarize, one obtains the system of equations

%L: + div(pa ua) = 0, Ya (1.90)

0
&(pa Uq) + div(ps Uy @ uy) + grad p,, + divQ, = ng F 4+ Tr,, Va. (1.91)

According to Eq. (1.86), it holds that ) Tr, = 0.

Furthermore, the evolution of the mean energy (moment of order 2) is gov-
erned by an equation that involves Q,, the flux of kinetic energy K, which
is a moment of order 3, and finally, the heat H,, generated by the collisions
between particles of different species (on the right-hand side). So, one needs
to choose ¢(v) of degree 3 to derive the equation governing the flux of kinetic
energy K. But this would yield a term of order 4, and so on... In other words,
one gets a series of equations that is exact, but not closed!

To avoid this problem, one has to add a “closure relation” to the system of
equations at some point. For instance, one chooses to keep the hydrodynami-
cal variables (pa)a, (Ua)as (Pa)a, Whereas the other terms Qq, Tr, K, and
H, are approximated or, in other words, expressed as functions of the hydro-
dynamical variables. To that aim, one usually assumes (see [152, 156]) that the
distribution function f,, is close to a Maxwellian distribution.'* In this situa-
tion, one can determine the higher-order terms approximately, and after some

14 14 est, consider fa(v) = Aq exp(—Bal|v — ua|2), with Aa, Ba > 0.
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simplifications, one finally derives a modified momentum conservation equa-
tion together with a “closure relation”, that involves only (pa)as (%a)as (Pa)a-

Let us follow Lifschitz [156], to see how one can write a closed system in the
particular case of a plasma. More precisely, we consider a two-fluid, made
of electrons (¢ = —e) and a single species of ions, so the hydrodynamical
variables are (pa)a=e,is (Wa)a=c,is (Pa)a=e,i- The aim is to model slow, large-
scale plasma evolution. The assumptions originating from the physics involved
can be listed as follows:

e The plasma is electrically neutral: g.ne + ¢;n; = 0;
e The pressure is scalar: Q. = Q; =0;
e The electron inertia can be neglected: 9;(pe we) + div(pe e @ u.) = 0.

First, we remark that since gene +¢;n; = 0, pe is proportional to p;. Eq. (1.90)
writes (for a = )
Ipi
ot
Then, Eq. (1.91) writes (for o =, ¢)

0
&(Pz‘ u;) + div(p; u; ® w;) + grad p; = niq;(E +u; x B) +Tr;,

gradp. = neqe.(E + u. X B) + Tr..

Adding up these two equations (recall that Tr; + Tr. = 0), we find

0 .

E(ﬂi w;) +div(p; u; ® u;) + grad(p; + pe) = nigi(w; — ue) x B.
Moreover, we know from the definition of the current density that one has
J = negeue + nigiu; = nigi(u; — ue), so the right-hand side can finally be
expressed in terms of J and B only:

0 .

E(m w;) + div(p; u; ® u;) + grad(p; +p.) = J x B. (1.92)
One could carry out the same analysis for the evolution of the mean en-
ergy. In the same spirit as Eq. (1.86), the energy conservation law writes
H;+H.=-Tr; u; —Tr. - u., where the sum H; + H. corresponds to the
Joule effect. It is omitted here (see Eq. (1.98) below for the final result).

In particular, a relevant set of hydrodynamical variables is p = p;, u = wu;,
and p = p; + p.. Based on this observation, it turns out that one can consider
the electrically neutral plasma as a one-fluid.

Let us return now to Maxwell’s equations. In the MHD model, the displace-
ment current 0;D is always neglected with respect to the induced current J.
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This corresponds to the magnetic quasi-static model (see the upcoming sec-
tion 1.4). Moreover, we know that ¢ = n.qg. + n;q; = 0. The electric field E is
thus divergence-free (more precisely, diveE = 0). In terms of the Helmholtz
decomposition (1.120) (see section 1.4 again), this means that E is transverse:
E = E7. So, Maxwell’s equations write

curly~'B =J,

B
%—t +curl ET =0,
div B = 0.

in terms of B only, since one has
J x B =curl(y 'B) x B.

Now, the equation governing the evolution of B, namely Faraday’s law (1.94)
requires knowledge of E”. It appears that (see, for instance, [156], Eq. (7.12)),
to take the motion of the fluid into account, Ohm’s law (1.39) can be gener-

alized to
J=0s5(E" +uxB).

(o is sometimes called the Spitzer conductivity.)
With this relation, we can remove the electric field from Faraday’s law:

curl E” = — curl(u x B) + curl(og'J)
= —curl(u x B) + curl(og' curl(u ™' B)).

The main conclusion is that, for the magnetohydrodynamics model (MHD)
that governs the evolution of the plasma, a relevant set of variables is p, wu,
p, and B. Let us recall them here. For the sake of completeness, we have
added Eq. (1.98), which governs the evolution of the mean energy, with the
parameter vy set to 5/3:

% +div(pu) =0, (1.96)

%(pu) +div(pu ®u) + gradp = curl(u"'B) x B, (1.97)
Y - —y —1 —1132

po— 5 PP ") +u-grad(pp™) | = o5 |curl(pT"B)I", (1.98)

OB U

5 curl(u x B) + curl(og” curl(y™ " B)) =0, (1.99)

div B = 0. (1.100)

Briefly commenting on Egs. (1.96-1.100), we note first that Eq. (1.100) is
implied by Eq. (1.99). Also, ET and J are respectively determined by Eq.



34 (©Assous-Ciarlet-Labrunie 2017

(1.94) and Eq. (1.93). Thus, all fields can be inferred from these equations. For
some applications, one can consider that agl = 0, thus leading to the ideal
set of MHD equations. In other words, the plasma is perfectly conducting.
Contrastingly, when the plasma is resistive, one cannot set agl to zero, and
one has to solve the resistive set of MHD equations.

Another variant of the above model is given by the incompressible, viscous,
resistive MHD equations, which come up when the conducting fluid is a liquid
(such as molten metal or an electrolyte, e.g., salt water) rather than an ionised
gas. Compared to gases, liquids are typically nearly incompressible, but much
more viscous and dense; this requires different scalings and approximations.
Namely, the system (1.96)—(1.100) is modified as follows:

1. The mass density p, or equivalently the particle density n, of the fluid
is assumed to be constant: this is the incompressibility condition. The
conservation equation (1.96) reduces to divu = 0; this equality serves as
the “closure relation”, replacing the adiabatic closure (1.98).

2. The momentum conservation equation (1.97) is modified by introduc-
ing a viscosity term —vrAw. Under certain scaling assumptions, such a
term appears [59, §2.2] when the system of hydrodynamic equations is
derived from the Boltzmann equation (1.81), rather than the Vlasov equa-
tion (1.87).

3. We allow for some external, non-electromagnetic force f (such as gravity)
acting on the fluid, in addition to the Lorentz and pressure forces.

Thus, we arrive at the system:

p%—? —vAu+p(u-V)u+gradp=curl(y 'B) x B+ f, (1.101)

0B
v curl(u x B) + curl(og' curl(u~'B)) = 0, (1.102)
divu=0, divB=0. (1.103)

The notation (a - V)b stands for 2?21 a; Oy, b; the replacement of div(u @ u)
with (uw-V)u is possible thanks to divu = 0. See Chapter 10 for mathematical
studies on how to solve the MHD equations.

1.4 Approximate models

We have already introduced the time-dependent Maxwell equations formu-
lated as problems with field or potential unknowns. Let us now adopt a dif-
ferent point of view. As a matter of fact, many problems in computational
electromagnetics can be efficiently solved at a much lower cost by using ap-
proximate models of Maxwell’s equations. As a particular case, the static
models are straightforward approximations corresponding to problems with
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4

“very slow” time variations or “zero frequency” phenomena (with a pulsa-
tion w “equal to zero”), so that one can neglect all time derivatives. We also
present a fairly comprehensive study on how to derive approximate models,
as in [97, 178]. These models are studied mathematically in Chapter 6.

1.4.1 The static models

Let us consider problems (and solutions) that are time-independent, namely
static equations, in a perfect medium. In other words, we assume that 0; - =
0 in Maxwell’s equations (1.22-1.25). This assumption leads to (with non-
vanishing charge and current densities)

stat __ —1 pstaty __
{curlE =0, curl(p™'B**)=J, (1.104)

div(e E*'*") = o, div B5'*" =0,

where the superscript *?* indicates that we are dealing with static unknowns.
In the following two subsubsections, we will consider the electric and the
magnetic cases separately. Again, they are set in all space, R3.

Remark 1.4.1 Within the framework of the time-harmonic Mazwell equa-
tions (see §1.2), we looked for solutions to Mazwell’s equations with an ex-
plicit time-dependence. In this setting, the static equations can be viewed as
time-harmonic Maxwell equations with a pulsation w “equal to zero”. This
interpretation can be useful, for instance, for performing an asymptotic anal-
YSis.

Electrostatics
Equation curl E***" = 0 yields E*'* = —grad ¢*'*, where ¢**** denotes
the electrostatic potential; see the connection to (1.33) when ;- = 0. As

div(eE*"*") = o, the potential $**** solves the elliptic'® problem
—div(e grad ¢*"**) = p.

Moreover, in a homogeneous medium (for instance, in vacuum e = ol3), we
obtain the electrostatic problem with unknown ¢34t
£
€0

—Agftet = (1.105)
This is the Poisson equation in variable ¢! (see, for instance, Chapter 3 of
[104, Volume II]), which is an elliptic PDE, and by definition, a static problem,
much cheaper to solve computationally than the complete set of Maxwell’s

equations. Then, one sets E5'* = —grad ¢*'*" to recover the electrostatic
field.

15 See the upcoming §1.5 for a precise definition.
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Magnetostatics

In a similar manner, a static formulation can be written for the magnetic
induction B*'**. By applying the curl operator to equation curl(p~—!B**") =
J, we obtain

curl curl(py~*B*"*") = curl J.

In a homogeneous medium (for instance, in vacuum p = pols), and using the
identity (1.36) again, we obtain the magnetostatic problem

—AB® = gcurlJ , divB¥ =0,

whose solution, B**** is called the magnetostatic field. This is a vector Pois-
son equation, i.e., an elliptic PDE (left Eq.), with a constraint (right Eq.).
Again, this formulation leads to problems that are easier to solve than the
complete set of Maxwell’s equations.

Note also that one has B*"*" = curl A***" (see (1.35)). If, moreover, the
Coulomb gauge is chosen to remove the indetermination on the vector poten-
tial A%'“! one finds the alternate magnetostatic problem

—AAS = g, div ATt =0, (1.106)

with A*" as the unknown. Then, one sets B***" = curl A*'* to recover the
magnetostatic field.

1.4.2 A scaling of Maxwell’s equations

In order to define an approximate model, one has to neglect one or several
terms in Maxwell’s equations. The underlying idea is to identify parameters,
whose value can be small (and thus, possibly negligible). To derive a hierarchy
of approximate models, one can perform an asymptotic analysis of those equa-
tions with respect to the parameters. This series of models is called a hierarchy,
since considering a supplementary term in the asymptotic expansion leads to a
new approximate model. An analogous principle is used, for instance, to build
approximate (paraxial) models when simulating data migration in geophysics
modelling (cf. among others [43], [86]). From a numerical point of view, the
approximate models are useful, first and foremost, if they coincide with a
physical framework, and second, because in general, they efficiently solve the
problem at a lower computational cost.

In the sequel, let us show how to build such approximate models formally
(i.e., without mathematical justifications), recovering, in the process, static
models, but also other intermediate ones.

Let us consider Maxwell’s equations in vacuum (1.26-1.29). As a first step,
we introduce a scaling of these equations based on the following characteristic
values:
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1 : characteristic length,
t : characteristic time,
T : characteristic velocity, with 7 = /1,
E,B : scaling for E and B,
0, J : scaling for o and J .

In order to build dimensionless Maxwell equations, we set

x=lx o _19
Ox; 1 0z,
t=1t" = 9 _ ii
ot tot
E =FEF', ctc.

We thus obtain for Maxwell’s equations in vacuum
v E OF
ccB Ot
v cB OB’

Ef W —‘,—CurllE/ - 07

—curl’ B = —7ZM:0J/,
B

r
EOEQ )
div' B’ = 0.

div'E =7

37

(1.107)
(1.108)

(1.109)

(1.110)

As far as the charge conservation equation (1.10) is concerned, we find

/

+div'J =0.

|
<3
Q| @
S

t/
Now, given 1, %, 8, we choose E, B, J such that
_ 3 - E _—
E=2 B=Z J=c=
€0 C

_EAI
o

We define the parameter n with

ol

7’]:

Maxwell’s equations in the dimensionless variables E’, B’ can be written as

OE’
Mo~ curl B' = —J',
!/
n o +curl E' =0,
div E' =/,

divB' =0,
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while the charge conservation equation writes

00

Tov

Assuming now that the characteristic velocity ¥ is small with respect to the
speed of light ¢, we have

+div' J' = 0.

n=-<1. (1.111)
C

This assumption is usually called the low frequency approzimation, since it
assumes “slow” time variations, which correspond after a time Fourier Trans-
form to small pulsations/frequencies.

Obviously, the static models are obtained by setting n = 0 in these equa-
tions. Thus, they appear as a zero-order approximation of Maxwell’s equa-
tions. Next, we derive more accurate approximate models.

1.4.3 Quasi-static models

More general approximate models can be obtained by discriminating the time
variations, respectively, of the electric field and the magnetic induction. Hence,
after the scaling step in Maxwell’s equations in vacuum, that is, in Eqgs. (1.107-
1.110), if we suppose that

E
cB
we easily obtain that we may neglect the time derivative 0; B in Faraday’s
law, whereas the coefficient of the time derivative 0; E in Ampere’s law is

comparable to one. We then obtain the electric quasi-static model, which can
be written in the physical variables E, B as

7= <1 and

&=l &l

ol

~1,

curl E =0, (1.112)
1
divE = —o, (1.113)
€0
1 0F
1B = —— 1.114
cur wod + ERrT ( )
div B = 0. (1.115)

It can be proven (see §6.4) that this model is a first-order approximation of
Maxwell’s equations. As mentioned, it is formally built by assuming that the
time variations of the magnetic induction are negligible.

In a similar way, let us suppose, contrastingly, that

B
<1 and v7=~=1
E
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thus we may neglect the time derivative O;E in Ampere’s law, whereas the
coefficient of the time derivative 9; B in Faraday’s law is comparable to one.
We thus obtain the magnetic quasi-static model, which can also be written in
the physical variables E, B as

curl B = poJ, (1.116)
div B = 0, (1.117)
0B

1E = —— 1.118

cur 5 ( )
1

divE = —o. (1.119)
€0

This set of equations constitutes another first-order approximation of Maxwell’s
equations, which is derived formally by assuming that the time variations of
the electric field, namely the displacement current, are negligible.

At first glance, there is no difference between the quasi-static electric equa-
tions (1.112-1.113) plus the quasi-static magnetic equations (1.116-1.117) and
the static ones (1.104). However, we observe that the right-hand sides are
time-dependent in the case of the quasi-static equations, whereas they are
static in the other case. Let us consider, for instance, the electric quasi-static
model (i.e., ;B is negligible). The right-hand side g of the Poisson equation
(1.113) is (explicitly) time-dependent, since it is related to the electric field
FE that is a priori time-dependent. Now, with the supplementary assumption
that O, F is also negligible, p becomes a static right-hand side and the twice
quasi-static model is actually static.

From now on, it is important to note that the “quasi-static/static” differ-
ence is not only a terminological subtlety. Indeed, from a numerical point of
view, solving a quasi-static problem with a time-dependent right-hand side,
amounts to solving a series of static problems after the time-discretization is
performed [24].

1.4.4 Darwin model

Let us introduce another approximate model, also known as the Darwin model
[91]. Tt consists in introducing a Helmholtz decomposition of the electric field
as

E=FE"+E", (1.120)

where EL, called the longitudinal part, is characterized by curl Ef =0,
and ET, the transverse part, is characterized by div ET = 0. Starting from
Maxwell’s equations in vacuum, one then assumes that 98, E” can be ne-
glected in Ampere’s law: one neglects only the transverse part of the dis-
placement current, whereas, in the quasi-static model, the total displacement
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current £90;F is neglected. In this sense, it is a more sophisticated model
than the quasi-static one. Moreover, it can be proven (see §6.4), by using the
low frequency approximation (1.111) and the resulting dimensionless form of
Maxwell’s equations, that this model yields a second-order approximation of
the electric field and a first-order approximation of the magnetic induction.
The Darwin model in vacuum is written in the physical variables E, B as

curlE:—gB, divE:g,
ot €o
curlcurl B = 4 curl J | div B = 0. (1.121)

Then, if one uses the Helmholtz decomposition (1.120) with div E” = 0 and
E" = —grad ¢, we see that the three fields B, ET and ¢ solve three elliptic
PDEs, namely (1.121) and
_A(b = £ )
€0

9
ot
Compared with the original time-dependent problem, these problems are eas-

ier to solve. As a matter of fact, only the data are time-dependent, while the
operators are time-independent.

curlET = ——B, divET = 0.

To conclude, we emphasize that the main difficulty, when using the Darwin
model in a bounded domain, is how to define suitable boundary conditions
for each part of the electric field: more precisely, how one should “split” the
boundary condition on E into two boundary conditions on EX and ET. We
refer the reader to [97], [84] for more details (see also §6.4).

1.4.5 Coupled approximate models

When considering the Vlasov-Maxwell model, in many cases, the interactions
between particles are mainly electrostatic; the self-consistent magnetic field is
negligible. Furthermore, particles have velocities that are much smaller than c:
they obey the non-relativistic dynamic. So, one reverts to the position-velocity
description of phase space (z,v) € R3 x R2; in addition, in the Lorentz force,
the term v x B is negligible before E, unless there is a strong external magnetic
field (as in tokamaks, for instance). One replaces the Maxwell’s equations
with an electric quasi-static model; and the magnetic part (1.114)-(1.115) is
irrelevant. The electric part (1.112)—(1.113) is rephrased as E = — grad ¢ and
—A¢ = p/ep. Thus, we arrive at the Viasov—Poisson system:

ot m

_Ai'c¢ = £7
€o
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with o given by (1.82). Also, there exist intermediate models such as Vlasov—
Darwin, which couples Eq. (1.87) with the model of §1.4.4 (see, for instance,
[7, 38]).

1.5 Elements of mathematical classifications

In this section, we first recall the definition of some standard operators, to-
gether with a classification of the partial differential equations (PDE) and their
physical counterparts. In a second part, we reformulate and classify Maxwell’s
equations. In the last part, we present well-known computations that estab-
lish a correspondence between the time-harmonic dependence with the notion
of resonance. The material presented here is very classical: the well-informed
reader may skip this section.

1.5.1 Standard differential operators

Let us begin by recalling the definitions of the four operators grad, div, A
and curl, which we use throughout this book.

Let E,, be a finite-dimensional Euclidean space of dimension n, endowed with
the scalar product -, and let A,, be an affine space over E,. Furthermore,
let U be an open subset of A,,. Respectively introduce a scalar field on U,
f + U—R, and a vector fieldon U, f : U — E,.

Assume that f is differentiable at M € U, and let D f(M) be its differential
at M. Then, the gradient of f at M is defined by

grad f(M)-v:=Df(M)ev, YveE,.

Provided that f is differentiable on U, the vector field M +— grad f(M) is
called the gradient of f on U. The operator, grad, is called the gradient op-
erator.

Assume that f is differentiable at M € U, then the divergence of f at M is
defined by

div F(M) := tx(DF (M),
where tr denotes the trace of a linear operator. Provided that f is differen-

tiable on U, the scalar field M — div f(M) is called the divergence of f on
U. The operator, div, is called the divergence operator.

Assume that f is twice differentiable at M € U, then the Laplacian of f at
M is defined by
Af(M) := div(grad f)(M).
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Provided that f is twice differentiable on U, the scalar field M — Af(M) is
called the Laplacian of f on U. The operator, A, is called the Laplace operator.

Consider that n = 3, and assume that f is differentiable at M € U. Then, for
any given vy € E3, the mapping f x vg : U — Fj is differentiable at M.
The curl of f at M is defined by

curl f(M) - vg :=div(f X vg)(M), Yvg € Es.

Provided that f is differentiable on U, the vector field M — curl f(M) is
called the curl of f on U. The operator, curl, is called the curl operator.

In physics, one is mainly interested in three-dimensional Euclidean and affine
spaces F3 and Az. Moreover, to obtain expressions that involve partial deriva-
tives, let us introduce (e1, e, e3) as an orthonormal basis of Es3, (O, ey, e2, €3)
as an affine (or cartesian) coordinate system of As, and finally, (21,22, x3) as
the associated coordinates, that is, M = O + Zz‘:l,z,g zie;. We can write
f = Zi:1,2,3 fie;. Then, with respect to the affine coordinate system, the
four operators defined above can be respectively expressed as

1=3
) o,
gradfzza—jei, div f = Z f 282’
i=1 v
Ofs  0f2 df1 3f3 Of:  Ofi
Curlf (8«@2 8173) ert (8173 8(171 et 8:171 8x2 €s-

1.5.2 Partial differential equations

We begin with the simple case of a linear second-order two-dimensional partial
differential equation

0%u 0%u 0%u ou ou
A— +2B——+C D E—+ Fu=GaG, 1.122
922 TPy a2 T s TRy T (1.122)
where the solution u, the coefficients A, B, ..., F' and the data G are functions

of (z,y). It is well known that, following the sign of the discriminant
— AC,

one can build a classification of partial differential equations that write as in
Eq. (1.122) in a domain Dom of R%. We have the classes:

1. if B2 — AC < 0 on the domain Dom, the PDE (1.122) is of the elliptic
type. It corresponds to equilibrium problems, such as, for instance, the
static problems, and it can be written in a canonical form, the prototype
being the Poisson equation (cf. §1.4.1).
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2. if B2 — AC = 0 on the domain Dom, the PDE (1.122) is of the parabolic
type. It can also be transformed into a canonical form, a typical exam-
ple being the heat transfer equation. From a physical point of view, this
corresponds to diffusion problems.

3. if B2 — AC > 0 on the domain Dom, the PDE (1.122) is of the hyper-
bolic type. After rewriting the equation under its canonical form, one can
easily identify the wave equation as the prototype of the hyperbolic equa-
tion. An important property of the hyperbolicity is that it corresponds to
propagation of solutions with a finite velocity.

If we consider now the more general second-order linear partial differential
equation set in a domain of R™, that is, in n variables, it can be written as

; ]:Zl i 8$18$J * :

where the solution u, the coefficients a;j, b;, ¢, and the data d are functions of
the n variables (x;)1<i<n. In order to classify the PDEs (1.123) into different
types, we consider the so-called principal part, that is, the highest-order terms
in (1.123), which we express as

n

ou
b —d, 1.123
by en (1.123)

n n 82
ZZ%—M =9 -pd+ lot. (1.124)
1=1 j=1

Above, 8 = (6%1, ce %)T € R™, and A denotes the n x n matrix of the

coefficients a;;, and l.o.t. (or lower-order terms) stands for first or zero-order
terms that vanish if the a;;s are constant. Now, using Schwarz’s theorem
9% = 0%, one can rewrite the coefficients a;; so as to obtain a symmetric
matrix A, which we assume to belong to R"*"™ (i.e., it is a real-valued matrix).
Classically, all eigenvalues of the symmetric real-valued matrix A are real. We
denote them by A1, Ag, ..., A, counted with their multiplicity. Furthermore,
we introduce a corresponding orthonormal set of eigenvectors uq, . . ., u,, such

that A can be diagonalized as
Ar... 0
V'aU=D=| : e
0 ...\,

where U is an orthogonal matrix (UT = U~!) with the eigenvectors u; as its
n columns. Introducing now the directional derivative operator

8 p—
o&

we define the vector differential operator

u; -0, 1<i<n,
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851
9 =09, withd' = | :
Oe,,

Plugging this expression into the first term of the right-hand side of (1.124)
and using the orthogonal character of the matrix U gives us

8- 2r0=0T8-DUTH =8 -D& .

In this way, one gets that (1.124) can be rewritten equivalently

iia"i_i)\‘ajﬂot
= z]axiaxj _. - 7,8512 .0.L.,

where the l.o.t. here again represents the lower-order terms. This expression
provides an obvious way to extend the previous classification to the general
case, which appears to be strongly related to the sign of the eigenvalues \;.
Hence, we define, by analogy to the two-dimensional case, several classes of
partial differential equation:

1. if either \; > 0,Vi or \; < 0, Vi, the equation is said to be elliptic;

2. if exactly one of the A; > 0 or A; < 0 and all other (\;);2; exhibit an
opposite sign, the equation is said to be hyperbolic;

3. if one of the \; = 0, the equation can be parabolic. For that, all other
(Aj)ji must exhibit a fixed sign;

4. other instances are possible:
e if Card{)\; = 0} > 2, the equation is said to be semi-parabolic;
o if \; #0,Vi, and Card{)\; > 0} > 2, Card{\; < 0} > 2, the equation

is said to be semi-hyperbolic.

When we are dealing with a system of equations that can be reformulated
as one or several PDEs acting on vector unknowns, we refer to it as a vector
PDFEs. As we shall see in the next subsection, the time-dependent Maxwell
equations are an example of hyperbolic vector PDEs.

To end this subsection, we remark that there exist other ways to define the el-
liptic, parabolic and hyperbolic types of equation. In particular, when we deal
with systems of equations, one can relate the classification to the inversibility
of the principal symbol of the operator, namely the Fourier transform of the
highest-order terms. We refer the interested reader, for instance, to [93, 94].

1.5.3 Maxwell’s equations classified

Though it is often alluded to in this chapter, we have not so far explicitly
classified Maxwell’s equations. It turns out to be quite easy. Assume we are
considering a homogeneous medium (vacuum):
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let us build 9;(Eq. (1.26)) +c? curl(Eq. (1.27)) — ¢ grad (Eq. (1.28)) formally,
to find

’E 1 [0
— —CcCAE=—— | — 2 do). 1.12
o ¢ = <8t tcgra 9) (1.125)
Then, build d;(Eq. (1.27)) — curl(Eq. (1.26)) — ¢? grad(Eq. (1.29)) to find
?°B 1
52~ C AB = - curl J. (1.126)

Both vector PDEs, respectively governing the behavior of E and B, are vector
wave equations and, as such, they are hyperbolic. In particular, the electro-
magnetic fields propagate with finite speed (equal to ¢, see §1.2.2). They have
to be supplemented with some first-order initial conditions. Indeed, to obtain
Eqgs. (1.125-1.126), one differentiates in time both Ampere’s and Faraday’s
laws. If one keeps only these equations, constant values (w.r.t. the time vari-
able) of those laws — considered as mathematical expressions — are neglected.
Hence, one adds the relations

OFE 1
(_8t — 62 curl B) |t:0 = —5J|t:0
0B ’
(E —+ Curl E> |t:0 = O

which equivalently write, with the help of the zero-order initial condition (1.31),

%—lf(O):El =c? curlBo—%J(O), %—?(O) = B; := —curl E,.
(1.127)

Also, one must keep Gauss’s law (1.28) and the absence of magnetic monopoles

(1.29), which appear here as constraints on the solutions to Eqs. (1.125-1.126).

Remark 1.5.1 One can choose not to add contributions resulting from the
divergence part of the fields, to reach

0’E 10J
52 +¢? curlcurl E = o (1.128)
’B 1
i)tQ +¢c? curlcurl B = = curlJ. (1.129)
0

Let us examine briefly — and formally — how the set of second-order equations
(1.125-1.126), supplemented with the initial conditions (1.31) and (1.127) and
constraints (1.28-1.29), allow us to recover the original set of Maxwell’s equa-
tions (1.26-1.29), supplemented with the initial condition (1.31). Gauss’s law
and the absence of magnetic monopoles are contained in both sets of equations,
and so is the zero-order initial condition. To recover Ampere’s and Faraday’s
laws, introduce the quantities
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U::%—f—c2 curlB—l—%J, V::%—?—l—curlE.

According to the initial conditions (1.31) and (1.127), one has U(0) = V' (0) =
0. Then, after some elementary manipulations, one finds that

ou ov
E—l—c curlV =0, E—curlU_O,
divU =0, divV =0.

(Above, one uses the charge conservation equation (1.10) to prove that U is
divergence-free.)

In other words, we showed that the couple (V,c¢~2U) solves the set of equa-
tions (1.26-1.29) with zero right-hand sides, and with zero initial condition
(1.31). So, it is equal to zero, according to the results on the solvability of
Maxwell’s equations. We thus conclude that it holds that

oFE 1 0B
E—CQ curlB:—gJ, W—i—curlE:O,

as announced.

The calculations performed here formally can be mathematically justified to
prove the equivalence between the first-order and the second-order Maxwell
equations. We refer the reader to Chapter 7.

1.5.4 Resonance vs. time-harmonic phenomena

We consider the time-dependent Maxwell equations in a homogeneous medium
(for instance, vacuum), set in a bounded domain Dom, written as two second-
order wave equations (see Egs. (1.128)-(1.129)). Assuming that there is no
charge, both electromagnetic fields are divergence-free. The wave equations
for each of the fields being of the same nature, we will consider only one of
them, for instance,

0’E 10J
5z +¢? curlcurl E = —E—OE ,
divE =0,
with the initial conditions
oFE
BO) =By, 5 (0)=F;.

Since the domain Dom is bounded, one has to add a boundary condition, such
as the perfect conductor boundary condition (1.135). The problem to solve
can be expressed as

d*U aUu

where:

(0)=U;, (1.130)
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U (t) is the unknown, here the electric field ;

A is the operator acting on the solution, here ¢? curl curl ;
F(t) is the right-hand side, here —e;'0;J ;

Uy,U; is the initial data.

The problem is set in the vector space of divergence-free solutions with van-
ishing tangential components on the boundary, the so-called domain of the
operator A. It can be proven that the operator A is compact, self-adjoint
and positive-definite, and that there exists an orthonormal basis of eigen-
modes (p;,)r>1 and a set of corresponding non-negative eigenvalues (Ag)r>1
(counted with their multiplicity) such that Ap,, = Ay, for all k > 1 (we refer
the reader to Chapter 8 for details). Moreover, the multiplicities of all eigen-
values are finite, and furthermore, limy_; 4o A = +00. The set {\x, k > 1} is
the spectrum of the operator A. Such modes correspond to the so-called free
vibrations of the electric field. One can expand the solution U and the initial
data on the basis:

Ut) = Zuk(t)uk, Uy = Zulguk, U, = Zulfuk

Solving the problem (1.130) mode by mode yields, thanks to the superposition
principle,

k

Ut) = Zuk(t)uk, with ug(t) = kst sin(wyt) + ul cos(wyt)
k=1 Wk

1 t
+— (/ sin(wg (t — s)) Fr(s) ds) , (1.131)
Wi 0

with wi = /A for all k. As pointed out by the expression (1.131), the values
wg play a particular role in the physical interpretation. Assume that the energy
input to the system can be expressed by a right-hand side F'(t) such as

F(t) = fi cos(wt)py, (1.132)

with a prescribed positive w. This corresponds to the so-called sustained vi-
brations of the electric field, expressed here in the time-dependent case. Com-
puting the mode-by-mode solution with this right-hand side, one finds that
ug(t) is equal to

e, 1

QW W —WE W+ Wk

1. Heos(wyt) — cos(wt)) if w # wy;

2. respectively 2—ktsin(wt) if w=w,.
w

In case 1, all terms in (1.131) appear with a bounded amplitude, the lead-
ing term being proportional to fi(w — wk)_lwlzl when w &~ wy. If case 2
occurs, there exist one or several terms in (1.131), i.e., those that write
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(2w) ! frtsin(wt) for k such that wy = w, which have an unbounded ampli-
tude, equal to (2w) ! fxt. This is called a resonance. It can occur only when
the excitation frequency w is equal to one of the wy’s. For this reason, the
quantities (wg)x are called resonance frequencies'® of the system.

This result can also be interpreted in terms of energy. Indeed, taking the dot
product of (1.130-left) by U’ and integrating over the domain Dom yields

LN 1)+ (401 1) = (01D 1)) tor 1> 0.

It can be written as

{1 ||dU( t)|1* + %(AU(t)|U(t))} = (F(t) %( t)) for t > 0.
Above,
1/2
OV - [ UV [U0]- ( | e dw) |

The first term between brackets represents a kinetic energy, the second one
represents a potential energy and the right-hand side represents the power
brought to the system at a given time t. Integrating this equation over time
leads to the energy conservation equation

1 au
= 24 — 24
IO+ 5ATOD0) = [ F6) 6)is+ 3101+ (AT T,
t
in which the energy brought to the system is / (F(s)|U’(s))ds. Assuming

again that F is of the form (1.132), the energ}? has a bounded amplitude
as soon as w ¢ {wg, k > 1}. Contrastingly, this amplitude is unbounded if
w = wg. Physically, the resonance corresponds to the excitation of one eigen-
mode of the system, creating an unbounded increase of its internal energy.

Let us now build a solution to the time-harmonic problem, cf. §1.2.1. We
introduce a right-hand side F' with harmonic time-dependence exp(—wt) (w >
0), that is, F(t,x) = R(f(x)exp(—wt)), with a complex-valued f. Let us
consider that the solution U to Eq. (1.130-left) adopts the same time-harmonic
dependence for t large enough, so that U(t, ) = R(u(x) exp(—wt)), with a
complex-valued u. Plugging the expression of U into Eq. (1.130-left) and
using, as above, expansions of u and f yields, with obvious notations,

R <Z(w,% — w?) up, py, exp(—wwt) ) (Z I 1ty exp(—zwt)) . (1.133)

k

16 More precisely, w is a pulsation and the corresponding frequency is w/(2m).
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Now, Eq. (1.133) is equivalent to (wi — w?)uy = fi for all k. Assume that w

is equal to some wg. In order for a solution to exist, one must have fr = 0
for all the corresponding indices k (such that w = wy). It follows that no
resonance can occur in the time-harmonic case. From a mathematical point of
view, one can use the Fredholm alternative (cf. Chapter 4 for a more detailed
discussion).

1.6 Boundary conditions and radiation conditions

In order to close Maxwell’s equations when the domain is a strict subset of
R3, one must provide conditions, in addition to the differential Maxwell equa-
tions (1.6-1.9). These conditions are usually imposed on the boundary of the
domain, and they are called the boundary conditions. Also, when the domain
is unbounded in at least one direction, it is interesting, from a computational
point of view, to bound it. The computational domain thus corresponds to
a truncation of the original domain. This can be achieved via the introduc-
tion of an artificial boundary, and an ad hoc absorbing boundary condition is
imposed on this boundary, so that the electromagnetic waves can leave the
computational domain without (significant) reflections. Another possibility is
to introduce — not a boundary plus a boundary condition — but a thin, dissipa-
tive layer, in which the waves can propagate while being damped at the same
time. This technique is called the perfectly matched layers. In other respects,
when one focuses on the time-harmonic Maxwell equations (1.47-1.50), one
must add a condition at infinity, which permits us to discriminate incoming
and outgoing waves: this condition is called a radiation condition. Physically,
it prevents energy inputs from infinity. Mathematically, it allows one to prove
uniqueness results.

1.6.1 Boundary conditions

As we remarked at the beginning of this section, the differential Maxwell
equations are insufficient to characterize the fields in a strict subset of R3. On
the other hand, the integral Maxwell equations yield four interface conditions,
respectively described by Eq. (1.11) and Eq. (1.12). How can these conditions
be used? Let us call O the domain of interest, and 9O its boundary. Note
that 9O can alternatively be seen as the interface between O and R3 \ O,
so the electromagnetic fields fulfill conditions (1.11-1.12) on 9O. In addition,
the behavior of the electromagnetic fields is known in R? \ O (otherwise, we
would have to compute them!) or, more realistically, in an exterior domain O’
included in R*\ O, such that 0N0O =00. As a consequence, one can gather
some useful information as to the behavior of the fields in O, on the boundary
00.

For instance, let us assume now that the domain O is bounded, or partially
bounded (i.e., along one direction, like the “pipe” in Figure 1.1), and that it
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is encased (at least locally) in a perfect conductor. Then, as we saw in §1.1,

Fig. 1.1. “Pipe” domain.

the fields vanish outside O (cf. our discussion on skin depth and on the notion
of perfect conductor). From condition (1.11 right), we infer that

B-n=0o0n00, (1.134)

with n the unit outward normal vector to 90, with the convention that out-
ward goes from O to O'. Likewise, from condition (1.12 left), we get

E xn=0o0n0d0. (1.135)

The conclusion is that the normal component B,, = B-n|50 (respectively tan-
gential components E+ = n x (E x n)p0) of B (respectively E) uniformly
vanish on 9O: we call these conditions'” the perfect conductor boundary con-
ditions.

7 One may also use the interface conditions to describe electromagnetic fields glob-
ally in R3: this is an integral representation. More precisely [168, §5.5], consider
that R? is split into two media M™ and M™, one of them being bounded, and let X
be the interface between the two media. If one is interested in the electromagnetic
fields that are governed by the homogeneous time-harmonic equations in M™ and
M~, then, assuming that the jump jy, = —[H X nx]x (condition (1.12 right)) is
known, one can use integral representation formulas for the values of E(x) and
H(z), for all x € R®\ X. The integrals are taken over X and depend only on
js. In the same spirit, one can represent the (different) values of E*(xx) and
H* (zy) for all zx € ¥. Within this framework, one may generalize these results
in the presence of magnetic polarization by assuming that the magnetic current
on ¥, msx. = [E xnx]s, is also different from 0. In this case, one ends up with in-
tegral representation formulas of E and H, with integrals over X that depend on
Jsx and mx. In the same manner, one may use the jump relation oz = [D-nx|s
(1.11 left) to solve a diffraction problem expressed as a scalar Helmholtz equation,
assuming oy is known, where the unknown is the scalar electric potential.
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From the physical point of view, these conditions are macroscopic, since
they result from the idealization of quantities defined on surfaces. On the
other hand, from a mathematical point of view, these conditions are sufficient
to ensure the uniqueness of the solution, in the absence of topological con-
siderations. As we shall see in Chapter 5, condition (1.134) can be rigorously
inferred from condition (1.135), whereas the reciprocal assertion is not valid.

From the point of view of wave propagation, the perfect conductor bound-

ary condition can be viewed as a reflection condition. Indeed, since the elec-
tromagnetic fields uniformly vanish inside the perfect conductor, one can say
that the boundary completely reflects any impinging plane wave. As a con-
sequence, the reflection coefficient, which is equal to the ratio of amplitudes
between the reflected and incident waves, has a unit value. Also, in terms of
energy, no energy is transmitted to the exterior domain O'. In other words,
the energy flux through the boundary is equal to zero, and the energy remains
constant in the domain O (in the absence of sources).
However, there also exist media that are more or less dissipative. This occurs,
for instance, when the exterior medium O’ is a conductor (but not a perfect
one). The fields do not vanish inside ', so a wave originating from the do-
main O penetrates into the exterior domain O'. More precisely, if we consider
an impinging plane wave, it should penetrate — at least partially — into O,
where it is damped. In the special case when 0O is a plane and if the velocity
of propagation of the plane wave is equal to ¢ = 1/,/gzm, one finds by direct
computations that it holds that

Exn—i-\/EnX(Hxn)_O.
€

So, to allow a plane wave to penetrate into O, one usually introduces a
boundary condition, called the impedance boundary condition, which is written
as

Exn+Znx(H xn)=0ond0. (1.136)

In its simplest form, the impedance Z is a positive number, which is charac-
teristic of the medium. The obvious example is Z = y/p/e, which allows the
plane wave with velocity ¢ = 1/,/zun to leave the domain O without being
reflected (when 0O is a plane). More generally, Z is an operator (local in
space), and the generalized impedance boundary condition is understood as
Exnpo+Z(nx(Hxn)po) = 0. In terms of energy, this condition allows the
electromagnetic energy to decrease in the domain. Note that condition (1.136)
is usually considered for time-harmonic fields (see [28] for an example of time-
dependent fields), and in this instance, Z can be a function of the pulsation w.

In most cases, these boundary conditions are not sufficient to model problems
originating from physical situations efficiently. Let us consider more specifi-
cally the time-dependent Maxwell equations in a domain O. Obviously, if the
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domain O is not bounded, it has to be “numerically adjusted” to perform
numerical computations. Note that this difficulty occurs for exterior problems
(diffraction, etc.) as well as for interior problems (waveguides, etc.) (see Fig-
ures 1.2 (left) and 1.3 (left)). Let the computational domain (2 be equal, for

e 0 R
=

Fig. 1.3. Adjustment of a sample interior problem.

instance, to'® O N B(O, R), with a suitable radius R. Then, the boundary of
the computational domain 9f2 can be split into two parts:

e a “physical” part, which is included in 0O: I' = 02 N 00.
e the remainder, I'4, which is purely “artificial”.

For a diffraction problem on a bounded object, the radius R is chosen so that
I's does not intersect the “physical” boundary O (see Figure 1.2 (right)). In

8 Instead of B(O, R), one can choose any reasonable volume in which the compu-
tations ought to be performed: a cube, as in Figure 1.3 (right, rightmost I'4),
etc.
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other words, there holds OI'N Iy = ), with I' = 90, I'y = 9B(O, R). So,
for numerical purposes, one handles a truncated exterior problem.
Contrastingly, for an interior problem, R is usually chosen in such a way that
I'y intersects the “physical” boundary: dI'NAI4 # () (see Figure 1.3 (right)).
In the latter case and as a rule of thumb, one must be careful to avoid artifi-
cial boundaries I'4 that intersect 0O at positions where the electromagnetic
fields can be locally “intense”, such as the neighborhood of reentrant corners
and/or edges of 9O. For numerical purposes, one handles a truncated interior
problem.

On I', one imposes the boundary conditions that model the behavior of the
exterior medium, as previously. On the artificial boundary I'4, a boundary
condition is also required. Let us go back to a plane wave with a velocity
of propagation ¢ = cd: when d-n > 0, one says that the wave is outgo-
ing, whereas it is said to be incoming when d - n < 0. Physically, one has
to model the following behavior: outgoing electromagnetic waves should leave
the computational domain (2 freely without being reflected at this boundary.
Or, equivalently, outgoing waves are absorbed at the artificial boundary, and
the corresponding condition is called an absorbing boundary condition.

Let (E“*, B®") denote the (exact) solution to the problem set in O, and let
(E, B) be the (possibly approximate) solution to the problem set in (2. Here,
the term ”problem” refers to Maxwell’s equations in the domain, plus the
boundary conditions on the boundary of the aforementioned domain.

It is possible to construct an exact absorbing boundary condition, which
is usually called the transparent boundary condition. It can be written as
E“ xnp, +T(n x (B x n)p,) = 0, where T is a pseudo-differential
operator (note the similarities with the generalized impedance boundary con-
dition). The action of the operator T' can be expressed in two equivalent
ways. Either T is considered as a transfer operator that relates the trace of
the tangential trace of the magnetic induction to its electric counterpart, and
its action is written as an (infinite) expansion in spherical harmonics. Or, an
integral representation of the fields can be used (in 2 and in R* \ B(O, R)),
which is determined by the values of the tangential traces of both fields on
Ly.

Mathematically, if one imposes the transparent boundary condition on I'4, it
can be proven that the restriction of the exact fields (E®*, B") to 2 is equal
to (E, B). Or, the other way around, one can build an exztension of the fields
(E, B) to O that coincides with the exact solution (see, for instance, [129]).
However, the transparent condition is non-local both in space and time: for
practical implementations, it is impossible to use the operator Texactly as it
is... So, for numerical purposes, one can choose, for instance, truncated (fi-
nite) expansions, when the action of T' is expressed via a transfer operator
(see below); or Boundary Element Methods that allow one to approximate
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integral representations.

Alternatively, one can choose to devise approximate conditions: the absorbing
boundary conditions (referred to as ABC or ABCs from now on). Within the
same framework, it is often required to model incoming waves from infinity.
The incoming waves should be able to enter the domain §2. The parameters
describing these incoming waves can be prescribed by given functions (denoted
e* and b* in the following), defined on the artificial boundary I's. A set of
ABCs for Maxwell’s equations can be written as

(E—cBxn)xn=e"xnonly, e"data, (1.137)
or, in a similar way,
(cB+E xn)xn=cb*"xnonl,s ©b"data. (1.138)

These conditions are obtained by locally approximating the boundary 'y by
its tangent plane. Moreover, an outgoing plane wave, which propagates nor-
mally to the boundary, is not reflected. In that case, we have to choose e* = 0
or b* = 0. On the other hand, when e* # 0 or b* # 0, conditions (1.137-1.138)
enable an incoming plane wave that propagates normally to the boundary to
enter the domain freely. The conditions (1.137-1.138) are known as the Silver—
Miiller ABCs [166]. When e* = 0 or b* = 0, they are said to be homogeneous.

Note that since we are considering boundary conditions that are an approxi-
mation of the exact transparent boundary condition, it follows that (E, B) is
different from the restriction of the exact fields (E*, B®") to {2.

If one differentiates Eq. (1.138) with respect to time and uses the trace of Fara-
day’s law on I'4, one finds another expression of the Silver—Mdiller boundary
condition that involves the electric field alone

*
g[(Exn)xn]—c(curlE)xn:caixnon I'y. (1.139)
ot ot
Or, as we already mentioned, one can choose to approximate the transparent
boundary condition directly. This can be achieved when the artificial boundary
is “smooth”, by performing either a Taylor expansion or a rational (Padé) ex-
pansion of the operator T, in terms of a small parameter: in the high—/fiequency

limit, the (small) parameter is equal to the angle of incidence (d,n) of the
waves on I'4. Keeping only the zero-order term, one recovers Eq. (1.138) with
b* = 0. Keeping the zero- and first-order terms, one tailors a priori a new
ABC." However, in the special case when the artificial boundary is a sphere

19 For instance (see [189)), if the artificial boundary I's is a cylinder of radius R and
axis Oz, one gets

0 c c
{a—i—ﬁ}[(Exn)><n]—&—EEeee—c(curlE)><n—00nFA7
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I'y = OB(O, R), the “new” condition still coincides with (1.138). Hence, the
initial Silver—Miiller ABCs, obtained by merging 4 with its tangent plane,
are still satisfactory up to the first order in this special geometry.

The precision of an ABC can be measured with the help of plane wave analysis:
any plane wave impinging on I'4 is partially reflected (and partially refracted).
The reflection coefficient (the ratio of amplitudes between the reflected and
incident waves) depends on the angle of incidence 6 = (d,n) €] — /2, 7/2].
When the reflection coefficient behaves like

1—cosf\*
_ 92(1
(1—}—0059) 0@™),

one says that the ABC is of order «.. Using this scale and assuming that I'4
is a plane, one finds that the Silver—Miiller condition (1.139) is of order 1,
whereas the perfect conductor condition is, by construction, of order zero.
One can also build ABCs of higher order. The following condition has been
proposed in [148]:

2

0 0 c ¢
<§ —l—c%) [(Exn)xn]+§ gradF(E"n)—l-? curlp(B-n) =0, (1.140)

or, alternatively,

0 0 1
<§ + c%) [(B xn)xn] —l—% grad(B-n)— 3 curlp(E-n) =0, (1.141)
where grad is the surface gradient, or tangential gradient, operator, and

curly is the surface curl, or tangential curl, operator. Assuming that I'4 is a
plane, it is proven that the condition (1.140) or (1.141) is of order 2.

Note that the ABCs are not equivalent to one another. In other words, two
different conditions yield two different sets of electromagnetic fields.

As we remarked earlier, approximate conditions such as the Silver—Miiller
ABCs have been developed as an alternate choice to the numerical approxima-
tion of the transparent boundary conditions. In particular, condition (1.139),
used in conjunction with the differential Maxwell equations (and another con-
dition on I'), leads to a well-posed problem [189]. In addition, the Silver—
Miiller boundary condition is sufficiently accurate for most interior problems,
and it is straightforward to implement numerically [23]. Contrastingly, for ex-
terior problems, the use of higher-order approximations is recommended [109].
A possible drawback of the higher-order ABCs is that they can lead to prob-
lems that are not well-posed. Finally, we note that these instances of ABCs

with £ = FE,e, + Epep + E.e. in cylindrical coordinates.
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can be used in the time-harmonic regime.

The last technique we review is credited to Bérenger [41, 42]. To adjust the
domain, one adds not an artificial boundary, but one, or a set of, artificial
layers, made of artificial media. These artificial layers, and the media they are
made of, exhibit special features:

(i) Interfaces between the computational domain and an artificial layer or
between two artificial layers are plane.

(ii) Electromagnetic plane waves that propagate in the artificial media are
attenuated: these media are dissipative.

(iii) At the interface between the layers and the computational domain, plane
waves are not reflected (whatever the angle of incidence).

(iv) At the interface between two layers, plane waves are not reflected (what-
ever the angle of incidence).

Basically, one first designs several types of layer. They are labeled L, Ly, L.,
depending on the chosen — constant (cf. (i)) — direction of the normal vec-
tor (nr = ey, ey, e;) to the interface between the computational domain and
conductivities in the artificial media have to be adjusted carefully. Indeed,
in addition to the conductivity o, one also needs to introduce a magnetic
conductivity o* such that in the artificial medium, Faraday’s law reads as
0B 4+ curl E*"" = ¢* H*"'. Furthermore, one has to split the magnetic
induction into two parts, and then, one has to duplicate Faraday’s law on
those two parts. By doing 50,2 one introduces additional degrees of freedom,
so that the problem at hand is solvable.

Second, to reconnect two different layers, for instance, L, and L,, one in-

%Y,
== R 72

(i) iii) (iv) p.c.b.c.

Fig. 1.4. Basic geometrical steps for the construction of PMLs.

troduces another artificial layer L, so that (iv) is fulfilled at the interfaces
O0L;NOLy, and OL,NOL,, (see Figure 1.4 (center)) through the use of similar

20 Manipulating Maxwell’s equations thusly is certainly admissible, since one is deal-
ing with artificial media, in which the electromagnetic fields are artifacts...
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techniques.

Note that there always exists a solution to the previous problems: in other
words, one can always choose the conductivities in the various artificial media
so that (ii-iv) hold.

Finally, this set of artificial layers is surrounded by a boundary on which
one imposes perfect conductor boundary conditions (see Figure 1.4 (right)).
The various artificial layers are called perfectly matched layers (or PMLs, for
short). Unsplit versions of the PMLs (based on stretched coordinates in the
artificial media, see [76, 176]) have been developed. In other words, the mag-
netic induction is not split anymore in the artificial media, which reduces the
total number of unknowns there. The same result can be achieved by the use
of anisotropic artificial media (as proposed in [183]), resulting in the so-called
uniazial PML (UPML).

From an algorithmic or computational point of view, outgoing plane waves can
leave the computational domain freely. Then, they are damped in the PMLs,
before being reflected by the perfect conductor boundary conditions. On their
way back, they are damped once more before entering the computational
domain freely. However, because of the dissipation in the artificial media, the
energy of the plane waves that enter the computational domain after traveling
in the PMLs is negligible. This process leads to numerical implementations
that are extremely efficient in practice. From a mathematical point of view,
the use of either the set of original PMLs of Bérenger or of unsplit versions
leads to problems that are (conditionally) well-posed mathematically (see [37,
36, 147)).

1.6.2 Radiation conditions

So far, we have focused mostly on the time-dependent Maxwell equations.
Here, we deal with the time-harmonic case as in §1.2, in a homogeneous
medium. Let w > 0 be the pulsation.

Let us assume for simplicity that the charge density o is equal to 0, so that
the current density is divergence-free. Under these conditions, each field is
solving a fixed frequency problem, which can be written in the manner of the
Helmbholtz-like equations (1.56-1.57),

{ curl curl e — Ae = wppg with A = w?/c?. (1.142)

curl curl b — \b = ygcurly

As we already pointed out, this equation is strongly connected to the scalar
Helmholtz equation (1.63), for which it is well known that the uniqueness of
the solution requires a so-called radiation condition at infinity.

Now, as far as radiation conditions are concerned, they are generally asso-
ciated with diffraction problems (see Figure 1.2). In others words, we are
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concerned with waves coming from infinity that are impinging on an obstacle
K: we are interested in solving the problem in O = R3\ K. As we saw before,
there may be (partial) absorption, as well as scattering by the obstacle, which
leads to different kinds of boundary condition on this obstacle.

In practice, the computational problem is usually set within a bounded do-
main, for instance, B(O,R) \ K. An ad hoc boundary condition is chosen
on 9B(0, R), together with the companion numerical approximation of this
boundary condition (see the previous discussion on transparent boundary con-
ditions and/or ABCs).

Then, supplementary conditions, which characterize the behavior of the so-
lution at infinity, are required. Denoting by (r, 6, ) the spherical coordinates
with associated vector basis (e,, eg, €4), we seek a condition that depends on
r only, so that it can be applied on the exterior boundary dB(O, R). At first
glance, it seems that imposing that the solution decrease like r—! at infinity is
sufficient. Indeed, this condition is similar to the one that is required for the
well-posedness of the scalar Poisson equation Aw = f in an exterior domain:
it can be easily understood as a requirement for avoiding a situation in which
the total energy [, |w|? de would be unbounded. However, unlike the case
of the Poisson equation, this condition is not sufficient to ensure uniqueness
of the solution to the Helmholtz equation. To illustrate this point, let us in-
troduce radial solutions to the scalar Helmholtz equation Aw + Aw = 0 set
in R3. In other words, since we are studying uniqueness, Eq. (1.63) is solved
in R3 with a zero right-hand side. Namely, we look for solutions of the form
w(x) = ¢(r). Under this assumption, Eq. (1.63) becomes, for r > 0,

1d de 2
—_ )+ k“C=0
2 KT(T l’f‘) C )

with k= VA =w /c. The general solution to the previous equation is
1
¢(r) =Cyle(r) +C_C_(r), with Cx € C, (4(r) = - exp(tekr). (1.143)

Two families of solutions coexist. One with the + sign in the exponent, corre-
sponding to an outgoing wave, the second with the — sign, associated with an
incoming wave.?! Hence, the uniqueness of the solution (up to a multiplica-
tive constant) can be recovered by imposing a radiation condition, that is,
a condition that describes the behavior of the solution at infinity, depending
on whether one wants to select an outgoing wave or an incoming wave. As a
matter of fact, from Eq. (1.143), we find

2! Tndeed, the unit outward normal vector to B(O, R) is n = e,.. Moreover, since
x = re, on B(O, R), for an outgoing plane wave that propagates normally to
OB(O,R) (kout = key), one finds kout - © = kr. Respectively, for an incoming
plane wave that propagates normally to dB(O, R) (kin = —ker), kin - @ = —kr.
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k
Cr) + ok ()~ 2R expukr), () = 1k, (r) = — 5 explub),

¢ (r) + k¢ (r) = _7% exp(—1kr), ¢ (r) — k¢ (r) =~ —? exp(—kr) '

This leads to the following radiation conditions, whose names correspond to
those given for the scalar Helmholtz equation:

1. The outgoing Sommerfeld condition (imposes C_ = 0 in Eq. (1.143))

Both instances are necessary and sufficient conditions to ensure uniqueness of
the solution to the scalar Helmholtz equation.

Remark 1.6.1 To express the general solution to the scalar Helmholtz equa-
tion, one uses expansions expressed in spherical coordinates as

_ exp(=thr) = Fu(6, ¢)
C(r.0,0) = — g -
This expansion is due to [25], [207] (see also [168]).

Let us consider the scalar, time-dependent, wave equation (in time-space R x
R3)

Pw

W — C A’LU =0.

One finds, assuming that the solution is radial in space — w(t, ) = p(t,r) —

0% 0 (28g0

- r_ - Z ) = f .
otz r29r T(’?T) 0, forr >0

This can be written equivalently as

(% —i—c%)(% - c%)(r@) =0, forr>0.
Now, solutions to (0 + ¢0,)(r¢) = 0 write r¢o = f(r F ct), so that ro =
Jout(r — ct) + fine(r + ct).
To see that foue(r — ct) (respectively finc(r + ct)) actually corresponds to an
outgoing wave (respectively an incoming wave), let us go back to the time-
harmonic regime.
Assuming, in addition, a time-harmonic dependence of these solutions like
o(t,r) = R({(r) exp(—wwt)), we have
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(—w + c%)(—zw — c%)(r() =0, forr > 0.
This is equivalent in turn to 0,(r¢) = +kr¢ or 0,(r¢) = —ikr{ for r > 0, so
that according to Eq. (1.143), ¢ coincides with the solution obtained there.
Moreover, we observe that (9; + ¢0,)(r¢) = 0 in the time-dependent regime
corresponds to 9, (r¢) = 4+ukr¢ in the time-harmonic regime. We conclude by
identification that

Jout(r — ct) = R(C (4 (r) exp(—wwt))
corresponds to an outgoing wave. In the same manner,

fine(r + ct) = R(C_C_(r) exp(—wwt))
corresponds to an incoming wave, as advertised above.

Denoting by w a radial solution to the time-harmonic Maxwell equations
(1.142) with a zero right-hand side, one finds that two families of solutions
coexist, in the form of an incoming part (denoted by w_) and an outgoing
part (denoted by w.). Again, one may select the outgoing or the incoming
parts, via radiation conditions for the solution:

1. The outgoing Silver—Miiller radiation condition (imposes u_ = 0)
1
curlu x n —ku = O(=). (1.144)
r

2. The incoming Silver—Miller radiation condition (imposes u; = 0)

curlu x n—i—zku:O(%). (1.145)
Often in the literature (see [168], [87]), the Silver—Miiller radiation conditions
appear in another form, derived from the first-order time-harmonic Maxwell
equations (1.52-1.55), with a zero right-hand side. In this instance, both elec-
tric field e and magnetic induction b are involved in the outgoing or incoming
expressions that read, respectively, as:

1. First-order outgoing expression

or cb—l—exn:O(i), (1.146)

1
e—cbxn=0( 3
r

r_g)v

2. First-order incoming expression

e—i—cb><n=O—1 ,orcb—exn=0 ! 1.147
2
r

)
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How can these conditions be used mathematically? For instance, let us go
back to a diffraction problem, as pictured in Figure 1.2. The total electric
field e can be split into two parts: the incident wave €;,., the known imping-
ing wave that propagates in the medium, and would not be affected in the
absence of a scatterer; and the scattered wave es.,, our unknown. By def-
inition, the scattered wave is supposed to be outgoing, i.e., fulfill condition
(1.144). Mathematically, this is expressed as

lim |curl eseq X 1 — 1hegseq|?dS = 0.
R=+o00 Jop(0,R)

According to [135], this outgoing Silver—Miiller radiation condition on ey,
together with the differential Maxwell equations (and a perfect conductor
boundary condition on I") on the total field € = €5 + €scq, leads to a well-
posed problem.

To emphasize the differences between the time-harmonic Maxwell equations
(1.142) and the vector Helmholtz one, note that the solutions to (1.142)
satisfy a constraint on the divergence: they are divergence-free (see remark
1.2.3). This is not the case of the plain radial solutions v(r) to the vector
Helmholtz equation. Nevertheless, these computations being essentially based
on the asymptotic behavior of (4 (r), the Silver—Miiller radiation conditions
— considered componentwise for the time-harmonic Maxwell equations — are
expected to be equivalent to the Sommerfeld radiation conditions. Indeed, it
was proven that each component of any solution to Maxwell’s equations sat-
isfying the Silver—Miiller radiation conditions also satisfies the corresponding
Sommerfeld radiation conditions for the scalar Helmholtz equation, and vice
versa (see [87] for a proof).

Let us conclude this section by briefly exposing the relation between the
Silver—Miiller radiation condition (1.146) and the Silver—Miiller ABCs (1.137-
1.138) in its homogeneous form, that is, with (e*,b*) = (0,0). Note first that
the similarity appears in the time-harmonic case, when comparing (1.137-
1.138) with relations (1.146). Second, for the time-dependent case, recall that
the ABCs were obtained by assuming that an outgoing plane wave, which
propagates normally to the boundary, is not reflected. According to the previ-
ous discussion, the ABCs can also be viewed as a way of selecting a direction
of propagation, by removing the incoming wave, the outgoing wave leaving
the domain freely.

1.7 Energy matters

The aim of this section is to recall the basic notions related to the energy in
the context of Maxwell’s equations.
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Let us consider first the case of a homogeneous medium (vacuum). Our
starting point is Faraday’s law (1.27) and the absence of magnetic monopoles
(1.29). We have seen that there exist two independent potentials — A and
¢ — that can be used to take into account these two relations, and define
the electromagnetic fields as in Egs. (1.34-1.35). For our purpose here, we say
that (A(t, @)« and (¢(t, x)),, are the generalized coordinates of our system.
Then, let us introduce the Lagrangian density

L(t,x) = E(A(tv :I}), (b(tv x))

1
= (%0|E|2 - 2—%|B|2 +A-J— ¢g) (t,z), (1.148)

together with the Lagrangian on a frozen (w.r.t. time) volume V C R3

/ Ladv.
v

Then, the idea is to use the least action principle, which amounts to finding
extrema of the action (with ¢; < to given)

to
S::/ /Edth
t1 1%

over trajectories t — (A(t), ¢(t)) with fized initial and final states. In other
words, one chooses infinitesimal variations § A and §¢ such that (6 A, 0¢)(t1) =
(0A,0)(t2) = 0 in the volume V. A necessary condition for an extremum of
S to exist is that 65 = 0, with

ta
6S ::/ /(5£dth,
t1 1%

for all admissible variations (§A, d¢). In a first step, one adds a new constraint
on the variations, namely that (0A,d¢)(¢t) = 0 for all ¢ €]ty,t2], on the sur-
face V. One finds that the electromagnetic fields necessarily satisfy Ampeére’s
and Gauss’s laws, which appear within this framework as equations of motion
of the electromagnetic fields. In a second step, one removes all constraints
on the variations, to focus on the relation that defines 4.5, which now takes
into account Ampere’s and Gauss’s laws, and holds for all variations (this
is not the least action principle anymore). One finds that another necessary
condition appears, which can be written as

d €0 2 1 2 > / 1
— —|E|* + —|B|*}dV | + —(E x B)-dS
dt (/\/{2 | 2#0' ™ av No( )
+/E-JdV:O. (1.149)
1%

This is an integral electromagnetic energy conservation relation. Indeed, let
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1 2 1 2
wy = {0l E]* + —| B[} (1.150)
Ho

be the density of electromagnetic energy, and let

1
So =—FE X B,
Ho
be the wvector flur of the electromagnetic energy, called the Poynting vector.
The conservation relation (1.149) writes

d
—</ deV>+/ So-dS+/E-JdV:O.
dt \Jv v v

From a physical point of view, the third term can be seen as the power dis-
sipated by the Joule effect, and the second as the flux of the electromagnetic
energy entering or leaving the domain V.
It can be written in differential form as

(9’[1}0

W"rdiVSo-f—E'J:O.

Note that one can define the total electromagnetic energy by
Wtot = / wo dv .
R3

As originally expressed by Feynman [111], no doubt better than by us, we
cannot be sure that these definitions are the “correct definitions”. However,
if one has a look at other possibilities in the definition of the Lagrangian den-
sity (1.148), one always comes up with non-linear terms in the equations of
motion of the electromagnetic fields. Thus, it is “natural” to keep the sim-
plest expressions, that is, (1.149-1.150). Nevertheless, these definitions have
to be considered as modelling assumptions, which are used extensively in the
mathematical analyses (see Chapter 5).

Let us consider next the case of a perfect medium, in which the constitutive

relations read as in (1.17), with symmetric tensors ¢ and p. By analogy, we
first introduce the density of electromagnetic energy:

1
Since € and p are both independent of ¢, one gets dyw = 0;D - E + 0;B - H.

We also introduce the Poynting vector S, defined as
S=FExH. (1.151)

Taking the divergence of S, we obtain
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divS=H -curlE - FE -curl H.

By using Faraday’s and Ampere’s laws, we can substitute in this expression
curl E by —0;B and curl H by ;D + J to reach
ow

ot

This equation is the differential electromagnetic energy conservation in the
case of a perfect medium, and it can also be expressed in integral form, in any
frozen volume V', as

i</ de)+/ S-dS+/E~JdV:O. (1.152)
dt \Jv v v

In the more general case of a chiral medium, the previous notions (density,
conservation of energy) are much more complex to build.

+divS+FE-J=0.

Let us examine now the case of static electromagnetic fields (cf. §1.4, Egs.
(1.104)), in vacuum.
Let us focus first on the total electrostatic energy: recall that E®'*' =
— grad ¢t with a potential ¢!t governed by the Poisson equation (1.105).
Then, one has, with the help of Ostrogradsky’s formula,
thisult _ E_O/ Estat . Estat dV = _5_0 grad (bStat . Estat AV

2 R3 2 R3

€0

= —— lim grad ¢stat 'EStat AV
2 R—+00 B(O,R)

8_0 lim / (bstat div Estat dV _/ (bstat (Estat . dS)
2 R—+oo B(O,R) dB(O,R)

1
Z lim / ¢StthdV _ 50/ ¢stat (Estat . dS)
2 R—+oo | JB(o,R) 9B(O,R)

1
- / ¢Stth dv .
2 Jrs

It remains to explain why the rightmost term vanishes when R goes to infinity.
For that, let us return to formula (1.30), which expresses the (static) electric
field created by N charged particles. This formula can be further generalized
to a volume distribution of charged particles, with density . One reaches

Estat(m)_ 1 /g(m’) |(2B—$/) d:n’.

 4Te, xz—x3

The above expression can be rewritten as a convolution product in space:

- Y
yl®

E*tt = ox G, with G(y)

4dme,
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Introducing G(y) = |y|~!, which satisfies G = — grad G, one gets

1
Estat — grad Qz)stat, Wlth ¢stat — 1 0x G,

TEq

with ¢*% the corresponding electrostatic potential.
Provided that the support of g is a bounded subset of R? — physically, provided
that there are no charged particles at infinity — one finds that

Co

C
|¢stat($)| S e and |Estat($)| S Wu

||

with C, a constant that depends on p. Therefore, one has

/ ¢Stat (Estat . dS)
9B(O,R)

So, the conclusion follows. For a volumic distribution of charges — without
charges at infinity — the total electrostatic energy is equal to

47 C'g

<
- R

1
W = 2 /R gteav. (1.153)

Remark 1.7.1 Ezpression (1.153) involves the potential $*t** and the charge
density o, which are related by the Poisson equation (1.105). Thus, it can also
be viewed as the potential energy of the system of charges.

Interestingly, and for volume distribution of charged particles, Expression
(1.153) includes the self-energy of the distribution. In other words, if Vj de-
notes the support of the charge density, the expression

1
E, stat __ sta
WVo = 5 /V Qb ¢ thV
0

has a meaning. This can be proven mathematically, due to the properties of
the Green kernel G.

Contrastingly, the potential ¢*!** is meaningless for discrete systems of
charged particles (see Eq. (1.30), right) at the positions (x;)1<i<ny of the
charges, and the charge density o writes as a sum of Dirac masses located,
respectively, at (€;)1<i<n. So, one cannot define the self-energy for discrete
sets of charged particles. This is consistent with the fact that, in this situation,
E*""" is not square integrable in volumes enclosing one or several charges.

So far, we have considered 3D- and 0D-supported charge distributions. In-
between these two configurations, there exist 1D- and 2D-supported charge
distributions, such as idealized wires and surface charges on perfect conduc-
tors (cf. the infinite skin effect for the latter). On the one hand, it turns out
that one can define the self-energy of surface charge distributions as
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1
W§7stat _ _/ ¢Stat02 ds .
2 /s

But on the other hand, one cannot define the self-energy for linear charge
distributions.

The discussion of the total magnetostatic energy follows the same lines,
since one has B¥'*" = curl A*'* with A" governed by the vector Poisson
equation (1.106), with a constraint on the divergence. As previously, using
Stokes’ formula and provided there are no currents at infinity, one then finds
the identity

WB,stat — i Bstat . Bstat dV = l Astat - JdV
ot 210 Jgs R3 .

Provided the time-dependent electromagnetic fields behave similarly at infin-
ity, i.e., |E(t,z)| < C,o(t)|z|~% and |H(t,z)| < Cj(t) || =2, one finds that

AW
W“+ E-JdV=0.
dt RS

To conclude this section, we write down the electromagnetic energy flow in
the case of a time-harmonic dependent field. The electromagnetic fields are
expressed as in (1.41-1.42), and we substitute these expressions in the Poynting
vector (1.151), which characterizes the energy flow, to obtain the complez-
valued Poynting vector S°¢

S¢ = EEC x HC.
2
This complex-valued Poynting vector is generally used to measure the energy
flow for complex-valued electromagnetic fields (S = R(S¢)).
Finally, we consider the electromagnetic fields, expressed as a superposition of
plane waves (in a homogeneous medium). Using Parseval’s formula, we remark
that the total electromagnetic energy also writes

1 1
Wi =5 [ (alBa) + 1Bl ) a.
kERS Ho

1.8 Bibliographical notes

Concerning the form of Maxwell’s equations, we relied on the physical ap-
proach of Jackson [142, Chapter 1] and on the topological approach of Gross
and Kotiuga [128]. See also the book by Jones [149]. As far as the constitutive
relations are concerned, References [142, 153, 157, 150] have been helpful. The
experimental results acquired a historical status a long time ago, cf. Coulomb’s
experiments in 1785. The “existence” results of electromagnetic fields in all
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space R3 can be found in many places: we chose [141] for the general case of
a chiral medium and Chapter 6 in the monograph by Cessenat [73] for the
particular case of a homogeneous medium. In regard to conducting media,
we used the numerical results from [128, Chapter 1]. Regarding the issue of
vanishing electromagnetic fields inside perfect conductors, we mention [168,
Chapter 5], where illuminating comments and (partial) mathematical justifi-
cation can be found. Let us mention [197, 143, 142, 95, 162] for the definition
of skin depth in different models; see also [193] for the notion of magnetic
skin depth.

On the vast topic of the stationary Maxwell equations, we refer the reader
(for instance) to the introductory book by Laval [154], and to the monograph
by Krall and Trivelpiece [152]. See also the book by Van Bladel [203]. The
limiting amplitude principle is rigorously proven in the monograph by Sanchez
and Sanchez [185].

As far as the approximate models are concerned, we refer the reader to the
works of Raviart and co-workers [97, 178|, where the general methodology on
how to build those models is described. In geophysics, approximate models
are considered, for instance, in [43, 86]. The static models have been scru-
tinized extensively by Durand in his three-volume series [104]: in particular,
an impressive number of computations carried out by hand (before the era
of personal computers) are available. The Darwin model is named after C.
G. Darwin, who studied the motion of charged particles in the 1920s [91]. In
bounded domains, References [97, 84] provide some insight as to how one can
define suitable boundary conditions for the transverse and longitudinal parts
of the electric field.

The derivation of the Boltzmann and Vlasov equations can be found, for
instance, in the monographs by Krall and Trivelpiece [152] or by Lifschitz [156]
(physical point of view), or in the classnotes by Desvillettes [99] (mathematical
point of view). Regarding plasma physics, we refer to [74].

To our knowledge, the first theoretical works on the Vlasov equation are those
of Arseneev [12; 13]. For the coupled Vlasov—Maxwell system of equations,
local existence and uniqueness results of classical solutions can be found in
[202, 96] or in [208, 123]. Global existence results of weak solutions appeared
in [102, 130]. See also a survey in [59].

For the study of the transparent boundary conditions, including their repre-
sentations and their approximations, we recommend reading the monograph
by Nédélec [168].

The Sommerfeld ABC that we recalled for the Helmholtz equation is named
after A. Sommerfeld [195]. The Silver—Miiller ABCs that we described are
named after C. Miiller [166] and S. Silver [191]. In their time-dependent form,
they have been designed (cf. [23]) in the same spirit as the ones given in [47,
pp. 370-371]. There exists a wide literature on the topic of ABCs: see, for in-
stance, [106] for the scalar wave equation and [40, 148, 189, 119] for Maxwell’s
equations. In the time-harmonic regime, there also exist many noticeable re-
search works, such as [189, 39, 11]. As far as Bérenger’s PMLs are concerned,
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we refer the reader to the seminal papers [41, 42], and to variants, for instance
[76, 176, 183, 116, 117, 2, 52].

For radiation conditions, we refer the reader to the monographs [166, 87, 168]
and to [135].

The notion of electromagnetic energy is studied in-depth in many monographs.
Many aspects have been scrutinized: physical, computational, mathematical,
etc. We refer, respectively, to the book by Laval [154], and the monographs
by Jackson [142], Durand [104, Volume I] and Cessenat [73, Chapter 1].
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Basic applied functional analysis

To measure data and solutions spatially, we recall a number of useful defini-
tions and results on Lebesgue and standard Sobolev spaces. Then, we intro-
duce more specialized Sobolev spaces, which are better suited to measuring
solutions to electromagnetics problems, in particular, the divergence and the
curl of fields. This also allows one to measure their trace at interfaces between
two media, or on the boundary. Last, we construct ad hoc function spaces,
adapted to the study of time- and space-dependent electromagnetic fields.
For bibliographical references on the general results, we refer the reader to
[115, 187, 167, 158, 3, 201, 209, 63, 125, 93, 92, 94, 126, 4]. For some of the
more specialized results, we provide references along the way.

2.1 Function spaces for scalar fields

Unless otherwise specified, the function spaces will be defined on a subset
of R™ (possibly R™ itself). The definitions and properties that we list here-
after can depend on the category of subsets of R™ on which they are given.
We shall consider three categories: (C1) open subsets, (C2) open subsets with
Lipschitz boundary, and (C3) bounded, open connected subsets with Lipschitz
boundary, also called domains. The last category will include an important
subcategory, the curved polyhedra, that is, domains with a piecewise smooth,
curved boundary.

An element o = (o, - ,a,) of N is called a multi-index, with |a| =
Z?:l a;j. The partial derivative of order « is further denoted by

olelf

Bz - - Dal

Let de = dz1dxs - - - dx,, denote the Lebesgue measure in R™.

Ao f

Category (C1): open subsets of R™.
Consider a set {2 that belongs to the category (C1).
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Let us begin with the Lebesgue spaces LP(§2), for 1 < p < co. One usually
considers complex-valued functions, but all definitions are easily extended to
real-valued function spaces. Details on Banach and Hilbert spaces, and also
on the duality and interpolation theories, can be found in §4.1.

Definition 2.1.1 The space LP({2) is composed of all complex-valued, Lebesque-
measurable functions f on (2, and such that

1/p
porisp<oe Wl ={ [ 117} <o
0
for p =00 [l fllLoe () := esssup,eqlf(x)| < oo

Endowed with the norm || - ||L» (@), LP($2) is a Banach space and, for 1 <p <
00, is separable.

Let p € [1,00], f1 = f2 in LP(£2) mean that fi, fo € LP(£2) and f; = f2 almost
everywhere in 2. One can then define the spaces of functions that are locally
in L? in the following way. If' f1 belongs to LP({2) for every compact subset
K of 2, then f is locally in LP({2), and one writes

€ Lipe($2)-

One then has a stability result of the multiplication by elements of L>°(£2).

Proposition 2.1.2 Let 1 < p < oco. The multiplication is a continuous bilin-
ear mapping from L>°(§2) x LP(£2) to LP(£2).

Given 1 < p < oo, one defines its conjugate exponent p’ as 1/p+ 1/p’ = 1.
The Holder inequality yields the next result.

Proposition 2.1.3 Let 1 < p < oc and p’ BE its conjugate exponent. Then,
given (f,g) € LP(£2) x L¥ (£2), one has fg € L*(£2).

One can build dual spaces of the Lebesgue spaces.

Proposition 2.1.4 Let 1 < p < oo and p’ be its conjugate exponent. Then,
the dual space of LP(£2) can be identified with L¥' (£2): (LP(£2)) = LP (£2). On
the other hand, L'(£2) C (L*°(£2))" but (L>=(£2))" # L' ().

Emphasis is then laid on the L?(§2) space, which is, in addition, a separable
Hilbert space.

Proposition 2.1.5 The space L*({2) is a separable Hilbert space, endowed
with the scalar product

(flg) == /Q fgdz.

! Given any subset S of R", 15 denotes the indicator function of S.



February 22, 2018 71

Let us recall now some basic ideas about distributions, including the definition
of differentiation in the sense of distributions. We begin with the space D(§2)
of infinitely differentiable functions,? with compact support on 2. Classically,
this function space is not reduced to {0}. In practice, one can use the conver-
gence of sequences to define the topology. Let (fx)r be a sequence of elements
of D(£2): it converges in D(£2) to f if, and only if:

(i) there exists a compact subset K of 2 such that supp(fx) C K, for large
enough k;
(ii) for all multi-indices o, (On.fk)r converges uniformly in K to O0nf.

Definition 2.1.6 A linear and continuous form T defined on D(§2) is called
a distribution. The space of distributions is denoted by D'(12).

Let T € D'(12) and f € D(£2): the action of T on f is written with the help
of duality brackets, that is,

(T, f).
According to the topology on D({2), T is continuous, provided that

Y(fx)k, J € D(£2) such that fr, — fin D(2), (T, fr) — (T, [).

A few examples will be provided in the sequel (2.1), (2.5), (2.6). As a dual
space, D’'({2) can be equipped in a "natural” way with a topology, called the
weak-star topology.

Definition 2.1.7 Let (Ty)r be a sequence of elements of D'(§2): it converges
in D'(2) to T if, and only if, for all f in D(2), Ty, f) = (T, f).

One can easily prove the imbedding
Lioo(£2) C D'(2), (2.1)

by identifying elements f of L}, (£2) with distributions, still denoted by f,
according to

Vg e D). ()= [ fode (2.2)
Since, for p € [1,00], one has LP(£2) C LY () C L} .(£2), one can also
consider elements of LP(£2) or L} (£2) as distributions. In particular, given
f € L?(02), one has (f,g) = (f|g) for all g € D(£2).
Let us recall a property that will be used throughout this book, namely...

Proposition 2.1.8 Let fi and f> be two elements of L}, .(£2). The relation

(f1,9) = {f2,9) for all g € D(2) implies that f1 = fa almost everywhere in
0.

Now, one can introduce the notion of differentiation in the sense of distri-
butions.

2 The space D(£2) can also be denoted by CS°(£2), where the index . stands for
compact support.
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Definition 2.1.9 Let T € D'(12). Its j-th partial derivative (7 =1,--- ,n) is

defined by
or of

VfE'D(.Q), <87j7f>:_<T7 8x]>

One thus has...

Proposition 2.1.10 The mapping T' — 0;T is linear and continuous from
D'(2) to D'(12).

Since L?({2) is a subspace of D'(§2) (by identification, cf. (2.2)), it is therefore
possible to differentiate its elements in the sense of distributions. We define
below the first Sobolev space in a long series.

Definition 2.1.11 Let H'(2) = {f € L*(Q2) : 90;f € L*(2), j =
1,---,n}, where differentiation is understood in the sense of distributions
(Definition 2.1.9). An associated norm is

1/2
ey = [ (7 + lerad s aa}
It is a separable Hilbert space, endowed with the scalar product
(f,9)m(0) = / (fg+grad f - gradg) dx.
0

It is also possible to give an equivalent definition of H!(2).

Proposition 2.1.12 Let f € L?(£2). Then, f belongs to H'(82) if, and only
if, there exist Cy,--- ,Cy, >0, such that, for j=1,--- . n,

0
vwep@), |15 < Gl
J

Now, let « be a multi-index. From Definition 2.1.9, one recursively deduces. . .

Definition 2.1.13 Let T € D'(£2); its partial derivative of order « is defined
by
Vf€D(R2), (9aT,f)=(~1)NT,0uf).

When o = (0,---,0), there is no differentiation involved!
This allows us to consider Sobolev spaces of integer order m, m > 2.

Definition 2.1.14 Letm € N: H™(2) := {f € L*(2) : 0of € L*(2), Va €
N™, |a| < m}. The canonical norm is

1/2

1y == /ﬂ S joufPda b (2.3)

aeN™, |a|<m

It is a separable Hilbert space, endowed with the scalar product
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(fs9)mm ) = /Q Z O fOng dx.

aeN”, |a|<m
Finally, |- |gm (o) denotes the semi-norm

1/2

Flim iy = /Q S 0ufPdry (2.4)

aeN”, |al=m

Remark 2.1.15 If m = 1, the two definitions of H'(§2) coincide, whereas if
m =0, one has H°(2) = L*(2).

Then, one can introduce fractional-order Sobolev spaces, that is, with order
s € Ry := [0,00[. Let us consider the case 2 = R™, for which one can use
the Fourier transform from L?(R™) to L?(R"™). Classically, for f € L*(R"), the

Fourier transform of f is f, given by

Vk e R", f(k)=(2r)™ / f(x) exp(—1k - x) dz .

melR'Vl
In particular, one has ||f||L2(Rn) = (2m) 72| f|| L2(rm).-

Definition 2.1.16 Let s € Ry: H5(R") := {f € L*(R") : (1+]|-[?)*/%f ¢
L?(R™)}, with norm

) L 2112 1 C12y8/2 712 1/2
[ f e ®ey == NN T2y + 1+ )Y FlI T2 ey

It is a Hilbert space, endowed with the scalar product

(f,9) s @®n) = (JE, G)r2®n) + ((1 + - |2)S/2fa (141 |2)S/2§)L2(Rn) .

Obviously, when s € N, H*(R™) coincides algebraically and topologically with
the space of Definition 2.1.14 (case 2 = R™).

When (2 is an open subset of R™, let us define H*({2) for s € Ry \ N by
interpolation.

Definition 2.1.17 Let s € Ry \ N, and write s = m + o, with (m,0) €
Nx]0, 1[. The Hilbert space H*(§2) is the interpolated space

H*(02) := [H™(2), H" (2)]1 -0
Its norm and scalar product are denoted by || - || g+ (o) and (-, ) gs(2)-

Remark 2.1.18 The above Definition is motivated by the fact that, when
2 = R"™, the definitions via the Fourier transform and the interpolation theory
coincide algebraically and topologically.
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One can then define the spaces of functions that are locally in H® in the
following way. If f belongs to H*(w) for every open subset w of every compact
subset of (2, then f is locally in H*({2), and one writes

[ € Hi,o(£2).
One has the continuous imbeddings, for ¢ > s > 0,
D(2) C H'(2) C H(N) C L*(N). (2.5)

To extend the scale of Sobolev spaces to negative fractional order, let us build
dual spaces of the Sobolev spaces H*({2), s > 0. As a matter of fact, one
instead considers the dual spaces of

H{(£2) := closure of D(£2) in H*({2), for s > 0.

As a closed subspace of H*(f2), Hj({2) is a separable Hilbert space. The
motivation is twofold:

e By a density argument, one can replace elements of H{(§2) with elements
of D(£2).

e When the boundary of 2 is bounded and appropriately smooth, Hg({2)
can be characterized as a subspace of H*({2), the elements of which fulfill
some homogeneous boundary conditions (see Theorem 2.1.62 and Remark
2.1.64.)

NB. It holds that H§(R™) = H*(R"), for all s > 0.

Definition 2.1.19 For s > 0, the dual space of H§(12) is called H*(2).
The action of elements of H *({2) on elements of H5(§2) is denoted with the
help of duality brackets: (-, ) us(0)-

Its canonical norm is denoted by || - || -5 (0)-

(fsv)ms (0
HfHH*S(Q) = sup 70()
veHG (£2),v#0 vl s (2)

Endowed with ||| -+ 0y, H~*(£2) is a Banach space. Furthermore, as the dual
of a (separable) Hilbert space, H*(§2) can be made into a (separable) Hilbert
space, with a scalar product (-,-)g—s (o) such that HfH%(,S(Q) = ([, a2
for all f € H—5(02).

Proposition 2.1.20 Let m € N. The space H="™({2) is made up of distribu-
tions of the form

> Oafar with fo € L*(92).

aeN”, |a|<m
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Identifying L?(§2) with its dual space, one has the continuous imbeddings, for
t>s>0,
L*(2)Cc H () Cc H'(2) c D'(92). (2.6)

In order to deal with functions that are defined on a proper subset of the
actual domain of interest, one has (unfortunately) to introduce a final class
of Sobolev space...

Definition 2.1.21 Let s > 0. The space H*(£2) is composed of elements f of
H?(£2) such that the continuation of f by zero outside 2 belongs to H®(R™).
The dual space of H*(§2) is denoted by H*((2).

Now, let us consider functions that are defined up to the boundary, i.e., on £2.
To that aim, we need some additional assumptions, which are summarized
below.

Category (C2): open subsets of R, with a Lipschitz boundary.

Definition 2.1.22 Let {2 be an open subset of R™, with boundary I'. the
boundary I is said to be Lipschitz if, and only if:

e at each point & of I', there exists a Lipschitz-continuous mapping (de-
fined on a hypercube of R"~* with values in R), the graph of which locally
represents I' in a neighborhood of x;

e at each point x of I', §2 is locally on one side only of I".

Similarly, the boundary is said to be C* (respectively C*1) for k € N*, when
all local mappings are of reqularity C* (respectively C*')().

Remark 2.1.23 When I is Lipschitz, it is, in particular, a Lipschitz sub-
manifold of R™. On the one hand, the interior {2; and the exterior (2. of a
cube belong to the category (C2). On the other hand, a set with a boundary
including cusps, cuts or slits does not...

It is then a priori possible to define the wunit outward normal vector to the
boundary of an open set of category (C2), where, by outward, it is understood
that the vector points out of 2.

Definition 2.1.24 In an open set §2 of category (C2), one denotes by n the
unit outward normal vector to its boundary I.

3 Classically, for k € N, 8 €]0,1], © C R™, C*#(0) is the Holder space defined by

oy [021(2) — 905 (w)
zAy |z —y|?

cPP(0) = {f e C*0O) : >

aEN?, |a|=k

< oo},

where C*(O) := {f € C°(O) : duf € C°(0), Ya € N", |a| < k}.
Lipschitz-continuity coincides with C%! continuity.
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Proposition 2.1.25 In an open set 2 of category (C2), the unit outward
normal vector field n is defined almost everywhere on I', and furthermore,
n; € L), i=1,--- ,n.

Remark 2.1.26 In an open subset of R™ with C*' boundary (k € N*), it
holds that n; € C*~LW(I), i=1,--- ,n.

In such open sets of R”, it is possible to establish very convenient density
results. Let us first introduce a set of smooth functions.

Definition 2.1.27 The space C°(82) is composed of the restrictions to 2 of
C* functions with compact support in R™.

Proposition 2.1.28 Let s > 0. In an open set 2 of category (C2), C=°(12)
is dense in H®(2).

It is because {2 is locally on only one side of its boundary that one can define
elements of C2°(£2) as restrictions. This property allows one to establish the
previous Proposition. Another closely related result is...

Proposition 2.1.29 Let s > 0. In an open set §2 of category (C2), D(£2) is
dense in H*($2).

These results are also related to restriction and continuation properties that
we recall below.

Proposition 2.1.30 Let s > 0, and let 2 be an open set of category (C2).
Then, the restriction operator u — u)q is continuous from H*(R™) to H*(2).

Proposition 2.1.31 Let s > 0, and let 2 be an open set of category (C2)
with a bounded boundary.

Then, there exists a continuous (linear) continuation operator E from H*({2)
to H*(R™), independent of s, such that, for all u € H*({2), (Bu) o = u.

Remark 2.1.32 If, in addition, {2 is bounded, one can choose a closed ball
O containing 2 such that for all w € H*($2), Eu is supported in O.

Category (C3): bounded, open and connected subsets of R™ with a Lipschitz
boundary. A set of category (C3) will be called a domain later on.

NB. £2; belongs to the category (C3), but {2, does not.

Let us review some practical instances of open sets {2 of the category (C3),
in R? and R3.

In R?, open sets bounded by a polygonal boundary automatically fall into this
category: these are called polygons.

This is also the case for curvilinear polygons, defined as follows. An open sub-
set 2 of R? of the category (C3) has a C? curvilinear polygonal boundary
I if, for all points G of I', there exists r¢ > 0 and a diffeomorphism x¢,
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such that x¢ is a piecewise, C?-diffeomorphism that maps the neighborhood
2N B(G,rg) of G to a neighborhood of the origin O, included in the plane
sector Pg = {(rcosf,rsinf) : r >0, 0 € [0;wg]} of opening wg € ]0; 27|,
G being sent to O.
In the same spirit, one can define spherical curvilinear polygons, as open sub-
sets of the sphere S? that fulfill the same property (existence of a piecewise,
C?-diffeomorphism) at all boundary points.
All of the above belong to the class of curvilinear polygons. Loosely speaking,
the boundary of a curvilinear polygon is a manifold with corners.
In R3, one can consider a set {2 with a boundary I', made of a finite set of
planes faces, i.e., a polyhedral boundary. Note that, contrary to the sets of
R?, there actually exist bounded open sets with a polyhedral boundary, which
do not fulfill the second requirement, stating that at each point of I', (2 is
locally on one side of I'. An example is pictured below: let {29 be an open set,
interior to the “two sugarcubes”. In any neighborhood of the point C, which
is located at the intersection of boundary edges, {2y is not only on one side of
its boundary.

One can also define curved polyhedra. Let us consider an open subset (2

Fig. 2.1. The “two sugarcubes”.

of R of the category (C3): £ has a C? curved polyhedral boundary I"
if, for all points G of I', there exists r¢ > 0 and a diffeomorphism xg,
such that yg is a piecewise, C?-diffeomorphism that maps the neighborhood
2N B(G,rg) of G to a neighborhood of the origin O, included in the cone
Ce = {xeR® : x/|z| € S¢}, with S¢ a spherical curvilinear polygon of
52, G being sent to O.

Subsets of R? of the category (C3) with a polyhedral boundary, or with a
curved polyhedral boundary, are called curved polyhedra.

Finally, let us mention briefly azisymmetric domains of R3, which are gener-
ated by the rotation of a polygon around one of its edges (these will be of use
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in Chapter 9). More precisely, the rotation occurs around a line, the so-called
axis, that contains this edge.

Remark 2.1.33 In general, an azisymmetric domain is not a curved poly-
hedron, because the rotation of each of the two edges that intersect the axis
generates a cone with a circular base, unless there is a right angle at the
corresponding vertezx.

Loosely speaking again, we note that the boundary of a curved polyhedron or
of an axisymmetric domain is a manifold with corners and edges.

The sets of curvilinear polygons, curved polyhedra and axisymmetric domains
form three important subcategories of (C3), in the sense that it is possible
to get more precise, and often more explicit, results than for the ”general”
domains of (C3).

In open sets that belong to the category (C3), one can nevertheless establish
many useful results.

Let us begin with a result that is sometimes called the Lions’ Lemma.

Theorem 2.1.34 In a domain 2, it holds that, algebraically and topologi-
cally,

Q) ={feH Q) : 9;fe H(2),j=1,---,n};
L) ={feli (2) : 0;f e HQ),j=1,---,n}.

loc

Let us continue with the definition of equivalent norms on H{*(§2), which
stems from the famous Poincaré inequalities.

Theorem 2.1.35 Let m > 1. Given a domain §2, there exists a constant C,,
which depends only on (2, such that

Ve Hy'(2), |flamw) < Cmlflam):-

NB. It is enough to assume that {2 belongs to the category (C2), and that
it is bounded in one direction (Je € R™ such that —co < infzep - e <
SUPLcn & - € < 400), to prove the claim in Theorem 2.1.35.

Accordingly,

Corollary 2.1.36 Let m > 1. Given a domain (2, || - ||gm (o) and | - |gm o)
are equivalent norms on H{*(§2).

In H™(2), one can further prove the so-called Poincaré- Wirtinger inequality.

Theorem 2.1.37 Let m > 1. Given a domain {2, there exists a constant C!,,
which depends only on §2, such that
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/8fdw

In practice, one uses the Poincaré-Wirtinger inequality in the subspace

H,,(02) == {f € H'(2) : (f1) = 0}.

From now on, the index .., generically indicates that one considers the sub-
space made of zero mean value fields, such as L2, (£2), H},,,(£2), etc.

In a domain (2, one can prove (cf. [198]) that the Definition 2.1.17 of the
fractional-order spaces H*®({2) coincides algebraically and topologically with

the definition below, where the norm is explicit.

1/2

Ve H™(2), |fllam@) < Cr S 1f1Ema) +

aEN”, |o¢\<m

Definition 2.1.38 Let s € Ry \ N, and write s = m + o, with (m,0) €
Nx]0,1[. The space H*(2) is composed of elements [ of H™(2), such that

1/2

0 f(x) = duf (W)
flasca) = / dx dy <oo. (2.7
o= aeNnZa|— oJo |w—y|”+2g @7)
Let 172
1 llsy 2= {1F im ey + 1B} - (2.8)

Endowed with the norm || - || g0y, H*(£2) is a Banach space.
It is a Hilbert space, endowed with the scalar product

(fs )HS(Q)

// af ) = 9 ) ag(@) = ad®) 4, .

_ n+2o
aENm?, \a| |$E y|

Remark 2.1.39 One can compare the semi-norms (| - |gs(0))sejo,1] to the
semi-norm | - |1 (), provided 2 is a domain. Following [61], one can prove
that

3C,,Co >0, Vf € H'(2), Cilflm(o) < ;E(l = 8)|flas ) < Colflm1 ()

For the comparison to hold, one must include the (1 — s) multiplicative factor
in the limit.

Remark 2.1.40 One can also introduce the series of Sobolev spaces based
on LP($2), with 1 < p < oco. This results in the well-known W*P({2), for
s > 0. Then, 2 (respectively 1/2) is replaced by p (respectively 1/p) in (2.3),
(2.4), (2.7) and (2.8). When 1 < p < oo, these function spaces are separa-
ble, reflexive Banach spaces and, for p = 2, they are Hilbert spaces: in this
case, one has W*2(2) = H*(2) algebraically and topologically. Afterwards,
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one defines the dual spaces W=7 (£2) of WP (2) (the closure of D(£2) in
W#P(§2)), with the conjugate exponent p’ s.t. 1/p+ 1/p’ = 1. Also, one can
identify W12°(02) with C%1(0), the space of Lipschitz-continuous functions
on 2. However, since most problems in this book are accurately resolved with
the help of the (H*®(2))ser series of spaces, we shall concentrate on them.

One can establish imbedding results: continuousimbeddings, also called Sobolev

imbeddings, and compact imbeddings.

Proposition 2.1.41 In a domain {2, it holds that, algebraically and topolog-
ically, for s >n/2:

o H*(2) C C*2), for k € N such that k < s —n/2;
o H*(0) C CHP(Q), for k € N such that k < s —n/2 < k+1, and 3 =
s—n/2—k.

We recall that the scale of Sobolev spaces is defined “recursively” by differen-
tiation. Let us note that differentiation loses ezactly one order, in the following
manner.

Proposition 2.1.42 Let 2 be a domain. Then:

o 0; : H*(2)— H* ) is continuous, for s € R\ {1/2}.
o 0; : HY?(Q)— H'Y2(Q) is continuous.

As far as compact imbeddings (denoted by C.) are concerned, one has the
results below.

Proposition 2.1.43 In a domain 2, it holds that

H¥ (2) C. H(2), fors',s" €R, s’ > s".
_ Let us now categorize the series of Sobolev spaces H*({2), Hg(£2) and
H5(£2), for s > 0. In the process, some useful results are derived.
Proposition 2.1.44 In a domain 2, it holds that

o H{(2)=H*(2), forall1/2> s> 0;

H§(02) is strictly included in H*(82), for all s > 1/2;
o H%(N2)= [HS'H/Q(Q),H5_1/2(Q)]1/2, for all s >0, such that s+1/2 € N.
By direct computations, one can bound integrals that appear in the definition
of fractional-order Sobolev spaces, cf. (2.7).

Definition 2.1.45 Let 2 be a domain, with boundary I.
The distance to the boundary pr is defined by:

= inf |x —y|.
priz) = inf [z —y|
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Lemma 2.1.46 In a domain §2, one has pr € W ().
Let o € [0,1]. There exist two constants Cy > ¢, > 0 such that

dy
Vo€ Q, copr(m) < / W < Cpr(x)
R\ |T — Y[ T2

This result has two important consequences. The first one is an alternate defi-
nition of H*((2). The second one concerns the equivalence between piecewise—
H? and H* fields (see Definition 2.1.48 and Corollary 2.1.49 hereafter).

Proposition 2.1.47 Let s > 0, and write s = m + o, with o € [0,1[. In a
domain {2, one can define H*(£2) by

0uf

r

H*(2) :={f € H{(2) : € L3(2), Ya € N", |a] = m}.

Furthermore, one has:

o H ()= H3(92), for all s > 0, such that s+ 1/2 ¢ N;
H?(02) is strictly included in H§(£2), for all s > 0, such that s+1/2 € N.

The last statement contains a justification of the need for the spaces Hs (apart
from a purely mathematical interest!). As a matter of fact, they are needed
when the exponent is equal to s = 1/2 in many situations, especially when one
considers functions, which are defined on a part of the boundary. For instance,
the characteristic function yo belongs to HY/?(£2) = Hé/z(!?), whereas it is
readily checked that ypn ¢ HY 2(2), according to Corollary 2.1.49 below.
Before that, let us introduce the notion of the partition of a domain.

Definition 2.1.48 Let {2 be a domain. A partition of 2, P := (£2p)1<p<p,
is such that:

o (2, is a domain, for 1 <p < P;
® QpﬁQqZ(Z)f_O’l“p#q;
* Q2=Uigp<p!dy.

We also introduce the corresponding set F of interfaces (here, only the man-
ifolds of dimension n — 1 are kept), indexed by pairs of indices: an element
Ypq of F is characterized by 1 < p # q < P such that Xy, = 082, N 0§24, and
N7 denotes the set of pairs of indices that correspond to an interface.
Finally, for s € [0,400], PH*(£2,P) is the set of piecewise—H® functions (with
the notation H*>® = C*), with respect to the partition P:

PH*(2,P):={f € L*(2) : flo, € H(f), 1 <p< P}.

Corollary 2.1.49 Let 2 be a domain, and P := (£2,)1<p<p a partition of £2:

o Ifse0,1/2], HY(2) = PH(2,P);
o Ifs>1/2, H5({2) is a strict subset of PH*({2,P).
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Let us now focus on functions defined on the boundary I" of a domain (2.

Remark 2.1.50 Before we proceed, let us remark that all results below, which
deal with function spaces defined on the boundary or with trace mappings, are
also wvalid for exterior domains, that is, open sets 2 = R™\ 2o, 2y being a
domain of R™.

Let dI" denote the usual Lebesgue measure on the surface I'. Introduce...

Definition 2.1.51 The space L*(I") is composed of all complez-valued, Lebesgue-
measurable functions f on I' such that

1/2
Ifllz2cry = {/Flf|2dl“} < 00.

Endowed with the norm || - || 2(ry, L*(I") is a Banach space. In addition, it is
a Hilbert space, endowed with the scalar product

(.92 == /F fgdr.

One can then further define, for suitable s, some Sobolev spaces on I

Definition 2.1.52 Let s €]0, 1].
The space H*(I') is composed of elements f of L*(I") such that

9 1/2
iy = [ [ L o are)} <o

r o=yl

Let 12
1 ey s= {113y + Ul |

Endowed with the norm || - || g=pry, H*(I") is a Banach space.

The dual space of H*(I") is called H—*(I"). Its canonical norm is denoted by
” ’ HH*S(I’)'

Let us now focus on H* Sobolev spaces on (a part of) the boundary, for

s €]0, 1[. First, we note that they can indeed be defined on an open subset I/
of the boundary, using the above Definition, with I instead of I".

Definition 2.1.53 Let 2 be a domain with boundary I, and let I'" denote
an open subset of I with measp(I'") > 0 such that its boundary is a Lipschitz
submanifold of I' (of dimension n — 2). We denote by H/2(I") the space
composed of elements of H/?(I"") such that their continuation by zero belongs
to HY2(I'). Its dual space is denoted by H=Y/2(I").

Let us consider the practical case of a curved polyhedron 2, with s = 1/2.
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Definition 2.1.54 Let {2 be a curved polyhedron, with a boundary I' made of
smooth faces, labeled (I';)1<j<np.. The restriction to a face I'; of the normal
vector n (respectively an element f of L*(I")) is denoted by m; (respectively
f3)-

Let §2 be a polyhedral domain. When two faces possess a common edge, it is
denoted by e;; = T';NT'j, and one can choose a unit vector T;; parallel to e;;.
Furthermore, one can introduce T;(j) = Ti; X n;, so that (7;(j), Tij, ni) is an
orthonormal basis of R3. The set of pairs (i,7) such that I'; N T; is an edge
is denoted by Ng.

NB. When I"; N I'j is not empty (for i # j), it is either an edge or a vertex.

Definition 2.1.55 Let {2 be a curved polyhedron, with the notations of Defi-
nition 2.1.54. Let H'/? (I') be the function space

HY*(D):={f e L*(I) : f; € HY*(I}), 1<j < Nr}.

Let (i,7) € Ng. Given f € Hi/2(f'), one writes f; 12 1 if, and only if,

/ /p e Iw—yl3 ) =L ar @) ary) < .

One can prove (cf. [67])

Proposition 2.1.56 Let {2 be a curved polyhedron, with the notations of Def-
inition 2.1.54. Let I'; and I'j share only a common wvertex. Then, for all

fe HYA(I), it holds that

// —lf(Taz:?J;fg)PdF(w)df(y)<oo

One infers from this Proposition an alternative definition of the space H'Y/?(T')...

Corollary 2.1.57 Let {2 be a curved polyhedron, with the notations of Defi-
nition 2.1.54 and Definition 2.1.55. One has

HYX(D) = {f e HYA(I') : fi'L f;, (0,§) € N}

Remark 2.1.58 To summarize, the values on two adjacent faces of elements
of H'/? (I') are not correlated, provided that the two faces share only a vertex.
On the other hand, it is clear that they are correlated, when they share an edge.
The correlation is explained below, in the particular case when the element
vanishes on one face. For more general results on compatibility conditions for

elements of H*(I"), see [124, 46].
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Proposition 2.1.59 Let {2 be a curved polyhedron, and let Iy be a face of
its boundary. The space H'/?(I7) is equal to

I

H'Y2(I) = {f e H/*(I) : :
oI

€ L*(I)},

where par, is the distance to the boundary OI% .

Let us consider again any domain {2 with boundary I', and let I be an
open subset of I'; with measp(I"") > 0, such that its boundary is a Lipschitz
submanifold of I': one can define the space HY/2(I") as in Definition 2.1.53.
Moreover, one notices that if f € H~1/2(I"), its restriction to I'!, denoted by
fir+, naturally belongs to H~Y2(I"), according to

Vg € ﬁl/Q(F/)a <f\F’79>1§1/2(p/) = ([ §>H1/2(F)7 (2.9)
where g is the continuation of g by zero to the whole boundary I

On the other hand, one has the result below.*

Proposition 2.1.60 Let 2 be a domain with boundary I', let I'' be an open
subset of I', with 0 < measp(I"") < measr(I'), such that its boundary is a
Lipschitz submanifold of I', and let I'" = int(I'\ IT").

Let f € H-Y2(I'). Then, one has fir € H=Y2(I'") if, and only if, firm €
H=Y2(I'"). In this case, one can write

Vg € H1/2(F)7 <f,9>H1/2(r) = <f\F’7g|F’>H1/2(F/) + <f|r~=9\F”>H1/2(p~)-

Moreover, for some C' > 0, which depends only on I" and I"':

I fio =12y < C (I =120y + W fioo =12 rmy) -
The next result establishes the existence of traces of elements of H*({2) on

the boundary I', for suitably chosen s (see [112] for the special case s = 1).

Definition 2.1.61 Let {2 be a domain. Let f be a smooth function defined
on 2. Its trace fir on the boundary I' is denoted by vof, and o is called the
trace mapping.

Theorem 2.1.62 Let 2 be a domain, and let s €]1/2,1]. The mapping o has
a unique continuous extension, from H*(82) to H*~1/2(I"), which is surjective.
In addition, the following characterization holds:

HG(2) ={f e H*(2) : fj, =0}

Remark 2.1.63 Since we assume only Lipschitz regularity of the boundary,
one cannot define the trace mapping of the normal deriative f — grad f -n

* Given any subset S of R™, int(S) denotes the interior of S.
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from H?(02) to HY?(I'). Indeed, assume that £2 is a curved polyhedron, and
consider f € H2(£2). One sees easily that, for 1 < j < Np, grad f-n .

belongs to HY/?(I}). But the values on two adjacent faces (sharing an edge) are
uncorrelated. According to Corollary 2.1.57, y1f does not belong to HY/?(I').
However, one can still define a trace mapping of the normal derivative with
values in H='/2(I") (see Corollary 2.2.20 in the next section). On the other
hand, if the boundary is CY', then this trace mapping actually goes from
H?(2) to H'/2(I).

Remark 2.1.64 In the same spirit, one can also characterize the spaces
Hi(92) for s > 1, provided 2 is a curvilinear polygon, a curved polyhedron
or an azisymmetric domain. It holds that (cf. [92])
s o o*f
H5(2)={fe H*(2) : ok | =0, Vke N, k<s—1/2}.
r

Above, the definition of the trace of the normal derivative of order k is

oFf 1
L — _ @
onk w Z a!(?afn ’
aeN” |a|=k
where a! = ag!---ay,! and n® = ni* ---nSn. For instance, for s €]3/2,5/2],

one has
HOS(Q):{feHS(Q) fIF:O’ gradfn‘F:()}

Definition 2.1.65 Let 2 be a domain with boundary I'. Let I be an open
subset of I' such that its boundary is a Lipschitz submanifold of I', with
measp(I"") > 0. Introduce

CX(02):={feC>(2) : f=0 in aneighborhood of I''}.
Then, one can define, for s €]1/2,3/2],
H§ 1/(£2) == closure of C72(2) in H*(£2);
furthermore, it holds that
H; 1 (2) = {f € H(2) + fi,, =0},

Also, one can prove another Poincaré inequality, set in H& (£2).

Proposition 2.1.66 Let {2 be a domain with boundary I'. Let I'' be an open
subset of I', with measp(I'") > 0. Then, there exists a constant Cy, which
depends only on 2 and I'" such that

VfeHyr(2), |Ifllaro <Culfla -
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Whenever applicable, we shall use the subscript ¢, to label subspaces com-
posed of elements with periodic traces.

Finally, let us conclude with a classical result, which uses traces on parts of
the boundary, and which can be seen as a complement to Corollary 2.1.49.

Definition 2.1.67 Let (2 be a domain partitioned into P := (§2,)p=1,—. Let
X = 004 N ON2_ be the interface separating 24 and (2_. Denote by n
(respectively m_ ) the unit outward normal vector field to 024 (respectively
02_). Denote by nx, a unit normal vector field to X, and define

5T = +lifny =ny on ¥ P +lifn_=ny on ¥
Y -1lifn,=-nyg on X’ Tl -lifn_.=-ngonX’

Given [ € PH*(£2,P) for s > 1/2, the jump of f through X is equal to

[fls = 6570+ f + 0570, -
The jump is understood as a difference, because 5; = —05..

Proposition 2.1.68 Let (2 be a domain partitioned into P := (£2p)1<p<p,
and let F denote the set of interfaces. For s €]1/2,1], it holds that

H*(2) ={f € PH*(,P) : [flz,, =0, ¥(p,q) € Ni}.

NB. To handle the case s = 1/2, one needs some ad hoc theory, see, for
instance, Corollary 2.1.57.

2.2 Vector fields: standard function spaces

In this section, since electromagnetic fields are considered, unless otherwise
specified, we stand explicitly in 2 = R3, or in an open subset 2 of R3.
In what follows, we use § defined on {2, and such that

£€L>®(2) and §'el™(), ie, (2.10)
(€)i; € L®(2) and (£1);;, € L=(2), 1<14,j < 3.

2.2.1 Elementary results

Let us introduce our first space of vector fields,
D(2):={g : g; €D(), j=1,2,3}.

Looking at Egs. (1.6-1.9), one sees that Sobolev spaces like H!(§2) are not
explicitly required, since the first-order differential operators that appear are
not the gradient, but rather the curl and divergence. More precisely, all partial
derivatives of the electromagnetic fields are used, but they appear in linear
combinations, if one recalls that
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9vs vy

8$2 8:173

divp o Qv Ov Ous | 9u Ous
n 8$1 8:172 8$3, n 8$3 8171 ’

vy Oup

(91:1 6$2

together with the formula div(v X w) = w - curlv — v - curl w.
For any smooth vector field v, the pointwise inequalities hold:

2
[divo(@)P < | Y Ovi (w)’ < 3|Gradv(z)|?, (2.11)
- Ox;
1<i<3
2 dv; ? 2
lcurlv(z)* <2 ) ()] <2/ Gradv(@)P, (2.12)
1<i,j<3, izj | O
with (Grad v(@)): s = 2% (2), 1< i,j <3, | Grad v(z)[® = 3 %(m)2
R e _1<ij<3 Oz,

This being remarked, let us note that the Sobolev space H!(§2) is useful, and
especially the space of its traces H/2(I'), since it is of fundamental impor-

tance in the definition and characterization of traces of the electromagnetic
fields.

Definition 2.2.1 Let 1 < p < oo. The spaces LP(2) = {v : wv; €
L?(2), i = 1,2,3} are Banach spaces. They are separable, with the excep-
tion of L™ (£2).

In particular, LQ(Q) is a Hilbert space, endowed with the scalar product

(v]w) ::/Qv-ﬁd:c.

Definition 2.2.2 Let s € Ry. The spaces below are separable Hilbert spaces:

H?(2):={v : v, € H(2), i=1,2,3}.
H(curl, Q) := {v € L*(2) : curlv € L*(2)}, where the curl is taken
in the sense of distributions. The canonical norm is

1/2
ol sreurt.) = { /Q (ol + |cur1v|2>dw} L @)

e H(curlf, Q) :={ve L*() : curlfv € L*(2)}, where the curl of (v is
taken in the sense of distributions. The canonical norm is

1/2
ol st = { [ o+ |cur1av|2>dw} L 2w
N
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e H(div,0) := {v € L*(2) : dive € L*(R2)}, where the divergence is

taken in the sense of distributions. The canonical norm is

1/2
HUHH(diV,Q) = {/ (|’U|2 + |d1V’U|2)dw} . (215)
2

o H(divE Q) := {v € L*(N) : diviv € L*(22)}, where the divergence of
fv is taken in the sense of distributions. The canonical norm is

1/2
lollavse ={ [ (o +lavioPyae} . (210)
L*(T):={v : v; € L*(I"), i=1,2,3}.
HY(I'):={v : v, € H}(I'), i =1,2,3}.
Let s €]0,1/2[. The spaces below are separable Hilbert spaces:
H_ (div, ) :={ve L*() : dive € H*(2)}.

The canonical norm is

1/2
vl e _ . (giv,0) = |v|? dx + ||divv||§{73(m )
(7]

Using (2.11) and (2.12) together with Proposition 2.1.28, one immediately
gets the imbedding results below.

Proposition 2.2.3 The space H'(£2) is continuously imbedded in H (curl, 2)
and in H(div, £2).

NB. Let us point out that one has to be careful with “reverse” imbeddings,
since H(div, 2) N H(curl, £2) is only imbedded in HJ, (£2) in general (see
[10]).

One then has the convenient properties below.

Proposition 2.2.4 Under the assumptions (2.10) on &, one has:

e v belongs to H(curlg, 2) if, and only if, v belongs to H(curl, 2);
o v belongs to H(divE, (2) if, and only if, v belongs to H(div, {2).

This Proposition allows us to simply derive useful results for elements of
H(curl, ) (respectively H (div{, 2)), via those obtained for elements of
H (curl, ) (respectively H (div, 2)).

Recall that (see Proposition 2.1.12), an element v of L?(2) belongs to H'(§2)
if, and only if, there exists Cy.qq > 0 such that,

Vg € D(£2), |[(v]divg)| < Cyraallgllr>(0)-

One can prove similar results.
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Proposition 2.2.5 Let v € L*(12).
e v € H(curl, 2) if, and only if, there exists Ceyri > 0 such that

Vg € D(£2), |(v|curlg)| < CeurillgllLz(e)-
e v e H(div,2) if, and only if, there exists Cai, > 0 such that
Vg € D(£2), |(v|gradg)| < CaivllgllL2(0)-

One can then introduce the closures of D({2), respectively, in H (curl, £2) and
H(div, 2).

Definition 2.2.6 Consider:

e Hy(curl, 2) := closure of D(£2) in H(curl, {2) according to the norm (2.13);

e Hy(div, 2) := closure of D(£2) in H(div,2) according to the norm (2.15).

NB. It holds that Hy(curl, R™) = H (curl, R") and H(div, R™) = H(div,R™).

In the spirit of Proposition 2.2.4, one can define H(curl§, 2) and H(div g, £2).
Definition 2.2.7 Under the assumptions (2.10) on &, introduce:

Hy(curl, ) := {v e L*(2) : &w € Hy(curl, 2)};
Hy(divE, Q) := {v e L*(2) : & € Hy(div, 2)}.

Let us mention a continuation result.

Proposition 2.2.8 Let 2 be an open set of category (C2) with a bounded
boundary. Then, there exists a continuous (linear) continuation operator E
from H(curl, 2) to H(curl,R?), respectively H(div, 2) to H(div,R3), such
that, for all v € H(curl, §2), respectively v € H(div, {2), one has (Ev)| o = v.

Remark 2.2.9 If, in addition, {2 is bounded, one can choose a closed ball O
containing 2 such that for all v € H(curl, 2), respectively v € H(div, {2),
Ev is supported in O.

Before carrying on with traces, let us consider some simple, but crucial, results
about the mappings grad and curl. The proof is given hereafter, since it is a
good example of the simplicity and of the range of the theory of distributions...

Proposition 2.2.10 One has the following:

1. The mapping grad is continuous from H(2) to H(curl, §2);
2. the mapping grad is continuous from H3(£2) to Ho(curl, 2).
3. The mapping curl is continuous from H (curl, 2) to H(div, 2);
4. the mapping curl is continuous from Hy(curl, 2) to Ho(div, 2).
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Proof.

1.

3.
4.

Given v in H'(£2), let us check first that w = gradv belongs to
H (curl, 22). By definition, one has w € L*(£2). If w were smooth, then
curlw = curl(grad v) = 0 would follow. Unfortunately, this is not the
case. Nevertheless, one can consider curl w in the sense of distributions,
to reach, for all g € D(12)

(curlw, g) = (w, curlg) = (grad v, curlg) = — (v, div(curlg)) = 0.

(Above, the first equality is left to the reader.)

In other words, curlw = 0 in the sense of distributions. As a conse-
quence, since 0 belongs to L*(£2) —considered as a subspace of D’(£2) :=
(D' (£2))3!- one finds that curlw is in L*(£2). Thus, w is an element of
H (curl, ).

Also, one has

||"UHH(cur1,Q) = ||"UHL2(Q) = |U|H1(Q) < ||UHH1(Q)7

which establishes the continuity of the grad mapping from H'(§2) to
H (curl, 02).

According to item 1, given v in Hg(2) and w = gradv, one has w €
H (curl, 2). Therefore, one has only to check that w actually belongs
to Ho(curl, 2). By definition of H}(§2), there exists a sequence (vg)x of
elements of D(§2), which converges to v in || - || 1 (o)-norm. According
to item 1, (wg)x, with wy = grad vy, converges to w in || - || g(cur1,2)-
norm. Moreover, all wy, belong to D(f2), so w belongs to its closure in
| - | E (cur1,2)-norm, which is precisely equal to H(curl, §2).

The proof is similar to that of item 1.

The proof is similar to that of item 2.

We conclude this subsection with the introduction of a number of Hilbert
function spaces with curl-free or divergence-free elements.

Definition 2.2.11 Define

H(div0,?) :={v € H(div,§2) : divo =0};
H(div0,2) := H(div0,2) N Hy(div, 2);
H(curl0, ) := {v € H(curl,2) : curlv =0};
H(curl0, 2) := H(curl0, 2) N Hy(curl, £2).

Under the assumptions (2.10) on §, define

H(div 0, 2) :={v e H(div{, 2) : diviv =0};
H(div§0, 2) :== H(div {0, 2) N Hy(div§, 2);

H (curl?0, ?) := {v € H(curl{, ) : curlfv =0};
H(curl {0, 2) := H(curl{0, 2) N Hy(curl g, 12).
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2.2.2 Traces of vector fields

In order to define properly the trace on I' of elements of H(curl, {2) or of
H (div, £2), it is convenient to have integration-by-parts formulas at one’s dis-
posal. As a matter of fact, one can proceed by duality, with respect to the
spaces HI/Q(F) and H'?(I'), respectively, that is, those trace spaces that
originate from H'(£2) and H'(£2).

From now on, let {2 be a domain. As far as notations are concerned, one
notices that in a domain, which is bounded by definition, the index . (for
compact support) of the set C2°(£2) of Definition 2.1.27 can be dropped.

Let us begin with density results (cf. [118, Chapter I] and [9]).
Proposition 2.2.12 One has the following:

o C>(0) is dense in H(curl, 2);
C>(9) is dense in H(div, 2);
o fors€|0,1/2], C™(92) is dense in H _(div, 2).

With the help of Proposition 2.2.4, one easily infers other results.
Corollary 2.2.13 Under the assumptions (2.10) about €, one concludes that:

o §1C™(N) is dense in H(curl€, §2);
§1C™ () is dense in H(div§, (2).

One can define the unit outward normal vector n = nie; + noes + nzes
to its boundary, almost everywhere (cf. Proposition 2.1.25).

It is well-known that it holds that, for two functions f and g of C'(£2),

dg 0
g+f

—/fgnid[', i=1,2,3. (2.17)
r

What can be deduced from this formula?
o First, if £ belongs to C*(12),

all three (f;)i=1,2,3 belong to C1(£2); as a consequence,

/{fz J afl }d:v—/flgnzdf i=1,2,3.

Summing over ¢ yields

{f-gradg—l—divfg}dw:/f~nng. (2.18)
Q r

o Second, given two elements f and g of C*(12),
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the following formulas are satisfied:

_ 95 0oy o Dov Ogs o Don O
/Qf curlgdac—/Q{fl(aw2 8$3)+f2(8:103 6x1)+f3(6:61 8;52) dz

[ewis giz= [ {<%—%>gl+<%—%>gz+<%—%mg}dcc.
0 0

6$2 6$3 (91‘3 (91‘1 6,@1 6$2

Taking the difference yields,

_ 995  Ofr .\ O92 O
/Q{f curlg —curl f-g}dx = /Q{(fl D1y + D 93) — (f1 D + Dy 92)
dg1  Ofa g3  Ofa
+(f287+8—117391)_(f28—171+8—$193)
O0ga  Of3 g1 9fs
+(f36—xl+% 2) = (fsg—+ 591 de

= /{f1(93n2—92n3)+f2(91 n3 = g3 )
r
+f3(g2m1 — gim2)}dl’
_ _/f.(gxn)df'.
r

NB. The left-hand side is skew-symmetric with respect to (f,g): one can
therefore replace the right-hand side with

/ (f xn)-gdI.
r
As a conclusion, it follows that
/{f-curlg—curlf-g}dwz/(fxn)-gdf'. (2.19)
Q r

One can infer a first generalized integration-by-parts formula from (2.19), using
the density results of Definition 2.2.6 and Proposition 2.2.12.
Theorem 2.2.14 Let (f,g) € Hoy(curl, £2) x H(curl, 2):

(f| curlg) — (curl f|g) = 0. (2.20)

Similarly, second and third generalized integration-by-parts formulas can be
proven, again using density results (namely, the definition of H{(£2), and
Proposition 2.2.12) and (2.18).

Theorem 2.2.15 Let (f,g) € L*(2) x H}(2):
(flgrad g) + (div £, ) g1 () = 0. (2.21)
Let (f,g) € H'(2) x H}(£2):
(grad f|grad g) + (Af, 9) g1 (o) = 0. (2.22)
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Thanks to (2.18), one can prove some results concerning the normal trace of
elements of H (div, £2) (cf. [118, Chapter I]).

Remark 2.2.16 As remarked previously, the results that deal with function
spaces defined on the boundary or with trace mappings are also valid for ex-
terior domains 2 = R?\ 2y, with 2 being a domain.

Definition 2.2.17 Let f be a smooth vector function defined on 2. Its nor-
mal trace f - m . on the boundary I' is denoted by vn f, and v, is called the
normal trace mapping.

Theorem 2.2.18 The mapping v, has a unique continuous extension, from
H(div, 2) to H=Y/%(I"), which is surjective.
In addition, the following characterization holds:

Hy(div, 2) := {v e H(div,2) : v-n. =0}

Note that, according to this framework, one can define as a by-product® the
trace mapping of the normal derivative.

Definition 2.2.19 Let f be a smooth scalar function defined on £2. Its trace
of the normal derivative (&lf)\r := grad f - n|, on the boundary I is denoted

by 71f, and 1 is called the trace mapping of the normal derivative of scalar
fields.

Consider the space
E(AL*(2) :={¢p € H'(2) : Ape L*(2)},

endowed with the graph norm (see Definition 4.1.5). Given any element f
of E(A,L*(£2)), its gradient grad f belongs to H(div,{2), so its normal

trace is well-defined. Then, since it is easily proven that C°°({2) is dense
in E(A, L*(£2)), one finds that v f actually coincides with ~,(grad f). One
can finally prove...

Corollary 2.2.20 The mapping v1 has a unique continuous extension, from
E(A,L2(2)) to H-Y2(I"), which is surjective.

It is important to note that the normal traces of elements of H (div, {2) do not
belong, in general, to L?(I"), but to a larger space. This is a reversed situation,
compared to the trace of elements of H*(£2). This means that, unless otherwise
specified, the normal trace is not (locally) integrable on I'.

Remark 2.2.21 Consider § that fulfills (2.10). With respect to the norm
(2.16), the closure of €1 D(82) in H(div g, 2), Ho(div{, §2), is equal to

{ve H(dive, ©2) @ &v-n) . =0}

5 Evidently, a direct construction is also possible!
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To conclude on the normal trace, we give the result of [9] regarding elements
of H_4(div, £2).

Theorem 2.2.22 Let s €]0,1/2[. The mapping v, has a unique continuous
extension, from H _(div, 2) to H=Y?(I"), which is surjective.

Thanks to (2.19), one can now prove some results concerning the tangential
trace of elements of H (curl, 2) (cf. [118, Chapter I]).

Definition 2.2.23 Let f be a smooth vector function defined on 2. Its tan-
gential trace f X n| . on the boundary I' is denoted by v f, and vy is called
the tangential trace mapping.

Theorem 2.2.24 The mapping yT has a unique continuous extension, from
H(curl, 2) to H Y*(I").

In addition, the following characterization holds:
Ho(curl, ) := {v € H(curl,2) : v xn|,. =0}
Again, unless otherwise specified, tangential traces of elements of H (curl, {2)
are not (locally) integrable on I
Remark 2.2.25 Consider § that fulfills (2.10). With respect to the norm
(2.14), the closure of £ D(82) in H(curlg, 2), Hq(curlg, 2), is equal to
{v € H(curl§, ) : fv xn|, =0}

If one introduces I/, an open subset of I", with measp(I") > 0, such that
its boundary is a Lipschitz submanifold of I", then one can characterize [110]
the restriction to IV of the normal (respectively tangential) trace of elements
of H(div, §2) (respectively H (curl, {2)), in the same way and with the same
notations as (2.9). Indeed, one finds that:

e given f € H(div,2), f-n r belongs to ﬁ_l/Q(F’), according to

Vg e HYA('), (fn0,9) o rry = (F -1 @) ey (2.23)

——1/2
e given f € H(curl, 2), f x njr belongs to H / (I'"), according to

—1/2 N
Vg e H (FI), <f X 'I’L‘p/,g>ﬁ1/2(r,) = <f X ’I’L,g>H1/2(F) . (224)

Remark 2.2.26 Results similar to (2.23) (respectively (2.24)) hold for fields
of H(divE, $2) (respectively H(curl®, (2)), under the assumptions (2.10)
about .

Definition 2.2.27 Let 2 be a domain with boundary I'. Let I be an open
subset of I' such that its boundary is a Lipschitz submanifold of I', with
measp(I"") > 0. Introduce



February 22, 2018 95
X(2):={feC>™(2) : £f=0in aneighborhood of I''}.
Then, one can define

H r/(curl, 2) := closure of C%,(2) in H(curl, 2);
H r/(div, 2) := closure of C7(2) in H(div, £2).

Furthermore, it holds that

HO,F’(Curly Q) = {f (S H(Cll]f'l7 Q) : f X ’n,lp/ = O} ;
HO,F’(diV, »Q) = {f S H(le, .Q) : f . ’I’I,IF/ = O}

As a consequence of Proposition 2.1.60, we note that if f € Ho r(curl, £2),
then f x njpv € H~Y2(1"), where I = int(I'\ I") (here, measr(I"") <
measp(I)). Similarly, if f € Ho r(div, £2), then f-n € H-/2(I").

Once the existence of the trace mappings has been established, it is possible
to consider some other generalized integration-by-parts formulas (2.18) and
(2.19). Note that those formulas are closely intertwined with the characteri-

zation of subspaces composed of trace-free elements. We recall that, according
to Proposition 2.1.44, for s €]0,1/2[, one has Hi(£2) = H*(12).

Theorem 2.2.28 Let (f,g) € H(div,2) x HY(£2):
(flgrad g) + (div flg) = (f - 7, 9) w2y (2.25)
Given s €]0,1/2[, let (f,9) € H_s(div,2) x H*(£2):
(flgrad g) + (div f, 9) s () = (F -7, 9) w2y (2.26)
Let (f,g) € H(curl,2) x H'(22):

(F|curlg) — (curl flg) = (£ X 1, 9) gr1/2(1. (2.27)

Let us conclude this study of fields of H (div €, £2) and H (curl, £2) — one has
possibly & = I3 — with results dealing with jumps of the normal and tangential
traces. We begin with the jump of normal traces.

Definition 2.2.29 Let 2 be a domain partitioned into P := (2,)p=4,—. Let
X = 0824 NOL2_ be the interface separating (24 and 2_. We use the same
notations as in Definition 2.1.67. Given f € L*(£2) with flo € H(div, 2))

for p =+, —, the normal jump of f through X is equal to

[f'nE]E = 5;('7n,+f+’7n,—f)'

Here, the normal jump is understood as a difference! Indeed, on the interface,
it holds that n_ = —n.
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Proposition 2.2.30 Let 2 be a domain partitioned into P = (£2)p=+,—,
and let X = 0024 NON2_. Under the assumptions (2.10) about €, it holds that

H(divE, 2) = {f € L*() : f|, € H(divE 2), p=+,—,
[f -ns]ls =0 in H/2(X)}.

We then consider the jump of tangential traces.

Definition 2.2.31 Let 2 be a domain partitioned into P := (2,)p=4,—. Let
X = 0824 NOL2_ be the interface separating 24 and 2_. We use the same
notations as in Definition 2.1.67. Given f € L*(£2) with f|, € H(curl,(2,)

for p =4, —, the tangential jump of f through X is equal to

[f x ng]s =05y 4 f +7.-8).
Once more, the tangential jump is understood as a difference.

Proposition 2.2.32 Let 2 be a domain partitioned into P = (£2)p=+,—,
and let X = 0024 NON_. Under the assumptions (2.10) about €, it holds that

H(curlf, 2) = {f € L*(22) : flo, € H(curl®, 2,), p=+,—,

6f x nsls =0 in H ()},

2.3 Practical function spaces in the (¢, x) variable

To solve some time-dependent problems, in particular, the time-dependent
Maxwell equations, one needs to introduce function spaces depending both
on the time variable ¢ and on the space variable . Indeed, in that case, the
unknowus, i.e., the electromagnetic fields, depend on the (¢, ) variable. Ob-
viously, one can consider distributions in space and time, that is, on R x R3.
However, one generally distinguishes between the variables t and @, since they
do not play the same role. Classically, one deals with the values of a field at
a given time t. Hence, for a function f depending on both x and t, we are
interested in @ — f(to,x), for a given t.

More precisely, let T_ € [—o0,+o0] and T4 €] — 00, +00] with T— < T’y re-
spectively denote the initial and final times, and let 2 denote the subset of R?
of interest. With respect to distributions in space and time, the corresponding
space of distributions is simply D'(]T_, Ty [x{2). A classical result that allows
one to go back and forth from distributions in the (¢, ) variable to continuous
functions of the variable ¢, with values in function spaces of the variable x, is
that

the tensor product space D(|T—, T [) ® D(£2) is dense in D(|T_, T} [x2).

Next, consider the function
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)T, T [x2 =R
(t,x) — f(t,x).

For any time ¢ €]7_, T4, one can introduce the function f(t)

f@&): 2 =R
x— f(t,x),

so that the function f can be identified with the function

T, T — {2 =R}
t = fb).

In what follows, we will define the function spaces in the (¢, ) variable, which
will be useful for the weak formulations in the subsequent chapters. For that,
it will be sufficient to define two types of function space and one class of
vector distribution. To fix ideas, consider that 7 = 0 and T} = T < +00.
Let m € N, 1 < p < o0, and let X, Y and H respectively be two Banach
spaces and a Hilbert space of the space variable . Finally, let £(X,Y") be the
space of continuous, linear mappings from X to Y (°).

Definition 2.3.1 Given an interval I of R, C™(I; X) is the set of functions
of class C™ in I, valued into X. Endowed with the norm

IFllemax =3 s G Ollx
k=0

this is a Banach space.

Definition 2.3.2 The space LP(0,T;X) is the set of Lebesgue-measurable
Sfunctions valued into X, and such that

T 1/p
Jor 1< p <oo ||fllLeorix) = {/ I (O dt <0
0
for p=o0 [ £l 0,7:x) := esssupejo rllf ()]l x < oo
Endowed with the norm || - ||y, 7;x), LP(0,T; X) is a Banach space.

In addition, if X = H and p = 2, the space L*(0,T; H) is a Hilbert space
endowed with the scalar product

(f,9) 20,1 1) 22/0 (f(t),g(t))m dt.

Remark 2.3.3 According to the Fubini theorem, one can easily verify that
L*(0,T; L*(2)) = L*(]0, T[x ).

6 See §4.1, Definition 4.1.1, for details on continuous linear mappings.
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Hence, if f belongs to L*(0,T; L*($2)), one can define its partial derivative
with respect to the variable t in the sense of distributions, in D' (]0,T[x{2),

and consider elements such that 0,f € L?(0,T;L*(12)), which allows us to
define H'(0,T; L?(£2)), and so on.

We recall a number of classical, elementary results below.
Proposition 2.3.4 Let X' be the dual space of X.
o Forall f € LY0,T;X), there exists one, and only one, F € X such that

T T
Vge X', (g,F)x :/ (g9, f(t))x dt; F is denoted by/ f(t)dt
0 0
e Forall ge L'Y(0,T;X"), there exists one, and only one, G € X' such that

T T
VfeX, <G,f>X:/O (9(t), fYx dt; G is denoted by/0 g(t)dt.

Proposition 2.3.5 Let A € L(X,Y).
e The mapping f + Af is continuous from C°([0,T]; X) to C°([0,T);Y);

° ForallfeLl(O,T;X),/OTA( (/ f(t dt)

Proposition 2.3.6 A bound and differentiation of integrals:

/OT F(t) dt

vt €]0,T7, lim <% /tt+hf(s) ds) = f(t) and

hliré1+< [ 10 ) 7(0);

. ForallfeCl([O,T];X),/O ZJ;() ds = f(T') — f(0).

T
e Foral fe L' 0.T:X), < / 17 ()] dt ;
0

X

e Forall f€C°0,T]; X),

More generally, it is necessary to introduce the distributions valued into func-
tion spaces, that is, vector-valued distributions. According to [94], one can
proceed as follows.

Definition 2.3.7 The space of X-valued distributions in |0,T[ is denoted
by D'(]0,T[; X). It is the set of linear and continuous mappings defined on
D(]0,T]) with a value in X, where continuity is considered with respect to
uniform convergence on the bounded sets of D(]0,T).
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Now, as in Definition 2.1.6, for f in D’(]0,T[; X) and for ¢ in D(]0,T), the
action of f on ¢ is written with the help of duality brackets, with an index 4
to emphasize the fact that we are considering the time variable:

<f7 ¢>t

By definition, the result of these duality brackets belongs to X.

Remark 2.3.8 Note that the spaces L?(0,T;X) and C™([0,T]; X) can be
identified with subspaces of D'(]0,T[; X).

Now, similarly to the case of standard distributions, i.e., the ones that depend

on the space variable x alone, one can introduce the notion of differentiation.

Definition 2.3.9 Let f be an element of D'(J0,T[; X). Its time derivative is
defined by
df ¢

d
av >t = _<fa E%ﬁ

Moreover, the time differentiation in the sense of distributions is internal, in
other words...

V¢ € D(10,T]), (

d
Proposition 2.3.10 Let f € D'(|0,T[; X), then d_]; belongs to D'(]0,T[; X).

Definition 2.3.11 Let A € L(X,Y) and f € D'(]0,T[; X): Af, defined by

Vo € D(J0,T]), (Af, )i := Af,0)1)
belongs to D'(]0,T[;Y).
Thus, one has...

Proposition 2.3.12 Consider the setting of the previous Definition. Then,
the mapping f — Af is linear and continuous from D' (|0, T[; X) to D'(]0, T[;Y).

From these last two definitions and related propositions, one can deduce the
(expected but) fundamental result concerning the distributions in the (¢, )
variable, which basically claims that one can invert the time and space differ-
entiations

Theorem 2.3.13 For all (f,A) € D'(]0,T[; X) x L(X,Y), we have the fol-

lowing identity:
d df
AN =4 (E) :

From a practical point of view, this theorem allows us to perform the com-
putations in a “natural” and expected way. This will be crucial for deriving
the variational formulations of the time-dependent problems. For instance, if
u € D'(]0,T[; H(curl, 2)), one knows that curlu € D'(]0,T[; L*(£2)). Ac-
cording to the above theorem,



100 (©Assous-Ciarlet-Labrunie 2017

d d
—(curlu) = curl <d—"t‘) in D'(0, T[; L*(12)) .
These considerations will be sufficient to give a meaning to the variational

formulations of the subsequent chapters. For more details, we refer the reader
to [158], [179] or [94] chap. XVIIIL.

In the remainder of the book, we will keep the notation w(t) : x +— u(t, )
to denote the value of u at a given time ¢. We will also use primes to denote
differentiation with respect to time of w (when it has a meaning), e.g., v/, u”,
etc.. When u belongs to C™([0,T]; X), for a Banach space X, this notation
is justified. If u belongs to L?(0,T; X), u(t) is known for almost all ¢. In the
most general case, that is, if u belongs to D'(]0, T'[; X ), this is an improper
notation. Nevertheless, this “generalized” notation allows us to give a more
unified presentation of the results. Note also that it fits well into the physical
perception, i.e., the knowledge of the electromagnetic fields at a given time.
Moreover, from a mathematical point of view, this is an admissible notation,
since one can invert the time derivative and the differentiation in space (see
Theorem 2.3.13).



3

Complements of applied functional analysis

We complement the classic results of Chapter 2 in two directions. In the first
part, we review some recent results on the traces of vector fields, and especially
the tangential trace of electromagnetic-like fields. In the second part, we focus
on the extraction of potentials for curl-free and/or divergence-free fields and
consequences. In this chapter, {2 is an open subset of R? with boundary I".

3.1 Vector fields: tangential trace revisited

Below, the tangential trace of elements of H (curl, {2) is scrutinized, and re-
fined generalized integration by parts a la (2.27) is established, involving two
vector fields of H(curl, £2). Indeed, in the case of the tangential trace, the
mapping v7 from H (curl, 22) to H~Y/?(I') is not surjective. This seems obvi-
ous, since one has (vt f)-n = 0 in some sense, for instance, as soon as a point-
wise y1 f exists. But there are also more profound arguments, which allow us
to prove that, even when one considers only the set of vector fields on I" that
are orthogonal to n, the mapping is nevertheless not surjective [73, 5, 67, 68].

In order to prove this, together with a number of useful results, let us con-
sider, for simplicity, the case of a polyhedral domain, still called {2, with the
notations of Definition 2.1.54. We follow here the path chosen by A. Buffa and
the second author in [67, 68], where the case of a curved polyhedron is also ad-
dressed. Again for simplicity, we assume that its boundary I" is topologically
trivial (the notion is defined in §3.2). See [66] for a topologically non-trivial
boundary: in this case, decompositions of function spaces have to be modi-
fied, with the addition of a third — finite-dimensional — vector subspace. Along
the way, representative proofs, establishing the continuity of the mappings,
are provided. On the other hand, the results relating the surjectivity of the
mappings are stated without proof. In the more general case of a domain, the
reader is referred to [190, 70].
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Looking at the integration-by-parts formula (2.27), it is clear that the
normal component of g does not play any role in the formula. Therefore, one
can concentrate on the tangential components only.

Definition 3.1.1 Let f be a smooth vector function defined on 2. Its tan-
gential components trace n x (f x n)|1, on the boundary I' is denoted by mt f,
and w1 18 called the tangential components trace mapping.

In order to define the actual range of 71, starting from H™ (£2), let us introduce
some spaces of vector fields, defined on I'.

Definition 3.1.2 Let Lf(F) be the space of tangential, square integrable vec-
tor fields:
LX) :={veLl*I) : v-n=0}

Let H£/2(F) be the space:

HY*(I) = LX) n HY*(I)3.

Let Hﬁm(F) be the space:

H\/*()={ve H*(I) : v 7y Loy, i, V6, 5) € N}

The graph norm (]| - ||H1/2(F) plus matching conditions - o V(i,J) expressed

as in Definition 2.1.55) on Hﬁﬂ(F) is denoted by || - ||H1/2(F).
I

NB. The elements of L7(I") are considered as two-dimensional vector fields.

It is then straightforward to see that H ﬁ/ *(I') is a Hilbert space. According

to Corollary 2.1.57, one finds that the range of w1 from H'(2), 7+ (H"(£2)),

is a subset of H ﬁ/ 2(F ). In addition, one can prove that the mapping 7 is
surjective.

Theorem 3.1.3 The mapping mt has a unique continuous extension, from
H'(9) to Hﬁ/z (I'), which is surjective.

In the same way, one can define the Hilbert space H i/ 2(1" ), with ad hoc com-
patibility conditions (see below), and prove that the mapping v is surjective,

from H'(£2) to Hi/z(f').
Definition 3.1.4 Let H1/2(F) be the space:

HYX (D) = {v e HYX(D) : v;-7,(j) Lo 1(), Y(i,j) € N}

The graph norm on HIL/Q(F) is denoted by || - ||H1/2(F).
4
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Theorem 3.1.5 The mapping vyt has a unique continuous extension, from
H'(0) to Hi_/2(F), which is surjective.

The next step is to introduce the dual space of H ﬁ/ 2(F ) (respectively of

Hi/Q(F)), with LZ(I") as the pivot space, called H[l/z(f') (respectively

Hil/Q (I")) hereafter, and endowed with the dual norm || - ||H71/2(F) (respec-
I

tively || - . As a consequence of Theorem 3.1.3, one has. ..

lerzar)
Corollary 3.1.6 The mapping T is continuous from H (curl, 2) to Hﬁl/Q ().

Proof. First, let A be in Hﬁ/Q(I’): 77 is linear and surjective from H'(£2) to

H ﬁ/ 2 (I') (two Banach spaces), so it has a continuous right-inverse, according

to the open mapping theorem 4.1.4. In other words, there exists g € H'(12)
such that

wrg = and lglen o) < CallN g

Above, the constant C is independent of A.
Second, given an element f of H(curl, {2), one can apply the integration-
by-parts formula (2.27) to (f,g):

<'7Tf77TTg>H1/2(F) = (f[curlg) — (curl f|g).

As a consequence of the above, one finds that

sup <7Tfa >‘>H1/2(1‘) < ﬁcﬂ’”fHH(curl,.Q)H>‘||H1/2(F)'
XeH /(D) I

SO, 'YT.f belongs to Hﬁ1/2([‘)7 with HFYTfHHil/Q(F) < ﬁcﬁ“f”H(curl,Q)- u

The duality product of formula (2.27) can be replaced, to reach, for all (f,g) €
H(curl, ) x H*(12),

(fleurlg) — (curl flg) = (47 F, 718) /2 - (3.1)

Also, one can reverse the roles of f and g, to find, for all (g, f) € H(curl, 2) x
H'(02),
(curlg|f) — (gl curl £) = (w1977 )y /o .

It is possible to determine precisely the range in H [1/ 2(F ) (respectively in

H11/2 (IN) of y7 (respectively mT) from H (curl, £2). This can be achieved
through a simple, yet slightly technical, procedure. It is interesting to consider
it in detail, since it includes a definition of first-order differential operators
on the boundary, such as the tangential gradient, divergence and curls. As a
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matter of fact, these operators are quite useful for studying Maxwell’s equa-
tions and related topics, for instance, when surface currents or charges occur.

Definition 3.1.7 The tangential gradient operator, grad -, defined by grad v =
nr(gradv), is a linear continuous mapping from H?*(§2) to Hﬁ/Q(I’).

The tangential vector curl operator, curly, defined by curlp v = yr(grad v),

is a linear continuous mapping from H?($2) to Hi_/2(F).

In order to rigorously define these operators on the boundary I", one intro-

duces the ad hoc trace space, which extends Definition 2.1.52 to the case
s=3/2.

Definition 3.1.8 Let H%/?(T") be the space
H32(D) o= {v,. + ve HQ)}.

Endowed with || f|| zrs/2(ry = infoen(0), v, =1 IVllH2(0), it is a Hilbert space.
The dual space of H3/?(I") is called H=3/%(T).

In the same spirit as Definition 2.1.53, one can define H3/2 Sobolev spaces on
a part of the boundary.

Definition 3.1.9 Let I denote an open subset of I, with measr(I"") > 0,
such that its boundary is a piecewise smooth submanifold of I'. The space
H3/2(I") is composed of elements of H3/?(I"") such that their continuation by
zero belongs to H3/2(I'). Its dual space is denoted by H=3/2(I").

It is clear that grad (respectively curly), can be considered as a purely

surface operator, from H3/2(I") to Hﬁ/Q(I’) (respectively Hi_/Q(I’)). Alter-

nate (and equivalent!) definitions of H3/2(I") are possible. To that aim, it
is convenient to introduce the space H'(I'). Actually, since H'-regularity is
preserved by (bi)-Lipschitz-continuous mappings, it is possible to define the
space H'(I') and its dual as follows, with a plain, face-by-face definition of
the tangential gradient, which coincides with Definition 3.1.7 for the smoother
fields of H3/2(T").

Definition 3.1.10 Let H(I") be the space
HYI):={feL*I) :grad, f € L}(I")}. (3.2)

Endowed with the graph norm || - || g1 (ry, it is a Hilbert space.
Its dual space is called H=1(I').

NB. One can substitute curlp for grad in the definition (3.2).

Proposition 3.1.11 The following orthogonal decomposition holds:

L2(T) = grad, (H'(T)) & curl (H(I").
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A third variant of the tangential gradient and tangential vector curl operators,
from H'/2(I"), will be introduced later on.
Then, one can establish a new characterization of H3/2(I"). At first glance,

one expects that it is made of fields of H*(I"), the surface gradient of which

belongs to H ﬁ/ 2(1" ). This is true! Nevertheless, one can derive an a priori

weaker, but nonetheless equivalent, characterization.

Theorem 3.1.12 It holds that
H¥2(I')={f € HY(I') : grad, f € H/*(I)}.

An equivalent norm on H3/?(I') is
1/2

fr ||f||§11(p)+ Z Hfj||§13/2(rj)

1<j<Nr

Since the mapping — grad, from H3/2(I") to Hﬁ/2(f’), is continuous, one

can introduce its dual operator, from H[1/2 (I to H-3/2 ().

Definition 3.1.13 The tangential divergence operator, divr, from H[1/2(F)
to H=3/2(I"), is defined by the duality brackets identity (3.3), for all (f,g) €
H () < H¥Y(D),

(divr £, 9) msr2(ry = —(f,gradp 9>Hi/2(p)- (3.3)

From these Definitions, it is possible to prove that, given a vector field v of
H (curl, 2), the tangential divergence of ytv belongs to H~/2(I"). This is
achieved through the lines below, which are excerpts from [67]. This proof is
detailed, since it consists of a “dense” summary of the main techniques, which
can be used to establish many trace results in H—*(I")-type Sobolev spaces.

Definition 3.1.14 Let Hﬁlﬂ(divlﬂ, I') be the space:

H Y (dive, 1) i= {f € HYA0) 5 dive f e H7VAD)}

Theorem 3.1.15 The mapping y1 is continuous from H (curl, £2) to Hﬁ1/2(divlﬂ, .

Proof. Let us consider an element v of H(curl, £2). On the other hand, since
the duality brackets of formula (3.3) involve fields of H3/2(I"), let us consider
an element g of H?(§2). Then, let us apply the integration-by-parts formula
(3.1) to the couple (v, grad g):

(curlwv|grad g) = —(yTv,grad g)Hﬁp(F) = (divr(yTv),7%09) gr3/2(r)-
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Now, A = 799 belongs to H'/?(£2). Recall that o is surjective from H'({2)
to H'/2(I'), so it has a continuous right-inverse. In other words, there exists
g’ € HY(£2), such that

Y09" = X and ||| zr1(2) < CollMg1/2(r)-

Above, the constant, Cy is independent of A.

Next, ¢ = g — ¢’ belongs to Hg(£2), so that grad g” is in Hg(curl, 2) (cf.
Proposition 2.2.10). According to Theorem 2.2.14, curlwv is orthogonal to
grad g’ in L*(£2), hence it follows that

(divp(y1v), A) ga/2(ry = (curlv|grad ¢’), and
[(divr(y70), N /2 ()| < Collvll eurt. @) M 1172 (ry-

Then, by a density argument, divy(y7v) belongs to H~/2(I"). Indeed, one
remarks that, since H?(§2) is dense in H'(§2), vo(H?(£2)) = H3/?(I") is dense
in yo(H(£2)) = HY?(I"). Finally, we can write

[ dive(yro)l[g-1/2(ry < Collvl H(cur1,0)-
This concludes the proof. [ |

An identity relating traces can then be established.

Corollary 3.1.16 Let v € H(curl, (2), then
divp(v x ny ) = curlv - n| . in HY2(D).
Proof. One has (see the previous proof), for all (v, g) € H(curl, 2) x H' (),
(divp(y1v),7%9) m1/2(ry = (curlv| grad g).
Integrating by parts once more (cf. (2.25)), the right-hand side is equal to
(curlv| grad g) = (y,(curl v), 70g) g1/2 1.
|

NB. As a particular case, one recovers that curlwv - n r =20 for v in
H(curl, 2), i.e., one result of Proposition 2.2.10.

One can then substitute, respectively, 7 for v+, curlp for —grad, and
curly for divp. This is achieved by...

Definition 3.1.17 The tangential curl operator, curlp, from Hll/z(f') to
H=3/2(I'), is defined by the duality brackets identity (8.4), for all (f,g) €

H ') x H¥2(I),

(curlp £, 9) gs/2(ry = (f, curlp g>Hi/2(F). (3.4)
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Let H11/2(cur1p, I') be the space:
H [ P(cwrlp, I = {f e H"*(I) : curlp f € HV/*(I)}.
And according to the result below, whose proof is a simple transposition...

Theorem 3.1.18 The mapping 7T is continuous from H (curl, 2) to Hll/Q(curlp, r).

The last step consists in establishing that Hﬁl/Q (divp, I') and Hll/Q(curlp, )
are dual spaces. Consequently, a new version of the curl-curl integration-by-
parts formula can be justified, which involves two fields of H(curl, {2). To
that aim, one introduces a third variant of the tangential gradient operator,
from H'Y/?(I') to H11/2(F). As a starting point, consider

C(02):={f€C>®(2) : f=0in aneighborhood of U jeny €ij}-

Proposition 3.1.19 The space C°(§2) is dense in H'(£2).

This density result is proven in [161] or [90]. Then, together with the “plain”,
face-by-face definition of the tangential gradient, one checks that grad A can
be defined, for A € HY?(I') = ~vo(H'(£2)), and the following holds:

Ve HY(92), grad,(f|.) = mr(grad f).
Recall that, according to Theorem 3.1.18, 71 (grad f) belongs to H11/2 ().
So, one concludes with the results below concerning the third tangential gra-
dient operator.

Proposition 3.1.20 The mapping gradp is continuous from Hl/Q(I’) to
H (D). Let f € HY(Q): grad(f) ) = nr(grad f) in H /(D).

This third tangential gradient operator coincides with the other two, respec-
tively, from H'(I") and from H?/?(I"). Again, one can similarly introduce the

curl operator curly from H'Y?(I') to Hﬁl/Q(F).

Proposition 3.1.21 The mapping curly is continuous from H/?(I") to

H (D). Let f € H'(2): curlp(f,) = (grad f x n) . in H} V(D).

NB. As a particular case of both Propositions, one recovers that 7+ (grad f) =
0 and (grad f x n),,, = 0, for f in H'(£2) with f|,. = 0, i.e., one result of
Proposition 2.2.10.

The dual operators of —grad and curly, operating from Hl/Q(I’), are,
respectively,

curlp : HY*(I') = H-Y2(I)

{divr . HY*(I) — H-V2(I)
H
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To properly define the duality between H[1/2 (divp, I') and H11/2(CUI‘1]‘, I,
one needs a final tool, namely decompositions of elements of those two function
spaces. Let the Laplace-Beltrami operator be defined as

Vfe HYI'), Arf:=divp(grady f):= —curlp(curly f),
together with the related function space below:
H(D) = {f € HL,,(I') : Apf e H (D)},
Theorem 3.1.22 The following decompositions hold:

Hﬁ1/2(diVF7F) = CurlF(H1/2(F)) —i—Hi/Q(F)

H [ '*(cwrlp, I') = grad .(HY(I')) + H,"*(I).
Moreover, the following direct decompositions hold:

H, Y*(divp, T) = curl o (HY2 (I) & grad - (H(T")).

[ zmu
H11/2(CUI‘1]‘,F) = grad(HY?(I")) @ curl(H(I)).
As a side-product, one can prove the important surjectivity results below.
Corollary 3.1.23 The mapping v is surjective from H (curl, 2) to Hﬁlm (divp, I).
The mapping mT is surjective from H(curl, 2) to Hll/z(curlp, ).

Since curlr f; and grad fo are “orthogonal”! for f1, fo € H'/2(I"), one can
introduce a duality product between Hﬁlm(divlﬂ,F) and H11/2(CUI‘1]‘,F),

which is the scalar product of L?(I") when the elements are smooth enough.

Definition 3.1.24 Let (u,up) € H,"/*(divp, ) x H | '?(curlp, I') be de-

composed as

w; =curlp fi +v, fie HY*(I), v, e Hi/2(F),
uy = grad, fo + vy, fo€ HY*(I), vy € Hﬁ/z(f').
Then, the duality product of wy and us is equal to:
V<1.l,1, ’u,2>ﬂ- = <CU_I‘1F fl, ’U2>Hﬁ/2(F) + <gradp fg, v1>Hi/2(F) + (1)1, vg)Lz(p).
! This is a generalized orthogonality property, in the sense that, given fi,f» €
H*Y?(I"), there exist two sequences of elements of H*(I"), respectively (f£), and
(fé‘)]€7 such that ff — f; in Hl/Q(F) for i = 1,2, and one has

Vk, ¢, (curlp f,grady f5)p2(m = 0.
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Theorem 3.1.25 One has the following duality identity:
!/
(Hf/Q(divF,F)) = H [ Y*(culp, ).

In addition, one has a generalized integration-by-parts formula, for all (f,g) €
H (curl, ) x H(curl, 2):

(f|curlg) — (curl flg) = (y7 f,77G)x- (3.5)

Most results carry out to fields defined on a part of the boundary only (and
equal to 0 elsewhere). We refer the reader to [67, 68] for the details. Briefly,
let us consider an open, topologically trivial subset? of I', called I/, with
0 < measp(I'") < measr(I'), such that its boundary OI"” is a piecewise
smooth submanifold of I', and let I = int(I" \ I"'). Let v/ be the unit
outward normal vector to I, and let 7/ be a unit tangent vector to OI".
One first defines

/()= v e B + 5 e H(D).

Above, v is the continuation of v by 0 to I'. Then, one introduces
=—1/2 1/2 . ~_
H '“(divp, Iy = {f e H '"(I") : divp f € H-V2(I")},

— —1/2
where divy maps elements of H 12 (I'") (the dual space of HH/ (I')) to

H~3/2(I"). Similarly, one can introduce

H,ewlr 1) o= (f € B, () el g € BT,

Theorem 3.1.26 The mapping vt : f — f X n| ., is linear, continuous

——1/2
and surjective from H(curl, 2) to H | / (divp, I').
The mapping 71+ = f+— n X (f x n)|,, is linear, continuous and surjective

—~—1/2
from H (curl, 2) to H | / (curlp, I').
Next, define
Ho rr(curl, 2) :={f € H(curl, ) : fxmn,, =0},

Fal

which is a closed subspace of H(curl, 2). To build the ad hoc space of tan-
gential traces on I" for elements of H r(curl, £2), one needs to consider

1o (dive, Ty = {f € H P (dive, ')« (f) = 0},

where t,.(f) = f - u’|8F, is defined in a weak sense.
Introduce the function space:

Hy ( ) - {fe zm'u(F/) : AFfEHil/Q(F/)a tl/'(gradff):o}'

2 We assume here that 8" N I # §. Indeed, it is simple to check that the
preceeding study carries over to the case when OI" N oI = ().

H
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Proposition 3.1.27 The following direct decomposition holds:

H| /*(divp, I') = curlp(H/*(I'")) @ grad (M, (I")).
Similarly, for the space of tangential components traces on I for elements of
Hy, v (curl, £2), we consider

H \P(cwlp, I") = {f € H*(cwrlp, I") © t(f) =0},

where t./(f) = f - T/‘al,, is defined in a weak sense. Note that one can also

derive a direct decomposition of H 110/ 2(cur1p,f" ), in the same spirit as in

Proposition 3.1.27.

Theorem 3.1.28 The mapping ¥, : f — f x n| ., s linear, continuous

and surjective from Ho v (curl, 2) to Hﬁ)ﬂ(divlﬂ, .

The mapping 7%, : f — n x (f x n)|,., is linear, continuous and surjective

I
from Hg v (curl, 2) to HI}O/Q(CU.YIF, ).

One finally obtains extensions of the duality results and new integration-by-
parts formulas.

Theorem 3.1.29 One has the following duality identities:

I ——1)2
(H[é/z(divnf’)) — 7, (ewrly, 1),

——1/2 ! _
<H” (lep,F’)) = HL}O/Q(CUI‘lp,FI).

In addition, one has generalized integration-by-parts formulas, for all (f,g) €

Hy r(curl, 2) x H(curl, 2):

(f|curlg) — (curl flg) = ,, (13, f.7rg)nr: or,
(f|curlg) — (curl £lg) = — (/9. 7% f)rs-

3.2 Scalar and vector potentials: the analyst’s and
topologist’s points of view

We discuss two different mathematical points of view, namely the analyst’s
and topologist’s, concerning the existence of potentials for curl-free fields. We
then reconcile these two points of view and define a general framework.

For the analyst [125], the main issue is the regularity of the boundary. Ac-
cordingly, the analyst’s hypothesis on (2 is:
(Ana) “2 is an open set of R® with a Lipschitz boundary”.
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For the topologist [127, 128], the main issue is (co)homology and, of particular
interest for our purpose, the existence of single-valued potentials to curl-free
smooth fields. In other words, given a vector field v defined on (2 such that
curlv = 0 in 2, does there exist a continuous single-valued function p such
that v = grad p? The answer to this question can be found in (co)homology
theory, which results in the topologist’s dual hypothesis:

cither (Top)r—o  “given any vector field v € C*(§2) such that curlv = 0
in §2, there exists p € C°(£2) such that v = gradp on 27;

or (Top) ;=0  “there exist I non-intersecting manifolds, Xy, ..., X1, with
boundaries d5; C I such that, if we let 2 = 2\ Ule X, given any vector
field v € CY(2) such that curlv = 0 in 2, there exists p € C°(§2) such that
v =gradp on 2.

Here, I is equal to the minimal number of required cuts (X;);. Mathematically,
I is equal to 81({2), the first Betti number. Note that according to the above,
I = 0 is an admissible value, in which case the existence of continuous single-
valued potentials is guaranteed on (2, whereas I > 0 corresponds to the case
when cuts must be introduced. This is the reason why we use the notations
(Top)1—¢ and (Top) =o to discriminate the two cases. When I = 0, the set
2 is said to be topologically trivial.

Remark 3.2.1 Recall that, according to homotopy theory, a connected set is
simply connected if every closed curve can be contracted to a point via con-
tinuous transformations. It is often assumed that each connected component
of £2 must be simply connected to guarantee the existence of the continuous
single-valued potential: in other words, one usually states in (Top)r—g (re-
spectively (Top)rso) that 2 (respectively §2) is simply connected. However,
this property is only a sufficient condition and, from a topologist’s point of
view [127], the correct assumption is of a (co)homological nature, cf. (Top)
as stated above.

As far as the regularity of the manifolds (X}); is concerned, let us first assume
a topologist’s point of view. Finding cuts to enforce (Top) o is inexpensive
in terms of algorithmic complexity (see [128, Chapter 6] for details). Compu-
tationally speaking, one can build cuts that are piecewise plane, starting from
a tetrahedral mesh that constitutes a coarse approximation of the set. So, the
regularity issue simply involves the ability to deliver piecewise plane cuts.

In general, cuts leave a connected set connected, so, to fix ideas, we assume
that (2 has the same number of connected components as 2. This ensures
that scalar fields with vanishing gradients in {2 are equal to constant fields on
each connected component. On the other hand, from the analyst’s point of
view, one is content with a set 2 with a pseudo-Lipschitz boundary, cf. [10].

Definition 3.2.2 Let O be an open subset of R™. Its boundary 0O is pseudo-
Lipschitz if, at each point x of 0O, there exist an integer r(x) equal to 1 or 2
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and a strictly positive real number By such that for all real numbers 8 €]0, Bo|,
the intersection of O with the ball centered at x of radius B possesses r(x)
connected components, each one with a Lipschitz boundary.

Fortunately, the two notions are compatible! As a matter of fact, an open
subset of R® with a piecewise plane boundary is Lipschitz (except for very
pathological cases, see one illustration in Figure 2.1). So, whenever needed,
either assumption (Top);—¢ is fulfilled or assumption (Top);s¢ is fulfilled
with, in the latter case, existence of piecewise plane cuts (X;)1<i<r such that
the resulting 2 = 2 \ Ule Y; is pseudo-Lipschitz.> We denote by n (no
index) a unit normal vector field to (X;)1<i<s, and jumps are defined as in
Definition 2.1.67. Given v € L?(£2) (respectively v € L?*(£2)), we denote by
¥ (respectively ) its continuation to L?(£2) (respectively L*(£2)). On the
other hand, given v € L?(£2) (respectively v € L?(£2)), its restriction to {2
is simply written as v (respectively v), and likewise for subspaces of L?(2)
(respectively L%(2)).

Generically, we denote constant fields by the symbol cst, and by P(Q), the
subspace of H'(£2):

P(2):={qe HY(2) : [q]s, =cst;, 1 <i<T}.

Above, for i # j, cst; and cst; can be different.

Finally, when the boundary I' is not connected, we let (Ik)o<k<i be its
(maximal) connected components, I'y being the boundary of the unbounded
component of the exterior open set R\ £2. We let Iy = I if the boundary is
connected. We introduce the subspace H},(£2) of H'(£2):

Hé_o(!?) = {qEHl(Q) © qr, =0, qr, = csti, 1<k <K}

Above, for k # k', cst, and cstys can be different.

At some point, we also use a (spherical) domain O such that 2 C O, and
denote by (£2x)o<k<rk the connected components of O \ 2 with boundary
Iy for k > 0, and Iy U QO for k = 0. According to the Alexander duality
theory [128], it holds that (51(£2) = 51(O \ £2), i.e., the (minimal) number of
“inside cuts” is always equal to the (minimal) number of “outside cuts”.

A few existence results are stated without proof. In this case, the proof can be
found in the accompanying bibliographical references. For completeness, note
that we provide footnotes to check the well-posedness of the auxiliary problems
we introduce. Let us mention that for the ease of exposition in §§3.3-3.5,
results have been grouped by category, namely “scalar” or “vector” potentials,
and in the latter case, “with” or “without” vanishing normal trace. However,
the logical sequence of the main mathematical results can be summarized as
follows:

Step 1: the scalar theorems 3.3.1-3.3.2 and the vector theorem 3.4.1;

Step 2: the scalar theorem 3.3.9 uses the vector theorem 3.4.1;

3 One has meas(£2) = meas(£2).
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Step 3: the first Weber inequality theorem 3.4.3 and the related compact
imbedding result of theorem 3.4.4 use Steps 1-2 and their by-products;

Step 4: the second Weber inequality theorem 3.5.3 and the related compact
imbedding result of theorem 3.5.4 use Step 3 and its by-products.

3.3 Extraction of scalar potentials and consequences

We consider first the case of curl-free fields of L*(£2). Let us begin with the
fundamental result proven? in [118, Chapter I] and in [165, Chapter 3].

Theorem 3.3.1 Let §2 be either a domain, or a bounded, open and connected
set with a pseudo-Lipschitz boundary. Assume that §2 is topologically trivial.
Then, given v € L*(£2), it holds that

curlv =0 in 2 < Ipec H (), v=gradp.

The scalar potential p is unique up to a constant, and |p|m (o) = ||v|lL2(0)-

Next, we have the more general result below, proven in [10] for smooth cuts.
We provide the main steps of the proof, which is slightly different than the
one proposed in [10], according to the assumptions we made on the regularity
of the cuts.

Theorem 3.3.2 Let {2 be a domain such that (Top)rso is fulfilled. Then,
given v € L*(£), it holds that

curlv =0 in 2 < dJp e P({2), v=gradp.

The scalar potential p is unique up to a constant, and |p|H1(Q) = |lvllz()-

Proof. We remark that, if there exists p € P({2) such that v = grad p, then
obviously curlv = 0 in 2. One can then prove that curlv = 0 in 2 by
using the tangential gradient grad of Proposition 3.1.20, which leads easily
to [rrv]y, = grad ([p]s,) = 0, for 1 < ¢ < I, plus Proposition 2.2.32 to
conclude.

Conversely, one first uses Theorem 3.3.1 in {2 to find p € H'(§2) such that v =
grad p in £2. Then, as v belongs to H (curl, £2), it follows that [rTv]s, = 0,
for all 7. Using again the tangential gradient as defined in Proposition 3.1.20,

* This (very technical) result is proven in two steps:

1. One introduces a sequence of nested topologically trivial domains ({2,), such
that 2, C 2 for all p, Up$2, = £2. The curl-free field is regularized by convolution
over R®, so that its restriction belongs to C*(§2,), with vanishing curl in £2,. One
may then apply the classical Stokes’ Theorem in (2, to this smooth field and write
it as gradient there, with a scalar potential that belongs to CQ(Q,,).

2. One then goes to the limit (p — co) to derive the existence of a scalar potential
in £2 that belongs to H'(£2), with the help of the Lions’ Lemma (Theorem 2.1.34).
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we find that grad ([p]s,) is zero, for all i. In other words, one has [p| s, = cst;,
for 1 <i<1I, ie. pe P(R).

Finally, we note that the uniqueness of p (up to a constant) follows from the
fact that £2 is connected. [ |

Let us mention an elementary direct decomposition of P(£2).

Proposition 3.3.3 For 1 < j < I, let 7; € P({2) be such that [;]x, = 0i;,

for 1 <1 <I. Then, (7j)i<j<1 is a free family in P({2), and moreover,

P(£2) = H'(2) @ span, < ;< ().

Proof. If . ¢;7; = 0 in P(£2), then 0 = [}, ¢;7j]s, = ¢; for all 4. Hence,
(75)1<j<1 1s a free family. Along the same lines, H'(2)Nspan, ;< (7;) = {0}.

Finally, given p € P(§2), note that p — > [Pz, 75 belongs to H(0). [

Remark 3.3.4 Obuiously, the functions (v;); exist. Given j, 7; can be built
by considering a neighborhood 2s; of X in 2 such that 25 N Q=0TunN"
with domains 27 and 27 chosen as in Definition 2.1.67, not intersecting with
any other cut. Taking 7j|o+ = 1 and 7j)o- = 0 and making a (continuous)
continuation to 2\ s, one obtains the requested ;.

To handle scalar fields of H'(£2), we state a (useful) integration-by-parts for-
mula. See [10] for the proof. In the spirit of Proposition 2.1.60, observe that
given v € Hy(div £2), its trace v - n|x, belongs to H~/2(X;) for all 4.

Proposition 3.3.5 Let 2 be a domain such that (Top)rso is fulfilled. Let
g€ HY(N) and v € Ho(div 2):

('v,grad Cj)LQ(Q) + (diV’U, q)L2(Q) — Z <’U ‘n, [q]21>21 (36)

1<i<I

Above, the duality brackets over X; are understood in (-,-) g/2(x,)-

Interestingly, the addition of a homogeneous boundary condition allows one
to recover potentials that automatically belong to H'(£2), instead of P(£2).
Before showing this important property, we begin with elementary results re-
garding solutions to the Poisson equation with vanishing or piecewise constant
trace.

Proposition 3.3.6 Let 2 be a domain. Then, given v € L*(12), the varia-
tional formulation

: 1
{Flnd q € Hy(12) such that (3.7)

Vq' € Hy (1), (gradg|gradq’) = (v|gradq’) °

is well-posed. Furthermore, its solution q € H'(§2) is characterized by Aq =
divw in 2 and qp = 0.
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Proof. One checks that the variational formulation (3.7) is well-posed with
the help of the Lax-Milgram Theorem 4.2.8, and the Poincaré inequality of
Theorem 2.1.35 in H}(£2). Note that, with the help of the Cauchy-Schwarz
inequality, choosing ¢’ = ¢ yields the bound || grad ql|z2(0) < [[v] L2 (0)-
Now, assume that ¢ solves (3.7) and take ¢’ € D(£2). Using differentiation in
the sense of distributions yields

(Aq,q') = —(grad ¢, grad ¢') = —(grad ¢ grad ¢') = —(v| grad ¢')
— (v, gradq)) = {divo,q).
Hence, Ag = divw in D'(£2) and, obviously, ¢ € H*(£2) with ¢, = 0.

Conversely, ¢ € H}(£2). Moreover, by definition, given ¢’ € H}({2), there
exists (q),)m € D(2)N such that lim,, e |¢" — @}, || m1(2) = 0. It follows that

(grad q|grad¢') = lim (gradg|gradq),) = lim (gradq,gradq],)
m—0o0 m—0o0
= — lim (Aq,¢,,) =— lim (divwv,q,,)
m—0o0 m—0o0

(v,gradq),) = lim (v|gradg,) = (v|gradq’).

lim
m—r oo
In other words, ¢ solves the variational formulation (3.7). ]

Proposition 3.3.7 Let 2 be a domain. For all 1 < ¢ < K, there exists one,
and only one, qp € H(£2) such that Agq, = 0 in 2 and qr,, = Oem for
0<m<K.

Proof. Since vy is surjective from H'(£2) to H'/?(I"), it has a continuous
right-inverse, so one can consider a preimage )y of the function equal to 1
on Iy, and 0 on I" \ I}, and set v, = grad Q, € L*(£2). According to Propo-
sition 3.3.6, there exists one, and only one, ¢y that solves the variational
formulation (3.7) with data v,. Then, ¢ = Q; — ¢? € H'(§2) is such that
Aqp = divoy — Aq§J =01in 2, with q¢|1,, = Qe|r,, = dem, for 0 <m < K.

This proves existence. Uniqueness is obtained as follows: let qél), §2) be two

fields that fulfill the required conditions, and set dq, = q§1) —q§2). By construc-
tion, dg, € H}(£2) solves the variational formulation (3.7) with zero data, so

it is itself equal to zero and q§1) = q§2). [ |

For later use, we introduce the finite-dimensional vector space and a related
K x K matrix, the so-called capacitance matrix

QN($2) == span; <y (qr), Com = (gradgn|gradq,), 1 <{,m < K.

On Qn(£2), all norms are equivalent and, according to the Poincaré inequality
of Proposition 2.1.66, one may use || grad -|| 2((), since all elements of Q n (£2)
vanish on I5.

Corollary 3.3.8 Let 2 be a domain. The family (qe)1<i<i is free, so the
dimension of the vector space Qn(2) is equal to K. In addition, the matriz
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C is real-valued, symmetric positive-definite. Finally, given a¢ = (am)1<m<k
the vector field defined by va = Y1 <, < Om grad ¢y, is such that

<va-n,1>H1/2(n): Z Comaum, for1 <t < K.

1<m<K

Proof. First, (q;)1<¢<x is a free family: indeed, >, )« 5 ¢¢qe = 0 in 2 implies
0= (EISKK ceqe)|r, = cm for 1 <m < K.

Next, the functions (g¢)i1<e<rk are all real-valued. Indeed, given ¢, one has
@ € H'Y(2), Agz = 0in 2, @7 = 0¢yy, on I, ¥, s0 @ = q¢ by uniqueness. So
are their gradients (grad q¢)1<¢<x, and likewise for the matrix C.

The matrix C is Hermitian, hence symmetric, by definition.

Let a = (Ozz)lgggl(, then

(Cala) =Y Comamaz = (grad(D _ omgm)| grad (> aeqr))
l,m m 4

= gradq||2Lz(m >0, where ¢ = Zagqg.
¢

But g € Qn(£2), so (Ca|a) = 0 if, and only if, ¢ = 0, that is, &« = 0. The

matrix C is positive-definite.

For 1 < ¢ < K, the last result is obtained by integrating by parts (cf. (2.25):
<va ‘n, 1>H1/2(Fe) = <'Ua -n, qg>H1/2(p)

> amlgrad gm - n,q0) g

1<m<K
= Z am(grad g, | grad ¢) = Z ComOtm,
1<m<K 1<m<K
which concludes the proof. [ |

We are now in a position to prove our claim.

Theorem 3.3.9 Let 2 be a domain. Then, given v € L*(£2), it holds that

curlv =0 in 2,

1 —
v xnr=0 } <= dp € Hy,(2), v=gradp.

Moreover, the scalar potential p is unique, and |p|g (o) = [|v||L2(02)-

Proof. The result is obtained in three steps:

1. According to Proposition 3.3.6, there exists one, and only one, ¢ € H}(£2)
such that Ag = divw in £2: the field v’ = v — grad q of L*(£2) is such that
curlv’ = 0 and dive’ = 0 in {2, and v’ x njr = 0 (the last property is a
consequence of Proposition 2.2.10).

2. Define the column vector 3 with entries 8y = (v’ - n, Dz, 1 << K.
Then, let v/ = v — 3, -, omgradg,, where a = (@) solves the
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linear system Ca = 3. The field v” of L*(£2) is such that curlv” = 0 and
dive” =0 in £, and v” x n;r = 0 (again, the last property is a consequence
of Proposition 2.2.10, applied either to g, — 1 in a neighborhood of I, or
to gm elsewhere). Due to Corollary 3.3.8, one finds (v" - n,1) g1/2(r,) = 0 for
1<?¢<K.

3. Thanks to Theorem 3.4.1 below, there exists w € H'(2) such that v =
curlw in 2. Hence, integrating by parts (2.20) one last time, one finds

0" 32 = (0 curlw) =0.

So, v = 0, that is, v = gradp with p := ¢+ 3°, ., < x WmGm € H'(£2) and
p‘pk = g, Vk.
The proof of the converse assertion is obvious. [ |

Above, we exhibited vector fields that are curl- and divergence-free, with van-
ishing tangential trace: grad g, for ¢ € QN (£2).

Let us check now that span;. . (gradgqy) is exactly the set of curl- and
divergence-free L?(£2) vector fields, with vanishing tangential trace. Introduce

ZN(2) := Hy(curl0,2) N H(div0, 2).

Proposition 3.3.10 Let 2 be a domain. One has Zn(2) = grad[Qn(£2)].
As a consequence, an element v of Zn(2) is characterized by the fluzes ({v -
7, 1) g2 () )i<e<k

Proof. One has grad ¢ C Zy(12) for all ¢ € Qn(£2).

Let v € Zy(2): according to Theorem 3.3.9, there exists p € HJ,(§2) such
that v = gradp in 2. If welet ¢ = p — >, -k (D1 )@m, it holds that
q € H(£2) and Ag = 0 in £2. From Proposition 3.3.6, we find that ¢ = 0,
hence v € grad[Qn(£2)].

The last result is a straightforward consequence of Corollary 3.3.8. [ |

In the same spirit, one can look for L*(§2) vector fields which are curl- and
divergence-free, with vanishing normal trace:

Z7(2) := H(curl0,2) N Hy(div 0, £2).

Consider first the case of a topologically trivial domain.
Proposition 3.3.11 Let 2 be a topologically trivial domain: Zr(£2) = {0}.

Proof. Let v € Z1(£2). From Theorem 3.3.1, there exists p € H'(£2) such
that v = grad p in 2. In addition, v € Hy(div, £2) with divew = 0 in {2, so the
integration-by-parts formula (2.25) yields Hv”%ﬂ(n) = (v|grad p) = 0, which
concludes the proof. [ |

On the other hand, if the domain is topologically non-trivial, it turns out that

the relevant space of scalar potentials is, in this case, P({2). As a matter of
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fact, the fields are curl-free, but not with a vanishing tangential trace, so the
extraction of potentials stems from Theorem 3.3.2. More precisely, introduce

Pomo(2) = {G € P(O) : / Gdz = 0} one has P(2) = Punu(£2) & C.
2

Proposition 3.3.12 Let 2 be a domain such that (Top)rso is fulfilled.
Gien 1 < j <1, let p; be defined as the unique solution to

{ Find f; € Pemo(£2) such that 35)

Vg € Popo(£2), (gradp;,grad ) peg = [dls;

Then, v; = g;;d??j € L*() is such that
curlv; =0,dive; =01 2, v; - n=0on I, and (v;-n,1l)s, = J;, Vi

Proof. There exists one, and only one, solution to the variational formula-
tion (3.8)(°). Furthermore, we remark that it holds that (grad p;, grad cst)pa (o) =

0 = [cst]x, for constant fields in 2. Hence, p; solves the variational formula-
tion for all ¢ € P(£2).

Let v; = grad p; € L*(£2). Due to Theorem 3.3.2, one knows that curlv; = 0
in 2. Then, given g € D(12),

(3.8)

(divv;,g) = —(vj|gradg) = —(vj,grad g) () = 0.

It follows that divw; = 0 in {2, and v; € H(div, 2). Next, given g € H'({2),
one finds by integration by parts (cf. (2.25))
. (3.8)
(v - N, 9) /2y = (divwv,lg) + (vj|gradg) =" 0.
By the surjectivity of the trace mapping, we obtain that v; - mr = 0 in
H~Y2(I). In particular, v; € Ho(div, £2), and one can use the integration-

by-parts formula (3.6) with v; and 7; for 1 < ¢ < I, where (7;); is defined as
in Proposition 3.3.3. This leads to

. . . (3-8)
<’Uj ‘N, 1>21 = (le’l}j,Ti)L2(Q) + (vj,gradri)L2(Q) = 5”

Let us introduce the space of scalar potentials

QT(Q) = Spanlgjgf(?j)-

5 According to the Lax-Milgram Theorem 4.2.8 and to the Poincaré-Wirtinger in-

equality of Theorem 2.1.37 in P, (£2), the variational formulation (3.8) is well-
posed.
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Proposition 3.3.13 Let 2 be a domain such that (Top)rso is fulfilled.
Then, the dimension of the vector space Zr(§2) is equal to I. Furthermore, a

basis for Z7(2) is the set of functions (grad ¢;)1<;<r, where each ¢; € Qr(£2)
is such that [¢;]s, = di;, for 1 <i<1I.

Proof. For 1 < j <1, let v; = g;z:d??j € H(div, £2). According to Proposi-
tion 3.3.12, it holds that span;(v;) C Z7({2). Moreover, (v;); is a free family:
indeed, >, cjv; = 0in 2 implies 0 = (3_, ¢jv; - n, 1) 5, = ¢; for all i.

Let v € Zp($2): thanks to Theorem 3.3.2, there exists p € P({2) such that
v=gradpin 2. If welet ¢ =p— Zj<v -m, 1) s,p;, it holds that ¢ € P(0),
with g?a:a/q' € Hy(div, 2), and (grad¢-n,1)s, = 0 for all 7. In particular,

one can use the integration-by-parts formula (3.6) with grad ¢ and ¢ to find

||grad(j||iz(9) = (grad ¢, grad Q)L2(Q) = Z(gradq' n,[d]z,) s,

K2

= [z, (gradg - n, 1)z, =0,

So, we conclude that v =} (v -n,1)s,v; belongs to span; (vj)
Finally, we prove that we can build an alternate basis for Q(£2), namely (¢;);
such that [¢;]x, = d;j, for all ¢, j. For that, we introduce the mapping

QT(Q) — CI

Jump : { q+ ([d]z)1<i<s

and prove it is a bijection, by checking that its kernel is reduced to {0}. If
we let ¢ € ker(Jump), we compute that ngadQHiz(Q) = 0 (cf. the above
integration by parts), so ¢ = 0 and the characterization by jumps is shown. B

For later use, we introduce the so-called inductance matrix
L;j = (gradq'j,gradq'l-)p(m, 1<i,57<1.
Corollary 3.3.14 The matriz L is real-valued, symmetric positive-definite.

Proof. The functions (p;)i<;<r are all real-valued: given j, E € szv(!?)
solves the variational formulation (3.8), so p; = p; by uniqueness. Then, given
i, writing ¢; as the linear combination ¢; = > ; Cibj with complex coefficients
(¢j); and using the characterization of ¢; via its jumps, one obtains

vi', ch D)z, = diir-
J

This is an invertible linear system in the coefficients (c;);, with real-valued
matrix ([p;]x,, )j# and real-valued right-hand side. Therefore, the coefficients
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are real, and as consequence, ¢; is a real-valued function.
So are their gradients (grad ¢;)i1<;<r, and likewise for the matrix L.

The matrix L is symmetric by definition.
Let oo = (ai)lgigj, then

(Lala) = | gradq'||iQ(Q) >0, where ¢ = Z G-

K2

According to Proposition 3.3.13, (grad ¢;)1<;<7 is a free family, so (La|a) = 0
if, and only if, @ = 0. The matrix L is positive-definite. [ |

Let us conclude this section with a study of the regularity of curl-free and
divergence-free vector fields with a vanishing trace.

Theorem 3.3.15 Let 2 be a domain, then Zy(2) C HY?(12).
Assume, moreover, that (Top)r=o is fulfilled in 2, then Z(2) ¢ HY?(1).

Proof. Let v € Zx(£2): according to Proposition 3.3.10, there exists p €
QN (£2) such that v = grad p. By construction, Ap = 0 in {2, and moreover,
pir € HY(I'). Thanks to [144], one has p € H3/2(£2), hence v = gradp €
H'?(2). This proves the first part of the claim.

Let v € Zp(§2): we know from Proposition 3.3.13 that there exists p €

QT(Q) such that v = grad p. However, p € H'(£2) (use Propositions 3.3.3
and 3.3.11), except if v = 0.

One may address this difficulty by using a partition of unity. Let (x;)i<i<r
be such that for all i: x; € C*(£2,0,1]) with connected support, x; = 1 in
a neighborhood of X;, and supp(x;/) N X; = 0 for i’ # i. One may further
define connected, open subsets (O;)1<i<r of £2 with Lipschitz boundary such
that supp(x;) N2 C O; and Oy N X; =0, for i # . Each subset is split into
two parts, O; and O, according to the orientation of the normal vector to
X, so that [z]x, = Zgo+ ~ oo - By defining xo =1 — >, -, Xi, one gets
a partition of unity (x,)o<,<r on £2.

Next, let p, = x.p for all s by construction, py € H(£2), whereas p; € P(£2)
for 1 < i < I. Introduce, for 1 < i < I, p; € L?(0;) defined as p; = p; in
O; and p; = p; — [pily, in OF. As [pi]s, = 0, it holds that p; € H(0;),
and in addition, Ap; € L?*(O;) and Onpijpo; € L?(00;). So, we obtain that
pi € H32(0;), cf. [144, 88], which implies g;;(i/pi = gradp; € H/*(0,). It
follows that g;:;i/pi belongs to H Y 2(£2), because g?;&/pi vanishes in a neigh-
borhood of 0; N2 (and grad p; = 0 in 2\ O;). Likewise, grad po = gradeO
belongs to H Y 2(£2). Using the definition of the partition of unity, one con-

cludes that v = g/r_z;d/p € Hl/Q(Q). This proves the second part of the claim.
|
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3.4 Extraction of vector potentials

We consider now the case of divergence-free fields of L?(£2), for which one can
prove the fundamental result below.

Theorem 3.4.1 Let 2 be a domain. Then, given v € L*(£2), it holds that

divo =0 in 2, Jwe H.,, (92), v = curlw. (3.9)
<’U"I’L,1>H1/2(Fk) :O, Vk CliV’l,UZO7 a ' '

Furthermore, there exists C' > 0 such that for all v, one may choose a vector
potential w that fulfills

lwll i (2) < Cllvlizz (o)

Remark 3.4.2 Assuming that v writes v = curlw with w € H(curl, £2),
let us briefly comment on the conditions (v-n,1)g1/2(p,y =0, for 0 <k < K.
For k > 0, define q. € H*(2) such that gy is a basis function of Qn(£2).
Then, one obtains by integrating by parts twice:

(v-n, 1) g2y = (V- N, qk) g2y = (v]grad gx) = (curlw|grad g) = 0,

because grad q;, € Ho(curl, 2). On the other hand, for k =0, one has simply

<v.n71>H1/2(1—b) = — Z <'v.n,1>H1/2(Fk) :O
1<k<K

Proof. We use the notations of §3.2. The result is obtained in four steps:
1. Deﬁneﬁ (QK)OSKSK by:

-qo € HL,,,(£20) s.t. Ago =0 in 2, g0 = v -m on Iy, dpqo = 0 on 9O ;
-qe € HL,, (92¢) st. Age =0 in 2, Opqe = v -m on Iy, for £ > 0.

By construction, the function @ € L?(R?) defined by

Vo=v, Vg =gradg for 0<l(<K, Ugsp=0

6 Given £, the problem is equivalent to the variational formulation

{ Find qo € Hipmy(£20) such that
VQ S Hzlmv(*QZ)7 (grad QZ| grad Q) = <’U - n, q>H1/2(1"e) '

This variational formulation is well-posed, cf. the Lax-Milgram Theorem 4.2.8
and the Poincaré-Wirtinger inequality of Theorem 2.1.37 in H2Z,,,(2;). Due to
the continuity of the trace mapping o (Theorem 2.1.62), choosing ¢ = ¢¢ yields
llgrad qe|L2(a,) < Cellv - n|y-1/2(,) with C¢ > 0 independent of v. Finally,
using the continuity of the normal trace mapping (Theorem 2.2.18), one gets the
bound
| grad qel|z2(0,) < Ctllv|lmHaiv,2),

with C; > 0 independent of v.
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belongs to H (div,R?) (see Proposition 2.2.30), and it is divergence-free.

2. Let © be the Fourier transform of ©. Writing the equations (3.9) in R?® for
v with w as the vector potential, and then performing the Fourier transform,
one sees that the Fourier transform w of w is governed by

(k) =1k x w(k), 1k -w(k) =0, Yk € R%.
Solving this linear system in wy,, p = 1,2, 3, yields the solution

. kotg — kgda kst — kit k1o — kotq

w1 227“‘:'2 5 wag 217“‘:'2 5 ws 227|k|2

In particular, applying the inverse Fourier transform to w and denoting by
w™ its restriction to {2, it holds that v = curlw™ and divw™ = 0 in (2.

3. Let us study the regularity of @ and w™. For that, introduce a cut-off
function x € D(R) equal to 1 in a neighborhood of 0, and split w as

w(k) = x(|k)w(k) + (1 = x(|k])w (k).

Note that k — x(|k|)w(k) has a compact support, so its inverse Fourier
transform is analytic (cf. [187, p. 272]), and in particular, its restriction to 2
belongs to L*(£2). On the other hand, k — (1 — x(|k|))@w(k) vanishes in a
neighborhood of 0. Thanks to its characterization elsewhere (as a function of
), it belongs to L*(R?), and so does its inverse Fourier transform. Therefore,
w~ € L*(N).

By direct computations, one now finds |k, w,| < % max,, |0p|, form,p=1,2,3.
Hence, ki, belongs to L?(R?) with ||k iyl 2rs) < 2[9]lp2(re), and so
Omw,, is in L*(£2), for m,p = 1,2,3. We conclude that w™ € H'(0).

4. Remark that one can add to w~ any constant field est € R?, and still have
v = curl(w™ + est) and div(w™ 4 est) = 0 in 2. Therefore, one can choose
a vector potential — now called w — so that all the conditions (3.9) hold.

Let us now bound the H'(£2) semi-norm of the vector potential. According to
the previous bounds on (K, Wp)m p=1,2,3, we have that |w| g1 (o) < C[|9]| p2(gs)
for some constant C' > 0 independent of ¥. In addition, one has ||| p2(gs) =
(27‘1’)_3/2H’l_)||L2(|R3) and, by definition of v:

- I19l|L2 ) = vllL2(a) 3

- |9l 20,y = llgrad gl L2(2,) < Cp vl H@@iv,2), 0 < €< K

- 19l L2 gs\) = 0

Recalling that dive = 0 in §2, we obtain that |w|g1 (o) < O [|v]|L2(g), for
some constant ¢’ > 0 independent of v. Since we chose the potential vector
win H! (1), one can use the Poincaré-Wirtinger inequality one last time

zZmuv

to conclude that it actually holds that

|wll g1 (2) < C" [V L2y,

for some constant C” > 0 independent of v, which concludes the proof. [ |
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With the result of Theorem 3.4.1, we are now in a position to exhibit some
useful properties of the function space

X n(2):= Hy(curl, 2) N H(div, ).

The first one is an inequality that allows one to bound the L?*(£2)-norm of
elements of X y({2), similar to the Poincaré inequalities. The second one is the
compact imbedding of X 5 (£2) in L*(£2). Both results were first discovered
by Weber [206].

Theorem 3.4.3 (First Weber inequality) Let {2 be a domain. There ex-
ists Cy > 0 such that

Vy S XN(Q),

yllz2(0) < Cwdllcurly|pzco) + [ divyllae) + D - n, gz}
1<k<K

Proof. Let us proceed by contradiction: if the claim is not true, then

I(y,,)m € Xn(2)N such that Vm, lYmllzzo) =1,
| curly,, || L2 (@) + 1 div ymllz2(2) + X1 < (Ym0 D] < 5t

The contradiction is reached in three steps:
1. Let ¢%, € Hj(£2) be the unique solution to

{Find ¢ € H}(Q2) such that
Vq € Hy (1), (gradqp,|gradq) = (y,,|gradq) °

Because y,, belongs to H(div, £2), taking ¢ = ¢°, above, one gets, by inte-
grating by parts and using the Cauchy-Schwarz inequality,

lgrad gy, 17200y = (Yl gradap,) = —(divy,lon,) < | divy,, [ L2o)llan | 222)-

Using the Poincaré inequality, one gets that

| grad gy, llr2(0) < Clldivy,, 120,

with C' > 0 independent of y,,. Hence, limy,— o0 [|¢5, || 1 (2) = 0.
2. Let ¢, € Qn(£2) be the unique” solution to

{ Find q¢f, € Qn(£2) such that
Vg € Qn(2), (gradgy,|gradq) = (y,,|gradq) -

Since ¢!, belongs to Qn(£2), it is determined by its (constant) values on I}
for 1 < ¢ < K:let us write ¢}, = >, - (¢} 1,)qe- Choosing ¢ = ¢f, and
integrating by parts, one finds o

" The well-posedness of the variational formulation in Qx (£2) follows from the Lax-
Milgram Theorem 4.2.8 and from the Poincaré inequality of Proposition 2.1.66.
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| grad gh,ll720) = —(div Y, lan) + o, - 1 a0) 52

= —(divy,,|g,) + Z EW (Y "1 qe) 1721
1<U<K

= _(divymhb];z) + Z qvl;z|Fz <ym "n, 1>H1/2(F;z)'
1<t<K

On the finite-dimensional vector space @ ({2), all norms are equivalent, and

among them, ¢ — |lql[z2(0), ¢ = | gradqllrz(o) and ¢ = |(qr,)1<e<Klp;
1 < p < o0. Using the Cauchy-Schwarz inequality, one gets that

Il grad gy, || 120y < C{| divy,,|lr20) + Z (Y -1 1) vy |}
1<k<K

with C' > 0 independent of y,,,. Hence, lim,,,_, » ||q,’1;LHH1(Q) =0.

3. Setting now z,, = vy, — grad(¢®, + ¢.) € Hy(curl, 2), one has, by
construction, curlz,, = curly,, and divz,, = 0 in {2, and in addition,
(zm - m, 1)H1/2(pk) =0 for 1 < k < K. For the latter, given 1 < k < K, noting
that (grad ¢)),| grad gx) = 0 because Ag, = 0 in 2 and ¢, = 0, it follows
from the definition of ¢/, and integration by parts that:

0 = (y,,| grad ) — (grad ¢}, | grad q.) = (2| grad q;)

= <Zm 'n, (Jk>H1/2(p) = <Zm 'n, 1>H1/2(Fk)'

According to Theorem 3.4.1, there exists w,, € H! () such that z,, =
curlw,, in 2, with [[wn| gi0) < CllzmllL2(e) for C > 0 independent of

Zm. From the integration by parts
1zm |22 () = (2m| curlwy,) = (curl 2y [wi,) < || eurly,, || L2 llwml L2 o),

it follows that ||z z2(0) < C |l curly,,||L2(0) and limy, o [[2m || L2(0) = 0.
One concludes that lim,, o0 || 2m + grad(q), + ¢},)llz2(0) = 0, whereas by
definition, y,, = 2, +grad (¢S, +¢Z,), which contradicts the initial assumption
that [|y,,[/r2(2) = 1 for all m. [ |

A consequence of the first Weber inequality is that
(w, w') — (curl w| curlw’) + (div w| divw’)

+ Z (w ‘n, 1>H1/2(Fk) (w’ ‘n, 1>H1/2(Fk)
1<k<K

defines a scalar product on X y(f2), denoted by (-,-)x ,(¢), its associated
norm | - || x y () being equivalent to the H (curl, £2) N H(div, £2)-norm.

Theorem 3.4.4 In a domain 2, it holds that X n(£2) C. L*(£2).

Remark 3.4.5 Albeit the proof below is direct, its structure is similar to that
one of the proof of the first Weber inequality.
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Proof. Consider (y,,,)m a bounded sequence of X x(£2). Following the proof of
Theorem 3.4.3 and using the same notations, we build three sequences (¢2, ),
(¢L)m and (w,,)m such that y,, = curlw,, + grad(q¢®, + ¢.,) for all m, with
scalar potentials ¢°, and ¢/, defined as the solution to variational formulations
respectively set in Hg(£2) and Qn(£2), and w,, as a vector potential that
belongs to HZ,  (£2). Since one has

Zmuv

| grad g, |[2(0) < C' || divy,,[l22(0)
| grad ¢}, || L2(0) < C'{Ildivy,, llL2@) + Yichar [ Ym -7 Dempl},
lwm |l g o) < C'eurly,, |20

with ¢’ > 0 independent of m, the boundedness of the sequence (y,,)m im-
plies that the three sequences of potentials are bounded in H!(§2)-norm. Ob-
serve first that the potentials (¢l ),, belong to the finite-dimensional vec-
tor space Qn(£2), so one can extract a subsequence, still denoted by (g ),
that converges in H!(§2)-norm. Thanks to Proposition 2.1.43, one can extract
subsequences (with the same indices), still denoted by (i), and (w.,)m,
that converge in L?(£2) for the scalar potential, respectively in L?(£2) for the
vector potential. Let us prove now that both subsequences (grad ¢2,),, and
(curlw,y,),, converge in L*(12).

Going back to the definition of the scalar potentials (¢),)m and denoting
Yom = Y — Uns Qoun = q% — q°, one has, in particular,

Vg € Hy(2), (gradqy,,|gradq) = (y,,,|grad ) = —(divy,,,|9).
therefore, by taking ¢ = ¢2,,,, it follows that
lgrad gy, [ 720y < 11 div Ypmnllz2 () gmnllzz o)
< 2sup([| div y, [ 22 (2)) lgmnll 22 (2)-
So, (grad ¢,),, is a Cauchy sequence in L?(£2), and it converges in this space.

Note that curlw,, € Hy(curl,{?) with curl curlw,, = curly,,. Finally,
denoting w,y, = w,, — w,, we find, by integration by parts, that

| curlw,32i0) = (curly,, w.) < 2sup(]| curly,, || z2(0)) w22 o).

Then, (curlw,y,),, is a Cauchy, hence converging, sequence in L?(£2).
Recall that y,, = curlw,, + grad(q, + ¢l.), so we conclude that the subse-
quence (y,,)m converges in L*(12). [

3.5 Extraction of vector potentials — Vanishing normal
trace

We consider now the case of divergence-free fields of L*(£2) with vanishing
normal trace. As we already saw in §3.3 for elements of Z1({2), if the domain
{2 is not topologically trivial, one has to take cuts into account explicitly.
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Theorem 3.5.1 Let 2 be a domain such that (Top);—g or (Top)r=o is ful-
filled. Then, given v € L*(£2), it holds that

dive =0 in 12, Jw € Hy(curl, §2),
v-nr =0, — (divw =0, v =curlw. (3.10)
(v-m,1)x, =0, Vi (w-n,1)gi/2p,) =0, Vk

Moreover, w is unique, and there exists C' > 0 independent of v such that

”wHH(curl,Q) < c HUHLz(Q)-

Remark 3.5.2 Assuming that v writes v = curlw with w € Ho(curl, £2),
one has v € Ho(div, 2) according to Proposition 2.2.10. Now, using the func-
tions (7;)1<i<s as they are defined in Proposition 3.3.3, one obtains, by inte-
grating by parts twice ((3.6), then (2.20)), for each i,

(v-m,1)s, = Z(” “n, [Fils;) 5,

J

= (curlw, grad 7"1')L2(Q) = (curlwlgrad ;) = 0.

In the case when (Top)r—o is fulfilled, Z7(§2) = {0}, and there are no van-
ishing fluz conditions for the field v on the cuts.

Proof. We note that the vector potential w, if it exists, is unique. Indeed, if w,
and ws both fulfill all the conditions (3.10), then dw = wy — wy € X n(£2),
curléw = 0 and divéw = 0 in 2, with (0w - n,1) g1/2(p,) = 0, for all k.
Hence, dw = 0, so uniqueness follows.

Next, introducing the (closed) subspace of X y(2):

XN(Q)={feXn®2) : (f n,Vpgip) =0, 1 <k<K},
one can solve the variational formulation®

Find w € X% (2) such that
vw' € X4 (), (curlw|curlw’) + (divw|divw’) = (v| curl w’) *

By construction, one has (w-n, 1>H1/2(pk) =0, for 1 <k < K. For k=0, the
property is checked below.

Let us prove now that divw = 0 in £2. Given g € L?({2), there is one, and only
one, ¢ € H}(£2) such that Ag = g in §2. Define w~ = grad ¢ € Hy(curl, 2)
(cf. Proposition 2.2.10), with curlw™ = 0 in £2: one has divw™ = g € L*(§2),
so w~ € X n(£2). Then, proceeding as in the proof of Theorem 3.3.9, define
the column vector 8 with entries 8y = (w™ - n, 1>H1/2(1“e), 1< /¢ < K, and set

8 Noting that (w,w’) — (curlw|curlw’) + (divw|divaw’) is equal to the scalar
product (-, ) x y () on X5 (02), well-posedness simply stems from the Riesz The-
orem 4.2.1.
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w =w" =) .,k 0mgrad ¢y, where a = (@, ), solves the linear system
with the capacitance matrix Cae = 3. By construction, the field w’ belongs
to X§ (), with curlw’ = 0, divew’ = g in £2. Using this test function in
the variational formulation, one gets that (divw|g) = 0. This is true for all
g € L?(02), so that divw =0 in 2.

In particular, it follows that (w - n, 1) g1/2(p,y = (divw|1) = 0.

Let us prove next that curlw = v in (2. Because v-nr =0, f := curlw —v
belongs to Ho(div, £2) (cf. Proposition 2.2.10) and since divo = 0 in {2 by
assumption, one has div f =0 in 2.

Remark that D(£2) is a subset of X4 (£2), so one can take w’ € D(£2) and
use it as a test function in the variational formulation:

(curl f,w') = (f| curlw’) = (curl w| curlw’) — (v| curlw’) = 0.

Hence, curl f =0, and so f € Z1(£2). By assumption, one has (v-n, 1)y, =0
for all ¢ and, according to Remark 3.5.2, likewise for curl w, so it holds for f
too. Due to Proposition 3.3.13, we have f =0, i.e., curlw = v in (2.

Finally, using the first Weber inequality, we have [|w||2(o) < Cw || curlw||2(g),
so we conclude that

|wllzz(o) + [ curlwl| g2 (o) < (1 4+ Cw) [[v]L2(0)-
]

Thanks to the result of Theorem 3.5.1 regarding the extraction of vector
potentials for fields with vanishing normal trace, we can now derive interesting
properties of the function space

X7(2) := H(curl, 2) N Hy(div, 2).

The first property allows one to bound the L?(£2)-norm of elements of X 7(2),
similar to the Poincaré inequalities, and the second one is the compact imbed-
ding of X 7(£2) in L*(£2). Both results were first discovered by Weber [206].

Theorem 3.5.3 (Second Weber inequality) Let {2 be a domain such that
(Top)r=o or (Top)r>o is fulfilled. There exists Cyy, > 0 such that

Vy S XT(Q),

lyllz2(2) < Ci{ll curlylr2 o) + || divyl| L2 o) + Z {y -n,1)x,|}.
1<i<I

Proof. Let us proceed by contradiction: if the claim is not true, then

3(y,,)m € X7(2)N such that ¥Ym, 1Ymllzzo) =1,
H Curlym||L2(Q) + H leym||L2(Q) + Zlgig[ |<ym 'n, 1>E¢| < #4—1

Similarly to the proof of the first Weber inequality, we shall reach the contra-
diction in three steps:
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1. Let ¢, € H}

L »(£2) be the unique solution® to

Lo (§2) such that

{ Find ¢0, € H!
Vq € Hzlmv(ﬂ), (grad q9n| grad q) = (y,,| grad q)

Recall that y,, € Ho(div, £2). Taking ¢ = ¢°, above, one gets, by integrating
by parts and using the Cauchy-Schwarz inequality,

| grad gp, |72 < 1 divy,, |22 gl L22)-
Using the Poincaré-Wirtinger inequality, one gets that
| grad gn,llL2(2) < Clldivy, | 20),

with C' > 0 independent of y,,,. Hence, lim, oo || grad ¢p, || z2(0) = 0.
2. Let g2 € Qr(£2) be the unique solution to

Find ¢ € Qr(82) such that
Vi€ Qr(2), (gradd,,gradq)pe ) = (Y, gradq)pa o)

Choosing ¢ = ¢ and using the integration-by-parts formula (3.6), one finds
” grad q:z”i?(_q) = _(divymv qu)LQ(.Q) + Z <ym ‘n, [qi]21>21
1<i<T

—(divym,(j,i)Lz(g) + Z [ﬁ]ﬂl <ym "n, 1>E'L'
1<i<I

On the finite-dimensional vector space Q7 (£2), all norms are equivalent, and
among them, ¢ — [dll oy 4~ || graddllpee and 4 o |(dls )<<y,
1 < p < oo (see Proposition 3.3.13 for the last one). Using the Cauchy-
Schwarz inequality, one finds that

| graddZll o) < OV Y, 2o + S g -1 Ds )

1<i<I

with C' > 0 independent of y,,,. Hence, lim,, . [|grad ¢;; [ >(2) = 0.

3. Setting now z,, := y,, — grad ¢, — grad = € X r({2), one has, by con-
struction, curl z,, = curly,, and divz,, =0in 2, 2, -n =0 on I', and in
addition, (z,, -n, 1)y, =0 for 1 <4 < I. Indeed, for the basis functions (¢;);

9 Due to the Lax-Milgram Theorem 4.2.8 and to the Poincaré-Wirtinger inequal-
ity of Theorem 2.1.37 in H zlmv(Q), the variational formulation is well-posed. In
addition, one can obviously add the case of constant test functions ¢ = cst in the
variational formulation: (grad ¢, | grad cst) = 0 = (y,,| grad cst). It follows that
all test functions q € HI(Q) can be used, and hence one finds that A¢%, = div Yon
in Qandanq?n:ym-n:OonF.
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of Qr(£2), one has (grad q%g?gl\ciji) = 0, because div(g;;(iji) =01in {2 and

On(grad ¢;) = 0 on I'. On the other hand, it follows from the definition of ¢
and integration by parts (3.6) that, for 1 <i < I,

0= (ym7grad qi)L2(Q) - (grad (j,i,grad Qi)lﬂ(g) = (Zmagrad qi)L2(Q)

= Z (Zm -n,[Gi]z;) 2, = (Zm -1, 1) 5,
1<5<I

According to Theorem 3.5.1, there exists w,, € X n({2) such that z,, =
curlw,, in 2, with |[wn| Heur,2) < CllzmlL2(e) for C > 0 independent
of z,,. By integration by parts and with the help of the Cauchy-Schwarz in-
equality, one now finds that ||Zm||2Lz(Q) < |l curly,, |2 (o) lwml L2(2)- Thus,

[zmll2(0) < Cllcurly,, | 12(2) and limp, e [[2m||L2(0) = 0.

One concludes that limy, -« ||2m +grad ¢5), + grad ;|| £2() = 0, which con-
tradicts the assumption that [|y,,[/z2(2) = 1 for all m. [

A by-product of the second Weber inequality is that

(w,w") — (curlw| curlw’) + (divw|divw’) + Z (w-n, ), (w - n,1)s,
1<i<I

defines a scalar product on X 7(£2), denoted by (-, -) x ,.(2), its associated norm
| - lx;(02) being equivalent to the H (curl, 2) N H(div, 2)-norm.

Theorem 3.5.4 Let 2 be a domain such that (Top)r—o or (Top)r=o is ful-
filled. Tt holds that X () C. L*(£).

Proof. Let (y,,)m be a bounded sequence of X 7(£2). As in the proof of The-
orem 3.5.3, and using the same notations, we build sequences (¢2,), (42 )m

and (w,,)m, such that y,, = curlw,, + grad ¢®, + grad ¢ for all m, with
scalar potentials ¢¥, and ¢ defined as the solution to variational formula-
tions respectively set in H! () and QT(Q), and w,, as a vector potential
that belongs to X n(£2). Moreover, the boundedness of (y,, ) implies that
all three sequences are bounded in those function spaces.

The potentials (§2;), belong to the finite-dimensional vector space Qr(12),
so one can extract a subsequence, still denoted by (q.; )., that converges in
H'(£2)-norm. Next, thanks to Proposition 2.1.43, one can extract a subse-
quence, denoted by (g2, )., that converges in L?(§2). According to the com-
pact imbedding of X y(£2) in L*(£2) (Theorem 3.4.4), one can finally extract
a subsequence, denoted by (W, )m, that converges in L*(£2).

Let us prove now that the subsequences (grad ¢9,),, and (curl w,,),, converge
in L*(£2). Denoting y,,,,, == Y,, — Y,,, ¢°, = ¢°, — ¢°, one has

Vg€ H.,,(92), (gradq),,|gradq) = —(divy,,,q).

By taking ¢ = ¢¥,,,, it follows that
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' grad g, 1720y < 2sup(]| divy, | 22(2) [gmnll22(2)-

So, (grad ¢°,),, is a Cauchy sequence in L?(£2), and it converges in this space.
Recall that curl curlw,, = curly,, € LQ(Q), so denoting w,, = Wy, — Wy,
we find, by one last integration by parts, that

| Curlwmn”%ﬂ(n) = (curly,,, |wma,) < 2sup(|| curl ymHL2((2)) ||'wmn||L2(Q)'

Then, (curlw,y,),, is a Cauchy, hence converging, sequence in L?(£2).

As y,, = curlw,, + grad ¢%, + grad ¢2;, we conclude that the subsequence
(y,,)m converges in L*(£2). [ |

3.6 Extraction of vector potentials — Complements

In the proofs of the results of §83.3-3.5, we remark that the fundamental re-
sults (extraction of scalar potentials at Theorem 3.3.1, respectively of vector
potentials at Theorem 3.4.1) are obtained by continuation to R?, and direct
estimates of the norms. On the other hand, all the other proofs rely on solving
(well-posed) variational formulations, for which norm estimates are simply a
consequence of the Lax-Milgram Theorem 4.2.8.

To obtain the compact imbedding results, the proofs — d la Weber [206] — that
we proposed are obtained via the extraction of scalar and vector potentials.
In Chapter 6, we propose another, indirect proof, which relies on the continu-
ous imbeddings of X y(£2) (§6.1.6) and X 7(£2) (§6.2.6) into fractional-order
Sobolev spaces H*({2), for some s > 0 that depends only on the geometry
of the domain (2. The additional knowledge on the regularity of elements of
X n(£2) and X (£2) will be used there. The compact imbedding results are
then consequences of Proposition 2.1.43.

If one is looking for a vector potential that does not necessarily belong
to H'(£2) for divergence-free fields, one has the result below, which “sym-
metrizes” the roles of X7 (£2) and X v (£2).

Theorem 3.6.1 Let 2 be a domain such that (Top);—g or (Top)rso is ful-
filled. Then, given v € L*(£2), it holds that

divo =0 in 2 Fw € Ho(div, 2),
(v-1,1) 1,2 S Vk} = § divw =0, v =curlw. (3.11)
» L/ HY/2(I,) ) ('w-n,1>2i:0, Vi

Moreover, w is unique, and there ezists C' > 0 independent of v such that

”wHH(curl,Q) < c H’UHLz(Q).
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Remark 3.6.2 In the case when (Top)r—o is fulfilled, the result holds without
the vanishing flux conditions on the cuts for the vector potential! In this case,

we recall that Zp(§2) is reduced to {0} (Proposition 3.3.11).

Proof. The uniqueness of the vector potential w, if it exists, follows from the
second Weber inequality. Indeed, if w; and ws, both fulfill all the conditions
(3.11), then dw := wy — w2 € X (), curldw = 0 and divdw = 0 in (2,
with (dw - n,1)s, =0, for all . Hence, w = 0, so uniqueness follows.

Next, introducing the (closed) subspace of X1 (£2):

X7(2)={feXr(2) : (f-n1)5,=0,1<i<I},

one can solve the variational formulation'®

Find w € X7.(£2) such that
V' € X7(92), (curlw|curlw’) + (divw| divw’) = (v|curlw’)

By construction, one has (w-n,1)s, =0, for 1 <i<T.

Let us prove now that divaw = 0 in {2, which amounts to (divw|g) = 0 for
all g € L?(£2). First, as w - n;p = 0, we have (divw|l) = 0. Next, given
g € L2, ,(£2), there is one, and only one, ¢ € H.,,, (£2) such that'’ Ag =g
in 2 with d,qr = 0. Define w™ = grad q € X1 (2), with curlw™ = 0 and
divw™ =g € L*(£2). Then, set w' =w~ — >, ., ., (w™ - n,1)x,gradp;. By
construction, the field w’ belongs to X%(Q), with curlw’ =0, divw’ = g in
§2. Using it in the variational formulation, one gets that (divw|g) = 0.

Let us prove next that curlw = v in 2. By assumption, dive = 0 in {2, so
the vector field f := curlw — v belongs to H (div, 2) with div f =0 in (2.
Remark that D(f2) is a subset of X7(£2) but not of X7 (). However,
as above, one can take w~ € D(f2) and build w' = w™ — Y7, . (w™ -

n, 1)y, grad p; with the same divergence and curl and use it as a test func-
tion:

(curl f,w™) = (f| curlw’) = (curl w| curlw’) — (v| curlw’) = 0.

Hence, curl f = 0 in {2 and, in particular, f € H(curl, 2).
To prove that f € Hy(curl, £2), that is f x n = 0 in H~*/2(I") (see Theo-
rem 2.2.24), one has to check that (f x n,g)g/2) =0 for all g € H'(0).

19 The form (w,w’) ~ (curl w| curl w’)+(div w| divw’) is equal to the scalar prod-
uct (-, *)x,(2) on X7 (£2), so well-posedness stems from the Riesz Theorem 4.2.1.
1 The problem is equivalent to the variational formulation

{ Find q € H.,,,(82) such that
Vq' € H.pmy(£2), (gradq|gradq’) = —(gl¢)

This variational formulation is well-posed, cf. the Lax-Milgram Theorem 4.2.8

and the Poincaré-Wirtinger inequality of Theorem 2.1.37 in H1,,,(§2¢).
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With the help of the integration-by-parts formula (2.27) and bearing in mind
that curl f = 0 in (2, this amounts to checking that (f|curlg) = 0 for all
g € H'(Q). For that, let ¢ € H.,,, (£2) be the solution to the variational
formulation

Find g € HL,,,(£2) such that
vq' € H.,,,(52), (grad g|gradq') = (g|gradq’) -

By construction, the field w~ := g — grad ¢ € L*({2), with curlw~ = curlg
and divw™ =0 in Q,ﬂl\c_i/w’ -m = 0 on I'. Once again, the field w’ = w™ —
Y oi<icr(w™ -m, 1) 5, grad p; can be used as a test function in the variational
formulation to find

(f|curlg) = (f| curlw’) = (curlw| curl w’) — (v| curlw’) = 0.

Hence, f belongs to Zx(£2). But we know from Remark 3.4.2 that (curl w -
1, 1) iy = 0, forall k, so (f-n, 1) g/2( ) = 0 follows again for all k by the
assumption on v. Due to Proposition 3.3.10, we have f =0, i.e., curlw = v
in £2.

Lastly, we know that [lwl|2(p) < Cyy || curlw|[gz2(p) by using the second
Weber inequality, so we conclude that

[wllz2(0) + [ curlw||p20) < (1+ Ciy) vl L2(0)-
|

On the other hand, one can prove a more precise result about the existence
of H'(£2) vector potentials. Namely, that one can choose them with vanish-
ing normal trace. For that, we introduce a new family of domains, defined
by Birman and Solomyak [50]. As particular cases, smooth domains, curved
polyhedra and axisymmetric domains all belong to this new family.

Definition 3.6.3 The domain {2 is said to be of the A-type if, for any x €
012, there exists a neighbourhood V of = in R®, and C? diffeomorphism that
transforms 20V into one of the following types, where (x1,x2,3) denote the
Cartesian coordinates and (p,w) € RT x S? the spherical coordinates in R3:

1. [x1 > 0], d.e., @ is a regular point;

2. [x1 >0, xo > 0], i.e., x is a point on a salient (outward) edge;

3. R3\ [x1 >0, w3 > 0], i.e., © is a point on a reentrant (inward) edge;

4.p >0, w e f?], where 2 C 82 is a topologically trivial domain. In
particular, if 92 is smooth, x is a conical vertex; if 02 is made of arcs

of great circles, x is a polyhedral vertex.

In a domain of the A-type, one can match the normal traces of H'(£2) vector
fields with the traces of the normal derivative of H?(£2) scalar fields [50].

Lemma 3.6.4 Let 2 be a domain of the A-type. For any w € H' (), there
exists ¢ € H*(82) such that
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dq

gyt =w nr and gz e) < Cllwlle o),

where C' > 0 is independent of w.

Theorem 3.6.5 Let 2 be a domain of the A-type. Then, given v € L*(12),
it holds that

divvo =0 in .Q, E|’LU€H1(Q), B
<v'n51>H1/2(Fk) :Ov Vk} = {’U]TI,IF :O, ’l)—curl'w. (312)

Furthermore, there exists C > 0 independent of v such that
w2y < ClvlL2o)-

Proof. Assume v = curl w, with w € Hl(Q), and w-nr = 0. Then, dive =
0, and it is proven as before that (v - n,1)g1/2(p,) =0, for 0 <k < K.
Conversely, we know from Theorem 3.4.1 that there exists y € H"(£2) such
that v = curly. Then, according to Lemma 3.6.4, one can build ¢ € H?(2)
such that 0,,¢ = y-n on I'. Therefore, w = y—grad ¢ is a vector potential that
belongs to H' (£2), with w-n|r = 0. Moreover, the bound on the H(£2)-norm
of w stems from the bounds on ||yl g1 () and [|q|| z2(2)-

If we assume that {2 is topologically trivial, then, for divergence-free fields

with vanishing normal trace, one can propose vector potentials that belong to
H(92).

Theorem 3.6.6 Let (2 be a topologically trivial domain. Then, given v €
L?(02), it holds that

dive =0 i Q;} = Jwe Hé(g% v = curl w.
v-nr=0

Furthermore, there exists C > 0 independent of v such that

lwllgr(2) < Cllvlizz (o)

Proof. Let v be an element of H(div, {2) such that dive =0 in £2.

Define v as its continuation by zero to O. Then, according to Proposition
2.2.30, one has v € H(div,O), and moreover divo = 0 in O. Now, according
to Theorem 3.4.1, there exists a vector potential § € H'(O) such that & =
curly in O and ||y[| g1 (o) < C|v]|p2(y) with C' > 0 independent of v.

Next, we further define ¢’ as the restriction of g to O\ £2: one has curly’ = 0.
By assumption, {2, and as a consequence, O \ §2, are topologically trivial.
Therefore, thanks to Theorem 3.3.1 applied to each connected subset (2,
0 <k < K,of O\ £, there exists a scalar potential ¢’ in H(O\ {2) such that
y' =gradq in O\ 2. But 3/ is in H'(O\ 12), so ¢ belongs to H?(O \ ).
It is then possible to define a continuation g of ¢’ to O, with g € H?(O) (see
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Proposition 2.1.31).

In O, we set w = g — grad ¢, which is an element of H*(O). Also, W\ =0,
S0 its restriction w to 2 belongs to H (). And, by construction, curl w =
curly = v in {2, which proves the claim if one recalls that continuation and
restriction are continuous mappings. |

Let us conclude with continuous splittings of fields of Ho(curl, 2) or H (curl, £2)
in an H'(12) field with a vanishing boundary condition, plus the gradient of
an H'(§2) potential.

Theorem 3.6.7 Let 2 be a domain. Then, given y € Ho(curl, 2), there
exists (y"9,r) € H'(02) x H(2) such that

Yy = y”g + gradr, and yreg Xnr = 0, = 0.

Assume further that (2 is of the 2-type. Then, given y € H(curl, (2), there
exists (y™9,r) € H'(02) x H'(2) such that

y=y"“+gradr, and y™’ - nr =0.
In both cases, there exists C' > 0 independent of y such that

ly™Nlers () + Irlli o) < Cllyllereuno)-

Proof. Let y be an element of H(curl, £2). Below, C > 0 generically denote
constants that are independent of y.

Define gy as its continuation by zero to O. According to Proposition 2.2.32,
one has y € Ho(curl, O), with |9 g(curt,0) = |Y[lH(cur1,2)- In particular,
© = curly belongs to H(div, 2), with divo = 0 in O. Due to Theorem 3.4.1
(00O is connected), there exists w € H*(O) such that © = curlw in O, with
@[ 2 (0) < CllYllH(curt,0)-

Then, the field z = y — w belongs to H (curl, O), with curlz =0 in O. Due
to Theorem 3.3.1 (O is topologically trivial), there exists p € H'(O) such that
z =gradp in O, with [|p] g1 (0) < C |yl H(curt,2)-

By construction, one has 4 = w+grad p in O. Recall that ¢ = 0 in O\ 2, so it
follows that grad p = —w in O\ 2, and as a consequence, Plov: € H?(0\ ).

One can define a continuation § of Plo\o that belongs to H?(0O), and in
addition, Hq||H2((’)) S C{Hﬁ”Hl(O\ﬁ) + |1§|H2(O\§))} S_C ||yHH(Cur1,Q)'
Introducing 7 = p— g € H'(O), one has 7 =0 in O\ {2, so r = 7| € Hj(£2),
with |7l g1 (2) < Cl|y|l E(curt,2). On the other hand, w + grad g € H'(0),
so Y™ = (w + grad q)jo € H'(2), with [[y"|| g1 (0) < C ||yl H(cur.o)-
Moreover, one has, in (2,

Y™ +gradr = (w + grad p)|o =y,

so that y"® € H(curl, §2), which proves the first claim.
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Let y be an element of H(curl, £2). Below, C' > 0 again denotes constants
that are independent of y. Some parts of the proof are identical, so they are
only sketched.

Define g as a continuation of y to O such that ||y|| g(curt,0) < C Y|l H(curl,2)
and y € Hy(curl,O) (cf. Proposition 2.2.8 and Remark 2.2.9). Let v =
curly € Hy(div, 2), with divo = 0 in O. As above, there exists w € H' (O)
such that v = curlw in O, with ||| g1 (o) < C ||Y|| H(cur1,2)- The field y —w
is curl-free in O, so there exists p € H(O) such that ¥y — w = grad p in O,
with |9l 10y < C ||yl H(cur1,2)- Clearly, one has y = w + grad p in O.

Let w = w| . According to Lemma 3.6.4 ({2 is of the 2-type), there exists
q € H*(£2) such that 0,q;r = w-np, and [|q||g2(2) < C ||yl (curL,0)-
Introducing r = pjo+q € H(£2), one has 7l 51 (2) < C Y|l E(cur,0)- On the
other hand, y™*¢ = w+grad ¢ € H'(£2), with [|y"|| g1 (@) < C |yl H(curt,2)
and y"“ - nr = 0. Finally, one has, by construction,

y=y" 4+ gradr in (2.

3.7 Helmholtz decompositions

In a domain 2, we introduce a general principle of decomposition of vector
fields into a gradient part and a divergence-free part. This decomposition
enjoys a fundamental property of double orthogonality, i.e., orthogonality with
respect to both the L?(£2) and H (curl, £2) scalar products.

Proposition 3.7.1 (First Helmholtz decomposition) Let {2 be a domain.
The following decomposition of the space L*(£2) holds:

1
L?(02) = grad Hy () @ H(div 0, ).

Proof. Let v € L*(). Let ¢, € H(2) be such that Ag, = dive in 2
(cf. Proposition 3.3.6). Then, set v = grad ¢, € L*(2) and v’ = v — v~.
Obviously, v” € L*(2) and dive” = divv — Ag, = 0 in £2, ie., vT €
H(div 0, {2). As v is arbitrary, we have proven that

L?(02) C grad H} () + H(div 0, 2);

the converse inclusion is obvious.

To check that the sum is orthogonal (hence direct), consider v = gradg
with ¢ € H}($2), and w € H(div0, 2). Using the integration-by-parts for-
mula (2.25), one finds (v|jw) = 0. [ |

Let us define the function space K y(£2)

Kn () := Hy(curl, 2) N H(div 0, 2).
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As a side-product of Proposition 3.7.1, one easily obtains the orthogonal de-
composition for fields with a vanishing tangential trace.

Proposition 3.7.2 Let 2 be a domain. The following decomposition of the
space Ho(curl, 2) holds:

1
Hy(curl, 2) = grad H} (2) & Kx(0).

One can also determine analogous orthogonal decompositions that now involve
fields with a vanishing normal trace.

Proposition 3.7.3 (Second Helmholtz decomposition) Let 2 be a do-
main. The following decomposition of the space L2(Q) holds:

1
L*(0) = grad H!, (02) © Hy(div0, ).

mv(

Proof. For v € L*(12), let ¢, € H}

Zmuv

(£2) be governed by

Find q, € H),,,(2) such that
Vg€ H, (). (radgy|gradg) = (v|gradg) °

mv(

According to footnote? p. 128, ¢, is uniquely defined, and moreover, if one lets
vl = grad g, € L*(2), the difference v7 = v — v” belongs to H(div 0, £2).
Hence, we find

L?*(02) Cc grad H!

zmov

(£2) + Hy(div 0, £2) ;

the converse inclusion is obvious. Furthermore, the sum is orthogonal (use the
integration-by-parts formula (2.25)), which ends the proof. [ ]

Let us define now the function space K7 (2)

Kr(2):= H(curl, 2) N Hy(div 0, £2).
As a side-product of Proposition 3.7.3, one obtains the second orthogonal
decomposition below.

Proposition 3.7.4 Let 2 be a domain. The following decomposition of the
space H (curl, £2) holds:

1
H(curl, 2) = grad H., () ® K1(0).

mw(
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Abstract mathematical framework

We first introduce basic notions on Banach and Hilbert spaces. Afterwards,
we recall some well-known results, which help prove the well-posedness of the
various sets of equations we study throughout this book. Unless otherwise
specified, the proofs of these classic results can be found in [158, 209, 63, 93].
By well-posedness, it is usually understood that the problem admits one, and
only one, solution, which depends continuously on the data. In the case of
linear problems, the continuity property amounts to proving that the norm
of the solution is bounded by a constant, times the norm of the data. The
crucial point is that the norm, that measures the solution, and the norm, that
measures the data, have to be chosen carefully, in order to derive the ad hoc
constant. Particular attention is paid to problems whose formulation includes
constraints on the solution.

4.1 Basic Results

To begin with, let us recall some familiar notions regarding topological, sep-
arable, Banach or Hilbert vector spaces (over C), and (anti)linear mappings.
All notions are easily extended to vector spaces over R, and linear mappings.
By definition, a topological space is separable if it contains a countable dense
subset; a Banach space is a complete vector space with a norm; a Hilbert
space is a vector space endowed with a scalar product, which is complete with
respect to the norm induced by the scalar product.!

! In a vector space, a scalar product (-,-) exhibits the following properties:

e It is linear with respect to the first variable:

Vai,az € C, Yvi,v2,w € V, (a1v1 + a2v2,w) = a1(v1,w) + az(v2, w).
e It is antilinear with respect to the second variable:

Vai,az € C, Yo, wi,w2 € V, (v,a1w1 + aswz) = a1 (v, w1) + az(v, w2).
e It is Hermitian:

Yo,w eV, (v,w) = (w,v).
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Let X be a Banach space (with norm || - || x). Throughout this chapter, Ix
denotes the identity mapping in X and, given Z as a vector subspace of X,
17— x denotes the canonical imbedding of Z in X. Let Y be a second Banach
space (with norm | - ||y), and let A be a linear mapping A : z — Az defined
on D(A), a vector subspace of X, with values in Y. Its kernel (respectively
range) is denoted by ker(A) (respectively R(A)).

We have the following incremental definitions and notations (cf. [209, 63]).

Definition 4.1.1 — The linear mapping A is called an unbounded operator.
— The subspace D(A) is called the domain of the unbounded operator A.
— The unbounded operator A is continuous if

90 >0, Vo € D(A), |Azlly < C ]x.

— A continuous unbounded operator A with domain D(A) equal to X is called a
bounded operator. The space of all bounded operators from X toY is denoted
by L(X,Y), with operator norm

| Az[ly
|||A|||L(X,Y): sup .
zeX\{0} |l x

When X =Y, one uses the notation L(X), instead of L(X, X).

~ A bounded operator A is a Fredohlm operator if dim(ker(4)) < oo,
R(A) is closed and codim(R(A)) < oo. In this case, its index is equal to
dim(ker(A)) — codim(R(A)).

— A bounded bijective operator with a bounded inverse is called an isomor-
phism.

— An unbounded operator A is closed if its graph

G(A) ={(z,Az) : z € D(A)}

1s closed in X x Y.
— A bounded operator A is compact if the closure of the image by A of the
unit ball Bx(0,1) ={x € X : ||z||x <1} is compact inY.

Once the basic results are recalled, we will often write “operator” instead of
“unbounded operator”.

In practical situations, one usually proves closedness or compactness as fol-
lows. An unbounded operator A : X — Y with domain D(A) is closed
provided that, for any sequence (xy); of elements of D(A) such that zj, — «
in X and Az, — y in Y, one has both € D(A) and y = Az. On the other

e It is positive-definite:
Yuv € V\ {0}, (v,v) > 0.

Then, |[v|]| : V — R, defined by |lv|| = (v,v)"/?, is a norm on V. Furthermore,
the Cauchy-Schwarz inequality holds: Yv,w € V, [(v,w)| < |jv]| [Jw]|.
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hand, a bounded operator A € L(X,Y) is compact, provided that, for any
bounded sequence (z )k of elements of X, one can extract a subsequence of
(Azy)k that converges in Y.

Proposition 4.1.2 The vector subspace of compact operators is closed in
L(X,Y) with respect to the norm ||| - |||z(x,v)-

Let Z be a third Banach space, and let A € L(X,Y) and B € L(Y,Z). Then,
BoA € L(X,Z). In addition, if A or B is compact, then Bo A is also compact.

Theorem 4.1.3 (closed graph) Let A be a closed unbounded operator with
domain equal to X ; then, A is a bounded operator.

Theorem 4.1.4 (Banach-Schauder, or open mapping) Let A be a bounded,
bijective, operator from X toY ; then, its inverse A~' is a bounded operator
fromY to X.

Next, let us introduce a useful norm.
Definition 4.1.5 Given an unbounded operator A, the norm defined by

1/2
Yo € D(A), [[vllpeay = ([vl% + [|Av]2) "2,

is called the graph norm.

When the operator is bounded, || - || p(4) is equivalent to || - ||x on X.

Let us then consider the spectrum of a bounded operator.?

Definition 4.1.6 Let A € L(X).

— Its resolvent is p(A) ={A € C : (A — Ax) is bijective}.

— Its spectrum is o(A) = C\ p(A).

— Its point spectrum is Eig(A) = {\ € 0(A) : ker(A — M x) # {0}}.

An element N\ of Eig(A) is called an eigenvalue of A. The wvector space
Ex(A) = ker(A — NIx) is the corresponding eigenspace. Non-zero elements
of Ex(A) are called eigenvectors. The geometric multiplicity of A is equal
to dim(Ey(A)), and its ascent is the smallest integer o such that ker(A —
AN x )t = ker(A — ANx)®. The vector space Ry(A) = ker(A — X1x)® is
the corresponding generalized eigenspace. Non-zero elements of Rx(A) are

called generalized eigenvectors. The algebraic multiplicity of A is equal to
dim(Rx(A)).

2 More generally, one may define the resolvent and spectrum of an unbounded
operator A from D(A) C X to X. In this case, the resolvent is

p(A)={XeC : (A—Xx)(D(A)) is dense in X ;
(A — Mx) " exists and is continuous from (A — A x)(D(A)) to X};
the spectrum is o(A) = C\p(A), and it can further be decomposed into the disjoint
union of the point spectrum, the continuous spectrum and the residual spectrum

(see [94, Chapter VIII, §1] for details). As a rule, the notions of a continuous or
residual spectrum will not be needed for the study of operators in this book.
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By definition, for a given eigenvalue, its geometric multiplicity is lower than,
or equal to, its algebraic multiplicity. Specifically, let us recall some results on
the spectrum of compact operators.?

Theorem 4.1.7 Let A € L(X) be a compact operator. Then:
— The spectrum o(A) is countable.
- 0€0(A) (it is assumed here that dim(X) = o0).
- o(A)\ {0} = Eig(A)\ {0} (all non-zero elements of the spectrum are eigen-
values).
— The multiplicities of all non-zero eigenvalues are finite.
Furthermore, one of the following (exclusive) assertions holds:
- o(4) = {0},
- o(A)\ {0} is finite,
- o(A)\ {0} is a sequence whose limit is 0.

Let us turn our attention to Hilbert spaces. Let V be a Hilbert space, with

scalar product (-,-)y and associated norm || - ||y. Recall that its dual space®
V' is the space of continuous antilinear forms on V, endowed with the norm
[(frv)v]
Ifllv: = sup

vevyior Ilvllv
Above, (f,v)y denotes the action of f on v. Whenever it is clear from the
context, we denote it simply by (f, v).
Definition 4.1.8 A bounded operator A € L(V) is positive if

Yo €V, (Av,v)y > 0.
A bounded operator A € L(V) is positive-definite if
Yo e V\ {0}, (Av,v)y > 0.

If a bounded operator is positive-definite, then its kernel reduces to {0}.

Definition 4.1.9 Let A be an unbounded operator of V- with domain D(A).
It is said to be monotone if

Yv € D(A), (Av,v)y > 0.

It is said to be maximal monotone if:

3 Some of these results are consequences of the Fredholm alternative, which we
choose to state hereafter within the framework of Hilbert spaces.

4V’ can also be called the antidual space. We choose the denomination dual space,
which also applies for vector spaces defined over R, and continuous linear forms.
Given v € V, f, : w — (v,w)v defines an element of V’'. According to the
Riesz Theorem 4.2.1 below, v + f, is a bijective isometry from V to V’'. In
addition, V'’ can be made into a Hilbert space by defining its scalar product via
(fo, fw)vr = (v,w)v, for all v,w € V.
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(i) it is monotone;
(i1)ip(ay—v + A is surjective from D(A) to V.
Definition 4.1.10 An unbounded operator A : D(A) — V is symmetric if
Yo, w € D(A), (Av,w)y = (v, Aw)y .

Let W be a second Hilbert space.

Definition 4.1.11 Let A : D(A) — W be an unbounded operator with a
dense domain in V. Its adjoint is the unbounded operator A* : D(A*) — V,
with

DAY ={weW : eV, W € D(A), (w,Av)w = (v,v")v}, and A*w = v.
Definition 4.1.12 Let A: D(A) — V be an unbounded operator with a dense
domain in V. It is self-adjoint if A = A*. It is skew-adjoint if A = —A*.
There are several possibilities for proving that an operator is self-adjoint.

Proposition 4.1.13 Let A € L(V'). Then, A is self-adjoint if, and only if, it
18 symmetric.

Proposition 4.1.14 Let A: D(A) — V be a maximal monotone unbounded
operator. Then, A is self-adjoint if, and only if, it is symmetric.

This last result is often used in conjunction with the next one.

Proposition 4.1.15 Let A: D(A) — V be an unbounded operator. Then, A
18 mazximal monotone if, and only if, A is closed with a dense domain, and A
and A* are monotone.

We also have an alternative characterisation of compact operators in terms
of weakly convergent sequences.

Definition 4.1.16 (weak convergence) A sequence (vy)k>0 of elements of
V' is weakly convergent if

eV, YwelV, klim (vg, w)y = (v,w)y.
—00

One writes v, — v in V.

Proposition 4.1.17 Let A € L(V,W). Then, given elements (vi)r>0 and v
of V, vp = v in 'V implies Avi, — Av in W.
Moreover, A is compact if, and only if,

Y(vi)k>0,v €V, v v inV = klirn Av, = Av in W.
—00

Let us now state an important result in regard to compact operators.
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Theorem 4.1.18 Let A € L(V) be a compact operator. Then,
—ker(Iy — A) is a finite-dimensional vector space.

~ R(Iy — A) is closed; more precisely, R(Iy — A) = (ker(Iy — A*))".
- ker(IV — A) = {O} et R(IV — A) =V.

—dim(ker(Iy — A)) = dim(ker(Iyy — A*)).

Evidently, given A € C \ {0}, one can replace Iy with AIy in the above
Theorem ; in particular, Ay, — A is a Fredholm operator. It follows that the
multiplicities of any non-zero eigenvalue A of a compact operator are finite:
0 < dim(Ey(A)) < dim(Rx(A4)) < oo (whereas 0 < dim(Ep(4)) < c0).

Also, it allows one to solve the following classical problem.
Let Ac L(V), A€ Cand feV,

{ Find uw € V such that (4.1)

Au— Au = f.

According to Theorem 4.1.18, one can simply prove the following result when
the operator is compact.

Corollary 4.1.19 (Fredholm alternative) Let A € L(V) be a compact
operator and X € C\ {0}. Then:

— either, for all f € V, Problem (4.1) has one, and only one, solution u;

— or, the homogeneous equation A\u — Au = 0 has ny > 0 linearly independent
solutions. In this case, given f € V', Problem (4.1) has solutions if, and only if,
f satisfies ny orthogonality conditions. Then, the space of solutions is affine,
and the dimension of the corresponding vector space is equal to my.

This proposition has many practical applications, in particular, for solving
Helmholtz-like problems (see the upcoming §4.5).

As one can check readily, in the case of a self-adjoint operator, all eigen-
values are real numbers. In addition, let us mention an important result in
regard to the eigenvectors of compact and self-adjoint operators in a separable
Hilbert space.

Theorem 4.1.20 (spectral) Assume that V is separable. Let A € L(V)
be a compact and self-adjoint operator. Then, there exists a Hilbert basis® of
V' made of eigenvectors of A.

With this result, one can write a compact and self-adjoint operator as a sum
of scaled projection operators onto its eigenspaces: this is the so-called spectral
decomposition of a compact, self-adjoint operator.

5 A Hilbert basis of V is a countable set (ex)ren of elements of V', such that, for all
k.0, (ek,ee)v = Oke, and span(eq, ez, -+ ) is dense in V. Then, for all v € V, one
has v =Y, (v, ex)v ex and [[v]|3 = 30, o, (v, ex)i (Bessel-Parseval identity).
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Let us mention some results on interpolation theory, in a Hilbert space V'
(see [158, Chapter 1, §2]). In this setting, W is a second Hilbert space, and it
is also a dense, strict subspace (with continuous imbedding) of V. Classically,
there exists a self-adjoint, positive unbounded operator A of V' with domain
D(A) = W. Moreover, || - |[w and the graph norm (|| - |2 + [|A - [|3)'/? are
equivalent norms on W. On the other hand, given a self-adjoint, positive
unbounded operator A of V, one can define the unbounded operators A?
for § > 0, with the help of the spectral representation of the unbounded
operator A(®). This leads to the ...

Definition 4.1.21 (Interpolated space) Given § € [0, 1], the Hilbert space
[W,V]g = D(A'=?) is the interpolated space of order § between W and V,
with norm 12

- lwvye = (- 3+ 1140 11)

We now list some properties of interpolated spaces.”

Proposition 4.1.22 Let ([W, V])oc[o,1] e the interpolated spaces.

o The definition of the interpolated space is independent of the choice of the
unbounded operator A.
o Given 0 € (0,1], there exists Cy > 0 such that

Vw € W, [|wlljw,vi, < Co llwllyy®wllf-
e (liven 0 <0y <0y <1, it holds that
W C [W,V]g, C[W,V]p, CV,

5 Let us explain briefly this construction when the imbedding W C. V is compact;
this condition will hold in all the cases encountered in this book. Using Corol-
lary 4.5.12 below, which is a straightforward consequence of Theorem 4.1.20, one
constructs a Hilbert basis (ex)rew of V' whose elements belong to W, and a non-
decreasing sequence of strictly positive numbers (uy)ren tending to +oo such
that:

Yw e W, (ex,w)w = ui (er,w)v .

Clearly, |lex||w = pk, thus the space W can be alternatively defined as

W ={w= Zwkek eVv: Zui lwg|®> < +o00} = D(A), where: A= ZukPgﬁ

keN keN keN

and Pj denotes the projection onto span{ez}. Then, for any o € R", one defines
the unbounded operator power A% as

D(A™) ={w = Zwk e €V : Zuig lwg|® < +o0} and: A* = Zug Py
kEN PN kEN

When the imbedding W C V is not compact, the above discrete sums are replaced
with Stieltjes integrals that take into account the whole spectrum (see [209, §XIJ]).
In the compact imbedding framework, the next two propositions follow immedi-
ately from Definition 4.1.21 and footnoteS.



144 (©Assous-Ciarlet-Labrunie 2017

with continuous imbeddings.
o Assume that the embedding of W into V is compact ; then, given 0 < 61 <
02 < 1, all above embeddings are compact.

One can also apply interpolation theory to bounded operators (below, V¢, W¢
are two other Hilbert spaces, with W*° a dense, strict subspace of V¢, with
continuous imbedding).

Proposition 4.1.23 (Interpolated operator) Given A € L(V,V)NL(W,W?),
then for all 6 € [0,1], A belongs to L([W,V]g, W, V?°]p).

Also, we will frequently make use of sesquilinear® continuous forms on

VxW.Leta:V xW — C, (vyw) — a(v,w): a(-,-) is continuous if the
quantity
la(v, w)|
llalll = sup TN T T
vev\{o}wew\{o} [vllvllwllw
is bounded. When a(-,-) is sesquilinear and continuous on V' x W, it defines
a unique bounded operator A from V to W’:

V(v,w) € V. x W, (Av,w)w = a(v,w).
Respectively, one can also define its conjugate transpose AT from W to V'
V(v,w) € V x W, (Atw,v)y = a(v, w).

For a bilinear form a defined on Hilbert spaces V, W over R, one defines A
from V to W' as above, respectively the transpose A? from W to V'’ without
conjugation.

Evidently, given a bounded operator A from V to W', one could define a
sesquilinear continuous form on V' x W.

4.2 Static problems

Let H be a Hilbert space. Then, let f be an element of H’, and define

{ Find uw € H such that (4.2)

Vv € H, (U,U)H = <fvv>'
Item (4.2) is called a Variational Formulation. It is the first instance in a long
sequence of such Formulations.
The first result is the Riesz Theorem.

Theorem 4.2.1 (Riesz) Problem (4.2) admits one, and only one, solution
w in H. Moreover, it holds that ||ullg = || f||z -

8 A sesquilinear form is linear with respect to the first variable, and antilinear with
respect to the second variable.
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An interesting consequence of the Riesz Theorem 4.2.1 is the notion of pivot
space. Indeed, the mapping f +— wu is a bijective isometry from H’ to H. Then,
one can choose to identify H' with H.

Definition 4.2.2 (pivot space) Let H be a Hilbert space. Whenever H' is
identified with H — with the mapping f — w — H is called the pivot space.

Thus follows ...

Proposition 4.2.3 Let H be a Hilbert space. Let V' be a second Hilbert space
such that V is a dense, vector subspace of H, and such that the canonical
imbedding iv_ g s continuous. Then, when H is chosen as the pivot space,
one can identify H with a vector subspace of V.

Indeed, given two Hilbert spaces H and V as in the above proposition, the
imbedding iy _,y is injective, continuous, and iy _,v/H is dense in V'. As a
consequence, one can write

(pivot)

VcH H cV,

with continuous and dense imbeddings.

Given two Hilbert spaces V, W, given a continuous sesquilinear form a on
V x W, and given an element f of W', let us introduce another Variational
Formulation

{ Find uw € V such that (4.3)

Yw e W, a(u,w) = (f,w).

Definition 4.2.4 (well-posedness, Hadamard) Problem (4.3) is well-posed
in the Hadamard sense if, for all f € W', it has one, and only one, solution
u € V' with continuous dependence, i.e.,

AC > 0,Vf € W', there exists a unique u € V' satisfying (4.3)
and [[ully < C|f]lw-.

We note that it is possible to reformulate Problem (4.3) as follows:

{ Find uw € V such that (4.4)

Au= fin W".

We see in Problem (4.3) that u is characterized by two items: first, the fact
that it belongs to a specified space V' so that it is measured by || - ||v, and
second, either by its action on all elements of W, or by an equation, set in W',

Clearly, the operator A~! is well-defined (and continuous) from W’ to V if,
and only if, Problem (4.3) is well-posed in the Hadamard sense.

Proposition 4.2.5 Problem (4.3) is well-posed in the Hadamard sense if,
and only if, the operator A of Problem (4.4) is an isomorphism.
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We will usually write well-posed instead of well-posed in the Hadamard sense.

Then, we proceed with the second result, which generalizes Riesz’s Theorem
in the case when V' = W. It is called the Lax-Milgram Theorem, and provides
a condition sufficient to achieve well-posedness for Problem (4.3).

Definition 4.2.6 Let a(-,-) be a continuous sesquilinear form on V- x V. It
is coercive if
Ja >0, Yv €V, |a(v,v)| > a|v||}.

Remark 4.2.7 One could also choose to define the coerciveness of continuous
sesquilinear forms by assuming

Ja >0, 30 € [0,2n[, Vv eV, Rlexp(sd) a(v,v)] > a ||lv]|}-

This definition is equivalent to Definition 4.2.6. We shall use the latter for
coerciveness throughout this monograph.

Moreover, with real-valued forms a(-,-) (defined on a Hilbert space V over R),
both definitions boil down to

Js € {~1,+1}, Ja >0, Vo €V, sa(v,v) > alv|i.

Theorem 4.2.8 (Lax-Milgram) When V = W, assume that the continuous
and sesquilinear form a is coercive. Then, Problem (4.3) is well-posed.

Instead of imposing coerciveness, one can assume a stability condition, also
called an inf-sup condition. This can be useful when the arguments v and w
do not belong to the same space.

Definition 4.2.9 Let a(-,-) be a continuous sesquilinear form on V x W.
It verifies a stability condition if

Ja’ >0, Yo eV, sup Ja(v, w)] > |v]|v. (4.5)
wew\{o} llwllw

It verifies the solvability condition if
{weW : YveV, alv,w) =0} = {0}. (4.6)

Remark 4.2.10 Condition (4.5) can be equivalently stated as the inf-sup

condition

Jo/ >0, inf u M !
veV\{0} wew\qo} IVllvIlwllw

When V = W, the coerciveness of a sesquilinear form implies both a stability
condition (with o/ = «), together with a solvability condition, on the same
form.

Then, one has the result below.
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Proposition 4.2.11 Assume that the continuous and sesquilinear form a
verifies a stability condition (4.5) with a suitable o'. Then, ker(A) = {0},
R(A) is closed in W', and A is a bijective mapping from V to R(A). As a
consequence, given any f € R(A), Problem (4.3) admits one, and only one,
solution u in V, and moreover, o/ ||ullyv < || fllw+. Furthermore, if the form
a satisfies the solvability condition (4.6), R(A) = W', and as a consequence,
Problem (4.3) is well-posed.

Theorem 4.2.12 (Banach-Necas-Babuska) Problem (4.3) is well-posed if,
and only if, the continuous and sesquilinear form a verifies a stability condition
(4.5) and a solvability condition (4.6).

Let us now introduce an a priori intermediate condition (cf. [57]).

Definition 4.2.13 Let a(-,-) be a continuous sesquilinear form on V-x W. It
is T-coercive if

3T € L(V,W), bijective, Ja > 0, Yv € V, |a(v, Tv)| > a||Jv||}-.

Proposition 4.2.14 Let a(-,-) be a continuous and sesquilinear form: the
form a is T-coercive if, and only if, it satisfies a stability condition and a
solvability condition.

Remark 4.2.15 So, to ensure that Problems (4.3) or (4.4) are well-posed:

e ¢ necessary and sufficient condition is that the form a wverifies a stability
condition and a solvability condition (see Theorem 4.2.12);

e a necessary and sufficient condition is that the form a is T-coercive (see
Proposition 4.2.14);

e when V =W, asufficient condition is that the form a is coercive (see the
Laz-Milgram Theorem 4.2.8).

Within the framework of the inf-sup theory, the operator T is sometimes called
an inf-sup operator.

Remark 4.2.16 If the form a is Hermitian (when V. = W), the stability
of a(-,-) is sufficient to guarantee well-posedness. In the same spirit, for a
Hermitian form a, the Definition 4.2.13 of T-coercivity can be simplified to

T e L(V), Ja >0, Yo eV, |a(v,Tv)| > a|v|}.
In other words, it is not required for T to be bijective.

The next result is slightly more complicated, in the sense that it allows one
to solve a Variational Formulation, which includes some constraints. More
precisely, let @@ be a third Hilbert space, and let:

e a(-,-) be a continuous sesquilinear form on V' x V;
b(-,-) be a continuous sesquilinear form on V' x Q;
fevh
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e geq.
Let us consider the mixed problem, or constrained problem:

Find (u,p) € V x Q such that

Yo eV, a(u,v) + b(v,p) = {f,v), (4.7)
Vg € Q, b(u,q) = (g,9)-

In the above, the last line expresses the fact that u has to fulfill some con-
straints, with respect to its action on elements of ). In terms of operators,
recall that one can introduce the bounded operators B and BT, respectively
from V to Q" and from Q to V':

V(v,q) €V x Q, (Bv,q) =b(v,q) = (Blg,v). (4.8)
Problem (4.7) can be reformulated equivalently:

Find (u,p) € V x Q such that
Au+ Bip=finV’, (4.9)
Bu=gin Q'

Remark 4.2.17 When the forms are real-valued and when a(-,-) is symmet-
ric, (4.7) is also referred to as a saddle-point problem. The expression mixed
problem s generally used in the framework of variational analysis, whereas
the term saddle-point formulation refers merely to the context of optimization
under constraints. In the following, we will use, without distinction, the one
or the other term, as they appear as two different sides of the same prob-
lem. Indeed, the mized formulation (4.7) corresponds to the optimality con-
ditions of the problem, which consists in minimizing the quadratic functional
J(v) = 2a(v,v)—(f,v) under the constraint (4.7-bottom). The bilinear form a
being symmetric, the pair (u, p) solution to the mized problem can be viewed, in
this case, as the saddle-point of the Lagrangian L(v,q) = J(v)+b(v,q)—{g,q).
Recall that the saddle-point is defined as the pair (u,p) such that

YoeV, YgeQ, L(u,q) < L(u,p) < L(v,p).

Before stating the main result for the solution of (4.7-4.9), let us introduce
the inf-sup condition on the form b for the mixed problem, where the infimum
is taken over elements of Q:

3550, imf  osup 20D o4 (4.10)

p =
a€Q\{0} vev\1o0y lvllv llalle
Now, let
K={veV :VYqeQ, bv,q) =0} and K ={h eV’ : Yo € K, (h,v) = 0}.

The subspace K of V' is the kernel of B (when no confusion is possible, one
writes that K is the kernel of b(-,-)), and K" is called its polar set. Provided
b(-,-) is continuous, K is a closed subspace of V, so that one can write: V =
K @ K. It holds that
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Lemma 4.2.18 Let b(-,-) be a continuous sesquilinear form on V x Q. The
three assertions are equivalent:

o there exists B > 0 such that b(-,-) satisfies (4.10);
e the operator Bl is a bijective mapping from Q onto K°, and moreover,

Vg € Q, |BTq|lv: > Bllallg;

e the operator B is a bijective mapping from K+ onto Q', and moreover,
Vo e K+, |[Bullgr = Bllvllv.

We finally reach ...

Theorem 4.2.19 (Babuska-Brezzi) [27, 6/ Leta,b, f, g be defined as above.
Assume that

(i) the sesquilinear form a is coercive on K x K ;
(ii) the sesquilinear form b satisfies an inf-sup condition.

Then, Problem (4.7) admits one, and only one, solution (u,p) in V x Q. More-
over, there exists a constant C independent of f such that (||u]lv + ||pllo) <

C (I fllv +lgllie)-

There exist variations of this result, which rely on weaker assumptions than
the coerciveness of the form a on K x K and the inf-sup condition on b(-, ):
we refer the reader to [65].

Proof. (of Theorem 4.2.19). Let us call a > 0 and § > 0, respectively, a
coercivity constant for a(-,-) on K x K (cf. Definition 4.2.6) and an inf-sup
constant for b(-,-) (cf. (4.10)).

1. Uniqueness is proven as follows. Assume that two solutions (u!,p') and
(u?,p?) to Problem (4.7) exist, then (du,dp) = (u* — u?, p' — p?) solves

Find (du, ép) € V x Q such that
Yo eV, a(du,v) + b(v,dp) =0,
Vg € Q, b(du,q) = 0.

The second equation states that du belongs to K. Next, using v = du
in the first equation leads to a(du,du) = 0, so that du = 0, thanks to
hypothesis (i). It follows that one has, for all v € V, b(v,dp) = 0 or, in
other words, Bf(6p) = 0. Thanks to hypothesis (ii) and Lemma 4.2.18,
one gets that dp = 0.

2. On the other hand, again using hypothesis (ii) and Lemma 4.2.18, we
know that

A, € K+, Bu, =g and Bllurlly < |gllo-

(Note that Bu, = g can be rewritten: Vg € Q, b(u,q) = (g,q).)
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3. Then, according to hypothesis (i), one can solve

{ Find u € K such that
Vo € K, a(uy,v)) = (f,v)) —alur,vy),

with the help of the Lax-Milgram Theorem 4.2.8. Its solution u exists
and is unique, and moreover,

alluplly < (v +llalll lurllvy < {ILFve + HalllB~ lglle:} -
4. Let us aggregate steps 2. and 3. Introduce the candidate solution
u=utuyL, (4.11)

and consider v € V', which we split as v = v +v 1, with (v, v1) € KxK+.
According to the definition of u, one finds that

(fyv) —a(u,v) = (f,v1) —alu,vy).

Then, h € V' defined as (h,v) = (f,v1)—a(u,v,) actually belongs to the
polar set K° of K. Thanks again to Lemma 4.2.18, we obtain that

Ap € Q, B'p=hand Blplq < Allv: < {Iflv: + lllalll ullv} . (4.12)

(Note that Bfp = h can be rewritten: Vv € V, b(v,p) = (h,v).)

5. Existence of a solution to Problem (4.7) is a consequence of the previous
steps. Consider v and p as in (4.11) and (4.12), respectively. Then, for all
v €V, and for all ¢ € @, one finds

a(u,v) +b(v,p) = a(u,v) + (h,v) = (f,v),
b(u,q) = b(ui,q) = (g,9) -

Moreover, one has the estimates

lully < o™ [ fllvr + 87 {1+ [[lallla™ }lgller,
Iplle < B~ {IIf v + Illalll llullv} -

Remark 4.2.20 We carried out the proof over five steps. This process can
be reproduced in other situations, such as time-dependent, or time-harmonic,
problems with constraints.

We have so far defined a series of well-posed static problems, under ad hoc
assumptions. To bridge the gap with time-harmonic problems (see §1.2.1), let
us briefly consider forms associated with Fredholm operators of index 0(°).

9 When the sesquilinear form in Problem (4.3) is Hermitian (V = W), if the asso-
ciated operator is Fredholm, then its index is always equal to 0.
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Definition 4.2.21 (well-posedness, Fredholm) Problem (4.3) is well-posed
in the Fredholm sense if the associated operator of Problem (4.4) is a Fredholm
operator of index 0.

In this setting, one may introduce a weak stability condition, respectively a
weak T-coercivity condition.

Definition 4.2.22 Let a(-,-) be a continuous sesquilinear form on V- x W.
It verifies a weak stability condition if

aC € L(V,W) compact, I/ > 0,5 >0, Yv €V,

a(v,w
sup 20O iy — g0

weW\{0} l|wllw

Definition 4.2.23 Let a(-,-) be a continuous sesquilinear form on V-x W. It
1s weakly T-coercive if

3T € L(V, W) bijective, 3C € L(V,W) compact, Ja > 0,8 >0, Yv €V,
la(v, To)| > a o]}, = B[ICvlffy-

Regarding the weak stability and weak T-coercivity conditions, one may prove
the results below for Hermitian forms.

Proposition 4.2.24 When V = W, let a(-,-) be a sesquilinear, continuous
and Hermitian form on V x V. For Problem (4.3) to be well-posed in the
Fredholm sense:

e ¢ necessary and sufficient condition is that the form a wverifies a weak
stability condition;
e ¢ necessary and sufficient condition is that the form a is weakly T-coercive.

4.3 Time-dependent problems

Up to now, the abstract framework we have developed allows us to solve
the so-called static problems in practical applications. In other words, prob-
lems in which the function spaces of solutions and of test functions, and the
(anti)linear forms, depend only on the space variable. We turn now to prob-
lems that include some explicit dependence with respect to both the time and
space variables (¢, ). Within the framework of the theory we recall hereafter,
the solution w is not considered directly as a function of (¢, x). Instead, it is a
function of ¢ — and, as such, written as u(t) — with values in a function space
that depends solely on the space variable:

w:tu(t), u(t):x— ult,x).
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4.3.1 Problems without constraints

Let A be an unbounded operator of V' with domain D(A), up € V and
f : RY — V. Then, the first-order time-dependent problem to be solved is

formulated as
Find u such that

W au=r >0 (4.13)
u(0) = wo.

Above, u(0) = ug is called an initial condition.
We now introduce the important notion of strong solutions with respect to
the time variable ¢. Here, we mostly follow the teaching material of Joly [145].

Definition 4.3.1 u is a strong solution to Problem (4.13), provided that

(i) uweCHRY:;V);

(ii) ¥Vt >0, u(t) € D(A) and, moreover, u € CO(R*, D(A));

(111) ¥t > 0, u/(t) + Au(t) = f(t) in V, and u(0) = ug.

According to the requested regularity in time, we note that a strong solution
satisfies Problem (4.13) in the classical sense. Also, provided that f belongs to
C°(R}; V), conditions (i) and (iii) imply that u € CO(R}; D(A)), when D(A)
is endowed with its graph norm. Then, one has the fundamental result below.
Theorem 4.3.2 (Hille-Yosida) [209, 1753, 63] Let A be an unbounded
operator of V' with domain D(A). Assume that there exists ;1 € R such that
A + ply is mazimal monotone. Then, given f € CH(RT; V) and ug € D(A),
Problem (4.13) admits one, and only one, strong solution in the sense of
Definition 4.3.1. In addition, the solution can be bounded as follows:

t
Vi e R, Jlu(t)v < Hu0||v+/0 17(s) v ds,

du ‘ df
vt € R, =7 @Ollv < [[Auollv + ||f(0)||v+/0 1= ($)lv ds.

The proof of this result is based on the semi-group theory.

Remark 4.3.3 One can choose to solve the first-order problem on the time
interval 10, T[, with T > 0 given. In this case, with the same assumptions
about the operator A, one easily finds that

{Cl([O,T];V) x D(A) — C°([0,T]; D(A)) x C°([0,T); V)
(fv uO) = (u,u’)

is continuous (with a constant that depends on T').

It is also possible to define strong solutions in a slightly weaker sense (see
[63]). Basically, it is no longer required that the initial data belongs to D(A).
As a consequence, the assumption about ug can be relaxed to ug € V in the
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corresponding version of the Hille-Yosida Theorem.!? In this case, items (i)
and (ii) of Definition 4.3.1 are modified as follows:

(1)) uwe CHREV)NCORY;V);

(ii)’ Vt > 0, u(t) € D(A) and, moreover, u € C°(R}, D(A)).

For that, one can consider self-adjoint operators (other possibilities are de-
scribed, for instance, in [93]).

Theorem 4.3.4 (Hille-Yosida) [63] Let A be an unbounded and self-
adjoint operator of V. with domain D(A). Assume that there exists p € R
such that A + ply is mazimal monotone. Then, given f € CH(R*;V) and
ug € V, Problem (4.13) admits one, and only one, strong solution in the
sense of Definition 4.3.1 with items (i)’-(ii)’-(iii). In addition, the solution
can be bounded as follows:

t
WeRﬂHMWW£W@W+AHﬂﬂww,

du 1 tod
vt e R, [ ®)llv < <lluollv + [I£(0)]lv + H—f(S)HV ds.
dt t dt
0

Moreover, if f =0, one has
Vk, 1 € N, u e C*(R}; D(AY).
The last result is called a reqularizing effect. Also, it is possible that

. / _
Jim [/ (0l = +ox.

Remark 4.3.5 If one has f € CO°(RT;V) N LY (R*; D(A)), then Problem
(4.13) still has a strong solution. In addition, one has

du t
vt € RY, I=7 @llv < || Auollv + IIf(lt)ller/0 [Af(s)]lv ds.

On the other hand, if one has only f € C°(RT; V), then it is no longer guar-

anteed that this time-dependent problem has a strong solution (cf. Chapter
XVII of [93]).

A third variant of a strong solution appears in a slightly different context,
namely, when the operator A is skew-adjoint. Generally speaking, this fea-
ture corresponds to an energy conservation property of the evolution prob-
lem (4.13); one can thus define solutions for negative, as well as positive, values
of time ¢, i.e., solve the “backward” problem (for ¢t < 0), as well as the forward
one. In this case, we take the following variants of the items in Definition 4.3.1:

10 For practical applications, it allows one to consider initial data that do not verify
the constraints that the solution fulfills afterwards.
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(i)” uwe CHR;V);
(ii)” Vt € R, u(t) € D(A) and, moreover, u € C°(R, D(A));
(iii)” vt € R, v/(t) + Au(t) = f(t) in V, and u(0) = uo.

There is no regularizing effect in this case, i.e., the initial data must belong to
the domain of A. On the other hand, the self-adjointness assumption of The-
orem 4.3.4 is linked to energy dissipation, which accounts for the regularizing
effect, and makes the backward problem ill-posed.

The corresponding result is now stated.

Theorem 4.3.6 (Stone) [209] Let A be an unbounded and skew-adjoint op-
erator of V' with domain D(A). Then, given ug € D(A) and either (a) f €
CHR; V) or (b) f € COR; V)N LY(R; D(A)), Problem (4.13) admits one, and
only one, strong solution in the sense of Definition 4.3.1, with items (i)”-
(i1)”-(i11)”. In addition, the solution can be bounded as follows, according to
the assumptions (a) or (b):

t
Vi € R, [[u®)llv < lluolly + / 17()]lv ds,
du ! df
(a) Vi € R, | (@)l < |\AU0||V+||f(0)||v+/O 1% (5)lv ds,

du ¢
(b) VteR, | @lv < HAUO||V+||f(t)”V+/O [Af(s)]lv ds.

The proof once more relies upon semi-group theory. Furthermore, one can
prove the following causality result.

Proposition 4.3.7 Assume the hypotheses of Theorem 4.3.6. Let f1, fo sal-
isfy either (a) or (b), and uy, ug be the corresponding solutions to (4.13). If
f1(t) = fa(t) for a.e. t > 0, then uy and uy also coincide for a.e. t > 0.
As a consequence, if one is interested in the forward problem only, it is not
necessary to know the values of the r.h.s. for t < 0.

It turns out that one can apply this theory (Theorem 4.3.2) to solve second-
order time-dependent problems and find strong solutions of such problems.
These problems write

Find u such that

U amt £ 0

W—i_ u_dv > U3 (4.14)
u

u(0) =y, E(O) =u.

Above, u(0) = ug and v/ (0) = uy are the two initial conditions.
Here, one needs to consider two Hilbert spaces:

e H, a Hilbert space, with scalar product (-,-)y and norm || - ||%;
e V. a Hilbert space, with scalar product (-,-)y and norm || - [|y;
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e the imbedding iy _,3 is continuous;
e Vis dense in H.

The operator A is defined via a sesquilinear continuous and Hermitian form a
defined on V x V, which fulfills the following property:

JveRT, Ja e RS, W eV, alv,v)+v|v|3 > a|v|3- (4.15)

Remark 4.3.8 Note that one can define another scalar product on V, with
associated norm ol - ||y equivalent to || - ||y in V. It writes

Vv, w eV, ao(v,w)y = a(v,w) + v (v,w)x.

Then, one can introduce the unbounded operator A of H with domain D(A)

{D(A) —{veV : et VeV, alv,w) = (hw)}: (4.16)

Vv e D(A), Yw eV, (Av,w)y = a(v,w).

Definition 4.3.9 u is a strong solution to Problem (4.14), provided that

(i) ue C*(RY;H)NCHRY; V),
(i) ¥t >0, u(t) € D(A) and, moreover, u € C°(R*, D(A));
(1ii) Vt > 0, 0’ (t) + Au(t) = £(t) in H, u(0) = up and v'(0) = u;.

From this point on, one can prove an equivalence result between the existence
of u as a strong solution to Problem (4.14) and the existence of a strong
solution to a companion — first-order time-dependent — problem. We give the
main steps of the process, since it will be of use later on for solving the time-
dependent Maxwell equations, written as wave equations with constraints (cf.
§1.5.3). For the moment, we adopt the following point of view. To determine ad
hoc conditions that ensure the existence and uniqueness of a strong solution
to Problem (4.14), let us use the Hille-Yosida Theorem 4.3.2. To that aim,
introduce V- =V x H. Its elements are denoted by v = (v, h). It is a Hilbert
space, with the scalar product (v,?0)y = 2(v, %)y + (h, B)H Next, let A be an
unbounded operator of V', defined by

{D(A) = D(A) X V;
Yo = (v,h) € D(A), Av = (—h,Av).

The data are equal to ug = (ug,u1) and f = (0, ).
Finally, we are in a position to consider Problem (4.13) with V', A, f and ug
as above. One obtains the following simple result...

Proposition 4.3.10 Assume that u is a strong solution to Problem (4.14);
then, u = (u,u’) is a strong solution to Problem (4.13).

Conversely, assume that uw = (u,h) is a strong solution to Problem (4.13);
then, u is a strong solution to Problem (4.14).
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As a conclusion, one can exhibit sufficient conditions to ensure the existence,
uniqueness and continuous dependence of the solution to the second-order
time-dependent problem. Indeed, according to the definition of the scalar
product on V, maximal monotony of A + uly stems from property (4.15),
with the admissible choice u > /v/2.

Theorem 4.3.11 Let a(-,-) be a the sesquilinear, continuous and Hermitian
form defined on V x V, which fulfills property (4.15). Let the operator A be
defined as in (4.16). Then, given £ € C'(RT;H), ugp € D(A) and vy € V,
Problem (4.14) admits one, and only one, strong solution in the sense of
Definition 4.3.9. In addition, for any t > 0, the norms [[u(t)|y, |0/ (¢)]v
and ||[u”(t)||% can be bounded by (homogeneous) expressions involving only
the norms of the data.

So far, we have addressed the well-posedness of our first- and second-order
time-dependent problems, based on the concept of strong solutions.

There exists an alternative technique for second-order time-dependent
problems that relies on weak solutions. It is usually referred to as the Lions-
Magenes theory [158]. It relies mainly on mathematical tools such as distribu-
tions, and Lebesgue and Sobolev spaces. The starting point is still Problem
(4.14), which will be re-interpreted below. Here, the Hilbert space H is usually
considered as the pivot space, so that YV ¢ H Cc V.

Consider T' > 0 and assume that u is a strong solution to Problem (4.14)
on the time interval |0, 7|, in the sense of Definition 4.3.9. Then, since V is
dense in H, one gets the series of equivalent statements:

vt €]0,T7, %(t) +Au(t) =£(t) in H
<Vt €]0,T[, VveV, (%(t),v)y + (Au(t),v)y = (£(t),v)n

=Vt €]0,T[, Vv eV, j—;(u(t),v)H +a(u(t),v) = (£(t), v)n.

One defines weak solutions, for which the last statement is not satisfied for all
t in |0, T[, but in the sense of distributions instead. In other words, the weak
solution, still denoted by u, satisfies the weaker statement!!:

d2
Vv ey, w(u(t),v)y +a(u(t),v) = (£(t),v)y in D'(J0,T). (4.17)
1Tt is equivalently written as

Vo € D(0,T]), Vv €V,
{ / {(a(), V) " (1) + ala(t), v) p(t)} dt = / (£(1), v (1) dt.
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Definition 4.3.12 u is a weak solution to Problem (4.14) on the time interval
10, T, provided that

(i) we L*0,T;V) andvw' € L?(0,T;H);

(ii) v €V, ((u(t),v)n)" + a(u(t),v) = (£(t),v)% in D'(0, ),
u(0) =ug and u'(0) = u;.

We note that Problem (4.14) must be re-interpreted when weak solutions are
sought. Indeed, since u(t) belongs to V instead of D(A) — in contrast to strong
solutions (see Definition 4.3.9 (ii)) — Au(¢) has no meaning. For this reason,
one instead introduces the bounded operator A,, of £L(V,V’), defined by

Vv,w eV, (Ayv,w)y = a(v,w).

Thus, A,u(t) belongs to V', and moreover, A, u € L%(0,7;V"). So, when weak
solutions to the second-order time-dependent Problem (4.14) are studied, the
operator that acts on the solution is A,,.

Theorem 4.3.13 (Lions-Magenes) [158] Assume that the sesquilinear, con-
tinuous and Hermitian form a fulfills property (4.15), and let the operator A,
be defined as above. Then, given T >0, £ € L?(0,T;H), ugp €V and u; € H,
on the time interval 10, T[, Problem (4.14), admits one, and only one, weak
solution in the sense of Definition 4.3.12. In addition,

{L2(O,T;H) x VYV xH — C%0,T];V) x C°([0, T]; H)
(f,u0,u1) — (u,u’)

is conlinuous (with a constant that depends on T').

In other words, the well-posedness of second-order time-dependent problems
also holds for weak solutions (under assumptions that are different from those
introduced in the case of strong solutions).

Remark 4.3.14 Within the framework of the previous Theorem, a weak so-
lution is such that Ayu € C°([0,T);V'). Since £ € L2(0,T;H), it follows that
v’ € L*(0,T;V"). In particular, one can choose to rewrite ((u(t),v)q.[)// as

W"(t),v), for allve V.

For Maxwell’s equations, it is important to note that the notion of weak
solutions can be extended to the slightly modified problem below. Introduce
2(, )n, a second scalar product on H, such that o||-||% and ||-|| are equivalent
norms. Therefore, one can equip H with 5| - || without changing its topology;
let us denote this space as Hy to emphasize this point of view. Note that in
the formulation of property (4.15), one can replace || - || with 2|| || (resulting
in a different v). Then, statement (4.17) is replaced by

2

Vv ey, % {o(u(t),v)n} + a(u(t),v) = (£(t),v) in D'(]0,T[), (4.18)

which defines a modified second-order time-dependent problem. Interestingly,
one can prove that this modified problem is also well-posed.
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Corollary 4.3.15 Let £ € L?(0,T;H), ugp € V and u; € H. The variational
formulation (4.18) admits one, and only one, weak solution on the time in-

terval 10, T, satisfying (u,u’) € C°([0,T); V) x C°([0, T); H). In addition,

{L2(O,T;’H) xV x H — C°[0,T]; V) x C°([0, T); H)
(£f,u0,u1) = (u, )

is conlinuous (with a constant that depends on T').

Proof. Using Riesz’s Theorem in Hs, one can rewrite the r.h.s. of (4.18),
which becomes:

Vv ey, % {2(u(®), v)u} +a(u(t),v) = 2(f(2)(t), v)n in D'(]0,T]). (4.19)

Of course, the functions of time with values in H have the same regularity
when seen as taking their values in H2; and the norm of £, in L2(0,T;H2)
is bounded above and below by the norm of £ in L?(0,7;H). Applying The-
orem 4.3.13 to the weak formulation (4.19), set in the spaces V and Ha, gives
us the result. [ |

4.3.2 Problems with constraints

We proceed by studying the existence of weak solutions for second-order time-
dependent problems with constraints. Let Q be a third Hilbert space, and let
b(-,-) be a continuous sesquilinear form on V x Q, with associated operators
B and Bf defined as in (4.8). We are now interested in solving

Find (u,p) such that

d*u t
—= +Au+Bp=1 >0,
dt (4.20)
Bu=g, t>0,
du
u(0) =ug; —(0) =u.

dt
Next, we define weak solutions of such a problem on a time interval ]0, T'[.

Definition 4.3.16 (u,p) is a weak solution to Problem (4.20) on the time
interval |0, T[, provided that

(i) uwe CH[0,T);H)NC[0,T];V);

(ii) p € C°([0,T]; Q);

(iii) Yo € V., ((w(t),v)3)" + a(u(t), v) + b(v, p() = (£(),v)n in D/(J0,T]),
u(0) =ug and u'(0) = uy;

(w) vt e [O,T], Vq € Q, b(u(t)v q) = <g(t)7 q>'

As we are mainly interested in solving Maxwell’s equations, we shall replace

((u(t),v)H)” with (g(u(t),v)H)H in (iii). As a consequence, Problem (4.20)

becomes
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Find (u,p) such that
d2
Yo €V, Sl Vu} + ala), v)

+b(v,p(t)) = (£(t),v)x in D'(]0,T]), (4.21)
vt € [07 T]? Vq € Q, b(u(t)v q) = <g(t)7 q> ;
u(0) = , d—‘;(()) _—

To analyse this problem, we shall introduce some definitions, which also serve
in studying the associated discrete problems [19]. First, we introduce K, the
kernel of b(-,-) (which is a closed subspace of V),

K={veV : Vqe Q, b(v,q) =0},

its polar set K° C V', and its orthogonal X! in V. We still assume that the
property (4.15) holds; thus, we take a priori the orthogonality in the sense of
the equivalent scalar product o(-, )y = a(,-) + v (-, )x or a(-,-) + va (-, )n
(see Remark 4.3.8). Nevertheless, we shall need the following hypothesis to
prove the well-posedness of the constrained formulations.

Definition 4.3.17 The spaces K and K satisfy a double orthogonality prop-
erty in V and H (respectively Ha) if:

V(v,vi) € KxK*, a(v),vi) =0 and (v),v1)y = 0, respectively o(vy,v1 )y = 0.

This notion is of fundamental importance in addressing the solution of the
time-dependent Maxwell equations. The proof of the following Lemma is left
to the reader.

Lemma 4.3.18 Let £ be the closure of K in H, and L its orthogonal in H.
If V is dense in H, and the double orthogonality property holds for K and K+
in'V and H, then L' is the closure of K+ in H.

Thus, any z € H can be split as z = z| + z1, with (z),z1)» = 0;if z € V,
this decomposition coincides with that in IC x K. Of course, one can replace
‘H with Ha, i.e., the scalar product (-, )y with (-, )3 in the above Lemma.

Theorem 4.3.19 Assume that the sesquilinear, continuous and Hermitian
form a fulfills the property (4.15), and that the sesquilinear and continuous
form b satisfies the inf-sup condition (4.10) for some 8 > 0. Finally, assume
that the spaces K and K+ satisfy a double orthogonality property in V and Ho,
as in Definition 4.3.17. Let L be the closure of IC in H.

Then, let T >0, £ € C°([0,T);H), g € C*([0,T];Q'), uo €V and u; € H
be given, such that the projection ui, of u; onto L belongs to V, and

Vq € Q, b(u, q) = (g(0),q)o, andb(uiL,q) = (g'(0),9)o- (4.22)
On the time interval 10, T[, Problem (4.21) admits a unique weak solution in
the sense of Definition 4.3.16 (with (g(u(t),v)H)H in (113)). In addition, the
mapping
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{CO([O,T];’H) x C%([0,T); Q) x Vx H — C°([0,T);V x H x Q)
(fvgvu‘)vul) = (u,ul,p)

is conlinuous (with a constant that depends on T').

Proof. Without loss of generality, we may assume o(-, )3 = (-, )3, by rea-
soning as in Corollary 4.3.15 if necessary. Then, we proceed by analysis
and synthesis. Suppose there exists a solution (u,p) in the sense of Defini-
tion 4.3.16; and split u(t) = uy(t) + ui(t) € K& K+ for all t € [0,T]. As
the projection onto closed subspaces is continuous, it holds that (uj,uy) €
CO([0, T); Kx K+) x C1([0, T]; L x £1). Similarly, let up = ug+uo1 € K&K,
U =up +uwL € ACEBACJ‘; ft=1f+1f, € CO([O,T];E X El).

1. Item (iv) of Definition 4.3.16 is equivalent to: V¢t € [0,7], Vq € Q,
b(uy(t),q) = (g(t),q). By Lemma 4.2.18, we know this equation has a
unique solution for each ¢. Moreover, one has B|luy (¢)||v < |g(t)|q’, and
similar inequalities link the first and second time derivatives of u; and g:
the norm of u in C2([0, T]; K*) is controlled by that of g in C2([0,T]; Q).

2. Then, let us take a test function v € K in item (iii). Using the definition
of K and the double orthogonality property, we obtain:

VV” S ’C, %{(u” (t),VH)’H} + CL(uH(t),V”) = (f” (t),VH)H in D/(]O, TD

But, by the same property, (u(t),v1)x = a(u)(t),v.) = 0 for any v, €
K. Therefore, we can add an arbitrary function v, € Kt to v in the
above equation. So, we see that u appears as a solution to the variational
formulation:

Find u) : [0,T] = V such that:

Vv eV, %{(UH(Q,V)H} +a(uy(t),v) = (£)(t),v) in D'(J0,T7),

with the initial conditions u)(0) = ugy, uj(0) = uy. Thus, it coincides
with the unique weak solution to this formulation in the sense of Defini-
tion 4.3.12. Following the same line of reasoning, one shows that this solu-
tion does belong to K at any time; furthermore, its norm in C°([0, 7; V) x
C'([0,T); H) depends continuously on the data (f|,ug),uy)), which are
themselves controlled by (£, up,u1) in their respective spaces.

3. Now, consider v € V and write v = v + v, with (v|,v.) € K x Kt
Using the characterisation of uj obtained in step 2, together with the
double orthogonality property and footnote'!, p. 156, one finds that

2

(£(0) V) — 5 (((0), v)3c} — a(u(t), v) =

(E0(0)vi)n = Szt L, vi)ud —alur(t),ve) in D0, T

Let us define h(t) € V', for all ¢, by the condition:
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WweV, (t),vyy=(ELt),vi)n— (), v )n—alur(t),v.). (4.23)

Thanks to the assumptions on the data and to the preceding results,
we have h € C°([0,T];K%), where K is the polar set of K. Using
Lemma 4.2.18 once more, we conclude that

Jlp € C°([0,T]; Q), Vt € [0,T], Yv €V, b(v,p(t)) = (a(t),v)y. (4.24)

Moreover, the norm of p in C°([0, T']; Q) depends continuously on the data
(f,g,u0,u1).

4. Conversely, let u = u +u,, where u; and u| are defined as in steps 1
and 2, and let p be defined by (4.24) and (4.23). They fulfill all items of
Definition 4.3.16, including the initial conditions thanks to (4.22). What is
more, the norm of (u,v’,p) in C°([0,7];V x H x Q) depends continuously
on the data (£, g, ugp, u1).

Remark 4.3.20 As in the case without constraints (cf. Theorem 4.3.13),
one can have weaker time reqularity assumptions on the right-hand sides,
namely £ € L*(0,T;H) and g € H?*([0,7];Q'). But one only finds that
p € L?(0,T; Q). Weaker space reqularities can be also envisaged, under certain
assumptions about the various spaces and sesquilinear forms (see below).

Remark 4.3.21 Let us comment on the double orthogonality requirement.

e According to Remark 4.3.8, one can replace the scalar product (v,w)y with
o(v,w)y = a(v,w) + veo(v,w)y, with vo > 0. Hence the denomination
double orthogonality with respect to o(-,-)y:

Jor all (v,vi) € K x K+, one expects a(v,vL) + vaa(v,vi)y = 0,
whereas we require both a(v),v1) =0 and 2(v),vy)y = 0.

e The part (v,vy) € K x Kt = a(vy,vy) = 0 is required, because one
cannot deal with a right-hand side of the form a(w(t),v) — in our case,
with w =y and v = v — when solving the second-order time-dependent

problem in V(*?).

The result of Theorem 4.3.19 is not entirely satisfactory: as it appears from
the proof, the part of the solution that is orthogonal to the kernel is much
more regular than the one along the kernel. To address this dissymmetry, one
can try to define suitable extensions of the operator B, and thus consider less
regular data g. For instance, introduce the spaces:

Qu:={qe Q:B'qe M}, Quuw:={qe Q:BlqeV}, (4.25)

12 Unless g(t) is appropriately regular. More precisely, see (4.27-top) below: g(t)
should be regular enough, so that the second term on the right-hand side can be
included in the first term by suitably modifying f(¢).
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endowed with their canonical norms. For any q € Q,,, the continuous anti-
linear form on V given by v — b(v,q) can be extended to a continuous an-
tilinear form on . Thus, we have defined a continuous sesquilinear form b,,
on H x Q,, which coincides with b(-,-) on V x Q,,, as well as an extended
operator By, : H — Q’, and its conjugate transpose Bf, : Q,, — H' = H. Sim-
ilarly, one defines the sesquilinear form b, on V' x Q. and the operators
Byw : V' — Q) and Bl | 1 Quy — V' = V.

Theorem 4.3.22 Assume that the sesquilinear, continuous and Hermitian
form a fulfills the property (4.15), and that the sesquilinear and continuous
form b satisfies the inf-sup condition (4.10) for some 8 > 0. Assume, more-
over, that the sesquilinear and continuous forms by, and by, satisfy similar
inf-sup conditions in the relevant spaces; and that the double orthogonality
property in YV and Ha holds.

Then, let T > 0, £ € C°([0,T];H), g € Gr = C°([0,T]; @' )NC*([0,T]; Q)N
C%([0,T); @), wo €V and vy € H be given such that

Vq € Q, b(uo,q) = (g(0),q)0; Vq € Qu, bw(ui,q) ={(g'(0),q)a,. (4.26)

On the time interval 10, T[, Problem (4.21) admits a unique weak solution in
the sense of Definition 4.3.16 (with (z(u(t),v)q.[)// in (ii)). In addition, the
mapping

{CO([O,T];’H) % Gr x V x H — CO0,T];V x H x Q)
(f7g7u07u1) — (uuu/7p)

is continuous (with a constant that depends on T').

The proof is entirely similar to that of Theorem 4.3.19.
Remark 4.3.23 Let us comment on these reqularity assumptions.

o As in Remark 4.5.20, it is sufficient to assume £ € L?(0,T;H) and g €
C°([0,T]; @) N CY([0,T); Q.,) N H%([0,T); Q) in order to have a well-
posed evolution equation for uy and an equation for p(t) at a.c. t; in this
case, it holds that p € L*(0,T; Q).

e The inf-sup condition on the form by, allows one to prove the condition
u, € CY[0,T);H), which is expected of a weak solution. By the same
token, it expresses the compatibility between the initial condition uy and
the constraint b(u, q) = (g, q). It also implies that L is the kernel of by (-, ).

e On the other hand, the form by, plays a marginal role. Its inf-sup condi-
tion ensuresu; € C2([0,T]; V') or H*([0,T]; V"), so that the r.h.s. of (4.23)
is well-defined for a.e. t. If this condition is unavailable, one can still con-
clude favorably under the assumption g € C°([0,T]; Q") N C?([0,T]; Q.,)
or g € CO([0,T]; @) N H2([0,T); Q,).

To conclude this subsection, we introduce a reinterpretation of the equations
satisfied by uy and uj, which also proves useful in analyzing the numerical
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discretizations of Problem (4.21) [82]. According to item 1. in the proof of
Theorem 4.3.19, the variable u; is the solution, at any time, to the static
mixed formulation:

Find (uy,p1) such that
Vit € [OvT]a Vq € Q, b(uL(t)aq) - <g(t),q>g,
Vv eV, a(uy (t),v) +b(v,pi(t) = (AwB " g(t),v)y in D'(]0,T|);

I}CL
du
L(0) =up..

u (0) =ugy , e

Indeed, the operator B restricted to K+ admits a continuous inverse B‘ 1L :
K

Q' — K*. By the uniqueness of the solution to the constrained formulation,
it holds that py (t) = 0. As for uy, it is the solution to the following time-

dependent formulation, where u, enters as data and p| = p:
Find (u,py) such that

d? —_—
Vv ey, @{Q(ull (t)7 V)'H} + a(u(t)v V) + b(vvpl\ (t)) =

2
(f(t)av)?-[ - <Aw BECIJ_ g(t)av>V - %{Q(UL@)’V)H} in D/(]OvTDa (427)
Vq € Q, b(u”d(t), q) = 0 in C°([0, T) respectively L*(0,T);
uy (0) = gy, %(0) =y

4.4 Time-dependent problems: improved regularity
results

We now investigate the conditions under which the solution to the second-
order time-dependent problems (4.14), (4.17), (4.21) (and their variants) may
exhibit a higher regularity in space and time, such as that needed for the
numerical analysis [19]. In addition to the hypotheses of §4.3, we assume that
the canonical imbedding iy _,4 is compact.

To simplify the discussion, we shall assume in this section that the form a
appearing in these problems is (Hermitian and) coercive on the whole space V,
i.e., the property (4.15) holds with v = 0. As a consequence, we replace the
original norm of V with the equivalent norm s||v||y := a(v, v)'/2, usually called
the energy norm, which we will denote by ||v|y for the sake of simplicity.

4.4.1 Problems without constraints

First, we introduce the eigenvalue problem:!?

Find (e, \) € (V\{0}) x R such that
{Vv €V, ale,v) =A(e,v)yn. (4.28)

13 Cf. the discussion in footnote®, p. 143.
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According to Corollary 4.5.12, there exist a non-decreasing sequence of strictly
positive eigenvalues (\;);en and a sequence of eigenfunctions (e;);en that are
a Hilbert basis of H and such that ()\;1/2 ei)ien 1s a Hilbert basis for V.
This leads to the definition of a scale (V*)secr of Hilbert spaces, the A-Sobolev
spaces.

Definition 4.4.1 Let s € R. The space V? is:
o if s> 0, the subspace of H characterised by the condition

duiei=ueV = [ull} =D A |ul* < 400, (4.29)
i€EN ieN

which defines its canonical norm;
e ifs <0, the dual of V™ with respect to the pivot space H.

Then, we summarise some properties of this scale. The proofs are left to the
reader.

Proposition 4.4.2 The following statements hold true:

1. VO=H, V=V, V2= D), V! =V, algebraically and topologically.

2. For alli € N and s € R, e; € V*. Furthermore, the sequence (ef);en =
()\;5/2 ei)ien is a Hilbert basis for V*.

3. For allt < s € R, V?* is densely and compactly embedded in V*.

4. Let s € R and uw € V*. The scalar u; equivalently defined as

U; = <u, e;t>vft = )\;t/Q (11, e’;)vt

does not depend on t < s. Of course, if u € H, u; coincides with the
coordinate of u on the basis (e;)ien-

5. As a consequence of items 2 and 4, an element of an A-Sobolev space

admits a renormalised expansion uw = Y., u; e;, which converges in V*
under the condition (4.29).

i€N

With these results, one can define a natural generalisation of the “strong” and
“weak” operators A and A,,. The “formal” unbounded operator

A: u:Zuiei»—>Z)\iuiei

€N i€EN

makes sense as soon as u belongs to some A-Sobolev space. By construction,
it maps V* to V*2 for all s, and it is an isometry between these spaces. As
particular cases, A and A, appear as the restrictions of A to D(A) and V,
respectively.

We are now ready to analyse a generalised version of Problem (4.14),
namely:
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Find u such that

Pu Gt >0,

a " e >0 (4.30)
u

u(0) =g , E(O) =u.

The above problem is meaningful as soon as u has the regularity C*([0, T]; V),
and f € L} (]0,T[;V?), for some o, s € R: the equality on the first line takes

loc .
place in D’ (]0, T'[; Y™in(e=2:5)) As particular cases, this covers the frameworks

of Definitions 4.3.9 and 4.3.12. Considering the renormalised expansions at
each time

u(t) =D ui(t)ei, m = umie; (m=0,1), £(t)=> fi(t)ei,
€N ieN ieN
Problem (4.30) is equivalent to the sequence of Cauchy problems in D’(]0, T'[)
(for i € N):
Find u; such that
dus . du;
dt
The theory of ordinary differential equations gives us the unique solution:
ui(t) = ug,; cos(v/Ait) + U, sin(v/A\;t) + /t sin(v/\i(t — 5)) fi(s) ds
7 Ji i \/)\_1 7 0 7 \//\—Z s
which exists, e.g., under the condition f; € L'(0,T). If f; € WH(0,T), one

can perform an integration by parts and arrive at:

f(t) = £(0) cos(VAit)
Ai

(O) = U1,i-

Ui,

Vi
- / cos(v/M(t — 5))

Using these representations and Proposition 4.4.2, it is not difficult to prove
the following theorem, which furnishes solutions both less regular and more
regular in space than the strong and weak solutions considered so far.

wi(t) = ug; cos(v/Ait) + sin(v/Ait) +

fi(s)
3 ds.

)

Theorem 4.4.3 Assume that the canonical imbedding iy 3 is compact, and
that the sesquilinear, continuous and Hermitian form a fulfills property (4.15)
with v = 0, and let the operator A be defined as above. Then:

1. Given T >0, s € R, p>1f € LP(0,T;V?), up € V**! and u; € V*,
on the time interval |0,T[, Problem (4.30) admits a unique solution in
CL([0,T]; V) n C°([0,T); V*+Lh). In addition,

LY0,T; V) x vstl x v — ([0, T); v+t x €°([0, T); V?)
(f,u0,u1) = (u, )

is continuous (with a constant that depends on T ), andu € W2P(0,T;V*71),
with continuous dependence.
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2. Gwen T > 0, s € R, f € Z5 = LY0,T;V%) n C°([0,T]; V*~1), re-
spectively, WHH(0,T;V571Y), ug € V¥+L and u; € V¥, on the time inter-
val 10, T[, Problem (4.30) admits a unique solution in C?([0,T];VS~1) N
CL([0,T]; V)N C°([0,T); VsHY). In addition,

Z5 x VL v — ([0, T]; vott) x CO([0,T]; V*) x C°([0, T); Vo~ 1)
(£f,up,u1) — (u,u’,u”)

is continuous (with a constant that depends on T).

Now, we investigate the time regularity of the solutions to (4.30).

Theorem 4.4.4 Assume the hypotheses of Theorem 4.4.3, and let m € N be
given. Suppose that u,, and w11 (defined, according to the parity of m, by
the formulas (4.32) and (4.33) below) belong, respectively, to VST and V5.

1. If£ € W™P(0,T;V*), the solution to Problem (4.30) belongs to W™ 2P (0, T; V=N
C™L([0,T); V) N C™([0,T); V1), with continuous dependence on the
data (£,4m, Wmt1)-

2. If either £ € W™(0,T; V)NC™([0,T]; V1) or £ € WmHL1(0, T; VoY),
the solution to Problem (4.30) belongs to C™2([0,T]; V*~HnC™*L ([0, T]; V)N
C™([0,T); VstY), with continuous dependence on the data (£, Wmi1).

Proof. We prove the first claim; the second is similar. The case m = 0 is that
of Theorem 4.4.3. Thus, we suppose m > 1, and we have £ € C™~1([0, T]; V*).
Using the identity u” = f — Au iteratively, one arrives at the following expres-
sions and regularities of the successive time derivatives of u:

k—1

u(2k) _ Z(_l)f Alf(2k72£72) + (_1)k Aku c CO([O, T]; V572k+1) ,
=0
k—1
u(2k+1) _ Z(_l)f Alf(2k72£71) + (_1)k LRy c CO([O,T]; st2k) ,
=0

as long as 2k — 2, respectively 2k — 1 < m — 1. Thus, in any case, u(™ €
CH([0, Tl v*=™) nCO([0, T]; V>~ +1).
On the other hand, consider the generalised second-order problem:

Find v such that
2

TV L Ry = £m) :

dt2+Av_f , t>0; (4.31)
v

v(0) = upm , 5(0) = Um+1,

where the initial conditions are defined by the formula

k—1

g, = » (=1 AECF22(0) 4 (—1)* Ao ; (4.32)
=0
k—1

ugpir = Y (=1 AEEE2D(0) 4 (—1)F By (4.33)

£=0
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According to the previous calculations, u,, € V*~™*! and Upg1 € VT
As it also holds that f(™) € LP(0,T;V*~™), Problem (4.31) admits a unique
solution in the space C* ([0, T]; V*=™)NC([0, T]; V*~™*1), which is obviously
equal to ul™).

Assume now that (u,,,u,11) € VST x V3. Again invoking Theorem 4.4.3,
we see that Problem (4.31) also admits a unique solution in the smaller space
C1([0,T]; V) N CO([0, T); V**1), which necessarily coincides again with u(™).
Therefore,u € C™*1([0, T]; V$)NC™ ([0, T]; V1), as announced. The regular-
ity u € Wm+2p(0,T;V*~1) again follows from u” = £ — Au, and the continuous
dependence from Theorem 4.4.3. [ |

4.4.2 Problems with constraints

Now, we proceed to the framework of constrained problems. We thus consider
a sesquilinear form b on V X Q, satisfying the inf-sup condition (4.10), its
kernel K and L is the closure of K within H. Furthermore, we assume the
double orthogonality property of Definition 4.3.17. We begin by deducing two
fundamental consequences of this property.

Lemma 4.4.5 Assume that the sesquilinear, continuous and Hermitian form
a fulfills property (4.15) with v = 0, and that the double orthogonality property
holds between V and H. Then, for any v € V* with s > 0, its H-orthogonal
projections v € L and vy € L belong to V*, with ||v) ||} + |[vL]Ee = [v]3--

Proof. Let e be a solution to (4.28). Taking a test function v| € K and using
the double orthogonality, one obtains a(e|,v|) = A (e, v||)». Again invoking
the double orthogonality, one arrives at:

a(e|,v) = A(e),v)y, VveV, andsimilarly, a(er,v)=A(eL,v)n.

In other words, the projections onto /C and K+ of any eigenfuction are either
an eigenfunction, or zero. Thus, the Hilbert basis (e;);en can be chosen such
that all its elements belong either to K or to K. Let I (respectively 1) be

the set of indices i such that e; € K (respectively e; € K*). Then, we have:
Vv:ZvieiEH, V”:Zviei and Vl:Zviei.
€N iEI” 1€l
The conclusion follows using the property (4.29). [ |

Lemma 4.4.6 Assume the hypotheses of Lemma 4.4.5, and introduce the re-
spective subspaces F° C Q' and Q° C Q (for s > 0), equipped with their
canonical norms:

F* =BV =BV K,
Q°*={qe Q:Blqe V" '}
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Then, for anyy € V*® and p € F*, the solution to the problem

Find (u,r) € ¥V x Q such that

Vv eV, a(u,v)+b(v,r) = (y,v)n, (4.34)
Vg€ Q, b(u,q) = (1,90, (4.35)

belongs to V2 x Q5+ and ||u]

verz + [[zllgeer S llyllve + [lpll 7

Remark 4.4.7 It holds that: Q° = Q, Q' = Q,, 9% = Quu, as in
Eq. (4.25). The scale (F*)s can be extended to s > —1, and even to s > —2,
provided the sesquilinear form by, satisfies an inf-sup condition on H X Qu:
F$ = B,(V**?) = B, (VT2 N L1Y); in particular, F~1 = B(V) = Q' and
F2=By(H)=Q,.

Proof. Decompose u = u| +uy € K® Kt andy = yytyL €L @ L. By
definition of F*, there exists @ € V72N KL such that Bi = p. On the other
hand, Eq. (4.35) is equivalent to Bu; = u. By Lemma 4.2.18, this equation has
a unique solution in *; hence, u; =@, and |[u, ||ys=+> < ||p|| 7+ by definition
of the latter norm.

Reasoning as in Lemma 4.4.5, we see that (4.34) implies that
a(u”,v) = (YHaV)Ha Vvey, ie., Apu =y € Ve.

Therefore, wy € V2 and flayllyess < llyyllve < llyllve. Finally, Bq. (434)
is rewritten as: Bilr = y — Au € V*, ie., r € Q" and |rfgs+r < |yllve +
[allystz S llyllve + [l 7 u

With these tools, one can determine the regularity of the solution to the
mixed problem (4.21). We concentrate on solutions more regular in space and
time than those provided by Theorem 4.3.22 or Remark 4.3.23, which are
needed for the numerical analysis [19)].

Theorem 4.4.8 Assume that the canonical imbedding iy 3 is compact, that
the sesquilinear, continuous and Hermitian form a fulfills property (4.15) with
v = 0, that the sesquilinear and continuous form b satisfies the inf-sup con-
dition (4.10) for some 8 > 0, that the sesquilinear and continuous form by,
satisfies a similar inf-sup condition in H x Q.,, and that the double orthogo-
nality property holds between V and H.

Let T > 0,s >1,p>1 and m € N be given. Suppose that the data
(f,g,u0,u1) of Problem (4.21) satisfy the following regularity and compatibility
properties:

1. £ € W™ (0,T; V%);
2. g € C™([0, T Fo=1) nC™ ([0, T]; F*=2) N WMH2P(0, T F*=2);
3. up € V¥ and uy € V*, and the conditions (4.26) hold;



February 22, 2018 169

4. the quantities up,| and w1, defined by the formulas (4.32) and (4.33)
in function of the projections ug||, uy, (fﬁg) (O)) onto L, be-
= 2
long, respectively, to V1 and V°.
Then, the solution (u,p) to Problem (4.21) satisfies
(u,u') € C™([0,T; VT x V%), (u”,p) € W™P(0,T; V™! x QF),
and depends continuously on the data (f,g, 0,01, U, Upmt1,)) in their re-
spective spaces.

Proof. We take the characterisations of (u,ur,p) from the proof of Theo-
rem 4.3.19. The parallel component v is the solution to the unconstrained
evolution problem:

Find | such that

d*u

dt2” +Ayu =1, ¢>0;
duH

u)(0) = uoy , —(0) = uy;

and one applies Theorem 4.4.4. The perpendicular component u; is defined,
at each time, by the conditions

Vqe Q, b(ui(t),q) =(gt),q)o or Vq€ Qu, by(ui(t),q)=(gt)do, -

Applying Lemma 4.2.18, one finds u; € C™ ([0, T]; V) nC™ ([0, T]; V*) N
WmF2p(0, T; V*~1), the continuous dependence following from the definition
of the spaces F7 and their norms. Finally, the multiplier p satisfies

Bip=f —u” — A,u e W™P(0,T; V1),

the norm of the r.h.s. being bounded by that of the data in their respective
spaces. Hence, p € W"™P(0,T; Q%) by definition of the latter space, with
continuous dependence on the data. [ |

Remark 4.4.9 Let us comment on the assumptions of this theorem.

o The form by, and its inf-sup condition are not needed if s > 2.

o Iffe Wm0, T;V)nC™([0,T);V*7Y) or £ € WmHLL(0, T; V571, and
moreover, g € C™T2([0,T); F*3), then (v”,p) € C™([0,T]; V=1 x Q%).

o The regularity assumption on g has been chosen by an “aesthetic” crite-
rion, viz., that uy and u) should have the same space-time regularity. For
the purpose of convergence analysis, this is not always necessary: the reg-
ularity of u can be limited by that of u . In that case, it suffices to remark
that uy € E([0,T];V°) — for any space E measuring time regularity on
0, 7] —iffg e E([OvT];-FU_2)'
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4.5 Time-harmonic problems

To conclude this brief overview, we consider classes of problems that stand
in-between static and time-dependent formulations. From a practical point
of view, it is assumed that the time-dependence is explicitly known — in
exp(—wwt) — which allows us to remove the time variable from the formu-
lation. We shall consider two cases, depending on whether the pulsation w of
the signal is data, i.e., the fized frequency problem, or it is an unknown, to be
determined, i.e., the unknown frequency problem. From an abstract point of
view, they respectively correspond to Helmholtz-like problems, and to eigen-
problems. We again provide elements of proofs in this section.

4.5.1 Helmholtz-like problem

Let H and V be two Hilbert spaces, such that V' is a vector subspace of H with
continuous imbedding iy, ;. In what follows, we choose H as the pivot space.
Let a(-,-) be a sesquilinear continuous form on V' x V| A the corresponding
operator defined at (4.4) with V.= W, and A € C\ {0}. Given f € V', the
Helmholtz-like problem to be solved is

(4.36)

Find v € V such that
Yu € ‘/7 CL(U,U) + /\(uvv)H - <f,’U>.

Such problems are usually solved with the help of the Fredholm alternative.

Theorem 4.5.1 (Helmholtz-like problem) Assume that the sesquilinear
form a is such that A is an isomorphism from V to V', and that the canonical
imbedding iv_ g s compact. Then:

— either, for all f € V', Problem (4.36) has one, and only one, solution u,
which depends continuously on f;

— or, Problem (4.36) has solutions if, and only if, f satisfies a finite number
nx of orthogonality conditions. Then, the space of solutions is affine, and the
dimension of the corresponding linear vector space (i.e., the kernel) is equal to
nx. Moreover, the part of the solution that is orthogonal to the kernel depends
continuously on the data.

Proof. Since the operator A~! is well-defined, one can replace the right-hand
side with a(A~! f,v) in (4.36). Also, one can replace the second term as follows.
We mention the imbedding iy, i explicitly here, to write

-1

Yo eV, (u,v)g = (ivogu,v)g = (lypu,v) = a(A™ ody_gu,v).

So, Problem (4.36) equivalently rewrites

Find uw € V such that
(Iv + XA Y oiy sg)u=A"1fin V.
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To conclude, we note that i,y is a compact operator, whereas A~! is a
bounded operator. According to Proposition 4.1.2, A=! o 4y _, 7 is a compact
operator of £(V), so that Theorem 4.1.18 and Corollary 4.1.19 (Fredholm
alternative) yield the desired result as far as the alternative is concerned.
There remains to study the continuous dependence of the solution with respect
to the data. Let T = Iy + AA~ L oiy_ g, K\ = ker(T) and Ry = R(T).
First, assume that Ky = {0}. According to Theorem 4.1.18, T' is a bijective
mapping of £(V). Then, the open mapping Theorem 4.1.4 states that 7!
belongs to £(V'), so one concludes that

lully < HT=HHITAT AT

Or, assume that K is a finite-dimensional space of V' that is not reduced to
{0}. Let n) = dim K. According to Theorem 4.1.18, R} is a closed subspace
of V, and codim Ry = ny. Moreover, the restriction of T' to K)J\-, denoted by
TIK*, is a bijective mapping from Ky to Ry. Thus, Problem (4.36) has a
solution if, and only if, f satisfies n) orthogonality conditions. In this case,
the solution u can be written as u = u,; + ug, where u belongs to K/\l and
is unique, and ug is any element of the kernel K. When these conditions are
met, one has

lurllv < )~ HITTATHITS v
|

Remark 4.5.2 For practical situations that ensure that A~ is well-defined,
we refer to Remark 4.2.15.

Corollary 4.5.3 (Helmholtz-like problem) Provided there exists p € C
such that the sesquilinear form a(-,-)+ u(-, ") g is coercive on V xV, and pro-
vided the canonical imbedding iv_ g is compact, the conclusions of Theorem

4.5.1 apply.

Proof. In Problem (4.36), one simply replaces a(u, v)+A(u, v) g with {a(u, v)+
plu,v)m} +{A = p}(u,v)m. m

Remark 4.5.4 It is possible to use compact operators of L(H) instead. For
tllustrative purposes, we adopt this point of view in the next subsection.

Remark 4.5.5 Static problems can be seen as Helmholtz-like problems with
A = 0. Also, in the particular case when a(-,-) is Hermitian and X\ > 0, the
sesquilinear form a(u,v) 4+ A(u, v) g is directly coercive on V- x V', so the Lax-
Milgram Theorem 4.2.8 applies: Problem (4.36) is well-posed in the Hadamard
sense. On the other hand, when X\ < 0, the form v a(v,v) + \|v||% can be
indefinite (no specific sign). In this case, Problem (4.56) is well-posed in the
Fredholm sense.

This result can be recast quite simply into the so-called coercive + compact
framework. Let ¢(-,-) be a second sesquilinear continuous form on H x V.
Given f € V', the second Helmholtz-like problem to be solved is
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{ Find uw eV such that (4.37)

Yo eV, a(u,v) + c(u,v) = (f,v).

Remark 4.5.6 Problems (4.36) and (4.37) belong to the class of perturbed
problems, here with a compact perturbation.

The previous Theorem can thus be generalized.

Theorem 4.5.7 (Helmholtz-like problem) Assume that the sesquilinear
form a is such that A is an isomorphism from V to V' and that the canonical
imbedding iv_ g s compact. Then:

— either, for all f € V', Problem (4.37) has one, and only one, solution u,
which depends continuously on f;

— or, Problem (4.37) has solutions if, and only if, f satisfies a finite number
ne of orthogonality conditions. Then, the space of solutions is affine, and the
dimension of the corresponding linear vector space (the kernel) is equal to n..
Moreover, the part of the solution that is orthogonal to the kernel depends
continuously on the data.

Proof. (Sketched). Remark that, for all u,v € V, ¢(u,v) = ¢(iv_ gu,v).
Given h € H, Problem

Find w €V such that
Yo eV, a(w,v) = c(h,v)

admits one, and only one solution, and the mapping 7. : h — w belongs
to L(H,V). Thus, the Helmholtz-like problem (4.37) can be rewritten equiv-
alently as
Find uw € V such that
{ (IV + TC o iV—)H)u = A_lf in V.

One concludes as in the proof of Theorem 4.5.1. [ |

We now turn to Helmholtz-like problems with constraints. Let us introduce a
third Hilbert space, denoted by @, g € Q' and b(-, -), a continuous sesquilinear
form on V' x Q. The Helmholtz-like problem with constraints is formulated as

follows:
Find (u,p) € V x Q such that

Yo eV, a(u,v) + c(u,v) + b(v,p) = (f,v) (4.38)
Vg € Q, b(u,q) = {g,9)-

We introduce once more the kernel of b(-, ),
K={veV : VgeQ, bv,q) =0}.

Let us assume that the form b satisfies the inf-sup condition (4.10) for some
B> 0. According to Lemma 4.2.18, there exists'* one, and only one, u, € K=+
such that Bu, = g. Let us introduce f’ € V' defined by

' Since g can be any element of @', one has to assume that B is surjective. If g = 0,
then this inf-sup condition could be dropped to formulate the Helmholtz-like
problem set in K. However, it is useful in Proposition 4.5.8.
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Yo eV, (f,v) = (f,v) —alug,v) — c(ugy,v).

It is then possible to consider another Helmholtz-like problem, set in K. It
writes

{ Find ug € K such that

Yoy € K, alug,vy) + c(uo, v)) = (f',v))- (4.39)

One relates those two Helmholtz-like problems with constraints in the follow-
ing way.

Proposition 4.5.8 Assume that the form b satisfies the inf-sup condition
(4.10) for some 3 > 0. Let u, € K+ be characterized as Buy, = g.

1. If there exists (u,p) a solution to (4.38), then uw — ug solves (4.39).
2. If there exists ug a solution to (4.39), then there exists p € Q such that
(uo + ug,p) solves (4.38).

Proof.
1. Straightforward.

2. Let ' = ug + ugy. By definition, one has

Vg€ Q, b(u',q) = (9,9)
Let v € V be split as v = v + v, with (v,v1) € K x K+

a(u’,v) + c(u',v) = (f, v)) + a(u ,v)) +c(u',vy)
= (fiv) +{a vi) +c(w,v) = (f,v0)}

The antilinear form v — a(u’, v, )+c(u', vy )—(f,vL) belongs to the polar
set of K. From Lemma 4.2.18, there exists p € @) such that

Yo eV, a(u',v) + c(u',v) — (f,v) = =b(v, p).

It follows that the pair (v, p) solves (4.38).
|

From there, one can state the result in regard to Helmholtz-like problems with
constraints.

Theorem 4.5.9 (Helmholtz-like problem with constraints) Assume that
the sesquilinear form a is coercive on K, that the canonical imbedding ix g
is compact, and finally, that the form b salisfies the inf-sup condition (4.10)
for some 8 > 0. Then, the Helmholtz-like problems (4.38) and (4.39) fit into

the coercive + compact framework.

Proof. According to the previous proposition, we know that Problem (4.38)
admits a solution w if, and only if, Problem (4.39) admits a solution wug.
Moreover, the two are related by u = ug + u,, with u, € K+ being unique
and such that ||uy|lv < 87Ygllgr (Lemma 4.2.18). This characterizes the part
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of the solution (if it exists...) to Problem (4.38) that belongs to K. So, for
simplicity, we assume that g = 0 so that up = u (and f’ = f), and we choose
to focus on Problem (4.39) from now on.

Since a(-,-) is coercive on K, and since b(-,-) satisfies an inf-sup condition,
the Babuska-Brezzi Theorem 4.2.19 states that, given f € V'’ Problem

Find (w,r) € V x Q such that
Yo eV, a(w,v) +b(v,7) = (f,v)
Vg e Q, b(w,q) =0

is well-posed, and the mapping T : f — w belongs to L(V', K). In (4.39),
one can thus replace the right-hand side with a(7T'f, v|), whereas the second
term is likewise replaced with a(7. o ik ruo, v”). Thanks to the coerciveness
of the form a on K, Problem (4.38) rewrites

Find ug € K such that
(IK "l‘TcOiK—)H)UO =Tfin K.

Noting that T, o ik g is a compact operator of L(K), we conclude by using
the Fredholm alternative. [ |

4.5.2 Eigenproblem

Let H and V be two Hilbert spaces, such that V' is a separable, dense, vector
subspace of H with continuous imbedding iy _ . We choose H as the pivot
space. Let a(-, -) be a sesquilinear continuous form on V' xV with the associated
operator A € L(V,V"). The eigenproblem to be solved is

Find (u,\) € (V\ {0}) x C such that (4.40)

Yo eV, a(u,v) = AN(u,v) . '
With a slight abuse of notations, we say that w is an eigenvector, A is an
eigenvalue, and (u, A) is an eigenpair. As a matter of fact, assume that the
operator A is an isomorphism, and let T € L(H, V') be defined by

Find w € V such that

g — Tg =w, w solution to {V’U c V, a/(w7v) — (gj iV—)HU)H'

Above, w is well-defined, because A is an isomorphism. Indeed, one can
replace the right-hand side (g,iy_gv)g with (ig_v/g,v)y, so that w =
A=l oig_,yg. In terms of operators, one has T = A~! o iy _,v+. Next, let

Ty =iy_gol € ﬁ(H)

Given a solution (u, \) of (4.40), one finds that Tru = A~1u, i.e., u belongs
to the eigenspace Ey-1(Tx)(!%). Thus, in H, the eigenproblem (4.40) boils
down to:

15 Because the operator A is an isomorphism, one has A # 0, as it holds that
Au = Au in V', with u # 0.
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3

Find (u,v) € (H\ {0}) x C such that
vu ="Tgu

where v = A\™1 # 0: (u,v) is an eigenpair of T, which justifies a posteriori
the definition of (u, A) as an eigenpair of (4.40). One has R(Ty) C V, so all
eigenvectors belong to V.

Finally, if the canonical imbedding iy _, g is compact, then, by construction,
Ty is a compact operator (see Proposition 4.1.2) and one may apply Theo-
rem 4.1.7.

Theorem 4.5.10 (Eigenvalues) Assume that the operator A is an isomor-
phism and that the canonical imbedding iv_ g is compact. Then, 0 is not
an eigenvalue of Problem (4.40). Moreover, the eigenvalues are all of finite
multiplicities and the set of their moduli can be reordered as a nondecreasing
sequence whose limit is +00.

One can be more precise, with the help of Theorem 4.1.20. This requires a
compact and self-adjoint operator'® Ty, for which it is sufficient to have a
Hermitian form a (apply Proposition 4.1.13). In this case, the geometric and
algebraic multiplicities of all eigenvalues coincide.

Theorem 4.5.11 (Eigenproblem) Assume that the sesquilinear form a is
Hermitian, that the operator A is an isomorphism and that the canonical
imbedding 1v_ g is compact. Thus, 0 is not an eigenvalue. Moreover, there
exists a Hilbert basis (ex)r of H made of eigenvectors of Problem (4.40) with
corresponding real eigenvalues (A;). Finally, the eigenvalues are all of finite
multiplicities and (|Ag|)k can be reordered as an increasing sequence whose
limit is 4-o00.

Corollary 4.5.12 (Eigenproblem) In addition to the hypotheses of Theo-
rem 4.5.11, assume that the sesquilinear form a is coercive. In this case, all

eigenvalues (\)g are strictly positive, and (A;l/zek)k is a Hilbert basis for V.

We turn to an eigenproblem with constraints. Let us introduce the third
Hilbert space, @, b(-,+), a continuous sesquilinear form on V x @, and the
kernel of b(-, ),

K={veV : VqgeQ, bv,q) =0}.

The eigenproblem set in K writes

{Find (u,\) € (K\ {0}) x C such that

Yo e K, a(u,v) = AMu,v)q. (4.41)

Define L as the closure of K in H. The notion of double orthogonality refers
to Definition 4.3.17.

16 One can check that T3 = iy 0 (fffl)Jr Ol v/
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Theorem 4.5.13 (Eigenproblem with constraints) Assume that the ses-
quilinear form a is coercive and Hermitian on K, that the canonical imbedding
ix g is compact, and a double orthogonality property of K and K= with re-
spect to a(-,-) and (-,-)g. Thus, 0 is not an eigenvalue. Moreover, there exists
a Hilbert basis (fr)r of L made of eigenvectors of Problem (4.41) with cor-

responding eigenvalues (vy)g, such that (1/,;1/2]”16);C is a Hilbert basis for K.
Furthermore, the eigenvalues can be reordered as an increasing sequence of
real, strictly positive, numbers whose limit is +oo. Finally, solving (4.41) is
equivalent to solving

{Find (u,\) € (K \ {0}) x C such that

Yo eV, a(u,v) = Mu,v)q. (4.42)

Proof. Endow L with the norm of H, respectively K with the norm of V. L
and K are two Hilbert spaces, and K is, by definition, a dense vector subspace
of L with continuous imbedding. Thus, all the assumptions of Theorem 4.5.11
and its Corollary 4.5.12 are fulfilled, so the results on the eigenvalues and
Hilbert bases of L, respectively K follow.

Finally, if (u, \) solves (4.42), it obviously solves (4.41). Reciprocally, if (u, A)
solves (4.41), then given a test function v € V split as v = v + vy with
vy €K, v € K+, it holds that

4.41
a(u,v) = au,v)) (4 AMu,v)m = Mu,v)m,
thanks to the double orthogonality property. Hence, (u, \) solves (4.42). m

On the other hand, an eigenproblem with constraints can be formulated in
mixed form

Find (u,p,\) € (V\ {0}) x Q x C such that
Yo €V, a(u,v) + b(v,p) = Au,v)n (4.43)
Vg € Q, b(u,q) =0.

Note that we do not impose that p # 0, since the eigenvector of interest is

u (cf. [51] for an illuminating discussion on this topic). It is interesting to
compare the two eigenproblems (4.41) and (4.43).

Proposition 4.5.14 One has the following results:

1. Let (u,p, \) be an eigentriple of (4.43): (u, \) is an eigenpair of (4.41).

2. Assume that the form b satisfies the inf-sup condition (4.10) for some
B > 0. Let (u,\) be an eigenpair of (4.41): there exists p € Q such that
(u,p, \) is an eigentriple of (4.43).

3. Assume further a double orthogonality property of K and K+ with respect
to the form a and (-,-)g. Any eigentriple (u,p, ) of (4.43) is such that
p=0.

Proof. Let us proceed sequentially.
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1. Let (u,p, ) be an eigentriple of (4.43). According to the second equation
u belongs to K. Then, taking v € K in the first equation, one recovers
the statement of (4.41). So, (u, A) is an eigenpair of (4.41).

2. Conversely, let (u,\) be an eigenpair of (4.41). From the definition of K,
we conclude that, for all ¢ € @, b(u,q) = 0. Next, splitting v € V as
v =) + vy with (vj,vL) € K x K, one obtains

a(u,v) — NMu,v)g = a(u,v,) — Mu,v) ) g,

since (u, A) solves (4.41). Tt follows (as usual) that the antilinear form
v = (u,v1) — Mu,vy)g belongs to the polar set of K. According to
Lemma 4.2.18 (b(+,) satisfies an inf-sup condition), there exists p € @
such that

Yo eV, a(u,v) — ANu,v)g = —b(v,p).
In other words, (u,p, ) is an eigentriple of (4.43).

3. Finally, let us assume a double orthogonality property, and consider an
eigentriple (u, p, ) of (4.43). Recall that (u, \) is an eigenpair of (4.41) (see
step 1.). According to Lemma 4.2.18, it is enough to prove that Bfp = 0.
To that aim, consider any v = v + v, with (v),v1) € K x K+, and
compute

<BTp, v) = b(v,p) = Mu,v)g — a(u,v)
= {Mw, )z — au,v))} + {Mu,v1)m —a(u,v1)} =0.

Above, the first part vanishes because (u, ) solves (4.41), whereas the
second part vanishes thanks to the double orthogonality property. The
conclusion follows.

4.6 Summing up

We note that, according to the mathematical framework we have developed,
the problems we solve are usually composed of two parts:

e A function space in which we look for the solution, endowed with a given
norm to measure it;

e A set of equations or, in the Variational Formulations, the result of the
action of the solution on test functions.

When the first statement is not explicitly stated, one has to be careful! As an
example, we refer the interested reader to Grisvard’s works, for instance, [126],
in which singular solutions of the Poisson problem are exhibited: these solu-
tions are governed by the homogeneous Poisson problem, so, at first glance,
one would expect the solution to be zero, but this is not the case!
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As far as Maxwell’s equations and related models are concerned, Chapter 1
deals mainly with (sets of) equations, that is, the second statement. On the
other hand, no information is provided as to the relevant spaces of solutions,
the first statement. Therefore, in order to solve those problems, one has to
build those spaces, using, for instance, the expression of the electromagnetic
energy, or the expression of Coulomb’s law. These topics will be addressed
at length in Chapters 5, 6, 7 and 8. To that aim, we introduced (quite) well-
known classes of function spaces in the previous chapter, Lebesgue or Sobolev
spaces, for the most part. We also provided some results about the norms that
can be used to measure elements of those spaces.



5

Analyses of exact problems: first-order models

In this chapter, we devote our attention to establishing mathematical prop-
erties concerning the electromagnetic fields that are governed by the time-
dependent Maxwell equations. For that, we investigate a number of physical
properties of the electromagnetic fields exhibited in Chapter 1, using the math-
ematical tools introduced in Chapters 2, 3 and 4. We focus mainly on four
items:

uniqueness;

existence;

continuous dependence with respect to the data;
regularity in terms of Sobolev spaces.

The first three items amount to well-posedness. For all items, the crucial
question to be addressed is how to measure the electromagnetic fields. Unless
otherwise specified, we consider complex-valued function spaces. On the other
hand, if a problem is well-posed with real-valued data and coefficients, we
remark that its solution is always real-valued by uniqueness.

5.1 Energy matters: uniqueness of the fields

To begin with, we build some electromagnetic energy conservation relations,
which allow one to prove the uniqueness of the electromagnetic fields. We
consider Maxwell’s equations on some time interval I, and some volume of R?
(to be specified).

5.1.1 Preliminaries

First, we go back to §1.7 (with real-valued fields), adopting a mathematical
point of view...
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In vacuum

Let us consider that R? is made of a homogeneous medium (vacuum). In this
case, the conservation relation is Eq. (1.149). Given any volume V, the first
term is

& ([ GBor+ 2imop ).

For t — [ {2|E(t)]* + &|H(t)]*} dx to have a meaning, one has to as-
sume that S2|E(t)|? + 42[H(t)]* belongs to L*(V) for (almost) all ¢ €
I: or, equivalently, that E(t) and H(t) belong to L*(V) for (almost) all
t € I. Then, we can write the integrals as the squares of L*(V) norms:

2 ||E(t)|\2LQ(V) + ’g—OHH(t)HQLZ(V). Then, differentiating in time, one finds

% (/V{%O'E“)P + %IH@)F}dw) = /V{50E(t)'E'(f)-i-uoH(t)-H’(t)}dw.

As a consequence, one assumes that E'(t), H'(t) belong to L*(V): we can
write the integrals as LQ(V) scalar products. In order to validate integra-
tion/differentiation in time, one uses Proposition 2.3.4: namely, one needs
eoE - E' + poH - H' to belong to L*(I; LY (V)), so it is enough that E, E’,
H, H' all belong to L*(I; L*(V)). Next, for the third term of Eq. (1.149)

/ E@)-J(t)d,
1%

it is enough that J(t) belongs to L*(V) for (almost) all ¢ € I, and again,
one can replace the integral as an LQ(V) scalar product. Now, going back to
Ampere’s and Faraday’s laws, one has

curl H(t) = eoE'(t) + J(t), curl E(t) = —uoH'(t),

and therefore curl E(t), curl H(t) also belong to L*(V'). We conclude that,
to build the energy relation in the volume V and the time interval I, it is
enough to require a priori

E ¢ L*(I; H(curl,V)), E' € L*(I; L*(V));
H ¢ L*(I; H(curl,V)), H € L*(I; L*(V)); (5.1)
J € LA(I; L*(V)).

Remark 5.1.1 As noted above, the reqularity on the curl of the electromag-
netic fields is equivalent to the regularity on their first-order time derivative,
because they fulfill Ampére’s and Faraday’s laws.

Notice that (5.1) holds for any volume V of R?, and in particular, it holds in
all space R®. Let us focus finally on the second term of Eq. (1.149) (a boundary
term), written here as
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So(t) ’I’LdS, with So(t) = E(t) X H(t)
oV
Due to Proposition 2.1.3, we remark that So(t) belongs to L'(V). Likewise,
divSo(t) = curl E(t) - H(t) — E(t) - curl H(t) also belongs to L'(V). We
conclude that So € L'(I; W(div, V), where

Wl(div,V) :={w e L*(V) : divw € L'(V)}.

According to Proposition 2.1.4, we know that L>(V) = (LY(V))". If we as-
sume that OV is Lipschitz, then one can define the normal trace Sy(t) - n on
AV by duality, with the help of the space W1>°(V). For that, one uses the
integration-by-parts formula (2.18). If one recalls that W1>°(V) = C%1(V)
(see Remark 2.1.40), then the space of traces of elements of WhH (V) is ex-
actly C%1(9V). In the same spirit as Definition 2.2.17 and Theorem 2.2.18,
we conclude that So(t) - n sy belongs to (C%*(8V))". Hence, the second term
has a meaning: we write (So(t) - v, 1)co.1(av)-

In a perfect medium

Let us consider now that R? is made of a perfect medium. Provided that e
and p are fields of symmetric tensors (independent of t), one again obtains a
conservation equation, namely Eq. (1.152). Let us highlight below the simi-
larities and differences with respect to the case of vacuum.

Given a volume V, we can write the first term of Eq. (1.152) as

S (B (0), Bt) o) + 5 WH (D), H(1)) o)

provided that E(t) and H(t) belong to L*(V) (as above) and that ¢, €
L>°(V) (cf. Proposition 2.1.2). To allow differentiation in time, it is enough,
as above, that E, E', H, H' all belong to L*(I; L*(V)). Concerning the
third term of Eq. (1.152), we can write it as an L*(V') scalar product, pro-
vided that J(t) belongs to L*(V'). We conclude that (5.1) remains a suffi-
cient requirement, assuming that e,y are symmetric tensor fields of L>°(V).
Dealing finally with the second term of Eq. (1.152), we can write it again
as (S(t) - njav, 1)co1(pvy with S(t) := E(t) x H(t), if the boundary 9V is
Lipschitz.

In a volume encased in a perfect conductor, or around a perfectly
conducting body

Denoting by V' the volume encased in a perfect conductor, or around a per-
fectly conducting body, one obtains the same a priori regularity require-
ments as above, cf. (5.1), with the addition of the boundary conditions
(1.134) and (1.135): E x njgv = 0, pH - njgy = 0. Eq. (1.135) leads to
E € L?(I; Hy(curl,V)), according to Theorem 2.2.24.
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Remark 5.1.2 On the other hand, how does Eq. (1.134) fit? Recall that,
since the mormal trace is involved, one should have some result on the di-
vergence of pH. To address this issue, one can actually use the boundary
condition on the electric field. Due to Propositions 2.2.10 and 2.3.5, we
know that curl E actually belongs to L*(I; Ho(div,V)). Using Faraday’s law,
one has yH' € L*(I; Ho(div,V)). Due to Theorem 2.2.18, we infer that
vH'(t) - njay = 0 (and divpH'(t) = 0) for (almost) all times t. Next, one
uses Propositions 2.3.4 and 2.5.6 to recover information on pwH. Assuming
that, at a given time to, one has pH (tg) € H(div, V), we conclude that pH
belongs to C°(I; H(div,V)). If, in addition, one has pH(t1) - oy =0 at a
given time t1, one finally recovers the boundary condition (1.134).

Conclusion

Recall that it holds that Ho(curl, R?) = H(curl, R?). According to the above,
if we study a perfect medium in V = R? itself, or in a volume V encased in a
perfect conductor, or around a perfectly conducting body, we conclude that
it is enough to require the a priori regularity results (see also Remark 5.1.1)

E ¢ L*(I; Hy(curl,V)), E' € L*(I; L*(V));
H ¢ I*(I; H(curl,V)), H € L*(I; L*(V)); (5.2)
J € LX(I; L*(V)).

In the rest of this chapter, we shall generally denote (- | -) (respectively || - ||),
without any subscript, the scalar product (respectively the norm) in L?(2)
or L*(£2), where 2 is an open subset of R,

5.1.2 Energy conservation and uniqueness

Let us consider that £2 = R? is made of a perfect medium (cf. Egs. (1.18-1.21)),
plus initial conditions at time ¢t = 0 (cf. (1.31)), i.e., I =]0,4o0[:

E

c}:%—t —curlH =—-J, t>0 (5.3)

OH
Vo +curlE=0, t>0 (5.4)
div(eE) = p, t>0 (5.5)
div(pH) =0, t>0 (5.6)
E(0)=E,, H(0)=H,. (5.7)
We also consider that 2 is an unbounded open subset of R? of category (C2)

equal to 2 = R?\ O, where O can be a perfectly conducting obstacle, as
for the exterior problem, or the perfectly conducting device of interest, as for
the interior problem (cf. §1.6.1). Or, we let 2 C R? be a domain made of a
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perfect medium, encased in a perfect conductor. We call this setting the cavity
problem. In this case, we add boundary conditions on I" = 942 to (5.3)—(5.7):

uH -n=0, t>0 (5.8)
Exn=0. t>0 (5.9)

Using the regularity results (5.2) in space and time of the electromagnetic
fields! (and of the data J), let us recover the energy conservation relation,
starting from Ampere’s and Faraday’s laws. Above, § € {e,p} satisfies the
following assumption:

{ f is a real-valued, symmetric, measurable tensor field on (2, (5.10)

6, >0, VX €C3, €| XP<EX X <& |X[? ae. in Q.

Remark 5.1.3 Obviously, one infers similar estimates involving the inverses
of e_ ey (respectively of u_, iy ) for the tensor e+ (respectively p='). These
assumptions will be frequently used throughout Chapters 5, 6, 7 and 8. They
include the case of an inhomogeneous medium (e = els, p = uls).

Due to the regularity of the fields (5.2), we can respectively take the L*(£2)
scalar product of Ampere’s law at time ¢ by E(t), and of Faraday’s law at
time ¢ by H(t), and add them together to obtain, for ¢ > 0,

(eE'(t)| E(t) + (WH'(t)| H (1))
+(curl E(t)|H (t)) — (E(t)| curl H(t)) = —(J ()| E(t)).
Then, using the integration-by-parts formula (2.20), we have that the third

and fourth terms cancel each other out. Thus, we obtain the energy conser-
vation relation below.

aw
dt
where W (t) := %{(@E(tﬂE(t)) + (H(t)|H(t))}.

(t) = —(J()|E®), t>0, (5.11)

(Above, we used the fact that e and p are both fields of symmetric tensors.)

Remark 5.1.4 Due to assumption (5.10), one has
1 1
SENB@IP + p [H* < WE) < S{e [ EOI + p [ HE)*}-

Thus, W : t — W(t) defines an electromagnetic energy functional whose
square root is equivalent to the L*(2) x L*(2) norm of electromagnetic fields.

! See Remark 5.1.2 on how to take into account the boundary condition on the
magnetic field.
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With the help of (5.11), we can directly prove the uniqueness of the solu-
tion to Maxwell’s equations. For that, consider that we have two solutions
(EW, HY) and (E®, H®). Then, their difference (JE,6H) = (EY —
E® HY — H?) is governed by (5.3-5.7) with zero data. Proceeding as
before, one finds

% %WEWE@)+([u5H(t>|6H<t>> —0, t>0.

Using the initial condition, one finds
1
SUEMGE(R)) + (WH()0H (1))} =0, t=0.
According to assumption (5.10), one concludes (cf. the previous Remark) that
SE(t) =6H(t) =0in L*(2), t>0. (5.12)
Hence, uniqueness follows.

It is also possible to derive similar results in the case when (2 — mathe-
matically defined as previously — is made of a dispersive medium, governed by
the Lorentz model (without damping) for both the electric permittivity and
the magnetic permeability. We sometimes use the vocable “Lorentz material”
(without damping) for short. For that, one introduces the additional fields
P and M, respectively known as the electric and magnetic polarizations (cf.
81.2.4). Recall first that the electric permittivity reads as

2
N R . R Eow
er(w) = (g0 + €a,r(W))l3, with &4 1(w) = R Z}; , W?),eawi,e > 0.
%L

By analogy, we write the magnetic permeability as:

2
) ) o frow
Pz(w) = (po + fa,L(W))ls, with fig r(w) = ——5—25—, wi w7, > 0.
w?—wi .

Then, according to the constitutive relations (1.74), one has

D(w) = coB(w) + P(w), Blw) = poH(w) + M(w)

where the polarizations are respectively defined by P(w) = 27é4.1(w)E(w)
and M (w) = 274, (w)H (w). With the definition of the permittivity and
permeability, we deduce that the last relations may be written as

{@gf-%ﬁw>2mw;E@x
L

(w m WQ)M(Q,))_: 27Tu0w§7mH(w)' (5.13)

Applying the reverse time Fourier transform yields
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9*pP *M
aeP+ﬁeW :Eu O‘mM'i‘BmW:H, (514)
with o, = w%_’e/(27rsowg_’e), Be = 1/(27r50w§_’e), Oy, = W%,m/@Wisz,m)a B =
1/(2mpow? ). On the other hand, starting from Egs. (1.6-1.9), one finds

OE 0P
EOE+E—cur1H——J,t>O (5.15)
OH 0M
MOW‘FW‘FCUI‘IE—O, t>0 (5.16)
div(egE + P) = p, t>0 (5.17)
div(uH + M) =0, > 0. (5.18)

Keeping the a priori regularity results (5.2), one adds
P, P M,M' ¢ L*(I; L*(2)).

We can respectively take the L*(£2) scalar product of Ampere’s law (5.15) at
time t by E(t), and of Faraday’s law (5.16) at time ¢ by H (t), and add them
together to obtain, for ¢ > 0,

(o E' (1) E())+(no H' () H (£))+(P' () E(t))+(M'(t) H (1)) = —(J ()| E(t)).

As before, we used the integration-by-parts formula (2.20) to cancel out the
curl terms. On the other hand, it follows, in particular from (5.14), that
P’ M" ¢ L*(I; L*(2)), so one can proceed similarly with the relations (5.14)
at time ¢ to find

{ (e P(t)| P (1)) + (B P" ()| P'(t)) = (E(t)| P'(t)),
(m M ()| M (t)) + (B M" ()| M () = (H ()| M (t)).

Substituting in the previous relation, one obtains the energy conservation
relation for dispersive media governed by the Lorentz model,

) = ~TOIEW), >0, (5.19)

where Wa(t) = W(t) + 34 (a POIP(D) + (3P (1) P'(1)
HamMOIM (1) + (5 M (1) M' (1)) }

Note that the result can be extended to the case when there is an electric
Lorentz material only in (2. :=int({z € R® : w,.(z) # 0}), and a magnetic
Lorentz material only in §2,,, := int({x € R® : w,,(x) # 0}). As a matter
of fact, one may proceed as before, defining, in (5.13-5.14), the electric po-
larization only on (2., respectively the magnetic polarization only on 2,,. In
this case, the previous computations lead to the energy conservation relation
(5.19) with
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Walt) = W (1) + 5] (e P(0), P(O) g,y + (5P (1), P ()12

+(@n M (1), M (1) 1(0,,) + (B M (8), M/ ()20, |-

Truncated exterior problem

Let us consider the case of an exterior problem, such as a diffraction problem
around a perfectly conducting object. In this case, to perform computations,
one adjusts the domain (§1.6.1): this results in a truncated exterior problem,
set in a computational domain {2 that has a boundary I" equal to I'p U 4,
with I'e N 'y = 0. Here, I'p is the ”physical” part on which the perfect
conductor boundary condition is imposed, and Iy is purely ”artificial”. For
instance, let us choose I'4 to be a sphere, on which an absorbing boundary
condition (referred to as an ABC from now on) is imposed, such as the Silver—
Miiller ABC (1.137) or (1.138). One usually assumes that the medium is
homogeneous? in a neighborhood of I'4, so it writes:

E(t) xn+ \/gH-r(t) =g*(t)on Iy, (5.20)

where we recall that H 1 (t) denote the tangential components of H (¢) on the
boundary and g* is the data on I'y. On the other hand, for the truncated
exterior problem, one finds the relation below, using the integration-by-parts
formula (3.5):
aw
5 O = (@) xn, Hr(t))r, = —(JO)|E®)), t>0. (5.21)

Above, the duality bracket reduces to I'4, because E x n =0 on ['p. Hence,
the index 4. Note that there is no need to use the theory summarized in
Theorem 3.1.29, because in the present case, I'p NIy = ().

It is possible to address uniqueness as before. Indeed, one now obtains that

OE(t) x n+ \/géH-r(t) =0on ['4,
together with the relation

G |5 (BB + WHObH)|
—a(0E(t) x n,6HT(t))r, =0, t>0. (5.22)

2 Since one can choose where to put the artificial boundary I'4, it is a reasonable
assumption. Also, because I'4 is smooth, one has

HY/*(La) = HY(Da) = HY* (L), where HY*(I'x) = L3(Ia) N H'/*(In),

and similarly for the dual spaces, HWI/Q(FA) = H11/2(FA) = H;l/Q(FA).
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According to Theorem 3.1.22, one can write on I'y (and given ¢ > 0)

SE(t) xn = curlp ¢~ +gradvt, ¢~ e HY2 ('), v e H(Ia);
SH+(t) = grad ¢~ 4+ curlp ¢t, o~ € HY/2 (I's), ¢t € H(Ta);

the scalar potentials ¢—, 9™, , ¢+ being unique. Using the homogeneous
Silver—Miiller ABC yields

curlp ((;5 + \/gqifr) + grad (1/)+ + \/gi/l) =0on ['4.

In particular, one has ¢ := ¢~ + \/u/ept € HY?(I'y) € L*(I'4), and ¢ is
harmonic, i.e., Ar¢ = 0 on I'4. The artificial boundary being a sphere, we
have that ¢ is globally smooth on I'4, and in particular, ¢ € H*(I'4) (see, for
instance, [60, 200], or Chapter 5 of [168]). As a consequence, it vanishes:

0= [ ¢Ar¢dl = —/ |grad ¢|* dI’. (5.23)
FA FA

Likewise, )+ + /u/ep™ also vanishes. It follows that ¢~ and ¥~ actually

belong to H'(I'4), so that both dE(t) x np, and 6H~(t)r, are fields of

L?(I'y), and furthermore, one can replace the duality product with an integral
in the relation (5.22):

— A (SE(t)xn, 0HT(t))r, = \/g/F |6H(t)|* dl’ = \/E/F |SE(t)xn|?dr.

Hence, this quantity is always greater than or equal to 0. Using the initial
condition together with assumption (5.10), one concludes that uniqueness
holds for the truncated exterior problem too: (5.12) is fulfilled.

Remark 5.1.5 In the case of a smooth (artificial) boundary s, we have also
proven that it holds that
H [ (divp, Ta) 0 H Y (curlp, Ta) © LE(Ia).

This result has already been obtained in [3]).

Truncated interior problem

At first glance, it appears that one can tackle the case of a truncated inte-
rior problem similarly. The first difference with the previous study is that it
can happen that ' N A4y # O(3). In this situation, one needs to use the
integration-by-parts formula of Theorem 3.1.29, to find

SUOIPNOra = (), one still needs to address the possible lack of regularity of the
artificial boundary (see Remark 5.1.6). This corresponds to configurations 2 and
3 of I'4 in the study below.
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%(t) — W (E(t) xn,H7 (), = —(J@O)|E(t)), t>0. (5.24)

In other words, the duality product has been modified, to take into account
the fact that OI'4 # (). We consider from now on that OI'4 is piecewise curvi-
linear. Let v be the unit outward normal vector to 0I'4, and 7 the unit
tangent vector to 14 so that (7, v) is direct. As before, to prove uniqueness,
we build a relation like (5.22). The obvious difficulty in the present situation
is to obtain some decompositions of the traces, with boundary conditions on
OI'4. We propose below a constructive proof (for the magnetic field), thus
complementing the process we described in §3.1.

First, thanks to Proposition 3.1.27, we can write on I'4 (for a given ¢ > 0)
SE(t)xn =curlp ¢~ +gradp¢", ¢ € HY2(I), ¢ € H,(Ia).

Note that we have, in a weak sense, t,(6E(t) x njr,) = 0 on 04, where we
recall that t,(f) := f - v|ar,, and similarly for grad g*‘ (see the definition
of H,(I'4)). Hence, we have at hand some boundary conditions for the trace
of the electric field.

Second, starting from the “usual” result for H(¢) on I', and then taking its
restriction to I'4, we derive another decomposition: however, it lacks bound-
ary conditions on 0I'4. To address this problem, recall that the ABC writes
dHT(t) = —\/e/udE(t) x n on I's, so that one actually has dH(t)r, €

——1/2

H, / (I'a) and the boundary condition ¢, (0H 1 (t);r,) =0 on Ol 'a.

Now, let us build the decomposition with this additional information at hand.
We know that the trace of the magnetic field is such that curl(0H T (t)|r,) €

H~Y/2(I'y) (sce Theorem 3.1.26). Hence, there exists one, and only one,
¢ € H{(I'a) such that' —Ar¢™ = curlp(§H(t);r,) in I's. The scalar
field 9"’ belongs to

Ho(La) :={f € HN(I'a) : Apfe H *(Iy)}.

Because 9"’ has a vanishing trace on 0l 4, its gradient has a vanishing tan-
gential trace (cf. Proposition 2.2.10), which writes grad 9*‘ “Tlor, = 0, or

4 One applies the Lax-Milgram Theorem 4.2.8 to the equivalent variational form:

Find ¢* € Hg(I'a) such that
Vo € Hy (), (cur1p9+7cur1p V)L2(ry) = <Cu1"11"((5HT(t)‘1"A)7U>H&(1—-A) ’

If I'4 is not a connected set, one chooses — instead of Hé (I'a) — the space
{f e H'(I'x) : florq =0, florx = csty, 1 <k < Ka},

where (I'k)r—o,x, are the (maximal) connected components of I'4.
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equivalently, curlp QJF -Vjor, = 0, that is, £, (curlp QJF) =0 on OI'4. Taking

into account the ABC, the difference w = §H 1 (t)|r, —curly ¢" is such that:

/2
(

—~1
we H, I's), curlpw =01in Iy, and ¢, (w) = 0 on 01 4.

Finally, using an existence result of [68], namely Proposition 6.2 (with | re-
placing ), the first two properties satisfied by w yield that there exists
Y~ € H'Y?(I'y) such that w = grad 1+~ in I'4. For this result to hold,
we assume — for simplicity — that I is topologically trivial, cf. §3.2. We con-
clude that we can write on I'4 a decomposition for the trace of the magnetic
field with boundary conditions, which writes (for a given ¢ > 0)

SH~(t) = curlr ¢ +grad v, ¢" € Ho(I'a), v~ € HY*(I'a), tu(grad, ¢~

The homogeneous Silver—Miiller ABC writes

curlp (Q + \/gfr) + grad (QJF + \/gg) =0on I'4,

with boundary conditions on both ¢~ + \//L/EQJF and er +/ /e
Focusing, for instance, on ¢ := ¢~ + \/u/sfr, we have obtained so far that:

¢ € H'(I'y), Ar¢=0in 4.

In other words, we are looking for solutions to the Laplace-Beltrami problem
with homogeneous Dirichlet boundary condition and right-hand side, with at
least H'/?-reqularity. Note that if ¢ belongs to H(I'4), then one finds auto-
matically that ¢ = 0, using the same integration by parts as in (5.23). So, we
are interested in finding singular solutions to the Laplace-Beltrami problem,
that is, solutions that are in H'/2(I'4) \ H'(I'4).

To address this issue, we split the study® into three kinds of artificial bound-
ary:

1. Iy is part of a single face;
2. I'y is part of the reunion of two adjacent faces;
3. I'4 contains a neighborhood of one of the vertices of I".

Remark 5.1.6 Note that configurations 2. and 3. also cover the case of a
piecewise smooth, but not globally smooth, artificial boundary, even in the
case when Oy = (): proving that the solution is not singular allows one to
conclude that it vanishes, thanks to (5.23).

% For v = ¢t +/u/ep, we have: ¢ € HY*(I'4), Ary =0in I'a, t,(grad ¢) =
0. In this case, we are looking for singular solutions (with at least H1/2-regularity)
to the Laplace-Beltrami problem with homogeneous Neumann boundary condi-
tion and right-hand side. Completely similar analyses can be carried out for :
they yield the same results as for ¢. -



190 (©Assous-Ciarlet-Labrunie 2017

For simplicity, we assume that {2 is a polyhedral domain.

1. I'y is part of a single face: based on the theory of singularities of the
Laplace operator in a polygon [126, Rmk 2.4.6. p. 59|, one finds, by in-
spection, that ¢ = 0. Indeed, though there are singular solutions to the
Poisson equation with homogeneous data set in a polygon I'4, none of
them are in H'/2(I'y) \ H(I'4).

2. I'y is part of I';;, the reunion of two adjacent faces I and I';. For short,
we use the notations I'4 := I;UI;Ue;;, as in Definition 2.1.54, and define,
for k =1, 7,

D(Ar, L*(Iy)) == {f € L*(I'x) : Arf e L*(I%)}.

By construction, one has ¢, := (¢)r, € D(Ar,L3(I},)), for k =1i,j. As
a consequence of Theorem 1.5.2 of [126], the traces of ¢, and Qj on the

line e;; have a meaning in H~/2(e;;) (Definition 2.1.53). Similarly for
the traces of the normal derivatives, which have a meaning in H3/ 2(ei5)
(Definition 3.1.9).
In addition, we know that ¢ belongs globally to H'/?(I'4) and that Ap¢
belongs to L*(I%;) (because ¢ is harmonic on I7;), so the traces match:
(Qi)leij = (9j)|8ij'
As far as the traces of the normal derivatives are concerned, one can easily
check that

6@' 8gbj

87’1' a 87’j
As a consequence, if one goes back to the plane parameterized by (7,5, 7;)
in I, respectively (7, 7;) in Ij, we find that (* refers to the parametric
plane):

on €;y.

¢* € HY2(I'}), A* =0in I}

Using the same result as in 1., we conclude that ¢* = 0. Hence, ¢ = 0 and
there are no singular solutions in this case either. B

3. I'y contains a neighborhood of one of the vertices of I', called v. For short,
we use the notations I'y := [T U---UTx UeaU---Uegs U{v}, where
(I'k)i<k<k are the faces with v as one of their vertices. Proceeding as
before, we remark that ¢, := (¢)|r,, 1 <k < K, are such that

¢, € D(Ar, L3(I,)), Ar¢, =0in I},
o9, 99, 1<k<K. (5.25)
Qk = Qkﬂ and 3—7% = —8Tk+1 on e k+1,
(With the convention that K 4+ 1 = 1). On the artificial boundary, near
v, we use polar coordinates in I': (r,0), 6 €]0),0k11], with 6; = 0 and
0k +1 = Omaz can be any positive number. Due to 1 and 2, we know that,
outside any neighborhood of the vertex v, ¢ is of H Lregularity. So, from
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now on, we focus on its local behavior (for ”small” r, i.e., for r €]0,r|
with 7o > 0). Expressing (5.25) in polar coordinates, we find, by direct
computations (see also §2.3 in [126]), that the solution to this problem
locally belongs to

span, 4 (1 ox (6)),

where () are eigenfunctions of the operator ¢ — —¢” on [0,604.]
with periodic boundary conditions, and the numbers \ are such that ¢, :
(1,0) — r*¢x(0) locally solves (5.25). In other words, one has

A= 2—7TZ, and VA € A, o) = exp(1Ad).

max

Note that ¢y always belongs to Cpe,. ([0, Omaz])-
If A =0, then ¢g =1, i.e., the eigenfunction ¢y is constant. Since we are
interested in curlr ¢, this is of no importance.®
In A\ {0}, the question is: can we find a value A such that ¢y (r,0) =
™ ox () belongs to H'/?, but not to H', locally ? Due to the smoothness

of the angular part ¢y, using Theorem 1.2.18 of [126], we know that:
1
oy € H'/? — A> =5 oy € HY «— X<O.

Because of the structure of A, we look for m € Z \ {0} such that

1 2mm . 0rmaz
——=< <0, ie., —

0.
5 0, <m <

Hence,

e cither 6,4, < 4m: there is no solution m € Z \ {0};

e 0r 0,4, > 47 (the vertex is said to be pathological): there is at least one
solution, m = —1. Nonetheless, the space span71/2<)\<0(r’\cp)\(6‘)) of
locally singular solutions remains finite-dimensional. Classically, these
local solutions can be continued to I'4 with the help of a smooth cut-
off function, so one gets singular solutions to the Laplace-Beltrami
problem.

In other words, if 0,4, < 47 then there are no singular solutions to

the Laplace-Beltrami problems, whereas if 0,,,, > 4w, then there exist

singular solutions. In this latter case, one checks directly that the singular

solutions are at least of H' regularity for some t := t(0pnaz) > 1/2.

Remark 5.1.7 In the case of a cubic vertex (configuration 3.), one has
Omaz = 3 X /2, which is still short of the limit value 4. So, if one chooses

8 More precisely, we recall that, if ¢ belongs to H*! (I'a) with ¢jar, = 0, we apply
the integration by parts (5.23) to find that curly ¢ = 0. If one replaces ¢ with
¢' = ¢ + ¢ with ¢ # 0, then the technique still applies (even though Q"@p;# 0),
because Ar¢’ = 0. So, the local constant behavior can be neglected.
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a “reasonable” artificial boundary, there will be no singular solutions to the
Laplace-Beltrami problems. On the other hand, as noted in [69], 040 can be
made as large as possible, hence one must choose the artificial boundary with
some care to avoid creating pathological vertices.

The general conclusion is that, when all interior vertices of the artificial bound-
ary I'4 are such that the sum of the angles of incident faces is lower than or
equal to 47 (i.e., there are no pathological vertices), there are no singular
solutions to the Laplace-Beltrami problems. One concludes” that ¢ = ¢ = 0,
and hence ¢~ and ¥~ both belong to H'(I"4). We then proceed as we did for
the truncated exterior problem, replacing the duality product in (5.24) with
an integral:

—0 (OB()xn, 6HT(t))rs = \/g/F |6H(t)|* dl’ = \/E/F |SE(t)xn|?dI.

Therefore, uniqueness holds, in the sense that (5.12) is fulfilled.

Remark 5.1.8 In the case of an artificial boundary I'a with no pathological
vertices, we have also proven that it holds that

- ——1/2
H”)é/2(diV[’7FA) NH, / (curlp, ') © L2(Iy).

When OI'a = (), the imbedding writes like the one from Remark 5.1.5.

On the other hand, it can happen that at least one interior vertex of I'4 is
pathological. In this case, there is at least one singular solution to the Laplace-
Beltrami problem and, as a consequence, ¢ ¢ H'(I'a) and/or ¢ ¢ H'(I'4) in
general.

Remark 5.1.9 In the case of an artificial boundary I'a with at least one
pathological verter, we have proven that:

- . ——1/2
H||,(13/2(d1VF7FA) NH, “(curlp,I'x) ¢ LI (Ly).

In this situation, when OI'4 = 0, the imbedding of Remark 5.1.5 is false.

Because of this insufficient regularity, we cannot conclude, as we normally
would, on the establishment of uniqueness, replacing the duality product with
an integral. However, we have proven (cf. 1. and 2.) that both ¢ # 0 and
1 # 0 are of H'-regularity outside any neighborhood of the pathological ver-
tex/vertices. In terms of the traces of the electromagnetic fields on I'a, this
means that 6E(t) x m and 0 H 1 (t) are of L regularity outside any neighbor-
hood of the pathological vertex/vertices. Due to this property, one can recover
uniqueness.

7 See footnote ®, p. 189.
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To simplify the notations, let us assume there is a single pathological vertex v,
and denote by p, the distance to v. Then, let x € D(R) be a cut-off function,
which is equal to 1 in a neighborhood of 0. Given w € H(curl, 2), one
can prove (similarly to §2 of [90] or Lemma 4.6 of [17]) that the sequence
(x(kpy)w)y goes to 0 in H (curl, £2). If we apply this result to w = dE(t), we
conclude that the sequence (6 Ey)y, with 0Ey, := (1—x(kpy,))0 E(t), converges
to 0E(t) in H(curl, (2); furthermore, one has 6Ey x njr, = 0 for k large
enough. Similarly, the sequence (6Hy)i, with 0Hy = (1 — x(kpy))0H (t),
converges to 0 H (t) in H (curl, 2). By the continuity of the tangential trace
mapping (cf. Theorem 3.1.28) and of the tangential components mapping (cf.
Theorem 3.1.26), we obtain that

(6E(t) x n, 6HT(t))r, = lim

k—oc0

'791 ’Y,(Z; <5Ek X M, (5Hk)"r>ﬂ-A.

Because of the truncation function, we know that the traces of both dE) x n
and (6H})T belong to L7 (I'4). What is more, it holds that

(5Ek><n+

NS

(6Hk)T =0on FA,

so we conclude that, for instance,

20 (SE(t) x 1, 6H1(1))r, = _\/g lim /F \(0H )| dr

k—o00
Hence, passing to the limit yields uniqueness ((5.12) is fulfilled), because

— 0 OE(t) x 1, 6H1 ()}, > 0. (5.26)

Conclusion

Let us recapitulate the results we have proven concerning the uniqueness of
the electromagnetic fields.

Theorem 5.1.10 Consider a perfect medium, characterized by the tensor
fields € and p. If € and p fulfill assumption (5.10), one has uniqueness of
the electromagnetic fields, for the configurations below:
in R3;
in a domain encased in a perfect conductor (cavity problem);
for the exact and truncated exterior problems around a perfectly conducting
obstacle;
e for the exact and truncated interior problems around a perfectly conducting
device.

In the truncated settings, the artificial boundary I'a is either a smooth mani-
fold, or a manifold with corners and edges.
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This result is also wvalid for a Lorentz material without damping in the
same configurations,® as well as in the more general setting where there is
an electric Lorentz material for which the (electric) plasma pulsation wp . is
nonzero, and a magnetic Lorentz material for which the (analogously defined)
magnetic pulsation wy ., is nonzero, cf. [72].

5.1.3 Comments

For the truncated exterior problem, the issue of the uniqueness of the elec-
tromagnetic fields has also been addressed in [175], using a different approach
than the one we proposed in §5.1.2. For the case of a topologically non-trivial
artificial boundary (extraction of a scalar potential ™), we refer the reader
to [66]. N

When the artificial boundary is not globally smooth, we refer to [69] for com-
plementary results on the regularity of the scalar potentials of the traces of
the electromagnetic fields.

The regularity of potentials is also alluded to in [33]. However, the results of
Remark 5.1.9 are different from the regularity results obtained in that paper.
The difference comes from the fact that one can exhibit singular solutions to
the Laplace-Beltrami problems when the artificial boundary contains at least
one pathological vertex, a fact that has been overlooked in [33].

5.2 Well-posedness

Our aim here is to solve Maxwell’s equations rigorously. In particular, to
obtain well-posedness under some ad hoc assumptions about the data. For
that, we shall use the Stone Theorem 4.3.6 or the Hille-Yosida Theorem 4.3.2,
which we apply to the first-order in time Maxwell equations. We recall that the
abstract form of a first-order time-dependent problem is to find v : ¢ — u(t)
with values in a function space V' for ¢t > 0, governed by

Find u such that

du
E + A'LL = f, t > O,
u(0) = up.

Maxwell’s equations are set either in R?, in the exterior of a perfectly conduct-
ing body, or in a domain encased in a perfect conductor. Finally, we address
the case of a truncated exterior problem.

8 One can easily check that the energy conservation relation (5.19) can be modi-
fied, as in the “Truncated exterior problem” and “Truncated interior problem”
sections, if a Silver-Miiller ABC is imposed on part of the boundary. Again, this
ensures energy control and uniqueness.
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5.2.1 In a homogeneous medium

We begin with the simple case of a homogeneous medium in 2 = R?; or in
an unbounded open subset 2 = R3\ O of R? of category (C2), where O is a
bounded, perfectly conducting body ; or finally, in a domain {2 C R? encased in
a perfect conductor.”? To fix ideas, we solve the Maxwell’s system of equations
(5.3-5.7) with unit permittivity and permeability, i.e., (e, ) = (I3, I3), with the
minimal regularity of the electromagnetic fields, as in (5.2). For the exterior
of a body and for a domain, the system is supplemented with the boundary
conditions (5.8) and (5.9). We remark that Eqgs. (5.5-5.6) can be seen as static
constraints on the electromagnetic fields (see, for instance, Remark 5.1.2). On
the other hand, (5.7) is their initial values, and Eqgs. (5.3-5.4) describe their
evolution in time, which we can reformulate equivalently as a first-order time-
dependent problem. The quantities are, respectively, for Maxwell’s equations
set in a homogeneous medium (we add a superscript ")

h _ E h 0 —curl h —J h EO
u_(H>’A_<curl 0  fr= 0o )"~ \H,)

Next, we define the operator mathematically (and in particular, its domain),
and we study some fundamental properties. Finally, with the help of Stone
Theorem 4.3.6, we derive a well-posedness result.

The operator A" is an unbounded operator of V* = L*(2) x L*(£2), and,
following (5.2), we define its domain by

D(A") := Hy(curl, 2) x H(curl, 2).

Remark 5.2.1 The asymmetry in the definition of the domain of the operator
Al stems from (5.2). It plays a critical role in the cases of the exterior of a
body and of a domain, with perfect conductor boundary conditions on part of,
or all of, the boundary.

We write elements v € V* as v = (VF V)T ete. Then, V" is endowed
with the norm |[v[|y» = (||[VZ|]2+ ||V ||?)!/2, with associated scalar product
(v, w)yn = (VE | WE) (V7T | W),

Proposition 5.2.2 The operator A" is closed and skew-adjoint.

Proof. To prove that A" is closed, consider a sequence (vy)x in D(A")
such that (vy, A"vg), converges to (v,w) in V" x Vh. In particular, if
we let vy = (VF,VIHT, then (VF), is actually a Cauchy sequence in
H(curl, £2), so it converges in this space (to a limit, say V£, ). Similarly,
(V) converges in H(curl, 2) to Vi . As (vp), converges to v in V",
we have v = (V£ , Vi V7. Next, as (Avy)x converges to w in V", we

9 As shown in §5.1.1 and §5.1.2, these three settings exhibit similar properties. This
is once more the case here.
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have w = (—curl Vi curl VE )7 so we conclude that w = Awv, hence
(v,w) € D(A).

To prove that A" is skew-adjoint, we first remark that D(A") is dense in V",
because D(£2) x D(£2) is a subset of D(A").

Then, let us build its adjoint (A")*. According to Definition 4.1.11, w € V"
belongs to the domain D((A")*) if the form

v (w, APv)yn
D(AM) = R ’

is continuous, with respect to the norm || - ||y». In this case, one has
(A" w, v)yn = (w, AMv)yn for all v € D(AM).
If one chooses v € D(£2) x D({2), one has

(w, A")yyn = —=(WE | curl V) + (WH | curl VF)
= —(curl WE,W> + (curl WH,W>.

For the form to be continuous w.r.t. || - |[y», W¥ and W* must belong to
H (curl, 2). Furthermore, by identification,

Vo € D(A"), (w, AMv)yn = —(curl W | V) 4 (curlWH | VE).

If 2 = R®, recall that Ho(curl,R3) = H(curl,R?). On the other hand, if
2 is the exterior of a body or a domain, to determine that W¥ belongs to
H(curl, ), one remarks that, by considering all elements of D(A"), it holds
that

vV e H(curl,2), (WZ | curl V) = (curlW¥ | V),
It follows that W% x nr = 0 with the help of the integration-by-parts formula
(3.5). So, D((A™)*) € D(A") in both settings.
One can then prove that D((A")*) includes D(A"). To that aim, let w €
D(AM). Given v € D(A"), we successively find, by integration by parts,

(w, A"v)yn = (WH | curl VF) — (W | curl V)
= (curl W# | VE) — (curl W¥ | V)
= —(A"Mw,v)yn. (5.27)

If §2 is the exterior of a body or a domain, we used the boundary conditions
VExn‘p=Oand WExn‘pzo.

As A"w belongs to V", we have that the form v — (w, A"v)y» is continuous
w.r.t. || [[yn, so w € D((A")*). We have thus proven that D((A")*) = D(A")
and, according to (5.27) and the definition of (A")*w, we conclude that A" is
skew-adjoint, since (A")*w = —A"w for all w € D(AM). [ |

We determine below that the electromagnetic fields are uniquely defined.
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Theorem 5.2.3 Consider a homogeneous medium in {2 = R3; or in an un-
bounded open subset 2 = R3\ O of R® of category (C2), where O is a bounded,
perfectly conducting body; or in a domain §2 C R® encased in a perfect con-
ductor.

1. Assume that

Ey € Hy(curl, 2), Hy, € H(curl, 2)
either: J € CY(Rt; L*(2)), ; (5.28)
or: J € CO(RT; L*(2)) N L' (RT; Hy(curl, 22))

thus, there exists one, and only one, couple of electromagnetic fields

(E,H):

{ (E,E') € C°(R*; Hy(curl, 2)) x CO(R*; L*(12)) (5.2)

(H,H') € C°(R*; H(curl, 2)) x C°(RT; L*(12)) °
which solves Egs. (5.8-5.4) and (5.7), supplemented with the boundary

condition (5.9) if 2 is the exterior of a body or a domain.
2. Assume, in addition, that

0(0) € H71(02), %erivJ:O, t>0

thus, there exists one, and only one, couple of electromagnetic fields

(E, H):

{diVEO = Q(O), diVHO = O, H0-7’I,|p =0

(E,E') € C°(RT; Hy(curl, 2)) x C°(RT; L*(2))
{ (H,H') € C°(R*; H(curl, 2) N Hy(div, 2)) x C°(RT; Ho(div, 2)) ’

which solves the Mazwell’s system of equations (5.3-5.7), supplemented
with boundary conditions (5.8) and (5.9) if £2 is the exterior of a body or
a domain.

In both instances, the electromagnetic fields depend continuously on the data.
Proof.

1. Due to Proposition 5.2.2, this is a straightforward application of Stone
Theorem 4.3.6.

2. One simply uses the process described in Remark 5.1.2 to reach the con-
clusion.

5.2.2 In a perfect medium

We now consider 2 = R?; or an unbounded open subset 2 = R*\ O of
R? of category (C2), where O is a bounded, perfectly conducting body ; or
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a domain 2 C R? encased in a perfect conductor; and that {2 is made of a
perfect medium. Below, in the definitions, proofs and statements of results,
we focus mainly on the differences with the previous subsection. We solve
Maxwell’s equations with permittivity ¢ and permeability pu such that (5.10)
holds, with the minimal regularity of the electromagnetic fields, as in (5.2). To
fit within the framework, as recalled at the beginning of §5.2, we reformulate
Egs. (5.3-5.4): we introduce the scaled unknowns E = ¢/2E and H = p'/2H,
with initial data Eo = ¢'/2Ey and ﬁo = p'/2Hy. Then, Egs. (5.3-5.4) write

OE —

i e /2 curl[pfl/QH = —efl/zJ, t>0
OH ~
W—i—p*l/chrl@*l/QE:O, t>0.

Within the framework of first-order problems, we have, for the case of a perfect
medium (we add a superscript ),

uP — E AP — 0 —e 2 curlp=1/?
H/ Y2 curle1/? 0 ’

—e~ 12 E
P _ € p_ | B0
f_< 0 )7u0_<H0>'

The operator AP is an unbounded operator of V? = L*(2) x L*(£2), and we
define its domain by

D(AP) := Ho(curle /2, 2) x H(curlp™'/2, 02).

As VP = V" the definitions of its scalar product and its norm are clear (for
the notations, use those of §5.2.1 and replace " with ?).

Proposition 5.2.4 The operator AP is closed and skew-adjoint.

Proof. First, one proves easily that AP is closed.

Second, we find that D(AP) is dense in VP, because e¢'/2D(£2) x p'/2D(R)
is a subset of D(AP). Then, one can build the adjoint of AP: w € VP belongs
to the domain D((AP)*) if the form v — (w, APv)y» defined on D(AP) is
continuous, with respect to || - ||v», and one has ((AP)*w,v)yr = (w, APv)y»
for all v € D(AP) in this case.

If one chooses v € ¢'/2D(£2) x p*/?D(£2), one obtains

(w, APv)y» = —(WF | eV 2 curl p=V/2VH) 4 (WH | p=1/2 curle 2V F)
= —(curle”\/2W¥, [pfl/zw> + (curl p~12wWH e*lﬂﬁy

For the form to be continuous w.r.t. || - [lve, (W% W) must belong to
H(curle /2, 02) x H(curl p~'/2, ). Furthermore, by identification,
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Vv € D(AP),
(w, APv)y» = —(p~ Y2 curle V2WF | V) 4 (e 2 curl p= 2w | VE),

If 2 = R?, recall that Ho(curle /2 R?) = H(curle '/2,R3). If 2 is the
exterior of a body or a domain, we obtain that e 12wE x nr = 0 by in-
tegrating by parts, so W¥ belongs to Ho(curle='/2 ). D((A?)*) C D(AP)
in both settings.

As in the proof of Proposition 5.2.2, using integration by parts twice more,
one finds that D((AP)*) includes D(AP), and the fact that AP is skew-adjoint
follows. [ |

With the help of the Stone Theorem, we infer that the fields (E, ﬁ) exist and
are uniquely defined. Hence, the results carry over to the actual electromag-
netic fields (E, H).

Theorem 5.2.5 Consider a perfect medium in 2 = R3; or in an unbounded
open subset 2 = R3\ O of R® of category (C2), where O is a bounded, perfectly
conducting body; or in a domain 2 C R encased in a perfect conductor, with
tensor fields € and y that fulfill assumption (5.10).

1. Assume that the conditions (5.28) are met for the data (Eo, Ho,J). Then,
there exists one, and only one, couple of electromagnetic fields (E, H)
governed by Eqs. (5.3-5.4) and (5.7), supplemented with the boundary
condition (5.9) if £2 is the exterior of a body or a domain, with regularity
(5.29).

2. Assume, in addition, that

0(0) € H71(92), %jtdivJ:O, t>0 '

{div@Eo =0(0), divpHo =0, pHo-nr=0
ot

thus, there exists one, and only one, couple of electromagnetic fields
(E,H):

(E,E') € C°(Rt; Hy(curl, 2)) x C°(RT; L*(R2))
{ (H,H') € C°(R*; H(curl, 2) N Ho(divy, 2)) x CO(RT; Ho(div y, 2))

which solves the Mazwell’s system of equations (5.3-5.7), supplemented
with boundary conditions (5.8) and (5.9) if £2 is the exterior of a body or
a domain.

In both instances, the electromagnetic fields depend continuously on the data.

5.2.3 In a dispersive medium

Let us briefly consider a dispersive medium in 2 = R?; or in an unbounded

open subset 2 = R3\ O of R? of category (C2), where O is a bounded, perfectly
conducting body ; or in a domain 2 C R? encased in a perfect conductor. The
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dispersive medium is governed by the Lorentz model (see Egs. (5.14-5.18)),
plus initial conditions

oP oM
EHP,— M,——
(7 ’7at7 7at

> (0) = (Eo, Ho, Po, py, Mo, mo). (5.30)
For ease of exposition, we set all parameters to 1: €9 = g = ae = e =
m = Bm = 1. In this case, one introduces the auxiliary variables p = P,
respectively m = M’ to produce a first-order time-dependent problem. One
defines

E 0 —curl0 1 00 —J
H curl 0O 00O0T1 0
P 0 0 0-100 0
d __ d d
=Ll AT 0 0 1000 |0 T o
M 0 0 000-1 0
m 0 -1 0010 0

The initial data (cf. (5.30)) is called ud. The operator A? is an unbounded op-
erator of V" = (L*(£2))%, whose domain is chosen as D(A%) := H(curl, £2) x
H (curl, 22) x (L*(£2))*. Similarly to §5.2.1, one proves the result below.

Proposition 5.2.6 The operator A% is closed and skew-adjoint.
The conclusions can then be stated.

Theorem 5.2.7 Consider a dispersive medium governed by the Lorentz model
in 2 = R®; or in an unbounded open subset 2 = R3\ O of R? of category
(C2), where O is a bounded, perfectly conducting body ; or in a domain 2 C R?
encased in a perfect conductor.

1. Assume that

Ey € Hy(curl, 2), Hy € H(curl, 2),
Po,po,MQ,mQELQ(Q) .
either: J € CY(RT; L*(02)), '
or: J € CO(Rt; L*(2)) N L' (RT; Hy(curl, 2))

thus, there exists one, and only one, quadruple of electromagnetic fields
(E,H,P,M):

(E,E') € C°(Rt; Hy(curl, 2)) x C°(RT; L*(12))
(H,H') € C°(R*; H(curl, 2)) x CO(Rt; L*(12)) ,
P, P’ M, M € C°(R"; L*(0))

which solves Eqs. (5.14-5.16) and (5.30), supplemented with the boundary
condition (5.9) if 2 is the exterior of a body or a domain.
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2. Assume, in addition, that
{diV(Eo + Po) = Q(O), div(Ho+ M) =0, (Ho + Mo) “mr = 0

0(0) € H1(02), %erivJ:O, t>0 ;

thus, the quadruple (E,H,P,M) also solves Eqs. (5.17-5.18) and the
boundary condition (H + M) - np = 0 if £2 is the exterior of a body or a
domain.

The electromagnetic fields depend continuously on the data.

5.2.4 Truncated exterior problem

We consider an exterior problem, around a perfectly conducting object. As
we did before, we define a truncated exterior problem, set in a computational
domain whose boundary is equal to I' = I'p U T4, with I's N I'4 = (). On the
physical part of the boundary, I'p, one imposes a perfect conductor boundary
condition, whereas on the smooth artificial boundary, one imposes an ABC.
The aim is to solve Maxwell’s equations in a perfect medium with the same
assumptions as in §5.2.2. In addition, we also assume that the medium is
homogeneous in a neighborhood of the artificial boundary I'4, so the condition
there writes as in (5.20). Below, we begin with the case of a homogeneous ABC
(g* = 0), and then we proceed to the general case (g* # 0).

Homogeneous absorbing boundary condition

We scale the unknowns, as in §5.2.2: E = ¢'/2E and H = p'/2H. The
homogeneous ABC then writes

E(t)x n+ H+(t) =0 on I'4.

To fit within the framework of first-order problems, we introduce (with a
superscript )

ue — E A — 0 —e Y2 curlp=1/2
“\") " \pY%curle /2 0 ’

fe - —@71/2.] e EO
= O N ’U,O = EO .

The operator A¢ is an unbounded operator of V¢ = L?(£2) x L?(£2), and we
define its domain by
D(A®) = {(VE V) e Hy rp(curle /2 2) x H(curlpy=/2 ) :
(VE X n + (VH)T)|FA = O}.

As V¢ = V" we use the definitions and notations of §5.2.1 (replace " with ©)
for its scalar product and norm.
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Proposition 5.2.8 The operator A¢ is maximal monotone.
Remark 5.2.9 As we will see below, the operator A€ is not skew-adjoint.

Proof. We apply Proposition 4.1.15 to obtain the result: we need to prove
that the operator A€ is closed, with a dense domain in V¢, and that both A€
and its adjoint are monotone.

As before, one can easily check that A€ is closed, with a dense domain in V¢.
Second, one proves that A€ is monotone. For that, given v € D(A®), one
computes (A%, v)ye with the help of the integration-by-parts formula (3.5):

(A%v,v)ye = _(@*1/2 curlpV2vH | VE) 4 ([pfl/z curle-1/2VE |VH)
= —(curlp 2PV | 72V E) 4 (curle 2V E | 2V H)
= —, <®—1/2vE X 1, W_1/2(VH)T>7TA

= (o) VE X (V7).

Now, we recall that V¥ x n + (V)1 = 0 on I's. Also, because the artificial
boundary is smooth, we know that both (V* x n)r, and (V*)1)/r, be-

long to L?(I'y) (this is summarized in Remark 5.1.5). We then conclude that
(A%, v)ye > 0, which yields the monotonicity of the operator A°.

Lastly, one has to prove that the adjoint (A¢)* of A¢ is monotone. To pro-
ceed, let us build (A¢)* and, in particular, its domain: w € V¢ belongs to
the domain D((A®)*) if the form v — (w, A°v)y. defined on D(A®) is con-
tinuous, with respect to the norm || - ||ye. Choosing first v € ¢'/2D(£2) x
p/2D(§2), one obtains, as in the proof of Proposition 5.2.4, that w belongs to
H(curle /2, 02) x H(curlp~'/2, ), and moreover, by identification, that

Vv € D(A®),
(w, Av)ye = —(p~ 2 curle™2WE | V) 4 (e V2 curl g~ V2WH | V).
Expanding the expression of (w, A°v)y. as above, and choosing v € Hg(curle™'/2, 2)x

Hy r,(curlp='/2 ), one finds, after integration by parts, a term on the
physical part I'p of the boundary

0=1s <‘E_1/2WE X mn, [U_l/2(VH)T>TrP=
and it follows that (e~'/2W?¥ x n) rp = 0, thanks to the surjectivity result
of Corollary 3.1.23.

Last, we choose any v € D(A¢) and again perform an integration by parts:
this time, terms on the artificial part I'4 of the boundary appear, namely

0=\ PWE s, p VAV ) 1), 4, (6 V2VE sy VAW ))
= (=) 2 (L W E X, (V) ) 4, (VE m, (W), ).
Now, let A € C™°(I'x) N L (I'4). As the artificial boundary I'4 is smooth,

we have that X € H[lm(divlﬂ, I'y)n H11/2(cur1p, I'4). According to Corol-
lary 3.1.23, there exists (VZ, V) € D(A°) such that X = (V¥ x n)r, =
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(V)T
The above equality leads to

0= —u (W xnX) s X (W)7),
Notice that I'4 is a closed set, so C°(I'4) = C°°(I'4), and one finds that
YA € D(I'a) N L{(I'a), (~W* xn+(W")1, X prynrzr.) = 0.
This yields
-WE xn+ (WH)T =0on I'4,
in the sense of (tangential) distributions on I'4. In other words, we have

D((A®)*) c {WF W) € Hy r,(curle /2 2) x H(curlpy='/2,2) :
(—WE X n -+ (WH)T)‘FA = 0}.

Reciprocally, let w € Hg r,(curle /2 Q) x H(curlp~'/2 ) such that
(—-WE xn+ (WH)T)|FA = 0. Given v € D(A®), let us evaluate (w, A°)ye.
Recall that, according to Remark 5.1.5, (V¥ x n)|r,, ((VH)T)‘FA, (WE x
n)|r, and ((WH)T)|FA all belong to L7(I'4). One finds, after integrating by
parts,

(w, A%v)ye = —(WE | e V2 curlp= 2V 4+ (WH | p= /2 curle™V/2VE)

—(p Y curle V2PWE | V) 1+ (e 2 curlp V2WH | VE)
—a & PWE o p VI ) 4 TP xR (VE) 7

= —(p Y 2curle V2WE | V) 4 (¢ 71/2 curl p~ /2w | vP)

n (su)_1/2/ (—WE xn- (VI + WH xn. (VE)T) dr.
I'a

However, one easily checks that the boundary integral vanishes, because

(-WE xn- (VI + W xn. (W)T) = 0 almost everywhere on I'4.
Hence, one concludes that w € D((A®)*), so

o 0 e 2 curlp~1/?
(497 = (—[;11/2 curle /2 0 ’

with domain

D((A%)*) = {(W¥ W) c Hy ,(curle /2, 2) x H(curlp='/2,02) :
(—WE X n -+ (WH)T)‘FA = 0}.

Finally, let us check that (A¢)* is monotone. Given w € D((A®)*), one finds,

as usual, after integration by parts (cf. Remark 5.1.5),

(A% w,w)ye = (e 2 curl ™ V2WH | WE) — (2 curle V/2WE | WH)
= (e VPWE o g AWy >0,
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This ends the proof. [ |

With the help of the Hille-Yosida Theorem 4.3.2, it is then possible to conclude
that the fields (E , H) exist and are uniquely defined in the case of the homoge-
neous ABC. This carries over to the actual electromagnetic fields (E, H). The
precise statement of the results will be included in Theorem 5.2.12 hereafter.

General absorbing boundary condition

Here, the ABC writes (5.20), with g* # 0. Obviously, the data g* needs to
fulfill the a prior:i regularity assumption

g*(t) € H"*(divp, Ta) + H,*(curlp, Ty), t > 0.

Lemma 5.2.10 It holds, algebraically and topologically, that

H [ (divp, Ta) + H " (curlp, T) = curlp(H205 (Ia) + grad p(H2m,(Ta)),

curl p(Hzhio(Ia)) € H Y2(divr, Ta), gradp(Hzhi(I'a)) © H Y (curly, Ty).
Proof. Given v € H[lﬂ(divlﬂ, I'y) +H11/2(CUI‘1]‘, I'4), one can write on I'4
(cf. Theorem 3.1.22)

v = curlp (¢~ + ¢T) + grad (v~ +7F),

with ¢, 1~ € HA2(Ta), and ¢T,+ € H(Ta). As H(Ta) C HYLZ (), it
follows that v € CuI‘ll‘(H;ﬁv(FA)) + gradF(Hzlﬁv (L4)).

Obviously, one has curlp(Hzlﬁv(FA)) C H[1/2(divl~, I'y)and gradF(Hzlﬁv(FA)) C

H11/2 (curlp, I'y), so the converse imbeddings follow. [ |

Due to the result of Lemma 5.2.10, one makes the assumption (for some ad
hoc m > 0), that

g*(t) = curlp ¢(t) + grad (¢ (t)), on I'a, t >0
{with 6,0 € C™(RT, Ho (I'a)) '

Remark 5.2.11 Notice first that the above lemma holds even when the bound-
ary is only piecewise smooth.
Second, notice that, provided I'4 is a smooth (closed) boundary, one can char-

acterize the (non-direct) sum curlp(Hzlﬁv(FA)) —i—gradF(Her/n%J (I'4)). Indeed,
given a domain w C R?, one has (see Proposition 3.1.11)

20 N _ 1 + 1
L*(w) = curlp(H (w)) @ grad(Hy(w)).

One also has the continuous, albeit non-direct, decomposition (see [79])
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H 'w) = curl(L?(w)) + grad - (L?(w)).
By interpolation (cf. Proposition 2.1.44), one derives the result
H"2(w) = curlp (H'/2(w)) + grad - (H'/%(w)).

Constants can be removed from the potentials. On a smooth, closed manifold,
such as the artificial boundary I'a, one thus infers the non-direct decomposi-
tion of the space of tangential fields H, 1/2( I'y):

H,'*(I'y) = curlp (HY2,(Tx)) + grad -(HX/2, (I'a)).

Zmuv zZmuv

Then, according to the surjectivity results of the trace mappings (Corollary
3.1.23), we know that there exists (E*, H*) € H . (curl, 2) x H(curl, £2)
such that

><n+\/7H* =g*(t)on I's, t >0, (5.31)

with continuous dependence of (E*, H*) with respect to (¢,1)). In this way,
one can introduce the auxiliary unknowns (ET,H )= (E—-E",H - H"),
together with the auxiliary data J~ = ed; E* — curl H* and K~ = po,H* +
curl E*. The auxiliary unknowns are then governed by

c}:aE —curlH =-J-J", t>0 (5.32)
[pa% +curlE- = -K™, t>0, (5.33)
(E~,H )(0) = (Eo — E*(0), Hy — H*(0)), (5.34)

and, by construction, the scaled auxiliary unknowns (e*/2E~, u'/2H~)(t) be-
long to D(A®) for ¢ > 0. Using the results of the previous study (homogeneous
ABC), one can use the Hille-Yosida Theorem. The assumptions and conclu-
sions are summarized below.

Theorem 5.2.12 Consider a perfect medium in a domain 2 C R3, with
tensor fields € and p that fulfill assumption (5.10). Its boundary is split as
I' =T'pUTy, with I'pN Ty = 0. In a neighborhood of I's, the medium is
homogeneous.

1. Assume that
Ey € Hy r,(curl,2), Hy € H(curl, 2)
J € CY(RT; L*(02)),
g* € C*(RT, curlp(HY(I))) + C3(R, gradp (H(I'a)))

)

thus, there exists one, and only one, couple of electromagnetic fields
(E,H):
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(B, B') € CO(R™; Ho r, (curl, 2)) x CO(R™; L(2))

(H,H') € CO(Rt; H(curl, 2)) x CO(Rt; L?(2))
governed by Eqs. (5.83-5.4) and (5.7), supplemented with the boundary
conditions (5.9) on I'p and (5.20) on I'4.

Assume, in addition, that

0(0) € H1(02), %erivJ:O, t>0 ;

thus, there exists one, and only one, couple of electromagnetic fields
(E,H):

{diV(EEO = Q(O), diVDJHQ ZO, |]JH0"n/|[‘P =0

(B, E') € CO(RY; o,y (curl, 2)) x CO(R"; I3(2))
(HvH/) € CO(IRJF;H(CUI'I)Q)ﬂHO,FP(diV[UvQ)) )
xCO%RT; Ho rp (div, £2))

which solves the Mazwell’s system of equations (5.3-5.7), supplemented
with the boundary conditions (5.9) on I'p and (5.20) on I',.

In both instances, the electromagnetic fields depend continuously on the data.

Proof.

1.

2.

5.2

Let us choose liftings of the trace on 'y (E*, H*) as in (5.31), and then
introduce the fields (E~, H ) of D(A®), governed by (5.32-5.34). Then,

(Ei,ﬁi) = (¢'2E~,uY/?H") is itself governed by a first-order time-
dependent system, in the function space V¢, with operator A¢ and data

e_ (eI +I)\ o _ ([ €P(Eo - E¥(0)
= (L) (G- o)

According to Proposition 5.2.8, A€ is maximal monotone. All assumptions

about the Hille-Yosida Theorem are fulfilled, so there exists (E_,ﬁ )
governed by the first-order system, which depends continuously on the
data f¢ u§. Hence, there exist electromagnetic fields (E, H) = (E* +
E~,H”* + H™) governed by Egs. (5.3-5.4) and (5.7), supplemented with
the boundary conditions (5.9) on I'p and (5.20) on I'4, that depend con-
tinuously on the data g*, J and (Eq, Hy). To establish uniqueness, let
us assume that two solutions exist, and thus the scaled difference is a so-
lution to the first-order system with zero data. Hence, it vanishes, which
yields uniqueness.

One again uses the process described in Remark 5.1.2 to conclude.

.5 Truncated interior problem

The truncated interior problem will be addressed in the upcoming §7.2.2.
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5.2.6 Notes on truncation

Let us denote by (E“*, H®") the solution to the non-truncated (exterior, in-
terior) problem, and by (Eg, Hp) the solution to the truncated (exterior,
interior) problem. The index r here stands for the radius of the truncating
sphere, and {2 = (2 with obvious notations. Little is known in general, in
the time-dependent case,'® on the convergence when R goes to infinity of
(ERr, Hp) towards the exact electromagnetic fields (E“*, H)| q.

On the one hand, with data compactly supported in 2z (in particular,
g* = 0), the exact and truncated (with a homogeneous ABC) solutions will
coincide until they become non-zero at the artificial boundary. As a matter
of fact, (E“*, H*")| o, and (Er, Hr) solve the same first-order system with
a homogeneous artificial boundary condition, as long as they vanish on I'4.
After that, they differ. This is due to the finite propagation speed. So, the
larger R is, the longer the solutions coincide.

On the other hand, we refer to [100] for convergence results concerning the
solution to the 2D scalar wave equation, in fixed regions (R is given). Among
other things, it is proven there that one can achieve convergence on finite time
intervals by increasing the order of the ABC. If o denotes the order, then, for
T > 0and R’ < R, the error bound writes max;co, 7y |u(t) —ur(t)|L2(2,) <
C(T) exp(—a).

In another direction, if the data are compactly supported in time (and space),
one expects the energy to decay in any bounded region as time goes to infinity.
But, according to, for instance, [174, 8, 33] and References therein, one can
establish the exponential decay of the electromagnetic energy of (Eg, HR).
This proves that (E“"(t), H*(t)) o, and (Eg(t), Hr(t)) converge to the
same limit — 0 — when ¢ goes to infinity.

5.2.7 Comments

When the Silver-Miiller ABCs are used, we refer to the nice study by Re-
maki and Poupaud in [181, 175] to achieve well-posedness in the ”classical”
cases (domains with smooth boundaries). For higher-order conditions, very
few theoretical results seem to be available; we refer to [100, 132] for the
(scalar) equations. On the other hand, to bound the domain, one can also
consider using perfectly matched layers (PMLs). Interestingly, proving the
well-posedness of the resulting models is again a challenging issue: for results
on this topic, we refer to the intertwined works of Abarbanel and Gottlieb
[1, 2], and of Bécache, Joly et al. cf. [37, 36].

More details on the analysis of dispersive media can be found in [204]. More
generally, for models that take into account media with memory, that is,
constitutive relations including a convolution product in time, we refer, for
instance, to the works of Stratis et al., such as [140, 182]. Finally, models

10 The situation is different for time-harmonic problems (see §8).
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including boundary conditions with memory or models including non-linear
boundary conditions can also be solved mathematically (see [107, 8, 194] and
references therein).



6

Analyses of approximate models

In this chapter, we specifically study the approximate models that we derived
from Maxwell’s equations. We refer to Chapter 1 for the models, and we
rely on the mathematical tools introduced in Chapters 2, 3 and 4. Unless
otherwise specified, we consider complex-valued function spaces. Constants
that are independent of the data, but that may depend on the domain or on
the parameters defining the model, are generically denoted by C', Cy, C, etc.
We provide incremental proofs for the well-posedness of the static, quasi-static
and Darwin models, in the sense that solving the quasi-static models relies on
the solution of static problems, whereas solving the Darwin models relies on
the solution of static and quasi-static problems.

We let £2 C R? be a domain! made of a perfect medium; the medium is
characterized by the tensor fields e, p that fulfill assumptions (5.10). Unless
otherwise specified, we assume that the medium is encased in a perfect con-
ductor.

On the other hand, the domain is such that either (Top);—o or (Top)s=o
holds (cf.§3.2):

e if (Top);—o holds: 2 = £
e if (Top) >0 holds: existence of piecewise plane cuts (X;)1<i<r, such that
the resulting 2 = 2\ Ule X; is pseudo-Lipschitz (and connected).

When applicable, we denote by n a unit normal vector field to (X;)1<;<s. The
notation Vi means 1 <1 < I, so it is empty when (Top);—o holds.

When the boundary I' is not connected, we let (I';)o<k<x be its connected
components, where I is the boundary of the unbounded component of the
exterior open set R?\ 2, whereas we let Iy = I if the boundary is connected.
The notation Vk means 0 < k < K.

Finally, we denote by ||| and (- | -) the canonical norm and scalar product
of L?(2) or L*(92).

! We recall that this word designates a bounded, open, connected subset with a
Lipschitz boundary.
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6.1 Electrostatic problem

For the static models, our starting point is Eqs. (1.104), whose solutions are
the static fields E**** and B*'*. In this subsection, we consider slightly more
general systems of equations, allowing the curl of E*'** to be non-zero. We
omit the ¥% | as it is clear that we are interested in solving the static equations.

6.1.1 Definitions and results for the electrostatic problem

The electrostatic-like problem that we consider is governed by

Find E € L*(2) such that
curl E=f in 2
diveE =g in 2
Exn=0onI,

(6.1)

with (f,g) € L*(2) x H='(£2). These a priori regularity requirements® stem
from our initial modelling assumption, namely that E € H(curl, {2). The
electrostatic field is subject to vanishing tangential trace on the boundary,
so it is natural to include this property in the model. To start with, let us
characterize curl-free and divergence(e)-free fields, with vanishing tangential
trace. Let

Z N (2;¢) := Hy(curl 0, 2) N H(dive0, 2),
Qn(2;¢) :={¢° € H} () : divegrad ¢° = 0in 2}.

Proposition 6.1.1 The dimension of the vector space Z n(£2;€) is equal to
K. Furthermore, a basis of Z n(2;¢) is the set of functions (grad ¢7)1<i<K ,
where each ¢; € Qn(£2;€) is such that ¢; = 0re on Iy, Yk; (¢§)1<i<kx are
real-valued functions. Finally, an element z of Z n(£2;€) can be characterized
by its fluzes ((ez - 1, 1) g/2(r) ) 1<k<K -

Proof. Obviously, the family (grad ¢ ), is included in Z n(£2;¢). Then, given
z € Zn(§2;¢), we find that it can be written as a linear combination of
(grad ¢j),, in the same spirit as Theorem 3.3.9 (extraction of scalar poten-
tials). In particular, the dimension of Z n(£2;€) is equal to K. Given ¢, we
find that g7 is a real-valued function, since it solves a well-posed problem
with real-valued coefficients and data (cf. Proposition 3.3.7).

To prove that elements of Z y(f2;¢) can also be characterized by their fluxes
on the connected components on the boundary, we introduce the mapping

ZN(Q;(E) — CK
Flux :
z = ((ez - n, 1) g2 () )1<k<i

and prove that it is a bijection. Since the vector spaces Zn(f2;¢) and CK
are finite-dimensional with equal dimension, we simply have to check that the

2 Given w € L*(£2), one has divew € H~'(£2) and || divew||g-1(g) < |lew].
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kernel of Fluz is reduced to {0}. So, let z € ker(Flux). From the above, we
know that there exists ¢ € Qn(£2;€) such that z = grad ¢. Then, recalling
that ¢, = 0 and g, = csty for 1 < k < K, we compute, by integration by
parts,

le/22]2 = (e2]2) = (2| gradq) = Y _(ez n,q)ma(r,)
k
= Z qlpk<CEZ"I’L,1>H1/2(Fk) :0

1<k<K
Hence, we have that z = 0, and the characterization by fluxes is shown. ®

All norms are equivalent on finite-dimensional vector spaces. As a conse-
quence, we may use any norm like

z— |((ez - n, 1>H1/2(Fk))1§k§K|pa or z =gradq — |(Q|Fk)1§k§K‘pv

with 1 < p < oo, to measure elements of Z n(§2; €). Evidently, any other norm
would be appropriate. From now on, we call | - [z the chosen norm.

Remark 6.1.2 Given z € Zn(2;¢), its fluzes are always balanced, i.e., one
automatically has (ez -1, 1) g1/2(ry = — D1 <pe i (€2 1 D) iz -

The second mathematical tool is a generalization of the result of Theo-
rem 3.5.1, which ensures one can actually choose the divergence(e) of the
vector potential to be any element of H~1(£2), as proven below.

As we saw in Remark 3.5.2, if f := curlw with w € H(curl, £2), one auto-
matically has (f - n,1)s, =0, Vi. Hence, we look for curls in

HF (div0,2):= {f € Ho(div0,2) : (f-n,1)x, =0, Vi}.

Proposition 6.1.3 Let 2 be a domain such that (Top)r—¢ or (Top)rso is
fulfilled. Then, given g € H-Y(2) and f € HY (div0, ), there exists w €
H(curl, 2) such that

curlw = f, divew =g,
lwll e curt,e) < C I+ lgllz-1(2); (6.2)
with C' > 0.

Proof. Given f, let us first use Theorem 3.5.1. Namely, there exists y €
H(curl, 2) such that f = curly and divy = 0 in 2, with [|y|| g(curl,0) <
Coll f|l for some Cy > 0.

Then, let us change the divergence(e) of the potential, without changing the
curl. For that, we solve the well-posed variational formulation®

3 The corresponding variational formulation is well-posed, according to the Lax-
Milgram Theorem 4.2.8 and the Poincaré inequality of Theorem 2.1.35 in H{ (£2).
Indeed, thanks to the assumptions about ¢, the semi-norm ||e/? grad -|| is a norm
on H{ () equivalent to the canonical norm.
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Find z € H} () such that
V2 € Hy(2), (egradz|gradz’) = (ey|gradz’) + (g,2") g1 () -

This problem has one, and only one, solution, and moreover, one has ||z[| 1 (o) <
Ci|ldivey — gl g-1(0), for some Cy > 0. Let us set w = y — grad 2. By con-
struction, the potential w € Ho(curl, £2) is such that f = curlw in L?(£2)
and divew = g in H~1(£2), with continuous dependence, as in (6.2). [ |

We are now in a position to solve the electrostatic problem, and thus ob-
tain an initial way to measure/characterize the electrostatic field. To that
aim, we introduce the orthogonal projection operator Pzs from H (curl, )
to Z n(£2;¢), with respect to the scalar product (+|-)e,pcurl : (v, w) — (ev|w)+
(b curlv|curl w), where b is a tensor field that fulfills an assumption like (5.10).

Theorem 6.1.4 Let 2 be a domain such that (Top)r=o or (Top)r=o is ful-
filled. Then, the mapping

Hy(curl, Q) — H (div0,2) x H-(2)
w — (curlw, divew)

StatE : {

is surjective, and its kernel is equal to Z n(£2;€).
As a consequence, one has a Weber inequality

ICE > 0, Yw € Hy(curl, 2),
Wl (eurt,2) < Cr(|| curlw|| + || divew| g-1(o) + [Pz, wlzs,). (6.3)

Proof. The mapping Statg is surjective, thanks to Proposition 6.1.3, and,
obviously, its kernel is equal to Zn(£2;¢).
Now, observe that we can decompose Ho(curl, £2) orthogonally as

1.,
Ho(curl, 2) = Zn(2;¢) & HE(curl, 2),
using the scalar product (-|-)e,pcurl: Hg(curl, 2) is defined as
H{ (curl, 2) := {w € Hy(curl, ) : Pze,w = 0}.

Hence, going one step further in the proof of Proposition 6.1.3, given g €
H=Y) and f € HOE (div 0, £2), it is possible to choose a modified potential
y that belongs to Hg(curl, £2) such that curly = f and divey = g, namely
Yy = w — Pz: w. It follows that Statg is an isomorphism from H{ (curl, 2)

to HOE (div0, 2) x H=(£2), according to the open mapping Theorem 4.1.4:
dCy > 0, Yy € Héﬂ(curl7 ),
|yl e (curt,2) < Co (|| curly|| + || divey| g-1(o))-

Finally, using the orthogonal decomposition of H(curl, {2), one concludes
that the Weber inequality (6.3) holds. [



February 22, 2018 213

An important by-product of the Weber inequality (6.3) is that the L?(£2)-
norm of the electrostatic field is controlled by its curl (measured in L?(£2)),
its divergence(g) (measured in H~'(£2)), and (possibly) a finite number of
scalars.

It is possible to measure/characterize the electrostatic field differently. For
that, let s € [0, 1], and suppose that diveE belongs to H~*({2). According to
Definition 2.1.19, H~*(§2) can be endowed with a scalar product (-,-) g (g)-
Next, we introduce the function space

Xn_s(£2;¢) :={f € Hy(curl,2) : divef € H*(2)}, (6.4)

/
a priori endowed with the graph norm f — {||f||%{(cur17m + || div @f|\§rs(9)} .
One can easily check that it is a Hilbert space, endowed with the associated
scalar product. We also define
X n(82;¢) := {f € Ho(curl,2) : divef € L*(12)}. (6.5)
Obviously, X n(£2;€) = X n0(£2;¢).

Remark 6.1.5 One has X ny,—1(2;¢) = Ho(curl, £2) algebraically and topo-
logically. To derive the latter, we recall that the divergence(c) mapping is con-
tinuous from L*(2) (or Ho(curl, 2)) to H=1(12).

Then, one proceeds as before, using Proposition 6.1.3 as a starting point,
and then introducing the orthogonal projection P}i from X n _s(£2;€) to

Z n(£2;€), with respect to the following scalar product:
(v, w)x y _.(2ie) := (ev|w) + (b curlv| curl w) + (div ev, div ew) g—= (), (6.6)

where b is as above. In practice, we shall use the associated norm

1/2
0l xx_20) = ©,0)%2 (0

on Xy _s(92;¢).

One can show the results below, adapting the proof of Theorem 6.1.4, and
using the fact that H=%(£2) ¢ H=(£2) (cf. (2.6)), so for all g € H%(£2), one
has ||gl|g-1(0) < Cs 9]l g-+(2) with Cy independent of g.

Theorem 6.1.6 Let 2 be a domain such that (Top);—g or (Top)rso is ful-
filled. Let s € [0,1]. Then, the mapping

Stat=" X n_s(2;€) = Hy (div0,2) x H=5(0)
E 7l wr (curlw, divew)

is surjective, and its kernel is equal to Z n(§2;¢€).
As a consequence, one has a Weber inequality

IC5° >0, Vw € Xy _s(12;¢),

[wllxy _.2e) < Cp*([ curlw|| + || divew| s (o) + [Pz: w|zs,)-
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Finally, we remark that the projection operator onto Z y({2;€) is independent
of s in the sense below.

Proposition 6.1.7 Let t € [0,1]. Given w € X n,_+(f2;¢), one has, for all
s € [t, 1], PZ}SVw = Pzs,w.

Indeed, the definition of the scalar product of X n,_s(f2; €) implies that PE{; w

is characterised as: (@Pgiw | z) = (ew | 2), Vz € ZN(£2;¢).

To summarize, we have solved the electrostatic-like problem (6.1) (see The-
orems 6.1.4 or 6.1.6). In the process, we have seen that, to achieve uniqueness,
the value Pzs E must be known. So, we complement (6.1) with Pzs E = e,
for some data e € Z n(£2;¢): the “full” electrostatic-like problem writes

Find E € L*(2) such that

curl E=f in 2

diveE = gin H~1(02) (6.7)
PZ?VE = e

Exn=0onlI,

with data (f,g,e) € Hy (div0,2) x H-1(2) x Zn(12;¢).

To solve this problem wvariationally, we propose several approaches below,
which depend on whether or not one considers some equations as constraints.

6.1.2 Solving the electrostatic problem: mixed formulation

To build the first formulation, we remark that for E € L*(£2), the equations
diveE = g in H~1(2) and Pz, E = e can be reformulated equivalently as

{V(q,z) € Hy(2) x Zn(2se), (6.8)

(eE|gradq + z) = —(g @) my(e) + (ee]2).

Indeed, it is clear that the equations diveE = g in H™'(2) and Pz: E = e
imply (6.8). Whereas initially taking ¢ = 0 in (6.8) yields Pz¢ E = e, and
then taking z = 0 yields diveE = g in H~1(£2).

As before, b is a tensor field that fulfills an assumption like (5.10). Then, to
take into account the remaining conditions in (6.7), we note that they imply

{E € Ho(curl, ©2), (6.9)

Vv € Hy(curl, 2), (bcurl E|curlv) = (bf| curlv).

On the other hand, given E € Hy(curl, 2), one has curl E € H{ (div 0, £2)
(cf. Remark 3.5.2). So, thanks to Proposition 6.1.3, there exists v € H(curl, £2)
such that curlv = curl E — £. Using v as a test function in (6.9), we deter-
mine that ||bY/?(curl E — £)| = 0.
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So, we conclude that the electrostatic field E is a solution to (6.7) if, and only
if, it is governed by (6.8)-(6.9).

To solve this variational formulation (6.8)-(6.9), we now choose the mized or
constrained framework (4.7) with a Lagrange multiplier. To that aim, we set:

e Vg=Hy(curl,Q); Qp = H}(2) x Zn(2;¢);

e ap(v,w)= (bcurlv|curlw); bg(v, (¢, z)) = (ev|grad g + z) ;

o (fp,v) = (bf|curlv); (g5, (¢, 2)) = —(& D myo) + (eelz).

In Vg, we choose the norm |||y, associated with the scalar product (-|-)e,b curl-

In Qp, we choose the norm [|(g, 2)||o, = (||e*/? grad q||* + ||e/%2||?)}/2. Note
that, integrating by parts, it holds that

Vg € H}(2),Vz € Zn(2;¢), (egradg|z) = 0. (6.10)

Consequently, |(¢,2)|lq, = [le'/?(grad ¢ + z)||, for all (¢, 2) € Q-
The resulting mixed variational formulation writes

Find (E, (p, Y)) € Ve X Qg such that
Vv € Vi, ap(E,v) +be(v, (p,y)) = (f&,v), (6.11)

V(qu) € QE7 bE(E7 (Q7z)) = <9E7 (qu)>'

Proposition 6.1.8 The mized variational formulation (6.11) is well-posed.
In addition, the field E is the solution to the electrostatic-like problem (6.7).

Proof. To begin with, to prove that the mixed variational formulation (6.11)
is well-posed, we have to check that the assumptions of the Babuska-Brezzi
Theorem 4.2.19 are fulfilled.

INF-SUP CONDITION: given (¢,z) € Qg \ {0}, we let v = gradq + z €
H(curl, 2), with norm |[v|v, = [e!/?(grad ¢ + 2)|| = ||(¢,2)|lg,- On the
other hand, one has

be(v, (¢, 2)) = (e(grad ¢ + z)| grad ¢ + 2) = [|(¢, 2) (|3, -
Hence, it follows that

b
e s E@@2
(¢:2)€QE\{0} vevy\{0} vllvs 1(g, 2)l@s

COERCIVITY ON THE KERNEL: the kernel is defined by
Kp={veVg : bp(v,(¢q,2)) =0, ¥(¢,2) € Qr}.

One can easily check that K = {v € Ho(curl, )N H (dive0,2) : Pzsv =
0}. According to the Weber inequality (6.3), the sesquilinear form ap is coer-
cive on Kg x Kp, which shows that (6.11) is well-posed.

Next, for (6.11) to be equivalent to (6.8)-(6.9), and hence for E to be equal
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to E, we have to check that the Lagrange multiplier (p,y) vanishes in (6.11).
Thanks to the orthogonality property (6.10), we obtain, with the test function
v=gradp+y € Hy(curl, 2) in (6.11),

e/ grad p||? + ||e/2y|[2 = 0, so (p,y) = (0,0).

This proves the last part of the proposition. [ |

6.1.3 Solving the electrostatic problem: augmented formulation

To build this second formulation, we assume® that the data g belongs to
H™(£2) for some t € [0,1], and let s € [t, 1]. If E is the solution to (6.7), then
it belongs to X y,_s(£2;¢). Furthermore, in the same spirit as (6.9) and with
the help of Proposition 6.1.7, we remark that if we add up all contributions
(one on the curl, one on the divergence(e), one on the projection), it implies
that E is governed by the “augmented” variational formulation

Find E € Xy _s(£2;¢€) such that

Vv € Xy _s(2;¢),

(beurl E|curlv) + (diveE,divev)y-« (o) + (ePzs, E|Pzs v)
= (bf| curlv) + (g, divev) g (o) + (ce|Pzs,v).

(6.12)

Here, it is important to note that all equations in (6.7) are directly taken into
account via test functions that belong to X n,_s(£2;¢€).

Reciprocally, if E is governed by (6.12), first, one finds, with test functions
v in Zy($2;¢), that Pz E = e: the last terms on the left- and right-hand
sides of (6.12) cancel each other out. Second, one notices that, because the
solution belongs a priori to X n _s(£2;¢€), one has g — diveE € H™*(f2) C
H~1(£2). Hence, there exists one, and only one, scalar field q in Hg(£2) such
that dive grad ¢ = g—diveFE (cf. the proof of Proposition 6.1.3). Now, grad ¢
belongs to X n _s(£2;¢€), so it can be used as a test function to yield ||g —
diveE|| g-s(gy = 0: the second terms on the left- and right-hand sides of (6.12)
cancel other other out. Third, one concludes that ||b'/?(curl E — £)|| = 0, as
in the mixed variational formulation paragraph.

To solve this augmented variational formulation (6.12), we choose the classical
framework (4.3) in the same Hilbert space. So, we introduce:

L4 VE :XN775(9;®);
e ap(v,w) = (beurlv|curlw)+ (divev,divew) g () + (ePzs, v| Pz, w) ;
e (fp,v) = (bf|curlv) + (g, divev) g (o) + (ee|Pzs,v).

In YN/E, we choose the norm || - ”‘71; = - |‘XN,7S(Q;C).
The resulting augmented variational formulation writes

(6.13)

Find E € YN/E such that
Yo € Vg, EE(E,’U) = <fE,'U>.

* This assumption is not restrictive, as it covers the case g € H~'({2).
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Proposition 6.1.9 The augmented variational formulation (6.13) is well-
posed, and the field E is the solution to the electrostatic-like problem (6.7).

Proof. According to the Weber inequality shown in Theorem 6.1.6 (with the
projection operator Pgzs , see Proposition 6.1.7), the sesquilinear form ag is
coercive on X n,_s(§2; €). Hence, the augmented variational formulation (6.13)

is well-posed, thanks to the Lax-Milgram Theorem 4.2.8. The fact that E=E
follows from the equivalence between (6.7) and (6.13). [

6.1.4 Solving the electrostatic problem: two-step formulation

What happens when one solves the actual electrostatic problem? One has
f = 0, so that E is always curl-free. According to Theorem 3.3.9, it follows
that

3¢ € Hi(2) ® Qn(£2;¢) such that E = grad ¢.

As we saw before, this electrostatic potential can be characterized by
Find ¢ € Hj(2) ® Qn(£2;€) such that

V(q,¢°) € Hy(2) x Qn(£2;¢), (6.14)
(egrad ¢|grad(q + ¢°)) = —(8.9)uy (o) + (ce|grad ¢°).

This suggests a third method for solving the electrostatic-like problem (6.7),
which can be viewed as a two-step method. In particular, this method is built
without resort to either a mixed formulation or an augmented formulation.

Let us focus on the other part of the field E, which we characterize below.
Due to Theorem 3.3.9, the space H(curl 0, £2) of Definition 2.2.11 is equal to
grad[H} (2)]@grad[Qn(£2;€)]. Moreover, the sum is orthogonal with respect
to the scalar product (*|')epcurl. Next, define

K (£2;€) := Hy(curl, 2) N H(dive0, 2). (6.15)
In the spirit of §3.7, one has the Helmholtz decomposition:

Ho(curl, 2) — grad[H1(2)] &' Kn(2:¢). (6.16)
Proposition 6.1.10 Let b be a tensor field that fulfills an assumption like

(5.10). In Hy(curl, §2) endowed with the scalar product (-|-)epcurl, the fol-

lowing orthogonal decomposition holds:

Ho(curl, 2) = Ho(curl 0, 2) & {(fe Kn(2ie) : Pz f =0} (6.17)

In addition, ||bY/?curl-|| is a norm on the orthogonal vector subspace of
H(curl0, 2), which is equivalent to the full norm.
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Proof. As it is obvious that

Kn(2:¢) = gradQu(20)] & {f € Kn(2i¢) : Pry f =0},

the orthogonal decomposition (6.17) follows from the fact that Ho(curl0, £2)
is equal to grad[H}(£2)] ® grad[Qn(£2;€)]. [

Therefore, we can split the solution E to (6.7) as
E=grad¢+E,|, ¢ € Hi(2)®Qn(2;¢), EL € (Hop(curl0, 2))*.

From the above, ¢ is characterized as the unique solution to (6.14).

As far as E | is concerned, it is characterized by its curl: curl E; = f. Indeed,
thanks to Theorem 6.1.4, the curl operator is surjective from (H(curl 0, £2))*
to H 02 (div 0, £2). Expressed in variational form, it writes:

{Find E| € (Hy(curl0, 2))* such that

Vv € (Ho(curl0, 2))*, (beurl E | |curlv) = (bf| curlw). (6.18)

(See Proposition 6.1.10 for the equivalence of norms in (Ho(curl0, £2))*.)

Remark 6.1.11 [t is important to be aware that one cannot build a single
variational formulation that aggregates (6.14) and (6.18). On the other hand,
for the Helmholtz-like problem, and for the second-order time-dependent prob-
lem in E, this can be achieved. For the former, we refer to §8.3. For the
latter, this is the so-called correction method [31, 32, 82]. Indeed, for these
two problems, there is a zero-order term in the model, which yields an (€ - |-)
contribution in the variational formulation.

6.1.5 Electric energy matters

In the same spirit as Proposition 6.1.10, let us state an e-orthogonal decom-
position of L*(£2).

Proposition 6.1.12 In L*(£2) endowed with the scalar product (¢ - |-), one
has the orthogonal decomposition

L3(©) = grad[H}(2)] © grad(Qy(2:e) ©
{feL*(2) : divef =0, (ef|gradg;) =0,1 <k < K}.

Furthermore, according to Theorem 3.6.1, given any element f of the latter
set, there exists one, and only one, divergence-free element w of H (curl, £2)N
H(div, 2) with zero flux across the cuts, such that ef = curlw in 2. In
particular, one can apply this decomposition to the electric-like field. One
finds that there exists a unique triple (g, ¢%, w) such that

E =gradq+grad¢° + ¢ ! curlw
and, by orthogonality, the electric energy is equal to a sum of positive terms

(¢E|E) = ||c'/* grad q||* + ||e'/* grad ¢°||* + [le™"/? curl w]*.
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6.1.6 Regular-gradient splitting of electric fields

To conclude this study on electric-like fields, let us focus on another kind of
splitting, which allows us to derive some a prior: regularity results for those
fields of X n,—s(£2;¢), where s € [0, 1]. Here, we follow [80]. To begin with,
it will be required at some point that we consider a piecewise regular tensor
field € in the sense below. We recall that partitions and jumps have been
introduced in Definitions 2.1.48 and 2.1.67.

Definition 6.1.13 Let § be a tensor field that fulfills assumption (5.10).
Then, & fulfills the coeflicient assumption if there exists a partition P of §2
such that § € PWH> (02, P).

Remark 6.1.14 If € fulfills the coefficient assumption on a partition, then
€L fulfills the coefficient assumption on the same partition.

Given a partition P := {§2;},=1,... s, define the interfaces Fj;; := 942; N 082
and Fipp = {Fjj/, 1<j#45 < J}, Iy = GQJ NI and Fpgry 1= {Fj7 1<
Jj < J}; F:= Fint U Fvary. By convention, if the Hausdorff dimension of F;
(respectively F}) is lower than 2, then Fj; = () (respectively F; = (}). Define
further:

PHY(F'y:={g € LX(F') : gp € HY*(F), VF € F'}, F' = Fins, F.

To proceed, one uses the fundamental splitting result for elements of X y(£2),
credited to Birman and Solomyak (see [49]). Let

X9(02) = Xn(2) N HY ().

Theorem 6.1.15 Let {2 be a domain. There exists a continuous splitting op-
erator acting from X n(£2) to X'77(82) x HY(£2): given v € X n(£2),

F(Vregs @) € XNV (2) x H(2), v = v,y +gradq in £,
and one has

Vregll 1 (2) + llallzr (o) + 1Al < C vl x x(2), (6.19)

with a constant C > 0 that depends only on 2.
The splitting result for electric-like fields then follows.

Theorem 6.1.16 Let 2 be a domain such that (Top);—o or (Top)rso is ful-
filled, and assume that € is a tensor field that fulfills assumption (5.10). Given
s €10, 1], there exists a continuous splitting operator acting from X n _s(§2,€)
to X' (02) x Zn(£2) x H}($2). More precisely, given v € X y,_4(12,¢),

I(Vregs 2,00) € XN (2) x Zn(02) x Hy(92),
U=,y + 2z +gradpy in 2. (6.20)
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If, in addition, ¢ fulfills the coefficient assumption on a partition P, then
the scalar field py is governed by the variational formulation below, for some

feH3(2) and gr € PHY?(Fipy):

Find py € H{(£2) such that
Vi € HY(02), (egradp | grad ) = —(ez | grad v) (6.21)
o mg2) + (97, 0) L2(Fi) 5

and one has

[VregllEr () + [[Vregllx v (2) + ||ZHH1/2(.Q) < Ol H(cur,0),
ezl pai/ziap) + 1 flla-2(2) (6.22)
Hlgrllprrrz(Fny) < Cellvlxy . (2.0)

with a constant C' > 0 that depends only on (2, respectively a constant Ce > 0
that depends on {2 and €.

Remark 6.1.17 In the splitting (6.20) of v € X n _s(£2,¢), all three terms
Vreg, 2, 8rad pg have vanishing tangential components on the boundary I'. Re-
garding regularity in (6.20), one has v,e, € H'(2), z = gradp, € HY?(0)
with p, € H'(2) (c¢f. Theorem 3.3.15) and grad py € L*(2). This result can

be improved when e fulfills the coefficient assumption (see Corollary 6.1.19
below).

Proof. Let y = curlv € H(div, 2). By construction, divy = 0 in {2, and
one knows that (y - n,1)s, = 0 for all ¢ (cf. Remark 3.5.2). According to
Theorem 3.5.1 on vector potentials, there exists w € X ny(2) with divw =
0 in 2, (w-n,1)gi/2p) = 0 for all k, such that y = curlw in 2 and
lwlxy@) < Cllyll. Next, we know that there exists a Birman-Solomyak

splitting of w (see Theorem 6.1.15):
ey € XN2(82), 3g € HY(2), w = v,ey +gradgq in £2,

with continuous dependence (6.19). By construction, curl(v — v,.,) = 0 in
2, with (v — vy¢q) € Hy(curl, 2). According to Theorem 3.3.9 on scalar
potentials, there exists p € H},(£2) such that v = v,¢, + gradp in (2. Using
the definition of the space of scalar potentials @ n(£2), one may further split p
as p = po +p. in 2, with py € H} (), and p, € Qn(£2). Finally, introducing
z =gradp, € Zn({2), we have proved that it holds that

V = Vyeg + 2 + gradpg in {2,
with v,eq € X'(2), z € ZN(12), po € Hg(£2), which is precisely (6.20).

Let us proceed with the definition of py as the solution to (6.21) when e fulfills
the coefficient assumption. Let ¢ € Hg(£2); then,

(egradpy | grad¢) = —(ez | grad ¢) + (ev | grad ) — (ev,¢4 | grad ¢).
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Below, we study the last two terms separately.
Consider first v € Xy _5(f2,€). One has, in particular, divev € H~*(£2) and
Y € HF(§2), so one gets

(ev | grad ) = _<diV‘wa¢>Hg(n)'

Next, consider v,y € X ¥ (£2). If ¢ is only piecewise smooth(®) on (2, €v,¢q 1
has jumps across faces of Fj,¢. On the other hand, one has €;vVyeq,; € H! (£2;)
for all j. Therefore, one can integrate by parts over each subdomain to find

—(eVreq | grad v)) = = > (€;0,cq,, grad ¥j) 12(0))

J

= Z(diV €jVreq.j> Vi) L2(2;) — Z ([evreg - 1], ¥) L2 (r)

J FeFint

= (dl?f)\’l_;egh/)) — Z ([@'Ureg : n]a 1/})L2(F)'

FeFint

Here, " denotes the continuation by zero from []; L2(£2;) to L*(02). If we
introduce

f=—divev+divevyey € H *(2), gr = —[eVpeq 1] € PHl/Q(Fim),

we obtain that pg is governed by (6.21).
Next, we derive the (uniform) estimates (6.22) to prove that the splitting
operator is continuous. By construction,

{ [Vregll (@) < C1wllxy2) < Collyll < C2 V]| H(cur ) ;
[Vregllx v (2) < lwllxy2) + [lgradgllx ) < Cs |wllx y(2) < Cs [|V] H(cur,0)-

For instance, z € Z n(f2) can be measured by the ¢1-norm of the fluxes:
[z -n, Vel = [z - 1,qk) e n)| = |(2 | grad ¢p)|

|(z + gradpo | grad gx)| = |(v — vreq | grad gp)|
< ([[vll + llvregll) | grad gill < C'[lv[| H(eurt,2)-

Above, we first used the definition of (¢x)1<k<kx given in §3.3, and then the
fact that grad pg and grad ¢, are orthogonal with respect to (+|-) (integrate
by parts).

For a given j, one has ez g1/2(o,) < C1 [|v]|H(cur1,2)-

Next, regarding f and gr,

1/ ll-+(y < 1l divev] -+ (o) + |div evregll ()
< |[divev| g« () + [|divev.e ||

5 If ¢ is globally smooth on 2, the partition is trivial, so P = {02} and Fin; = 0
—(€Vreq | grad ) = (div evreglt).
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< Cy (H divev|y o) + > | div wmgupmj))
J

< C3|vllxn . (20)

And for a given F' = 0§2; N 0§2j; € Fins, we find, thanks to the continuity of
the trace mapping,

||QJ-‘||H1/2(F) = ||[evreg - n]||H1/2(F) < H[@vTeg]HHl/Q(F)
<

Ca Z H@’UregHHl(rzB) <Cs ||’UHXN,,S(Q,@)-
B=3,5'
In the last three bounds, respectively, on ez, f, gr, the constants C;, Cs, C5
depend on e[| pwr. (2, p)- [ |

To carry on, one needs regularity results regarding grad py, where pg is gov-
erned by the variational formulation (6.21). For that, we use an abstract shift
theorem, proven in [53], that deals with second-order elliptic PDEs comple-
mented with Dirichlet boundary conditions. This result provides a lower bound
on the a priori regularity of grad pg when ¢ fulfills the coefficient assumption

).
Theorem 6.1.18 Let {2 be a domain, and assume that § fulfills the coefficient
assumption. There exists Tp;r €]0,1/2[ depending only on the geometry and
the coefficient € such that, for all t € [0, Tpir| and for all £ € H'™1(2), the
solution to

{Find u € H}(£2) such that

(Egradu | grad v) = (£,¥)u (), Vi € Hy(R2),

belongs to H'1(£2), and moreover, ||u||ge1(o) < Crg |0l ge-1(0) with a con-
stant Cyg > 0 that depends only on §2, & and t.

Combining the two theorems yields the result regarding the regular/gradient
splitting of elements of X n (2, ¢).

Corollary 6.1.19 Let 2 be a domain such that (Top)r—o or (Top)rso is
fulfilled, and assume that € fulfills the coefficient assumption on a partition
P. Given s €]1 — Tpir, 1], it holds that

X, s(92,) C XT0(2) + grad[H?(9) 1 Hin(2)].
Proof. Let v € Xy _4(2,¢); we apply the splitting (6.20), namely
F(Vreg, 2,10) € X'(02) x ZN(2) x Hy(2), v = vy + 2 +gradpo in £,

where py is governed by (6.21), with the uniform bounds (6.22). Hence,
|Vregllmr (o) < Cllvllx y . (2, Furthermore, thanks to Theorem 3.3.15, one

5 In some configurations, it can happen that the limit exponent 7p;, is larger than
1/2. Here, we are only interested in the existence of such an exponent.
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can write z = grad p,, with p, € H3/2(2) N H},(2) C H>~*(2) N H},(£2),

so it holds that [|p.||g2-+(2) < C||[v|x . _.(2,6)- Then, py is characterized by
(6.21), with a right-hand side

C Y —(ez | grad ) + (f, ) us (o) + (97, 0) L2(Fine)

that belongs to (H§(£2)) = H~*(2). Indeed, if ¢p € H§(£2), then:
e gradyc H* '(2)=(H ( )) (recall that 1 —s € [0,1/2[), and more-
over, ez € PHY*( ,73) 175(2), so one may write the first term as

<‘EZ grad ) gs- Q) = <d1V €z 1/1> 5(92) 3
o forall F € Fips, ¥jp € L?(F) with ||z/JHL2 (Fy < C|[¢|| s () according to
the trace Theorem 2.1.62.

Hence, according to the shift Theorem 6.1.18 with ¢ = 1 — s, it follows that
po € H*74(£2), with continuous dependence. So, we get

ol z2-+(2) < Cr el m-+()
< Gz (lezllprnragam + 171+ lorla )
< O3 llvllxy . (2.)-

This proves the claim. [ |

6.2 Magnetostatic problem

For the static models, recall that our starting point is Eqgs. (1.104), whose
solutions are the static fields B*'** and E*'**. In this subsection, we again
consider a more general systems of equations, allowing the divergence of B
to be non-zero. We omit the ¥ here. The framework is similar to the one in
86.1. For this reason, some proofs are only sketched.

6.2.1 Definitions and results for the magnetostatic problem

The magnetostatic-like problem that we consider is governed by

Find H € L*(2) such that:
curl H = f in (2,
divpH = g in (2,
vH -n=0on 1T

(6.23)

with (£,g) € L*(2) x L?(2). The a priori regularity requirement on f stems
from our initial modelling assumption, namely that H € H(curl, {2). The
magnetostatic field is subject to vanishing normal trace on the boundary, so
it is natural to include this property in the model. On the other hand, the
fact that g belongs to L?(§2) guarantees that v, (uH ) has a meaning (see §6.3
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for a discussion).

Next, let us characterize curl-free and divergence(u)-free fields, with vanishing
normal trace. Let

Z7($2;p) :== H(curl 0, 2) N Ho(div po, £2),
Qr(2;p) = {¢" € Poppo(2) : divpg;a_l\cijjﬂ =0in {2, [pg;a_l\cijjl‘ ‘n=0onI}.

(See §3.3 for the definition of Py, (£2).)

Proposition 6.2.1 The dimension of the vector space Zr(§2;u) is equal
to I. Furthermore, an element z of Zr(§2;u) can be characterized by its
fluzes ((pz - m, 1) s, )1<i<r. Finally, a basis of Zp(§2;) is the set of func-

tions (grad q';)lgjgj, where each q; € Qr(£2;p) is such that [q;t]gl = 0;5, Vi;
(q';)lgjgj are real-valued functions.

Remark 6.2.2 The semi-norm ||u'/?

grad |12 (g) is a norm on Qr(2;p),
which is equivalent to the H'(§2)-norm according to the Poincaré- Wirtinger

inequality (see Theorem 2.1.37).

Proof. Given ¢ € Q7(12;), g/r_z;d/q belongs to Zr(£2;). Conversely, given
z € Zp(£2;p), we find that there exists one, and only one, p € Py, (£2) such

—

that z = grad p according to Theorem 3.3.2 (extraction of scalar potentials):
clearly, it belongs to Q7 (£2; p). Thus, we have Zp(2; ) = g/;a_lzl[QT(Q; IB

Next, let us check that the dimension of Zp(£2;p) is equal to I by building
a basis of Qr(£2;p). In the same spirit as Propositions 3.3.12 and 3.3.13,
we define functions (p?,)j/ as the solutions to the variational formulations

(1<j <I):

Vg € szv(Q)a ([lJ grad;')?,,grad Q)L2(Q) = [q.]E‘/ .

J

{ Find p;f, € szv(Q) such that

k3

One can check that p/, belongs to Q7 (£2;p), and in addition, (Onpls, 1) 2, =
035, Vi. According to this last property, the family (pg.‘,)j/ is free in Q7 (£2;p).
Let ¢ € Q7(£2;p) and define ¢’ := ¢—3_,, (WO, 1) =, P, s0 that (pdnd’, 1) s, =
0, Vi. Integrating by parts in 02 (3.6), we find”

12grad ¢||* = (ugrad ¢, grad q/)LQ(Q)

= Y 0 )55 = YW 1), s, =0,

i

¥

" Thanks to the definition of the jumps (Definition 2.1.67), the brackets always
come with a plus sign.
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It follows that ¢/ = 0 in {2, so (p};,); is a basis of Q7(92; p). We infer that the
dimension of Z(£2;p) is equal to I. In addition, we note that an element z
of Zp(£2;p) can be characterized by its fluxes ((pz - n,1)x,)1<i<r.

Finally, we prove that we can build an alternate basis for Q7 (£2; ), namely
(¢}); such that [¢}]s, = di;, Vi. For that, we introduce the mapping

Qr(2;p) — €7

Jump : {q'H([q']Ei)lsiSf

and prove that it is a bijection, by checking that its kernel is reduced to {0}.
If we let ¢ € ker(Jump), we compute simply that ||p'/?grad || = 0 (cf. the
above integration by parts), so ¢ = 0, and the characterization by jumps is
shown. To prove that (qJ” ); are real-valued functions, one checks successively
(cf. Corollary 3.3.14) that the (pl,); are real-valued, and then that the (4});
are written as linear combinations of those fields with real coefficients. [ |

All norms are equivalent on finite-dimensional vector spaces. As a conse-
quence, we may use any norm like

z = [((pz - n, 1) s )h<i<il,, or z=grad ¢~ [([d]s,)1<i<i],

with 1 < p < oo, to measure elements of Z(£2;u). Evidently, any other norm
would also be appropriate. From now on, we call | - | z¢ the chosen norm.

Remark 6.2.3 Given g € H'(2) and §* € Qr(£2; ), we find, by integrating
by parts, using (2.25) or (3.6),

(pgrad glgrad j#) = 0.

According to Remark 3.4.2) if f := curlw with w € H/(curl, {2), one au-
tomatically has (f - n, 1>H1/2(Fk) = 0, Vk. So, we look for right-hand sides £
in

H(div0,02) :={f € H(div0,2) : (f-n,1)g 25, =0, Vk}.

On the other hand, if g := divw with w € H(div, {2), one finds, by integra-
tion by parts, (g|1) = 0. So, we look for right-hand sides g in L2, (£2).

zmov

Corollary 6.2.4 Let 2 be a domain such that (Top);—o or (Top)rso is
fulfilled. Then, given g € L2,,,(2) and f € H" (div0, ), there exists w €
H (curl, ) such that

curlw = f, divpw =g, pw - njp =0,
lwlf (curr,2) < C (1] + llgl), (6.24)

with C' > 0.
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Proof. Given f, thanks to Theorem 3.6.1, there exists y € H(curl, 2) such
that f = curly in 2, with ||y g (curr,2) < Col| f|| for some Cy > 0.

Then, let us change the divergence(u) of the potential together with its
(1)normal trace, without changing the curl. For that, we solve

Find z € H},  (92) such that
Ve € HL (), (ugrad z|grad ') = (py|grad 2’) + (g|2).

Thanks to the assumptions about p and with the help of the Poincaré-
Wirtinger inequality of Theorem 2.1.37 in H],  (£2), this problem has one,
and only one, solution, and moreover, one has [|z|| g1 (o) < Cil|py|| + ||g||, for
some Cy > 0, cf. the Lax-Milgram Theorem 4.2.8. Let us set w = y — grad z.
By construction, the potential w € H(curl, 2) is such that f = curlw in
L*(), divpw = g in L?(2) and pw - nr = 0 (for the last two properties,
we use the fact that (g|1) = 0), with continuous dependence, as in (6.24). ®

We are now in a position to solve the magnetostatic problem, which yields
a way to measure/characterize the magnetostatic field. Let us introduce the
function space

Xr(2;p) := H(curl, 2) N Ho(divp, £2), (6.25)

a priori endowed with the graph norm f — {|| f||* + || curl f||* + || div [pf||2}1/2.
One can easily check that it is a Hilbert space, endowed with the associated
scalar product. Next, we define the orthogonal projection operator Pgu from

T

X7(£2;u) to Zp(£2; ), with respect to the scalar product (-, ) x (2
(v,w) — (pv|w) + (ccurlv| curl w) + (div po| div pw), (6.26)

where ¢ is a tensor field that fulfills an assumption like (5.10). The associated
norm is denoted by || - ||x (2 it is clearly equivalent to the graph norm.

Theorem 6.2.5 Let 2 be a domain such that (Top);—g or (Top)rso is ful-
filled. Then, the mapping

Xr(2;p) = H'(div0,2) x L2,
w — (curlw, div pw)

Staty { (42)

is surjective, and its kernel is equal to Zp(£2;u).
As a consequence, one has a Weber inequality

3CY% >0, Yw € X1 (2;p),
[wllx7(04) < Chr(ll curlw] + || div pw]| + [Pz w]z2). (6.27)

Proof. The mapping Stat}, is surjective, according to Corollary 6.2.4, and
moreover, ker(Statl;) = Z7(2;p).
One then builds an orthogonal decomposition of X r(£2;p):
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Xr(2;p) = Zr(92;p) B (Zr(2;p))*,

with respect to the scalar product (-, -) X1 (2;), and the proof is concluded as
for Theorem 6.1.4, by choosing a vector potential in (Z7(£2;p))*. [

Introducing the orthogonal projection operator PZ; from H(curl, 2) to
Z1(92; p) with respect to the scalar product (-|-),.cecurt @ (v, w) = (pv|jw) +
(ccurlv| curlw), with ¢ as above, we find the result below.

Proposition 6.2.6 Given w € X7 (2;), one has Pg“w =Pzrw.
T

So far, we have solved the magnetostatic-like problem (6.23), cf. Theo-
rem 6.2.5, and we have seen that, to achieve uniqueness, the value PZ;H
must be known. So, we complement (6.23) with Pz« H = h, for some data
h € Zp(2;p). Hence, the “full” magnetostatic-like problem writes

Find H € L*() such that
curl H = f in (2
divpH =g in 2 (6.28)
PZ;H =h
pvH -n=0onIT,
with data (£,g,h) € H' (div0, 2) x L?,,,(2) x Z7(2; ).

Zmuv

To solve this problem variationally, we again propose several approaches.

6.2.2 Solving the magnetostatic problem: mixed formulation

Note that given ¢ € H'(2), one has ¢—(q|1)/vol(£2) € H.,,,(£2) with identical
gradient. One can easily check that for H € L2(Q), the equations divpH =g

in L2(2), uH - n|p =0 and Pz« H =h can be reformulated equivalently as

V(q’z) € H;mv(g) X Z (Q;[}J),
{([HHIgraqurz) — (gl + (). (6.29)

On the other hand, with ¢ chosen as above, we find that the remaining con-
ditions in (6.28) imply

{ H € H(curl, 2),

Vv € H(curl, 2), (ccurl H|curlv) = (cf|curlv). (6.30)

Indeed, for any H € H/(curl, 2), there exists v € H(curl, 2) such that
curlv = curl H — £ (Remark 3.4.2 and Corollary 6.2.4). Using v as a test
function in (6.30), we obtain that ||c'/?(curl H — £)|| = 0. Consequently, the
magnetostatic field H is a solution to (6.28) if, and only if, it is governed by
(6.29)-(6.30).

To solve this variational formulation (6.29)-(6.30), we choose here the mixed
framework (4.7), with a Lagrange multiplier. We set:
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e Vy=H(curl,Q); Quy = H.,, () x Z7(2;p);
e apy(v,w)= (ccurlv|curlw); by (v,(q,2z)) = (vv|gradq + z) ;
o (fu,v) = (cf|curlv); (g, (¢, 2)) = —(glg) + (vh|2).

In Vi, we choose the norm || - ||y, , which is associated with the scalar prod-
uct (+[)p.ceurt- In Qp, we choose the norm [|(¢,2)|lg, = (||p'/?gradq|® +
|p/22)2)Y/2. By Remark 6.2.3, it holds that

Vg € H (2),Vz € Z7(2;p), (pgradg|z) = 0. (6.31)

Consequently, [|(¢, 2)[lo, = l[p'/*(grad ¢ + 2)|, for all (¢, 2) € Qu.
The resulting mixed variational formulation writes

Find (H,(p,y)) € Vu X Qg such that

Vv € Vi, aH(va)+bH(v7 (p,y)) = <fHa'U>7 (6'32)

v(‘]vz) € Qu, bH(H7 (q,z)) = <QH7 (Q7z)>'

Proposition 6.2.7 The mized variational formulation (6.32) is well-posed.

In addition, the field H is the solution to the magnetostatic-like problem
(6.28).

Proof. First, to prove that the formulation (6.32) is well-posed, we have to
check that the assumptions of the Babuska-Brezzi Theorem 4.2.19 are fulfilled.
INF-SUP CONDITION: given (¢,z) € Qg \ {0}, we let v = gradq + z €
H(curl, ), with norm ||v|v, = ||(q,2)|l@y- Also, one has by (v, (q,2)) =
(g, 2)[1%,,, - Hence, it follows that

b
v ey D@ @
(¢,2)€Qu\{0} yevy\{0} HUHVH ||(Q7Z)HQH

COERCIVITY ON THE KERNEL: the kernel is defined by
Kg={veVy : bu(v,(q,2)) =0,V(q,2) € Qu}.

One finds that Ky = {v € H(curl, £2) N Ho(divp0,2) : Pzuv = 0}. Ac-
cording to the Weber inequality (6.27) and Proposition 6.2.6, the sesquilinear
form ap is coercive on Ky x Kpg, hence (6.32) is well-posed.

Finally, for (6.32) to be equivalent to (6.29)-(6.30), so that H = H, we have to
check that (p, y) vanishes in (6.32). Due to the property (6.31), we obtain with
the test function v = grad p +y € H(curl, £2) in (6.32) that ||(p, )3, =0,
so (p,y) = (0,0): the last part of the proposition follows. [ |

6.2.3 Solving the magnetostatic problem: augmented formulation

If H is the solution to (6.28), then it belongs to X 7(£2; p). Furthermore, with
the help of Proposition 6.2.6, if we add up all contributions, it implies that
H is governed by the “augmented” variational formulation
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Find H € X p(2;p) such that

Vv € X7 (25 ),

(ccurl H|curlw) + (div pH| div pv) + (pPgzs H|Pz:v)
= (cf|curlv) + (g| divpv) + (ph| Pz v).

(6.33)

Reciprocally, if H is governed by (6.33), first, one finds, with test functions v
in Zr($2; ), that PZ;H = h. Second, one notices that, because the solution
belongs a priori to X7(£2;p), one has g — divuH € L2, ,(£2). Hence, by
solving

Zmo(£2) such that

Find q € H}
Vg € HL,  (2), (ugradg|gradq) = (divpH — g|¢),

that divpgrad ¢ = divuH — g, with pd,q r = 0. Therefore, grad q belongs
to X (£2;p), and it can be used as a test function to yield ||g — divpH]| =
0. Third, one concludes that ||c'/?(curl H — £)|| = 0, as in the previous
subsection.

To solve this augmented variational formulation (6.33), we choose the classical
framework (4.3) in the same Hilbert space. So, we introduce:

o Vi =Xr(2);
e ay(v,w) = (ccurlv|curlw) + (div pv| div pw) + (uPzs V| Pz w);
o (Fu.v) = (cf] curlv) + (g] div o) + (1h] Py v).

we obtain that there exists one, and only one, scalar field ¢ in H}

In Vi, we choose the norm || - g, = Il | xr(2m)-
The resulting augmented variational formulation writes

(6.34)

Find H S ‘N/H such that
Yo € VH, EH(H,v) = <fH,'U>.

We state below the equivalence result, whose proof is omitted.

Proposition 6.2.8 The augmented variational formulation (6.34) is well-
posed, and the field H is the solution to the magnetostatic-like problem (6.28).

6.2.4 Solving the magnetostatic problem: two-step formulation

What happens when one solves the actual magnetostatic problem? One has
g = 0, so that pH is always divergence-free. According to Theorem 3.5.1
applied to p(H — h), there exists one, and only one, field A € Hy(curl, 2)N
H"(div 0, 2) such that pH = curl A + ph. The vector field A is called the
magnetostatic potential, which can be characterized by

Find A € Hy(curl, 2) N H" (div 0, 2) such that
VA’ € Hoy(curl, 2) N H" (div0, 2), (6.35)
(utcurl A|curl A') = (£f|A’) — (h| curl A").
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Proposition 6.2.9 The problem (6.35) is well-posed. In addition, its solution
A is such that p~! curl A + h is the magnetostatic field.

Proof. We know that || curl-|| is a norm on Hy(curl, 2) N H' (div 0, 12),
which is equivalent to the full norm, due to the first Weber inequality of The-
orem 3.4.3, or using (6.3) with € = l3. Using the Lax-Milgram Theorem 4.2.8,
we conclude easily that (6.35) is well-posed, so it has one, and only one, solu-
tion A. Let h = p~'curl A + h € L?(£2): one has

divph =0, ph-njr =0 and PZ/;h =h.
The last property is a consequence of Remark 3.5.2 and Proposition 6.2.1.
To study the curl of h, consider z € D({2):

o 3!z € H}(N) such that Az = div z; then, w := z — grad 2z € Hy(curl, 2),
with divw = 0. So, A’ := w — Pz,w belongs to Hy(curl, 2) N
H' (div 0, 2), according to Proposition 6.1.1 with ¢ = [3.

e By construction, curl A’ = curl z, and moreover,

(£|A") = (£[2) — (f|grad z) — (£| Pz, w) = (£[2),

since £ € H' (div0, £2) can be written as a curl, so (£f| Pz, w) vanishes by
integration by parts.
e Putting A’ as a test function in (6.35) yields

(curl(p~'curl A +h) — £,2) = 0.

Hence, one concludes that curlh = £, so h is a solution to the actual mag-
netostatic problem, whose solution is unique. [ |

This suggests a third option for solving the magnetostatic-like problem (6.28),
which is again a two-step method. Define

K (2;p) := H(curl, 2) N Hy(div po, £2). (6.36)

One has the Helmholtz decomposition a la §3.7

H(curl, 2) = grad[H], ()] J_éc K (02;p). (6.37)

zZmuv

If we next introduce
H*(curl0,2) := {f € H(curl0,0) : Pz f =0},

this function space is exactly made up of gradients of scalar fields that belong
to HL  (£2).

zmov

Proposition 6.2.10 Let 2 be a domain such that (Top);—o or (Top)ro is
fulfilled. Then,

H*(curl0,2) = {gradq : qe H.  (2)}.

z
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Proof. Given v € H¥(curl0, 2), there exists ¢ € P(£2) such that v =
grad ¢, according to Theorem 3.3.2. Setting y := Zj[q]gjq;‘ € Qr(£2;p),
Proposition 6.2.1 yields that ¢ := ¢ — x belongs to H'(£2). From Pgzuv =0,
we deduce that

0= (v | pgrad ¥) = (grad ¢ | pgrad x) +(grad x | pgrad X).

=0 by (6.31)
Hence, x = 0 and ¢ € H'({2), so that v € {gradq : ¢ € H.,,(2)}. The
converse inclusion is straightforward, again by (6.31). [ |

Corollary 6.2.11 Let 2 be a domain such that (Top)r—¢ or (Top)rso is
fulfilled. Let ¢ be a tensor field that fulfills an assumption like (5.10). In
H (curl, 2) endowed with the scalar product (-|-)u,ccurl, one has the orthogo-
nal decomposition

Ly
H(curl, 2) = H”(curl0,2) @& Kr(2;p).

Thanks to the Helmholtz decomposition (6.37), we can split the solution H
to (6.28) as

H=grady+h, ¢ecH. (2), hecKr(2;p).

mv(

As we saw before, h is characterized by its curl and its projection onto
Z1(52;p), namely £ and h; it is equal to p~!curl A + h, with A the unique
solution to (6.35).

On the other hand, v € H.,, (£2) is characterized by divpgrady = g,
pOn Y = 0. Equivalently (recall that (g|1) = 0), it solves
{Fmd € HL  (92) such that
V' € H,, (12), (wgrady|gradd’) = —(g|y).

According to the Poincaré-Wirtinger inequality of Theorem 2.1.37, the prob-
lem (6.38) is well-posed.

(6.38)

6.2.5 Magnetic energy matters

One can state a p-orthogonal decomposition of L*(£2), similar to Corol-
lary 6.2.11.

Proposition 6.2.12 Let 2 be a domain such that (Top)r—o or (Top)rso
is fulfilled. In L*(2) endowed with the scalar product (- |-), one has the
orthogonal decomposition

L2(2) = grad[H), ()] & grad(Qr(2:p)] &
{f € LQ(Q) : div [pf = 07 [IJf . ’I’L|[’ = 07 ([pf|gradqf) = 07 Vl}
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Due to Theorem 3.5.1, any element f of the latter set can be written as f =
p~ ! curlw in 2, with w a divergence-free element of Hy(curl, 2)NH (div, §2),
with zero flux across the connected components of the boundary. Moreover,
w is unique. Applying this decomposition to the magnetic-like field yields:

H =gradq+grad ¢ +p 'curl A

with a unique triple (q,¢", A). Furthermore, by orthogonality, the magnetic
energy writes, as a sum of positive terms,

(VH|H) = |[p'/? grad q|* + [|p"/*grad ¢#||* + |[p~/? curl A||*.

Remark 6.2.13 For the physical magnetic field, one has ¢ = 0 above.

6.2.6 Regular-gradient splitting of magnetic fields

Let us conclude the study of magnetic-like fields by establishing regular-
gradient splittings of those fields that belong to X (§2;p). We follow [80].

Theorem 6.2.14 Let 2 be a domain such that (Top);—o or (Top)rso is
fulfilled, and assume that p is a tensor field that fulfills assumption (5.10).

Then, there exists a continuous splitting operator acting from X (£2,p) to
H! (2)x Zp(02)x H.  (2). More precisely, given v € Xp(2,p),

() x Z7(Q2) x HL (1),

zZmuv

V = Wreq + 2+ gradqp in (2.

3('wregv z,qo) € Himv

(6.39)

1If, in addition, p fulfills the coefficient assumption on a partition P, the scalar
field qo is governed by the variational formulation below, for some f € L?(£2)
and g € PHY?(F):

Find qo € HZ,,,(£2) such that
W e B, (3): (ygradgo | grad ) (6.40)

= —(pz | grad¥) + (f|¥) + (97, ¢)L2(F) 5

one has

{Lamslaniar Il < Clel sy 6.4)

vzl przepy + 11+ 97l preF) < Cullvllxr@m

with a constant C' > 0 that depends only on (2, respectively a constant Cy, > 0
that depends on {2 and .

Remark 6.2.15 In the splitting (6.39) of v € X (2, ), Wwyey does not fulfill
any boundary condition in general. One can obtain a splitting that preserves
the homogeneous boundary condition on the normal trace, under some mod-
erate restrictions on the domain §2 (see Theorem 6.2.18 below). Regarding
reqularity, one has Wyeq € H'(02), respectively z = g;e_la?jz € H1/2(Q) with
Pz € Popmo(£2), respectively grad gy € L*(£2). As in the case of the electric
fields, the regularity result can be improved when w fulfills the coefficient as-
sumption (see Corollary 6.2.17 below).
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Proof. Let y = curlv € H(div;{2). One has divy = 0 in 2, and (y -
1, 1) g1/2(p,y = 0 for all k (see Remark 3.4.2). Thanks to Theorem 3.4.1 on
vector potentials, there exists wy.cq € Himv(ﬁ) with divw,ey = 0 in 2 such
that y = curlw,., in {2 and

”wTGQHHl(Q) <C Hy” <C ”vHH(curl;Q)'

By construction, curl(v —wyey) = 0in 2, with (v —w,¢y) € H(curl; 2). Ac-

cording to Theorem 3.3.2 on scalar potentials, there exists ¢ € Py, (£2) such
that v = wye, +grad  in 2. And |il 1) < [0+ 1wreg | < C 0] ar(eurt)-
Since elements of Q7 ({2) can be characterized by their jumps on the cuts,

we next introduce p € Qr(f2) such that [p]x, = [¢]s, for all i, and then z =
gradp € Z1(2). The norm [[p|| g, is bounded by the £;-norm of the jumps,
which is itself bounded by (|1 (g, so one gets ||z g1/2(o) < C ||| H(curt;0)-

If one lets qp = q/:/p, one has qo € H.,,,(£2), and in addition, it holds that

Zmuv

V = Wyeq + 2 + grad qo in (2,
with wy.ey € HY  (2), 2 € Z7(02), qo € H,,,(2), i.e., (6.39).
As to the definition of gy as the solution to (6.40) when p fulfills the coefficient

assumption, let v € H. . (£2):

m'u(

(ugradqo | grad ) = —(pz | grad ¥) + (pv | grad ¢) — (Lw;ey | grad ).

As pv € Hy(div; 2), one finds, by integration by parts, (uv | grady) =
—(div pol).

For the third term, one proceeds as in the proof of Theorem 6.1.16, the only
difference being that there are additional boundary terms:

_([Uwreg | grad 1/}) = (le [Uwreg|w)

- Z ([MWyeg - ], Y) L2 (F) — (WWreg - T, Y) L2(1)-
Fe]:int

Next, define
f=—divpw + divpa,e, € L2(2), g5 = —[pw,eg - n] € PHY?(F),

where, for all F' € Fp4y and z € L*(F), the “jump” [z] is simply equal to z.
It follows that qg is characterized by (6.40).

Finally, the first bound in (6.41) has already been derived, and the second one
is obtained exactly as in the proof of Theorem 6.1.16, hence continuity of the
splitting operator is obtained. [ |

To continue, one needs regularity results regarding grad qg, where gg is now
governed by (6.40). We use a second abstract shift theorem [53] for PDEs with
Neumann boundary conditions (see footnote ¢, p. 222, for comments on the
optimality of the limit exponent, here denoted by Tney)-
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Theorem 6.2.16 Let {2 be a domain, and assume that § fulfills the coefficient
assumption. There exists Tnew €]0,1/2[ depending only on the geometry and
the coefficient € such that, for all t € [0, Tnew|, and for all € € (HLL(02)),
the solution to

{Find we H  (92) such that
({gradu | grad 1/’) = <€7U)>H1 (£2)» V‘/’ € Hzlm'u(“o)v

zmuv

belongs to H'*1(£2), and moreover, ||u||pe+1(0) < Crglllll gizt )y with a
constant Cyg > 0 that depends only on §2, & and t.

Combining the two Theorems 6.2.14 and 6.2.16 yields the result for the regu-
lar /gradient splitting of elements of X r(£2,¢). The proof is omitted, as it is
very close to the one of Corollary 6.1.19.

Corollary 6.2.17 Let §2 be a domain such that (Top)r—¢ or (Top)rso is
fulfilled, and assume that p fulfills the coefficient assumption. For all t €
[0, Tneu[, it holds that

X1(2,p) C H(2) + grad[P3/2 (2)] + grad[H'EL (2)],

where . . o
P32 () = {q € Pupo(£2) s grad g € HW(Q)} .

Zmuv

For the sake of completeness, we mention that it is also possible to derive
a splitting of X (f2, ) that preserves the homogeneous boundary condition
on the normal trace, under some moderate restrictions on the domain {2, cf.
Definition 3.6.3. Let

XI9(0Q) = Xp(2)NnH' ().

Theorem 6.2.18 Let 2 be a domain of A-type such that (Top)r—og or
(Top) >0 is fulfilled, and assume that p is a tensor field that fulfills assump-
tion (5.10). Then, there exists a conlinuous splitting operator acting from
Xr(02,p) to X779(2) x Zp(2) x HY, (£2).

Zmuv

Proof. Let us begin as in Theorem 6.2.14 to derive w,e, € H?, (£2) such
that curlw,., = curlv in 2 and ||w.eyl|g1(2) < Cllv||H(cur,0)- A priori,

Wreg -y # 0. But, in a domain of 2A-type, one has (cf. Lemma 3.6.4),

Oreg

EIQTeg € H2(“Q)7 on

I = Wreg NI ||Gregll2(2) < CllWereg|lm ()

It follows that vyeq = Wreg — grad ¢, € X577(2), curlv, .y = curlv in 2
and [|vyegllmi(2) < C ||Vl H(curt;2)- Because curl(v — v,..5) = 0 in 2 with
(v — Vyeg) € H(curl; 2), there exists p € szv(.(?) such that v = v, +
gradp in 2 and [Pl () < Cl|v|H(ewt0) (cf. Theorem 3.3.2). One then

writes grad p as grad p = z + grad pg, with z € Z7(£2) and py € HL,,,(£2).
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Hence, there exists (vreg, 2,p0) € X7 7(2) x Zp(2) x HL,,,
V = Vpeg + 2 + grad pg in (2.

One then follows the proof of Theorem 6.2.14 to conclude that the splitting
operator v — (Vyeg, 2z, po) is continuous from X ({2, p) to X179 (2)x Z 7 (£2)x
HL  (9). [ ]

zmov

(£2) such that

Remark 6.2.19 When p is equal to the identity, the result of Theorem 6.2.18
may be viewed as a second Birman-Solomyak splitting, which preserves the
magnetic boundary condition, as grad po - njr = 0.

6.3 Further comments around static problems

In this section, we shall work with real variables and spaces; recall that the
data and the solutions of static problems are real by their physical nature.

6.3.1 Electrostatic problem

A part of the electrostatic-like field E belongs to Z x5 (£2;¢), i.e., its projection
e = Pz: E. As we have seen earlier, elements of Zy(§2;¢) are written as
gradients, with potentials in Qn(£2;¢): e = grad¢”, for ¢ € Qn(£2;¢).
According to Proposition 6.1.1, ¢¥ can be characterized by its values on the
connected components of the boundary: (Vi) := ((¢%)|1,)1<¢<x. Physically,
those values are the electric potentials of the perfectly conducting bodies,
whose difference with the reference value (¢¥),, = 0 (with I}y the ground),
correspond to applied voltages.

On the other hand, one can set the total surface charges of those bodies,
namely (Qr)r := ((eE - n, 1), )r. Mathematically, however, this is possible
only if those quantities have a meaning, which is guaranteed, provided that
diveE € L?(£2), namely provided that the data g belongs to L*(2). See also
the next paragraph for an extension to g € H *(§2) for some s € [0,1/2].
Note that this is always true when g = 0, in the absence of (volume) charges.
If g is in L?({2), we remark that

ZQk = <®E 'n51>H1/2(F) = (g|1)a
k

so that Qo is determined by g and (Qr)i1<k<k-
Furthermore, one finds that e is such that, for all z = gradq € Zn(£2;¢),

(celz) = (cE|z) = (| grad q)
= (@) + Y B n Q) mary = Y. Q- (gD} an.

k 1<k<K
where we used the identity ¢ = >, -, - ¢ q,r,,q5,- The right-hand side depends

explicitly on g and (Qg)1<k<k-
Now, to characterize e = grad ¢”, one performs the computations below:
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(ee|z) = (egrad ¢”|gradq) = > (¢”)r, qr. (e grad ¢f| grad g}).
0k

So, if we define the matrix C € RE*X and Q,F € RX by
Cre = (egrad ¢j| grad i), Qv = (¢")r,, Fr = Qx — (glgp), 1 <k, (< K,
we determine that
CQ=F. (6.42)

One can easily check that C is symmetric positive-definite (cf. Corollary 3.3.8),
hence it is invertible: classically, C is called the capacitance matriz, and (6.42)
relates the surface charges to the voltages, and wice versa.

6.3.2 Magnetostatic problem

For the magnetostatic-like problem, a part of its solution H belongs to
Z1(§2;p): b= Pge H, which can written as h = grad ¢/, for " e Qr(2;p).
Due to Proposition 6.2.1, we know that h can be characterized either by the
jumps on the cuts ([¢%]s,)1<i<r, or by the fluxes ({(ph-m, 1) 5,)1<i<s. To relate
the two, one may proceed by prescribing the fluxes (Fi;); := ((LH -m,1)x,);.
Indeed, for all z = grad¢ € Zp(2;p), and using ¢ = >, ,-;[d]x,¢!, one
finds, thanks to the integration-by-parts formula (3.6), o

(ph| z) = (pH | 2) = (vH | grad ¢) = (pH, grad Q)20
—(divpH, §) 2o + >_(WH -n, [d]s5,) 5,

(| D+ Y WH n sz = Y {Fl- (gl i)}z,

1<i<I

Moreover, using the formula h = Zlgjg[qH]gj grad ¢}/, one finds
(ph | 2) =Y [¢"]s, [0z (verad ¢, grad ¢/') .2 g
Jrt
If we define the inductance matrix L € R’*! and Q,F € R! by

we have the relation LQ = F. Finally, one can check that the matrix L is
symmetric positive-definite (cf. Corollary 3.3.14), so it is invertible.

For the electrostatic-like problem, the scalar data g can be any element of
H~1(02), whereas we assumed g € L?({2) for the magnetostatic-like problem.
For this latter problem, it turns out that one can consider data g € H~*(£2),
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for s €]0,1/2[ (with the compatibility condition (g, 1)p:(2) = 0). We refer
to Theorem 2.2.22 and integration-by-parts formula (2.26). Applied to the
magnetostatic-like problem, we conclude that the normal trace of pH is well-
defined® in H='/2(I") for all g € H~*(£2), and hence it can be chosen equal
to 0.

6.3.3 Other sets of boundary conditions

It is possible to solve static-like problems with mixed boundary conditions
from an abstract point of view. We refer to [110] for detailed studies of the
vector space of curl- and divergence-free fields with (vanishing) mixed bound-
ary conditions.

On the other hand, one can specify other sets of boundary conditions, such
as electric ports or internal conductor models, which are popular static (and
time-harmonic) models to describe realistic configurations. A thorough math-
ematical study can be found in [6].

6.3.4 Application to time-dependent problems

As we saw in §5, no topological conditions are needed when solving the time-
dependent Maxwell equations: topologically non-trivial domains, or domains
with a non-connected boundary, are treated exactly like the “simpler” domains
where Zn(2;¢) = Z7(2;p) = {0}. We shall see in §7 that the same holds
when using the various equivalent second-order formulations of Maxwell’s
equations. Here, we characterize the projection of the electromagnetic fields
(E, H)(t) on the spaces of curl- and divergence-free fields Z n (£2; €)X Z 1 (£2; )
in the general case in which these spaces are not trivial.

Faraday’s law can be rewritten in variational form as

Vt, Yv € L*(12), ([paa—It{(t) | v) + (curl E(t) | v) = 0.

Choosing v* € Zp(§2;p), we notice that it holds that (curl E(¢t) | v*) = 0
by integration by parts (see Remark 3.5.2), because of the perfect conductor
boundary condition. Hence, it follows that (uH'(t) | v*) = 0 for all times.
This yields:

8 If one considers any continuous linear form g on HZ,,(02) — by contrast, in the
electrostatic-like case, one can choose any g € (Hg(£2)) —, then there is no guar-
antee that the variational form

Vg € H.,.,(22), (uH | gradq) = g(q),

which allows us to recover the vanishing boundary condition. For instance, taking
g(a) = (A, @) g1/2(py for some data A € H~'2(I") (with compatibility condition
(N, 1>H1/2(F) =0) yields pH - njr = A. In this respect, the situation differs from
the electrostatic-like case.
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Vi, Yot € Zp(2;p), (RH() | v*) = (uH | v*).

In other words, PZ:;H(t) = hy for all ¢, where hg := Pzu Hy. So, the data
ho that prescribes the value of the projection of Hy on Z7(£2;p) actually
characterizes the projection of the magnetic field at all times:

Vt, PZ:;H(t) = hy. (6.43)
On the other hand, Ampere’s law can be rewritten as

22
ot

Choosing v° € Z n(£2;¢) yields (see Remark 3.4.2):

Vt, Vo € L*(2), (e==(t) | v) — (curl H(t) | v) = —(J(t) | v).

Vi, Vo© € Zy(2:¢), (ePzs, B(t) | v°) = (eeq | v°) —/0 (J(s) | v°) ds,

(6.44)
where eg := PZ?v Ej. Therefore, together with J, the data ey that prescribes
the value of the projection of Ey on Zy(2;¢) allows one to characterize the
projection of the electric field at all times.

6.4 Other approximate models

6.4.1 Quasi-static models

In §1.4.3, we introduced two such models: the so-called electric quasi-static
and magnetic quasi-static models.

ELECTRIC QUASI-STATIC MODEL: For this model, according to (1.112)-(1.115),
the electromagnetic fields are governed by

. E
curl E =0in ,t >0, curle@%—t+JinQ,t>O,
le(BE:QHl Q, t>0, le[pHZOln Q, t>0, (645)
Exn:OQHF,t>0, pH -n=0onT, t>0,
E(0) = Ey in £, H(0) = Hy in 0.

Looking at the structure of the equations, we see that the electric field
is the solution to the electrostatic-like problem (6.1), with time-dependent
data (f,g) = (0,0(t)) for t > 0. If one recalls the definition of the “full”
electrostatic-like problem (6.7), one has to add a condition on the projection
on Zn(£2;¢€) to guarantee well-posedness for ¢ > 0:

Pz E=e, t>0. (6.46)

Lastly, to have a solution at ¢ = 0 that matches the initial condition, one
assumes that F solves problem (6.7) with data (f,g,e) = (0, 0(0),e(0)).
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Once existence of the electric field E is obtained, we see that the (time-
dependent) magnetic field H is governed by the magnetostatic-like equations
(6.23), with time-dependent data (f,g) = (eE’(t) + J(¢),0) for t > 0. In
particular, one must have ¢E’'(t) + J(t) € H' (div0, ) for t > 0. First, one
has div(eE’+J) = 0 if, and only if, the charge conservation equation holds, so
we assume that this is the case. Second, for the field e E’(t) + J(t) to belong
to H' (div0,£2) at all times, we simply impose, in the spirit of (6.44), the
condition

Vt, Vo< € Zy(25¢), (ee(t) | vF) = (@e(0)|va)—/0 (J(s) | v°)ds. (6.47)

To guarantee well-posedness for ¢ > 0, one has to add a condition on the
projection on Zp(£2;p) (cf. the “full” magnetostatic-like problem (6.28)):

PziH =h, t>0. (6.48)

Lastly, to have a solution at ¢ = 0 that matches the initial condition, one
assumes that H, solves problem (6.28) with data (f,g,h) = (eE'(0) +
J(0),0,h(0)).

Theorem 6.4.1 Consider a perfect medium in a domain 2 of R® encased in
a perfect conductor.
Assume that

o€ CYRT H™1(R2)),

e € CH(RT; ZN(02;¢)),

Eq € Hy(curl, ©2) : curl Eg =0, diveEy = 0(0), Pz, Eq = e(0);
thus, there exists one, and only one, electric field E:

E € C'(R"; Hy(curl, 2)),

which solves Eqs. (6.45) and (6.46), with continuous dependence on the data.
Assume, furthermore, that

J € CO(RT; L*(02)), % +divd =0, t>0;
e fulfills Eq. (6.47), h € CO(RT; Z1(2;p));
H, € Hy(divy, 2) : curl Hy =¢E'(0) + J(0), divpH, = 0, PguHo =h(0);

thus, there exists one, and only one, magnetic field H :
H < C°(R™; H(curl, 2) N Hy(divy, 2)),

which solves Eqs. (6.45) and (6.48), with continuous dependence on the data.
Proof. One successively applies Theorems 6.1.4 and 6.2.5. [ |
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Remark 6.4.2 The variational formulation one uses to solve the problem
in H, namely (6.32) or (6.33), can be simplified if one chooses the tensor
field ¢ equal to e=*. Indeed, one has £ = eE'(t) + J(t), so that, for all v €
H(curl, 2):

(cf | curlw) = (E'(t) | curlw) + (e ' J(t) | curlv) = (e~ *J(t) | curlw),

as the first term wvanishes by integration by parts. Hence, one can view the
addition of eE'(t) to J(t) as a correction of the latter, so that the sum belongs
to HY (div 0, £2) as needed. In other words, for the electric quasi-static model,
the solution of the problems in E and H are decoupled.

MAGNETIC QUASI-STATIC MODEL: For this second model, according to (1.116)-
(1.119), the electromagnetic fields are governed by

curlH =J in 2,1t > 0, curlEz—[paa—I;I in £2,t>0,

divpH =0in 2, £ >0, diveE = g in {2, t>0, (6.49)
vH-n=0on I, t>0, Exn=0onT, t>0,
H(0) = Hy in 2, E(0) = E in 0.

To guarantee well-posedness for H governed by (6.49), one imposes that
J(t) € H"(div0,2) for t > 0, together with a condition like (6.48). Then,
one assumes that H solves (6.28) with data (£,g,h) = (J(0),0,h(0)).

On the other hand, to guarantee well-posedness for E governed by (6.49),
one must have pH'(t) € Hy (div0,§2) for t > 0. Owing to the definition
of H{ (div0, 2) and Proposition 6.2.1, it corresponds to h’ = 0:

Vt, h(t) = h(0). (6.50)

Also, one uses a condition similar to (6.46) to have uniqueness. Finally, one
assumes that E solves (6.7) with data (f,g,e) = (—pH'(0), 0(0), e(0)).

Theorem 6.4.3 Consider a perfect medium in a domain 2 of R? encased in
a perfect conductor.
Assume that

J € CYR+; H" (div 0, 2)),

h e C'(RY; Zr(2; 1)),

Hy € Ho(divy, 2) : curlHg = J(0), divpHo = 0, Pz Ho =h(0);

thus, there exists one, and only one, magnetic field H :
H ¢ CY(RT; H(curl, 2) N H(div y, 2)),

which solves Eqs. (6.49) and (6.48), with continuous dependence on the data.
Assume, furthermore, that
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0€ CO(RY H-1(2));
h fulfills Eq. (6.50), e € CO(RT; Zn(£2;€));
Ey € Hy(curl, 2) :
curl Eg = —pH'(0), diveEy = 9(0), Pz, Eo = ¢(0);

(6.51)

thus, there exists one, and only one, electric field E:

E € C°(RT; Hy(curl, 2)),
which solves Eqs. (6.49) and (6.46), with continuous dependence on the data.
Remark 6.4.4 By construction, one has p~! curl E € C°(RT; H(curl, 2)).

Proof. One successively applies Theorems 6.2.5 and 6.1.4. [ |

6.4.2 Darwin model

Below, let us explicitly build the Darwin model (cf. §1.4.4), using the solutions
to the electric and magnetic quasi-static models, with suitable data.

1. Define (EL7 H) as the solution to the electric quasi-static model (6.45)
with data J and p, under the assumptions of Theorem 6.4.1. Remark 6.4.2
still applies.

2. Define ET as the electric part of the magnetic quasi-static model (6.49),
where the magnetic data is equal to H from step 1., with o = 0
and e = 0. In particular, the initial data, called Eg, is defined by

curl Ef = —pH'(0), diveE] = 0, Pz Ej = 0. As observed in the
subsection devoted to quasi-static models, it is required that h fulfills
Eq. (6.50).

3. Define the total electromagnetic fields as (E, H) := (E* + E*, H).

According to the above, the total electromagnetic fields, split as in step 3.,
are governed by

L
@aaEt —curl H = —J in {2, t>0,
H

curl EF =0, [paa—t—l—curlET:Oin 0, t>0,

diveE" = p, diveE" =0in £, t>0, (6.52)
divpH =0 in {2, t>0,

Pzs,E" =e, Pzs E' =0, Pz H =h, t>0,

Efxn=0 E'xn=0, pH -n=0onl, t>0,
EX0)=E}, ET'(0)=El, H(0)= Hy in 0.

The above is complemented by the charge conservation equation, and by Egs.
(6.47) and (6.50) to ensure well-posedness with respect to the projections on
Zn(2;¢) x Z1(2;p). Hence, the total electromagnetic fields are governed by
Maxwell’s equations, where the divergence(e)-free part e, ET of the electric
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displacement has been neglected in Ampere’s law. Indeed, let E = Ef+ ET.
Then, the electromagnetic fields (E, H) satisfy the equations:

curle ' (curl H — J) =0, divpH =0 in 02, > 0,
(6.53)

OH
curlEz—[pﬁ, diveE = ¢ in {2, t>0,

which is a generalization of the Darwin model (cf. §1.4.4) in a domain made
of a perfect medium. In addition, they fulfill the boundary, projection and
initial conditions below.

Exn=0,pH n=0, ¢ YcurlH—-J)xn=0onTI,t>0,
PZ%EZ e, PZ;I‘I:h7 t>0, (654)
E(O) :Eo, H(O) :HO in £2.

Theorem 6.4.5 Consider a perfect medium in a domain 2 of R® encased in
a perfect conductor.
Assume that

0 € C*(RT; HY(2)), J € C'(RT; L*(92)),
%—i—divJ:O, t>0;

e € C*(RY; Zn(92;¢)), b fulfill Eqs. (6.47) and (6.50) ;
(EO,HQ) S I‘I()(CU.I‘I7 .Q) X Ho(diV[p, Q) :

curl Ey € Hj (div 0, £2), diveEo = 0(0), Pzs, Eo = ¢(0),
diV[pHo = 0, PZ;HO = h(O),

Fy:=e¢ Y(curl Hy — J(0)) € Ho(curl, 2),

curlFo = 0, PZ?\]FQ = e’(O);

thus, there exists one, and only one, couple of electromagnetic fields (E, H):

E € C°(R*; Hy(curl, 2)), (6.55)
H € CY(R*; H(curl, 2) N Ho(divy, 2)), '
which solves the Darwin model (6.53-6.54), with continuous dependence on
the data.

Remark 6.4.6 Note that one has to choose data with increased time-reqularity
(compared to the quasi-static models). These technical conditions reflect the
somewhat artificial character of the model. It follows that, by construction,
the total electric field is such that p~! curl E € C°(RT; H(curl, £2)).

Proof. Existence and continuous dependence with respect to the data follow
from the application of Theorem 6.4.1 (electric and magnetic parts) and The-
orem 6.4.3 (electric part).

As a matter of fact, one first solves the electric quasi-static model (in
the electric part) with data o, e and Eé , where the latter is defined by
El € Hy(curl, 2), curl Ef = 0, diveEf = 0(0), and PZ%EOL = ¢(0).
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Its solution is called EL. Then, one solves the same problem with data o,
e’ and Fy, whose solution is equal to (E¥)" by uniqueness. The solution E*
thus belongs to C?(RT; Ho(curl, 2)).

Next, one solves the magnetic part of the electric quasi-static model, with
data J, e, h and H, whose solution is called H. And then the same problem
with data J', ¢/, b’ = 0 and Gy := —p~'curl Eg € Ho(divy, §2), so that
divpGo = 0, Pz Go = 0 (to obtain Pzx Go = 0, one uses Proposition 6.2.1,
noting that curl Ey € Hy (div 0, £2)). Once more by uniqueness, the solution
H actually belongs to H € C'(R™; H(curl, 2) N H(div , £2)).

Finally, one solves the magnetic quasi-static model only in the electric part
with the magnetic field H defined as above, and zero charge density, zero
projection on Zy(£2;¢) and initial condition Eq — E*(0). Its solution ET
belongs to C°(R*; Ho(curl, £2)).

By construction, the triple (E*, ET, H) satisfies (6.52), so (E* + ET, H) is
a solution to (6.53-6.54) in the sense of (6.55), with continuous dependence
with respect to the data.

Regarding uniqueness, for t € R™, one finds, by integration by parts,

o0H
(b () | H(t) = —(curl E* (t) | H(1)) = —(E" (1) | curl H(1)).
Now, E'(t) € L*(2) with diveE" (t) = 0 and Pzs, E” (t) = 0. According to
Theorem 3.4.1, there exists w(t) € HZ,, (1) such that eE” (t) = curl w(t).
Introducing F(t) := ¢~ !(curl H(t)— J(t)) € Ho(curl, 2) with curl F(¢t) = 0
(cf. (6.52)), one has (curlw(t) | F(t)) = 0 by integration by parts, so one
finds:

oH

([pﬁ(t) | H(t)) = —(e ! curlw(t) | curl H(¢

)
= —(curlw(t) | e ' curl H(t)) = —(curlw(t) | e 1 J(t))
= (e eurlw(t) | J(t) = —(E"(t) | J (1))

Hence, if J = 0 and Hy = 0, one has H(t) = 0 for all ¢. In particular,
curl E = 0. If, in addition, o = 0 and e = 0, then using Theorem 6.1.4, one
infers that E(t) = 0 for all ¢. So, the only solution to the Darwin model with
zero data is (E, H) = (0,0), which proves uniqueness. [

6.4.3 Notes on asymptotic analysis

A fundamental issue regarding the approximate models is, how well do they
match with the exact Maxwell equations? This issue has been addressed in
[97], and we sketch the main results below. For the sake of simplicity, we
assume that the medium is homogeneous (vacuum), with g = po = 1; and
that the domain 2 is topologically trivial with a connected boundary, so that
Zn(2) = Zp($2) = {0}. However, none of these assumptions is essential.
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One performs a scaling of the original equations as in §1.4.2, with respect to
a “small parameter” 1 = T/c, where T is the characteristic velocity. Then,
one studies (formal) asymptotic expansions of the electromagnetic fields and
data, of the form

E=Y o"E*, H=) n‘H" (6.56)
k>0 k>0

o= "o, T=> ntJ" (6.57)
k>0 k>0

Using this ansatz leads to a sequence of relations among (E¥).>0, (H")i>o0,
the data (0")x>0, (J*)x>0 and the initial conditions (Eq, Hy). Given an inte-
ger K, it is possible to estimate the difference between the exact electromag-
netic ﬁelds and the finite sums (35 j<x 7 kE* D o<k<i M kH*), under some
suitable conditions on the initial conditions (EO, H,), the data J and g and
their time derivatives at t = 0. With the help of an energy-like conservation
equation that uses the parameter 7, one finds that, for ¢t > 0,

IE(t) = YXocrer "E* (1) < Cx(t)n" T, (6.58)
IH () = Y gcpex ""H" (t)|| < Dic(t)n . '

Above, Ck(t) and Dg/(t) are suitable functions of the norms of some high-
order terms and of the initial data, namely

(B @), HEH (1) |22 ()« 2(2);
(1@ES 1 (5), 0 () o) _ -
\(EKH( )s HKH( Dllzz2)xL202); )
( ~ Yocrerr M (s )HL2(Q))S<:&

Let us give here the sketch of the proof. Details can be found in [97] under
a simplifying assumption (see Remark 6.4.8); generalising to the present sit-
uation is no difficulty. Using the above-mentioned scaling, we get that the
Maxwell’s equations can be written in dimensionless variables, as in §1.4.2.
Replacing, in Maxwell’s equations, E(t), H(t), o(t), J(t) with their expan-
sions (6.56)(6.57), we obtain that E*(t) and H"(t) must satisfy (formally)
the following relations, for k£ > 1:

9 —curlHf = —J*in 02, ¢ >0,
H —1
0 +curl E*¥ =0in 2, t>0, (6.59)
div EF = ¢* in 02, t>0,
divH* =01in £, t>0;

whereas for the particular case k = 0, we get:
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curl H = J%in 2,t >0,
curlE° =0in 2, t>0,
divE’=0"in 2, t>0,
divH =0in 2, ¢t>0.

(6.60)

Similarly, boundary conditions for the expansions E*(t) and H"(t) are easily
deduced from those on E(t) and H (t); for instance, from the perfect conductor
boundary condition E x n =0, H -n =0, we get EFxn= 0, H" . n= 0,
for all £ > 0.

Thus, it can be proved that Egs. (6.59)-(6.60) have a unique solution.
For k = 0, Eq. (6.60) appears as the combination of an electrostatic and a
magnetostatic problem at each time ¢; one deduces the existence of a unique
solution (E"(t), H(t)) for all ¢, according to §§6.1 and 6.2. Similarly, given
(EF=', H"™"), Eq. (6.59) shows that E*(t) and H"(t) are the solutions to an
electrostatic-like and a magnetostatic-like problem for all ¢, these problems
being decoupled. By induction, one infers the existence of a unique solution
(E*, H") for all k > 0.

The second step is now to investigate the convergence of the asymptotic
expansions of the electromagnetic fields. We introduce the difference between
the exact electromagnetic fields and the finite sums,

e=E— Y o'E*, h:=H - > no"H";
0<k<K+1 0<k<K+1

and we assume that the series in (6.57, right) converges fast enough, so that:

J — Z nF IR =S 2 ap ., with ¥ of order > 0 in 7.
0<k<K+1

Using the Maxwell’s equations written in dimensionless variables as in §1.4.2,

we find
de OEX T
Urri curl b = —n*? (T T Yr ()

@4_ le = —
nat curle = —7¢

with the ad hoc boundary conditions. Using a standard a priori estimate for
the solution of this system together with a variant of Gronwall’s lemma [62,
Lemma I1.4.9], and denoting w(t)? = ||e(t)||* + ||h()||?, one finds that, for
t >0,

t aEK+1 aHK+1
w(t)Sw(O)-i-nKH/O{” 5 (3)+¢K+1(s)||2+|| 5 (S)HZ}l/QdS'

The last part of the proof consists in evaluating w(0). Assuming E°(0) = E(0)
and H°(0) = H(0), together with
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oI (0)=0in N, 1<I(<K;

L7 (0)=01n 2, 9fJ(0) € Hyo(curl0,92), 1<j<K, 0<l{<K—j,
one shows, iteratively, that 9fH°(0) = 0 for 1 < ¢ < K and 9fE’(0) =
OfH’(0)=0for 1 <j <K, 0</{<K — j. It follows that

e(0) = =" ETH0), h(0) = =" HT(0);
w(0) = " FH([(EFFHO)P + | HH(0))*)2;
w(t) < Bt Cr i1 (t), for a certain function Cxy1(t).

Finally, noting that

Et) — > n"E"(t) =e(t) + 0 EX (1),
0<k<K

one bounds

IE®t) — > n"EF@)| < w(t) + " EXT (1)) = " Ck (1),
0<k<K

for a certain function Ck(t), which is (6.58, top); the bottom part of the
estimate is proved likewise.

Considering first the static models and denoting their solution by Eg and
H g, one finds, by identification, that Eg = E® and Hg = H", so that one
may write

1E(t) — Es(t)|| < Co(t)n, [H(t) — Hs(t)]| < Do(t)n-

One can also perform a scaling like that above on the electric quasi-static
model. Denoting its solution by (Egs, Hqgs), one finds, by direct computa-
tions, Egs = E° +h.o.t. and Hgs = H° + nH" + h.o.t., so that

IE(t) = Eqs(t)| < Co(t)n, |[H(t) = Hgs(t)| < Di(t)n*.

Lastly, one can perform a scaling on the Darwin model. This time, with
obvious notations, one finds Ep = E° + nE' + n?E? + h.o.t. and Hp =
H° 4+ nH"' +h.o.t., so that

IE(t) = Ep(t)] < Ca(t)n® || H(t) — Hp(t)[| < Di(t)n*.

Remark 6.4.7 As explained in §§1.4.8 and 6.4.1, the electric quasi-static
model can be derived by meglecting the time derivative of the magnetic field
Oy H in the Mazwell’s equations. Under these conditions, one can, as above,
relate the Darwin model solutions to the solutions (Eqs, Hgs), or alterna-
tively, prove that the unique solution (Eqs, Hgs) has the following properties:

o FEps = —grad¢ is characterized as the solution to an electrostatic-like
problem,
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o Hgg is the divergence-free solution to a vector Laplace-like problem,

s0 that Eqg is only longitudinal and is equal to the longitudinal part of Ep,
and Hgs = Hp. Hence, the electric quasi-static and Darwin models differ
only in the approximation of the transverse part of the electric field, which
is neglected in the former model. This also proves that Hgs (like Hp) is a
second-order approzimation in 1, whereas Eqg (unlike Ep) is only a first-
order one.

Remark 6.4.8 If it holds that:
o= 0" independent of n; J =J° +nI",

which is a particular case of (6.57), then the solutions to the electric quasi-
static and Darwin models are exactly

Egs = E°, Hos = H'+nH'; Ep=E"+nE'+n*E*, Hp = H +nH".
This is the case investigated in [97].

To summarize, one concludes that one gains one order in H, going from
the static models to the electric quasi-static model, respectively one order in
H and two orders in F, going from the static models to the Darwin model.

6.4.4 Other boundary conditions — Exterior problem

When one prescribes another boundary condition, such as the Silver—Miiller
absorbing boundary condition on the boundary, or on a part of the boundary,
it is still possible to build approximate models (static, quasi-static or Darwin).
However, for the Darwin model, choosing the relevant boundary condition for
the two parts of the electric field EY and ET becomes rather involved. We
refer to [177, 178, 84] for detailed studies on this topic.

Finally, we mention that the exterior Darwin model (with perfect conductor
boundary condition) is solved in [108].






7

Analyses of exact problems: second-order
models

This chapter is devoted to an alternative, second-order formulation of the
Maxwell’s equations. We rigorously justify the process we outlined in §1.5.3.
This new formulation is especially relevant for computational applications, as
it admits several variational formulations, which can be simulated by versatile
finite element methods [23, 82, 83]. Our attention will be focused on three
issues: equivalence of the second-order equations with the original, first-order
equations studied in Chapter 5, the well-posedness of the new formulation and
the regularity of its solution, as we did in that chapter. We also study how to
take into account the conditions on the divergence of the fields, incorporating
them explicitly at some point in the variational formulations. To these ends,
we shall again rely on the mathematical tools introduced in Chapters 2, 3
and 4, as well as on the specific properties of the spaces of electromagnetic
fields introduced in Chapter 6.

7.1 First-order to second-order equations

We shall start from the first-order Maxwell equations set in a domain (2,
made of a perfect medium, and fix the final time 7" > 0. In particular, we
choose to solve problems set in a domain: so, the equations include boundary
conditions, which must be handled with some care. By extension, the case of
Maxwell’s equations set in R? is covered by the study below, precisely in the
subsection devoted to a domain encased in a perfect conductor. We consider
the equations

@%—? —curlH =—J, on £2, ¢t €]0,T (7.1)
[paa—}tI +curlE=0, on 2, t€]0,T]. (7.2)

We keep the equations on the divergence of the fields
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div(eE) = o, on £2, ¢t €]0,T (7.3)
div(uH) =0, on £2, t €]0,T7, (7.4)
and the initial condition
E(0) = E,, H(0)=H, on {2 (7.5)

Finally, assume that the conditions (5.10) on € and p are met.

7.1.1 Semi-classical approach
Differentiating first in the sense of distributions in space and time, one easily
finds decoupled equations in E and H

2

e
ot?
2

T

+curlp'curl E = —%—{ in D'(]0, T[x £2), (7.6)
+curle ! curl H = curle™'J in D'(J0, T[x£2). (7.7)

These are vector wave equations.
Second, assuming that we can consider the trace of Ampere’s and Faraday’s
laws at time ¢ = 0, we obtain:

E'(0) = E;, with By :=¢ ' (curl Hy — J(0)), (7.8)
H'(0) = Hy, with H; := —p~ ! curl E,. (7.9)

Third, when the medium is encased in a perfect conductor, we keep the bound-
ary condition (5.9) on E. Furthermore, considering the trace of Ampere’s law
on the boundary and assuming that one can differentiate in time there, one
finds

e Heurl H —J)(t)xn=0 on I, t€]0,T] (7.10)

More precisely,! in conjunction with Eq. (7.7), one assumes that, for t €]0, T,
¢ !(curl H — J)(t) € H(curl, £2), and that it holds that

Vv € H(curl, ), t €]0,T[, (curle *(curl H — J)(t)|v) =
(¢ '(curl H — J)(t)| curlv). (7.11)
Indeed, integrating by parts in (7.11) yields
Vv € H(curl, 2), t €]0,T], (e (curl H(t) — J(t)) x n,v7)r =0,
which is precisely (7.10).

! The other way around (see §7.3) the conditions on ¢! (curl H — .J) allow one to
recover the perfect conductor boundary condition on E by integrating in time,
with the help of Proposition 2.3.4.
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On the other hand, one can similarly handle the truncated interior prob-
lem, with an absorbing boundary condition (ABC) on the artificial boundary
I's. Recall that in this case, I" = I'p U I'y, with I'p N 04 # (), and we
agsume that the medium is homogeneous in a neighborhood of I'4. The ABC
writes

) X n+ \/7HT )on Iy, t€]0,T]. (7.12)

Equations on {2 remain unchanged, including the initial conditions (7.5).
Then, the boundary conditions (5.9) and (7.10) hold on I'p. On the other
hand, on the artificial boundary, one builds, in the same spirit as (7.10), the
conditions

oFE 1 og*
E(t) X n — —Eﬂ(curl E)r(t) = 5 (t) on I'g, t €]0,T] (7.13)
0H 1 k™

with data g* and k* = \/e/ug* X n.

7.1.2 Variational approach
In the spirit of (5.1), we require

E € L*(0,T; H(curl, 2)), E' € L*(0,T; L*(12));
H < L*(0,T; H(curl, 2)), H € L*(0,T; L*(2));
J € L*(0,T; L*(12)).

Note that we add the initial conditions (7.8-7.9) as before.
Consider first that the medium is encased in a perfect conductor. Then, we
include the boundary condition in the requirement for the electric field, namely

(cf. (5.2))
E € L?(0,T; Hy(curl, ©2)).

Let us build the second-order variational formulation for the magnetic field.
To begin with, one can reformulate Ampere’s law (7.1) as

Vo € D(|0,T]), Vv € L*(12),
T T
| AEBOR 0+ et HOP) s}t = [ @ IO o) dr
0 0
In particular,
Vgp € D(]0,T]), Yw € H(curl, 2),
/ {(E(t)| curlw) ¢'(t) + (¢~ ' curl H(t)| curlw) o(t) } dt

= /0 (e LT (t)| curl w) p(t) dt.
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On the other hand, according to Faraday’s law (7.2), knowing that E(t) be-
longs to Hy(curl, £2) for all ¢, we find, by integration by parts in space and
time,

T T
/ (E(t)| curlw) ¢’ (t) dt = / (curl E(t)|w) ' (t) dt
0 0
T T
—- [eH O @i = [ @O O 115
0 0

Hence, we conclude that
Yo € D(]0,T[), Vw € H(curl, £2),
T

/0 {(H(t)|w) " (t) + (¢~ curl H(t)| curlw) (t) } dt (7.16)

T
= /0 (e LT (t)| curl w) ¢(t) dt.

Equivalently,
Yw € H(curl, 2),
2

H(t)|w)} + (e ! curl H(t)| curl w) (7.17)

d
ae
= (@_1J(t)| curlw) in D'(]0,T).

To build the second-order variational formulation for the electric field, we
proceed similarly. Let us start with Faraday’s law (7.2)

Vgo € D( ]o T[) Vo € L*(12),

/ {—( ¢'(t) + (0" curl E(t)|v) o(t)} dt = 0.

Next, take v = curl w, with w € H(curl, 2), and integrate by parts in space
the first term (the boundary condition is needed on w, as none is imposed on
H (t)). Using Ampere’s law (7.1) and finally integrating in time, we find:

T T
- / (L (t)| curl w) ¢/ (£) dt — — / (curl H (t)|w) ' (t) dt
0 0
T T
- [ B Wi~ [ GO Swa (@)
0 0

For the electric field, we conclude that

chTE D(]0,T[), Yw € Hy(curl, 2),
/O (CB(t)w) " (1) + (" curl B(t)| curlw) o(t)} dt

T
- [ Gk

(7.19)
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Vw € Hy(curl, £2),
e A(eBOw) + (v curl B(1)|curl w) (7.20)

d . /
- (J(t)|w)} in D'(J0,T]).

For the truncated interior problem, one proceeds very similarly, bearing in
mind that E(t) x njr, = 0 and (E(t) x n + (,u/s)l/QHT(t))l r, = g*(t). For
this problem, one requires

E € L?(0,T; Hy r, (curl, 22)).

Also, when building the second-order variational formulation in H, (7.15)
comprises boundary terms on I': for all w € H(curl, 2),

T T
/0 (E(t)| curlw) ¢’ (t) dt = /0 {(curlE(t)|w) + 0 (E(t) % n,wﬂm} ' (t) dt

- [(wrOw 0@ [ {60\ EE0w )0
For the second-order problem on the magnetic field, we readily arrive at
thTE D(]0,T|), Yw € H(curl, £2),
| {wrwm o - By 00, 0
+(e~ " curl H(t)| curlw) o(t) } dt
ZAT{@IJQUMNWMﬁ%+Vgﬁ®ﬂﬂxnmw%ﬂﬂﬂ}ﬁ

(7.21)
assuming that we can split the duality brackets on I'4(?). Equivalently,

Yw € H(curl, 2),
S wHOR) + 25 0,07}
+(e¢™ ! curl H(t)| curl w)
= (e"'J(t)| curl w) — \/g% {72‘ (k*(t) x n,w-r)m} in D'(]0, T).
(7.22)

2 From the definition k* = \/e/p g* X n, and because g* is tangential, it holds that
\/ /e k¥ x n = —g*. Hence, the boundary term in the r.h.s. of (7.21) also writes

T
—/O 20 (g%, wr)ea @ (1) dt.
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When building the second-order variational formulation in the electric field,
(7.18) also comprises boundary terms on I's: for all w € Hy . (curl, £2),

_ /OT(H(t)| curlw) ¢/ (t) dt = /OT {—(curlH(t)|w) + o0 (@ x 0, HT (1)) } o (1) dt

T T
- / (eE(t)|w) " (1) dt / (T(t)w) @' (1) dt

0 0
T
+ %/o {v% (@ x 1, g5 (1)) ra — 40 (W x 1, E(t) x n>”} #(t) dt.

We then obtain
Yo € D(]0,T[), Yw € Hy . (curl, 2),

! " € — Fnl ’
/0 {(GE(t)I’w) ¢ (t) - \/Eyg (W xn, E(t) x n)x,¢'() (
+(u~ " curl E(t)| curl w) o(t) } dt

- [Howm -\ Fymxngon, oo
or,

Vw € Hy, . (curl, 2),
T (B} + /2
ag \\° m

7.23)

d

2o @ < B(1) x n)r,)

+(u ' curl E(t)| curl w) (7.24)

d ed _ — .
=~ {0+ =2 @ g} D007,
Remark 7.1.1 For both problems, we recover, as side products, Eqs. (7.6)—
(7.7) in the sense of distributions in space and time. Also, note that, if J' €

L}, .(0,T; L*(£2)), one can replace fOT(J(t)|w) O (t)dt in (7.19) and (7.23),

respectively —{(J(t)|w)} in (7.20) and (7.24), with —fOT(J’(t)|w) o(t) dt,
respectively with —(J'(t)|w).

Remark 7.1.2 From now on, one requires that all traces, 8,g*(t), d;k*(t),
O:E(t) x nr, and O;H (t) x m|r, belong to L?(I's) at all times, so that one
can measure the electromagnetic fields on I's by integrating their norm squared
(see §7.2). According to Remark 5.1.8, this assumption is not restrictive, as
it amounts to choosing an artificial boundary without pathological vertices.
Anyway, pathological vertices could still be accepted, because one retains the
positive property on the boundary term on I's, cf. (5.26).

7.2 Well-posedness of the second-order Maxwell
equations

Our aim now is to solve rigorously the second-order time-dependent Maxwell
equations, and to obtain well-posedness under some ad hoc assumptions on the
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data that can be different from the ones required for the first-order equations
(see §5.2). For that, we shall use the Lions-Magenes Theorem 4.3.13 or, more
precisely, its variant, Corollary 4.3.15. We let H be a first Hilbert space,
with scalar products (-, )y or o(, -)3, whose associated norms are equivalent.
We also let V be a second Hilbert space, with scalar product (-,-)y; V is
continuously imbedded in H, and moreover, V is dense in H. The abstract
form of a second-order time-dependent problem is to find a weak solution
u : ¢+ u(t) with values in V for ¢ € [0, 7], governed by

Find u such that
Ywev, % {2(u(t), v)a} + alu(t),v) = (£(t), v) in D'(]0,T),
u(0) = up and v'(0) = u;.

Above, the form a defined on V' x V' is Hermitian. We recall that the variational
formulation is equivalently written as

chED]O T]), Vv €V,
T
/ (o(a(8), V)2 9" (1) + ala(t),v) ()} dt = / (£(1), v (1) d.

To prove well-posedness, the crucial tool is the so-called energy inequality,
which allows one to obtain uniform estimates (with respect to the data).
In this way, one can construct (approximate) solutions in finite-dimensional
vector subspaces of V, and then pass to the limit to prove the existence of the
solution.

We recall below how the energy inequality is obtained, because alternate
estimates will be needed later on. First, let us add v ||v||3, to both sides of the
above variational formulation, with v > 0 chosen so that property (4.15) is
fulfilled: namely, v is such that

v (a(v,v) + v [v]F) 2

defines a norm on V, which is equivalent to | - ||y. Then, to derive this energy
inequality, one (formally) sets the test function v to u'(t):

2(0”(1), 0 (1)) mtalu(t), w' (1) +v(a(t), w' (@)n = (£(t), 0 ()n+v(ult), w'(t))n.

Integrating in time (¢ €]0,0[) and noting that the left-hand side is a real
number, one finds (with dg,d1 > 0):

2 (O3, + a(u(©),u(0)) + vI[u(©)]7] — [2lu1l3; + a(uo, o) + v|luoll3,]

_2/ R{(£(8), 0 ()2 + v(u(t), ' (£))} dt
< / {aonf(>||H+—|u<>||%+u61|u<t>|%+§|u'<t>|%}dt-
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So, we have
e
2|[W' (O)13 + e [u(O)I} < Cie +/0 {00l £ ()13 + S2llm()% + dsl[u’(£) (13, } dt,

where Cj. == 2lu1]|3, + a(uo, uo) + v||uo|?, depends on the initial conditions,
8o >0, 82 := vdy >0, §3 := (60) "L +v(61)"! > 0, and finally, a > 0 denotes
the comparison parameter of the norms in V), cf. property (4.15). To obtain
the energy inequality, one uses Gronwall’s lemma.

Lemma 7.2.1 (Gronwall) Letd € L'(0,T;R"), e € L'(0,0) for all©® < T,
C and By >0, B2 > 0 be such that

S] e
for a.e. © €]0,T[, e(©) < C + [31/ e(t) dt + ﬁz/ d(t)dt.
0 0

T
Then, e € L>(0,T) and |[e|| (0, 17) < exp(B1T) {C—I—ﬁz/ d(t) dt}.
0

In our case, we simply define e := |||, + |[u|3, d := ||£]|3, and C := C.
to conclude that there exists a constant Cp > 0 such that the generic energy
inequality below holds:

”u“\Q/Vl’OO(O,T;H) + HUH%OO(O,T;V)

T
<Cr {IU1I%+ |110||$;+/0 IfI%dt}- (7.25)

7.2.1 In a domain encased in a perfect conductor

This is the cavity problem. The case of Maxwell’s equations set in R? is ad-
dressed here in particular, since the variational formulations and function
spaces are identical.

Let us start with the problem in the field E. According to (7.19) or (7.20),
we set Hp = L*(£2), endowed with the two scalar products

(v,w)y, = (v|w) and 2(v, W)y, = (ev|w).

The latter one is actually a scalar product, according to the assumptions
on the permittivity tensor e, namely thanks to (5.10), which also ensures
the equivalence of the associated norms. The data is £z = —J'. Then, to
take into account the perfect conductor boundary condition on E, we set
Vg = Hy(curl, 2), and the form

ap(v,w) = (u ! curlv| curl w).

Let us carry on with the problem in the field H. In this instance (see (7.16)
or (7.17)), we set Hy = L*(12), endowed with
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(v,w)y, = (wlw) and 2(v, w)y, = (pv|w).

We remark that, in the variational formulation, the right-hand side is not
expressed as the generic (£(t), )3, . This difficulty is addressed below. In the
“magnetic” case, 2(+, )3, is a scalar product thanks to the assumptions (5.10)
on the permeability tensor p. Finally, we set Vg = H(curl, 2), and

ag (v, w) = (¢! curlv| curl w).

Lemma 7.2.2 The field H fulfills an energy inequality (7.25), with data £ =
-J.

Proof. As in the introductory part of §7.2, we first find that, for © €]0, T,

o[ H' (O34, + an(H(O), H(6)) + [|[H(O)|* = C;

[C] C]
+2/ §R{(®_1J(t)|curlH'(t))}dt+2/ R{(H(t)|H' (1)} dt, (7.26)
0 0

where Cj. := o||H13,,, + an(Ho, Ho) + ||[Ho||*. To tackle the non-standard
term involving the data J, we integrate by parts in time:

€ e
2/ R{ (e~ ()] curl H' (1))} dt — —2/ R{ (e~ ()| curl H(1))} dt
0 0
+2R{(e"*J(O)| curl H(O))} — 2R{(e"*J(0)| curl Hy)}.

The first and last terms can be handled as before: —2R{(e~'J(0)| curl Hy)}
is added to Cj., whereas

o
—2/ R{(e T (t)| curl H(t))} dt
0
e e
e 2y 2 ¢ !cur cur
g/o le=/20 (1) dt—i—/o( 1H(t)| curl H(t)) dt

e e q
< [Creresoras [C 2 iE@R, @
Then, we bound the second term by

1
2R{(e”J(0)| curl H(O))} < 6 [le” /2T ()| + san(H(©), H(9)),
for § > 0. Taking, for instance, § = 2, we notice that the term ay (H (6), H(0))
will be absorbed by the left-hand side of (7.26).
Finally, using the triangle inequality, Proposition 2.3.6 and the Cauchy-
Schwarz inequality in time, we obtain:
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€
le=1/23(0)|| = / e V21 () dt + /2 (0)
0

e
< / le™ V20 (1) de + 2T (0)]
0
o 1/2
< o2 (/ ||e-1/2J'<t>|2dt> e 2T 0)].
0

e
Hence, 2 ||e"'/2J'(0)|? < 46 / le™Y20 (t)||%dt + 4=/ (0))>.
0
Putting everything back in (7.26), we find that

, 1
2 H'()][3,, + min(1, E)HH(@)II%H

<2 H'(0)|3, + %GH(H(Q%H(@)) +[1H(©)]*

e
gC{c+(1+4T)/ lle Y20 (t)||2dt
0

© ! 2 1 2
= [ (1o + as Dimg, ) i

where C!, = Ci. — 2R{(e "' J(0)| curl Hy)} + 4|le~/2J(0)]%.
We can conclude by using Gronwall’s Lemma. [ |

Remark 7.2.3 In the above proof, we integrate in time to compensate for the
lack of regularity in space of J (and H ). This will also be the case in The-
orem 7.5.4, which addresses the existence of electromagnetic fields, assuming
only the knowledge of a solution to the second-order problem on the magnetic

field.

Theorem 7.2.4 Consider a perfect medium in a domain §2 C R3 encased in
a perfect conductor, and T > 0. Let the tensor fields € and p satisfy (5.10).

1. Assume that

{EO S HO(CUI'I, Q)v HO € H(CuI‘l, Q) (7 27)

J e HY(0,T; L*(2));
then, there exists one, and only one, couple of fields (E, H):

(E,E') € C°([0,T]; Ho(curl, 22)) x C°([0,T]; L*(12))
{ (H,H') € C°([0,T]; H(curl, 2)) x C°([0, T}; L*(2)),

which solves Eqs. (7.6-7.7), (7.5) and (7.8-7.9), supplemented with the
boundary condition (5.9).
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2. Assume, in addition to 1, that

2
0(0) € H1(02), %-l-divJ:O, t>0; (7.28)

{diV(EEO = Q(O), diVDJHQ = O, [pHo"I’L‘F =0
ot

then, there exists one, and only one, couple of fields (E, H):

(E,E'") € C°([0,T]; Ho(curl, 22)) x C°([0, T); L*(£2))
(H,H') € C°([0, T); H(curl, 2) N H(div p, £2)) (7.29)
xCO([0,T); Ho(div , £2)),

which solves the second-order system of equations (7.6-7.7) and the diver-
gence conditions (7.3-7.4), (7.5) and (7.8-7.9), supplemented with bound-
ary conditions (5.8) and (5.9).

8. Assume, in addition to 1, that

p~lcurl Eg € H(curl, )
e Ycurl Hy — J(0)) € Hy(curl, £2) (7.30)
J € H*(0,T; L*(2));

then, the couple of fields (E, H) of 1 fulfills the boundary condition (7.10).
In all instances, the couple of fields (E, H) depends continuously on the data.

Proof.

1. For the problem in the field E, we remark, on the one hand, that the
variational formulation fits into the abstract framework of the introduc-
tory part of §7.2. On the other hand, E; belongs to L?(f2), the form
ag(+,-) is obviously Hermitian, and moreover, it fulfills property (4.15)
in Ho(curl, £2), so the result is a straightforward application of Lions-
Magenes Theorem 4.3.13 and its Corollary 4.3.15. One obtains that the
second-order equation (7.6) is fulfilled in L?(0,T; (Hg(curl, 2))), as a
side-product (see Remark 4.3.14), whereas the boundary condition (5.9)
is included in the definition of H(curl, £2).

For the problem in the field H, we have that H; € L*(£2), and more-
over, the form ay is Hermitian, and fulfills property (4.15) in H (curl, £2).
However, the conditions on the right-hand side of the variational formu-
lation are not met. In this case, one has to build an energy inequality
directly, cf. Lemma 7.2.2. This last result allows one to derive a variant of
the Lions-Magenes Theorem, and we also achieve well-posedness in this
case, with continuous dependence on the data. Finally, the second-order
equation (7.7) obviously holds in D'(]0, T[x £2).

2. For the problem in H, our aim is to prove that

vt €[0,T], divpH(t) =0, pH(t) -njr = 0. (7.31)
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From step 1, we already have that H € C°([0,T]; L*(£2)), so H (t) belongs
to L*(£2) for all t € [0,T)], and we just need to prove that (cf. (2.25))

vt €[0,T], Yo € H(2), (uH(t)| grad ¢) = 0.

So, given ¢ € H'(£2), we define hy := (uH|grad ¢) € C°([0,T7]). Now,
according to Proposition 2.2.10, we have grad ¢ € H (curl, {2), so it can
be used in the variational formulation, which yields:

T
Ve € D(0.T]), 0 = / ho(t)e" (£) dt = (1, o);.

In other words, hj; = 0 in D’(]0,T7), so there exist complex numbers a, b
such that, for t € [0,T7], hy(t) = at + b.

On the other hand, the initial condition on Hy (7.28) gives hy(0) = 0.
In addition, one also has h}(0) = 0, because (7.9) and Proposition 2.2.10
imply divpH; = 0 and pH; - njr = 0. We conclude that hy = 0, which
proves (7.31). Obviously, the same result holds for H’, so we have obtained

H, H' e C°(10,T]; Ho(div p, 12)).

For the problem in E, given ¢ € D({2), this time, we have grad¢ €
H(curl, £2) (cf. Proposition 2.2.10), and in this case,

T T
Ve € D(0,T)), / (cE(t)| grad 6)" (1) dt = / (J(1)] grad )¢/ (1) dr.

The right-hand side is then processed:

T T _
[ Gleradop @i = - [ vaw.ae 0
0 0

Next, we introduce e4 := (e E|grad ¢), rg := (0, ¢), both of which belong
to C°([0,T7]). Indeed, the latter is characterized by (¢’, ¢), which belongs
to CY([0,T]) and by (0(0), ). Summing up:

Y € D(0,T), (e, p)e = — (1, )t

so one can write, for t € [0, T, es(t) = ry(t) + at + b, with a,b being two
complex numbers. Then, we recall, from (7.28), that e4(0) = 74(0), and
moreover,

(7.28)

@) T (div1(0),8) "2 14, (0).

¢,(0) = (eE1|grad ¢) = —(diveE, 3)
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Hence, e4 = ry, which we can express equivalently as

vt e [OvT]u V¢ € D(Q)u <d1V(BE(t)7$> = <Q(t)7a>7 that is,
vt € [0,T], diveE(t) = o(t) in H'(£2).
. Due to 1. and (7.27), we know that ¢~ !(curl H — J) € C°([0, T}; L*(£2)).

On the one hand, for + > 0, the mapping v — (e !(curl H(t)
J(t))| curlwv) belongs to (H (curl, £2))’, and we can write

Yo € H(curl, 2), t >0, (¢ (curl H(t)—J(t))| curlwv) = (X (), V) H(curl, )

with X € C°([0,T]; (H(curl, £2))"). On the other hand, notice that (7.17)
can now be rewritten pH"” + X = 0 in C°(]0, T[; (H (curl, £2))"), hence
we infer that pH"” € C°(]0, T[; (H (curl, £2))").

So, we remark that, if H” € C°(]0,T[; L*(£2)), then X belongs to the
same function space. In this case,

Vv € H(curl, ), t €]0,T[, (¢ *(curl H(t) — J(t))| curlv) = (X (t)|v).

Taking v € D(£2), we obtain that curle !(curl H(t) — J(t)) = X (t) €
L?(2) for t €]0,T[. We conclude, by identification, that

Vv € H(curl, 2), t €]0,T[, —(curl(e”*(curl H — J)(t))|v) +
(e !(curl H — J)(t)| curlv) = 0,
i.e., (7.11), which yields (7.10).

Now, let us prove that H” € C°(]0,T[; L*(£2)) under the assumptions
(7.30). For that, we introduce the auxiliary problem

Find h such that

Vv € H(curl, 2), % {(ph@)|v)} + am(h(t), v)
= (e"*J'(t)| curlv) in D'(]0, T),
h(0) = H; and h'(0) = Hy := —p~ ' curl(e ! (curl Hy — J(0))).

Proceeding exactly as in step 1, we find that there exists one, and only
one, field h that solves the above, with regularity

(h,h’) € C°([0, T]; H(curl, 2)) x C°([0,T); L*(12)).

Then, we check that ¢ — H(t) = fot h(s)ds + Hy solves the original
second-order “magnetic” problem. The initial conditions on H are, re-
spectively, ﬁ(O) = Hy and ﬁ/(O) = h(0) = H; (see Proposition 2.3.6
for the latter). Also, replacing H with H in (7.16), one finds easily, by
integration by parts in time, that this new formulation is true for all

¢ = with ¢ € D(]0,T]) (and for all w € H/(curl, 2)). Hence, given
w € H(curl, ), we find that it holds that, in D'(]0,T7),
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d2

el {([pﬁ(tﬂw)} + (7! curlﬁ(tﬂ curlw) — (¢ 1 J(t)| curl w) = aq,

where a., is a constant number. Going to the limit at ¢ = 0T, we obtain

aw = (pb'(0)|w) + (e~ ! curl H(0)| curlw) — (¢~'J(0)| curl w)
= —(curl(e™*(curl Hy — J(0)))|w) + (¢~ (curl Hy — J(0))| curl w)
= 0 by integration by parts, thanks to (7.30).

So, we conclude that H solves (7.17). By the uniqueness of the solution,

we actually have that H and H coincide, and in particular, H” = n’
belongs to the ad hoc function space.

Remark 7.2.5 In the previous proof (step 2), one cannot use, as before, the
process described in Remark 5.1.2 for the first-order equations to recover the
divergence conditions (5.5)—(5.6).

Remark 7.2.6 The second-order in time problems are related only through
their initial conditions. So, in principle, it is possible to solve them “indepen-
dently”: one can choose to state the well-posedness results for the second-order
system of equations in E only, and likewise for H. However, the assumptions
about the data are stronger for recovering the boundary condition (7.10) on
the field H, which induces some asymmetry between the two second-order
problems.

Remark 7.2.7 To tackle the unusual right-hand side in the “magnetic” case,
one could also consider applying the improved regularity results of §4.4, to
reach similar conclusions regarding the existence and uniqueness of H. In-
deed, it is clear that w — (e~ 1J|curlw) belongs to L*(0,T; H(curl, 2)")
if J € L?(0,T;L*(£2)). Those results hold under some compactness prop-
erty: mamely, that the space of magnetic fields is compactly imbedded in
Hy = L*(2). However, H (curl, ) is not a compact subset of L*(£2), so one
must instead consider an appropriate subspace that still contains all the mag-
netic fields. On the other hand (cf. step 2), divyH and pH -n|p both vanish.
An appropriate choice is then H (curl, 2) N Ho(div y, £2), which is compactly
imbedded in L*(£2) when 2 is a domain, according to Theorem 7.5.3 below.

7.2.2 Truncated interior problem

Below, we focus on the differences with the case of a domain encased in a
perfect conductor: unless otherwise specified, notations are the same as in
this case.

Let us start with the problem in H, cf. (7.21) or (7.22) and Remark 7.1.2.
We choose the same pivot space Hy = L*(£2) and scalar products (-, ),
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5(, )2, - Whereas, we set VI := {v € H(curl,2) : vxnr, € L7 (I'a)},

and deﬁne
Elp(v,w):ag(v,w)—i—\/g/ vt -wT dl.
eJr,

Here, TIP stands for truncated interior problem.

Lemma 7.2.8 The field H fulfills the energy inequality, for some Cp > 0,

T
HHHIQ/VLOO(O,T;LQ(Q)) + HHH%w(o,T;H(curl,Q))'f‘/o /r |H': (1) dI" dt
A

< Cr {C;C +/OT ||J'(t)||2dt+/0T/F |(k*)'(t) x n|2dth} . (7.32)

Proof. For © €)0, T,
o[ H'(©)|3,,, + an(H (), H(O)) + | H(0)]*

+2\[/ /FA|HT (t)[*dIdt = Cw+2/ R{(e ' J(t)|curl H'(t))} dt

+2/ R{(HL(t)| H (t) }dt_Q\[/ FA@R{k*)()an/()}drdt

One then bounds the new term on the right-hand side, for instance, by

[©]
@/@ /FA (I(K*)(t) x | + |H (t)?) dTdt,

whose rightmost part can be absorbed into the left-hand side:

o[ H'(O)|I3,, + an(H(0),H(0)) + | H(O)]*

\f/ / |H(t |2dth<Cw+2/ R{(e ' J(t)| curl H'(t))} dt
I'a
+2/ R{(H (t)|H'(t) }dt+\/>// (K*)'(t) x n|*dI dt.

I'a

In particular, one has

o | H'(O)31,, + an(H(0), H(O)) + | H(O)|* < Cie

+2/ R{(e"'J(t)|curl H'(t))} dt

+2/ R{(H (t)|H'(t) }dt+\/7// (k") (t) x n|*dI dt.
I'a

Proceeding as in the proof of Lemma 7.2.2 (integrating by parts in time the
term with J), one finds that HHHW1 w(0.1:L2(2)) T ||H||2L°°(0,T;H(cur1,9)) is
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bounded as claimed in (7.32), for an ad hoc Cp > 0.
On the other hand, one also has

\/>//F|H’ |2dth<Cw+2/ R{(e ' J(t)| curl H'(t))} dt
+2/ R{(H(t)|H'(t) }dt—i—[//F (K*)'(t) x n|*dI dt.

Again, integrating by parts in time the term with J, and using the proven
bound on |\H|\%V1,,,o(07T;L2(Q)) + 1 H |7 o (0,7 E(cur1,2)» One concludes that
(7.32) globally holds for some Cp > 0. |

For the problem in E, cf ( .23) or (7.24) and Remark 7.1.2, we choose the
same pivot space Hp = L*(£2) and scalar products (-, -)#,, 2(, )2,- On the
other hand, we set VEIP := {v € Ho r.(curl,2) : v xmnr, € L7 (L)},

and define
gp(v,w)zaE(v,'w)—i—,/E/ vxXn-wxndl.
H Jrs

As previously, we find an energy inequality, whose proof is omitted.

Lemma 7.2.9 The field E fulfills the energy inequality, for some Cp > 0,

1By 1Bl oy + [ [ 1) xnfara

< Cr {c;; /HJ’ ? dt+// |2dth}
I'a

Above, CI! := CI' (|| curl Eo||, | E1])-

We now proceed with the main existence result for the truncated interior
problem.

Theorem 7.2.10 Consider the truncated interior problem for a perfect med-
ium, set in a computational domain 2 C R®. Near the artificial boundary,
the medium is homogeneous. Set T > 0, and let the tensor fields € and [
satisfy (5.10).

1. Assume that

Ey € Hy .(curl,?), Hy € H(curl, 2)
J € HY(0,T; L*(2)) (7.33)
g* € HY(0,T; L} (I'4));

then, there exists one, and only one, couple of fields (E, H):

(E,E') € C°([0,T]; Ho rp (curl, 2)) x C°([0,T]; L*(£2))
{ (H,H') € C°([0,T]; H(curl, 2)) x C°([0, T]; L*(12)),
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which solves Eqs. (7.6)—(7.7), (7.5) and (7.8)~(7.9), supplemented with the
boundary condition (5.9) on I'p. Moreover, the traces (HT)r,, (H)|1,,
(E xn) i, and (E' xn)r, all belong to L%(0,T; L (Ta)).

2. Assume, in addition to 1, that

diveEqo = 0(0), divpHo =0, pHo-nr, =0
0 7.34
0(0) € H~1(92), a—f—i—divJ:O, t>0; (7.:34)

then, there exists one, and only one, couple of fields (E, H):

(E,E') € C°([0,T]; Ho,r,, (curl, 22)) x C°([0, T]; L*(£2))
(H,H') € C°([0,T); H(curl, 2) N Hy 1, (div y, 2))
xCO([0,T); Ho,rp (divy, 2)),

which solves the second-order system of equations (7.6)—~(7.7) and the di-
vergence conditions (7.3)—(7.4), (7.5) and (7.8)—(7.9), supplemented with
boundary conditions (5.8) and (5.9) on I'p.

3. Assume, in addition to 1, that

p~!curl Eg € H(curl, )

¢ (curl Hy — J(0)) € Ho r, (curl, 2)
((curl Eo) 7)1y, ((curl Ho — J(0)) x n)|r, € L7 (L)
J € H*(0,T; L*($2))

g* € H*(0,T; L{(T'a))

_\/LE_H(CUI'IEO)T + %(CUI‘]HO — J(O)) Xn = (g*)/(O) on I,

then, the couple of fields (E, H) of 1 fulfills the boundary conditions (7.10)
on I'p, and (7.13) or (7.14) on I4.

In all instances, the couple of fields (E, H) depends continuously on the data.

(7.35)

Remark 7.2.11 By definition, the regularity of k* matches that of g*, i.e.,
k* € H'(0,T; L} (I'a)) at step 1, respectively k* € H?(0,T; LZ(I'a)) at step 3.

Proof.

1. The proof is very similar to that of item 1 of Theorem 7.2.4. Then, the
regularity results on the tangential traces of the fields follow from the
energy inequalities of Lemmas 7.2.8 and 7.2.9. Finally, Egs. (7.6-7.7) hold
in D'(]0, T[x 2).

2. For the problem in H, thanks to (2.25), our aim is to prove that

vt € [0,7], Yo € Hy 1, (12), (pH(t)|grad ¢) =0.

As a matter of fact, given ¢ € Hy », (£2), there exists (¢x)r € (CF5, (£2))M
such that limy s ||¢— ¢k | 51 (2) = 0 (cf. Definition 2.1.65). It follows that
(grad ¢y ) is a Cauchy sequence in VE!P | hence it converges in V. By
the uniqueness of the limit (in D’(2)), one has grad ¢ € VL. So, one
can follow the proof of item 2 of Theorem 7.2.4. For the problem in E,
the proof is unchanged.
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3. Due to 1 and (7.33), we know that ¢~ ! (curl H — J) € C°([0,T}; L*(£2)).
On the one hand, for ¢ > 0, the mapping v — (¢ (curl H(t) —
J(t))| curlwv) belongs to (H r, (curl, 2)) and we can write

Yv € Hy p,(curl, £2), t >0,
(e (curl H(t) — J(t))| curlv) = (X (t), v) fr, 1., (curt,2);

with X € C°([0,T]; (Ho.r, (curl, 22))").

On the other hand, according to Definition 2.2.27, the closure of CF, (£2)
in H(curl, 2) is equal to Ho r,(curl, 22). As CF (2) c VI, (7.22)
implies, in particular, that pH"” + X = 0 in L*(0,T; (Ho.r, (curl, o)nn.
If H' € C°(J0,T[; L*(£2)), then X belongs to the same function space.
In which case, it follows that

Vv € Hor,(curl,2), ¢t €]0,T[, (e *(curl H(t)—J(t))| curlv) = (X (t)|v).

Taking v € D(2), we obtain that curle !(curl H — J)(t) = X(t) €
L?(12) for t €]0,T[. By identification, one obtains

Vv € Ho r,(curl, 2), t €]0,T[, —(curl(e”!(curl H — J)(t))|v) +

(e ' (curl H — J)(t)| curlv) = 0,
Thanks to (2.27) and (2.24), we conclude that the boundary condition
(7.10) is fulfilled on I'p. Let us next recover the boundary condition on I'4.
Still assuming H" € C°(]0, T[; L*(£2)), we have proven that, for ¢ €]0, T7,
curle”!(curl H — J)(t) = —pH"(t) € L?*(R). Going back to (7.22),

we now use test functions v in CF,(22) C VE': integrating by parts
(¢! (curl H — J)(t)| curlw), we find

/FA [\/g(H'T(t) + (E*) (t) x n) + é(curlH—J)(t) xn|-vrdl =0.

Now, one uses the density of C},(2) in Hy r,(curl, 2) (this is Def-
inition 2.2.27), and hence of the tangential components traces on I'4

of CZ,(2) in HI}()/Q(curlp,FA) (see Theorem 3.1.28). Then, together
With the duality identity of Theorem 3.1.29, it yields that (7.14) holds in

H (v, Ta).

It remains to prove that H” € C°(]0, T[; L?(£2)) under the assumptions
(7.35). For that, we introduce the auxiliary problem

Find h such that
v € VP, S (b (0lv)} + a P (a0, v)

= (e ' J'(t) |curlv \/7/ (k*)'(t) x n-¥71dI" in D'(]0,T),
h(0) = H; and h'(0) = curl( Ycurl Hy — J(0))).
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Proceeding exactly as in step 1, we find that there exists one, and only
one, field h that solves the above, with regularity

(h,h’) € C°([0, T]; H(curl, 22)) x C°([0, T); L*(12)),

plus regularity of the tangentlal traces.

Then, we check that t +— H fo s)ds + H solves the original
second-order “magnetic” problem. The 1n1t1al conditions on H are, re-
spectively, ﬁ(()) = H and ﬁl(()) =h(0) = H;. Also, if one considers for
H the formulation (7.21) (replacing H with ﬁ), one easily finds, by inte-
gration by parts in time, that this new formulation is true for all p = ¢’
with ¢ € D(]0,T[) (and for all w € VL!T). Hence, given w € VH | we
find that it holds that, in D’(]0,T7),

% {([}Jﬁ(t)hu)} + (et curlﬁ(t)| curl w)
—(e7 " J(t)| curlw) + \/7 . H-r k*) (t) x n) - WTdl = au,

where a,, is a constant number. According to the assumptions, we have
(h7)r,(0) € L7(I'4), so we can pass to the limit at ¢ = 0% and reach

ayw = (ph'(0)|w ~!curl H(0)| curlw) — (¢~ 'J(0)| curl w)

\[/FAhT k*) (0) x n) - @t dI’

—(curl(e™*(curl Hy — J(0)))|w) + (¢~ (curl Hy — J(0))| curl w)

\/7 H1 T—|— k*)(())xn) wT dI’
FA

= 0 by integration by parts, thanks to (7.35).

So, we conclude that H solves (7.22). By the uniqueness of the solution,
we actually have that H and H coincide, and in particular, H” = n’
belongs to the ad hoc function space.

For the problem in E, we have to introduce another auxiliary problem in
e, which turns out to be equal to E’. We omit the details, as the proof is
simpler (the boundary condition on I'p is already known).

7.3 Second-order to first-order equations

The question we address here is: are the fields we have characterized in §7.2
equal to the solution to the first-order equations? This question is alluded
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to in §1.5.3, and a formal justification is derived there. Below, we shall con-
sider two different approaches to addressing this issue. The first one uses the
knowledge of the two fields E and H, which solve the second-order Maxwell
equations (cf. §7.2), whereas the other one uses the knowledge of only one of
those fields. To avoid repetitions, we shall apply the two-field approach to the
truncated interior problem, and the one-field approach in a domain encased
in a perfect conductor.

7.3.1 Two-field approach

Let us study the truncated interior problem. We mainly use the regularity
results proven in Theorem 7.2.10, and in particular, those needed on the first-
and second-order derivatives of H and E (cf. item 3). In this way, the two-field
approach can be viewed as a by-product of this Theorem.

Theorem 7.3.1 Consider the truncated interior problem for a perfect med-
ium, set in a computational domain 2 C R3®. Near the artificial boundary,
the medium is homogeneous. Set T > 0, and let the tensor fields € and [
satisfy (5.10). Under the assumptions (7.33), (7.34), (7.35) and

EOX7’L+

NS

(Ho)T =g*(0) on I'a, (7.36)

the solution (E,H) to the second-order Mazwell equations is equal to the
solution to the first-order Maxwell equations.

Proof. Starting from the results of Theorem 7.2.10, there remains to check
that the solution (E,H) to the second-order Maxwell equations fulfills
Egs. (7.1)-(7.2), together with the boundary condition (7.12) on I'4, to prove
that it is indeed the same as the solution to the first-order equations. As
a matter of fact, the uniqueness of the solution to the first-order Maxwell
equations for the truncated interior problem (§5.1.2) allows one to reach the
conclusion.

Let us first investigate Eqgs. (7.1)—(7.2). To that aim, let us introduce the
two auxiliary unknowns

U=FE —¢'curlH+e¢ 'Jand V:= —H —p 'curl E.

We already know that U,V € C°([0,T]; L*(£2)). Also, due to the first-order
initial conditions (7.8)-(7.9), we have U(0) = V(0) = 0. Next, we recall that
we solved auxiliary problems (see item 3 of Theorem 7.2.10), whose solutions
are the first-order time derivatives of the fields E and H. In particular, we
have the following extra-regularities:

(E',E") € C°([0,T); Hy r, (curl, 22)) x C°([0,T); L*(£2))
{ (H',H") € C°([0,T]; H(curl, 2)) x C°([0,T]; L*(£2)).
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Hence, we derive U’, V' € C°([0, T]; L*(12)).
Using the second-order equations, we can relate (U’, V') to (curlU, curl V),
by differentiating, in the sense of distributions in space and time,

U—-c¢leurlV=E"+e¢ 'J +¢ 'curlp ' curl E

=¢ Y(eE" +J +curly 'curl E) 729 ;

V +pteurlU = —H” —p~teurle 'curl H 4+ pcurle 'J
= —p H(pH" + curle !(curl H — J)) 722
In other words, we have
eU —curlV =0 and pV’' + curlU = 0.

Due to the regularity of (U’, V"), we recover U,V € C°([0,T]; H(curl, £2)).
Let us finally investigate the boundary conditions fulfilled by the (tangential)
components of U (t) and V (¢), for ¢ € [0,T]. On I'p, we know, on the one hand,
that E'(t) € Ho r, (curl, £2), while on the other hand, condition (7.10) holds:
we thus have U(t) € Hy pp(curl,§2). Then, on I'4, we use the boundary
conditions (7.13) and (7.14):

) xm+ \/7vT - (E'(t) SR \/L_(curl E)T(t))

el

\/7 (H’ () + \/%_u(curlH(t)—J(t))xn)
=TI (gry K :

Hence, U(t) x n + (u/e)"/?Vr(t) = 0 on Iy.

In other words, U,V solve Ampere’s and Faraday’s laws (with 0 right-hand
sides), plus 0 initial condition, and 0 boundary conditions, respectively, on
I'p and s, with regularity U,V € C°([0,T]; H(curl,2)) and U, V' €
CO([0,T]; L*(£2)). The uniqueness of the solution to the first-order Maxwell
equations for the truncated interior problem (§5.1.2) allows one to conclude
that U =V = 0: (E, H) are governed by (7.1)—(7.2).

o=

There remains to prove that the boundary condition (7.12) holds (in
L?(I'4), due to item 1 of Theorem 7.2.10). According to (7.36), this is true at
t = 0. Then, if we use the additional regularity results on the fields (tangen-
tial traces are well-defined), the fact that V+ = 0 on I'4, and the boundary
condition (7.13), we easily find, for ¢ > 0,

’ / 1 %\
xn—i—\/»H = E'( )xn—\/—a_lu(curlE)-r(t)—(g)(t).

According to Proposition 2.3.4, the boundary condition (5.20) is fulfilled for
t € [0,T], which ends the proof. [ |
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Remark 7.3.2 We could have performed the same study for the truncated
exterior problem, or in a domain encased in a perfect conductor.

7.3.2 One-field approach

Let us start from the second-order Maxwell equations, set in an inhomoge-
neous medium, with perfect conductor boundary conditions. Due to the well-
posedness results of §7.2.1, these equations have one, and only one, solution
(E, H). Below, we investigate a less standard approach than in the previous
subsection: our aim is to recover the total solution to the first-order Maxwell
equations, with the help of only one field among E and H. More precisely,
in the first instance, we only assume knowledge of the field E, as a solution
to the second-order equations. As already mentioned in Remark 7.2.6, sim-
ilarly processing the second-order equations in H is slightly more difficult,
due to the asymmetry between boundary conditions (for H, it involves the
tangential trace of curl H). In both cases, we build ad hoc vector potentials to
recover the missing electromagnetic field. In this respect, this approach uses
tools identical to those of §6.1 and §6.2 for static problems, which we refer to.

Theorem 7.3.3 Consider a perfect medium in a domain 2 C R? encased in
a perfect conductor, and an existence time T" > 0. Let the tensor fields € and
W satisfy (5.10). For simplicity, we consider that (Top)r—o is fulfilled, and
that its boundary I is connected.> Under the assumptions (7.27) and (7.28),
there exists one, and only one, field H such that, together with the solution
E to the second-order Mazwell equations, (E, H) is the same as the solution
to the first-order Mazwell equations.

Proof. As a starting point, we know that the conclusions of items 1 and 2 of
Theorem 7.2.4 hold for the field E.
As a consequence, the field D := eF is such that

(D,D') € C°([0,T]; L*(£2)) x C°([0,T); L*(£2)).

On the other hand, if we let
t
B(t) :=pH, —/ curl E(s)ds, te[0,T],
0

then we have B’ € C°([0,T]; Hy(div, 2)) with div B’ = 0; due to the as-
sumptions about Hy, B € C°([0,T]; Ho(div, £2)) with div. B = 0 follows.

Next, we remark that the field D’ + J belongs to C°([0,T]; L*(£2)), and
moreover, the charge conservation equation implies that div(D’ + J)(t) = 0
for ¢ > 0. So, according to Theorem 6.2.5, for ¢ > 0, there exists a

unique potential H (t) € Ho(divy, 2) with divpH(t) = 0 and such that

3 If this is not the case, we refer to §6.3.
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(D' + J)(t) = curl H(t). By construction, curl H € C°([0,T]; L*(£2)).
For ¢ = 0, the initial condition (7.8) yields

(D' + J)(0) = eE; + J(0) = curl Hy,

so H(0) = H,.

To end the proof, we need to establish some relation between B and H:

indeed, if ' B = H in ad hoc function spaces, then we conclude that (E, H)
is a solution to the first-order Maxwell equations with sufficient regularity,
which is unique (cf. §5.1.2), so it is equal to the solution to the first-order
equations.
For that, let us study w := p='B — H. We already know that w(0) = 0,
w(t) € Ho(divp, £2) with div pw(t) = 0 for ¢ > 0. If one also has curl w(t) =
0 for t > 0, then w = 0 is a consequence of Theorem 6.2.5. Since we have
curlw(0) = 0, it is enough to study the time derivative 0;(curl w):

O(curlw) = curl(p *18tB) — O(curl H)
= —curl(y curl E) — 0;,(0,D + J)

= —curl(p tcurl E) — ed4E — J' 729

Hence, H = p~'B in C°([0,T]; H(curl, 2)) with H € C°([0,T]; L*(2)),
which ends the proof. [ |

Theorem 7.3.4 Consider a perfect medium in a domain 2 C R? encased in
a perfect conductor, and an existence time T > 0. Let the tensor fields € and
W satisfy (5.10). For simplicity, we consider that (Top)i—o is fulfilled, and
that its boundary I" is connected.* Under the assumptions (7.27) and (7.28),
there exists one, and only one, field E such that, together with the solution
H to the second-order Mazwell equations, (E, H) is the same as the solution
to the first-order Maxwell equations.

Proof. The conclusions of items 1 and 2 of Theorem 7.2.4 hold for the field
H | so the field B := pH is such that

(B,B’) € C°([0, T]; Ho(div, £22)) x C°([0, T]; Ho(div, £2)), with divB = 0.

So, for t > 0, B'(t) is divergence-free with vanishing normal trace, and o(t) €
H=1(2) (cf. (7.28)). According to Theorem 6.1.4, there exists a (unique)
potential E(t) € Hy(curl, £2) such that

curl E(t) = —B'(t) and dive E(t) = o(t).

One has curl E(t) € C°([0,T]; L*(2)), and E(t) € Ho(curl, 2) for t > 0. In
addition, notice that E(0) = E, according to the initial condition (7.9), t

4 See footnote 3, p. 270.
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assumption (7.28), and to the uniqueness of the potential.
Next, consider

D(t) = eEo—l—/t(curlH—J)(s)ds, te[0,7].

It holds that D’ € C°([0,T]; L*(2)); D € C°([0,T]; L*(2)).

To end the proof, we now compare E to ¢~ !D. To begin with, we compute the
curl of €71 D, together with its tangential trace. For that, we use Eq. (7.17)
for any w € H(curl, £2), which we integrate in time over |0, ¢[. Thanks to the
regularity of H'(t), we can write:

(L(H'(t) — H'(0)|w) + (¢! /0 (curl H(s) — J(s)) ds| curlw) = 0.

Using the initial condition (7.9) and the definition of D(t), we reach

0= (UH'(t) + curl Eg|lw) + (e ' D(t) — Ey| curl w)
= (LH'(t)|w) + (¢ ' D(t)| curl w),

after integration by parts to remove the terms in E.

Taking test functions w € D({2), we obtain that curle 'D(t) = —pH'(t),
in L?(£2). As a consequence, ¢ ' D(t) belongs to H (curl, £2), and taking any
w € H(curl, 2) yields that the tangential trace of ¢~*D(t) vanishes on I,
hence e ' D(t) € Hy(curl, 2).

So far, for t > 0, we have that E(t),e ' D(t) € Ho(curl, 2), with curl E(t) =
curle ' D(t). To prove that E(t) and e 'D(t) are actually equal, we only
need to compare their divergence(e), cf. Theorem 6.1.4. On the one hand, we
know that dive E(t) = o(t), while on the other hand, we find

7.28)

t
div D(t) = diveEo — / div J(s)ds 22 (1),

0
As before we conclude that (E, H) solve the first-order Maxwell equations
and are regular enough. Thus, they are equal to the unique solution of those
equations (cf. §5.1.2). [

Remark 7.3.5 In the proof of Theorem 7.3.4, we integrate in time to com-
pensate for the lack of regularity in space of J and H.

7.4 Other variational formulations

In this section, we collect and discuss various alternative variational formula-
tions of the second-order Maxwell equations. Under suitable assumptions, the
electromagnetic fields solution to the second-order “plain” variational formula-
tions of §7.1 (themselves equivalent to the first-order semi-group formulations
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of §5.2) appear also to be solutions to these new formulations. As a conse-
quence, there only remains to show that the latter are well-posed. In §§7.4.1
and 7.4.2, we only present the case of a domain encased in a perfect con-
ductor. However, the same approach can be applied to the truncated exterior
and interior problems: the variational formulations are modified in a similar
fashion, and well-posedness is proved in the same way.

7.4.1 Augmented formulations

Consider the electromagnetic fields (E, H) given by Theorem 7.2.4, under
its assumptions (7.27) and (7.28). As noted there, the magnetic field H is
divergence(p)-free, so it belongs to C°([0,T]; X1 (§2;)), where X 7(£2;p) is
defined as in (6.25). Introducing the “augmented” sesquilinear form

ag (v, w) = (¢! curlv| curl w) + (div v | divpw),
one sees that H satisfies the evolution equation:
Vw € X7 (92 ),
d? .
O WH (W) w)} + a (HL (1) w) (737)
= (e"1J(t)| curlw) in D'(]0, T]),
with the initial conditions (7.5, right) and (7.9). Repeating the proof of
Lemma 7.2.2, one easily obtains an energy inequality in the variational space
Vi = X7(2;p) (and the pivot space Hy = L*(2), with its two scalar prod-
ucts (+]-) and 2(-, ")%,, as in §7.2).
Similarly, assume that the charge density o € C°([0,T]; H=*(£2)), for
€ [0,1]. Owing to the divergence condition (7.3), the electric field E be-

longs to CO([0,T]; X n,—s(2;€)), where X n _s(2;¢) is defined as in (6.4).
Introducing the “augmented” sesquilinear form

ap(v,w) = (u " curlv| curlw) + (divev, divew) (0,
it follows that E satisfies the evolution equation:

Yw € XN,fs(Q;G)v
2
e (B (0)hw)} + an(B(), w) (7.38)

= _% (J()|w)} + (o(t), div ew) g+ () in D'(]0, T),

with the initial conditions (7.5, left) and (7.8).
Assuming the extra regularity

o€ L*(0,T; HY(£2)) nC°([0, T; L($2)), (7.39)

and setting s = 0, one can integrate by parts the last term in (7.38) us-
ing (2.21). Thus, the formulation fits into the framework of Corollary 4.3.15,
with:
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the space Hp = L*(2), its two scalar products (-|-) and (-, -)3,, as in §7.2;
the space Vg = X no(f2;¢) = X n(£2;¢), as in (6.5), endowed with the
sesquilinear form ag(-,-) with s = 0;

e the right-hand side fp = —J' — egrad o € L*(0,T; L*(12)).

A possible generalisation of (7.39) when s # 0 is o € L%(0,T; H}(2)) N
Co([0,T); L*(£2)), where * denotes the “canonical” isomorphism® between
H~%(2) and H§(£2); in that case, fr = —J' — egrad of. Alternatively, one
can use the energy inequality method, under a slightly different regularity as-
sumption. We revert to an arbitrary s € [0, 1], and we set Vg := X x_4(12;¢),
endowed (for the moment) with its graph norm. For the sake of simplicity, we
shall often denote the scalar product and norm of H—*(£2) as (+,-)_s and ||| —s.

Lemma 7.4.1 If the charge density has the regularity
o€ H'(0,T; H*(12)), (7.40)
the field E fulfills an energy inequality:

B35t 07122y + ||E||ioo(0,T;{;E)
T T
<Cr {Céc +/0 1T (t) ]| dt +/0 1" O F -+ () dt} ;

where Cj, depends on the initial conditions and ||0(0)| g-=(o), and Cr depends
on T and the coefficients €, .

Proof. As in the introductory part of §7.2, we first find that, for © €]0, T,
e
2| E'(0)3,, + ae(E(6), E(©)) + ||E©)|* = Cic — 2/0 R{(J'(t)|E'(t))} dt

[C] e
+2/0 %{(g(t),diveE’(t))_s}dt—i—2/0 R{(E()|E (1))} dt, (7.41)

where Ci. := || E1||3,, + ax(Eo, Eo) + || Eo||*. The second and fourth terms
in the r.h.s. are handled as usual. To tackle the non-standard term involving
the data o, we integrate by parts in time, as in Lemma 7.2.2:

2 /@ R{(o(t),diveE (t))_s} dt = —2 /@ R{(d(t),diveE(t))_s} dt
i +2R{(0(O),diveE(O))_s} i 2R{(0(0),diveEy)_s}.
The last term is added to C;., whereas the integral term is bounded as:
5 Given g € H—*(02), let ¢ € H§(£2) be defined by the condition
(059 i = (9,9 -y, Vg € H*(2).

The isomorphism * reduces to the identity if s = 0.
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e e e
—2/ R{((t),diveE(t))_s}dt < / o' ()|, dt +/ | diveE(t)|? , dt.
0 0 0
As for the “boundary” term at ¢t = @, it is bounded by:
2R{(0(0),diveE(0))-s} < 2[0(0)|%, + 3ar(E(©), E(O)).

The term 3az(E(©), E(O)) will be absorbed by the left-hand side of (7.41).
On the other hand,

€]
10(O)] . = H / J()dt + o(0)

—S

€]
< / 10 Bl dt + | 0(0)]] s

o 1/2
<o'? (/O IIQ'(t)||2sdt> +[10(0)/|—s.

e
Heuce, 2 [¢ (O, <16 [ &0, dt +4]o(0)]..
0
Putting everything back in (7.41), we find that

1 1
/ 2 st 2
2B ©) [, +min(. 5 ) [EO)I3,

<A EO)y + 5 (EO), BO) + | EO)|
e e
<Cl+ [ITOPa+ a1y [Tl
[©]
+ [T CIBOP + IBOP + | diveBol,) d

€] €]
<Clt [P+ @) [CleO),d
0 0

e / "B O+ B0, )

where CJ, gathers the constants depending on the initial data. We conclude
by using Gronwall’s Lemma 7.2.1. [ |

With the above arguments, one can prove the counterpart of Theo-
rem 7.2.4. For brevity, we handle both cases s = 0 (cf. (7.39)) and s # 0
(cf. (7.40)) at once.

Theorem 7.4.2 Consider a perfect medium in a domain §2 C R3 encased in
a perfect conductor, and an existence time T > 0. Let the tensor fields € and
p satisfy (5.10).
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1. Assume that

{EOEXN,S('Q7®)7 HOGXT(‘Q7|}J)5 (7 42)

J € HY(0,T; L*(22)),

plus either (7.39) or (7.40); then, there exists one, and only one, couple
of fields (E, H):

{(E B € CODT): Xy (@0) x CUOTHIA®R), (7 4o

(HvH/) EOO([ ) ]vXT(Q;[U)) XCO([OvT]v (Q))a '

which solves the variational formulations (7.37) and (7.38).
2. Assume, in addition to 1, that (7.28) holds, with o(0) € H~*(12). Then,
there exists one, and only one, couple of fields (E, H):

(E,E') € C°[0,T); X n,—s(£2;¢)) x C°([0,T); L*(£2)),
(H,H') € C°([0, T); X7(2;1)) (7.44)
xCY([0,T7; Ho(div p, £2)),

which solves the second-order system of equations (7.6)—~(7.7) and the di-
vergence conditions (7.3)—(7.4), (7.5) and (7.8)—(7.9), supplemented with
boundary conditions (5.8) and (5.9).

3. Assume, in addition to 1 and 2, that (7.30) holds. Then, the couple of
fields (E, H) fulfills the boundary condition (7.10).

In all instances, the couple of fields (E, H) depends continuously on the data.

Another approach for proving well-posedness follows from §7.6 below.

7.4.2 Mixed formulations

In practice, it may happen that the charge conservation equation, and/or the
constraints on the initial data are not exactly fulfilled. This may be caused
by inexact knowledge of the model and data (uncertainties, etc.), or on their
approximation for numerical purposes [82]. As a consequence, there is no solu-
tion to the whole system of Maxwell’s equations, as the divergence equations
and the evolution equations cannot be simultaneously satisfied. A possible
remedy is to explicitly enforce the divergence equations through Lagrange
multipliers, as at the end of §4.3.

Mixed unaugmented formulation

Under assumptions (7.27) and (7.28) of Theorem 7.2.4, the solution (E, H)
to the plain formulations fulfills the divergence equations (7.3)—(7.4). Setting
Pr =0 and Py = 0, we see that the couples (E, Pg) and (H, Py) appear to
be solutions to the mixed time-dependent systems:
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Vw € Hy(curl, 2),
2
% (eE(t)|w)} + (u ! curl E(t)| curlw) — (grad Pg(t) | ew)
= L)} D0, 7)),
Vg€ Hy(R2),  —(eE(t) | gradq) = (o(t), q) gy(e) in D'(10, T)).

(7.45)

And
Yw € H(curl, 2),

% {(WH(t)|w)} + (¢~ curl H(t)| curlw) — (grad Py (t) | pw) (7.46)
= (e"'J(t)| curlw) in D'(]0,T]),

Vge HL (2),  —(uH(t)|gradgq) =0 in D'(]0,T]).

m'u(

As we shall see, the electric field formulation (7.45) fits into the framework
of Theorems 4.3.19 or 4.3.22 on constrained time-dependent formulations. The
magnetic field formulation (7.46) does not, again because of the right-hand
side. However, at the core of the proof of these theorems lies the well-posedness
of an unconstrained formulation set in a kernel. The latter follows thanks to
the energy inequality of Lemma 7.2.2.

In this paragraph, we use the same spaces Hgp = Hy = LQ(Q), Vg =
Hy(curl, 2) and Vg = H(curl, ), the same scalar products (-,")y, =
(5 )%y = G| ), 20,9y, and 2(+, )3, , and sesquilinear forms ap, ap as
in the plain formulation of §7.2. Then, we set Qp := H}(£2) and define the
following sesquilinear form on Vg X Qp:

be(v,q) == —(ev | grad q).

Obviously, bg(-,-) immediately extends to (v,q) € L*(£2) x H}(£2): in the
language of §4.3, we have Qg ., = Qp and bg (v, q¢) := —(ev | grad ¢) again.
In other words, the operator

BY, : H(2) — Ho(curl, ), g+— —egradg

has its range included in L*(§2), and thus coincides with BTE - I an isotropic

medium, where ¢ is scalar-valued, the range is even included in H o(curl, )
if e € WHe(£2): it holds that

curl(e grad q) = grad e x grad q + ¢ curlgrad g € L*(12),
—_———
0

while egradg x n = 0 on I" by Proposition 2.2.10. In this case, Qg ywuw =
Qp and bgww(v,q) = —(v,egrad q) g, (cur,2) for v € Ho(curl, £2)'. In an
anisotropic medium, or in the presence of material discontinuities, Qg . may
be strictly included in Qg ., = Qp and difficult to characterise. This is no big
issue (see Remark 4.3.23).
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Similarly, we set Qp = H}

+ e (£2) and define the sesquilinear form

br(v,q) == —(pv | grad q)

on Vg x Qp, which is immediately extended to b ., on Hyg X Qp ., with
Onw = Qn, as in the electric case. In an isotropic and smoothly vary-
ing medium, the second extension satisfies Qg = Qm and b yww(v,q) =
—(v, pgrad q) g (cur1, ) for v € H(curl, 2)".

In Propositions 6.1.8 and 6.2.7, it is proved (in a slightly generalised frame-
work) that the forms bg, bpw, b, bmw satisfy an inf-sup condition in their
respective spaces. We proceed with the double orthogonality property. Using
the integration-by-parts formula (2.21), one sees that the kernels of the forms
br and bg ,, are, respectively,

Krg = Kn(2;¢) asin (6.15) and Lp = H(dive0, ).

On the other hand, using (2.25), one shows that the kernels of the forms by
and by, are, respectively,

Kg=Kr(2;p) asin (6.36) and Ly = Ho(divpo, 2).

Proceeding as in §3.7, one arrives at the following Helmholtz decompositions.
They are comparable to Propositions 6.1.10 and 6.1.12 (electric field), respec-
tively to Proposition 6.2.12 and (6.37) (magnetic field), but stated differently
below.

Proposition 7.4.3 Let {2 be a domain, and let the tensor fields € and [ sat-
isfy (5.10). The following decompositions of the spaces L*(£2) and Hy(curl, £2)
hold:

L?(02) = grad[H; ()] é H (dive0, 2);
Hy(curl, 2) = grad[H] (12)] é Kn(2;¢). (7.47)

In both equalities, orthogonality holds in the sense of the scalar product
2(, Ve = (€| +). In (7.47), the subspaces are also orthogonal with respect to
the sesquilinear form ag(-,-) = (u~*curl- | curl:).

Proposition 7.4.4 Let (2 be a domain, and let the tensor fields € and  sat-
isfy (5.10). The following decompositions of the spaces L*(£2) and H (curl, 2)
hold:

L*(2) = grad[H,,,(2)] & Ho(divp0, 2);
H(curl, ) = grad[H],  (12)] Gé Kr(2;p). (7.48)

In both equalities, orthogonality holds in the sense of the scalar product
2(s Vuy = (| -). In (7.48), the subspaces are also orthogonal with respect to
the sesquilinear form ag(-,-) = (e~ ! curl- | curl-).
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Using Theorem 4.3.22 and Remark 4.3.23 for the electric field, and the
suitable adaptation for the magnetic field, one arrives at the following results.

Theorem 7.4.5 Consider a perfect medium in a domain §2 C R3 encased in
a perfect conductor, and an existence time T > 0. Let the tensor fields € and
p satisfy (5.10).

1. Assume (7.27) and

0 € H*(0,T; H™1(£2));
diveEy = 0(0), 0 (0)+divJ(0)=0; (7.49)
divpHo =0, pHo-nr=0.

There exists one, and only one, quadruple of fields and multipliers ((E, Pg), (H, Pg)),
with the regularity (7.29) and

Pp € L?(0,T; HY(R2)), Py e L*0,T;H},,.(2)),

which solves the variational formulations (7.45) and (7.46).
2. Assume, in addition to 1, that the charge conservation equation
do | ..
ot +divd =0 holds for t>0.
Then, Pp = Py = 0, and there exists one, and only one, couple of fields
(E, H) with the regularity (7.29), which solves the second-order system of
equations (7.6)—(7.7) and the divergence conditions (7.3)~(7.4), (7.5) and
(7.8)(7.9), supplemented with boundary conditions (5.8) and (5.9).
3. Assume, in addition to 1 and 2, that (7.30) holds. Then, the fields (E, H)
fulfill the boundary condition (7.10).

In all instances, the quadruple ((E, Pg),(H,Pg)) depends continuously on
the data.

Remark 7.4.6 Since H, = p~! curl Ey, the compatibility conditions div uH | =
0, pHy - nr = 0 are automatically satisfied by Proposition 2.2.10. Whereas,
since E1 := ¢~ !(curl Hy — J(0)), the compatibility condition diveE; = ¢'(0)
follows from (7.49).

In case 2, the charge conservation equation and the condition J € H'(0,T; L*(12)),
as in (7.27), imply o € H?(0,T; H=1(£2)) and ¢'(0) + div J(0) = 0.

Mixed augmented formulation

It is possible to combine the previous two ideas. Using the notation of §7.4.1,
and setting P = 0 and Py = 0 again, we see that the couples (E, Pg) and
(H, Py) appear to be solutions to the mixed time-dependent systems:
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Vw e X n _s(02;¢e),
2
O {(eBOw)) +an(B(t),w) + Pal) | A ew] o)

p (7.50)
= Tu {(J(@®)|w)} + (o(t),divew) g5 (o in D'(]0,T).
Vq € Hg(92), (diveE(t), q) us (o) = (o(t), @) us(2) in D'(]0,T) ,
provided ¢ € C°([0,T]; H%(£2)), and
Vw € X (2;p),
7 AWH o)} + s (H(0),w) + (Pl | divpw) (7.51)

= (e"'J(t)| curlw) in D'(]0, T[).
VgeI2,,(2),  (divpH(t) | q) =0 in D'(0,T]).
In other words, the divergence constraints are now enforced as follows. We set
Qu = L?,,,(92) and define the sesquilinear form

bi(v,q) == (divpw | q) for (v,q) € Vi x Qx.
2o0(2) = X p(82; 1) again satisfies ]:%THq = —pgradgq in

the sense of distributions. Using the integration-by-parts formula (2.25), we
see that

BT .
The operator Bl : L?

O = {q € O :Blge HH} —H. (2) and by = by,

the same form that appears in the mixed unaugmented formulation. Similarly,
for the electric field, we define Qp = H{(£2) and

I;E(v,q) = (divev,q) gz (o) for (v,q) € Ve x Op.

Using the integration-by-parts formula (2.26), we see that
Op.w = {q €Qp: ﬁTEq € HE} = HN2) and bg., =bg;

again, this is the same form as in the mixed unaugmented formulation.

To derive the well-posedness of the mixed problems (7.50) and (7.51),
one has to prove that the new sesquilinear forms bg, by satisfy an inf-sup
condition, and their kernels a double orthogonality property.

Proposition 7.4.7 For each of the two subscripts X = E, H, there exists
Bx > 0 such that

b
inf sup —X@4) o g (7.52)
4€0x pevy 1Vlvy llall oy
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Proof. We examine the case of the electric field (X = F); the magnetic
case (X = H) is similar. Let ¢ € H{(§2), and associate it with the element
¢® € H*(£2) such that

(@ d Vg = (0.0 nz ), V4 € Hy(12).

The isomorphism ? is the inverse of ¥ introduced in footnote ®, p. 274. Obvi-
ously, ||¢’||—s = ||q||s- Then, we introduce the unique solution & € H{(£2) to
the elliptic problem:

(G:gradg | grad 1/}) = _(Qaq/})Ha(Q)v V?/} € Hol(Q)a

which is well-posed thanks to (5.10), the Poincaré inequality (Corollary 2.1.36)
and the LaxMilgram Theorem 4.2.8. In other words, div(egrad £) = ¢°, and

1€ (2) < Collallms (o)-
Next, let v = grad §. We have v € Hy(curl, 2) by Proposition 2.2.10.
Moreover, divev = ¢’; so, v € X n,_s(£2;¢) and
[oll3, = llgrad €l13s o) + 02+ < (C3 + 1) alis (s anc:
(divev, ) ms (o) = <qb7Q>H§(Q) = HQH%IS(Q) > Bellvly, llallms (2
with g = (C2 4+ 1)~1/2. This is (7.52). |

The kernels of the forms bg, by are, once again, Kp = Ky (2;¢), Ky =
K1 (£2; ). Applying Propositions 7.4.3 and 7.4.4 to the elements of the spaces
XN _s(£2;¢) and X 7(£2;p), one easily establishes the following doubly or-
thogonal decompositions.

Proposition 7.4.8 Let (2 be a domain, and let the tensor fields € and p
satisfy (5.10). Introduce the spaces of potentials

D, _s(£2;¢) == {p € Hy(2) : gradp € X n _,(2;¢)}
={p € Hy(12):div(egrad p) € H*(12)} ;
() = {¢ € H;,, (2) : gradp € Xo(25p)}
={pe H,,,, () :div(ugrad p) € L, ,(£2) and pgrad ¢ - n|,. =0} .

The following decompositions of the spaces X n.—s(£2;¢) and X1 (£2;p) hold:

1
XN _s(2;e) = grad Py _s(2;¢) & Kn($2;¢),

with orthogonality in the sense of the scalar product »(-, )y, = (e | -), and of
the sesquilinear form ap(-,-) = (' curl- | curl:) + (dive-, dive:) g-«(o);

1
Xr(2;p) = grad @r(2;p) & Kr(02;p),

with orthogonality in the sense of the scalar product 5(-, ), = (p- | -) and of
the sesquilinear form ag(-,-) = (e~ curl- | curl:) + (divp- | div p-).
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Combining the ideas used in the augmented and mixed unaugmented for-
mulations, one proves the analogue of Theorems 7.4.2 and 7.4.5. Again for
brevity, we handle both cases s = 0 (cf. (7.39)) and s # 0 (cf. (7.40)) at once.

Theorem 7.4.9 Consider a perfect medium in a domain 2 C R® encased in
a perfect conductor, and an existence time T > 0. Let the tensor fields € and
p satisfy (5.10).

1. Assume (7.42) with

diveEy = 0(0), 0'(0) +divJ(0) = 0;
divpHo =0, pHo-nr-=0;

plus either one of the following reqularity assumptions:

o€ L*(0,T; H}(2)) N C([0,T); LA(02)) N H*(0,T; H-*(2)) (7.53)
or o€ HY0,T; H ()N H*(0,T; H (2)). (7.54)

Then, there exists one, and only one, quadruple of fields and multipliers
((E,Pg),(H, Pg)), with the reqularity (7.43) and
Pp € L*(0,T; H§(£2)), Py € L*(0,T;L2,,,(12)),

Zmuv

which solves the variational formulations (7.50) and (7.51).
2. Assume, in addition to 1, that the charge conservation equation
0
a_f Ldivd =0 holds for t>0.
Then, Pp = Py = 0, and there exists one, and only one, couple of fields
(E, H) with the regularity (7.44), which solves the second-order system of
equations (7.6)—(7.7) and the divergence conditions (7.3)~(7.4), (7.5) and
(7.8)—(7.9), supplemented with boundary conditions (5.8) and (5.9).
3. Assume, in addition to 1 and 2, that (7.30) holds. Then, the fields (E, H)
fulfill the boundary condition (7.10).

In all instances, the quadruple ((E, Pg),(H,Py)) depends continuously on
the data.

Remark 7.4.10 The conditions (7.53) and (7.54) are obtained by combin-
ing, respectively, (7.39) and (7.40) with the condition o € C°([0,T]; Q) N
H*0,T; Q’E)w) needed for the well-posedness of the abstract mixed problem
(Remark 4.53.23). The last part of these conditions is automatically true in
case 2 (see Remark 7.4.6).

7.5 Compact imbeddings

In this section, we establish the compact imbeddings of the spaces X n,—s(£2;¢),
respectively X 7(£2;p) in L*(£2), under the condition that e, respectively p,
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is a tensor field that fulfills assumption (5.10). These results will be of use
in §7.6, to study the “improved” regularity of the solution to Maxwell’s equa-
tions when the data (o, J) are more regular in space and time; and also in §8,
when we investigate time-harmonic eigenvalue and Helmholtz-like problems.
When the tensors ¢ and p are constant and proportional to I3, such results
have already been obtained, namely the compact imbedding of X y({2), re-
spectively of X 7(£2) in L*(£2) (see Theorems 3.4.4 and 3.5.4).

Let us start with the generalization of Theorem 3.4.4.

Theorem 7.5.1 Let §2 be a domain, and let € be a tensor field that fulfills
assumption (5.10). Given s € [0,1[, one has X y._s(2;¢) C. L*(12).

Remark 7.5.2 One can prove that X n _1(2;¢) = Ho(curl, 2) is not com-
pactly imbedded in L2(Q) as follows. One chooses a bounded sequence of
elements of H}(§2) with no converging subsequence, which is possible since
its unit ball is not compact (Hg(£2) is an infinite-dimensional vector space).
Then, taking their gradients yields a bounded sequence of curl-free elements
of Hy(curl, £2), and one can easily check by contradiction that this sequence
has no converging subsequence in L*(£2).

Proof. Consider (y,,)m a bounded sequence of X n _s(f2; €). Similarly to the
proof of Theorem 3.4.3, we split, for all m, the field y,,, into three parts.
1. Let ¢%, € Hj(£2) be the unique solution to

Find ¢, € H}($2) such that
Vq € Hy(£2), (egrad g, |gradq) = (ey,,|gradq).

Because (div ey, )m is bounded in H~*(2), it is also bounded in H~1(§2) (cf.
(2.6)). So, using ¢ = ¢Y, in the above formulation yields

1/2 0

le'/? grad g, [|* = —(divey,,, dn) mi (o) < | divey,, |z o) lamlla ),

and with the help of the Poincaré inequality in H}(£2), we find that (¢%,)m
is bounded in Hg(£2). Hence, because H'(§2) C. H*(£2) (notice that s < 1
and apply Proposition 2.1.43), there exists a subsequence, still denoted by
(q%,)m, that converges in H*({2). In addition, one has ¢, € H§(2) for all m.
Denoting ¥, = Ym — Yn» Coun = 4o — ¢, it follows that

1/2

||(B grad qgnn”2 = _<diveymn7q9nn>H§(Q) < || div ‘EymnHH*S(Q) ”qgnnHH*(Q)

< 2sup(|| divey,, ||z (o)) G|l 272 (52)-

So, (grad ¢,),, is a Cauchy sequence in L?(£2), and it converges in this space.
2. Let 25, := Pz<,y,, € Zn(£2;¢): (2},)m is bounded in the finite-dimensional
vector space Z y(£2;€), so there exists a subsequence, still denoted by (2£,),n,
that converges in Z y(£2;¢), and hence in L*(£2).

3. Let x,, := vy, — grad ¢’, — z5,. By construction, the sequence (2, )., is
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bounded in L*(£2). In addition, for all m, divez,, = 0, curlx,, = curly,,
in 2, and (ex, -1, 1) g1/2(p) = 0 for all k. Using Theorem 3.4.1 for every m,
there exists a sequence (w,y,),, of elements of H' (§2) such that ex,, =
curlw,, in 2, which is bounded in H*(£2). Hence, there exists a subsequence,
still denoted by (wy,)m, that converges in L?(£2). Defining the subsequence
(€ )m with the same indices and denoting ., := Ty — @y and Wy, =
w,, — Wy, one finds, by integration by parts,

||c51/2:13mn||2 = (Zymn| curl wy,,) = (curl @, |wm,)

= (curly,,, [wmn) < 2sup(|| curly,, ) [|wmn |-
m

S0, (& )m is a Cauchy sequence in L*(£2), and it converges in this space.
By construction, one has y,, = ,, — gradq¢’, — 25, so the subsequence
(Y,,)m converges in L*(£2). [

Let us continue with the generalization of Theorem 3.5.4.

Theorem 7.5.3 Let 2 be a domain such that (Top);—g or (Top)r=o is ful-
filled, and let p be a tensor field that fulfills assumption (5.10). It holds that
X1(25p) Ce L*(92).

Proof. Let (y,,,)m be a bounded sequence of X 1 (£2;p). Similarly to the proof
of Theorem 3.5.3, we split, for all m, the field y,, into three parts.
1. Let ¢%, € H}, . (£2) be the unique solution to

o (£2) such that

{ Find ¢8, € H}
Vg € H;,,,(2), (vgradg,,|grad q) = (py,,|grad q).

Taking ¢ = ¢!, above, one finds, by integration by parts and through successive
use of the Cauchy-Schwarz and the Poincaré-Wirtinger inequalities, that

lp'/?grad ), || < C | divpy,, |,

with C' > 0 independent of y,,. So, (¢%)m is bounded in H}, (£2), and
there exists a subsequence, still denoted by (¢%, )., that converges in L?(£2).
Denoting ¥,,,, = Ym —Yn> Coun := q9 — a0, it follows, once more by integration
by parts, that

1/2

'/ grad gy, 1* < 2sup([| div gy, 1) ll gl
m

and as a consequence, (grad ¢?,),, converges in L*(£2).

2. Let 21}, := Pgry,, € Zr(2;p): (2];,)m is bounded in Z7(§2;p), which is
finite-dimensional, so there exists a subsequence, still denoted by (z4,),,, that
converges in Z7(£2; ), and hence in L?(£2).

3. Let @, := y,,—grad ¢, — z/ : the sequence (&, ), is bounded in L*(£2). By
construction, div px,, = 0 and curlx,, = curly,, in {2, while px,, - n;p =0
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and (pa,, -n,1)s, = 0 for all i. With the help of Theorem 3.5.1, for every m,
there exists a bounded sequence (w.,)m, of elements of X n(f2) such that
MT,, = curlw,, in 2. Using Theorem 3.4.4, one infers that there exists a
subsequence, still denoted by (w,)m, that converges in L*(£2). Defining the
subsequence (&, ),, with the same indices and denoting @, := @, —x, and
Wy 1= W, — Wy, one finds, by integration by parts,

|pt/?

Tyn|* < 2sup(|| curly,, 1) | winl.
m
S0, (T )m is a Cauchy sequence in L*(£2), and it converges in this space.
It holds that y,, := x,, — grad ¢, — z#, for all m, so the subsequence (y,,)m
converges in L*(£2). [ |

Remark 7.5.4 We can further generalize this last result. Actually, given s €
10,1/2[, one can prove that the function space

X7, _s(25p) :={f € H(curl,£2) : pf € H_,(div,2), pf -n =0}

is compactly imbedded in L*(2) by using the same proof as above. Indeed,
according to Theorem 2.2.22, given y such that py € H _4(div, £2), on the one
hand, wy-n r has a meaning in H=Y2(I"), so the function space X1, _(§2; )
is well-defined. On the other hand, the integration-by-parts formula (2.26)
allows one to check that the scalar fields ¢°, € H}, () of item 1 yield a

bounded sequence (in H},  (£2)) via the inequality

Zmuv

1/2

Ip'/? grad g, |1* = —(div py .. go) g (2) < 1AV QY -2 (2) la0 |l m2 () -

Furthermore, extraction of a converging subsequence in H*({2) follows from
Proposition 2.1.43. The rest of the proof is unchanged.

7.6 Improved regularity for augmented and mixed
augmented formulations

We show how the augmented and/or mixed formulations of §7.4 can be used
to derive improved space-time regularity results for the electromagnetic fields.
In this section, we shall make two crucial assumptions so as to apply the
improved regularity theory of §4.4. First, the domain (2 is encased in a perfect
conductor: because of the first-order terms in (7.22) and (7.24), the truncated
interior problem does not have the form of a wave equation, and our theory
is not directly applicable to it. Second, the topology of (2 is such that the
augmented form ax is coercive on the whole space 1}X for X = F or H.
Summarising the results of §§6.1 and 6.2, a sufficient (and necessary, under
the general (Top);>o assumption) condition for this is:

e in the electric case (X = FE), the assumption (Top);>¢ holds and the
boundary I' = 942 is connected;
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e in the magnetic case (X = H), the domain is topologically trivial, i.e.,
(Top) —o holds.

At the end of this section, we will show that our results still hold in a more
general case, when the topological hypothesis is removed.

Furthermore, we know from Theorems 7.5.1 and 7.5.3 that the spaces Vg =
X n._s(£2;¢) and Vi = X 1(£2; p) are compactly embedded into L*(£2). Thus,
all the general assumptions of §4.4 are satisfied: one can apply the space-time

regularity results of that section in the scales (ffﬁc) of A-Sobolev spaces
~ seR
built upon Vx, for X = E, H. The regularity of the data has to be defined
and (]:')5() related to the
N seR seR
sesquilinear forms bx. In Table 7.1, we recall and collect the characterisations

of the most useful spaces.

in these scales, as well as the scales (Qg()

Table 7.1. Notations for mixed formulations in electromagnetism.

Spaces Q Qu Quw F° F? D(a)
Electric | L*(2) | H{(R2) |Pn,—s(2;¢)| HS(2) | H () |see below
Magnetic|L2,,,(2)|Himo (2)| $7(2;0) |[Himo(2)|H(£2), 1m0 |see below

As a first example, we first derive an alternative proof of the well-posedness
of the magnetic field equations, as announced in Remark 7.2.7. The right-hand
side of (7.37) and (7.51, top), namely (e~1J(¢)| curlw), can be rewritten as
(f(t), w)x,.(0y); for any space £ measuring time regularity, it holds that
FE€EQ,T; Xr(2;p))if J € B0, T; L*(2)). As X7(2;p) = V5, applying
the second item of Theorem 4.4.3 (with s = 0 there) gives us

Let J € WhY(0,T;L*(2)), Hy € Xr(2;p) and H, € L*(0).

The problem (7.37), with the initial conditions Hy and H;, ad-

mits a unique solution such that (H,H') € C°([0,T]; X1(£2;p)) x

C°([0,T); Ho(div , £2)).

Another possible regularity assumption for J is e 'J € LP(0,T; Ho(curl, £2))
with p > 1; in this case, f = curl(e”'J) in the usual sense, and it belongs

to LP(0,T; L*(§2)). As the r.h.s. of (7.51, bottom) is zero, the application of
Theorem 4.4.8 similarly yields:

Let J satisfy any one of the following regularity assumptions:

J e Wh(0,T; L*(2)), or
¢ 'J € LP(0,T; Hy(curl, 2));
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and let Hy € K¢ (2;p) and Hq € Ho(div, ps2). The problem (7.51),
with the initial conditions Hy and H 1, admits a unique solution such
that (H, H') € C°([0, T]; K7(£2;p)) x C°([0, T]; Ho(div p0, £2)).

In order to analyse numerical schemes that discretise the augmented and
mixed augmented formulations, it is desirable to investigate the existence of
solutions more regular in both time and space [82, 83]. Let Ax be the strong
operator associated with the augmented sesquilinear form ax(+,-). Then, one
has:

D(Ax) = {U € f)X 239 € Hx, ax(u,v) =2(g,v)yy, YU € f})(}

Of course, the weighted scalar product 3(-, )%, can be replaced with the
standard L? product in this characterisation. But the above choice will allow
us to take the greatest advantage of the double orthogonality properties of
Propositions 7.4.3, 7.4.4 and 7.4.8. The norm [[u| py) := ||g|l2 is equivalent
to the graph norm of D(Ax) (Proposition 4.4.2).

To proceed with the characterisation of the spaces D(Ax), let us use the
isomorphism # of footnote °, p. 274. If w € D(Ag), respectively D(Ag), one
formally has:

Apu = eg = curlp~! curlu — e grad(diveu)?, (7.55)
respectively Apu = pg = curle ! curlu — pgrad div pu.

Proposition 7.6.1 The space D(Ag) is algebraically and topologically equal
to:

XN _o(2;¢) = {u € Xy _s(£2;¢) : p~teurlu € H(curl, 2)
and (diveu)® € H&(Q)},
e, if s =0:
XN(Q;(E) = {u € Xn(2;¢): p ' curlu € H(curl, 2) and diveu € H&(Q)} ,

equipped with its canonical norm. Similarly, the space D(Ap) is algebraically
and topologically equal to

Xr(2p) = {u e Xr(2;p) : e ' curlu € Ho(curl, 2) and divpu € H'(2)}.
Proof. We present the proof in the electric case; the magnetic case is exactly
similar. Let u € X n,_4(2;¢); the field g defined by (7.55) belongs to L*(2).
Using the integration-by-parts formulas (2.20) and (2.21), one finds:
ap(u,v) = (u ' curlu | curlv) 4 ((div eu)*, div CV) -5 (02)
= (eg | v), Yo € XN _s(£2;¢€).
ie., u e D(Ag) and

V2 < Cllul g, (0w

for some constant C' depending on 2, ¢, Wy, s.

el pag) = lle
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Conversely, let u € D(Ag) and g := ¢~ 'Agu € L*(£2). Using Propositions
7.4.3 and 7.4.8, we decompose them into longitudinal and transversal parts,
which are orthogonal in L*(£2) and (if applicable) in X y,_¢(£2;¢):

u=ur+ur, upc€grad®y_s(2;¢)], urec Kn(2;¢);
g=grad ¢, +gr, bg € HY (D), gr <€ H(dive0, ).

By Lemma 4.4.5, we know that w;, and wr both belong to D(Ag), and

Yo € XN _s(£2;¢€),
ap(ur,v) = (

ap(ur,v) = diV(E'U/L)ﬁ,diV(E'U>H75(Q) = (egrad ¢g | v). (7.57)

“Leurlur | curlw) = (egy | v); (7.56)

For any v € Ho(curl, £2), it holds that vy € Xy _4(§2;¢). Thus, (7.56) yields,
thanks to double orthogonality,

(v 'curlur | curlv) = (u~ ! curlur | curlvr) = (egy | vr) = (egp | v).

Invoking Proposition 2.2.5, this implies that p~!curlu = p~!curlur €

H (curl, ). To handle (7.57), take any f € H~*({2), and introduce the unique
solution ¢ € H{(£2) to the elliptic problem:

(egrad ¢ | grad ) = = (f,¢) g0y, VW€ Hy(2),
(i.e., divegrad{ = f), and set v = grad £ € X n _s(£2;¢). Then,
((diveur ), divegrad€) (o) = (cgrad b | grad€) = — (f,69) e

ie., <(div<}:uL)ﬁ,f>H73(Q) = —(pg, f)H-+(0)- As f is arbitrary, we deduce
(diveur)* = —¢,4 in the sense of Hg(£2), hence, (diveur)* € H}(2), and fi-
nally, w € X n,_4(£2;¢). Allin all, D(Ag) = X y,_+(£2;¢), and the equivalence
of norms follows from the open mapping Theorem 4.1.4. [ |

As a final application of the theory developed in §4.4, we now give some
conditions on the data that ensure that the solution is smoother in time,
namely E or H belongs to W2?(0,T; D(Ax)) N W*P(0,T;Hx). This space-
time regularity may be used to derive optimal error bounds for some finite
element methods.® To obtain it, it is sufficient to take m = 2, s = 1 in
Theorems 4.4.4 and 4.4.8. In the case of electric field equations, we find. ..

Proposition 7.6.2 In order to have E € W2P(0,T; X n._s(£2;€))NW*P (0, T; L*(£2))
and Pg € W2P(0,T; H}(2)) if applicable, it is sufficient to assume:

6 See [82, 83, 19]. These conditions are actually more stringent than those originat-
ing in the approximation of the right-hand side.
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e in the non-mized framework: either
J e WhH0,T; L*(12)), of € W(0,T; Hy(£2)),
or
J e W3P(0,T; Xy _o(2;¢)), egrado® € W2P(0,T; Xn._.(2;¢)), ()

together with the higher-order initial data (Eg,E3) € Xy _(2;€) x
X n,—s(£2;¢), where

¢Ey = —J'(0) — curlp~! curl Eq + egrad(diveEy — 0(0))%,
¢Es = —J"(0) — curl p~! curl E; + egrad(diveE; — ¢'(0))*.

e in the mized framework: the same conditions on J and o as above, plus
o € WHP(0,T; H-1(R2)), together with (Ear,Esr) € Xy _s(£2;€) x
Xn,—s(£2;¢), ice.,

Eor = —¢ Y(curly ! curl Ey + J;(0)) € Hy(curl, £2),
with  p~ ' curl Eor € H(curl, ),
E3r = —¢ !curlp~! curl E; + J/.(0)) € Ho(curl, 2).

The same theorems applied to the magnetic field equations give us. ..

Proposition 7.6.3 In order to have H € WP (0, T; X1(§2;))NW*P(0, T; L*(£2))
and Py € W2P(0,T; H},,,.(92)) if applicable, it is sufficient to assume:

Zmuv

o in the non-mired framework: e=*J € WP(0,T; Ho(curl, £2)), together
with the higher-order initial data (Ha,H3) € Xp(2;p) x Xo(2;p),

where:

uHo = curle ' J(0) — curle ™! curl Hy + pgrad divuHy,
pH3 = curle 'J'(0) — curle ! curl H; + pgrad divpH;.

o in the mized framework: e='J € W*?(0,T; Ho(curl, 2)) again, together
with, (Hg, H3) S KT(Q; [p) X KT(Q; [p).
Recall that the r.h.s. of (7.51, bottom) is zero, while that of (7.51, top) au-
tomatically belongs, at any time, to Kr((2;u) under the above assumption.
By the same token, the Lagrange multiplier Py is zero.

As announced at the beginning of the section, one can actually rid oneself
of the topological conditions on (2. The spaces Zn(£2;¢€), Z1(£2;u) obviously
have a doubly orthogonal complement in the spaces X n _s(£2;¢), X1 (2; ),
for the weighted L? scalar product and the form a.

"If ¢ is scalar-valued and belongs to W'°°(£2), a sufficient condition to ensure
this is o € W2P(0,T;Pn,_+(£2;¢)). In both cases, the condition on o implies
of € W?P(0,T; Hg(£2)), which is needed for the mixed problem.
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1. The general theory of §4.4 can still be applied to the component of the
fields that is orthogonal to the Z-spaces. Actually, it belongs to a space
where the form a is coercive and double orthogonality holds.

2. The component of the fields on the Z-spaces has been characterised
in §6.3.4. Furthermore, these spaces are obviously included in the im-
proved regularity spaces defined in Proposition 7.6.1:

Zn(2;6) C Xn—s(25¢);  Zr(230) € X7(2;p),

as well as in any space of type D(A%,), D(A%). Thus, they have the same
space regularity as the latter.

3. The component of the magnetic field along Zr (£2; p) is constant (Eq. (6.43));
it does not affect the time regularity of the solution.

4. The component of the electric field along Zn(§2;¢) is given by (6.44).
Thus, its time regularity is that of J seen as a function with values in L*:
again, this does not decrease the regularity of the whole electric field.



8

Analyses of time-harmonic problems

In this chapter, we specifically study the time-harmonic Maxwell equations.
They derive from the time-dependent equations by assuming that the time
dependence of the data and fields is proportional to exp(—wwt), for a pulsa-
tion w > 0 (the frequency is equal to w/(27)). When the pulsation w is not
known, the time-harmonic problem models free vibrations of the electromag-
netic fields. One has to solve an eigenproblem, for which both the fields and
the pulsation are unknowns. On the other hand, when w is part of the data, the
time-harmonic problem models sustained vibrations. Generally speaking, we
refer to this problem as a Helmholtz-like problem, for which the only unknown
is the fields.

We refer to Chapter 1 for the models, and we rely on the mathematical
tools introduced in Chapters 2, 3, 4, and 6. Unless otherwise specified, we
consider complex-valued function spaces.

From the theory (cf. §4.5), we see that one must have some compactness
at hand to be able to study both problems. Several compact imbeddings theo-
rems, namely those of X x _(£2;¢€) and X 7(£2; p) in L*(§2), have already been
derived in §7.5. As these spaces are defined by perfectly conducting boundary
conditions, this will allow us to solve the eigenproblems and the Helmholtz-like
problems in a (closed) cavity, i.e., a medium encased in a perfect conductor. In
parallel, we also address the case of a truncated exterior problem, namely the
diffraction problem around a perfectly conducting object, where truncation is
performed with the help of an artificial boundary where an absorbing bound-
ary condition (ABC) is imposed. For that, we need some additional compact
imbedding results that are proven in the next section.

8.1 Compact imbeddings: complements

Following the discussion in §7.5, let us address the case of the function space
with elements that have a normal trace that belongs to L?(I"), where € is a
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tensor field that fulfills (5.10):
Yr(2:0) == {f € H(curl, Q) N H(divE, Q) : &f -nyr € LX)},

endowed with the graph norm

] 1/2
1 £y ey = {1l eurs.e) + | VAL + 1EF - mlidacry ) -

Below, we focus on the compact imbedding of Y 7(£2;€) in L?(£2). Note also
that the equivalence of norms in Y 7(£2;€), namely the control of the L*(£2)-
norm, could be obtained as usual.

Theorem 8.1.1 Let 2 be a domain such that (Top);—g or (Top)rso is ful-
filled, and let § be a tensor field that fulfills assumption (5.10). It holds that
Yo (02;8) C. L*(£2).

Proof. Let (y,,)m be a bounded sequence of Y7 (£2;¢). For all m, we split
Y,, continuously into a part that belongs to Xr(£2;%), and a part with a
normal trace that matches 8y,,, - njr. Then, we prove that one can extract a
subsequence that converges in L*(£2) from the sequence with normal traces
that match those of (y,,)m and, on the other hand, we use Theorem 7.5.3 to
extract a converging subsequence from the sequence of elements of X (£2;).
1. Note that if (div&y,,|1) = (§y,, - m,1)r2(r) is not equal to zero, one has
to modify the divergence({) of the part that belongs to X(§2;€), because
(divEz|1) = 0 for all z € X7(£2;%). So, let us define the average value ¢, :=
(Y, 1, 1) 2y /area(I”) and ¢, == (§y,, - 1, 1) L2(r) /vol (£2).

Let w,, € H.,,(£2) be the unique solution to div{gradu,, = ¢, in 2 and
¢ grad u,, - ) = ¢y, or equivalently,

Lo (£2) such that

{ Find u,, € H!
Vq € Hzlmv(g)u (&;grad um' grad q) = _C;n(1|q) + Cm(l, Q)LZ(F) .

We remark that one has u,, = ¢, u, where u € H}, (1) is the unique so-
lution to div§gradu = area(I')/vol(2) in 2 and §gradu-njr = 1. But
according to the Cauchy-Schwarz inequality, it holds that |c,| < |8y, -
n||r2(r)/area(I)/2, 50 (up,)m is bounded in the one-dimensional vector space
span(u). Hence, one can extract a subsequence still denoted ()., that con-
verges in this space, so that (grad ,,),, converges in L*(£2).

2. Then, define g, = 8y,, - njr — ¢, € L*(I') and let vy, € HL,  (£2) be
the unique solution to div{gradv,, = 0 in 2 and §gradv,, - njr = gm, or

equivalently,

Lo (§2) such that

{ Find v,, € H!
Vg e H;mv(‘(z)v (&;grad Um' grad q) = (gm; Q)L2(F) .

By construction, (g, )m is bounded in L?(I"), so on the one hand, (v, )., is
bounded in H'(£2), and consequently, (v,|r)m is bounded in H'/2(I"), and,
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on the other hand, thanks to Proposition 2.1.43, one can extract a subsequence
still denoted (g, )m that converges in H~'/2(I"). Denoting gmn := gm — Gn,
Umn ‘= Um — Un, it follows that

H£1/2 gradvmn”2 = <gmmvmn>H1/2(I‘) < Hgmn||H*1/2(F) van”Hl/?(I‘)

< 2sup([[vmll gr/2(ry) gmnll 1721y

So, (grad v, ), is a Cauchy sequence in L2(Q), and it converges in this space.
3. Let ¥y, = vy,, — grad(u,, + v,): by construction, one has curly/, =
curly,, and div8y;, = diviy,, — ¢, in £ and &y, - n;r = 0. And, it fol-
lows that (y),)m is a bounded sequence in X (§2;¢) (with respect to the
graph norm). According to Theorem 7.5.3, we can extract a subsequence that
converges in L*(£2), which ends the proof. [ |

Remark 8.1.2 In the same spirit as Remark 7.5.4, we can generalize this
last result. Given s,t € [0,1/2[, one can prove that the function space

YT,fs,ft(“Q;E) = {f € H(CuI‘l, “Q) : {f € H*S(diva Q)v Efn|F € H_t(F)}

is compactly imbedded in L*(£2) by using the same proof as above, replacing
the L? scalar products on 2, respectively on I', with (-, '>H6‘(Q), respectively

(s ) m -
Finally, we investigate the function space whose elements have a tangential
trace that belongs to Lf on a part of the boundary, and vanishes elsewhere.

More precisely, we consider that the boundary I" is equal to I'p U I'4, with
OI'p N Oy = B, and define

XN,A(“Q;a) = {f € HO,FP(Curlu“Q) : le{f € L2(Q)7 fX’l’L‘FA € L?(FA)}u

endowed with the graph norm

) 1/2
£l xx a2 = {1 F reurney + | v EFI2+ 1 Xl b

Again, we focus on the compact imbedding of X y 4(£2;¢) in LQ(Q), noting
that the equivalence of norms in X y,4(£2;¢) could be obtained as usual.

Theorem 8.1.3 Let §2 be a domain, and let § be a tensor field that fulfills
assumption (5.10). One has X x A(£2;€) C. L*(12).

Proof. Consider (y,,)m a bounded sequence of X y 4(£2;¢). Similarly to the
proof of Theorem 7.5.1, we split, for all m, the field y,, into three parts. Fur-
thermore, the first two parts — namely grad ¢°, ; 25, := 75 YU € ZN(82;8) —
are built as in the above-mentioned proof, and one can ex]tvract subsequences
(grad ¢%,)m, (25,)m that converge in L?(£2).

Then, let @, = y,, — grad ¢¥, — 25, € Ho 1, (curl, 2). The sequence (&, )m
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is bounded in L*(£2). In addition, div £z, = 0 and curla,, = curly,, in {2,

&z -m, 1) /2,y = 0 for all k and @, X nr, =y, X nr,. Using Theo-
rem 3.4.1, for every m, there exists a sequence (wy, ), of elements of HY  (2)
such that €z, = curlw,, in £2, which is bounded in H'(£2). Hence, given
n €]0,1/2[, there exists a subsequence, still denoted by (w,, )., that converges
in H'~"(£2). This implies, on the one hand, that (w,, )., converges in L*(£2),
and on the other hand, that (wm,|r), converges in L*(I"). Defining the sub-
sequence (@, ), with the same indices and denoting @, := ¢, — ®, and
Winp i= Wy — Wy, one finds, by integration by parts (obtained by the density
of smooth fields in H r, (curl, 2), cf. Definition 2.2.27),

H{l/menH T | curl wo,,)

2 _ (
= (curl @pp|Win) + (T X 1, (wmn)T)L%(pA)
= (Curl ymn|wmn) + (ymn X n, (wmn)T)Lf(FA)

< 25W([[ Y| xx a(2:0) (1Wmnl + |w0mnllL2(r))-

S0, (& )m is a Cauchy sequence in L*(£2), and it converges in this space.
By construction, one has y,, := ,, — grad¢’, — 25,, so the subsequence

mo

(y,,)m converges in L?(£2). [ |

Remark 8.1.4 We can generalize this last result. Given s € [0,1[, one can
prove that the function space

X N,—5,4(02,8) :={f € Horp(curl, ) : divif € H (), fxnr, € L{(a)}

18 compactly imbedded in L2(Q) by using the same proof as above, replacing
the L*(£2) scalar product with (-,-) s (o)

8.2 Free vibrations in a domain encased in a cavity

In a domain {2 encased in a perfect conductor, i.e., a cavity problem, the
free vibrations are governed by the first-order equations (1.52)-(1.55) with
zero right-hand sides, plus boundary conditions (5.8) and (5.9). This is the
first-order system, whose unknowns are the couple of electromagnetic fields
(E,H) € L*(12)?, (E,H) # (0,0) and the number w € R, w > 0. As we saw
in §1.2.1, this implies the second-order equations (1.58)-(1.61):

—AeE + curl(ptcurl E) = 0, (8.1)
—\uH + curl(e™! curl H) = 0, (8.2)
diveE = 0, (8.3)
divpH =0, (8.4)

plus boundary conditions (5.8), (5.9) and (7.10): E x njp =0, pH - np =0
and ¢ ! curl H x nr = 0. The unknowns are the couple of electromagnetic
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fields (E, H) € H(curl, 2)?, (E, H) # (0,0) and the number A = w?, A\ > 0.
As usual, we assume that ¢ and p are tensor fields that fulfill assumption
(5.10). In the second-order equations (8.1)-(8.4), the fields E and H are de-
coupled. So, one can solve an eigenproblem in E and an eigenproblem in
H , and finally check that any solution of these two eigenproblems leads to a
solution of the first-order system.

8.2.1 Electric eigenproblem

Let us begin with the eigenproblem in the electric field. In this case, the
unknowns E and A are governed by

Find (E,\) € (H(curl, 2)\ {0}) x C such that
curl(p~!curl E) = \eE in (2,

diveE =0 in (2,

Exn=0onlI.

(8.5)

All eigenfields belong to the closed vector subspace K n(£2;¢) of X n(£2;¢).

Proposition 8.2.1 The variational formulation

{Find (E,\) € (Kn(£2;¢) \ {0}) x C such that (8.6)
Vv € Kn(2;¢), (u!curl E|curlv) = A(eE|v) '

is equivalent to (8.5).

Proof. On the one hand, it is clear by integration by parts that if (E,\)
is governed by (8.5), then it solves the variational formulation (8.6). On the
other hand, consider (E, \) that solves (8.6). Since E belongs to K n({2;¢),
one has E € H(curl, 2) with diveE = 0 in 2 and E x n|r = 0. To recover
the last equation, consider z € D({2). Applying a standard procedure, we
can subtract the gradient of the scalar field z € H{(£2) characterized by
divegrad z = divez, so that v := z — grad z belongs to K y(£2;¢). Using it
as a test function in (8.6) yields

(curl(p~'curl E),%z) = (u ' curl E|curl 2) = (p~ ! curl E| curlv)
= MeE|v) = MeE|z — grad z) = AeE|z).

The last equality follows by integration by parts, if one recalls that z belongs
to Hi(£2), whereas diveE = 0 in 2. [ |

Observe that if one chooses v = E in (8.6), one finds A € R, A > 0.

To solve (8.6), one uses Theorem 4.5.13, which considers the solution of an
eigenproblem with constraints, set in V' = X x(£2;¢) and H = L*(£2), where
the latter is endowed with ||¢'/2-||. To that aim, we prove below that the clo-
sure of K = K y(£2;¢) in L*(£2) is the (closed) vector subspace H (div €0, 2)
(see Definition 2.2.11).
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Proposition 8.2.2 Let 2 be a domain such that (Top);—o or (Top)rso
is fulfilled, and let € be a tensor field that fulfills assumption (5.10). Then,
K n(£2;¢€) is dense in H(dive0, £2).

Remark 8.2.3 The spaces Kn(2;¢) = Kg and H(dive0,2) = L have
already been encountered in §7.4.2, where we showed that K n(£2;¢€) satisfies
a double orthogonality property within H(curl, £2) (Proposition 7.4.3). The
density result is a consequence of this property (Lemma 4.3.18). Here, we
provide an elementary proof.

Proof. Classically, it is enough to check that any element of the dual space
(H (div €0, £2))" that vanishes on K n(f2;¢) is equal to 0. Thanks to the Riesz
theorem 4.2.1, any such element can be represented by v € H(div €0, {2), and
its action by w — (ev|w). Now, choose w € Zy({2;¢), which is a subset
of H(dive0,{2). This yields (ev - n,1)y1/2(p,) = 0 for all k. According to
Theorem 3.6.1, there exist z € H{ (div0, ) such that ev = curlz in £2.
Thus, one finds, by integration by parts,

Yw € Kn(f2;¢), 0= (ev|w) = (curl z|w) = (z| curl w).

But, we know from Theorem 6.1.4 that the mapping w — curlw is sur-
jective from Hy(curl, 2) onto Hp (div0,£2). The surjectivity also holds
from K n(£2;¢) onto the same function space. As a matter of fact, given
w € Hy(curl, 2), one corrects the test function by subtracting the gradi-
ent of the scalar field z € H{(£2) defined by divegrad z = divew, so that
w — grad z belongs to Ky (§2;¢) with curl(w — gradz) = curlw in (2.
Hence, there exists w’ € K x(£2;€) such that z = curlw’ in {2, and one has
|z]|? = 0, and also v = 0. ]

To apply Theorem 4.5.13, we can choose L = H (div €0, 2). Also, we remark
that the double orthogonality property involving K n(£2;¢) in X y(£2;¢) fol-
lows easily from the Helmholtz decomposition (6.16) or (7.47). Finally, we
note that (8.6) is equivalently replaced by

{Find (E,\) € (Kn(£2;¢€) \ {0}) x C such that

Vv € Kn(25¢), (E,v)x (20 = (A+1)(cE|v), (8.7)

where (-,-) x (2 is defined in (6.6), with b = p~'. Then, we can apply
Theorem 4.5.13 to derive the results below, which characterize electric eigen-
modes.

Theorem 8.2.4 Let 2 be a domain such that (Top);—g or (Top)r=o is ful-
filled, and let e, be tensor fields that fulfill assumption (5.10). Then, there
exists a Hilbert basis (€m)m of H (div €0, §2) made of eigenvectors of Problem
(8.7) with corresponding strictly positive eigenvalues (\E + 1),,, such that
((ME +1)"Y2e,),m is a Hilbert basis of K n(§2;¢). Finally, the eigenvalues
are all of finite multiplicities and they can be reordered as an increasing se-
quence of real numbers whose limit is +00.
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8.2.2 Magnetic eigenproblem

Let us continue with the eigenproblem in the magnetic field. The process
is very similar to the electric case, so some parts are only sketched. The
unknowns H and A are governed by

Find (H,\) € (H(curl, 2)\ {0}) x C such that

curl(e! curl H) = \pyH in £,

divpH =0 in {2, (8.8)
vH-n=0on T,

e lcurlH xn=0on1I.

All eigenfields now belong to the closed vector subspace K1 (£2; ) of X7 (£2;p).

Proposition 8.2.5 The variational formulation

{Find (H,)\) € (Kr(£2;p) \ {0}) x C such that

Vv € Kr(2;p), (¢! curl H| curlv) = A(pH|v) (8.9)

is equivalent to (8.8).

Proof. It is clear by integration by parts that if (H, ) is governed by (8.8),
then it solves the variational formulation (8.9). On the other hand, given
(H, \) that solves (8.9), one has H € H(curl, 2) with divpH =0 in 2 and
pH - np = 0. To recover the first and last equations of (8.8), consider z €
H (curl 2). Applying another standard procedure, we can subtract the gra-
dient of the scalar field z € H}, (£2) that solves the (well-posed) variational
formulation: for all 2/ € H},  (£2), (ugradz|gradz’) = (uz|gradz’). By
construction, v := z —grad z now belongs to K7 ({2;p) with curlv = curl z.
Using it as a test function in (8.9) successively yields curl(e™! curl H) =

AUH in 2 (with z € D(2)), and then e curl H x n|p = 0. [

If one chooses v = H in (8.9), one has A € R and A > 0. As explained in the
electric case, one must consider (8.9) as an eigenproblem with constraints, set
in V= X7(2;p) and H = L*(2), where H is endowed with [|p'/? - ||. We
first characterize the closure of K = K1 (2;p) in L*(£2).

Proposition 8.2.6 Let 2 be a domain such that (Top);—o or (Top)rso
is fulfilled, and let p be a tensor field that fulfills assumption (5.10). Then,
K1 (£2;p) is dense in Ho(div p0, £2).

Remark 8.2.7 The spaces Kp(2;p) = Ky and Ho(dive0, 2) = Ly have
already been encountered in §7.4.2, where we showed that K (£2;) satisfies
a double orthogonality property within H (curl, 2) (Proposition 7.4.4). The
density result is a consequence of this property (Lemma 4.3.18). Here, we
provide an elementary proof.

Proof. Let us check that any element of the dual space (H(div 0, £2))’ that
vanishes on Kr(£2;p) is equal to 0. Any such element can be represented
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by v € Hy(divp0, 2), and its action by w — (pv|w). Now, choose w €
Z 7 (£2;u), which is a subset of H(div 0, 2), to find (pv - n, 1)y, = 0 for all
i. Due to Theorem 3.5.1, there exists z € Ho(curl, 2) N H' (div 0, 2) such
that pv = curl z in (2. Hence, one finds, by integration by parts,

Vw € Kr(2;p), 0= (pv|w) = (curl zjw) = (2] curlw).

We know from Theorem 6.2.5 that the mapping w — curl w is surjective from
X7(2;p) onto H' (div 0, £2). The surjectivity also holds from K(£2;p) onto
the same function space if one corrects the fields by subtracting an appropriate
gradient exactly as above (solving a variational formulation). Hence, there
exists w’ € K7 (2;p) such that z = curlw’ in §2, and it follows that ||z||? =
0, and v = 0. [ |

We can choose L = H(div 0, 2) to apply Theorem 4.5.13, replacing this
time (8.9) with

{Fmd (H,)\) € (K7r(2;p) \ {0}) x C such that (8.10)
VUEKT(Q;W)v (va)XT(Q;UJ) = (/\+1)([UH|U)7 '
where (-,) x (2, 18 defined in (6.26) with ¢ = e~*. The double orthogo-
nality property involving Kr(2;p) in X7 (§2;p) stems from the Helmholtz
decomposition (6.37) or (7.48). Below, we characterize magnetic eigenmodes.

Theorem 8.2.8 Let 2 be a domain such that (Top)r—o or (Top)rso is ful-
filled, and let €, be tensor fields that fulfill assumption (5.10). Then, there
exists a Hilbert basis (R )m of Ho(divp0, £2) made of eigenvectors of Prob-
lem (8.10) with corresponding strictly positive eigenvalues (NE + 1), such
that (ML +1)712h,,),, is a Hilbert basis of Kr(2;y). Finally, the eigenval-
ues are all of finite multiplicities and they can be reordered as an increasing
sequence of real numbers whose limit is 4+00.

8.2.3 Solving the first-order eigenproblem

Let (em, AL ), respectively (h,,, M), be the ordered sequence of electric
eigenpairs, respectively magnetic eigenpairs. We study the way in which they
are related, thus characterizing electromagnetic eigenmodes.

Consider first an electric eigenpair (e, A\Z). Two cases may occur: AZ = 0
or A\E > 0. If \E = 0, then the couple of electromagnetic fields (e,,,0) is
an eigenmode of the first-order system, with w = 0. Indeed, in this case, one
has [|[p~/?curle,,||> = 0 in 2. On the other hand, if AZ > 0, let us de-
fine ), = —1(A2)~1/2p~! curle,,. Then, the couple of electromagnetic fields
(€m,h.,) is an eigenmode of the first-order system, with w = (\Z)1/2.
Consider then a magnetic eigenpair (h,,, A). The reasoning is very similar,
and again, two cases may occur: A\ =0 or A > 0. If \fl = 0, then the cou-
ple of electromagnetic fields (0, h,,) is an eigenmode of the first-order system,
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with w = 0, because in this case, one has ||e~/2 curl h,,||?> = 0 in £2. On the
other hand, if N > 0, define e/, = +2(\)~1/2¢=! curl h,,. Then, the couple
of electromagnetic fields (e, hy,) is an eigenmode of the first-order system,
with w = (\H)1/2,

To conclude, it follows, by going one last time from either of the above solu-
tions of the first-order system to the second-order eigenproblems, that the set
of strictly positive eigenvalues is equal with same multiplicity, namely:

E B so0l={0E . 2> o).

However, it is possible that, when w = 0, the dimension of the vector space
of purely electric eigenmodes — equal to dim(Z y(§2;¢)) — is different from
the dimension of the vector space of purely magnetic eigenmodes — equal to
dim(Z7(£2;p)). It is even possible that there are no eigenmodes of one kind,
while eigenmodes of the other kind exist.

8.3 Sustained vibrations

Generally speaking, the sustained vibrations with pulsation w > 0 of electro-
magnetic fields are governed by the first-order equations (1.52)-(1.55):

wee + curlh = j, (8.11)
—wph + curle = 0, (8.12)
divee = r, (8.13)

divph = 0. (8.14)

As usual, we assume that ¢ and p are tensor fields that fulfill assumption
(5.10). The data is (j,7), and it fulfills the charge conservation equation
—wr + divj = 0. The unknowns are the measurable and square integrable
electromagnetic fields. Below, we consider several settings.

8.3.1 In a domain encased in a perfect conductor

In a domain (2 encased in a perfect conductor (cavity problem), the sustained
vibrations are governed by Egs. (8.11)-(8.14), plus boundary conditions (5.8)
and (5.9): e x nyr = 0, ph - mr = 0. This is the first-order system. More
precisely, the data (4, r) belongs to L?(£2) x H~(£2), and it fulfills the charge
conservation equation in H~1(£2). The unknown is the couple of electromag-
netic fields (e, h) € L*(£2)%. If w? is an eigenvalue (cf. §8.2), the solution to
the first-order system — if it exists — is not unique. So, in what follows, we
assume that w? is not an eigenvalue, namely that w? does not belong to the
(discrete) set of non-zero eigenvalues, which we denote by {\,, : A, > 0},
with values arranged by increasing order.

As we saw in §1.2.1, this implies the second-order equations (1.58)-(1.61):
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—w?ee + curl(p~ ' curle) = wj, (8.15)
—w?ph + curl(e ! (curl h — 5)) = 0, (8.16)
divee = r, (8.17)

divph =0, (8.18)

plus boundary conditions (5.8), (5.9) and (7.10): e x njp = 0, ph-n;r =0
and ¢~ (curl h — j) x nr = 0. The unknown is the couple of electromagnetic
fields (e, h) € H(curl, 2)%. In the second-order equations (8.15)-(8.18), the
fields e and h are decoupled. So, one can solve a Helmholtz-like problem in
e and a Helmholtz-like problem in h, and finally check that any solution of
these two problems leads to a solution of the first-order system. For this last
part, we apply the same process as in §8.2.

Magnetic Helmholtz-like problem

Let us begin with the problem in the magnetic field h, which is governed by:

Find h € H(curl, 2) such that

—w?ph + curl(e~!(curlh — 3)) = 0 in £,

divph =0 in 2; (8.19)
ph-n=0on/T,

¢ l(curlh —j)xn=0on I.

The magnetic field h belongs to the function space Kr({2;u) and one can
again build an equivalent variational formulation, as in §8.2.2:

Find h € Kp(£2;p) such that
{Vv € Kr(2;p), —w?(phlv) + (et curl h| curlv) = (e~ !j| curlw).

(8.20)

To solve the Helmholtz-like problem (8.20), we propose two approaches be-

low. Both of them rely on knowledge of a Hilbert basis of K7 (£2; ), cf. The-

orem 8.2.8. The first one proposes an explicit solution, while the second one

allows us to solve the problem variationally. Let (hy,)mnm>0 denote the Hilbert

basis' of K7(2;) defined by h,, := (A, +1)"/2h,,. Note that it is also an

orthogonal basis for Ho(div p0, §2), endowed with (v, w) — (pv|w).

The variational formulation (8.20) is then equivalent to

{ Find h € Ky (£2;p) such that (8.21)

Vm >0, —w?(ph|hy,) + (¢! curl | curlh,,) = (¢~ !j| curlh,,).
Considering now h := > ., amhy, with
! Here, we include — if they exist — magnetic eigenmodes with 0 eigenvalue, for

which curlh,, = 0. There is, at most, a finite number of them. We keep the
notation (Am)m>o for the eigenvalues.
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Ym >0, ap, = %(@_ﬁkurlhm),
one finds, by inspection, that h solves (8.21); if \,, = 0, notice that one
automatically has a,, = 0. Moreover, h is the unique solution to (8.21). To
prove well-posedness, one relies on the following observation: discarding the
modes for which \,, = 0, we remark that ((1 4+ 1/\,,)"/?curlh,,),, is an
orthonormal family in L*(£2) endowed with (¢! - |-), hence

2
>[50+ 1/Am) 2 curlh) | < [l 251

Then, one finds

08+ Am)?

lom | =

’(@‘1jl(1 +1/Am)"/? curl hm)’

[Am — w?|
/\2+/\ 1/2 .

()\2 +)\€)1/2 B .
so that ||k k(o) < 31;10) (W e~ 2/25].

Since w? € {A\n 1 Am > 0} and lim,, o0 Ay = 400, one concludes that
supy>o (A7 4+ Ae)'/2/|Ae — w?]) < oo.

On the other hand, one can start from the variational formulation (8.20) and
use the T-coercivity result of Proposition 4.2.14. To that aim, let us introduce
a suitable operator Ty of L(Kp(§2;p)). Since the Hilbert basis (hy,)m>0 is
ordered by increasing values of \,,, there exists an index M > —1 such that
Am < w? if, and only if, m < M. Then, Ty is defined by

| =hy, if A, < w?,
Trhom = {—|—hm if A\ > w?.
By construction, Tf{ = Ik, (o), hence it is bijective. To prove the well-

posedness of the variational formulation (8.20), let us check that the sesquilin-
ear form apy: (v,w) — —w?(pv|w) + (e~ ! curlv| curlw) is T-coercive on
K1 ($2;p). Given v € Kr(f2;p), it can be decomposed as v = Y Umhy,
and, by orthogonality,

ap (v, Tav) = > [om]* (—w’(Uhm|Tahm) + (€7 curlhy, | curl(Tyh,,)))

m>0
w? = A —w? 4 A\
= 5wl () + 3 el ()
M>m m m>M m

: |)\E —w2| 2 : |/\l —W2| 2
> - = _— .
= ?g%( 1+ \ mz [ ?zlg 1+ N\ Iolker (2
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Since w? € {A\n : Am > 0} and lim,, o0 Ay = 400, one concludes that
infy>o (|]Ae —w?|/(1 4 A¢)) > 0, and so the sesquilinear form ay is T-coercive.
Hence, the variational formulation (8.20) is well-posed.

Both results are summarized below.

Theorem 8.3.1 Let 2 be a domain encased in a perfect conductor, such
that (Top)r—o or (Top)rso is fulfilled, and let €, be tensor fields that fulfill
assumption (5.10). Provided that w* does not belong to the discrete set of
eigenvalues of the corresponding eigenproblem, the magnetic Helmholtz-like
problem is well-posed.

Electric Helmholtz-like problem

Let us continue with the Helmholtz-like problem in the electric field e. The
unknown e is governed by:

Find e € H(curl, £2) such that
—w?ee + curl(p~!curle) = wj in 2,
divee = r in (2,

exn=0on /.

(8.22)

Because one always has w # 0, note that the second equation divee = r
in {2 is redundant, as it can be derived from the first one with the help of
the charge conservation equation. The electric field belongs to the function
space Hy(curl, 2). One can build an equivalent variational formulation in
this space, namely

{ Find e € Hy(curl, 2) such that

Vv € HO(CHI‘I; Q), _w2((}:e|’v) + ([P_l Curle| Curlv) _ Z(4‘)(.7|/U) (823)

Indeed, it is clear by integration by parts that if e is governed by (8.22),
then it solves the variational formulation (8.23). On the other hand, consider
e that solves (8.23). One obviously has e € H(curl,{2) and e x n;r = 0.
Also, taking v € D(£2) as a test function in (8.23), one finds that —w?ee +
curl(p~!curle) = wj in D'(£2), so one recovers the first equation of (8.22).
Last, using v = grad v with v € H}(2) as a test function, it now follows that

w?(div €, V) Hi(0) = —w?(ce|grad v) (2% w(j| grad v)
= _Zw<divjav>H[1)((2) = w2<Tvv>Hg(rz)7

where we used the charge conservation equation for the last equality. Hence,
we derive the second equation of (8.22) in H~*(£2) because w # 0.

In the sequel, we endow the space of electric fields Hy(curl, 2) with the scalar
product (v, w). ,~1 cur1 = (ev|w) + (' curlwv| curlw). To solve the electric
Helmbholtz-like problem (8.23), we also propose two approaches, which now
rely on knowledge of an ad hoc Hilbert basis of Hy(curl, 2). To that aim, we
recall that one has the Helmholtz decomposition (6.16):
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ls,“71
Hy(curl, 2) = grad[H(2)] © Kn(2;¢).

According to the study of the electric eigenproblem, we already have at hand
a Hilbert basis of K n(2;¢), here considered as a (closed) vector subspace of
H(curl, £2). Indeed, the scalar products are identical.

On the other hand, the scalar product restricted to grad[HJ((2)] writes
(v,w) — (ev|w). Now, we remark that (v,w) — (egradv|gradw) is a
scalar product of H}(§2). Based on this observation, we can build a Hilbert
basis of Hg (£2) that yields a Hilbert basis for grad[H}(£2)], as follows. Choose
1 € L% (£2) such that > n_ almost everywhere with n_ > 0, and solve

{Find (v,A) € (H5(2)\ {0}) x C such that (8.24)

Vw € Hi(2), (egradv|grad w) = A (nvjw).

This scalar eigenproblem with Dirichlet boundary condition can be solved
with the help of Theorem 4.5.11 for V = Hg(£2) and H = L?({2), respectively
endowed with the scalar products (-,-)y = (egrad-|grad-) and (-,-)g =
(- 1)-

Theorem 8.3.2 Let {2 be a domain. Let € be a tensor field that fulfills as-
sumption (5.10) and let n € L*™(§2) be such that n > n— > 0 almost
everywhere. Then, there exists a Hilbert basis (vm)m>o0 of L?(£2) made of
eigenvectors of Problem (8.24) with corresponding strictly positive eigenvalues
(AP0, such that (A2)=Y2v,,)ms0 is a Hilbert basis for HE(£2). Finally,
the eigenvalues are all of finite multiplicities, and they can be reordered as an
increasing sequence of real numbers whose limit is 4+00.

We denote by (e,)m>0 the Hilbert basis of H (div €0, 2) made of eigenvectors
of Problem (8.7), with associated eigenvalues (A, )m>0 (see Theorem 8.2.4).
Now, let (e;,)m>0 denote the Hilbert basis of K n(£2;¢) defined by e, :=
(A +1)"2e,,. Then, let (e,,)m<o denote the Hilbert basis of grad[H{ ()]
defined by e, := (A2 +m))*1/2 grad v_(14m).

Observe that (e, )mez is a Hilbert basis for H(curl, £2) with,

Vm € Z, Vv € Hy(curl, 2),
(eem|v) + (p~ ! curle,,| curlv) = (A, + 1)"/%(ce,|v),

where, by construction, \,,, = 0 for all m < 0. We can now carry on as before.
In the electric case, the variational formulation (8.23) is equivalent to

{Fmd e € Hy(curl, 2) such that (8.25)

Vm € Z, —w?(eeley,) + (U~ curle|curle,,) = w(jlen).
Let e:= 3 .7 Bmem with

14+ A

v Z, Bm = w——ms
medZ, [ M/\m—wQ

(Flem)-
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By inspection, e solves (8.25) and, what is more, it is obviously its only solu-
tion. Also,?

/\ +1 .
()\€+1)1/2> 1/2 .
<wsup | ——— ] (A +1 em)|,
d(w-w O+ 107 (Glem)

1/2

0. el oy < wsup (S ovzg).
A |

Again, w? € {\,, : m € Z}, A\, = 0 for all m < 0 and lim,, 00 Ay, = +00,

hence supyez ((Ae +1)2/|A — w?]) < 0.

On the other hand, one can use the T-coercivity theory once more. It is com-

pletely similar to the magnetic case. The operator Ty of L(H(curl,2)),

defined by ,
—e,y, if Ay, < w?,
Trem = {—i—em if Ay > w2,

is such that T3 = I y(curl, ), hence it is bijective. Now, let M > —1 be the
index such that \,, < w? if, and only if, m < M. To prove the well-posedness
of the variational formulation (8.23), let us check now that the form ap:
(v,w) = —w?(ev|w) + (! curlv|curlw) is T-coercive on Hg(curl, £2).
Let v € Hy(curl, £2) be decomposed as v = ), Umen, ; by orthogonality,

ag(v,Tpv) = Z [vm|? (—w?(eem|Trem) + (p~ " curle,,| curl(Txre,,)))
meZ

> inf e = 7] Z |Up|? = inf M lv]3
= ez 1+)\g " ez \ 1+ A H(curl,2):

Since w? & {A\, @ m € Z}, A\, = 0 for all m < 0 and lim,, o0 Ay = +00,
one has infyez (JA¢ —w?|/(1 4 X)) > 0, and so the sesquilinear form ag is
T-coercive. Hence, the variational formulation (8.23) is well-posed.

The results are summarized below.

Theorem 8.3.3 Let 2 be a domain encased in a perfect conductor, such
that (Top)r—¢ or (Top)rso is fulfilled, and let €, be tensor fields that ful-
fill assumption (5.10). Provided that w? does not belong to the discrete set
of eigenvalues of the corresponding eigenproblem, the electric Helmholtz-like
problem is well-posed.

2 Choosing e, := e, for m < 0 yields a Hilbert basis of Lz(Q) endowed with
the scalar product (¢ - |-), namely (€m)mez. Given v € L*(£2), it holds that
(ev|v) =3 |(ev|em)|*. Tt follows that

Y QO+ DIGlen)* = D [Glem)* = (Gle'5) = lle™ /%51

meZ meZ



February 22, 2018 305

Remark 8.3.4 By analogy, it would be possible to solve the magnetic Helmholtz-
like problem in H (curl, 2). For that, we recall that, if we endow H (curl, 2)
with the scalar product (v,w) — (uvjw) + (e~} curlv|curlw), one has the
Helmholtz decomposition (6.37):

L“,€71
H(Cur17 Q) = grad[Hzlmv(Q)] S KT(Qa [U)

zmv(Q)] by solv-
ing a scalar eigenproblem in H%,  (£2), with Neumann boundary condition,
namely (hy,)m<o, associated with A, = 0 for all m < 0. The process can be
completed either through an explicit construction, or through the T-coercivity

theory applied to the variational formulation in H(curl, £2).

One then builds a Hilbert basis for the function space grad[H}

Solving the first-order problem

Obtaining a solution is very straightforward (recall that w # 0). For instance:

e given h that solves (8.19), the couple (1w~ te~! curlh, h) solves the first-
order problem (8.11)-(8.14);

e given e that solves (8.22), the couple (e, —ww '~
order problem (8.11)-(8.14).

! curl e) solves the first-

8.3.2 Inside a conductor

The medium in {2 is now assumed to be a conductor with a conductivity
tensor o. For short, we say that 2 is a conductor domain. It is still encased
in a perfect conductor, leading to another cavity problem. The behavior of
the fields is governed, as previously, by (8.11)-(8.14), with e replaced with
¢ + 10w~ !, plus boundary conditions (5.8) and (5.9). We handle the electric
case, and the magnetic case can be treated similarly. The electric field is
governed by the variational formulation:

Find e € Hy(curl, 2) such that
Vv € Hy(curl, 2), —w?(ee|v) — w(oe|v) (8.26)
+(p ! curle| curlv) = w(j,,.|v),

with j.,, the externally imposed current density. We assume that €, p and o
are tensor fields that fulfill assumption (5.10). In this setting, it is possible to
verify that the sesquilinear form

ay : (v,w) = —w?(ev|w) — w(ovjw) + (p~ ' curl v| curl w)

is coercive on Hy(curl, £2) in the sense of Definition 4.2.6. Given v €
H(curl, £2), let ¢ = curlw.

jao (v, v)[* = (=w?[le?0]® + [~ %c)?)? + P o' 2|
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= w0 + UM”QCH4 — 2% ?0? |u—%e|)? + WP o' 2|
> (' = wp)lle! 2ol + (1= wn~Hlp~ et + w?llot )|,

The above is true for all n > 0, thanks to Young’s inequality.
According to (5.10), there exists 8, > 0 such that, for all v € L*(£2), it holds
that ||o'/2v||* > B, ||e'/?v||*. Tt follows that

lao (v, )* > W (W + Bo — n)lle!2v)|* + (1 - w?n~ ) Jp~ 2|

Then, one can choose 1 €]w?,w? + B,[ so that v, = min(w?(w?+ 8, — 1), (1 —
w?n™1)) > 0, and one concludes that

lag (v, 0)? = - (le!/ 20l + |2l )2,

In other words, the form a, is coercive and the well-posedness of the varia-
tional formulation (8.26) is achieved. The result is summarized below.

Theorem 8.3.5 Let {2 be a conductor domain encased in a perfect conductor,
such that (Top) 1—¢ or (Top) =0 is fulfilled, and let €,u, o be tensor fields that
fulfill assumption (5.10). The electric Helmholtz-like problem in the conductor
domain is well-posed.

To conclude, we recall two simple results. Let the tensor fields €, u be fixed.
One can easily check that the (best) coercivity constant for a,(-,-) goes to
0 when o goes to 0 in L°°(£2), that is, when the upper bound o goes to
0, cf. (5.10). Indeed, given ¢ € H(£2) \ {0}, one has ag(grad ¢, grad q) <
0, whereas one can choose e,, so that \,, > w?, and ag(em,e,n) > 0. By
continuity, there exists v # 0 on the line segment [gradq,e,,] such that
ap(v,v) = 0. Hence,

a0 (v, 0)] = w o 20]]? < -2

So, the (best) coercivity constant goes to 0 when the medium becomes less
and less conducting.
More to the point, set © = no;, where 7 is a real, strictly positive num-
ber that goes to 0, and o7 a tensor field that fulfills assumption (5.10). Let
us assume that there exists mg such that w? = \,,,, hence (p~!curle,,, |
curlv) = (een, | v) for all v € Hy(curl, £2), and choose the data j,,; such
that (§.pilem,) # 0. Let e, denote the solution to (8.26) for a given 7. Then,
one has

lim ||oie,|| = +oc.

n—0+
Indeed, using v = e, in (8.26) yields (o1€y|emy) = =1 (Joui|@mo)- By the
Cauchy-Schwarz inequality, it holds that

~1 |G eadlems )|

— +00.
l[emol

1
||01677|| 2 He H |(®1en|em0)| = 77
mo
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Remark 8.3.6 The same conclusions can be drawn inside a Lorentz material
with damping, i.e., with v > 0 in the definition of the electric permittivity
er, cf. §1.2.4.

8.3.3 Diffraction problem

Following §1.6.1, we consider here a diffraction problem around a bounded
object (or scattering from a bounded obstacle) 0 with connected boundary,
which we assume to be perfectly conducting. One adjusts the exterior domain
R3\ 0 by truncation, which results in a bounded (computational) domain,
called (2. Its boundary I is split into two parts:

e a “physical” part I'p = 00 with a perfect conductor boundary condition;
an “artificial” part, called I'4, on which an ABC is imposed, namely an
impedance boundary condition, which writes

Exn+Z(HT)=0o0nIy, (8.27)

for some operator Z € E(H11/2(CUI‘1]‘,FA),H[l/z(diVF,FA)). A priori,
Z # 0, otherwise (8.27) reduces to the perfect conductor boundary condi-
tion on I'4.

For such problems, the time dependence is known: in exp(—wwt), with a given
pulsation w > 0. Staying momentarily in the time domain, we recall that,
according to (5.21), the electromagnetic energy W is governed by

aw

— O+ Z(HT), Hr(t)r, = ~(JO)IE®), t>0.

So, to ensure uniqueness, one must have -, (Zv,v),, > 0 for all admissible
fields w.

Let us go back to the frequency/pulsation domain and study the truncated
problem in greater detail.

We choose a “simple”, yet accurate (see the upcoming §8.5.3), model for the
impedance. Namely, the action of Z amounts to multiplying by a scalar, i.e., a
real number Zj, which is independent of w. The condition on the uniqueness,
plus the fact that Z # 0, imposes that Zy > 0.

Obviously, there is some flexibility in the choice of the artificial boundary I'4:
below, we choose a sphere B(0, R), with R > 0 such that 0 C B(0, R), and
define 2 := (R3\0) N B(0, R). More generally, it would be enough that I’y be
polyhedral with no pathological vertices. Indeed, we remark that

exXmnp,, (hT)|pA S H11/2(Cu1‘1p,[’,4) n H[1/2(din,FA).

As proven earlier (see Remark 5.1.8), this function space is a subset of L7(I'4).
Hence, the natural function space of electric fields is
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Haipp(curl, 2):={f e Hor.(cur, ) : fxnyr, € L (I'a)}
It is endowed with the scalar product

(v,w) — (ev|w) + (p~ ! curlv|curlw) + (v x n,w x M) L2(r)s

where 8 € L®(L4), B8 > fo > 0 a.e. on I'4, and €, p are tensor fields that
fulfill (5.10).

Remark 8.3.7 The function spaces H(‘;FP (curl, 2) and VEIP, cf §7.2.2,
are identical.

In the sequel, we focus on the problem that involves the electric field, bearing
in mind that one can recover the total electromagnetic field as before (and also
that one could solve the problem in the magnetic field in a similar fashion).
Given (j,r) € L*(£2) x H~'(£2) that fulfills the charge conservation equation
—wwr + div g = 0, the electric field e € H(J{IP (curl, 2) is governed by

—w?ee + curl(p~ ! curle) = wj and divee = r in £2,

plus a boundary condition on the artificial boundary I'4. On I'4, using the

trace of Ampere’s law, one has: e x n = —Zoht = +1Zy/w(p ' curle)r. It
can be equivalently written as

1 . w

ve xn = (u  curle)r, with v:= —1—.

Zo

Observe that v € 1R, with Sv < 0.
On the other hand, let us study the corresponding space of scalar potentials.
In the present case, one has grad[HéJ}P ()] C HSCFP (curl, 2), where

Hyb, (2) = {f € Hy 1,,(2) + fira € H'(I'a)}.

According to the Poincaré inequality of Proposition 2.1.66, it can be endowed
with the norm H . HH(I)}P(Q) = (”@1/2 grad ||2 + Hﬁl/2 gradF HQL?([‘A))l/Q

Proposition 8.3.8 It holds that
H}(02) = closure of D(£2) in H&‘}P(Q)

Proof. Let v € H}(2); there exists a sequence (vg)r € (D(£2))N that con-
verges to v with respect to the H'(£2)-norm. However, for all k,l, ||vx —
/2 grad(vy — v)|, hence (vy) is a Cauchy sequence in

Ul||Hg+F Q) = le
P

H(}_JICP (£2). By the uniqueness of the limit, v belongs to the closure of D({2) in

,

Hyp, (92).

Conversely, let v € Hé}P (£2) be the limit of a sequence of elements of D({2)
with respect to |- HHHF (2)- By construction, it also converges in H'(£2)-norm

0,.I'p

(to the same limit), so v € H{(£2), which yields the result. |
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Next, for v € HSCFP (curl, 2), one has, by integration by parts,
(curl(p~ ' curle)|v) = (' curle| curlv) + v(e x n,v x n)L2(r,)-

As a consequence, for the diffraction problem, the equivalent variational for-
mulation in the electric field is

Find e € Haipp (curl, £2) such that
Yv € HS:FP (curl, 2),
—w?(eelv) + (v ! curl e| curlv)
+v(e x n,v xn)p2p,) =w(jv).

(8.28)

Compared to the variational formulation for the electric Helmholtz-like prob-
lem (8.23), there is one addition: one uses v € C'F,(£2) to find

—1

Vo e C?—‘i(ﬁ)u ra(vexn—(p  curle)t,v xn),, =0.

Thanks to the density of C%, (£2) in Hg, 1, (curl, £2) (this is Definition 2.2.27),

and hence of the tangential traces on I'y of CT,(£2) in H[lﬂ(divlﬂ,FA)
(see Corollary 3.1.23), together with the duality identity of Theorem 3.1.25,

we conclude that the boundary condition ve x n = (p~!curle)t holds in
H11/2 (curlp, I'4). For illustrative purposes, let us assume that v € R, with
v > 0, a purely “mathematical” setting. The process closely follows the solu-
tion of the electric Helmholtz-like problem. Below, we set S(x) = v for almost
all x € T'y.

Introduce K n a(£2;¢) := Xy, a(£2;¢) N H (div €0, £2). One has the orthogonal
decomposition:

it
Haipp (curl, 2) = grad[H} (£2)] D Ky 4(£2;¢). (8.29)

Indeed, given v € HS:FP (curl, £2), let us solve

Find ¢ € H3(£2) such that
Vg € H(2), (cgrad ¢|gradq) = (ev|grad).

One has w = v — grad ¢ € Ky a(f2;¢) by construction and, in addition,
(grad (b,w)H;FP (curl,2) = (€grad ¢[w) = 0, so (8.29) follows.
As before, we now construct a Hilbert basis for H ai r,, (curl, £2) in two steps:

a Hilbert basis of Kx 4(£2;¢), and a Hilbert basis of grad[H}(£2)]. Let us
outline the process.
The eigenproblem in Ky 4({2;¢€) is

Find (E,\) € (Kn,4(£2;¢) \ {0}) x C such that
Vv € Ky a(92;¢), (0" curl E|curlv) + v(E X n,v X n)r2r,) = McE|v).
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To apply Theorem 4.5.11, we choose V = K n, 4(§2;¢) and H = H(div €0, {2).
On the one hand, Ky 4(2;¢) is compactly imbedded in H (div €0, £2) accord-
ing to Theorem 8.1.3 and the fact that [|€'/2 - || is a norm in H(dive0, £2).
On the other hand, Ky a({2;¢) is a dense subset of H(dive0,{2): as a
matter of fact, Ky 4(£2;¢) contains K n(§2;¢), and one can apply Propo-
sition 8.2.2. Hence, adding to both sides of the eigenproblem variational for-
mulation the quantity (eE|v), one gets a result in the spirit of Theorem 8.2.4,
which provides a Hilbert basis of K n 4(§2;€). To obtain a Hilbert basis for
grad[H}(£2)], we proceed as before, cf. the solution of (8.24). Accreting the
two bases together yields a Hilbert basis of H 8‘7 rp(curl, £2). One then con-
cludes either by a direct solution of (8.28) (taking the elements of the basis
as test functions), or by the T-coercivity theory.

Theorem 8.3.9 Let 2 be a domain such that (Top)r—o or (Top)r=o is ful-
filled, with boundary I' = I'p Uy where OI'p MOy = 0 and I'p is connected.
Let e,y be tensor fields that fulfill assumption (5.10). Provided that w* does not
belong to the discrete set of eigenvalues of the eigenproblem set in Ky, 4(£2;¢),
the variational formulation (8.28) with v > 0 is well-posed.

Let us then go back the ”physical” case where v = —w/Zy and Zy > 0. Let
e be governed by (8.28); then, thanks to the splitting of (8.29), one can write

e = grad ¢, + w., ¢ € H&(Q), w, € Ky a(£2;¢).

In addition, for ¢ € Hg(£2), using v = gradq as a test function in (8.28)
yields

w(jlgrad q) = —w?(ce| grad q) = —w” (e grad ¢.| grad q),

as (ew.|gradq) = 0 by integration by parts. Hence, the scalar field ¢, is
characterized as the only solution to

Find ¢. € Hg(£2) such that
Vg € Hy(£2), (egrad ¢.|grad q) = —w ™' (j| grad q).

Observe that, with the help of the charge conservation equation, one can
replace the right-hand side above with —(r, q) HL(02)- In order to determine
ec HJFP (curl, £2), there remains to find w. = e — grad ¢. € Kn a(£2;¢€).
Using v € Ky 4(2;€) as a test function in (8.28) yields:

w(jlv) = —w?(ewe|v) + (U curlw,| curlv) — ZZﬂ('we X T,V X M) 21,
0

as (egrad ¢.|v) = 0, once more by integration by parts. So we obtain that
w, is governed by

Find w, € Ky a(§2;¢€) such that

Vv € Ky a(f2;¢e),

—w?(ewe|v) + (U ! curl we| curl v) (8.30)
w

—Z—O(we XM, v X N2,y = w(jlv).
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By orthogonality, one easily goes back to the variational formulation (8.28).
On the other hand, to solve the variational formulation (8.30), one again
uses the fact that the imbedding of Ky 4(£2;¢) in L*(§2) is compact. In this
instance, this result will be used in conjunction with the Fredholm alternative
(see Theorem 4.1.18 or Corollary 4.1.19).

Define the sesquilinear form

ay @ (v,w) = (ev|w) + (p~* curlv| curl w) — ZZﬁ(v X T, W X M) L2(r,),
0
which is coercive on Ky 4(§2;¢). Indeed, one has
L 1e1/2,012 —1/2 lol2 = 2 2
0+ (0,9) = /2] + o2 curl o> = 22 o x il
It follows that
1
a4 (v,v 2—(3‘%a v,v))| + |S(ay (v, v )
lat (v, )| \/§|(+( NI+ [3(ay (v, v))|

L
V2

/2,12 —1/2 2, W 2
<|@/v|| + |p~ 2 curlw|| +Z_0”vxn|L?(FA))'

Due to the assumptions about €, p (see (5.10)), and because w, Zy > 0, coer-
civeness follows. Now, note that (8.30) can be reformulated as

Find w, € Ky a(§2;¢€) such that
Vo € Kna(2;€), ay(we,v) — (w? + 1)(ew.|v) = w(j|v).

Let us introduce the operator K € £(L?(§2)), defined by: given g € L*(£2), let
Kg = ik 4(2:c)—L2(2)Wq, Where wy is the solution to

Find wy, € Kn a(§2;¢€) such that
Vv € Ky a(£2;¢), ay(wg,v) = (eglv).

By construction, K is a compact operator of £(L?(£2)). Furthermore, (8.30) is
equivalent to

Find w. € L*(22) such that {r20) — (w? + DK}w, = wK(e 7). (8.31)

This problem with unknown w, in L*(£2) falls within the Fredholm alter-
native. Therefore, to achieve the existence of a solution to (8.31) plus well-
posedness, it is equivalent that wg = 0 is the only solution to

Find wo € L*(2) such that Uz o) — (w? + DK wo = 0.

Or, going back to the variational formulation, that the only solution to
(8.30)j=0 is 0. Denoting it by wy, one has wg € HS:FP(curl,Q), and
divewy = 0 in (2. In addition, taking v = wg as a test function in
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(8.30)j=0 and keeping only the imaginary part yields ||wq X nHQL?(FA) =0,
i.e., wo x nyr, = 0. In particular, wy € Ho(curl, {2). Next, for ve D(0),
let ¢ € HE(£2) be such that divegrad ¢ = divev in 2. As usual, v — grad ¢
belongs to K n 4(§2;¢), and so it can be used as a test function in (8.30);—0.
It follows that,

Vv € D(92), (—w?ewq + curl(p~! curlwy), @) = 0,

that is, —w?ewqy + curl(p~! curlwy) = 0 in (2. Similarly, for v € Cr, (02),
we define ¢ € H}(£2) as above, so that v — grad ¢ € K x _(£2;€) can be used
as a test function in (8.30);=¢. After integrating by parts, one now finds

Vv € C%’;(ﬁ), “((uf1 curlwg)T,v x n),, =0.

As previously, we obtain (p~!'curlwg)t = 0 on I'4 (more precisely, in
H?(curlp, Ty)).

Hence, wq fulfills two homogeneous boundary conditions on I'4, namely,
wy x n = pteurlwg x n = 0. To conclude that wq vanishes on 2, we
apply the unique continuation principle (cf. [87, 165]).

To that aim, set eg = wg and hg = —z/o.)[p_l curlwg in 2. By construction,
both fields eq, by belong to Hy, r,(curl, 2), so one can define their contin-
uations by zero to 27 := B(0,R + 1)\ B(0,R) (recall 2 C B(0, R)), still
denoted by eg and hg. Below, we state a result of [205, 171].

Theorem 8.3.10 (unique continuation principle) Let {2 be a connected
domain, and let €, be tensor fields that fulfill assumption (5.10), with reg-
ularity e,y € WH2°(82y). Let eq,hg € H(curl, £2) be such that, for some
wo > 0,

woeeg + curl hg = 0, —wgphg + curleg =0 in 2.

If ep vanishes in a (non)-trivial ball By of 2y and if there exists xy € By such
that p(xo) = e(xo) for some & > 0, then (eg, ho) = (0,0) in 2.

In the case when ¢, are globally smooth on {2, one can define a suitable
continuation of those tensors to £27. By suitable, we mean that it is under-
stood that the continuations fulfill (5.10) in 2%, and furthermore, that there
exists a point of 27 such that ¢ and p are proportional at this point, with
a strictly positive multiplicative factor. In this case, all the assumptions of
Theorem 8.3.10 are fulfilled for ey, hg on 2y = int(2U N7F) with wy = w.
One concludes that wo = ey vanishes in (2, so that the truncated diffraction
problem is well-posed.

More generally, if e, are only piecewise smooth on (2, one can ap-
ply the same process iteratively. To fix ideas, consider a partition of {2,
P =(£2,)1<p<p, such that all components of e, are smooth on §2,, for
1<p<P.

Let (£2,,1)p be the elements of the partition P such that measr(9£2,NI4) > 0.
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For each domain (2, 1, one can apply the same path as before to find that
(e, ho) = (0,0) in £2, 1, with the help of different continuations if necessary.
Let 2! = 2 and 201y = int(Upf2, 1): due to the global regularity of the fields,
one concludes that eg, hg vanish in (2(1y. It follows that eg, ho both belong
to H rz(curl, £23), where 22 = '\ 21y and I'3 = (002(1y N02*)\ I'p.
Let (£2,2), be the remaining elements of P such that measr(9£2, N I'3) > 0.
As above, if one lets {215y = int(U,2,2), one obtains that eg, ho vanish in
2(2y, and also that they belong to H rs (curl, §23), where 23 = (22 \@
and Fj = (69{2} N (9.(23) \ I'p.

Because {2 is connected, one can carry on and span all the domains of the
partition iteratively, so that eg, hg globally vanish on {2, and so does wy.
Hence, the truncated diffraction problem is again well-posed.

Theorem 8.3.11 Let 2 be a domain such that (Top);—o or (Top)r=o is
fulfilled, with boundary I' = I'p U I's, where OI'p NOI'y = () and I'p is con-
nected. Let e, be tensor fields that fulfill assumption (5.10) and the coefficient
assumption. Then, the truncated diffraction problem (8.28) with impedance
Zo >0 and v = —w/Zy is well-posed.

8.4 Interface problem between a dielectric and a Lorentz
material

Inside a Lorentz material, and in the absence of damping, it has been noted
that the electric permittivity can be negative in given pulsation ranges (cf.
§1.2.4). We consider here® that w # 0 is chosen so that this condition is
verified. Then, let {2 be a domain partitioned into the non-trivial partition
P = (£2p)p=+,—, with a dielectric in 24 and a Lorentz material in £2_, and
assume that € is a tensor field such that 0 e fulfills (5.10), with 6 = +1 in 2
and 0 = —1 in 2_. In this setting, the main difference with the “classical”
setting is that (e-|-) is not a scalar product in L?(£2). This is the main difficulty
to overcome, in order to solve the interface problem between a dielectric and a
Lorentz material. Because w # 0 and as noted at the end of §8.2, one may still
check that it is equivalent to solve the coupled first-order system in (e, h), or
either one of the second-order systems in e, respectively in h. In what follows,
we focus on solving the electric Helmholtz-like problem (8.22).

To be able to carry out the study, one makes the assumption (H.):

the scalar problem with data g € H~1(£2)

{Find q € HY(R2) such that

8.32
Vg € Hy(02), (egradq|gradq’) = g(q) ( )

is well-posed. According to Proposition 4.2.14 and Remark 4.2.16, we infer
that there exist T € L(H}(£2)) and a > 0 such that

3 The problem to be solved is not static, which is the reason why it has not already
been addressed in §§6.1-6.2.
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Vg € Hy(£2), |(egradq|grad(Tq))| > allqlF o) (8.33)

On the other hand, the magnetic permeability p is a tensor field that fulfills
(5.10).

In this setting, under assumption (H.), let us first build an equivalent varia-
tional formulation to the interface electric Helmholtz-like problem (8.22), with
data (j,r) € L*(2) x H='(£2) that fulfills the charge conservation equation,
and solution e € H (curl, £2).

Define ¢, as the (unique) solution to (8.32) with right-hand side g¢(¢') =
—(r, q’)H%(Q), and let j, = j —wegrad ¢,. By construction, divj, = 0. By
inspection, e solves (8.22) with data (7,r) if, and only if, e = e — grad ¢,
solves (8.22) with data (j,,0). Hence, characterizing e amounts to character-
izing eq. In the sequel, we focus on the latter field eg € K n(£2;€) ; we refer to
(8.22) with solution eq as (8.22)¢. Note in passing the non-orthogonal, albeit
direct, Helmholtz decomposition, under assumption (H.):

H(curl, 2) = grad H} (2) ® K n(£2;¢)
w w w (8.34)
e = grado¢, + €

One can build a variational formulation in K n(f2;¢) endowed with the
H (curl, 2)-norm, which is equivalent to the interface electric Helmholtz-like
problem (8.22)y. Namely,

{Fmd ey € Kn(£2;¢€) such that (8.35)

Vv € Ky (£2;¢), —w?(eeg|v) + (p ! curl eg| curlv) = ww(jy|v).

Proposition 8.4.1 Under assumption (H.), ey solves the interface electric
Helmholtz-like problem (8.22)o if, and only if, eg solves the variational for-
mulation (8.35).

Proof. Straightforward using the Helmholtz decomposition (8.34). [ |

Second, one can show that (8.35) fits into the coercive+compact framework.
This is carried out in several steps.
To begin with, one characterizes the spaces Qn(£2;¢) and Z n(£2;¢).

Proposition 8.4.2 Under assumption (H.), for every 1 < ¢ < K, there
exists a unique q; € H}(82) such that divegrad ¢; = 0 in 2, and ¢ = 6ie
on Iy, Vk.

Proof. Since the trace operator 7y is surjective from H'(§2) to H'/?(I") (The-
orem 2.1.62), there exists o € H'(£2) whose trace is equal to the function dx
on I'. Next, define ¢* as the (unique) solution to (8.32) with right-hand side
g(¢') = (egrad q| grad ¢'). Then, ¢; = q¢ + ¢* is such that divegrad¢® =0
in (2, and ¢; = dk¢ on I}, Vk. This proves existence.

One checks uniqueness simply by noting that the difference of two solutions
solves (8.32) with zero right-hand side, so it is equal to zero. [ |
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Corollary 8.4.3 Under assumption (H.), one has
dim QN (2;¢) =dim Zn(2;¢) = K.

Proof. To begin with, (¢7)1</< K is a free family, and one has span; « ;< (¢5) C
Qn(£2;e). Then, given ¢ € Qn({2;€), one remarks that ¢ — Zé:;;{(qm)qf
solves (8.32) with g = 0, hence ¢ =3, (g1, )q;, so the converse inclusion
holds. Tl follows, in particular, that dim(Qx(£2;¢)) = K.

By definition, (grad¢j)i<¢<x is a free family of Zy(f2;¢). On the other
hand, given z € Zn(£2;¢), we know from Theorem 3.3.9 that there exists
p € H}(92) such that z = grad p in 2. In addition, divegrad p = divez = 0
in {2, so p actually belongs to Qn(£2;¢). Hence, dim(Z x(£2;¢)) = K. [

Next, one derives a direct decomposition of K y(£2;e). Define
Kn(2;¢) :={ve Kn(2;¢) : (ev|gradgf) =0, 1 </ < K}.

Proposition 8.4.4 Under assumption (H.), there exists (P} )1<k<r € (Kn(£2;€))%
such that, for 1 <k, < K, (egrad ¢f|P},) = 0. It follows that

Kn(2;¢) = Kn(2;¢) @ span; << i (P})-

Proof. Straightforward after checking that the forms m, € (K n(£2;¢))" de-
fined by me(v) = (ev|grad ¢j) for 1 < ¢ < K are a free family. [

One can then prove that the imbedding of K n(£2;¢) into L*(£2) is compact.

Theorem 8.4.5 Let 2 be a domain such that (Top);—g or (Top)r=o is ful-
filled and that can be partitioned into the non-trivial partition P := (£2,)p=1 —,
and define 6 by § = +1 in 24, § = —1 in £2_. Let ¢ be a tensor field
such that 0 fulfills (5.10). Assume that (H.) holds and that the operator
T of (8.33) also belongs to L(L*(2)). Then, given any s € [0,1[, one has
XN,—S(‘Q;‘E) Ce L2(“Q)

Proof. Consider (y,, ) a bounded sequence of X y _s(£2;¢). One can proceed
as usual, extracting a subsequence that converges in LQ(Q) in three steps.

1. Let ¢, € Hg(£2) solve (8.32) with right-hand side g(¢') = (ey,,| grad ¢').
One has, according to (8.33),

allap 7 (2) < (€Y grad(Tey,))| < || divey,, | a-1(o) | Tap[lmi1o)
< T2z ol divey,, | z-1(o)lldm | 1 (2),
SO ||q70n||Hl(Q) < g_1|||W|||L(Hé(Q))H divey,,|lm-1(0): (@), is a bounded se-
quence in H'(§2). Since s < 1, there exists a subsequence still denoted by

(¢°)m that converges in H*({2). Moreover, ¢0, € Hg({2). By assumption,
T € L(L*(£2)) N L(H(£2)): we know from Proposition 4.1.23 (interpolation
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of operators?) that T € L(H§(£2)). Denoting y,,,,, := Y,, — Yn, €tc., it follows
that

< 21Tl 2ag2)) sup(l div ey, |-« () dmnl e (2)-

In other words, (¢2,)., is a Cauchy sequence in H({2), so it converges in this
space. As a consequence, (grad ¢?,),, converges in L?(12).

2. Let @, :=y,, —grad ¢¥, € K ny({2;¢). According to Proposition 8.4.4, one
may split @, continuously as

Tm = ii!m + Z afnPi, iitm S KN(Q;(B), (afn)lgkgK S CK.
1<k<K

Since (@, )m is bounded in K x(£2;€), one may extract a converging subse-
quence of ((afn)lgkgK)m in CK, still denoted by ((Otfn)lngK)m.

3. To prove the claim, one has to extract a subsequence from (&,,),, that
converges in L%(£2). By construction, the field e, belongs to H (div 0, 2).
According to the definition of K n(§2;¢) (and of (¢§)1<e<x ), one has, in ad-
dition, (€@, - 1, 1) g1/2(r,) = 0 for all k. Then, using Theorem 3.6.1 for every
m, one obtains a bounded sequence (w., )., of elements of

K7 (2)={we Kr(2) : (w-n,1)s, =0, 1<i<I}

such that ex,, = curlw,, in §2. Because of the sign-change of €, one must
recover some positivity to end the proof.> To this end, proceed as follows.
For given w € K7 (£):

i. Let r € Hg(£2) solve (8.32) with right-hand side g(¢') = (e curl w| grad ¢').
ii. Introducing

P= Z (ecurlw|grad ¢;) P}, and v = e¢(curlw — grad r — P),
1<k<K

one has v € H(div 0, $2), with (v n,1)g1/2(p,) = 0 for all k. As a matter of
fact, diveP = 0 and dive(grad r — curlw) = 0 by definition. Furthermore,

(010 D rv/sry = (0 - 100 mmvagsy = (v | grad gf)
= (ecurlw | grad ¢;) — (egrad r | grad ¢) — (e P | grad ¢}).

Indeed, as 7 € H}(£2), the second term is equal to:

* For the property T € L(H§(£2)) to hold, one must exclude the case s = 1/2
(see Propositions 2.1.44 and 2.1.47 for the interpolation of the Sobolev spaces).
However, if s = 1/2, one simply chooses any s’ €]1/2,1[, and then step 1. is
carried out with a subsequence (¢, )m that converges in HSI(Q).

® As a matter of fact, (¢ - |-) is not a scalar product on L?(£2), but (e - |e-) is, and
the associated norm is obviously equivalent to || - ||
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(egradr | gradgqy) = (r, divegrad q;)g-1(0) = 0,
—_———

0

while, by Proposition 8.4.4,

(eP | gradgq;) = Z (ecurlw | grad ¢;) (ePj | grad qf)
—_————

1<U<K
- = Oke

= (ecurlw | grad q}),

which cancels out the first term.

iii. According once more to Theorem 3.6.1, there exists a unique vector po-
tential Tw € K7 (£2) such that v = curl(Tw) in 2, and ||1ATw|\H(cur17(3) <
C |lw| f(cur1,0) With C' > 0 independent of w.

By construction, w — Tw defines an operator T € L(K7 (£2)).

Recall that K7 (£2) is compactly imbedded into L?(£2) (see Theorem 3.5.4);
then, going back to (W, )m, which is a bounded sequence of K7 (£2), there
exists a subsequence still denoted by (wyy)m such that (Tw,y, ), converges in
L2(Q). Now, denoting T,y := &m — Tn, ete., it follows that

lle@mn | = (€Zpn| curl woy,) = (£mn e curl wy,,)
= (:%mnl'vmn +e grad Tmn + ‘EPmn)

- (-’i}mnh}mn) + (®imn| grad Tmn) + (@ﬁ}mn|Pmn)

Above, the sequences (U )m, (Tm)m, (Pm)m have been defined according
to steps i and ii; they are bounded in L*(£2), HA(£2), span {Pi}icher
respectively. The second term vanishes by integration by parts. Because
(P.n)m belongs to a finite-dimensional vector space, it converges up to the
extraction of a subsequence; as (&), is bounded in L*(£2), it follows that
limy, n—yo0 (€Zmn | Pmn) = 0. Finally, regarding the first term, one finds, by
integration by parts,

(Zrmn|Vmn) = (Zmnl curl(ffwmn)) = (curl ﬁcmnﬁwmn)

< 2 sup(|| curl @) || Twin]-

Hence, limy, n— oo (Zmn|Vmn) = 0: (€€y,)m converges in L2(Q), and so does
(Zn)m- This ends the proof. [ |

One finally concludes that the interface electric Helmholtz-like problem (8.22)
is well-posed in the Fredholm sense with the help of Theorem 4.5.7 (coer-
cive+compact framework) and Theorem 4.5.10 (eigenvalues). Indeed, one may
rewrite the sesquilinear form a of the problem (8.35) with identical arguments
w e Ky(2;¢) as

1/2

a(w, w) = [[p™"? curlw]]? + [lw||* - [lw]* - w?(ew|w).
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The last two terms are compact perturbations in K n({2;€) (see Theo-
rem 8.4.5), while it holds that

™2 curlw|? + [lw]* > min(L, 0010 3 curt,0)-

The conclusion follows.

Theorem 8.4.6 Let 2 be a domain such that (Top);—g or (Top)rso is ful-
filled and that can be partitioned into the non-trivial partition P := (£2,)p=1 —,
and define § by 0 = +1 in 21,0 = —1in 2_. Let € be a tensor field such that
oe fulfills (5.10). Assume that (H.) holds and that the operator T of (8.33)
also belongs to L(L*(£2)). Then, provided that w? does not belong to a discrete
set of R, the interface electric Helmholtz-like problem is well-posed.

One may further characterize the set of excluded values of w?, which corre-
sponds, according to Theorem 4.5.10, to the set of eigenvalues A of the electric
eigenproblem® (8.6).

A priori, one has A € C. Taking v = E in (8.6) yields |p~'/?curl E|> =
AeE|E). If X = 0, then curlE = 0 in 2, ie., E € Zy(;¢). Con-
versely, it is clear that E € Zy(f2;¢) is an eigenmode associated with
A =0.If A\ # 0, and in addition (eE|E) = 0, one has E € Zy(£2;¢),
but we know that E € Zy(£2;€) is an eigenmode associated with A = 0.
Hence, for A # 0, one automatically has (eE|E) # 0, and it follows that
A = (¢E|E)"'|u~ /2 curl E||? € R. So, all eigenvalues belong to R. What is
more, one can easily build two sequences (v}),, and (v;,)nm, with v} com-
pactly supported in (24, respectively v,, compactly supported in 2_, and
furthermore,

V2 lp—"/% curl v, |*

e .
lim = +o00 lim = -0
m—o0 ((E'U;Q |’U7J7r1) ’ m—o0 (@'U:n |'U;1)

curlv; |2

To that aim, one uses elements of D (2, ), respectively D({2_), with shrinking
support, such that (e v [v) = 41 for all m, while lim,, oo ||p~ 2 curl v || =
+00. One concludes that the set of excluded values of w? is made of two se-
quences of real numbers, the first one composed of positive numbers whose
limit is +00 and the second one composed of negative numbers whose limit is

—0OQ.

5 The study of (8.6) in this setting is physically irrelevant. It is useful only for
characterizing those excluded values of w?. As a matter of fact, in the model
under scrutiny, the tensor field ¢ is a function of w for the Lorentz material in
£2_. So, given w, one first derives ¢/, = &q4,z.(w), and then one checks whether

2

or not A = w” is an eigenvalue, that is, a solution to (8.6), with permittivity e.
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8.5 Comments

8.5.1 Compact imbeddings

The manner in which results are proven for fields with divergence(e) or
divergence(p) in L?(£2) consists of a variation of the proofs given for fields
with divergence in L?(£2) (see §3.2). This can be re-interpreted in an abstract
framework. We refer to [77] for an illuminating discussion.

Let us mention one last compact imbedding result, for a function space whose
elements fulfill mixed boundary conditions, in LQ(Q). More precisely, consider
that the boundary I is equal to I U Iy, such that I and 915 are Lipschitz
submanifolds of I', and define

Y 1niz(2) := {f € H(curl, Q)NH (div, 2) : fxn;r € L{(In), fnr, € L*(I3)}.

According to [110], one has Y i, (£2) C. L*(§2). It is also mentioned there that
one has a similar result replacing H (curl, 2) N H (div, 2) with H (curl, 2)N
H(div{, 2) for a tensor field { = &03 that fulfills assumption (5.10) with
piecewise smooth coefficient £ defined on a partition of (2.

8.5.2 Limiting amplitude principle

This principle was proposed by Eidus [105] to address the question of the
time evolution of the solution to time-dependent equations, in the presence
of time-harmonic data: does the solution adopt a time-harmonic behavior
(for large times)? In a number of situations, this principle can be rigor-
ously/mathematically proven. It turns out that, provided the data is com-
pactly supported in space, the solution adopts a time-harmonic behavior as
t goes to infinity, in bounded regions (of R?). We refer to [185, 134, 146] and
references therein for the mathematical justifications obtained for models of
wave propagation. There are exceptions, in particular, for the interface prob-
lems with sign-changing coefficients considered in §8.4. We refer to [71].

8.5.3 Diffraction problem

Solving diffraction problems (cf. §1.6), such as scattering from a bounded
obstacle, is, in itself, a large subfield of electromagnetic theory. Many mono-
graphs have been devoted totally or partially to this topic: we refer the reader
to [73, 87, 168, 165]. On the other hand, it is not the purpose of the present
monograph to address this topic in great detail. We propose a very rough
sketch below on the scattering from a bounded obstacle, which follows [165].
Let the perfectly conducting obstacle be denoted by 0. It is assumed that 0
is a domain with connected boundary. The problem to be solved is set in the
(connected) exterior domain R3 \ 0, with pulsation w > 0. The medium is
globally inhomogeneous, and homogeneous far away from the obstacle, that
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is, (e, p)(x) = (€0, o) for |x| > Ry, for some Ry > 0 such that 0 C B(0, Ry).
The impinging wave is determined by its electric field, denoted by e€;nc. It is
governed by

—w2epeine + curl(uo_1 curle;,.) = f in R3,

with f describing a current source (in free space). For instance, one has f =0
in the case of an impinging plane wave (cf. §1.2.2). Then, the total electric
field e, equal in R3 \ 0 to the sum of the incident field e;,. and of the scattered
field egcq, is governed by

—w?ce +curl(y *curle) = f in R*\ 0,

e><n|ag:0,

plus an outgoing Silver—Miiller radiation condition (1.144) on es.q, written as

x
lim |w|(curl €scq X — — zw/aouowesca) =0,

where the limit is uniform with respect to the directions x/|z| € S2.
One has the existence result below, cf. Chapter 10 of [165]. 7

Theorem 8.5.1 Let 0 be a polyhedral domain with connected boundary. Let
e be piecewise smooth, respectively p be piecewise constant, in R®\ 0. Assume
that O is a perfectly conducting obstacle. Then, for every incident field €;n
that is analytic in any bounded region of R3, the diffraction problem has one,
and only one, solution e in Ho.(curl, R?\ D).

Finally, one can prove that the solutions to the truncated exterior problem
with scalar, strictly positive impedance Z; (see Theorem 8.3.11) approximate
the exact solution well. Consider that f = 0, and let e denote the solution
to the exact diffraction problem. Denote by eg the solution to the truncated
diffraction problem set in 2z = (R*\ 0) N B(0, R) for R > Ry.

One has the convergence result hereafter, cf. Chapter 13 of [165]. Let 2 be a
fixed domain contained in 2g,. Then,

||6 - eR”H(curl,f)) < OR727

where C' > 0 is independent of R. Above, the value of C may depend on 0.

8.5.4 Interface problem with sign-changing coefficients

The crucial assumption (H.) for solving the interface problem relies on the
well-posedness of the scalar interface problem (8.32), with a sign-changing
coefficient. This issue has been studied extensively in [57, 169, 54, 75], with

" When a field g belongs to H(curl, 2’ \ 0) for every open subset 2’ of every
compact subset of R such that 0 C £2’, one writes g € H,c(curl, R3 \ D).
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discussions regarding the (optimal) conditions on the contrast between the
values of € at the interface. In particular, it may happen that the interface
problem is only well-posed in the Fredholm sense (see [54]).

In the electromagnetics framework, the situation in which the scalar problem
(8.32) is only well-posed in the Fredholm sense is handled in [55, 56]. More
generally, at the interface between a dielectric and a metamaterial, it may
happen that both the electric permittivity and the magnetic permeability have
a sign change. One may still achieve well-posedness in the Fredholm sense, or
more precisely, establish that the operator associated with the sesquilinear
form defining the problem is Fredholm of index 0 (again, see [55, 56]).

8.5.5 Resonances

The study of so-called resonances in plasmas constitutes a difficult and active
field of research. Plasmas are generally highly inhomogeneous media; in the
presence of a strong external magnetic field, they appear highly anisotropic as
well [152]. Thus, the signs of the eigenvalues of €, p vary from place to place,
creating resonances at which they vanish. This is basically a sign-changing
coeflicients situation, but typically “worse” than the one studied in §8.4. In
the presence of a small amount of absorption, i.e., a small imaginary part
in the eigenvalues, the problem is well-posed [29], thanks to the argument
used in §8.3.2. However, the limiting problem obtained when the absorption
vanishes is much less well-behaved, at least for certain types of resonances:
it is not even well-posed in LQ(Q), though one can construct by hand a very
singular solution in simple settings [98]; there is no known framework to apply
the Fredholm alternative, etc.






9

Dimensionally reduced models: derivation and
analyses

In this chapter, we consider some special situations in which the three-
dimensional (3D) Maxwell equations can be reformulated as two-dimensional
(2D) models. More precisely, the computational domain boils down to a subset
of R?, with respect to a suitable system of coordinates (cylindrical, spherical,
cartesian). Nevertheless, the electric and magnetic fields, and other vector
quantities, still belong to R3. Under suitable symmetry assumptions, one gets
a single set of 2D equations or, equivalently, a single 2D variational formula-
tion. In the general case, the electromagnetic field would be the solution to an
infinite set of 2D equations, or variational formulations, obtained by Fourier
analysis.

These simpler models are interesting in several ways. Firstly, they provide
another class of approximate models to the original 3D Maxwell equations.
Secondly, they are typically easier to solve and to implement than the original
equations. And thirdly, they can provide useful frameworks for the accurate
computation of the electromagnetic field, for instance when it is strong at
some points [15, 16, 17, 18, 20, 21, 22, 81, 82, 83, 113, 114, etc.].

9.1 Two-and-a-half dimensional (2{D) models

In this first section, we consider the 2%D reduced settings. By this phrase, we
mean that the domain satisfies some special symmetry assumptions, but noth-
ing is assumed a priori of the data. We will introduce two kinds of commonly
used 2%D settings: the axisymmetric one, in which the domain is invariant
by rotation; and the prismatic one, in which the domain can be described as
a cartesian product 2 = wx]0, L[ of a bounded subset of R?> by a bounded
interval, or equivalently, as a truncated infinite cylinder. Section 9.2 will be
devoted to the so-called 2D models, in which the domain and the data possess
some special symmetries.
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This approach can be very useful for modelling some real-life electromag-
netic devices, as soon as their geometry:

e is at least close to a (truncated) infinite cylinder, or
e presents an axial symmetry, at least close to the axis.

Furthermore, geometries that are locally axisymmetric or prismatic can some-
times be replaced, as a first approximation, by ezactly axisymmetric or pris-
matic ones, if the boundary effects can be neglected. Thus, from a modelling
point of view, such a 2%D setting can be viewed as an intermediate between
a full three-dimensional problem and a two-dimensional one.

In this chapter, as in the previous ones, the object of our study will be the
first-order Maxwell system in a domain {2,

OF
o~ curl H = —J, (9.1)

oOH
Par + curl E =0, (9.2)
div(eE) = o, (9.3)
div(pH) = 0, (9.4)

completed with suitable initial and boundary conditions, and various derived
systems, such as

e the electrostatic and magnetostatic systems obtained by setting 0+ = 0
in (9.1)-(9.4);

e the equivalent systems of second order in time, as previously described at
length (see Chapter 7). If we assume, as usual, that € and p do not depend
on time, they write

O’E oJ

Sy +curl(y ! curl E) = 5 (9.5)

div(eE) = o, (9.6)
2

bge curl(e ' curl H) = curl(e'J), (9.7)

div(uH) = 0. (9.8)

In this chapter, we shall write the material coefficients €, u as scalars. Never-
theless, many results remain valid for tensor-valued coefficients under certain
conditions and with the necessary adaptations, which will be indicated when
needed. For the sake of simplicity, we shall often consider the case of vacuum
€ =¢p, = o, and work with the vector B = uH.

As far as the boundary conditions are concerned, we assume that the
boundary I" of {2 is made up of two parts: I'p and I's, with I'p # ) the per-
fectly conducting boundary, and I'y (possibly empty) an artificial boundary
introduced in order to close the domain, where one imposes a Silver—Miiller
boundary condition, cf. (5.20):
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Exn=0 and pH - -n =0, respectively B-n=0 on I'p, (9.9)

Exn-+ \/EHT =g”*, respectively (9.10)
€

Exn+cBt=g" onlly, (9.11)

where g* = 0 and g* = 0 correspond, respectively, to the incoming and out-
going waves, cf. (1.137), (5.20). As usual, when I'y # () (respectively 'y = (),
we deal with an interior or exterior problem (respectively a cavity problem).

9.1.1 Axisymmetric domains
Geometry and cylindrical coordinates

We consider here an axisymmetric domain {2 of R?, generated by the rotation
of a two-dimensional domain w around the (Oz) axis. (To avoid some incon-
sistencies, we assume that w lies entirely on one side of the (Oz) axis.) The
boundary of the domain w is denoted by dw = v, U, where v, = Ow N (Oz)
may be empty, and v, # () generates the boundary I' of {2 (see Figure 9.1).
The plane curve 7, may be either closed, in which case 7, = (), or open, in
which case it is made of one or several connected component(s) whose extrem-
ities stand on (Oz) and 7, of one or several segment(s) of (Oz) lying between
these extremities.

r r

Fig. 9.1. Example of an axisymmetric domain {2 and its meridian section w.

The natural coordinates for this type of domain are the cylindrical coordi-
nates (r, 6, z), with the basis vectors (e, eg, €,). In these coordinates, a merid-
ian half-plane is defined by the equation § = const., and (r, z) € [R%r =Ry xR
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correspond to cartesian coordinates in a half-plane. Denoting by S' the unit
circle, the cylindrical-to-cartesian mapping is defined as

®:Ry xS'xR—R3
(r,0,z) — (x,y,2) = (r cosf,r sinb, z);

it is invertible, except at r = 0, which corresponds to the axis, and where the
coordinate # is undefined. Hence, we can write

Q2 =D(w, xS") =D ({(r,0,2): (r,2) Ew,, €5},
with wy := w U ",. The volume and surface elements are

dx =rdrdfdzin 2 or R3,
dw = drdz in w, or R% ~ a meridian half-plane.

Any scalar field ¥ defined on @ C R® can be represented equivalently as
O(z,y,2) or v(r,0,z) = ¥ o ®(r,0,z) defined on &~ 1(O) C Ry x St x R.
Similarly, for any vector field v,

"7(17,%2) - ’Dx(xvyaz) €y + T)y(I,y,Z) ey + 6z(x,y,z) €z
=wv(r,0,2) =v.(r,0,2) e, +vo(r,0,2) eg + v,(r,0,2) e,;
where: v, = v, cosf + v, sin), vy = —v; sinf + v, cosb,

er = e, cosfl +e, sinfl, eg= —e, sinfd + e, cosb.

In the following, we shall generally merge © and v (and ¥ and v as well): that
is, we consider the fields as defined on some domain of the physical space R3,
but express them as functions of the cylindrical coordinates, and give their
components on the basis (e,, eg, e,). With this convention, we can introduce
the following important definition.

Definition 9.1.1 For any vector field v = v.e,. +vgeg + v, €., let v,, =
vy €.+, e,. Then, v, and vy are respectively called meridian and azimuthal
components of v.

Finally, we denote by n = (n,,0,n.) the unit outward normal to (2. Be-
cause of the symmetry, there is no 6-component, and the other two compo-
nents are independent of §. In a meridian half-plane, v = (n,,n.) is the unit
outward normal to dw, and 7 = (n,, —n,) the unit tangential vector such that
(T,v) is direct.

Differential operators and boundary conditions

In cylindrical coordinates, the formulas of the gradient, divergence and curl
operators are given by, for a scalar field v and a vector field v = v, e, +vg eg+
vz ez;
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gradv:—ver—l—l@eg—k@ez
or r 00 oz 7’
. 10 10vg Ov,
dive = ;g(rw)—i- 0 + 5
curlv = <l% — %> e, + <% — %) €y
r 00 0z 0z or
1/0 ov,
+ - <E(rv9) — W) e,.

The scalar Laplacian of v is:

) 19, 0v 1 0% 0%
Av =divgradv = ;E(T E) + s + PR
The vector Laplacian can be computed with the formula Av = grad divv —
curl curlwv. Actually, we shall not need its expression in the general case.

We shall always assume that the distribution of boundary conditions on I’
also has an axial symmetry. In other words, 75 is made up of two parts, yp
(perfectly conducting) and v4 (artificial), which are such that

I'p = &(yp x S, Iy = &(ya x 8Y).
The boundary conditions (9.9)-(9.11) read as

E, -7=0, E¢g=0, uH,,-v=0, resp.B,,-v=0 on Ip, (9.12)

~E,. -7+ /e Hy=g5, Eo+p/eHy -T=g T, (9.13)
resp. —E,,-7+cBy=g;, Ep+cB, -T7=g: -7 only4. (9.14)

9.1.2 Prismatic domains
Geometry

In this setting, we consider a 3D prismatic domain 2 = wx]0, L[, where w is a
domain in the (z,y) plane. Geometrically, the boundary 942 of the prismatic
domain is made of two parts: the lateral surface INa := Owx]0, L[ and the
bases I'y := w x {0} and I't, := w x {L}. Similarly to the axisymmetric setting,
the component n, of the normal vector n vanishes on I1,;; furthermore, n,
and n, do not depend on z. The outward unit normal to Ow in the (z,y) plane
is denoted v, and T is the tangential vector such that (7, v) is direct. We have
v = (ng,ny) and 7 = (ny, —nz). On the other hand, n = +e, on the bases.

In analogy with the axisymmetric setting, we take the following.. .

Definition 9.1.2 For any vector field v = vy e, + v e, + v, e, let v =
Uy € + vy ey. Then, v and v, are respectively called transversal and longi-
tudinal components of v.
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We now consider the boundary conditions. On the lateral surface, we as-
sume that the distribution of perfectly conducting and Silver—Miiller boundary
conditions is invariant by translation. As for the bases, we assume that the
distribution of boundary conditions is identical on both, i.e., the perfectly con-
ducting parts of Iy and I, are translations of each other, and similarly for the
Silver—Miiller parts. In other words, there exist partitions of the transversal
domain w and its boundary v = dw:

w=wpNuwa, Y=7vpU74,

up to negligible sets, such that the 3D boundaries I'p and I'4 are described
as

Ip=Tjurkurit, ry=rurkuri where:
IS :=wpx{0}, Th:=wpx{L}, I'E:=~px]0,L[;
IS =wax {0}, I'kt:=wsx{L}, T:=~4x]0,L[.

The conditions (9.9)—(9.11) read as

E, - 7=0, E.=0, pH, -v=0,resp. B, -v=0 onFIlpat,
E,=0, E,=0, pH,=0, resp. B, =0, oanUFIQ;

(

(
E, - m+\pje H.=gi, —E.+\p/eH - T=g] T, (9.17

(

(

resp. E, -7+c¢B,=g;, —-E.+cB, -7t=g} 7 onF}ft,
~E| xe,++/u/cH =g}, resp. —E| xe,+cB; =g} onl},
E, xe.++\/p/cH =g}, resp. E; xe.+cB, =g onIl%, (9.20

Prismatic domains may also come up in a slightly different setting, which
we will call prismatic-periodic. In this case, the physical domain of interest is
an infinite cylinder w x R, where w is a domain in the (z,y) plane, as above.
If all the phenomena are periodic in the z coordinate, with a space period L,
they can be modelled and simulated using the domain {2 = wx]0, L[, with
periodic boundary conditions (in a suitable sense) imposed on the bases.! On

! The reader may have noticed that an infinite cylinder is not a bounded domain,
and thus does not belong in the framework usually adopted in this book. In partic-
ular, the various Sobolev compact imbedding theorems do not hold. Furthermore,
the periodicity assumption is inconsistent with the finite energy condition. This
undermines a priori the well-posedness results of Chapters 5—8. More pragmati-
cally, the prismatic-periodic setting may be viewed as an idealisation of the prop-
agation of fields with wavelength L in a cylinder of length much greater than L,
provided the boundary effects can be neglected. Under these circumstances, it
is reasonable to assume that the energy is finite on a period (2; this validates
a posteriori the analyses of Chapters 5-8, which can be easily transposed to the
case of periodic boundary conditions in z. If we remove the periodicity condi-
tion, and replace it, e.g., with the requirement that the energy be globally finite,
there is a “continuous spectrum” phenomenon that cannot be handled through
the methods in this book.
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the other hand, the boundary conditions on the physical boundary dw x R are
treated as above, e.g., the perfect conductor condition is expressed as (9.15).

9.2 Two-dimensional (2D) models

We now consider the 2D reduced models encountered when the domain, as
well as the data, verifies some symmetry assumptions. As in Section 9.1, we
will introduce two commonly used 2D models. The fully azisymmetric model
corresponds to an axisymmetric domain (as in §9.1.1) with axisymmetric data
(precise definition below). It can describe, for instance, a beam of charged
particles close to its axis: the axis of rotation is the beam axis. The plane model
corresponds to an infinite cylinder w x R with data invariant by translation.?

On the deepest level, symmetry by translation or rotation is best under-
stood from a group-theoretical point of view. However, having applications in
mind, we shall be mainly interested in its “practical” consequences, namely
all derivatives in the invariant direction (6 in the fully axisymmetric model
and z in the plane model) vanish.

Much of the next three subsections is taken from [45, §§1.2.a & 1.2.b], with
little or no change. The treatment has been generalised to the case of any group
of symmetry (thus including translations and rotations of given axis), as well
as time-dependent problems. The reader interested in a practical approach
alone may skip to §9.2.3.

9.2.1 Geometric and group-theoretical definitions

We call R, the rotation of axis (Oz) and angle n € S', while 7, is the
translation of vector ne,, for n € R:

Y(z,y,2) € R®, Ry(z,y,2) = (v cosn — y sinn, x sinn +y cosn, 2);
To(@,y,2) = (z,y,1 + 2).

The two kinds of operators share a basic feature. Much as 7, is a shift of
the applicate (the coordinate z), a rotation viewed in cylindrical coordinates
appears as a shift of the azimuth. If we define the mapping

S, Ry xS xR— Ry xS xR
(T797z) '_) (T7n+97z)7

2 This is, once more, inconsistent with the finite energy condition (see footnote *).
But we shall see that the invariance allows one to work in the “usual” function
spaces defined on the transversal section w, provided a local finiteness condition
is satisfied.
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where + here denotes the group law of S! (addition modulo 27), and recall
the cylindrical-to-cartesian mapping @ from §9.1.1, we have?

Ry =®0S,00 "

More deeply, both families of operators form (one-parameter) groups of linear
isomorphisms:

V¢, n € S* respectively R, R, 0R¢ = Rytc, respectively T, 0T = Tpic.

In a more general setting, we suppose we are given an underlying Abelian
group G, and a morphism of groups: n — G, from G to GL(R?), the group of
linear isomorphisms of R3. Moreover, we assume there is a system of coordi-
nates adapted to the orbits of the symmetry group (G,)y, i.e., a bijective and
bi-continuous mapping defined in (say) a dense open subset O C R3:

U:0—SxG

z— (x,0), (9.21)

where S is a suitable manifold, and such that the following identity holds:
Vo, G, =¥ 1oS,oW, where: S,(x,¢):=(x,{+1n). (9.22)

We shall denote by ¢ the cartesian-to-adapted coordinate change for func-
tions:
S@)=voW!, &l v)=voW, (9.23)

for any function ¥, respectively v, defined on a subset of R3, respectively S x G.

In order to obtain a dimension reduction, we shall suppose that the un-
derlying group G is continuous, and typically one-dimensional. The same
holds for the symmetry group (G,), and its orbits; thus, dimS < 3 (typi-
cally dim S = 2). However, the following arguments hold for a discrete group,
in which case S is a three-dimensional set: half-space, octant, period, etc.

Symmetry properties of scalar and vector fields

Symmetry groups have natural actions on scalar and vector fields defined
on R3: the right-action of G, on ¥ is ¥og,,. This definition extends naturally to
functions defined on a domain 2 C R®, provided the domain itself is invariant
under the action of the group (G,), (we shall say (G,),-invariant), i.e., Vo €
2, Yn e G, G,(z) € 2. Equivalently, such a domain can be characterised in
the adapted coordinates of (9.21) as

U(2NO)=wxG, forsomew CS.

As natural examples, the axisymmetric domain of §9.1.1 is (R,),-invariant,
and the infinite cylinder of §9.1.2 is (7,,),-invariant.

3 The coordinate # and the mapping ¢~* are undefined on the axis (Oz). On the
other hand, the restriction of R, and S, to the axis is the identity. This allows
for a smooth interpretation of the formula on all R3.
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Definition 9.2.1 Let 2 C R? be a (G,),-invariant domain. The right-action
of the mapping G, on a distribution T € D'(£2) is

Vo € D(£2), <Togn,¢> = <T,¢o Q;1> :
The distribution T is said to be (Gy)n-invariant if, and only if,
vneG, ToG,=T.

The space of such distributions will be denoted D' (£2).

Under the assumption (9.22), we see that this means that (G,),-invariant
functions are independent of ( when expressed in adapted coordinates.

Proposition 9.2.2 Let 2 C R?® be a (G,),-invariant domain. The function

v

f(z,y,2) € LL (82) is (Gy)y-invariant if, and only if, f := &=L(f) is inde-

loc

pendent of (. Thus, O¢ f = 0; this extends to distributions by duality.

As particular cases:

v

e f(z,y,2) is invariant by translation if, and only if, it is independent of z,
ie, d,f=0.

° f (x,y,2) is invariant by rotation if, and only if, its cylindrical version
f= fo @ is independent of 6. Thus, dgf = 0.

Moreover, these properties also hold for the expression of f in any adapted
coordinate system. In the translational (respectively rotational) case, adapted
systems are made up of the applicate z and some coordinate system in the
transversal (z,y) plane, respectively, the azimuth 6 and some coordinate sys-
tem in a meridian half-plane.

Let us now examine the case of vector fields, indispensable for handling
Maxwell’s equations. The above notion of invariance is sufficient for the trans-
lational case: obviously, a vector field is invariant by translation if, and only
if, its cartesian coordinates are as well. However, in the rotational case, we
shall need the following:

Definition 9.2.3 Let 2 C R® be a (G,),-invariant domain and T € D'(2)
a vector-valued distribution. The left-action of G, on T is defined as

Vi € D(92), <g,7 o, ¢> - <T G o ¢>.

Then, T is said to be contravariant under the action of the group (Gy)n, or
(Gn)y-contravariant if, and only if,

Vn € G, Tognzgnoj’.

The space of such distributions will be denoted D'(12).
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Then, we have the following fundamental result [45, p. 33]:
Proposition 9.2.4 Let f € L. (2)3, with 2 invariant by rotation. Then,

loc
I is conlravariant by rotation if, and only if, its cylindrical components f, =
fo cosO+ fy sind, fo = —f, sinf + f, cos and f. are invariant by rotation.

This property readily extends to distributions.

Actually, this statement is a particular case of Proposition 9.2.9 below. It can
be generalised to any symmetry group (G, ), using adapted coordinates.

Symmetries of differential operators

Now, we turn to the symmetry properties of differential and boundary oper-
ators. Let {2 be a (G,),-invariant domain. In the rest of this section, we take
the following notations:

o Aisan M x M system of interior differential operators, i.e., an operator
that transforms a function from 2 to R™ into another function from 2
to RM,

e Bisanmx M system of interior or boundary differential operators, i.e.,

an operator that transforms a function from £2 to RM into a function from
2 (or 092) to R™.

Definition 9.2.5 The operator f?, respectively the couple (/i, f?) 1s said to be
(Gy)n-symmetric if, and only if, for alln € G, there exist a linear isomorphism
7, from RM to itself, and a linear isomorphism J, from R™ to itself, such
that any smooth function ¥ from 2 to RM satisfies

(9.24)

If (Gy)y is the group of rotations (R)y, we will call the operator B, respectively
the couple (fi, f?) axisymmetric.

In the case M =1 of a scalar unknown, Z,, is nothing but the multiplication
by a constant, so the first condition in (9.24) reduces to A(#0G,) = (A9)oG,.
Similarly, if Bisa scalar operator (m = 1), the second condition in (9.24) re-
duces to B(v0G,,) = (B 0)0G,. This leads naturally to the following definitions
for general values of M and m.

Definition 9.2.6 The operator B, respectively the couple (/Vl, B) is said to be
(Gy)n-invariant if, and only if, for all n and any smooth function ¥ from 2
to RM | it holds that

v v

A(0G,)) =(A8)0Gy; BoG,) = (Bv)oG,.
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Equivalently, one can examine the expression of the differential operators in
adapted coordinates, where @ is defined in (9.23).

A=dodod !, B=doBod! (9.25)

The (G,,),-invariance of (A, B) is equivalent to the independence of the coef-
ficients of (A, B) from the coordinate ¢:

{A,B} (2; ) = {A,B} (%; O, D).

For instance, the operators (/i,é) are invariant by translation if, and only
if, their coefficients (in cartesian coordinates) do not depend on z; they are
invariant by rotation if, and only if, they have coefficients independent of 6
when expressed in cylindrical coordinates:

{A, B} (0.9,20.,0,,0.) = {4, B} (1230, 00, 0.).
A basic example is the Laplace operator
A=0;+0,+07=024r""0,+r20; + 02

Dirichlet and Neumann boundary conditions or, more generally, conditions
that only depend on the normal derivative 0,, are invariant by translation
(respectively by rotation), provided the domain (2 is as well.

Let us now examine the usual differential operators, gradient, divergence
and curl. In the translational case, one immediately checks that they are
invariant by translation:

grad (v o 7,) = (grad 0) o 7y,
div(voT,) = (divo)oT,, curl(voT,)= (curld)oT,.

If the domain is invariant by translation, so is the normal vector 7; thus, the
boundary operators

D {61, D xn, curld x i}, (9.26)

and so on, are invariant by translation.

The picture is more interesting in the rotational case. Consider a smooth
enough scalar field ¥, and an arbitrary constant vector &y € R3. Recall (cf.
§1.5.1) that the gradient of ¥ is defined from its differential (or tangent linear
mapping) by:

grad v(x) - &y = Dv(x) e &y,

where e denotes the duality product between primal and dual three-dimen-
sional vectors. As the rotation R, is linear, the chain rule gives us
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[D(0oR,)(x) ey =[Di(R,x)oR,|eeé D“(Rnw) e R,€éo
=grad 0(R,x) - R,y = R_,(grad 9(R,x)) - &

We have thus proved the identity:
grad (0o R,) =R_,[(gradv) o R,],

so the gradient is azisymmetric (i.e., (Ry),-symmetric) with Z,, = Id and 7, =
R_;. Similarly, let © be a smooth enough vector field. Using the following
definitions of the divergence by duality, and of the curl as in §1.5.1:

(dive, ) = (b, grad @), Vo€ D(12),

(curld) - &y = div(®d x &y), Véo € R® constant,

as well as the usual properties

v v

(Ryd) - (Ryb) =a-b, (R,a)x (R,b)=R,(axb), Va, beR® (9.27)
we arrive at

div[R_, (Do R,)] = (divd) o R,
curl[R_, (voR,)] =R_,[(curlv) o R,].

Thus, these operators are axisymmetric with Z,, = R_,, and (for the diver-
gence) J, = |d. With these results, one sees again that the scalar Laplacian
A = divgrad is invariant by rotation. On the other hand, the double curl
curl curl and the vector Laplacian A = graddiv — curlcurl are axisym-
metric with Z,, = R_,. With the identities (9.27), we check that the vector
boundary operators (9.26) are axisymmetric.

9.2.2 Symmetric problems with symmetric data
Let us consider a boundary-value problem of the form

A= fin 2, Biu=gon 0 (9.28)
or an initial-boundary-value problem, which we may cast in the general form

{atm A= fin (0,T) x 2, Bii=gon (0,T) x 912,
(9.29)
(0,z) = °(x) in £2.

The framework of (9.28) contains all types of elliptic, saddle-point or Helm-
holtz-like problems envisaged in §§4.2 and 4.5, while (9.29) covers various
evolution problems (of parabolic or hyperbolic type, see §1.5.2) of §4.3. The
time-dependent problems with constraints (such as (4.20)) envisaged in this
book do not need a special discussion: as seen in the proof of Theorem 4.3.19,
they can be decomposed into one unconstrained evolution problem and two
static problems with time-dependent data.
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In order to study the influence of symmetry on evolution problems, we
take the following self-evident conventions. For any time-dependent scalar
or vector-valued function @, one defines the right-action v 0 G, : (t,z)
0(t, Gy(x)). Similarly, for a time-dependent vector field o, the left-action G, ov.
This is extended to distributions by duality (as in Definitions 9.2.1 and 9.2.3),
and allows one to apply the notions of invariance and contravariance to time-
dependent scalar- and vector-valued distributions. As usual, we shall use the
notation o(t) to designate the function & — 0(t,x) defined on (2, for any
function v defined on (0,7") x 2. Thus, the statement “v is invariant (respec-
tively contravariant) under the action of the group (G,),” means “Vt, v(t) is
invariant (respectively contravariant) under the action of the group (G,),”.

The fundamental result on invariant problems is the following.

Proposition 9.2.7 Assume that the domain {2 and the operators (/Vl, B) are
(Gn)n-invariant. Then:

1. If a solution @ to (9.28), respectively (9.29), is (Gy)n-invariant, so are the
data (f,g), respectively (f,§,u°).

2. Comversely, if (f,§), respectively (f, g, u°), are (Gy)y-invariant and (9.28),
respectively (9.29), has, at most, one solution 4 in the suitable function
space, then this solution is invariant.

Proof. As a consequence of Definition 9.2.6, one sees that, if @ is a solution
to (9.28) with data (f, g), then for any n, @ o G, is a solution corresponding
to the data (foG,,JoG,). A similar result holds for (9.29), since d;(#0G,) =
(0¢0) 0 G,, for any v defined on (0,7 x {2. The direct statement then follows
from Definition 9.2.1.

Similarly, assume that (f,§) (and @° if applicable) are invariant. Let i
be the corresponding solution, if it exists. Then, for any 7, % and u o G, are
solutions corresponding to the same data. By the uniqueness property, they
must be equal; hence, % is invariant. [ |

When everything in the problem (9.28) or (9.29), i.e., the domain, the
operators and the data, is (G,),-invariant, we easily see that this problem is
closely linked to the two-dimensional problem

Au=finw, Bu=gondw (9.30)
or
ou+Au= fin (0,T) Xw, Bu=gon (0,7) x dw, (9.31)
u(0,x) = u’(x) in w, '
where

{£.9.0°)(x) = {J.4.0} (=),
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A and B being defined in (9.25). Thus, we have actually reduced the number
of variables from 3 to 2, if G is one-dimensional.

In order to handle vector equations such as Maxwell’s equations, we shall
need a slightly more general framework for symmetric problems, related to
Definition 9.2.5.

Definition 9.2.8 Let the operator B, respectively the couple (/i,é) sat-
isfy (9.24). We define the spaces of (G,)n-symmetric functions as follows.

1. A function ¥ from 2 to RM or (0,T) x 2 to RM™ is (G,),-symmetric if,
and only if,

VneG, T,(50G,) =0 (9.32)

2. A function g from 082 to R™ or (0,T) x 082 to R™ is (G,),-symmetric if,
and only if,

VneG, J,(GoG,) =g. (9.33)

When 7 is (G,),-symmetric in the sense (9.32) and (A, B) are (G, ),-symmetric
in the sense (9.24), then A is (G,),-symmetric in the sense (9.32) and B4 is
(Gy)n-symmetric in the sense (9.33). Notice that invariance and contravariance
are special cases of symmetry, corresponding to Z,, = Id and Z,, = G, =g,
respectively. Thus, in the rotational case (G, = R,,), we shall generally use the
word azisymmetric to designate both invariant scalar fields and contravariant
vector fields. Also, the symmetry operator Z,, = R_, associated with con-
travariance by rotation transforms the basis vectors (e, eg, e.) into constant
fields, hence the statement of Proposition 9.2.4.

The symmetry property is strongly related to the invariance property,
under a natural assumption about the transformations Z, and J,. Let us
define the operators P, @ in the adapted coordinates (9.21) as

Po(x,¢) :=Z(v(x,0),  Qo(x,¢) = Tc(9(x,()),
and f’, Q their expression in cartesian coordinates:
P=¢0"1oPod, Q=0"'oQoo.
Then we have the following fundamental result.

Proposition 9.2.9 Assume that the mappings n — L, and n— Jy, are mor-
phisms of groups. Let ¥ be (Gy),-symmetric in the sense of (9.32), and g
be (Gy)n-symmetric in the sense of (9.33). Then, P% and Qg are (Gy)n-
mvariant.

This follows from the formula, valid for any v:

V(x,(,n) €SxGxG, ((Zcv)oS,) (x,¢) =Zeqy(voSy)(x,(),

and similarly for g. Recall that S, is the expression of G, in adapted coordi-
nates, cf. (9.22). With the help of these operators, it is possible to transform
a symmetric problem into an invariant problem.
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v

Proposition 9.2.10 Let the operators (A, B) be (G, ),-symmetric, i.e., they
satisfy (9.24). Assume, moreover, that (I,), and (J,), are groups. Then, the
couple

(A*,B*) - (pozxopfl,@ogopfl) (9.34)
is (Gy)y-invariant.

Proof. See [45, p. 16] for the rotational case (G, = R,,, ¢ = 0); the adaptation
to the general case is straightforward. [ ]

This allows for a natural generalisation of (9.25). Defining yet another pair of
operators (A, B) as

A=doA*0d™!, B=doB od ! (9.35)
or, equivalently,

A=PoAoP™ ', withA=doAdod !

B:QoéoPil, WithB:¢OBO¢71,

one sees that the coefficients of the operators ([1, f?) do not depend on the
coordinate (. Setting, as previously,

{4, B} (x:0%) = {4, B} (x;0,,0), (9.36)

we have the following statement.

Proposition 9.2.11 Assume that the couple of operators (A, B) is (Gy)n-

symmetric and acts fvmm a space Vtoa space FxG. Define f/o, Fy and Go as
the subspaces of V., F' and G made of (Gy),-symmetric functions in the sense
of (9.32), (9.32) and (9.33), respectively. Then, there exists spaces V, F, G

of functions defined on w such that the following mappings are isomorphisms:
Pod:VyV, Pod:Fy—F, Qod:Gy— G.

Moreover, the operators (A, B) defined by (9.35) and (9.36) are such that the

following diagram commutes:

C
N
X
T

Vo — Fb X éo

Pod | J (Pod) x (Qod)

L Fxa

Thanks to the the above discussion, we can generalise Proposition 9.2.7
and give it a precise formulation. As in Definition 4.2.4, we say that a
static problem such as (9.28) is well-posed in the spaces (V, F, G) if, for any
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( f ,J) € F x é, there exists a unique solution @ € 17, which depends continu-
ously on ( f , §). For the evolution problem (9.29), the notion of well-posedness
normally involves spaces expressing time regularity with values in a function
space, e.g., for any data

feBUF), geB(G), eV,
there exists a unique solution % € E3(V), with continuous dependence. The
spaces FE; measure time regularity; this framework contains the statements
of the Hille-Yosida, Stone, and Lions—Magenes theorems, as well as those
pertaining to constrained problems, cf. §4.3.

Proposition 9.2.12 Assume the hypotheses of Proposition 9.2.11, and let
the spaces V, F, G be normed in such a way that the isomorphisms of that
Proposition are isometries: ||v||y := [[(P o ®)v||¢, and so on.

If the problem (9.28) is well-posed in the spaces (V, F, é), its solution is
(Gn)n-symmetric if, and only if, the data are as well; thus, the problem (9.30)
is well-posed in the spaces (V, F,G). A similar result holds for (9.29) and its
reduced version (9.31).

Comment: the Curie principle

Propositions 9.2.7 and 9.2.12 are mathematical statements of the so-called
Curie principle, well-known among physicists. Its general formulation goes:

“Effects have the same symmetry as causes.”

From the above discussion, we see that it actually follows from two more fun-
damental principles. The first one is determinism: the same causes produce
the same effects. Generally speaking, the “effect” is the solution to the equa-
tion(s) of interest (typically partial differential equations, sometimes more
intricate), while the various data (right-hand side, initial and/or boundary
values, coefficients. ..) represent the “cause”.* Determinism means that the
governing equation, such as (9.28) or (9.29), admits a unique solution in the
“physically reasonable” function space. The second one is the homogeneity
and isotropy of space. The laws of physics appear identical, wherever one may
be and in whatever direction one may look. Their mathematical expression

4 Sometimes, an in-depth analysis may allow for some dependence of this data
on the solution, expressing a feed-back of the effects on the causes, and leading
to a coupled model. An example in electromagnetics: the charged particles that
generate the electric and magnetic fields may experience the effects of these fields
on their motion. The source terms of Maxwell’s equations (charge and current)
are then given in function of the solutions to equations governing the motion of
particles, where the fields appear as force terms. These equations can be kinetic
(e.g., Vlasov, §1.3.1) or hydrodynamic (Euler, Navier—Stokes...; see §1.3.2 for
some simplified models).
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must be unchanged by the isometries of affine space: translations, reflections,
rotations. Thus, it may only involve differential operators (grad, div, curl,
A, etc.) “compatible” with these isometries, in the sense of Definitions 9.2.5
or 9.2.6.

On the other hand, the argument breaks down if uniqueness does not
hold. In that case, one may have two different solutions %; and s such that
Uy = U1 © G, or Z,(u, o Gy,). This phenomenon is known in the physical
community under the (slightly misleading) name of “spontaneous symmetry
breaking”.

9.2.3 Differential operators (continued)

Thanks to the vanishing of #- or z-derivatives, one can easily check. ..
Proposition 9.2.13 For any axisymmetric scalar field v:

e gradwv is meridian.

For any azisymmetric vector field v:

e Ifwv is meridian (vg =0), curlwv is azimuthal.
e Ifw is azimuthal (v,, =0), curlwv is meridian and divv = 0.

The above statements remain wvalid when replacing the words “axisymmet-
ric” with “invariant by translation”, “meridian” with “transversal”, and “az-
imuthal” with “longitudinal”.

Above, the differential operators are considered in the sense of distributions.
As a consequence, one can introduce the two-dimensional first-order operators
for axisymmetric vector fields, in the (7, z) coordinates.

. . 1 0 ov, .
dive = divv,, = ;E(r vr) + 5, (9.37)
curlv = curlvg + (curlv,,) eg, with
curl vy := —%e —l—lg(rv)e ; (9.38)
cutiveg .— 62 T r 67‘ 0 zZ .
ov,  0Ov,
1V, = — — —. 9.39
sy 0z or (9:39)

On the other hand, the corresponding gradient operator for axisymmetric
scalar fields coincides with the usual gradient in the (r, z) plane:

v v
gradv = grad v := o e, + P

e,.

In the plane case, there also exists a scalar curl operator, denoted by curl, and
a vector curl one, denoted by curl. The divergence and gradient are defined
as usual. These cartesian first-order operators are written as
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curlv = 0,vy — Oyvz, curlv=0ywe, — 0 ve,, (9.40)
divo = 0,v, + Oyvy, gradv = dyve, + Jyve,. (9.41)

Using the longitudinal-transversal decomposition v = v + v, e,, we obtain
the following identities:

curlv = curlv, + (curlvy)e,, divv=divv,. (9.42)
Of equal interest in the sequel will be identities of the type
curl(¢ 7! curlv) = curl(¢ ! curl v, ) + curl(¢ ! curlw,) e, (9.43)

under the assumption that & does not depend on z. The above formula be-
comes

curl(¢ 7! curlv) = curl(¢ ! curlv,,) + curl(¢ ! curl vg) ey, (9.44)

in the fully axisymmetric case, if £ does not depend on 6.

9.2.4 The Maxwell’s equations

In this subsection, we assume that we are solving Maxwell’s equations (static
or time-dependent) in one of the frameworks described at the beginning
of §9.2, namely, the domain and the data are either invariant by translation or
axisymmetric. (The data of Maxwell’s equation comprise the charge and cur-
rent (o, J), the initial conditions (Eq, Hy), the incoming wave g* if present,
and the material coefficients (g, 11).) As a consequence of the Curie principle,
the electromagnetic field is then also invariant by rotation or translation. An
interesting feature of these models is that Proposition 9.2.13 allows one to
decouple the set of equations in two unrelated subsystems, involving different
components of the fields, and set in the meridian or transversal section w.®

These systems turn out to be very similar in both frameworks. Actually,
they are even formally identical (with the exception of one sign in (9.50)
and (9.59) for the Silver-Miiller boundary condition, and one extra equa-
tion (9.67) for the longitudinal magnetic field in the plane model) with the
following conventions:

e E., H, etc., refer to the meridian components E,,, H,, in the fully ax-
isymmetric case, and to the transversal components E;, H, in the plane
case.

5 When (g, 1) are tensors, one must assume in addition that they have a block

structure (: . 2) that decouples the meridian/transversal components from the
00 e

azimuthal/longitudinal one. The reader can easily write the (slight) adaptations
induced on the equations in this subsection. Recall (Chapter 5) that (e, ) are
always assumed to be scalar near the artificial boundary I, so the Silver—Miiller
boundary condition is not affected.
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e F,  H, etc., designate the azimuthal components Fy, Hy in the fully ax-
isymmetric case, and the longitudinal components E., H, in the plane
case.

e In the fully axisymmetric framework, the notations curl, curl, div are un-
derstood as the cylindrical 2D operators curl, curl, div defined in (9.37)—
(9.39).

Remark 9.2.14 However, one should be aware of certain specific features of
the fully axisymmetric model, which are not without importance when it comes
to practical applications or computational issues [21]. First, the axisymmet-
ric differential operators have singularities on the axis. Second, the variables
belong to weighted Sobolev spaces; what is more, the radial and axial com-
ponents of a given vector field (which are both meridian) generally belong to
different spaces. We shall develop these points in §9.5.2.

The two systems

Starting from (9.1)—(9.4), and using the results of §9.2.3, we arrive at the
following decoupled systems. The first system of unknowns (E, H) with data
(J, 0) is called transverse electric (TE) and is expressed as

OE
eor curl H = —7J, (9.45)
H
e +curlE =0, (9.46)
div(eE) = o. (9.47)

The charge conservation equation reads as

90
ot

The above equations hold in (0,7") X w. The boundary and initial conditions
are

+divJ = 0. (9.48)

E-7=0 on (0,7) x ~vp,
SE-7++/pu/eH =g" on (0,T)x7ya,
E(0) =E¢ inw,
H(0) = Hy inw.
The sign ¢ in (9.50) is equal to —1 in the fully axisymmetric model, and +1
in the plane one, cf. (9.13)—(9.14) and (9.17)—(9.18), respectively. We see that
there is no boundary condition for H on ~p: it is not affected by the 3D

boundary condition H - n = 0, in contradistinction to E (see (9.57) below).
Notice, however, the following property for a plane cavity problem:

%/quwz/lcurlEdoJ:/E-curlldw—/(E-T)ldvzo. (9.53)
w w w v
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This follows from (9.46), (9.49) and the integration-by-parts formula (9.84)
(see p. 347 below).

The second system in (E, H) has the data J and is called transverse mag-
netic (TM). The equations in (0,7T) x w are

OF
€ o curlH = —J, (9.54)
u%—il +curl E =0, (9.55)
div(pH) = 0. (9.56)

There is no compatibility condition for this problem. The boundary and initial
conditions read as

E=0 on (0,T) X vp, (9.57)

H-v=0 on(0,7) X vp, (9.58)

—SE+\/p/eH-T=g" -7 on (0,T) X va, (9.59)

E(0)=Fy inw, (9.60)

H(0)=H; in w, (9.61)

where the ¢ in (9.59) is the same as in (9.50).
Static case

Let us first consider the static case. Thus, we assume that the sources (J, o),
the coefficients (e, ) and the solution (E, H) are independent of time, and
that we are dealing with a cavity problem.

For the transverse electric mode (E, H), Egs. (9.45)—(9.52) become the
following static problem:

curl H =J in w, (9.62)
divy =0 inw, (9.63)
curlE=0 inw, (9.64)
div(eE) = p in w, (9.65)
E-7=0 on~. (9.66)

As previously noted, there is no boundary condition for H, in contradistinction
to E (see (9.72) below). On the other hand, Eq. (9.62) only defines H up to
an additive constant. In the fully axisymmetric model, there is no ambiguity
when 7, has non-zero length, since H automatically vanishes there (in a weak
sense). When v, = 0, i.e., when §2 is included in a torus, and in the plane
model, the ambiguity can be removed by imposing, e.g., the condition:

6 Under the “usual” regularity conditions (see Propositions 9.3.15 and 9.3.20 be-
low). Incidentally, the same holds for E.
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(uH | 1)z =0 respectively (uH | 1)z =0, (9.67)

as the magnetic field is the solution to a kind of Neumann problem. In the
“toric” axisymmetric model, this equation is linked to topological issues (see
the discussion at the end of §9.3.2.). In the plane model, it is consistent
with (9.53), which holds in the time-dependent case.

As for the transverse magnetic mode of unknowns (H, E), the static equa-
tions write

cwlH=J inw, (9.68)
div(pH) =0 in w, (9.69)
H-v=0 onv, (9.70)
curl E =0 in w, (9.71)
E=0 onn~. (9.72)

The last two equations (9.71)—(9.72) immediately imply £ =0 in w.
Time-dependent case

As usual, it is worthwhile to formulate the Maxwell’s equations as systems of
second order in time, cf. (9.5)—(9.8). We assume that the material coefficients
g, u are independent of time. Proceeding as in Chapter 7, one easily derives
the results summarised in the next Theorem.”

Theorem 9.2.15 In the TE system of first-order Mazwell equations (9.45)—
(9.52), the evolution equations (9.45)—(9.46) can be replaced with

2

5%—;23 +curl(y ! curl E) = —% in (0,T) X w, (9.73)
2

T +curl(e P curl H) = curl(e71J)  in (0,T) x w, (9.74)

supplemented with the extra initial and boundary conditions

%—Et)(O) =E; :=¢ Y(curl Hy — J(0)) in w, (9.75)
%—?(O) =Hy:=—p tewrlEy inw, (9.76)
e curlH-J)-7=0 on (0,T) x vp. (9.77)

In the TM system of first-order Mazwell equations (9.54)—(9.61), the evolution
equations (9.54)—~(9.55) can be replaced with

7 Alternatively, these results may be viewed as straightforward consequences of
their three-dimensional counterparts of Chapter 7, using the identities (9.43)
and (9.44).



344 (©Assous-Ciarlet-Labrunie 2017
2

82
2

82

+curl(p~ ! curl E) = g—i in (0,T) X w, (9.78)
+curl(e ! curl H) = curl(e'J) in (0,T) x w, (9.79)

supplemented with the extra initial and boundary conditions

%—?(O) =By :=¢ YewlHy — J(0)) inw, (9.80)
%—I;I(O) =H, :=—p lcurlEy inw, (9.81)
e eurlH—J) =0 on (0,T) x vp. (9.82)

Remark 9.2.16 FEq. (9.78) is actually a scalar wave equation. Actually, it
follows from (9.84) below that the operators curl and curl are dual. The same
holds for curl and curl, as can be seen by applying (2.27) to an axisymmetric
couple (},g), where j" = f,, is meridian and g = gg ey is azimuthal.

In the case of uniform scalar material coefficients, e.g., in vacuum (e, ) =
(€0, pto), we obtain the simplified versions of (9.73) and (9.78):

0’E 10J
W—i—c curlcurlE———OE
0*’FE 1 0J
ETl +cZcurleurl E = —SE
As far as the second equation is concerned, notice that curl curl = —A in the

plane case; in the fully axisymmetric case, one gets a “modified” Laplacian:
curleurl = —A" := — (02 +r7 10, +02) + 1772

Similar equations for the magnetic induction are, denoting (B, B) = po (H, H),

OB +¢* curlcurl B = ! curl J,
—— 4+ urlB = —

6t2 €o

9°B 1

ETl + 2 curlcurl B = 5 curlJ.

The boundary or initial conditions undergo similar simplifications; e.g., the
initial conditions of order one are

OE 1 0B

E(O) = C2 curl BO — aJ(O), E(O) = — CurlEo,
9B, 1 0B,

E(O) =C CurlBo — aJ(O), E(O) = — CuI'lEO.



February 22, 2018 345
9.3 Some results of functional analysis

9.3.1 Prismatic setting (plane model)

We consider invariant-by-translation scalar or vector fields on the infinite
cylinder w x R; or, equivalently, fields defined on 2 = wx]0, L[ that do not
depend on z. The spaces made of such fields will be denoted by a breve sign
over their symbol: H*(£2), H(curl, ), X x(£2)...The goal of this presen-
tation is to characterise these spaces by their traces in a longitudinal plane,
which are function spaces defined on w.

In this subsection, we shall also put a breve over the letters designating the
invariant fields themselves, in order to distinguish f, F' (defined on £2 or wxR)
from their traces in a transversal plane f, F (defined on w). Characterising
the regularity of such fields on the usual Sobolev scale is not difficult. . .

Proposition 9.3.1 The trace operator f — [ and the lifting operator f —
[ are bijective isometries between H*((2) and H*(w), and similarly between
H*(2) and H*(w).

Proof. The result is an immediate consequence of Fubini’s theorem for s = 0.
Extension to positive integral values of s then follows from the usual definition
of these spaces, given that all derivatives in z vanish. Finally, the case of non-
integral s is handled by interpolation. [ |

Boundary conditions are handled in a standard way. One easily checks that
trace operators on the lateral surface I, := vx]0, L[ and on a transversal
plane commute, for s > 1/2:

feH () —  feH'(w)
. R 4
N € H7Y2 (D) = fily € HTV2(y).

However, when dealing with trace-free spaces, one should remember that func-
tions in flg(ﬂ) vanish both on I, and on the bases Iy and I'y,; combined with
invariance by translation, the latter condition does not leave many interesting
functions to study. So, we take the following. ..

Definition 9.3.2 Let s > 0. The space HZ(§2) is defined equivalently as:

o The set of restrictions to 2 of functions in H§(w x R).

e The closure of the set {p € C°°(£2) : supp ¢ N Iay = O} within H5(2).

e The space of functions in H®(§2) whose normal derivatives of order 0 <
1

J <s— 5 vanish on Ia.

The case of H,(curl,$2) and H(div, 2) is similar; for instance, the third
definition reads as
H(curl,2) ={F € H(curl,2) : F xn =0 on Na},
H,(div,2) ={F € H(div,2) : F -1 =0 on s}
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Then, we have:

Proposition 9.3.3 The trace operator maps HS(£2) onto H§(w), and con-
versely for the lifting operator.

Let us now examine the usual spaces of electromagnetics. Due to invari-
ance by translation, both perfect conductor and incoming/outgoing wave con-
ditions can be imposed on the lateral surface only. Thus, the “natural” spaces
of electric and magnetic fields in the three-dimensional domain {2 are

X n(82;¢) = Hy(curl, 2) N H(dive, 2),
X ($2; 1) = H(curl, 2) N Ho(div 1, £2),

if the perfect conductor condition holds everywhere (I'y = ()); while, in the
presence of an artificial boundary I'4, we have

X n.a(2;¢) = {& € H(curl, 2) N H(dive, 2) : @ x nin,, € L?(Dat), @ x npee = 0}
X1,a(92;p) = {@ € H(curl, 2) N H(divp, 2) : & X nyp,, € L*(Tat), @1y = 0}

As usual, we shall write X (), X7(2), Xn.a(2), X1.4(2) in the case
of constant scalar coefficients; and we shall omit the subscripts n, 7 when
making statements valid for both boundary conditions.

To study the traces of these spaces, we first introduce some two-dimensional
equivalents of the H(div) and H(curl) spaces.

Definition 9.3.4 Recall the plane divergence and scalar curl operators from (9.40)
and (9.41). Defining L?(w) := L?(w)?, we denote
H(div,w) = {u € L*(w) : divu € L*(w)},
H(div¢,w) = {u e L*(w) : div(éu) € L*(w)},
Hy(div§,w) = {ue H(divi,w):u-v=0 on~};
)={uel?w):curlue L*w)},
Hy(curl,w) = {u € H(curl,w) :u-7=0 on v}.

H(curl,w

On the other hand, the spaces that would likely be denoted H(curl,w) and
H(grad,w) are, in fact, identical to H!(w). Thanks to the identities (9.42),
one easily proves:

Proposition 9.3.5 Let F be an invariant-by-translation vector field on 2,
and F =F | + F, e, its trace. Letf be a measurable, invariant-by-translation
function satisfying® 0 < &, < g(x,y,z) < & a.e. on §2 for some constants
&, & Then, the following characterisations hold:

8 Ifé is a tensor and has the block structure described in footnote®, p. 340, these
inequalities are to be taken in the sense of symmetric matrices, as in (5.10).
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F e H(curl,2) «— F, € H(cwl,w) and F, € H'(w);
F e Hy(curl,2) <= F, € Hy(curl,w) and F. € H}(w);
FecH(divE Q) <= F, € H(divE,w) and F, € L*(w);
F e H,(divE, Q) < F| € Hy(diveé,w) and F, € L (w).
From the above results, one can characterise the trace spaces of the “natural”
3D spaces for the augmented formulations.
Proposition 9.3.6 Under the assumptions of Proposition 9.3.5, it holds that
FeXpn(2e) <= F, e Xy(w;e) and F, € H} (w);
FeXp(2p) < F, € Xp(w;p) and F, € H (w);
Fe XN)A(Q;E) < F| € Xy alw;e) and F, € H'(w), F. =0 onyp;
FeXra(p) <= F, e Xpa(w;p) and F, € H (),

where the “natural” spaces of two-dimensional fields in the longitudinal section
are defined as

Xn(w;e) = Ho(curl,w) N H(dive, w),

Xr(w;p) = H(curl,w) N Ho(div p, w),

Xy a(wie) = {u € H(curl,w) NH(dive,w) : u- 7, € L*(7), u-1p,, = 0},
Xra(wip) = {u € H(curl,w) NH(divp,w) :u- 7, € L*(7), u- v, =0}

The coefficient €, p or the subscript y, r may be omitted in the notation,
with the same conventions as for the spaces of three-dimensional fields.

Before ending this presentation, we notice that all these spaces enjoy
properties very similar to their three-dimensional counterparts. One can es-
tablish two-dimensional versions of the integration-by-parts formulas (2.25)
and (2.27). Below, g is an arbitrary function in H'(w), and the duality pair-
ings on the right-hand sides are understood between H~'/2(~y) and H/?(~).

vf € H(div, w), /{f -grad g +divfg}dw=(f -v,g). (9.83)
vf € H(curl, w), /{f ~curlg — curlf g} dw = (f - 7, g). (9.84)

The identity (9.83) is a special case of (2 25) when (f,§) are independent
of z and f is transversal (i.e., f. =0 or f = f := £, ). To obtain (9.84), one
applies (2.27) to a couple (f,g) independent of z, where, in addition, f = f
is transversal and g = g e, is longitudinal.

The potential extraction theory of §§3.3 through 3.6 and the compact
imbedding Theorems 3.4.4, 3.5.4, 7.5.1, 7.5.3 take on a simpler form, thanks to
the following results. (We refer the reader to [164, 184] for extensive discussions
and proofs.) For an open set w C R?, the topological conditions of §3.2 rewrite
as follows:
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(Top);_,: Any vector field u € C'(w) such that curlu = 0 is a gradient, i.e.,
there exists p € CY(w) such that u = grad ¢. Such a set w will also be
called topologically trivial.

(Top);-: There exist I curves (0;)1<i<r such that w = w'\ Ule o; is topo-
logically trivial.

Then, we have the following remarkable result.

Theorem 9.3.7 A bounded, open, connected subset w C R? is topologically
trivial if, and only if, it is simply connected (i.e., every closed curve can be
contracted to a point).

More generally, w satisfies the hypothesis (Top);. if, and only if, it is
I-connected, i.e., there exist I closed curves that cannot be contracted to a
point, nor continuously deformed into one another, while staying in w.

An all-important class of simply connected or topologically trivial subsets is
given by the following definition and theorem.

Definition 9.3.8 A Jordan curve is the image of an injective and continuous
mapping S' — R?, which is homeomorphic to S'; in particular, it is connected.

Theorem 9.3.9 (Jordan, Schoenflies) A Jordan curve separates the plane R?
into two connected components, the inside (bounded) and the outside (un-
bounded). Furthermore, the inside is homeomorphic to a disc, hence topologi-
cally trivial. The inside of a Jordan curve will be called a Jordan domain.

Remarkably again, a converse statement holds for a large class of subsets,
which comprises all domains (open, bounded, connected subsets with a Lips-
chitz boundary; in particular, locally on one side of their boundary).

Theorem 9.3.10 Any domain that is simply connected, is actually a Jordan
domain.

In a Jordan domain, the topological conditions are empty, and a simple
Weber inequality holds.

Theorem 9.3.11 The imbedding of X (w; &) into L?(w) is compact. As a con-
sequence, when w is a Jordan domain, the semi-norm |ufx = ag(u,u)'/?,
where

ag(u,v) == /{wl curlu curlv + wy div(éu) div(v)} dw, (9.85)

and the measurable weight functions wy, wy satisfy 0 < wiy < wi(z,y) <
w; < oo for a.e. (x,y) € w, defines a norm on X(w;§), which is equivalent to
the H(curl,w) NH(div ¢, w)-graph norm.

A generalisation to more complicated domains is possible along the fol-
lowing lines.
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Theorem 9.3.12 Let w be a domain and I > 0 an integer. The following
statements are equivalent:

1. w is homeomorphic to a large open disc, with I small closed discs removed.

2. The boundary v = Ow is made of I + 1 connected components (vj)o<j<r,
which are Jordan curves. By convention, o separates w from an un-
bounded exterior domain.

3. w satisfies (Top) ;- -

If w satisfies these conditions, it will be called an I-annulus.

Theorem 9.3.13 In a general domain w, the following expression defines a
norm in X(w; &), equivalent to the graph norm:

ullx = a¢(u,u) + [ Pgeul3,

where Pgze designates the orthogonal (in both L?(w) and H(curl, w)NH(div &, w)-
graph norms) projection onto the subspace

Z(w; &) :={w € X(w; &) : curlw = 0 and div({éw) = 0}.

Equivalently, if w is an I-annulus, and using the notation from Theorem 9.5.12,

2

[ullk = ac(wu) + Y [{u-v, 1),
1<i<I

defines a norm in Xy (w;€);

2

[ullk = ag(u,u) + Y [(€a v, 1) g,
1<i<TI

defines a norm in Xp(w;§).

Remark 9.3.14 Let us remark that H(curl, 2)NH (div, $2) D X 4(£2;€) D
X (£2:6), and similarly, H(curl,w) N H(div{, w) D Xa(w; &) D X(w; &) and
that any u € Xa(w) such thatu-7| € H'2(vy4) can be decomposed into

u=v+e, withv € X(w), e € H'(w) and e-7,,., respectively e-v|.,, = 0.

9.3.2 Axisymmetric setting (fully axisymmetric model)

Now, we consider invariant (respectively contravariant)-by-rotation scalar (re-
spectively vector) fields on the axisymmetric domain {2. The spaces made of
such fields will be denoted by a breve sign over their symbol: L2(£2), H (curl, £2), X n(£2)...
In this subsection, we shall also put a breve over the letters designating the
axisymmetric fields themselves, in order to distinguish f ,F (defined on £2)
from their traces in a meridian half-plane f, F' (defined on w).
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We shall give (without proofs) the characterisation of the most useful ax-
isymmetric spaces by their traces in a meridian half-plane. These are function
spaces defined on w, which turn out to be weighted Sobolev spaces: the nota-
tions are the same as in [45], where the interested reader can find the proofs
and the most general versions of the subsequent statements. The main “build-
ing blocks” for constructing these spaces are the following:

L?(w) = {f measurable on w : / |fI?r"drdz < oo}, for 1 €R,

w

Hi(w) ={f € L?w):00"f € L}(w),YI,m, 0 <1+m < s}.

The scale (H?(w)) -, is extended to non-integral values of s by interpolation,
as in Definitions 2.1.17 and 4.1.21. The canonical norm of these spaces will
be denoted, respectively, | - ||o,-, and || - ||s,-. A prominent role will be played
by L?(w), which appears as the space of traces of scalar fields in L?(2), and
cylindrical coordinates of vector fields in L*(£2). Upon this space, we build
another, dimensionally homogeneous Sobolev scale (V{(w)),~, defined as

Viw) = {we Hj(w) : v 9L07w € Li(w), Ve, mst. 0 < L+m < [s]},

where |s| denotes the integral part of s. One can check that the general
definition reduces to

Vi(w) = {w € Hi(w): &w| =0, forall j€Nst j<s— 1}, (9.86)
when s is not an integer, while for the first values of s € N, we have:
Viw) = Liw), Vi(w)=Hilw)NL%(w), Viw)=Hiw)NH(w).

The canonical norm of V3 (w) is denoted by || - ||s,1; it is equivalent to | - |s,1,
except for s € N\ {0}. It is worth noting [44, Prop. l.e.1] that, for m €
N and o € (0,1), V"™ (w) is the interpolate of order ¢ between V*(w)
and V" (w).

In order to handle the Dirichlet condition, we introduce the subspaces
Hf ,(w) and Vi  (w) of functions that vanish on the physical boundary 7.
The difference in the notation is to remind us of the following fact.

Proposition 9.3.15 Let w € Vi(w). Then, wy, =0 in the sense of L*(7a).
Proof. See [163, Prop. 4.1] or [17, Proposition 3.18]. |

For s > 1, the functions of V3§ (w) even vanish in a strong sense on the axis
(see (9.86)).

We now characterise the traces of axisymmetric scalar and vector Sobolev
spaces of exponent smaller than two, which are the only ones we shall need
in this book.
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Proposition 9.3.16 Let f be an invariant-by-rotation scalar field defined
on {2, and f its trace in a meridian half-plane. Then, we have the follow-
ing equivalences:
fel?) — fel?w), feH () < feHiw), for0<s<2,
feH*() — feH}w) and O,f € L*, (w).

Let F be a contravariant-by-rotation vector field defined on §2, and F' its trace
in a meridian half-plane. Then, we have the following equivalences:

FeLl*) — F e L*w)®:=L}w),
Fe H Q) < (F,, F3,F.) € H}(w) x H(w) x H(w), for0<s<1.
FeH Q) « (F,,Fy,F,) € Vi(w) x Vi(w) x H(w), forl<s<2.

Equivalently, the characterisation (9.86) of V§(w) shows that the meridian
components of fields in H*({2) span the space

Ho(w) == {Fy : F € HY ()} = Vi(w) x Hi(w),

while the azimuthal components span V5(w). Iff or F vanishes on I, then
[, respectively the coordinates of F' belong to the space Hf ,(w) or Vi, (w).

Let us now examine the spaces related to the divergence and curl operators.
Similarly to Definition 9.3.4, we introduce some axisymmetric equivalents of
the H(div) and H (curl) spaces.

Definition 9.3.17 Recall the axisymmetric divergence and scalar curl oper-
ators from (9.37) and (9.39). Using the notation L% (w)? := L3(w)?, we call:

H(div,w) = {u € L}(w) : divu € L}(w)},
H(div¢,w) = {u € Li(w) : div(¢u) € Li(w)},
H,(divé,w) = {ue H(divé,w) :u-v =0 on %} ;

)={ueliw):curlue L(w)},

H,(curl,w) = {u € H(curl,w) :u-7=0 ony}.

H(curl, w

On the other hand, the space that would likely be denoted H(grad,w) is
H1(w), while H(curl,w) is, in fact, V}(w). To prove this, we need an imbed-
ding result, which will be useful now and then.

Lemma 9.3.18 The space H* | (w) is continuously imbedded in L? 5(w).

Proof. This is a Hardy inequality (see [17, Lemma 4.9]). [ |

Proposition 9.3.19 It holds that:

curlv € L} (w) <= (rv) € H | (w) <= v € Vi(w).
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Proof. The first equivalence stems from the definition (9.38) of curl. The sec-
ond can be obtained through simple calculations, using the previous Lemma,
together with the obvious fact that a function is L?(w) if, and only if, its
product by r belongs to L2 _,(w). [ |

Thanks to the formulas (9.37)—(9.39), one easily proves:

Proposition 9.3.20 Let F bea contravariant-by-rotation vector field on {2,
and F = F,,, + Fyey its trace. uLet & be a measurable, invariant-by-rotation
function satisfying® 0 < & < &(r,0,2) < £ a.e. on 2 for some constants
&, £°. Then, the following characterisations hold true:

F e H(curl,2) < F,, € H(curl,w) and Fy € Vi(w);
F € Hy(curl, 2) <= F,, € Hy(curl,w) and Fy € V1, (w);
F e H(ivE Q) <= F,, e H(divE,w) and Fy € L2(w);

( ) <= F,, € H,(div¢,w) and Fp € Li(w).

F e Hy(dive 2

From the above results, one can characterise the trace spaces of the “natural”
3D spaces for the augmented formulations.

Proposition 9.3.21 Under the assumptions of Proposition 9.3.20, it holds
that

) < Fp € Xn(wse) and Fy € V7 (w);
) <= F,, € Xp(w;p) and Fp € Vi(w);

Fe XNA(Q;E) < F,, € Xy a(w;e) and Fy € Viw), Fy =0 onyp;
) <= F,, € X a(w;p) and Fp € V(w),

where the “natural” spaces of two-dimensional fields in the meridian section
are defined as

Xn(w;e
X (w;
XNyA(w; g

= H,(curl,w) N H(dive, w),
H(CLI‘I; w) mHO(dﬂ,uvw)v
= {u e H(cwrl,w) NH(dive,w) : u- 7}, € Li(y), u- Tiyp = 0},

N — — —

Xra(w;p) = {u € H(curl,w) NH(div 1, w) : u- 7, € L3 (), u- v}, =0}

In the above notations, we may omit the subscripts y, v or coefficients e, u
in the same circumstances as in the plane case.

The properties of these spaces parallel those of their three-dimensional
and plane counterparts. Topological conditions are more intricate than in
the plane case: simple connectivity and connected boundary are no longer
equivalent, for instance. A simple assumption that trivialises the topology of
the axisymmetric domain is the following.

9 See footnote &, p. 346.
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Definition 9.3.22 Let w be a domain in the plane (r,z). It is said to have
a simple axisymmetric topology, or to be a SAT domain, if, and only if, the
following three conditions are satisfied:

1. w is included in the half plane [r > 0];

2. Ow is a Jordan curve;

3. both 74 := {x € dw : r(x) = 0} and v := {x € dw : r(x) > 0} are
connected and have a non-zero length.

All this implies that the axisymmetric domain {2 generated by the rotation
of w around vy, is simply connected, and that its boundary I" is connected.

Theorem 9.3.23 The imbedding of X (w; &) into L} (w) is compact. As a con-
sequence, when w is a SAT domain, the semi-norm |[ul|x = a¢(u,u)/2, where

ag(u,v) := /{w1 curlu curl v 4+ wy div(&§u) div(v)}r dw, (9.87)

and the measurable weight functions wy, we satisfy 0 < wi. < w;(r,z) < wf <
oo for a.e. (r,z) € w, defines a norm on X(w; &), which is equivalent to the
H(curl,w) N H(div {, w)-graph norm.

More generally, assume that w is an I-annulus (as defined in Theo-
rem 9.3.12) included in the half plane [r > 0] (see Figure 9.2). Then, each

z contractible z non-contractible
‘ parallel circle parallel circle
S~y Y
"Wy YR
0, 0,
Yoo Yoo
cuts
D
i %2 /
E r r

Fig. 9.2. Topological conditions for an axisymmetric domain {2 and its meridian
section w.

of the inner boundaries (7;),-,~,; generates a connected component of I"; but
the total number K + 1 of these components can be greater than I + 1, as
Yob = Yo N Y can be disconnected. On the other hand, each cut (o), ,-;
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associated with ~; generates an axisymmetric manifold Y; that serves as
a cut for (2, which is “seen” by the meridian components of vector fields.
But there is another possible non-triviality in the topology of {2, as seen in
the right-hand part of Figure 9.2. If v, = 0, i.e., 70 = 7o, a parallel circle
drawn in 2 (i.e., the set of points of cylindrical coordinates (rg, 8, z9), with
(r0,20) € w and § € S') cannot be contracted to a point. Similarly, the vec-
tor field u = r~'ey € C*(§2) has zero curl, but it is not the gradient of
a (single-valued) function in (2. In this case, a meridian section serves as a
cut; this non-triviality is only “felt” by the azimuthal components of vector
fields (cf. Eq. (9.67)). The issue disappears if v, has a non-zero length (see
Figure 9.2, left); in the limiting case when v, # () had zero length, 2 would
not be a domain, in the sense that it is not everywhere on one side only of its
boundary.

Finally, the following adaptation of Theorem 9.3.13 holds.
Theorem 9.3.24 In a general domain w, the following expression defines a
norm in X(w; &), equivalent to the graph norm:

Ik = a¢(u,u) + || Pzeul§; .

where Pze designates the orthogonal (in both L2 (w) and H(curl, w)NH(div &, w)-
graph norms) projection onto the subspace

Z(w; &) :={w € X(w;§) : curlw = 0 and div({w) = 0}.

Equivalently, if w is an I-annulus, as in Figure 9.2, let (Ypx); << designate
both the (Vi) <;<; and the connected components of vob, except the one that
separates w from an unbounded subset of the half-plane [r > 0]. Then,

2
Julk = acluw) + 37 [(6u-v,1),00
1<k<K

(Vb,%)

defines a norm in Xy (w;€);
2
ul = aeluw) + 37 [iEu v, 1) 0, |

1<i<I

defines a norm in Xp(w;§).

9.4 Existence and uniqueness results (2D problems)

In this section, we present existence and uniqueness results for the 2D models,
static and time-dependent. The proofs will be omitted, as they either are
similar to the three-dimensional (3D) framework, or rely on it. Namely:
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e For the fully axisymmetric model, one uses the results from Chapters 5-6.
Invoking the Curie principle (Propositions 9.2.7 and 9.2.12), the solution
to the 3D static and time-dependent equations are axisymmetric if the
data are as well. Using §§9.1.1 and 9.2.3, one can rephrase each 3D result
as two statements on the meridian and azimuthal components.

e On the other hand, the plane model does not satisfy a finite energy con-
dition in 3D: it is necessary to reason directly in two dimensions. This
is not difficult: the properties of the spaces H(curl, w), H(div,w), etc., are
totally similar to those of their counterparts in a 3D domain. For instance,
the integration-by-parts formulas (9.83)—(9.84) allow one to derive similar
variational formulations.

Nevertheless, we present the two models at once, as we did in §9.2.4. To this
end, we take the conventions of that subsection, plus the following ones.

e The spaces X(w;§), Xa(w;&) are those of Proposition 9.3.6 in the plane
model, and Proposition 9.3.21 in the fully axisymmetric model. The other
spaces are itemised in Table 9.1.

e The scalar product (- | -), without any subscript, is that of L?(w) or L?(w)
in the plane model, and that of L#(w) or L?(w) in the fully axisymmetric
model.

e The subscript .., designates subspaces of functions f such that (f|1) =
0; i.e., in the fully axisymmetric model, the “zero mean value” is taken
with respect to the weight function 7.

To simplify the discussion and avoid some technicalities, we assume that the
charge density ¢ belongs to L?(w), respectively L?(w). The regularity param-
eter s of Chapters 6 and 7 is thus taken as s = 0; and we omit it from the
notation Xy (w;e).

9.4.1 Static problems

Theorem 9.4.1 Letw be a Jordan or SAT domain (Definitions 9.3.8 and 9.3.22),
and let J € L(w), with div) = 0, and ¢ € F~'(w). The static TE
model (9.62)—=(9.67) admits a unique solution (E,H) € Xy(w;e) x Xp(w),
which depends continuously on the data (o,J) in the aforementioned spaces.

When «y or +p, is not connected (cf. Theorems 9.3.13 and 9.3.24), the prob-
lem is still well-posed if supplemented with the data of:

e cither the projection e = Pz E of E onto the space Zy(w;€);

o orthe fluzes ((eE - v, 1)), < of €E on the connected components (i )1<k<k
or (%7;@)19@9(, excepting the component which separates w from an un-
bounded exterior domain.

10 Gee footnote *, p. 328.
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Table 9.1. Notations of §9.4.

Spaces | Plane |Fully axi. | Spaces Plane Fully axi.

Xn(Ww) | Hi(w) | Vie(w) || L(w) L (w) Li(w)

Xr(W) |Himo(@)| Vilw) | Lw) | L*(w) Li(w)

Xv@) | (06 | (o7 || FP@) | Hi@) | Hicw)

X7 a(W)|Himo(W)| Viw) [|[F7'(w)| L*(w) Li(w)

Qn(w) | L*w) | Li(w) |[F7*(w)| H '(w) | Hio(w)'

Qr(w) | L2 (W) |LT oo (w)|| C(w) | H(curl,w) | H(curl,w)

L(va) | L*(va) | L}(va) || Co(w) |Ho(curl,w)|Ho (curl,w)

The duality brackets are to be taken between H™'/2(~y) and HY/?(vy,), respec-
tively Hl_l/2 (k) and Hi/z (Yk); this is equivalent to the knowledge of the total
surface charge on these components.

Theorem 9.4.2 Let w be a Jordan or SAT domain, and let J € L(w). The
static TM model (9.68)—(9.72) admits a unique solution (H, E) € Xp(w; u) X
Xn(w), which depends continuously on J.

In the more general case, when w is an I-annulus (cf. Theorems 9.3.18
and 9.3.24), the problem is still well-posed if supplemented with the data of:

e cither the projection h = Pzu H of H onto the space Zr(w; p1);
o or the fluzes ((WH -v,1)), ;o of pH through the cuts (0)1<i<1-

The duality brackets are as in the previous theorem.

9.4.2 Time-dependent problems (standard regularity)

We focus on augmented formulations (as in §7.4) for the transversal compo-
nents; recall that the longitudinal components are solutions to scalar wave
equations. However, similar results can be obtained through the semi-group
theory, or using unaugmented variational formulations. To begin with, we
examine the cavity problem.

We first consider the TE system (9.45)—(9.52). In all cases, we assume that

the initial conditions satisfy

(Eo,Eq, Hp, Hy) € Xy (w;e) x L(w) x Xp(w) x L(w).
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Theorem 9.4.3 Assume that the right-hand sides (o,J) have the regularity

Je HY (0, T;L(w)); (9.88)
either: o€ L*(0,T; F°(w)), or: o€ H*0,T;F '(w)). (9.89)

1. There is a unique solution to the augmented variational formulation
of (9.73) and (9.75):

Find E € Xy (w;¢e) such that
VF € Xn(w;e),
2

d d
- Iz -
2 (¢E | F) 4+ o4 (E,F) 7

where ok (-,-) is a particular case of the form ag of (9.85), (9.87):

(9.90)
(J | F) + (0| diveF),

at(u,v) == (u *curlu | curl v) + (diveu | divev).

This solution has the regularity E € C°([0, T]; Xy (w;e))NC([0, T]; L(w)),
and depends continuously on the data (J, o) in the above spaces.

2. Similarly, there is a unique solution to the variational formulation of (9.74)
and (9.76)—(9.77):

Find H € Xp(w) such that

vC € Xr(w), (9.91)

d

w(,uH | C) 4 (e tcurl H | curl C) = (671 | curl C).

It satisfies H € CY([0,T); Xr(w)) N CY([0,T]; L(w))), with continuous de-
pendence on J.

3. If the charge conservation equation (9.48) holds — which implies o €
H?(0,T; F~%(w)) — and the initial data satisfies diveEq = 0(0), then
(E, H) is the solution to the TE Mazwell equations (9.45)—(9.52) between
the timest =0 and t =T.

Next, we transpose the results of Theorem 7.4.9.

Theorem 9.4.4 Assume that the right-hand sides satisfy (9.88) and either
one of the two conditions:

0€ L*0,T; FO(w)) N C%[0,T); F~1(w)) N H%(0,T; F2(w)), (9.92)
or: g€ HY0,T; F~Y(w)) N H?(0,T; F~%(w)); '
while the initial data and values satisfy
diveEq = 0(0), 0'(0) +div J(0) = 0. (9.93)

1. There is a unique solution to the mized augmented variational formulation
of (9.73) and (9.75):
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Find (E, Pg) € Xn(w;e) X Qn(w) such that
VF € Xn(w;¢),
2

d d
E(EE |F)+ o (E,F)+ (Pg | diveF) = ——(J | F) + (¢ | diveF),
VgeQnw), (diveE|q)=(e|q);
and it has the regularity:
E € C°([0,T]; Xy (w;e)) N CH([0,T]; L(w)), Pg € L*(0,T;Qn(w)).

Assuming, moreover, that (9.48) holds and H is the solution to (9.91),
then (E, H) is the solution to the TE Mazwell equations between t = 0
andt="T.

now turn to the TM system (9.54)—(9.61). In all cases, we assume that
initial conditions satisfy

(Ho,H1, Ep, E1) € Xp(w;p) x L(w) X Xy(w) x L(w).

Theorem 9.4.5 Assume that the right-hand side J satisfies

1.

Je HY(0,T; L(w)). (9.94)

There is a unique solution to the augmented wvariational formulation
of (9.79) and (9.81)—(9.82):

Find H € Xp(w; ) such that
VC € Xp(w; ), j—;(uH | C)+a;,(H,C) = (c"J | cwrl C);
notice that the indices £, p are reversed with respect to (9.90). It has the

regularity:
H € C°([0,T]; Xr(w; ) N C*([0, T]; L(w)),

and depends continuously on the data J € H*(0,T; L(w)).
Similarly, there is a unique solution to the variational formulation of (9.78)

and (9.80):

Find E € Xn(w) such that

Vdf € Xn(w), ] (9.95)
- -1 [
o3 (eE|F)+ (p  curl E | curl F) dt(J | F),

which satisfies: E € C°([0,T); Xy (w)) N CL([0,T); L(w)), with continuous
dependence on J.

If the initial data satisfies Hy € Kp(w; ) := Ho(div 40, w) N H(curl,w),
then (E,H) is the solution to the TM Mazwell equations (9.54)—(9.61)
between the time t =0 and t =T, and it holds that

H € C°([0, T); K (w; 1)) x CH([0, T]; Ho(div 40, w)).
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Theorem 9.4.6 Assume Hy € Kr(w;u), and J € H(0,T; L(w)).
1. There is a unique solution to the mized augmented variational formulation
of (9.79) and (9.81)—(9.82):
Find (H, Prr) € Xp(w; p) X Qr(w) such that
VC € Xy (w;p),
d? . _
E(MH | C) +a;,(H,C) + (Py | divpC) = (¢7'J | curl C),
Vg € Qr(w), (divuH |q)=0;

and it has the regularity
H e C°((0. T); Kr(w: 1) N C*((0, T L(w)),  Pa € L*(0,T; Qr(w)).

2. If E is the solution to (9.95), then (E,H) is the solution to the TM
Mazwell equations (9.54)—~(9.61) between the timet =0 andt =T.

Now, we proceed to the interior or exterior problem, for which the Silver—
Miiller boundary conditions (9.50), (9.59) hold on 4 # 0. As seen in §§9.3.1
and 9.3.2, the relevant spaces for the longitudinal or azimuthal electric fields
are

Xy a(w):={weH (w):w=00n~vyp} (plane model); (9.96)
Xy a(w):={weH{(w):w=0o0n~yp} (fully axi. model);  (9.97)
while for the magnetic fields, it is X7 a(w) = Xr(w) in both models. The
notation (- | -)4 denotes the scalar product of L?(v4), respectively L3(va).

We recall that § = —1 in the fully axisymmetric model, and 6 = +1 in the
plane model.

We first consider the TE system. In all cases, we assume that the initial
conditions satisfy

(EQ,El,HQ,Hl) S XN)A((U;E) X L(w) X XT7A((U) X L(w)

Theorem 9.4.7 Assume (9.88) and (9.89), while the incoming wave g* (if
applicable) satisfies
g* € H'(0,T; L(7a))- (9.98)

1. There is a unique solution to the augmented variational formulation of

(9.73) and (9.75):

Find E € Xy a(w;e) such that
VF € Xy a(w;e),
2 e d

d S
ﬁ(5E|F)+a§‘(E,F)+\/EE(F-T|E-T)A

d . e d ,— —
——E(J|F)+(g|d1v5F)+5\/£a(F--r|g)A.
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It has the regularity
E € C°([0,T]; Xn,a(w;)) N CY([0, T]; L(w)),

and depends continuously on the data (J, 0,9*) in the relevant spaces.
2. Similarly, there is a unique solution to the wariational formulation'
of (9.74) and (9.76)—(9.77):

Find H € X1 a(w) such that
VC € XT7A(w),
2 d

pH | C) + (e ' curl H | curl C) + 7

o=

L H|C), (999

~

d
_ —1 o *
= (¢ J|curlC) o7 (0" 1C)y-

It satisfies H € C°([0,T]; X7 a(w)) N CH([0,T]; L(w))), with continuous
dependence on (J,g*).
3. If the data have the reqularity

J € H*(0,T;L(w)), g¢*€ H*0,T;L(va)), (9.100)

the charge conservation equation (9.48) holds — which implies o €
H3(0,T; F~%(w)) — and the initial data and values satisfy
(E1, Hy) € Xy alw;e) x Xpoa(w),
0Eo -7+ +/e/uHy=g*(0) on va, (9.101)
OE -7+ +/e/uHy = (g%)(0) on va;
then, (E, H) is the solution to the TE Mazwell equations (9.45)—(9.52)
between the timest =0 and t =T.

Theorem 9.4.8 Assume that (J,0,g*) satisfy (9.88), (9.92) and (9.98),
while the initial data and values satisfy (9.93).

1. There is a unique solution to the mized augmented variational formulation

of (9.73) and (9.75):

Find (E, Pg) € Xn,a(w;e) x Qn(w) such that
VF € Xy a(w;e),
2

d d — —
—(aE|F)+a§(E,F)+\/EE(F~T|E-T)A+(PE|divaF)

dt?
d . e d —— .
__E(J|F)+(g|le€F)+5\/gE(F'T|g)A=

Vg€ Qn(w), (diveE|[q)=(elq);
and it has the regularity
E € C°([0, T Xn,a(wi)) N CH([0, T} L(w)),  Pr € L*(0,T;Qn(w)).

' From the definition k* = \/e/pug* xn (cf. §7.1) we recall that y/p/c k*xn = —g*,

as g~ is tangential.
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2. Assuming, moreover, that (9.48), (9.100) and (9.101) hold, and that H
is the solution to (9.99), then (E, H) is the solution to the TE Mazwell
equations between t =0 and t =1T.

We now turn to the TM system. In all cases, we assume that the initial
conditions satisfy

(Ho,H1, Ep, E1) € Xpoa(w; p) x L(w) x Xy,a(w) x L(w).

Theorem 9.4.9 Assume that the current density J satisfies (9.94), while the
incoming wave g* (if applicable) satisfies

g* -1 € HY0,T; L(va)). (9.102)

1. There is a unique solution to the augmented variational formulation'? of

(9.79) and (9.81)~(9.82):

Find H € Xp a(w;p) such that
VC € X a(w; p),
2

d €
(uH | C) + 0, (H, C) +

d
i S H-T[C-T),

o

2(8_1J|CUFIC)—%(g*-T |C-7),.
It has the regularity:
H e C°([0, T]; Xr,a(w; ) N CH([0, T); L(w)),

and depends continuously on the data (J,g* - T) in the relevant spaces.
2. Similarly, there is a unique solution to the wvariational formulation of

(9.78) and (9.80):

Find E € Xy a(w) such that
VF € Xy a(w),
2 e i

d o e
ﬁ(sE | F)4+ (u~ " curl E | curl F) + i (F|E), (9.103)
d e d = —
= —— — _— * .

which satisfies: E € C°([0,T); Xn,a(w)) N CH([0,T]; L(w)), with continu-
ous dependence on (J,g* - T).
3. If the data have the reqularity

J € H*(0,T; L(w)), g*-1¢€H*0,T;L(va)); (9.104)

and the initial data and values satisfy

12 Gee footnote .
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Hy € Ky a(w;p) :== H(div 10, w) N X, a(w; p)
(Hy, Br) € Ky a(w; p) x Xy a(w),
—5E0—|—\/5/—MH0-T=g*(O)-T on vy,
—5E1+\/E/—/LH1-T:(g*)’(O)-T on va,

then (E,H) is the solution to the TM Mazwell equations (9.54)—(9.61)
between the time t =0 and t =T, and it holds that

(9.105)

H e C°([0, T); Kr,a(w; 1) x CH([0, T Ho e (div 12 0, w)).
Theorem 9.4.10 Assume Hy € Kr(w; ), and (J,g*) satisfy (9.94) and (9.102).

1. There is a unique solution to the mized augmented variational formulation
of (9.79) and (9.81)—(9.82):

Find (H, Py) € Xp a(w; p) x Qr(w) such that
VC € Xr,a(w; ),
2

d wod .
ﬁ(uH|C)+ai(H,C)+ ;E(H-T|C-T)A+(PH|dWMC)
d
2(5_1J|curIC)—E(g*-T|C-T)A,

Vg € Qr(w), (divpH |gq)=0;
and it has the regularity
H € C°([0,T): X a(w 1) N CH0, T L(w)), P € L*(0,T: Qr(w))-

2. Assuming, moreover, that (9.104) and (9.105) hold, and that E is the so-
lution to (9.103), then (E,H) is the solution to the TM Mazwell equations
(9.54)—(9.61) between the timet =0 and t =T.

9.4.3 Time-dependent problems (improved regularity)

In this section, we adapt the results of §7.6 to the 2D case. For ease of ex-
position, we do not separate between the TE and TM systems, but between
the vector (transversal or meridian) and scalar (longitudinal or azimuthal)
components of E and H. We recall that these results only apply to the cavity
problem.

For the vector components, the electric and magnetic Maxwell operators
Ag, A are defined as follows, cf. Proposition 7.6.1. Their domain is D(Ag) =
Xn(w;e), D(Ag) = Xp(w; p), where

Xy (w;e) := {ueXy(wse): p ' ewrlu € Xr(w) and diveu € FO(w)},
X (w; p) == {ueXp(w;p) e ewlu € Xn(w) and divpu € F(w)},

and we have set F) (w) = H},, (w) in the plane model, F) (w) = Hi _,,,(w)

in the fully axisymmetric model; these spaces are equipped with their graph
norm. The values of the operators are, respectively,
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1

Apu = curly " curlu — e graddiveu,

Agu = curle ! curlu — pgrad div pu.

Let us set Qn(w) = Hi(w) and Qr(w) = HL . (w) in the plane model, and

Qn(w) = H ,(w) and Qr(w) = H} _,,,(w) in the fully axisymmetric model.
Then, the counterparts of Propositions 7.6.2 and 7.6.3 are as follows.

Proposition 9.4.11 In order to have E € W2?(0,T; Xy (w; €))NWAP(0, T; L(w))
and P € W%P(0,T; Qn(w)) if applicable, it is sufficient to assume:

e in the non-mized framework: either
J e W0, T;L(w)), o€ WHH0,T5 FO(w)),
or
J e WH(0,T: Xy (wie)), egradee WP(0,T: Xy (wie)), ()

together with the higher-order initial data (Eg, E3) € Xy (w;e) x X (w;e),
where

eEy = —J'(0) — curl ! curl Eg + ¢ grad(div eEq — 0(0)),

eE3 = —J"(0) — curl ! curl E; 4 e grad(diveE; — ¢'(0)).

e in the mized framework: the same conditions on J and ¢ as above, plus
0 € WHP(0,T; F~2(w)), together with (Ear, Ear) € Xy (w;e) x Xy (w;e),
i.e.,

Eor = —¢ !(curl p ! curl Eg + J/(0)) € Coy(w),
with = curl By € C(w),
Esr = —¢ curl ! curl Ey + J%4(0)) € Co(w).

Proposition 9.4.12 In order to have H € W22(0, T; X (w; 1)) NW*P (0, T; L(w))

and Py € W2P(0,T; Qr(w)) if applicable, it is sufficient to assume:

e in the non-mized framework: e~'.J € W*P(0,T; Xy(w)), together with the
higher-order initial data (Ha,Hs) € Xp(w; p) X Xo(w; 1), where:

pHy = curle1J(0) — curle ! curl Hy + p grad div pHy,
pHs = curle 1J'(0) — curle ! curl H; 4 pgrad div zH;.

13 1f ¢ € WH*(w), a sufficient condition to ensure this is o € W*P(0,T; Py (w;€)),

where the space @y (w;e) is defined in a manner analogous to (7.53), viz.:
Oy (wie) = {p e Hj(w) : div(e grad ¢) € LQ(w)} (plane),
Oy (wie) = {p € Hi,(w):div(egrad ) € L7 (w)}  (fully axisymmetric).

In both cases, the condition on o implies o € W*?(0,T; F°(w)), which is needed
for the mixed problem.
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e in the mized framework: e 1J € W3P(0,T; Xn(w)) again, together with
(Hz,Hs) € K (w; 1) x Ky (w; ).
As in 8D, we have denoted Krp(w; ) := X (w; u) N K (w; ). Recall that
H(t) € Kr(w;p) at any time in this framework, and that the Lagrange
multiplier Py is zero.

As for as the scalar components, the operators Ag, Ap are defined by
their domain (equipped with its graph norm)

D(Ap) = Xy(w) == {u € Xy(w) : p~ ' curlu € C(w)},

D(Ap) = Xr(w) := {u € Xp(w) : e 'curlu € Co(w)},

and their values

1 1

Agu =curlp™ curlu, Agu=curle” " curlu.

They reduce to (modified) Laplacians when ¢ or u are constant. The improved
regularity results take on a simpler form, as the scalar components are not
involved in the divergence conditions. The improved regularity results write. . .

Proposition 9.4.13 In order to have E € W2P(0,T; X x(w))NW (0, T; L(w)),
it is sufficient to assume:

either J € W (0,T; L(w)), or JeW3P(0,T;Xn(w));
together with the higher-order initial data (Ez, E3) € Xn(w) x Xy (w), where
eEy = —J'(0) — curl ! curl B, eB3 = —J"(0) — curl ! curl E.

Proposition 9.4.14 In order to have H € W2P(0,T; X7 (w))NW*P (0, T; L(w)),
it is sufficient to assume: e 'J € W3P(0,T; Co(w)), together with the higher-
order initial data (Ha, H3) € Xp(w) X Xp(w), where:

pHy = curle1(J(0) — curl Hy), puHsz = curle (J’(0) — curl Hy).
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Analyses of coupled models

In this chapter, we analyse the coupled models introduced in §1.3, namely
the Vlasov—Poisson, Vlasov—-Maxwell and magnetohydrodynamics (MHD) sys-
tems. They are basic models of charged particle, plasma and conducting fluid
physics. We present the useful mathematical tools, and a variety of existence
and uniqueness results for several types of solution.

10.1 The Vlasov-Maxwell and Vlasov—Poisson systems

In this section, we return to the kinetic models introduced in §1.3.1. We re-
view the various types of solution and the known well-posedness results, first,
(§10.1.2) for a linearised problem, and next, (§§10.1.3-10.1.4) for the original,
non-linear models.

10.1.1 The models

We consider a system consisting of charged particles interacting through the
self-consistent electromagnetic fields that they generate. They may follow ei-
ther the non-relativistic or the relativistic laws of motion. To simplify the
discussion, we shall assume that there is only one species of particles, and
we set the constants m, ¢, €p, ¢ to one. If the particles are actually nega-
tively charged, the model remains coherent by changing the sign of the elec-
tromagnetic unknowns E, B, V. Many-species models do not pose greater
difficulties, nor do models with a so-called neutralising background, whose den-
sity and flux (py, j},) are given, provided they satisfy a continuity equation
Otpp + div g, = 0. To cover both relativistic and non-relativistic models, we
write the Vlasov equation as
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%+v(£)-vmf+(E+v(€)><B)~V£f:(); (10.1)
v(€) = & (relativistic case), respectively

V1+I[€P2

v(€) = & (non-relativistic case).

The variable & plays the role of a momentum (p) or velocity (v). The electro-
magnetic fields E, B are governed by Maxwell’s equations in vacuum, or by
approximate models. The charge and current densities are

olt.) = [ Fit..€) de. (10.2)
J(t,x) = /[R3 flt,x, &) v(E) dE. (10.3)

These satisfy the differential charge conservation equation 90 + divJ = 0.

The Vlasov equation (10.1) is a transport equation, i.e., a first-order hy-
perbolic equation. It must be supplied with initial conditions

f(Ovmaé) = fO(waé)v (104)

and, unless the problem is set in all space, boundary conditions. If & belongs
to some open set 2 C R2, the Vlasov equation is set on T2 := 2 x [Rg’.
Denoting (as in the previous chapters) by n(x) the outgoing unit normal
vector at @ € I := 02, the phase-space boundary I" x [Rg is divided into its
incoming, outgoing, grazing, and non-smooth parts:

ST ={(x,§) e xR in(x) £ <0}, X" :={(z€):n(=) &> 0},
20 = {(x,€) :n(x) - £ =0}, IV9.={(x,€):n(x) does not exist}.

If I' is Lipschitz, both the non-smooth and the grazing boundaries are negli-
gible w.r.t. the standard boundary measure. The boundary conditions for f
are imposed on the incoming boundary only. The commonest ones are:

e the inflow (or incoming fluz) condition, corresponding to a non-homoge-
neous Dirichlet condition:

flt,x, &) = fin(t,z,&) on X, (10.5)

e the specular reflection condition, which can be thought of as an equivalent
of the homogeneous Neumann condition:

ft@,€) = f(t,2,€) on £, where € =&—2(n(z) &) n(z);
(10.6)
notice that &’ is outgoing when £ is incoming. It can be generalized as a
diffuse reflection condition, where the incoming fluxes appear as weighted
averages of the outgoing ones:
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fto§) = [ Ke£Q)f(teg)de, onz
It (=)
where X7 (z) :={£ € R®:n(x) £ > 0};
e the emission-absorption condition, which resembles the Fourier condition:

ft,z,€) = alt,z,&) f(t,2, &) + fin(t,2,€) on X7, (10.7)
with 0 < a <1 in principle — a diffuse version is also possible.

The Viasov—Mazwell system, hereafter abbreviated VM, is formed by the
Vlasov equation (10.1), the initial condition (10.4), and (when relevant) a
boundary condition such as (10.5) or (10.7); the coupling relations (10.2)—
(10.3); and Maxwell’s equations in vacuum, with their initial and (when rel-
evant) boundary conditions. For the sake of simplicity, we assume that these
are the perfectly conducting ones if {2 # R2. Absorbing boundary conditions
can be dealt with through the tools introduced in §7.

Similarly, the (non-relativistic) Viasov-Poisson (VP) system writes

%Jrs.vzf—vmx/.vgf:o;

_A:Z:V = 0,

supplemented by an initial condition for f, and boundary conditions for f
and V' if 2 # R).

Dimensionally reduced models (as in §9) are also used, for the ease of
both analysis and simulation. In the physical space dimensions (z € R2),
the domain (2 and the distribution function are invariant under the action
of some continuous symmetry group. In the kinetic dimensions (&€ € IRZ’), the
distribution is factored: for instance, in a prismatic domain or an infinite
cylinder, one may have

f(tv :v,{) = f(tng_7£J_) M(gz)v (108)

for some given function M. The charge density is then independent of z. In
the Vlasov—Poisson framework, the Curie principle stipulates that the electric
potential V' and field E are invariant by translation, and E is transversal
(E, = 0). Thus, one arrives at the reduced model

9%
ot

AV == [ i€ deu
3

+&, Vx, f=Vx,V:-Ve §=0;

The current density is also invariant by translation; it is transversal, i.e.,
J(t,x) = I (t,x1), if the first moment of M vanishes: [, M(&)EdE = 0. It
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is thus possible to couple a transverse electric Maxwell system (9.45)—(9.52)
with a non-relativistic Vlasov equation:

%"‘gj_'VXLf"F(EJ_“"BzSi)'VQ_f:Ov (10'9)
with {i = ¢, e, —&, ey. In arelativistic framework, the decoupling is hindered
by the function v (&), which mixes the components. However, if the particles
are monokinetic in z (§, = 0, or M = ¢, the Dirac function in (10.8)), one
arrives [122] at a relativistic version of (10.9). Again invoking the Curie prin-
ciple, we see that the functions f deduced by (10.8) from the solution § to
the reduced models are solutions to the original models, provided the initial
and boundary data of the latter are themselves of the form (10.8) with a
suitable M. The same principle can be applied to other symmetry groups of
various dimensions.

Remark 10.1.1 In both the physical and mathematical communities, one
usually talks about an n-dimensional model (nD) when x € R and € € RE.
Models in which the kinetic space has one more dimension than the position
space — so as to allow a more complex interplay between the particle dynamics
and the magnetic field — have also been studied in the literature [120, 121].
They are often called I%D or Q%D.

10.1.2 Linear Vlasov equation
Framework

In this subsection, we review some of the mathematical tools needed to solve
the initial-boundary value problem for a linear transport equation. Later on,
these concepts will be applied fruitfully to the VP and VM systems, where the
non-linearity only stems from the coupling with other equations. No proofs
will be given; we refer the reader to [35].!

Let £2 C R2 be a piecewise smooth domain, and introduce the phase-space-
time slab Qr := (0,7) x 2 x [Rg = (0,T) x T{2. Assume we are given two

vector fields b : [Rg — R" and a : Q7 — R?. As before, we call ¥~ and X7
the incoming and outgoing parts of phase-space boundary I X [Rg:

SEF = {(z.&) e I' x R¢ : £b(¢) - n(x) > 0},

and BE := (0,T) x £*. The trace on By, respectively B of a function u
defined on Q7 is denoted u_, respectively w,. Furthermore, we call II; the
slice at time t:

! That work is written for the case b(§) = £ in (10.10) below, corresponding to
a non-relativistic model with n = d; and it assumes a stronger time regularity
than (A1) for the force field a. None of these assumptions is essential.
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I = {(t,z,6) : (z,€) € 2 x RE},
and write, as usual, u(t) for the function (z, €) — u(t, z, &). We shall consider
the following problem:

Yu:=0u+b&) Vyu+a(t,z,&) Veu=0 inQr; (10.10)
u(0) =wup in T02; (10.11)
u- = Kuqy +uim on B . (10.12)

Following a classical point of view [196], we may regard the differential oper-
ator Y as a vector field on Q7. Notice that, as its time component is 1, this
field vanishes nowhere. The meaning of the initial and boundary conditions
(10.11), (10.12) will be specified later. The operator K maps some function
space on B}r to another on B ; it may describe various boundary conditions:
inflow (K = 0), specular or diffuse reflection (||K|| = 1 in a suitable space),
emission-absorption (|| K| < 1), etc.

In the whole subsection, we shall assume that the field a is &-divergence-
free, i.e.,

d
Z %aj(t, x,€) =0 in the sense of D'(Qr). (10.13)
j=1 77

This condition is obviously satisfied in the Vlasov—Poisson case (@ = E in-
dependent of &), and one checks that it also holds for the Vlasov—Maxwell
system. It naturally leads to recast the so-called advective form of the trans-
port equation (10.10) into the conservative form:

Ou~+divy e(uA) =0 in Qr, (10.14)

where A is the (n+ d)-dimensional vector field (b, @) on T'{2. Thus, the opera-
tor Y is formally skew-adjoint. Furthermore, an integral conservation property

holds, which justifies the “conservative” terminology. Introducing the measure
on (0,T) x I' x [Rg:

dv :=|b-n|dI'(x)dédt, where: dI" = surface measure on I, (10.15)
the integration-by-parts formula (2.18) applied to (10.14) formally gives us

/TQ u(0) dwdﬁ—i—/B U dV:/TQ u(T) dwd{—i—/B; ug dv. (10.16)

From the above formula, it appears coherent to separate the boundary 0Qr
into its entry and exit parts: D, := B}, U Iy, D}r = B}r U 7. (The grazing
and non-smooth parts are ignored; anyway, they do not play any role in the
formulations.) The boundary measure being defined as

dv = dxd¢é on Ily and IIp, dv given by (10.15) on B (10.17)

T

and the traces as
u = (U(O)vu*)a u+ = (U(T)7u+)a
Eq. (10.16) takes the compact form [,- ™ dv = [+ ut dv.
T T
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We now present the various types of solution that have been defined for the
system (10.10)—(10.12). In a first approach, we assume that inflow boundary
conditions are applied when relevant ({2 # RZ), i.e., the operator K = 0
in (10.12). In this case, the initial and boundary conditions (10.11), (10.12)
can be summarised as the entry condition

u~ =gon Dy, where: g:= (up,Uin). (10.18)

The modifications induced by other boundary conditions will be sketched at
the end of the subsection.

Weak and renormalised solutions

Classical solutions (i.e., C* in (¢,,&)) are not necessarily the most appro-
priate framework for solving the system (10.10)—(10.12). But suppose, for
the moment, that there exists a C' solution w. Multiplying the conservative
form (10.14) by a test function ¢ chosen within a space of C'! functions with
compact support

®_:={p € C.(Qr) :suppp N DL =0}, (10.19)

and using the integration-by-parts formula (2.18), we arrive at:

/ u(Ye)dp + / uo ©(0) ded€ + / Uin pdv = 0. (10.20)
T TN B,

We have written du = dxd€ dt for short. This motivates the definition of weak
solutions.

Definition 10.1.2 Let (p,q) be two conjugate exponents: %—i— % =1, and let:

ge Ly (Dg), ie: wgell (T9), wnell (Bg,dv);

loc loc loc

be L, (R)":  ac L, (Qr)"
A weak L7 solution to (10.10), (10.18) is a function u € L} (Qr) such
that (10.20) holds for all ¢ € D_.

Remark 10.1.3 A few comments on this definition:
The assumption b € Li, (RE)"™ implies that b-n € L, (£7).

loc
To check the entry condition (10.18), one has to develop an “anisotropic”
trace theory: there is a trace theorem that states that functions w €

L? (Qr) such thatYw € L. (Qr) have well-defined traces w* € LY (D7, dv).?

loc loc

2 The trace theory from [35] can be reconciled with the one presented here. Follow-
ing [130, Lemma 2.1], the space of test functions used in [35] and C}(Qr) admit
a common subspace that is dense in W?(Q7r) for 1 < p < oco. This shows the
equality of traces in the sense of W~ %9(8Qr), where % + % =1.
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o When g € LP(Dy,dv) and u € LP(Qr), we shall speak of a weak LP

solution.

An interesting generalisation® is the following [103]. Formally, if u is a
solution to (10.10), then so is any function S(u). However, §(u) can be locally,
even globally, integrable when w is not. For instance, if the function [ satisfies
the conditions

B e C’R)NL¥(R), B =0 in aneighbourhood of 0, (10.21)
then it suffices to have
w € L°(O,dp) = {w p-measurable on O : YA >0, u([Jw| > \]) < +oo}

in order to ensure S(w) € L'(O) N L>(0). This leads to the definition of a
new type of solution.

Definition 10.1.4 Let

g€ L°(Dy,dv), ie: wug€ L°(TN), wn€ L°(Bg,dv);
be Llloc([Rg)na ac Llloc(QT)d'

A renormalised solution to (10.10), (10.18) is a function u € L°(Qr) such
that B(u) is a weak L' solution, with entry data B(g), for all functions B(-)
satisfying (10.21).

Characteristic (mild) solutions

A fundamental object in the study of Equation (10.10) is the so-called char-
acteristic system of ordinary differential equations

X'(s) = b(2(s)),

(1]

"(s) = a(s, X(s), Z(s)). (10.22)

The particular solution (assuming it is unique and exists locally, i.e., on an
open ezistence interval I 3 t) corresponding to the initial condition

will be denoted (X (s;t,x, &), E(s;t, x, £)). The integral curves of (10.22) are
referred to as the characteristics, so as to distinguish them from the integral
curves of the vector field Y, i.e., the set of triples (s, X (s),=Z(s)), where
(X (s),Z(s)) solves (10.22).

Using elementary calculus, one proves two easy but fundamental results.

3 Especially for applications to non-linear problems, where it allows one to relax
the assumptions on the data: compare Theorems 10.1.17 and 10.1.18 below.
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Proposition 10.1.5 Any (smooth enough) solution u to (10.10) is constant
along the integral curves of Y , i.e., for any (t,x,€&) € Qr, the function (s) :=
u(s, X (s;t, @, &), =2 (s;t,x,&)) satisfies V'(s) = 0 for all s in the existence
interval of the characteristic.

Therefore, in order to find the value of u(t, x, &), one just has to follow the
characteristics back until one meets the initial (s = 0) or boundary ((X, E) €
X'7) condition.

Lemma 10.1.6 Under the condition (10.13), the Jacobian of the character-
istic mapping, i.e., the (n + d)-dimensional determinant

(X (s;t,x,€), E(s;t,x,£))
Iz, §)

is equal to 1 for all (s,t) and (x,€), as long as the characteristics exist.

J(s;t,x, &) = det

To keep things simple, we shall make two general assumptions.

A1) The vector field b is locally Lipschitz-continuous:* b € C:'(R%)™. The
§

loc

field a belongs to L}, .(0,T; C’loo’cl(TQ)d), and satisfies (10.13).
(A2) No characteristic reaches infinity in finite time, i.e., any integral curve

remains in a bounded region of Q7.

Assumption (A1) implies the local existence and uniqueness of characteris-
tics, by an easy extension of the classical Cauchy—Lipschitz theorem [133,
Theorem 5.3, Chapter 1]; they belong to W' (I;T62) ¢ C°(I; T§2) on their
existence interval I. The assumption also ensures that Yw is meaningful for
any w € L (Qr),1 <p < cc.

loc

A sufficient condition for (A2) is
b <Cp (1+£]), at,z,&)| < Co(1+[z]+[£]) (10.23)

for some C,, Cy: apply Gronwall’s lemma 7.2.1 to e(s) = 1+| X (s)|*+|Z(s)]>.
As a consequence of (A2), integral curves can be extended (toward the past
and the future) as long as they remain in @7, i.e., characteristics can be
extended as long as they remain in 7'(2.

Under (A1) and (A2), one can associate each characteristic (or integral
curve) with its entry and exit times

s_(t,z, &) :=inf{s € (0,T) : (s, X (s;t,x, &), =E(s;t,x,£)) € Qr},
sy(t,x, &) :=sup{s € (0,T): (s, X(s;t,x, &), =E(s;t,x,&)) € Qr}.

By compactness, the integral curves can be extended continuously and unam-
biguously to s = s_ and s;. This leads to the (new) definition of the entry
and exit points and sets

* As usual, this means b € C%'(K)™ for any compact set K C [Rg (see Defini-
tion 2.1.22 and its footnote for the space C%! of Lipschitz-continuous functions
and its topology).
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(X, Btz &) = (X,E)(se(t,x,&);t, 2, §),
D% = {(Si,Xi,Ei)(t,.’I:,E) : (t,w,ﬁ) € QT}

As Y vanishes nowhere, the extremities of the integral curves necessarily lie
on 9Qr, and each point of Q7 is the entry (respectively exit) point of, at
most, one integral curve. However, neither D N D nor dQ7 \ (D U D7)
are necessarily empty; but one proves that they are negligible for the measure
dv defined in (10.17). Up to negligible sets, one has D} = Bj U IIy and
D7 = B Ully, as before. Therefore, we deduce from Proposition 10.1.5 that
a classical solution u to (10.10) verifies

ult,€) = g(s_(t,2,6), X_(t,2.6). 5_ (1w £), ie. (1024)
ut,z, &) = uo(X_(t,z,§),E_(t,x,§)) if s_(t,,§) =0,
u(t,z,€) = uin(s—(t, z,€), X _(t,z,§), E_(t,z,§))

if s- >0, and thus (X_,5_) e X.

Following the usual pattern, one takes these formulas as the definition of a new
type of solution, which is “weaker” than classical solutions, but nevertheless
“stronger” than the weak solutions of Definition 10.1.2.

Definition 10.1.7 Let (b,a) be two fields satisfying (A1) and (A2), and let
g € LP(D;.,dv). The characteristic or mild L? solution to (10.10), (10.18) is
the function u defined on Qr by (10.24).

By definition, a mild solution is unique. Using Lemma 10.1.6, one checks that
it satisfies the weak formulation (10.20): it is a weak solution. The same lemma
allows one to prove that u € LP(Qr). Actually, for any w within the space

E?(Qr) = {w € LP(Qr) : Yw € LP(Qr) and w* € LP(D7,dv)},

it holds that

/+ ‘wﬂp dl/Z/ ‘w_’p dv + p/ sgnw |w|P~ Yw dp. (10.25)
5 _

T T QT

Interestingly [35], under the assumptions (A1), (A2), and g € LP(D7., dv),
any weak LP solution to (10.10), (10.18) is also a mild solution. Thus, weak
solutions enjoy an existence and uniqueness property in this case, and one can
define a solution operator

T :LP(Dy,dv) — EP(Qr), g~ u.

Existence under weaker assumptions can be obtained through a limiting pro-
cess or a fixed point theorem; uniqueness depends on the method used. For
example, renormalised solutions have an existence and uniqueness theorem
under the following assumptions.
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(R1) The vector field b belongs to Wllo’cl([Rg)", and € — b(&)/(1+€|) belongs
to L'(R¢)™ + L= (RE)™.

The field a belongs to L' (0, T; W, ! (T'2)4), and satisfies (10.13). The field
a(t,z.§)

(t,w,ﬁ)’—*m

belongs to L' (0,75 LY(T02)* + L>(T$2)),

where the Banach space
LY0O) 4+ L>(0) =
{w measurable on O : Ju € L*(0), v € L=(O) s.t. w = u + v},
[wllz1 o)+ 10y = nf{[|ullL1(0) + [|[v][L=(0) : v+ v =w}.
In turn, this allows one to define so-called weak characteristics [103].

Other boundary conditions

Before leaving this subsection, we return to the case when the operator K
is different from zero in the boundary condition (10.11). The entry condi-
tion (10.18) is thus replaced with the entry-exit condition

u” = Kut +g, where: K(u(T),uy):= (0, Kuy). (10.26)

We suppose that K is a bounded operator from LP(Bj,dv) to LP(B;,dv)
for some p, and that it is local in time, i.e., K(k(t)w) = k(t) Kw for all
w € LP(B;,dv) and k(-) smooth enough. The operator K enjoys the same
properties; and ||K|| = || K| as an operator from LP(D7,dv) to LP(Dy, dv).

In a first step, let us assume ||K|| < 1: this is an emission-absorption-
type condition. We look for the solution to the problem (10.10), (10.26) by
identifying it with the solution to an inflow problem

Yu=0in Qpr, u =g¢g° onDj,
i.e., as u = T ¢g*. This is possible if, and only if, ¢* = Ku™ + g, or equivalently,
(I—L)g* =g, where: Lg*:=K(Tg*)". (10.27)

By (10.25), the linear mapping g — (7T¢g)" is of norm 1 as an operator from
LP(DZ,dv) to LP(DF, dv). Therefore, | £|| = | K|| < 1, and Eq. (10.27) admits
a unique solution [63, Exercise 6.14 in the English edition]. In other words,
the problem (10.10)—(10.12) admits a unique solution v € EP(Qr) if g €
LP(Dy,dv), ie., ug € LP(T(2) and wi, € LP(B,dv).

The case ||K|| = 1, corresponding to a specular or diffuse reflection, is
more difficult. One has to assume, in addition, that ui, = 0 (which is physically
relevant), and that Kw > 0 whenever w > 0. By an approximation procedure,

one shows the existence and uniqueness of a solution u € LP(Qr) for any
Uug € LP(TQ)
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As far as regularity is concerned, one introduces the following definitions,
which generalise the inflow case.

Definition 10.1.8 Under the assumptions of Definition 10.1.2, a weak L?

loc
solution to (10.10), (10.26) is a couple (u,uy) € LY (Qr)x LY (BF,dv) such

that the following holds for all ¢ € & := CH([0,T) x T2):

/ u(Ye) dLH'/ ug ¢(0) dmdf—/ Ut P4 dV+/ (Kug+uin) o dv = 0.
Qr TR B} B
(10.28)

Remark 10.1.9 Of course, uy coincides with the trace of u on B}r. But the
existence of the latter is not guaranteed until one checks Yu = 0 by taking
v € D(Qr) in (10.28), ¢f. Remark 10.1.3. The solution is still called a weak
LP solution if g = (uo, uin) € LP(Dy,dv) and v € LP(Qr).

Definition 10.1.10 The characteristic or mild L? solution to (10.10), (10.26)
is a weak solution such that u coincides with the mild solution, in the sense

of Definition 10.1.7, of an inflow problem with a suitable entry data g*,
cf. (10.27).

10.1.3 Weak and renormalised solutions for Vlasov—Poisson and
Vlasov—Maxwell

This subsection, as well as the next one, is chiefly taken from [59] and ref-
erences therein. Again, we shall omit proofs. Mutatis mutandis, we keep the
notations of §§10.1.1 and 10.1.2. Again, we set

’U(é) — i
V1+ €2
and b(€) is equal to v(€) if & and € have the same dimensionality. In the
case of a “half-dimensional” model, as in Remark 10.1.1, b(£) is a suitable
projection of v(£), e.g., b(€) :=v(&), for a 2%D model. All in all, the general
Vlasov—Maxwell system writes

(relativistic), v(§):=€& (non-relativistic),

O b(€) Vel +(E+0(6) x B) - Vef =0 nQr, (10.29)
f-=Kfi+ fin on B, (10.30)
£(0) = fo in T4, (10.31)
%—lf —curl B = —j[f], %—? +curlE=0 in (0,7) x 2, (10.32)
divE = p[f], divB =0 in (0,7) % 2, (10.33)
Exn=0, B-n=0 on (0,7)x I, (10.34)
E(0)=E,, B(0)= B, in £, (10.35)

(%D i RACEL (v(lg)) ds in (0,7)x 2. (10.36)
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The notations above are the usual ones for three-dimensional vectors. Lesser-
dimensional systems are obtained as explained in §10.1.1. They are handled
in the same manner, taking care of:

e the dimensionalities of the electromagnetic variables: F necessarily belongs
to the same space R? as &, while the dimensionality dp of the magnetic
field may be different, cf. (10.9);

e the suitable reinterpretation of the curl operators in (10.32), cf. §9, and of
the cross-product in (10.29), cf. (10.9) again.

The self-consistent particle density and flux (p[f], j[f]) automatically sat-
isfy the continuity equation d¢p[f]+div j[f] = O (integrate (10.29) in &). Thus,
Egs. (10.32) and (10.33) are compatible, and we know from §§5 and 7 that the
Gauss equation is satisfied at any time if, and only if, it holds for the initial
data. The same pattern prevails for the constraints div B =0 and B-n =0
on the magnetic field. So, we shall say that the initial conditions of the VM
system are compatible if, and only if,

divEg =p[fo] and divBg=0in {2, Bg-n=0onI. (10.37)
Definition 10.1.11 Let the spaces of test functions be
&=CH[0,T)xTR), Wp=CH0,T)x ), wp=CH0,T)x )

Assume we are given compatzble initial conditions (fo, Eo, Bo) € L}, (T12) x
L} (2)x L} (£2), with L >ty L' =1, and an incoming data fi, € L}, (Br,dv).
A weak solution to (10. 29) (10 36) is a quadruple (f, f+, E,B) € L} (Qr) x
LY (BF)x LEL ((0,T)x 2)x LL _((0,T)x £2) such that, for all (¢,% g, %) €

@XWEXWB,

[0p
f
QT 6t

" /T Jol0) dade — | St [ s+ e =0, (039)

By

L b(E)- Vap + (B + (&) x B)-w] du

oo
// g-%r . p. curlp, — 5[f] - %} da dt
o Jo T ot

| Eo- P (0) dz =0, (10.39)

//[ ‘MB E~curl1,bB} dmdt+/Bo-¢B(0)dw:0- (10.40)
2

We shall also consider the n-dimensional (non-relativistic) Vlasov—Poisson
system:
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% +& - Vof +E-Vef =0 in Qr, (10.41)
curl E =0, divE = p[f] in (0,7) x £2, (10.42)
plfl= | [tz &) d§ in (0,T) x £, (10.43)

Ry
plus initial and boundary conditions (see (10.30), (10.31), (10.34, left)).

Definition 10.1.12 Let ¥ := CL([0,T) x £2), the other notations being
as in Definition 10.1.11. A weak solution to (10.41)—(10.43), with the ini-
tial and boundary conditions (see (10.30), (10.31), (10.34, left)), is a triple
(f,f+.E) € LY (Qr) x L} (B}) x L} ((0,T) x £2) such that, for all
(907¢E7w) EPXW¥E XY,

Oy

/ f [E—I—E-thp—kE-Vg(p} du
Qr

[ fop0)dade~ [ frpdvs [ (4 f)odv =0, (1040
T B B,

T
/0 /Q [E - (curly g + grad ) + p[f] ¢] da dt = 0. (10.45)

Remark 10.1.13 In both models, the term on B is not needed for an inflow
boundary condition (K = 0); in this case, the variable fi is redundant, and
it suffices to take ¢ € &_ (see (10.19)). All boundary terms disappear when
2=R1.

As for renormalised solutions, their definition is similar to the linear case.

For the sake of simplicity, we only consider inflow boundary conditions if
2 #RY.

Definition 10.1.14 Let g = (fo, fin) € L°(Dg,dv) and (Eg, Bo) € Lj,.(2)x
L} (). A renormalised solution to the Vlasov-Poisson, respectively Viasov—
Mazwell system is a couple (f, E) € L°(Qr) x L},.((0,T) x ), respectively
a triple (f, E,B) € L°(Qr) x L},.((0,T) x 2) x L;,.((0,T) x 2) such that
(B(u), E), respectively (5(u), E, B) is a weak solution, with entry data ((g),
for all functions B(-) satisfying (10.21).

The proof of existence of weak solutions consists in first obtaining smooth
solutions to an appropriate mollified problem, by applying a fixed point theo-
rem (typically, the Picard-Banach [63, Theorem V.7], [78, Theorem 3.7-1] or
Schauder [62, Theorems I11.2.9 and I1.2.10], [78, Theorem 9.12-1] theorems) to
the linear equation, and then pass to the limit in uniform a priori estimates.
Generally speaking, there is no uniqueness result for this type of solution,
though partial results exist that we shall review later.
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To begin with, we examine the case in which {2 = R?. The first estimates
are the maximum-minimum principle, and the preservation of all LP norms:

for all ¢ € (0,7, it holds that

I £ = B fo - sup ) = sup o SO ez = Wolleer o

v € R:Ed Rn
thanks, respectively, to the preservation of f along the characteristics

X'(s) = b(E(s)), E'(s) = E(s,X(s)) +v(E(s)) x B(s, X ({}0.46)
'(s) = E(s, X (s)) (10.47)

(] [1

respectively X'(s) = Z(s),

and to the volume-preserving property of the characteristic flow (Lemma 10.1.6),
cf. Egs. (10.24) and (10.25). An all-important conservation property is that
of energy. The kinetic energy of one particle being

K(€) = 1+ [€]2—1 (relativistic), k(€)= % [&|* (non-relativistic), (10.48)
the total energy, defined as

Et) := /{Rwd k(&) f(t,x, &) dedE + /n B @)l —; B 2)l” dx

in the VM case, and

&UFA%mzﬁQO%+/fg%ﬂ%m

in the VP case, is conserved by smooth solutions (£'(t) = 0).

As an immediate consequence, some of the moments pu, (¢, ) erd €™ f(t,x, &) dE

remain integrable in & as time goes on, namely m =1 for a relatwlstlc model
and m = 2 for a non-relativistic one. In the VP case, the electrostatic field in
the VP model can be defined by the convolution in :

xTr

E =G, *p[f], where: Gg(x)= (10.49)

@y x|
and @, is the (n—1)-dimensional area of the unit sphere of R™: w; = 2, wy =
27, ws = 4m, etc. Together with Holder inequalities (Proposition 2.1.3), the
boundedness of moments allows one to bound the density and electrostatic
field in suitable LP norms.

Proposition 10.1.15 The following a priori estimates hold for the VP sys-
tem:

1Pl O]l Lrs2m < Co | foll 7+ €(0)/ (42)
and if n > 3,

n ; 1
IB@l2r < Co Sl Q2 with == .
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The last estimate follows from a Hardy—Sobolev-Littlewood inequality.

Lemma 10.1.16 Let 1 < b < 400 and 1 < p < V', with %4— % = 1. The
convolution by |x|™* defines a bounded operator from LP(R™) to LY(R"), with
1_ 1,1
s=r T3 1.

Using the line of proof sketched above, it is possible to prove the existence

of weak solutions to the VP system under nearly minimal conditions.

Theorem 10.1.17 Assume n > 3, and let fo € L' N L"O([R?fg), fo >0, such
that '

[€* fo € L'(R2E), G * plfo] € L*(RY).

There exists a function f : [0,T] — L>®(R3"), continuous in time for the
weak-* topology, such that (f,E) = (f, Gy * p|f]) is a solution to (10.44)-
(10.45), and satisfies, for any t > 0,

Hf(t)HLP(Rijl{) < Hf0||LP(R§jl§)a 1 <p<+oo, £&(t) <E(0).

Y

In dimension 3, it is enough [137] to have fy € L' N Lp*([Rg’E), for p*
(12 + 3v/5)/11); furthermore, mass is exactly preserved: [ns f(t) dawd€
z.€

Jro . fo dxdg.
For renormalised solutions, we have the result by DiPerna and Lions [101].

Theorem 10.1.18 Let fo € L' N L9/7([R§7§), fo >0, such that

1€1? foe LYRS ), foln™ fo € LY(RS ),
plfol (lz|" * plfo]) € L'(RY), Gsxplfo] € L*(RY),

where Int s = max(In s, 0). There exists a renormalised solution f € C°(0, +o0c; LY(RS ¢))

to the Viasov-Poisson system, such that f In™ f € C°(0, —l—oo;Ll(lef)), and
E(t) < &(0) for all t > 0. '

The strong continuity in time is ensured by the extra conditions on fy,
which propagate in time and ensure weak compactness in L' according to
the Dunford—Pettis criterion [63].

As mentioned above, uniqueness is only known to hold under restrictive
conditions on the solution itself. Let us mention the following results by Zhid-
kov [210] and Loeper [160].

Theorem 10.1.19 Let fy € L' N L“([Ring), with compact support in (x,€).
There exists, at most, one weak solution f to the VP system with a support
uniformly bounded on any finite time interval, i.e.,

VT > 0, 3Kt compact in [Ri’é :Vt €]0,T] and (x,€) ¢ K, f(t,z, &) =0.

Furthermore, this solution is exactly energy-preserving: E(t) = £(0) for all
t>0.
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Theorem 10.1.20 Let fo € L'(R2") or LO(R2%,). There exists, at most, one
weak or renormalised solution f to the VP system such that the density is
bounded on any bounded time interval, i.e., ||p[f]llLe(0,1;L®n)) < 400 for
any finite T > 0.

As for the VM system, the situation is less favourable, as the Maxwell’s
equations do not have good properties in LP spaces for p # 2. The only avail-
able estimate is the L? bound given by the energy. Furthermore, hyperbolic
equations do not have the regularising properties of elliptic ones. This incon-
venience can be partly compensated for by using so-called averaging lemmas
(see, e.g., [102]), which furnish some compactness and allow one to pass to
the limit in the nonlinear term f (E 4+ v x B) - Ve in (10.38).

All in all, using...

Proposition 10.1.21 The following a priori estimates hold for the relativis-
tic VM system:

ol Nl s + 131 @l oss < CNfollE2 (sm) [ e dg) .

€
...we obtain the existence of weak solutions.

Theorem 10.1.22 Let fo € L' N L>(R} x RY), with fo > 0 and x(§) fo €
LY(R? x IRg), cf. (10.48). Let (Eo, Bo) € L*(R?) x L*(R?) wverify the compat-
ibility conditions (10.37).

There exists a triple (f, E,B) : [0,T] — L*(R} x [Rg) x L*(R?) x L*(R?),
continuous in time for the weak-x topology, which is a solution to (10.38)—
(10.40) in the relativistic case, and satisfies, for any t > 0,

P20, 17Ol sty = Woll oty 1< p < o0, (1) < £(0).
The proof of exact conservation of LP norms and charge is credited to
Rein [180].

In a non-relativistic framework, one gets a similar result from DiPerna and
Lions [102].
Theorem 10.1.23 Let fo € L' N LY (R? x RE), with p* large enough, fo >
0 and [€* fo € LYR? x [Rg). Let (Eo, Bg) € L*(R%) x L*(R%) werify the
compatibility conditions (10.37).

There exists a triple (f, E,B) : [0,T] — L' N LP (R? x [Rg) x L*(R?) x
L?*(R™), continuous in time for the weak topology, which is a solution to (10.38)—
(10.40) in the non-relativistic case, and satisfies, for any t > 0,

@020, 1Ol pagrsty < Wollporzer 1<p <, E(1) < E0).

The minimal value of p* is 2 when n = d = 3.
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Taking boundary conditions into account when (2 # R? is slightly more
technical, but basically leads to similar conclusions under reasonable assump-
tions. For instance, we have the following result credited to Bostan [58] for
the VP system with inflow boundary conditions.

Theorem 10.1.24 Assume that the domain §2 is smooth, and that the bound-
ary condition on By reads as f— = fin. Let g = (fo, fin) € L' N L>(D7;dv),
with g > 0 and (&) g € L*(D7;dv). There exists a weak solution (f, f1, E, B)
to (10.38)(10.40), which satisfies, for any T >0,

0< < lglms 0<fr<lolin: s €0+ [ nle)Frdv <,
B

te[0,T] s

where the constant C' depends on (2, T, fo and fi,.

Furthermore, if there exist two non-increasing functions Fy, F : Rt —
RT such that

Re
then:
o Ec L>0,T;L>*(2)) and p[f] € L>°(0,T; L>°(£2)) for all T > 0;
e the mappings t — fT_Q f(t) ded€ and t — E(t) are absolutely continuous,
and it holds that

L p) dwde + / F4(8) (€ () dI () dg
>+

= | alt)lé-n@) ar(e)ag:
£(0) + [ rO) 11(0) €- ni@) ar @)
= | #&) fult) € mi@) dr(e)ae.

For the VM system with inflow and emission-absorption conditions, the fol-
lowing result holds according to [130].

Theorem 10.1.25 Assume that the boundary I' € CY* for p > 0, and that
the boundary condition on By, takes the form® (10.7), with0 <a <1—e < 1.
Let g = (fo, fin) € L' N LP" (D55 dv) for some p* € [2,+0c], with g > 0 and
k(€)g € LY(Dy;dv). Let (Eo, Bo) € L*(2) x L*(2) verify the compatibility
conditions (10.37).

5 According to [130], the proof also works for a general condition (10.30), under
the condition || K| < 1.
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There exists a weak solution (f, f+, E, B) to (10.38)~(10.40), which satis-
fies, for any T >0 and 1 < p < p*,

et/r Hf“rHLP(B;:;dy) =+ ”f”LP(QT) < 2¢” [HfOHLP(TQ) +e! HfinHLP(B;;dy)} s

/OTE(t)dt <eT 1£(0) +/B

For the specular reflection condition, it is possible to take the limit € — 0, as
fin = 0. Thus, we arrive at the result...

Theorem 10.1.26 Assume that the boundary I' € C** for u > 0, and that
the boundary condition on By reads as (10.6). Let fo € L' N L>°(T'2), with
fo > 0 and k(&) fo € LNTR). Let (Ey, By) € L*(2) x L*() werify the
compatibility conditions (10.37).

There exists a weak solution (f, f+, E, B) to (10.38)~(10.40), which satis-
fies, for any T >0 and 1 < p < 400,

T

K(€) fin dV] -

T
I fllzeor) < 267 || foll Loz, /O E(t)dt < e" £(0),

1F 0l Lo (2 sa0) < 267 N follLoe (-

10.1.4 Strong solutions for Vlasov—Poisson and Vlasov—Maxwell

We group under this name the classical (i.e., C') and mild solutions, the latter
being defined as follows.

Definition 10.1.27 A mild solution to the Viasov—Poisson or Vlasov—Mazwell
systems is a weak solution (in the sense of Definitions 10.1.12, respec-

tively 10.1.11) such that f € LP(Qr), the fields b (defined at the beginning

0f§10.1.3) and a := E, respectively E +v(€) x B satisfy the conditions (A1)

and (A2), and f coincides with the mild LP solution (in the sense of Defini-

tions 10.1.7 or 10.1.10) to the linear Vlasov equation with advection fields b

and a.

These solutions are “strong enough” to define characteristics, at least locally,
which leads not only to an improved regularity, but also (as said above) to
the exact preservation of various LP norms and energy. Furthermore, they are
generally unique.

The existence of such solutions can be obtained by the same principle as
in the previous subsection. In the Vlasov—Poisson case, the crux is to have
Lipschitz bounds on the electric field, which ensure that (A1) and (A2) hold,
cf. (10.23). This is decomposed into two steps: the first consists in reducing
the problem to estimating the decay of f with respect to &€, and the second in
obtaining this decay practically from a priori estimates. The second step can
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be achieved, either by characteristic estimates (as in [136]) or by dispersion
estimates (a la Strichartz, see, e.g., [159]). The latter correspond to averaging
lemmas by a Fourier transform in (x, ), and provide some regularity for the
solution of hyperbolic equations.

Theorem 10.1.28 Assume that the initial condition fo satisfies either one
of the following assumptions [202, 136]:

1. fo e Wh* N LYNRY x RE), and there exist K > 0 and a > 2n such that

fol@,&) < K (1+[2|)~* (1+[£)7; (10.50)

2. fo€e C*NLY(R? x RE), and there exist K >0 and o > n such that

fo(®, &) + [Va fo(z, &) + [Vefo(z, &) < K (1+ €))7 (10.51)

There exists a unique strong solution to the Vlasov—Poisson system (10.41)—
(10.43) in 2 = R?, which is global (i.e., it exists for all t > 0) if n = 2 and

x

local (defined on an interval (0,T) for T small enough) if n = 3.

In higher dimensions, there are counter-examples to local existence [136]. On
the other hand, there are global existence results in 3D under additional as-
sumptions: bounded support [186] or small data [30].

Theorem 10.1.29 Let fy € CL(R3 x IRZ’) be compactly supported in &:

Qo :  fo(x,€) =0 for [§] = Qo. (10.52)

The strong solution given by the previous theorem is global, and remains com-
pactly supported at all finite time.

Theorem 10.1.30 Let fo € C* N LY(R2 x [Rz’) such that

fo(x, &) + |Vafo(®, &) + [Vefola, ) < e (1+ |2)) ™ (1 + €))7

For small enough €, there exists a unique, global strong solution to the Viasov—
Poisson system (10.41)-(10.43) in 2 = R3.

When (2 # R7, existence is only known under very restrictive assumptions,

x?

among others:

e either (2 is a half-space, or it is bounded, smooth and convex;
e foand fi, are compactly supported in & and &, and satisfy some compat-
ibility conditions.

These solutions are global [131, 138, 139].
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Remark 10.1.31 The conditions (10.50) or (10.51) are satisfied by the all-
important (local) Maxwellian distribution

€~ u(=)]?

_ p(x)
fo(x,§) = ————75 exp 20

(27 6(2))"/?

provided the density, bulk velocity and temperature functions p, u, © are
well-behaved. On the other hand, assuming a compactly supported distribution
is not very realistic. Collisions, which are inevitable in a real plasma, can give
arbitrarily high velocity to particles, and make the distribution function tend
towards a Mazwellian [59].

As an amuse-gueule, we will sketch the local existence and uniqueness
proof of mild solutions with compact support in velocity to the Vlasov—Poisson
system in R™. Firstly, one estimates the divergence of characteristics for a
linear Vlasov equation. Consider two final conditions (¢, 1, &) and (¢, x2, &5);
we use the shorthand

(Xi(S), EZ(S)) = (5(87 tu Li, Sz)? 5(87 tu Zi, Sz)) ’ i= 17 2.
Integrating the characteristic system (10.47) backward yields
| X1(7) = X1(7)| + |E1(1) — E2(7)|

< f@y — @of + 161 — & +/ {IZ1(s) = Ea(s)| + | E(s, X1(s)) — E(s, X2(s))]} ds
<@y — @of + 161 — & +/ {IZ1(s) = Ea(s)| + [VE(s)[lue | X1(s) — Xa(s)[} ds.

Hence, by Gronwall’s lemma,

| X1(7) = X1 (1) + [E1(1) — Eo(7)]
< (21 — w2l +16, - &) exp [ (L+[VE()]e~) ds:

T

As f(t,x;,&;) = fo(X,(0), Z;(0)), cf. (10.24), one deduces that

t
IV£Ollceny < IV ol exp | (14 VBl ery) ds. (10.53)

A similar calculation allows one to estimate the divergence of the character-
istics (X', E'), (X?,£?) associated with two different force fields E', E?,
but with the same final condition:

|X(0) — X*(0)] + |2 (0) — Z*(0)|

t
= [eXpt(l"'HVEQH[LOO((o,t)ng))] /0 ”El_EQHL""(R;‘)dS'
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Let f1, f2 be the respective solutions with forces E', E? and the same initial
condition fy. From the previous bound, we deduce that

170) = POl sny < 19 oll g qsn

t
X [expt(1+HVE2H } / IE" — B?|| oo () ds . (10.54)
0

Lo ((0,t)xR™)

Secondly, one derives support estimates. Following the characteristics
backward shows that f(¢) is compactly supported in &€ if (10.52) holds:

t
€] > Q) = Qo + / |E@)|egnds = f(t.z.€)=0. (10.55)

However, if f(t) is Lipschitz and compactly supported in &, the associated
density is bounded and Lipschitz:

{ ol @llz=zy < o0 QY™ 1S ()| ieezry
f(t

IVolf( )]||L°°([Rn) < 7, Q(t)" vaf(t)HL“”([Ri?E) : (10.56)

where 7, is the n-dimensional volume of the unit ball (m =2, m =7, 73 =
37, etc.).

Thirdly, one proves some new properties of the convolution by the kernel
introduced in (10.49).

Lemma 10.1.32 Let ¢ € L' N WH(R?). Then, F = G, * g belongs
to WH(R™), and satisfies

[F|[z= < cillgllze + gl (10.57)
[VF[ie < c2 1+ |lgllzr +llgllre (1 +In(1+ [|Vg[z=))]. (10.58)

The constants ¢y, co only depend on the dimension.

Proof. The first bound follows from:

Y
:/ —ng(w—y)dy:/ +/
re |y ly|<1 ly|>1

d
|F(z)] < ||g]l S l9(x — y)| dy.
|
i<t 1Yl lyl>1

The second estimate is established by a technical calculation [136, 59]. [ |

Finally, one concludes by using a fixed point argument. Fix an arbitrary
time interval (0,7, and consider the following subset of L>(0, T; W' (R")):

Brsay = {we L0, T; W (R")) : |[w] oo,z moy) < R

and [|[Vw|| o (0,100 (Rn)) < S}-
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It is a closed subset of L>°(0,7'; L>(R™)) in the canonical norm || - || e (g
of the latter space; this is an easy consequence of the Banach—Alaoglu theo-
rem [63]. Thus, it is a complete metric space for || - || Lo ().

The mapping F is defined as follows. Given E € L>(0,T; W (R")), let
f be the solution to the forced Vlasov equation with initial data fy and advec-
tion fields @ = E and b = €. Then, for any t € (0,7T), set (FE)(t) = &(t) :=
G.. % p|f(t)]. By the above arguments, F maps L>(0,T; W (R")) to itself,
provided fo € L' N WH>(R2"%) has a compact support in §. Quantitatively,
Egs. (10.55), (10.56) and (10.57) yield

I€®) 2~ < Ci + Cy ( / B )~ ds)”

for some constants C7, Cs depending on fy. In other words,
||E||Lcc(LOO) <R — ||@||Loo(Loo) < (1 +Cy R*T™.

Thus, [|€[[f~=) < R for R > C; and T small enough. Then, using (10.53)
and (10.58), one arrives at

IVE(D)]l~ < Gr(R) + Ga(R) / IVE(s)llu ds.

So, F maps Bpr s to itself for R > C;, S > G1(R) and T small enough.
Now, taking E' and E? in By s.r, one invokes (10.54) and (10.57) again and
finds, for €' = FE', &* = FE?

t
€0) - € Olle= < Ga(RS.7) [ |B ~ B ds.
0

where the function G5 is nondecreasing w.r.t. the three arguments. Restricting
T again if necessary, one sees that F defines a contraction mapping on Bg g,7.
By the Picard-Banach fixed point theorem, it admits a unique fixed point
E ¢ Br,sr, which defines a unique mild solution f to the Vlasov-Poisson
system with the initial condition fy on the time interval (0,7).

For the relativistic Vlasov—Maxwell system, the first step (estimating the
decay of f) has been obtained by Glassey and Strauss [123].

Theorem 10.1.33 Let fy € Cl(ﬂ?;zd), fo >0 have a bounded support in &,
as in (10.52), and let (Eo, By) € C?*(R™)? satisfy the compatibility condi-
tions (10.37). Assume there is an a priori bound on momenta, i.e., there
exists a function Q : RT™ — RT such that any strong solution to the relativistic
VM system (10.38)—(10.40) in R? satisfies f(t,x,&) = 0 for |€] > Q(t). Then,

there exists a unique and global classical solution.

The support condition can be replaced [151] with a boundedness condition on
(E, B). Both are essentially equivalent, cf. (10.55). The basic idea is that the
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formation of singularities is prevented by the characteristic speed of Maxwell’s
equations (equal to 1 in rescaled units) remaining apart from that of the
Vlasov equation (at most, equal to @ (1 + Q?)~/2). So, to extend this result
to a non-relativistic model, one has to assume a priori that Q(¢) remains
strictly less than 1, which is less natural: the acceleration of particles by
the electromagnetic fields tends to create, given enough time, particles of
arbitrarily large momentum, i.e., arbitrarily large velocity in non-relativistic
dynamics.

On the other hand, the decay estimate has so far been proven [120, 121,
122] in the 11D, 2D and 23D frameworks (see Remark 10.1.1); the 3D case
remains open. The various existence and uniqueness results for the dimensions
less than three have similar forms.

Theorem 10.1.34 Let fy € Cl([RZ:gd) be non-negative and have a bounded

support in €, and (Eg, Bg) € [02 N W2’°°([RZ)]d be compatible. There exist
a unique and global classical solution (f, E, B) to the relativistic VM system
in R?, and a bounding function Q : R™ — R such that f(t,x,&) = 0 for
1€l > Q(1).

For the non-relativistic case, one only has a local existence and uniqueness
theorem, credited to Wollman [208].

Theorem 10.1.35 Let fo € H*(R,), s > 5, be non-negative and have
a bounded support in x and &, and (E¢,Bg) € H®(R3) be compatible.
There exist T > 0, depending on the initial data, and a unique classical
solution (f, E, B) to the non-relativistic VM system in R3, which satisfies
fe C(O,T;Hs([Rg)f)) N Cl(O,T;Hs_l([Rg)f)).

10.2 Magnetohydrodynamics

In this section, we will review the existence and uniqueness results on the
incompressible, viscous, resistive MHD equations, introduced at the end
of §1.3.2. As we shall see, these equations admit a (time-dependent) varia-
tional formulation; so, the notions of weak and strong solutions are similar to
those introduced in §4.3.

10.2.1 The model

We start from the model (1.101)—(1.103). To simplify the discussion, we as-
sume that:

1. The problem is set in a bounded domain {2 (in the sense of §2). The
latter is regular in the following sense: any point of the boundary admits
a neighbourhood U such that, either 2NU is convex, or Af2NU is smooth
enough (at least C1+1).
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2. The fluid is encased in a perfectly conducting container. Thus, the bound-
ary condition for the magnetic field B is the perfectly conducting one. For
the velocity field u, we take the no-slip or Dirichlet condition, as usual,
in the presence of viscosity.’

3. The viscosity v, magnetic permeability p, and Spitzer conductivity og of
the fluid are all constant. (Recall that the density p was already assumed
to be constant.)

This model fits within the framework of cavity problems.

Throughout the whole section, we denote Q7 := (0,7) x £2, Xp := (0,T) x 012.
Using the appropriate system of units for the unknowns (u, B,p), and the
time and space variables (¢, x), we rewrite the system (1.101)—(1.103) with its
initial and boundary conditions as

%—? —nyAu+ (u-V)u — (curl B) x B+gradp=f in Qr, (10.59)
OB .

e +np curlcurl B — curl(u x B) =0 in Qp, 10.60
divu =0 in Qrp, u=0 on X, 10.61

u(0) =wug in 2, 10.63

(10.60)
(10.61)
divB =0 in Qr, B-n=0and curlBxn=0 on X7, (10.62)
(10.63)
B(0)=B, i, (10.64)

Recall that (a- V)b stands for Zle a; Oz, b. The condition curl B x n =0 is
similar to (7.10), as the term u x B plays the role of a current and vanishes on
the boundary thanks to the second part of (10.61). The constant coefficients
1, N are called the inverse hydrodynamic and magnetic Reynolds numbers.

A two-dimensional version would be as follows, using the notations of §9:

% — Ny Au+ (u-V)u— (curlB)Bt +gradp=f in Qp, (10.65)
%—]? +np curlcurl B — curl(u- BY) =0 in Qr, (10.66)

with obvious adaptations for (10.61)—(10.64). It is derived from the 3D model
by assuming that the domain is invariant by translation and setting 9, =
0, u, =0 and B, = constant.

Setting B = 0, Egs. (10.59), (10.61), (10.63) constitute an incompressible
Navier—Stokes system. Therefore, one cannot expect more from our system
than what is known for Navier—Stokes, viz., global existence and uniqueness
of weak and strong solutions in 2D, global existence of weak solutions and
local existence and uniqueness of strong ones in 3D, under suitable assump-
tions about the right-hand side f and the initial data (ug, Bo). As a matter of

6 We refer to the textbooks [199, 118, 62] for the various statements about fluid
mechanics in general, and the Stokes and Navier—Stokes equations in particular.
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fact [188], similar results hold for (10.59)—(10.64) and its 2D version, because
the evolution equations (10.59)-(10.60) or (10.65)—(10.66), roughly speaking,
share the same structure. Reinterpreting the pressure variable p as the La-
grange multiplier associated with the constraint divu = 0, the symmetry be-
tween them becomes more apparent if we add to the left-hand side of (10.60)
the (vanishing) terms —np grad div B + grad pp, with pg = 0. In the lan-
guage of §7.4.2, we use a mixed augmented formulation: both Eqs. (10.60)
and (10.59) appear as vector heat equations with non-linear first-order terms
and linear constraints.

Furthermore, the non-linear terms also have a similar structure. Using the
identities
curl(a x b) = (divb)a — (diva)b+ (b-V)a — (a- V)b,
grad(a-b) = a x curlb+ b x curla+ (a-V)b+ (b- V)a,

and using dive = div B = 0, we rewrite the evolution equations (10.59)—
(10.60) as [188]:

((99_1; — Ny Au + (U : V)’LL - (B : V)B +gradp, = f inQr, (1067)
OB
E—H?B AB+ (u-V)B— (B-V)u+gradpsg =0 in Qr, (10.68)

with:  p, == p+ 5 |BJ*

We keep the constraint equations (10.61)—(10.62) and initial conditions (10.63)-
(10.64).

10.2.2 Variational formulation and energy equality

At each time t, the variables (u(t), p,(t)) belong to Hy(2)x L?,,,(£2) as usual,
and B(t) € Xp(2) = H(curl, 2) N Hy(div, {2), as argued in §5.2.1. The
vanishing multiplier pp(t) is also seen as an element of L2 (2); this will be
justified below. Due to the regularity assumption about {2, the space X 1 (£2) is
algebraically and topologically equal to H(§2) := H*(£2) N H(div, 2), i.e.,
the canonical X norm is equivalent to the H' norm. This follows from [48, 50]
in the general case. Simpler proofs are given in [118] (see Proposition 1.3.1 for
a 2D domain, Theorem 1.3.8 for a C!'! 3D domain, and Theorem 1.3.9 for a
convex polyhedron), and [17, §5] and [18, Theorem 3.12] for an axisymmatric
domain. For the sake of conciseness, we introduce synthetic notations for the

variables and function spaces:
<“ ’

_(u _ [ Pu
o= (5) =)
H=L*2)x L*(2), V=HN) x HL(N),
Q=12 ,(02)x L3 (9).

zZmuv zZmuv
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Assuming F' € L*(0,T;V"), ie., f € L*(0,T; H *(12)), one takes the dot
product of (10.67) by v € H{(2) and the dot product of (10.68) by
C € H.(1), and adds the resulting equations. Similarly, one multiplies the
divergence constraints by ¢, € L%,,,(2) and qp € L?,,(£2), and adds the

resulting equations. Thus, one arrives at the mixed formulation:
Find ® € L*(0,T;V) and P € H=*(0,T; Q) such that, for all (¥,Q) € V x Q,

%@(f) | @) + a(B(t), ) + c(B(1); (1), ) + (P, P(t)) = (F(t),%),(10.69)
b(®(t),Q) =0, (10.70)
@(0) = Do, (10.71)

where we have set

v u
v=(&) = (in);
a(®,¥) :=n, ay(u,v) +npap(B,C) = n, (gradu | grad v)
+np {(curl B | curl C) + (div B | divC)},
b(¥,Q) = (divv | gu) + (div C | gB),
co(P1; Pa, P3) := d(u1;us,u3) — d(B1; Ba, us)

+d(’LL1;Bg,B3) - d(Bl;’LLQ,Bg), with: (1072)
d(ay;az,a3) == / (a1 -V)az - azdf? (10.73)
[0}

Let us comment on the various terms appearing in this formulation. The
bilinear form a is used to define the energy norm |¥|3 = a(¥,¥) =
M || gradv||%2(m +ng|/C||%, which is equivalent to the canonical norm of V.

The dual norm of V' is, of course, defined with respect to the latter.

The bilinear form b satisfies an inf-sup condition in V x Q, as established,
respectively, in [118, Theorem 1.5.1] for the Stokes part (u,p,) and [85, The-
orem 7.5] for the Maxwell part (B,pg). Its kernel is

K= Ko(Q) X KT(Q)
= (Hy(2) N H(div0, 2)) x (H(curl, 2) N Ho(div 0, 2)).

Unlike K7(f2), the kernel K(£2) does not satisfy a double orthogonality
property (Definition 4.3.17) in H(£2) and L*(£2). Actually, this is not too
much of a drawback, because the part of the variable w that is orthogonal
to Ko(£2) (in any sense. .. ) vanishes.

The trilinear form c(®1; Po, P3) is well-defined for all (H1, Py, P3) € V?
and continuous thanks to Sobolev imbeddings. The product operator is con-
tinuous [62, Prop. IL.1.17] from LP(2) x LI(£2) to L"(f2), with 1 = 1 4 1,
as can be readily checked. Moreover, in both two and three dimensions [63],
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H'(£2) C L9(12) for q < 6; by duality, LF(£2) C H*(£2)' for p > . In particu-
lar, for ¢ = 4 one has the estimate

1—-d/4 d/4
wlzs < C flwllyz"* wl|5h,

with d the space dimension. This implies that

(@15 By, B3)| < C [|1]| 10 [|Ba| g [ B
1—-d/4 d/4 1—d/4 d/4
< C |83 B[ Bl (1B 1 | Bs ]|/ (10.74)

Furthermore, it is skew-symmetric in the second and third variables, i.e.,
V(Spl, @2) e K x V, C(Spl; @2, @2) =0. (1075)

Actually, a simple integration by parts in (10.73) proves that, for a; €
H(div, 2) and (az,a3) € C*(2)?,

d(al;ag,a3)+d(a1;a3,a2)+/(dival)ag-a3d(2: (a1 -m)as-azdl.
19 EYe)

By a density argument, one infers d(a;;az,a3) + d(a1;as,az) = 0 for any
(az,a3) € H' () and a; € H(div0,2); then, (10.75) follows from the
definition (10.72).

All in all, the formulation (10.69)—(10.71) has exactly the same struc-
ture as the weak formulation of the incompressible Navier—Stokes equa-
tions [199, 62]. Eq. (10.69) must hold in H~1(0,7); the meaning of the ini-
tial condition (10.71) will be specified later. Setting ¥ = @(t), using (10.75)
and integrating in time, we have an energy conservation equality for smooth
enough solutions:

3180+ [ 121 s = Sl + [ (P #) s (1070

from which we deduce an energy bound
t t
1B(1) 2, + / 18(5) 3 ds < ||, + / | F(s)[ ds. (10.77)

10.2.3 The linear stationary equations

Keeping only the linear terms in (10.69)—(10.70) and setting the time deriva-
tives to zero, we consider the following mixed problem:
Find (®,P) € V x Q such that, for all (¥,Q) €V x Q,

a(®, W) + b(W, P) = (F, W), (10.78)
b(,Q) = 0. (10.79)
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In this subsection, F' = ”) € V' does not necessarily have the same struc-

Fp
ture as in (10.69). The above problem is thus equivalent to the conjunction of
a Stokes problem and a magnetostatic problem:

U au(uvv) + (pu | diV’U) = <FU7’U>H(1)(Q)
)

ngap(B,C)+ (pp | divC) = (F

(FB,C)x.,(2)
(divB | gg) = 0.

The source problem (10.78)—(10.79) is well-posed for all FF € V' by the
Babugka—Brezzi Theorem 4.2.19. As argued there, it can be rewritten as

AP = I F,
where A : K — K’ is the operator defined by the form a on the kernel of b(-,-):
(A, W), = a(P, W),
and ITx : V' — K' is a restriction operator: (ITx F,¥),. = (F,¥),,.

We also consider the eigenproblem with constraints

b(ei, Q) =0,

or equivalently,
Ael- = )\1 €;.

From [118, Theorem 1.2.8], we deduce that the space
L:= H(div 0, 2) x Ho(div 0, £2)

is the closure of K within H. As the imbedding V C H — or equivalently, K C
L — is compact, Theorem 4.5.13 shows the existence of a sequence (\;)ien
of strictly positive eigenvalues tending to +00, and of a Hilbert basis (e;)ien
of £ such that ()\3/2 e;); is a Hilbert basis for K. As in §4.4, we define the
A-Sobolev scale (K#)ser; these spaces naturally appear as Cartesian products
K* = K x K%. Furthermore, K~! appears as the dual space of K with £ as
the pivot space, different from the usual dual space K’. The component K, !
relevant for the instationary model is K, ' = {f € H () : div f = 0}. On
the other hand, K’ is not a space of distributions.

We then have the following regularity results.

Proposition 10.2.1 Assume that the boundary I" is smooth enough, or that
2 is a convex polygon (d = 2), polyhedron or axisymmetric domain (d = 3).
There exist two exponents s, sB > 1 such that the solution & = (u,B)
to (10.78)—(10.79) satisfies:
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Vse[l,sY), F,cH" %) = uc HN),
Vs e [l1,s8), Fpe H?() = B<c H* ).

Hence, K, = Ko(2) N H*(2) and K5 = Kp(2) N H?($2) for 1 < s < s¥
and 1 < s < 5B, respectively.

Proof. For the magnetic variable B, see [89] for the general case and [82] for
the case of axisymmetric domains; though those works chiefly deal with elec-
tric field equations, the adaptation to the magnetic boundary condition is not
too difficult. For the fluid variable u, see [62, Proposition II1.3.18], [126, §6.2]
or [45, Theorem IX.1.6] for the respective cases of a C''! domain, a (convex)
polygon and a (convex) axisymmetric domain. The case of a convex polyhe-
dron can be dealt with by combining the ideas of [89] with those of the above
works, the crux being the ellipticity of both the Stokes and magnetostatic
equations. [ |

10.2.4 Weak and strong solutions to the evolution problem

We return to the evolution problem (10.69)—(10.71). The famous theorem
proved by Leray [155] for the incompressible Navier-Stokes equations has its
counterpart for our system.

Theorem 10.2.2 Let T > 0, &g € L and F € L?*(0,T;V') (ie., f €
L?(0,T; H*(2)). There exists a solution (®,P) to (10.69)~(10.71), which
has the regularity
& e L>20,T;£)NL*0,T;:K), @ e L0, T;K')NL*0,T;K"%?),
PeW™"%(0,T; Q),

where d is the space dimension. Furthermore:

o ifd = 2, this solution is unique, with & € C°([0,T]; L) satisfying the
energy conservation equality (10.76);

e ifd=3, ® belongs to C°([0,T]; K~/*); seen as a function [0,T] — H, it
is continuous for the weak topology; and it satisfies the energy dissipation
inequality:

3180+ [ 120 ds < S 1alf+ [ (Fo).#)ds. (1050

The existence of more regular solutions can also be proven under assumptions
similar to the Navier—Stokes case.

Theorem 10.2.3 Let T > 0, &9 € K and F € L*(0,T;H) (ie., f €
L2(0,T; L*(£2)). Then, if d = 2, there exists a unique solution (¥, P) to (10.69)—
(10.71), which satisfies the energy equality (10.76), and has the regularity

& c C0,T); )N L30,T;K%), & € L*0,T;L),

P e L*0,T; H' () x H'(12)).
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If d = 3, all the above conclusions remain valid, provided T is less than a
limiting value T, > 0, depending on {2, 1., np, Po and F. Furthermore,
there exists a constant C' := C(£2,ny,mp) such that if F € L>(0,T;H) and

[Polly < C,  ||F||z0.1:m) < C,

then, T, = +o0.

We will only sketch the proof of Theorem 10.2.2. Following an argument
used many times in §4, it is equivalent to consider a problem set in the kernel:
Find & € L?(0,T;K) such that, for all ¥ € K,

%(@(t) | W) + a(P(t),P) + c(P(t); P(t), W) = (F(t),¥), (10.81)

B(0) = &y. (10.82)

Remark that, for any @ € L2(0,7;K) satisfying (10.81) and any ¥ € K,
the derivative of t + (®(t) | ¥) is identified with a function in L'(0,7).
This allows one to give a meaning to (@(0) | ¥), and then to identify ®(0)
as an element of £, as K is dense in L. In the same spirit, the evolution
equation (10.81) can be written in operator form:

&' (1) +AD(t) + C(P(t); D(t) = I F(t) in L'(0,T;K').

Of course, the bilinear operator C : K x K — K’ is defined as V& €
K, (C(P1;DP2), W)k := c(P1; P2, ¥). Using the continuity and skew-symmetry
properties (10.74) and (10.75), one finds the continuity bound:

—d d
Ic(®: @) < C @5 > 915> (10.83)

This problem is solved by a Galerkin approzimation method. We introduce
the finite-dimensional space spanned by the eigenfunctions of the operator A:

Ky :=span{ei,... , en}.

Notice that the orthogonal projection operator in V-norm Py : K — Ky is
also orthogonal in H-norm; so, it admits an extension to £. Then, we consider

the evolution problem set in Ky
Find &y € C1([0,T); Ky) such that, for all ¥y € Ky,

%(@N(t) (W) +a(@n (1), Tn) + (B (t): B(t), Tn) = (Fy(t), Ty), (10.84)

&y (0) = Y, (10.85)

where Fy is a suitable regularisation in time of F (with Fy — F in
L2(0,T; V"), and @) = Pn®. Being equivalent to a Cauchy problem for an
ordinary differential equation in a finite-dimensional space, the above problem
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admits a unique solution for small enough 7T'. Then, the energy bound (10.77)
gives us

t t
B (8)]2 + / 1B ()13 ds < |52, + / | E ()3 ds,

which has two consequences. First, @y (t) remains bounded in Ky (all norms
are equivalent in a finite-dimensional space), as long as the right-hand side is
finite. By the usual theorems on ordinary differential equations, one deduces
that the solution exists on any interval (0,7") such that F € L*(0,T;)").
Second, one has the uniform bound:

PNz~ o,73) + 1PN L20.170v) < M,

where M will denote a generic constant depending only on the domain {2,
the existence time T', the parameters (1,,75) and the data @y and f. Using
the imbedding H'(£2) C L5(£2), one deduces other bounds on the non-linear
term:

IC(@N; PN 20,101 (2)) S NPN Lo (0,1:22(2)) IVPN 20,1302 (2)) < M,
IC(PN; PN 0,372 (0)) < PN L20,7528(2) VPN L2(0,122(02)) < M,
and by interpolation,
C(@N; PN Larso,1506/5(2)) < M. (10.86)
On the other hand, using (10.83), one can derive another bound:
C(@N; PN ) Laraorincry < M s
and rewriting the evolution equation (10.84) in operator form as
Py (t) + ADN (1) + PC(PN(1): Dn(t) = Py Fn(t),
one can bound the time derivative as
18NN Larao,rpcry < M,

where d is the space dimension. Alternatively, this bound is a direct conse-
quence of (10.86) if d = 3. Passing to the limit as N goes to infinity, one has
some weak and weak-* convergence results (up to subsequences):

Sy — din L2(0,T;K), &y = & in L>°(0,T; L),
&\ — & in LY0,T;K), ¢(Bn;Pn) — G in LY3(0,T; L5°(02)).
The fact that the first two limits are identical, and the third is equal to their
time derivative, is obvious by imbedding the spaces into D’(0,7; £'). On the

other hand, we need some compactness result in order to prove G = C(®; D).
The following one is of very general use.
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Theorem 10.2.4 (Aubin [26], Simon [192]) Let By C By C Bs be Ba-
nach spaces such that the imbedding By — B is compact, and the imbedding
By — By is continuous. For any p, r € [1,+00], let E,, be the space

Epr={w & LP(0,T; Bo) : w' € L"(0,T; By)}.

1. If p < 400, then E, . C LP(0,T; By), with compact imbedding;
2. If p=+4o0 andr > 1, then E,, C C([0,T]; By), with compact imbedding.

Applying the theorem to Bg = K, By = £, By = K’, we see that
&y — @ in L*(0,T;L) (strongly).

But C is continuous as a bilinear operator from L?(0,T; L) x L?(0,T;K) to
LY(0,T; L*(£2)). By a classical argument [62, Prop. I1.1.12], one deduces that
C(Pn; Pn) — C(P;®) in L'(0,T; L' (2)), ie., G = C(P; D).

To check that @ is a solution to (10.81)-(10.82), take any ¥ € K and
set Uy = PyxW. As ¥y — W strongly in K while &y — &, & —
&' C(Pyn;Pn) — C(P; P) in the suitable spaces, it is possible [63, Prop. 3.5], [78,
Theorem 5.12-4] to pass to the limit in (10.84), giving (10.81); checking the
initial condition is not difficult.

Uniqueness of solutions and energy conservation appear strongly linked.
Roughly speaking, to derive (10.76), one has to assume that @ and @’ belong
to dual spaces. In two dimensions, this is the case, as &' € L?(0,7;K’) and
& € L*(0,T;K). Similarly, consider two solutions @1, ¥, to (10.69)—(10.71),
and let @ := @1 — H,. If one writes two copies of the system (10.69)—(10.71)
with the respective unknowns @, and @, subtracts them, and takes the test
function ¥ = &(t), one finds, after some manipulations,

3 19O+ [ 196)13ds+ [ o@(5):Ba(s). 8(5) ds = 5 [#(O) e

Then, ones uses the bound (10.74) and the Young inequality to derive

I@)115 < [SO)5 + C/O 12(5) |13 1B (5) 3, ds.

But #(0) = ®1(0)—P2(0) = 0; a generalized version of Gronwall’s Lemma [62,
Lemma I1.4.8] allows one to conclude that [|®(t)||3, = 0 for all ¢.

All these arguments break down in three dimensions, as it only holds that
&' ¢ L*3(0,T;K'). Nevertheless, the well-known property of weak conver-
gence (if @y — P in some space, then ||®|| < liminf |Dy]|, see [63, Prop. 3.5]
or [78, Theorem 5.12-2]) implies the energy inequality (10.80). On the other
hand, if there is a solution @ € L*(0,T;K), then @ and &’ do belong to dual
spaces, so energy conservation holds as expected and the solution is unique
within this class. There is even a stronger result [62, Theorem IV.2.7]: if there
exist a solution in L*(0,T; K) and another solution that satisfies the energy
equality (10.76) for ¢t < T, they coincide on (0, 7).
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The existence and regularity of the Lagrange multiplier P is proved as
usual (see, e.g., Theorem 4.3.19); the other statements of Theorem 10.2.2 are
proved using techniques similar to the above. The proof of Theorem 10.2.3
rests on estimates obtained by taking the test function ¥ = A®(t) in (10.81);
uniqueness in 3D follows from the above discussion.
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A

Index of function spaces

All spaces are understood as spaces of complex functions. Duals are spaces
of continuous anti-linear functionals, with the only exception being D’({2).
However, all definitions are easily adapted to real-valued function spaces.

A.1 Basic spaces

These are spaces of scalar functions, except in §A.1.4. In all cases, 2 C R"
is an open set, {2 its closure and I" its boundary. Some alternative definitions
are valid under extra assumptions about (2.

Below, a = (a1, -+, a,) € N is a multi-index, with o] = 377 a;.

A.1.1 Differentiable functions and distributions

C(£2), C(£2) = {f continuous on {2, respectively 2},
C"(2)={feC(2):YaeN", |af<m, 0°f e C(2)}, meN,;

C=(02) = ) C(12).

meN
cm(12) = {f € C@):3f e C™RY), f = f‘ﬁ}, m € NU {oo}.
D(2) = {f € C>(2) : [ has compact support in 2},
D'(2) = linear dual of D(£2) (distributions).

A.1.2 Lebesgue and Sobolev spaces

LP(2) = {f measurable on (2 :/ |[fIP de < oo}, 1<p<oo;
2
L>(2) = {f measurable and bounded on 2} .
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WeP(2) = {f € LP(2) : Ya e N", |a| <m, 0%f € LP(2)},
1<p<oo, seN;
H*(02) = W2(0).
There are several equivalent definitions of W*P?(£2) and H*({2) when 0 <

s ¢ N (see §2). The subscript .., labels the subspaces of zero mean value
functions, in the spaces where this notion is meaningful:

L@ ={rer@: [ r=of.

where (2 is of finite measure if p # 1 or arbitrary if p = 1. The subscript per
labels the subspaces of periodic traces, again in the spaces where this notion
is meaningful.

On the other hand, the following notation is standard:

H{(2) = closure of D(£2) in H*(2), s>0
s orf
_{feH (£2) : W|F_O, VkeD\l,k<s—1/2}.

The second definition, involving traces and normal derivatives on the bound-
ary, is valid under extra assumptions on (2.

H™2(82) = dual of Hj(£2);
H*(£2) = {f € H*(£2) : the continuation of f by zero outside 2
belongs to H*(R™)}, s >0,
= H{(£2) unlesss—1eN;

H~*(£2) = dual of H*(2).
All these spaces have “local” versions, e.g.,

LZD

loc

(2) = { f measurable on {2 : f1, € LP(2)}, VK compact C f2.

A.1.3 Functional spaces on the boundary (trace spaces) and
related spaces

Here, I' is assumed to be a Lipschitz submanifold of R™. We denote v : f —
i the trace mapping on the boundary.

HY2(T) = y(H'(12)),
H~Y2(I') = dual of HY/?(I').

Let IV, I'" be disjoint open subsets of I', with I" = T UTN, measr(I) >0
and measp(I"”) > 0, and such that their common boundary T'nT isa
Lipschitz submanifold of I". The trace mappings on I/, I'" are denoted 7{, -
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CX(2)={f€C>®(2) : f=0in a neighborhood of I} ;
H§ 1/(£2) = closure of CP7(£2) in H*(£2)
={feH(Q) : vf:=f, =0}, fori<s<3;
HY(I") = v (H'(2)),
H™'2(I") = dual of H'/?(I"),
Hl/z( Iy ={g e HY*(I"") : the continuation of g by zero on I"’
belongs to HY/?(I")}
= ”Y(l)/(Hé,F/(Q))a
H™Y2(I") = dual of HY?(I™).

A.1.4 Spaces of vector fields

Generally speaking, bold italic letters denote spaces of three-dimensional vec-
tor fields (L*(£2) = L?*(£2)3, etc.) and bold upright letters denote spaces of
two-dimensional vector fields (H'(£2) = H'(£2)?, etc.).

A.2 Electromagnetic spaces

In this section, 2 C R? is a three-dimensional domain (= open, bounded,
connected set with a Lipschitz boundary); some definitions are also valid for
more general open sets. The boundary is still denoted I', and m is the unit
outgoing normal. Furthermore, € is a tensor field on {2 such that

€, €71 € L>°(£2), or, equivalently,

(€)i; € L=(2) and (§71),; € L>(2), 1 <4,j < 3. (A1)

Alternatively, £ is a scalar field on {2, bounded above and below by strictly
positive constants.

If 2 is not topologically trivial, one introduces the cuts (X;)1<i<r and
2 := 2\ JX,. If the boundary is not connected, its connected components
are denoted (I%)o<k<ri, where I is the “exterior” boundary that separates
{2 from an unbounded region of R3.

A.2.1 Basic spaces of electromagnetic fields

H(curl, Q) = {v € L*(?) : curlv € L*()},
H(curlf, Q) = {v e L*(2) : curlfv € L*(N)}
={veL*(2) : twe H(curl, )}

H(div, 2) = {ve L*(2) : divv € L*(2)},

under (A.1);



414 References

H(divE, Q) = {ve L*(N) : diviv € L*(2)}
={veL*) : twe H(div,N2)}, under (A.1);
H_ (div,2) = {ve L*(Q) : divoe H*(Q)}, se[0,1].
Spaces with vanishing traces

As usual, they are denoted by a subscript ¢.
H(curl, 2) = closure of D({2) in H(curl, {2)
={ve H(curl,2) : v xn|, =0};
H(div, £2) = closure of D(£2) in H(div, £2)
={ve H(div,2) : v-n|, =0};
Hy(curl§, Q) = {v € L*(?) : v Hy(curl,2)}, under (A.1);
Hy(divE, 2) = {ve L*(2) : twe Hy(div,2)}, under (A.1).
One can also consider spaces with traces vanishing on only part of the bound-
ary, e.g.,
Hy i (curl, 2) = closure of C%(£2) in H(curl, 2)
= {ve H(curl,?) : vxmn|,6 =0}, etc
H{ 1 (curl, 2) = {f € Ho(curl,2) : fxnjp € L{(I")}.
Curl-free and divergence-free spaces
They are denoted by a 0 after the operator.
H(div0,2) = {v € H(div,2) : divv =0};
H(div 0, 2) = H(div 0, £2) N Ho(div, £2);
H(curl0, ?) = {v € H(curl,2) : curlv =0};
H(curl0, ) = H(curl0, 2) N Hy(curl, 2)
H(div0,2) ={ve H(divE ) : diviv =0};
H(div§0, 2) = H(divE0, 2) N Hy(divE, 02);
H(curlf0, ) = {v € H(curl{, ) : curlfv =0};
H(curl {0, 2) = H(curl {0, 2) N Hy(curl§, 2).
Other subspaces.

They are used in scalar and vector potential theory.
HF (div0,2) := {f € Hy(div0,2) : (f -n,1)x, =0, Vi};
H"(div0,02) == {f € H(div0,2) : (f n, 1)z, =0, Vk};
H/ (curl, ) := {w € Hy(curl, 2) : Pze,w =0} ;
H*(curl0, 2) := {f € H(curl0, ) : Py f = 0}.

Above, Pz: and PZu designate weighted L?-orthogonal projections onto the
spaces ZN(Q e), ZT(Q K) (see paragraph “Kernels” in §A.2.3).
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A.2.2 Tangential trace spaces

In addition to the notations of this section, we use those of §A.1.3. The tangen-
tial trace and tangential components mappings are denoted 1 : f = fxn|,
and 71 : f = n x (f x n)| . Other operators are defined in §3.1.

Traces on the whole boundary.

LX) ={veLl*I) : v-n=0}.

HY* (1) = yr(H'(2)), H/*(I) = =1 (H'(2);

HIUQ(F) 1/2(1") = their duals, with L?(I") as the pivot space;
H|| (dlvr7 I ={fe H_l/Q(F) s divp f e HTV2(D)}
= »yT(H(curl, Q)) )
H(eurlp, I) = {f € H[ V(D) : ewlr f € HVA(I))
= w1 (H (curl, 2)).

The latter two spaces are dual with respect to the pivot space Lf (I'). This
duality is generally denoted ~ (-, )z or (-, ).

Traces on part of the boundary.

Let I'" denote a part of the boundary, and I'” = int(I"\ I'"). Tangential trace
and tangential components mappings on I’ are denoted by ~1/, 71/ when
they originate from H (curl, (2), respectively v%,, 7%, when they originate
from Hy pr(curl, £2). For a vector field v on I, we call © the field defined
on"'byvd=vonlI"andv=0o0nI".

/()

Il
~
m
m»—l
~
—~
3
S~—
(<3}
m
m»—l
~
N
—~
~
N~—
—

H/  (I'Y={veH/*(I") : 5 H/*(I")}
=y (H 1 (92))

——1/2 _ ———1/2 .
H,  (I"), H = (I") = their duals;

E[ i (divp, I") ={f € HH 2( Iy : divp f e ﬁfl/z(lﬂ/)}
=1 (H (curl 2));
)

H, *(ewlr, 1) = {feH, (I
= 77/(H (curl, 2)) ;
o % (divr, I") = 4, (Ho v (curl, 2))
={f e H"P(divy. I") : feH P (dive. )}
= {f e H"*(divy, I") : t,(f) =0};

. curlp £ € H-V2(IM)}

H,
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HI710/2 (curlp, I'") = 7%, (Ho v (curl, £2))
= {feH " (cwlp,I") : feH ' (cwlr,I)}
={fe H11/2(cur1p,F/) st (f) =0}

——1/2
The spaces H / (divp, I'") and HLlO/Q (curlp, I'") are dual; their duality is

denoted (-, "), or conversely. Similarly, the spaces H[é/2(din,F’) and
——1/2
H, / (curlp, I'") are dual; their duality is denoted ;(-,-)» or conversely.

A.2.3 “Natural spaces” and their subspaces

The notation follows certain principles. The letter X is generally used for the
spaces of electric or magnetic fields; the subscripts y and 7 (“normal” and
“tangential”) designate the behaviour on a perfectly conducting boundary.
They are sometimes omitted, in order to:

e either “factor” many statements valid in both cases;
e or simplify notations when one concentrates on a particular problem, and
the boundary condition is fixed.

The subscript 4 (“absorbing” condition on an “artificial” boundary) is used for
the Silver—Miiller boundary condition. The “physical” (perfectly conducting)
and “artificial” (absorbing) parts of the boundary are respectively denoted
Fp and FA.

The notation is complemented with indications of the material coefficients
or dielectric/magnetic tensors €, p (if omitted, they are scalar and constant)
and/or the measure of the divergence (if omitted, divergence is measured
in L?). We may write § to cover both ¢ and p. In addition to (A.1), these

tensor fields are assumed to be symmetric, real-valued and to satisfy a uniform
bound:

3,6 >0, VX eC? & | XP<EX- X <& | X[Pae in 2. (A2)

These coefficients may be written €, p in normal Greek font if they are scalar.

Xn(£2) = Hoy(curl, 2) N H(div, 2),
X7 (2) = H(curl, 2) N Hy(div, 2),
Xn(2;¢) = Ho(curl, 2) N H(dive, £2),
X7(2;p) := H(curl, 2) N Hy(divy, 2),
Xn_s(£2;¢) :={f € Ho(curl,2) : divef € H*(2)},

XN,A(“QvE) = {f € HO,FP(Curlv Q) : le{f € L2(Q)7 f XMy € L?(FA)}

The letter Y is used to denote certain spaces with an improved regularity
of the normal trace, e.g.,

Y1(£2;8) :={f € H(curl, 2) N H(div€,2) : §f -nr € L*(I)}
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Kernels

The letters K respectively Z designate the spaces with vanishing divergence,
respectively divergence and curl.

Kn(£2;¢) :== Hy(curl, 2) N H(dive0, £2),
K (2;p) := H(curl, 2) N Hy(div 0, 2),
Ky a(0) = Xn.a(2,0) N H(divi0, 2).
ZN(2):= Hy(curl0,2)N H(div0,2) = grad Qn (),
Z7(2) = H(curl0, 2) N Hy(div0,2) = grad Qr(£2),
Zn(2;¢) := Ho(curl0,2) N H(dive0, 2) = grad Qn(£2;¢),
Z7(2;p) := H(curl0, 2) N Hy(divp0, 2) = g/f‘;i Qr(2;p).

The @ spaces are defined in §A.2.4: g/f‘;i denotes the gradient in £2, extended
to a vector field on (2.

Other subspaces

XN(2):={feXn(Q) : (f nLmpr, =0 1<k<K}
XZ(Q):={feXr(2) : (f n,1)g, =0, 1<i<I}.

A.2.4 Potentials and related spaces

Basic bricks (same notations as above)

P(2):={qe H' () : [q]s, = cst;, 1 <i< T},
P (£2) := P(2) N L2,,,(£2).
QN(2):={qe H () : Ag=0inf2, ¢=00nTly, q=cstronl}y, 1 <k <K},
Qr(£2) = {4 € Pomo(£2) : div(grad ¢) = 0in 2, grad gi - n = Oon I'}.
Qn(2;¢) == {¢° € H' () : div(egrad ¢°) = 0in 2,

¢¢ =0only, ¢ =cstyonly, 1 <k <K},
Qr(2;1) = {G" € Pappo(£2) = div(p g;;\a/q'“) =0in {2, [pg;;i/qﬂ -m=0onIl}.
Hy 5, (2) = {f € Hyr,(2) = fir, € H(Ta)}.
Natural spaces of potentials

The complements of the spaces K within X are spaces of gradients, along
the lines of: X = K & grad @, with double orthogonality for the norms of X
and L?,

ON(2) :={p e Hj(2): Ap e L*(2)},
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D1 (2) = {p € H.p(2) : Ap € L2(2), Onpy = 0},
B (5e) = {p € HI(Q) : div(e grad ) € LX)},
By, o(2¢) i= {p € HI(2) : div(e gradp) € H(2)},
Or(2p) = {p € HL,,,(2) : div(p grad p) € L*(2), pgrad ¢ - n),. = 0}.

The domain and boundary condition indications can be omitted, just as in
the X spaces.

A.2.5 Spaces of improved regularity

The “intrisic” regularity scales for electromagnetic fields are the A-Sobolev
scales X3 (§2;¢), X7(£2;p). In practice, one only uses X%(0;8) = L*(92),
X102;8) = X(2;9), X?(£2;€) = X (£2;7) defined in the electric and magnetic
cases as:

(2) = {ue Xn(2): curlu € H(curl, 2) and divu € Hj(2)},

(2) = {ue X1(2) : curlu € Hy(curl, 2) and divu € H'(22)},
XN(Q ¢) = {u € Xn(2;¢) : p ' curlu € H(curl, 2) and diveu € Hj(2)},
X(2;p) = {ue Xr(2;p) e ' curlu € Hy(curl, 2) and divpu € H'(2)}.
The superscript '8 designates spaces of H' regularity:

XWE(2) = H' (2)N Ho(curl, 2), X7F8(0) = H'(2)N Hoy(div, 2).

A.3 Dimension reduction and weighted spaces

In this section, we use the notation of §9:

e FEither, {2 is an axisymmetric domain, and the cylindrical coordinates
(r,0,z) are used. Then, w and ~, are the traces of £2 and I' in a meridian
half-plane; and dw = 7y, U7, with v, part of the (Oz) axis.

e Or, 2 is a prismatic domain or an infinite cylinder of axis (Oz). In the
first case, its boundary is made of the lateral surface I1,; and the bases.
Then, w and -~y are the traces of {2 and I1,, respectively I', in a transversal
plane.

A.3.1 Axisymmetric and translationally symmetric spaces

The breve sign ~ labels spaces of invariant-by-rotation scalar fields and
contravariant-by-rotation vector fields (both called axisymmetric for short).
The same notation is used for invariance by translation (w.r.t. z); the context
generally specifies the meaning. Examples:

HL (), H(curl, ), H (), X1(£2;5), HY/*(I),. ..

Such spaces are isomorphic to the spaces of their traces in a meridian half-
plane (or a transversal plane).
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A.3.2 Basic weighted spaces in the meridian section

This subsection and the next deal with axisymmetric domains. For any real
number 7, one defines:

L%(w) = {f measurable on w : / |f|? 77 drdz < oo},

w

Hi(w) ={f € L}(w):0.0mf € L2(w),Yl,m, 0<I+m<s}, scN.

The scale (H3(w)),> is extended to non-integral values of s by interpolation.
A prominent role is played by L?(w); upon this space, we build another scale

Viw) = {we Hj(w) : v 907w € Li(w), Vl,mst. 0 < L+m < [s]},
where [s]| denotes the integral part of s. This general definition reduces to
Viw) = {w € Hj(w) : 8ﬁw‘va =0, forallje Ns.t. j <s— 1},
when s is not an integer, while, for the first values of s € N,
Vi) =Liw), Vi(w)=Hiw)NL2w), Viw)=Hi(w)NH,Ww).
Spaces with vanishing traces on the physical boundary -y, are denoted

Hi () = {f € Hi(): fi, =0}, Vi.w)={f€Viw):f, =0}

(for 3 < s < 2, generalisation is obvious). N.B.: for s > 1, the elements
of V3§ ,(w) automatically vanish on 7,, too.

The scales Hj (w) and V5 (w) are extended to negative values of s by duality
w.r.t. the pivot space L?(w).

Spaces of vector fields are denoted with boldface letters, as in §A.1.4. Also,
notice the space
H(w) = Vi(w) x Hi(w).

Finally, weighted spaces can be constructed on (part of) the boundary ~s;
the most important one is

H%m(%) = trace of H}(w) on 73, = trace of V}(w) on .

A.3.3 Meridian electromagnetic spaces

These are spaces of two-dimensional vector fields. The cylindrical curl and div
operators are defined in §9.2.3.

H(div,w) = {u € L}(w) : divu € L}(w)},
H(div€.w) = {u € Li(w) : div(€u) € L3w)}
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Ho(dﬂé-?w) = {U. € H(dﬁg,W) tu-v=0on ’Yb} 5
H(curl,w) = {u € L}(w) : curlu € L} (w)},
H,(curl,w) = {u e H(curl,w) :u-7=0o0n v} .

These definitions can be extended to tensorial coefficients §, provided they
have a block structure that separates the meridian and azimuthal components,

. e e 0
1.6., (e e 0.
00 e

The “natural” spaces of two-dimensional fields are:

Xn(w;e) = Ho(curl,w) NH(dive, w),

Xr(w;p) = H(curl, w) N He (div p, w),
Xy a(w;e) = {u € H(curl,w) NH(dive,w) : u- 7, € LI (1), u- 7}, =0},
Xr,a(w;p) = {u € H(curl,w) NH(div pt,w) : u- 7, € L3 (1), u-v},, =0}

Above, vp is the two-dimensional section of I'p, the perfectly conducting
part of the boundary. “Regularised” spaces are X™8(w) = X(w) N H(w).
The letters K and Z (“kernels” and “zeros”) designate spaces of fields with
vanishing div, respectively div and curl.

A.3.4 Transversal spaces

The counterparts of the previous two sections in the prismatic setting are much
simpler. The Lebesgue and Sobolev spaces defined in the transversal section
are the usual ones. The electromagnetic spaces are (with the transversal div
and curl of §9.2.3):

H(div,w) = {u € L*(w):divu e Lz(w)} ,

H(div{,w) = {u € L*(w) : div(u) € L*(w)},
Hy(divé,w) = {ue H(div§,w) :u-v=0o0n~} ;
H(curl,w) = {u € L*(w) : curlu € L*(w)},
Hy(curl,w) = {u € H(curl,w) :u-7 =0 on ~v} ;
XN(w e) = Ho(curl,w) N H(div e, w),
Xr(w; ) = H(curl,w) N Ho(div p, w),
Xy a(w;ie) = {u € H(curl,w) NH(dive,w) : u- 7, € L*(7), u- 71, = 0},
Xr,a(w;p) = {u € H(curl,w) NH(div p,w) :u- 7, € L*(v), u- Viy, = 0}.

Kernels are defined as in §§A.2.3 and A.3.3.

A.4 Spaces measuring time regularity

Generally speaking, time-dependent fields are considered as functions of time
with values in a functional space on §2 (or w, I, v, etc.); and f(¢) denotes the
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function & — f(¢t,x). Thus, if T is a (time) interval and X a Banach space
on {2, one defines, as usual, the spaces C(I[; X), C™(I[; X). If I =]0,T7 is

open, one defines

D'(]0,T[; X) = {linear mappings on D(]0, T[) with values in X}.

T
Lp(O,T;X)—{f:/O ||f(t)||§(d:c<oo}, 1<p<oo,

L>(0,T; X) = {f bounded on |0, T[with values in X} ;
H*0,T;X) = {f € L*(0,T;X) : 9 f € L*(0,T;X), 0< ¢ < s}, seN,
W*P(0,T;X) = {f € L’(0,T; X): 0 f € LP(0,T; X), 0<{ < s}, seN;

and so on...
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Ampere’s law, 3, 4
approximate model, 36
asymptotic analysis, 243
attenuation factor, 21
axisymmetric

domain, 77, 325

fully ... model, 329

operator, 332

scalar field, 336

vector field, 336

Babuska-Brezzi theorem, 149
Banach space, 137
Banach-Necas-Babuska theorem, 147
Banach-Schauder theorem, 139
Boltzmann equation, 26
boundary
Lipschitz, 75
pseudo-Lipschitz, 111
boundary condition, 49
absorbing (ABC), 49, 53
absorbing (ABC, 2nd order), 251
diffuse reflection, 366
emission-absorption, 367
entry, 370
exit, 374
impedance, 51
incoming flux, or inflow, 366
perfect conductor, 50
perfect conductor (2nd order), 250
Silver-Miiller, 54, 324
specular reflection, 366

transparent, 53

Cartesian coordinate system, 42
Cartesian first-order operator, 42, 86
two-dimensional, 339
Cauchy-Schwarz inequality, 138
causality principle, 6
cavity problem, 183, 256, 294, 299, 305
magnetohydrodynamics (MHD), 388
charge conservation equation, 3, 4
charge density, 3, 26
closed graph theorem, 139
computational domain, 52
conductivity, 13
Spitzer, 33
conductor, 13
constitutive relation, 5
dispersive response, 7
optical response, 7
contravariance by rotation
vector fields, 331
Coulomb gauge, 12
Coulomb’s law, 9
Curie principle, 338
curl (operator), 42
Cartesian (2D), 339
cylindrical, 326, 339
tangential, 55, 106
curl-free field, 90, 110, 113, 117, 210,
224, 237
regularity, 120
current density, 3, 26
cylindrical coordinate system, 325
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cylindrical first-order operator, 339

Darwin model, 40, 241
decomposition of vector field, 104, 108,
110, 135, 136, 217, 218, 226, 230,
231, 278, 309, 314
dielectric (medium), 14
diffraction, 52, 186, 307, 319
dimensionally reduced model
Maxwell’s equation, 323
Vlasov equation, 367
dispersion relation, 19
distribution, 71
convergence, 71
derivative, 71, 72
vector, 98
weak-star topology, 71
divergence (operator), 41
Cartesian (2D), 339
cylindrical, 339
tangential, 5, 105
divergence-free field, 90, 117, 121, 125,
130, 210, 224, 237, 369
regularity, 120
domain, 69, 76
axisymmetric, 77, 325
computational, 52
curved polyhedron, 69, 77
curvilinear polygon, 77
partition of, 81
prismatic, 327
periodic setting, 328
domain (physical framework), 2
double orthogonality, 159
duality bracket, 71, 74

eigenmode, 47
electric, 296
electromagnetic, 298
magnetic, 298
eigenvalue problem or eigenproblem, 17,
174, 295, 297
electric displacement, 3
electric eigenmode, 296
electric energy, 218
electric field, 3
electric permittivity, 7
electric quasi-static model, 38, 238
electromagnetic eigenmode, 298

electromagnetic energy
conservation, 62, 64, 182, 183, 185
density, 63
flux, 63
total, 63
electromagnetic field, 2
complex-valued, 15
electrostatic energy, 65
electrostatic field, 35
electrostatic model, 35, 235
two-dimensional, 342
electrostatic potential, 35
energy
electric, 218
electromagnetic, 62—64, 182, 183, 185
electrostatic, 65
magnetic, 231
magnetostatic, 66
self-, 65
energy conservation, 48, 182
energy inequality, 255
equation
Boltzmann, 26
charge conservation, 3, 4
Helmholtz, 17
Liouville, 24
Maxwell, 3, 4, 16
Maxwell (2nd order), 249
augmented, 273
mixed, 276
mixed augmented, 279
mixed unaugmented, 276
Poisson, 35
Vlasov, 27, 28, 365
wave (scalar and vector), 12, 45, 59,
250, 344
exterior problem, 52, 182
truncated, 53, 186

Faraday’s law, 3, 4
fixed frequency problem, 16, 170
fluid model, 25
force
Lorentz, 23
form
coercive, 146
inf-sup condition for, 148
sesquilinear, 144
solvability condition for, 146



stability condition for, 146
T-coercive, 147
weak stability condition for, 151
weakly T-coercive, 151
Fourier transform, 73
Fredholm alternative, 142
free vibration, 17, 294
frequency, 14, 15
fully axisymmetric model, 329
function space
([0, T); ), 97
H' (), 72
H*(-), 72, 73, 79, 82, 104
(')7 74
S(')7 74

Ty
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gauge condition
Coulomb, 12
Lorentz, 12
physical, 12
Gauss’s law, 3, 4
gradient (operator), 41
Cartesian (2D), 339
cylindrical, 326, 339
tangential, 55, 104
graph norm, 139
Green’s formula, 91, 92, 95, 109, 110
Gronwall’s Lemma, 256
group velocity, 19, 21

Hardy-Sobolev-Littlewood inequality,
379

Helmholtz decomposition, 39, 135, 136,
217, 230, 278, 314

Helmholtz equation, 17

Hilbert space, 137

Hille-Yosida theorem, 152, 153

hydrodynamical variable, 30
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imbedding theorem
basic, 74, 75
compactness, 80, 124, 129, 283-285,
292, 293, 319, 396
impedance, 51
indicator function, 70
inequality
Cauchy-Schwarz, 138
energy, 255
Hardy-Sobolev-Littlewood, 379
Poincaré, 78, 85
Poincaré-Wirtinger, 78
Weber, 123, 127, 212, 226
inf-sup condition, 148
initial condition, 10, 45, 152, 154
compatible, 376
insulator, 14
interface, 86, 95, 96
interior problem, 52, 182
truncated, 53, 187, 262
interpolation theory
interpolated bounded operator, 144
interpolated Hilbert space, 143
invariance by translation or rotation
differential operator, 332
scalar or vector field, 331
isomorphism, 138

jump, 86, 95, 96

kinetic model, 25
Kramers-Kronig relation, 22

Lagrangian, 62, 148
Laplace (operator), 42
cylindrical, 327
Laplace-Beltrami (operator), 108
singular solution, 189
Laplacian, 42
law
absence of magnetic monopoles, 3, 4
Ampere, 3, 4
Coulomb, 9
Faraday, 3, 4
Gauss, 3, 4
Ohm, 13, 33
Lax-Milgram theorem, 146
least action principle, 62
limiting amplitude principle, 15, 319
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Lions-Magenes theorem, 157
Liouville equation, 24

Lipschitz boundary, 75

Lorentz force, 23

Lorentz gauge, 12

Lorentz model, 22

low frequency approximation, 38

magnetic eigenmode, 298
magnetic energy, 231
magnetic field, 3
magnetic induction, 3
magnetic permeability, 7
magnetic quasi-static model, 39, 240
magnetohydrodynamics (MHD) model,
33, 387
magnetostatic energy, 66
magnetostatic field, 36
magnetostatic model, 36, 236
two-dimensional, 343
Maxwell’s equation
classification, 44
differential, 4
integral, 3
static, 35
time-dependent (2nd order), 249
two-dimensional, 343
time-harmonic, 16
transverse electric mode, 341
transverse magnetic mode, 342
Maxwellian distribution, 384
mechanical description, 24
medium
anisotropic, 7
bi-anisotropic, 7
chiral, 5, 7
conductor, 13
dielectric, 14
dissipative, 21
homogeneous, 5, 8
inhomogeneous, 5, 7
insulator, 14
isotropic, 7
linear, 6, 7
non-dispersive, 7, 22
perfect, 5, 7
perfect conductor, 14
resistive, 14
meridian half-plane, 325

model

approximate, 36

Darwin, 40, 241

dimensionally reduced, 323, 367

electric quasi-static, 38, 238

electrostatic, 35, 235
two-dimensional, 342

fluid, 25

fully axisymmetric, 329

kinetic, 25

Lorentz, 22

magnetic quasi-static, 39, 240

magnetohydrodynamics (MHD), 33,

387

magnetostatic, 36, 236
two-dimensional, 343

plane, 329

sign-changing coefficient, 313

two-dimensional, 329

Vlasov-Maxwell, 25, 367

Vlasov-Poisson, 40, 367

modelling assumption, 63, 323, 329

Ohm’s law, 13, 33
open mapping theorem, 139
operator (differential)
axisymmetric, 332
curl, 42
Cartesian (2D), 339
cylindrical, 326, 339
divergence, 41
Cartesian (2D), 339
cylindrical, 326, 339
gradient, 41
Cartesian (2D), 339
cylindrical, 326, 339
Laplace, 42
cylindrical, 327
Laplace-Beltrami, 108
tangential curl, 106
tangential divergence, 105
tangential gradient, 104
operator (unbounded), 138
adjoint of, 141
bounded, 138
bounded compact, 138
bounded Fredholm, 138
bounded positive, 140
bounded positive-definite, 140



closed, 138
continuous, 138
domain of, 138
maximal monotone, 140
monotone, 140
self-adjoint, 141
skew-adjoint, 141
symmetric, 141
Ostrogradsky formula, 4

Partial Differential Equation (PDE), 41

classification, 42, 44
elliptic, 44
hyperbolic, 44
parabolic, 44
vector, 44
partition, 81
pathological vertex, 191
perfect conductor, 14

perfectly matched layer (PML), 49, 57

phase space, 25
phase velocity, 18
plane model, 329
plane wave, 18, 21
incoming, 53
outgoing, 53
plasma, 29
Poincaré inequality, 78, 85
Poincaré-Wirtinger inequality, 78
Poisson equation, 35
polarization, 22
polygon, 76
curvilinear, 76
spherical curvilinear, 77
Poynting vector, 63
complex, 66
principle
causality, 6
Curie, 338
least action, 62
limiting amplitude, 15, 319
superposition, 47
time-invariance, 6
unique continuation, 312
problem
cavity, 183, 256, 294, 299, 305
eigenvalue, 17, 174, 295, 297
exterior, 52, 53, 182, 186
fixed frequency, 16, 170
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interior, 52, 53, 182, 187, 262

unknown frequency, 17, 170

well-posed, 10, 145, 151
pseudo-Lipschitz boundary, 111
pulsation, 15

radiation condition, 49, 57
Silver-Miiller, 60
reduced model, 323
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regular-gradient splitting, 134, 219, 232

relation
constitutive, 5
dispersion, 19
Kramers-Kronig, 22
resistivity, 13
resolvent, 139
resonance, 46
in plasma, 321
Riesz theorem, 144

saddle-point, 148

scalar field, 41
axisymmetric, 336

scalar potential, 11
extraction, 113, 116, 217

scaling, 36, 243

self-energy, 65

semi-group theory, 152

sign-changing coefficient model, 313

Silver-Miiller boundary condition, 54,

324

Silver-Miiller radiation condition, 60,

320
skin depth, 14, 21
skin effect, 14
infinite, 14
solution
mild, 371
renormalised, 371
strong, 152, 382
weak, 156
Sommerfeld condition, 59
spectral theorem, 142
spectrum, 139
continuous spectrum, 139
point spectrum, 139
residual spectrum, 139
speed of light, 8
Spitzer conductivity, 33
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stability condition, 10, 146
statistical description, 24
Stokes formula, 4
Stone theorem, 154
strong solution, 152, 382
subset of R™
categories (C1), (C2), (C3), 69
domain, 76
simply connected, 111, 348
topologically trivial, 111, 348
superposition principle, 47
sustained vibration, 17, 299
symmetry assumption, 323, 329
symmetry by translation or rotation
differential or boundary operator, 332
scalar or vector field, 336

theorem
Babuska-Brezzi, 149
Banach-Necas-Babuska, 147
Banach-Schauder, 139
closed graph, 139
Hille-Yosida, 152, 153
imbedding, 74, 75, 80, 124, 129,
283-285, 292, 293, 319, 396
Lax-Milgram, 146
Lions-Magenes, 157
open mapping, 139
Riesz, 144
spectral, 142
Stone, 154
trace, 84, 93, 94, 102, 103, 105, 107,
109, 110, 370
time-invariance principle, 6
trace mapping
e 70, 84

e Y1 93
normal ... v, 93
tangential ... vy, 94
tangential components ... 7, 102
trace theorem, 84, 93, 94, 102, 103, 105,
107, 109, 110, 370
two-dimensional model, 329

unique continuation principle, 312
unknown frequency problem, 17, 170

variational formulation, 144, 145
constrained (mixed), 147
time-dependent, 157

vector field, 41
axisymmetric, 336
azimuthal component, 326
longitudinal component, 327
meridian component, 326
transversal component, 327

vector potential, 11
extraction, 121, 126, 130, 133

Vlasov equation, 27, 28, 365

Vlasov-Maxwell model, 25, 367

Vlasov-Poisson model, 40, 367

wave equation
scalar, 12, 59, 344
vector, 12, 45, 250
wave number, 18
wavelength, 18
weak convergence, 141
weak solution, 156
Weber inequality, 123, 127, 212, 226
well-posed problem, 10
Fredholm sense, 151
Hadamard sense, 145



