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Abstract: Weighting the p-values is a well-established strategy that improves the power of
multiple testing procedures while dealing with heterogeneous data. However, how to achieve
this task in an optimal way is rarely considered in the literature. This paper contributes to
fill the gap in the case of group-structured null hypotheses, by introducing a new class of
procedures named ADDOW (for Adaptive Data Driven Optimal Weighting) that adapts both
to the alternative distribution and to the proportion of true null hypotheses. We prove the
asymptotical FDR control and power optimality among all weighted procedures of ADDOW,
which shows that it dominates all existing procedures in that framework. Some numerical
experiments show that the proposed method preserves its optimal properties in the finite
sample setting when the number of tests is moderately large.
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1. Introduction

Recent high-throughput technologies bring to the statistical community new type of data being
increasingly large, heterogeneous and complex. Addressing significance in such context is partic-
ularly challenging because of the number of questions that could naturally come up. A popular
statistical method is to adjust for multiplicity by controlling the False Discovery Rate (FDR),
which is defined as the expected proportion of errors among the items declared as significant.
Once the amount of possible false discoveries is controlled, the question of increasing the power,
that is the amount of true discoveries, arises naturally. In the literature, it is well-known that the
power can be increased by clustering the null hypotheses into homogeneous groups. The latter can
be derived in several ways:

e sample size: a first example is the well-studied data set of the Adequate Yearly Progress
(AYP) study (Rogosa, 2005), which compares the results in mathematics tests between
socioeconomically advantaged and disadvantaged students in Californian high school. As
studied by Cai and Sun (2009), ignoring the sizes of the schools tends to favor large schools
among the detections, simply because large schools have more students and not because the
effect is stronger. By grouping the schools in small, medium, and large schools, more rejec-
tions are allowed among the small schools, which increases the overall detection capability.
This phenomenon also appears in more large-scale studies, as in GWAS (Genome-Wide As-
sociation Studies) by grouping hypotheses according to allelic frequencies (Sun et al., 2006)
or in microarrays experiments by grouping the genes according to the DNA copy number
status (Roquain and Van De Wiel, 2009).

e spatial structure: some data sets naturally involve a spatial (or temporal) structure into
groups. A typical example is neuroimaging: in Schwartzman, Dougherty and Taylor (2005),
a study compares diffusion tensor imaging brain scans on 15443 voxels of 6 normal and 6
dyslexic children. By estimating the densities under the null of the voxels of the front and
back halves of the brain, some authors highlight a noteworthy difference which suggests that
analysing the data by making two groups of hypotheses seems more appropriate, see Efron
(2008) and Cai and Sun (2009).

e hierarchical relation: groups can be derived from previous knowledge on hierarchical struc-
ture, like pathways for genetic studies, based for example on known ontologies (see e.g.
The Gene Ontology Consortium (2000)). Similarly, in clinical trials, the tests are usually
grouped in primary and secondary endpoints, see Dmitrienko, Offen and Westfall (2003).

In these examples, while ignoring the group structure can lead to overly conservative procedures,
this knowledge can easily be incorporated by using weights. This method can be traced back to
Holm (1979) who presented a sequentially rejective Bonferroni procedure that controls the Family-
Wise Error Rate (FWER) and added weights to the p-values. Weights can also be added to the
type-I error criterion instead of the p-values, as presented in Benjamini and Hochberg (1997) with
the so-called weighted FDR. Blanchard and Roquain (2008) generalized the two approaches by
weighting the p-values and the criterion, with a finite positive measure to weight the criterion (see
also Ramdas et al. (2017) for recent further generalizations). Genovese, Roeder and Wasserman
(2006) introduced the p-value weighted BH procedure (WBH) which has been extensively used
afterwards with different choices for the weights. Roeder et al. (2006); Roeder and Wasserman
(2009) have built the weights upon genomic linkage, to favor regions of the genome with strong
linkage. Hu, Zhao and Zhou (2010) calibrated the weights by estimating the proportion of true
nulls inside each group (procedure named HZZ here). Zhao and Zhang (2014) went one step further
by improving HZZ and BH with weights that maximize the number of rejections at a threshold
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computed from HZZ and BH. They proposed two procedures Prol and Pro2 shown to control the
FDR asymptotically and to have a better power than BH and HZZ.

However, the problem of finding optimal weights (in the sense of achieving maximal averaged
number of rejected false nulls) has been only scarcely considered in the literature. For FWER
control and Gaussian test statistics, Wasserman and Roeder (2006) designed oracle and data-driven
optimal weights, while Dobriban et al. (2015) considered a Gaussian prior on the signal. For FDR
control, Roquain and Van De Wiel (2009) designed oracle optimal weights by using the knowledge
of the distribution under the alternative of the hypotheses. Unfortunately, this knowledge is not
reachable in practice. This leads to the natural idea of estimating the oracle optimal weights by
maximizing the number of rejections. This idea has been followed by Ignatiadis et al. (2016) with
a procedure called IHW. While they proved that IHW controls the FDR, its power properties
have not been considered. In particular, it is unclear whether maximizing the overall number of
rejections is appropriate in order to maximize power.

In this paper, we present a general solution to the problem of optimal data-driven weighting
of BH procedure in the case of grouped null hypotheses. The new class of procedures is called
ADDOW (for Adaptive Data-Driven Optimal Weighting). With mild assumptions, we show that
ADDOW asymptotically controls the FDR and has optimal power among all weighted step-up
procedures. Interestingly, our study shows that the heterogeneity with respect to the proportion
of true nulls should be taken into account in order to attain optimality. This fact seems to have
been ignored so far: for instance we show that IHW is optimal when the true nulls are evenly
distributed across groups but its performance can quickly deteriorate otherwise.

In Section 2, we present the mathematical model and assumptions. In Section 3, we define what
is a weighting step-up procedure. In Section 4, we introduce ADDOW along with a stabilized
version, designed to deal with the overfitting problem due to weak signal. Section 5 provides our
main theoretical results. Our numerical simulations are presented in Section 6, while we conclude
in Section 7 with a discussion. The proofs of the two main theorems are given in Section 8 and
more technical results are deferred to appendix. Let us underline that an effort has been made to
make the proofs as short and concise as possible, while keeping them as clear as possible.

In all the paper, the probabilistic space is denoted (€2, A, P). The notations % and 5 stand
for the convergence almost surely and in probability. A ”+” symbol is used to indicate that two
cases (A) and (B) are simultaneously statisfied: (A)+(B).

2. Setting
2.1. Model

We consider the following stylized grouped p-value modeling: let G > 2 be the number of groups.
In each group g € {1,...,G}, let (Hy1,Hg,...) be some binary variables corresponding to the
null hypotheses to be tested in this group, with H, ; = 0 if it is true and = 1 otherwise. Consider in
addition (pg,1,pg,2,---) some random variables in [0, 1] where each p, ; corresponds to the p-value
testing Hy ;.

We make the following marginal distributional assumption for py ;: if Hy; = 0, pg; follows a
uniform distribution on [0, 1]. We denote by U : x — 1{;~0} X min(z, 1) its cumulative distribution
function (c.d.f.). If Hy; = 1, py; follows a common distribution corresponding to c.d.f. Fj,. In
particular, note that the p-values are assumed to have the same alternative distribution within
each group. We make the mild assumption that Fj, is strictly concave on [0, 1] (and thus is also

Fy(x)—Fy4(0)
z—0

continuous on R, see Lemma A.1). Furthermore, by concavity, « has a right limit

in 0 that we denote by f,(0%) € [0, 00, and = — w has a left limit in 1 that we denote

by fq(17) € [0,00).
Above, we considered an infinite set of hypotheses/p-values because our study will be asymptotic
in the number of tests m. At step m, we observe the p-values pg;, g < G, @ < my where the my, are

non-decreasing integer sequences depending on m and such that Zle mg = m. Let us emphasize
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that G is kept fixed with m throughout the paper. Note also mgy1 = St H,; the number of
false nulls and mg4 ¢ = my — mg,; the number of true nulls in group g. We make the assumption
that there exists my > 0 and my¢ > 0 such that for all g, my/m — m; and mgo/my — g0
when m — oo. For each g we also assume that my; = 1 — 749 > 0. These assumptions mean
that, asymptotically, no group, and no proportion of signal or sparsity, is vanishing. We denote
o= 9 TgTg,0 the mean of the 7y ¢’s and denote the particular case where the nulls are evenly
distributed in each group by (ED):

Tg,0 = T0, ].SgSG (ED)

Let us now specify assumptions on the joint distribution of the p-values. While we make no
assumption on the p-value dependence between two different groups, we assume that the p-values
are weakly dependent within each group:

m
1 - .S,
Z Ly, <t, =0y — U(t), >0, (2.1)
Mg0
and
1 mg a.s.
Mg Zﬂ{pg,i§t7Hg,i:1} — Fq(t)a t Z 0. (22)
9 =1

This assumption is mild and classical, see Storey, Taylor and Siegmund (2004). Note that weak
dependence is trivially achieved if the p-values are independent.

2.2. mg estimation

For each g, let us assume we have at hand an estimator 749 € (0, 1] of my 9/m, and assume that

N P _ _ _
g0 — Tg,0 for some 40 > mg 0. Let also 7o =D 7.0

In our setting, this assumption can be fulfilled by using the estimators introduced in Storey,
Taylor and Siegmund (2004):

1= o= Uy, o0 + o
1— X ’

Fa0(N) = (2.3)

for a given parameter A € (0, 1) let arbitrary (the - is here just to ensure 7ty o(A) > 0). It is easy

to deduce from (2.1) and (2.2) that mig S Lgp, <ay — TgoA 4 741 Fy(X), which provides our
condition:

1_Fg(>‘) >

A a.s.
Tg,0(A) == g0 + g1 1—\ =70

While (74,0)4 is let arbitrary in our setting, some particular cases will be of interest in the
sequel. First is the Evenly Estimation case (EE) one where

7?97():771'0, ].SgSG (EE)

In that case, our estimators all share the same limit, and doing so they do not take in account the
heterogeneity with respect to the proportion of true nulls. As we will see, (EE) is relevant when
the proportion of true nulls is homogeneous across groups, that is, when (ED) holds. A particular
subcase of (EE) is the Non Estimation case (NE) where:

g0 = 1 which implies 750 =1, 1< g < G. (NE)

In the latter, basically, the 74 ¢ estimation step is skipped.
Finally, let us introduce the Consistent Estimation case (CE) for which the estimators 74 ¢ are
assumed to be all consistent:
Tg,0 = Tg,0, 1<g<@G. (CE)

imsart-generic ver. 2014/10/16 file: HAL_Durand2018vl.tex date: September 28, 2017



G. Durand/Adaptive p-value weighting with power optimality 5

While this corresponds to a favorable situation, this assumption can be met in classical situations,
where fy(17) = 0 and A = )\, tends to 1 slowly enough in definition (2.3), see Lemma A.2 in
Section A.

The condition f;(17) = 0 is called ”purity” in the literature. It has been introduced in Genovese
and Wasserman (2004) and then deeply studied, along with the convergence of Storey estimators,
in Neuvial (2013).

2.3. Criticality

To study asymptotic FDR control and power, it is convenient to focus only in situations where we
some rejections are possible (the Power and FDR being converging to 0 otherwise). To this end,
Chi (2007) introduced the notion of criticality: they defined some critical alpha level, denoted o,
for which BH procedure has no asymptotical power if o < a* (see also Neuvial (2013) for a link
between criticality and purity).

We extended this notion of criticality in our heterogeneous setting in Section A (see Defini-
tion A.1) and will focus in our results on the supercritical case o € (a*,1). Lemma A.3 states that
a® < 1 so such an «a always exists.

While the formal definition of a* is reported to the appendix for the sake of clarity, let us
emphasize that it depends on the (Fy)g, (74)g, (74,0)y and, maybe less intuitively, on the (74,0),,
which means that the choice of the estimators changes the value of a*.

2.4. Leading example

While our framework allows a general choice for Fj;, a canonical example that we have in mind
is the Gaussian one-sided framework where the test statistic in group g follows A/(0,1) under the
null, while it follows N (p4,1) under the alternative, for G unknown parameters jg, > 0.
Classically, this corresponds to consider p-values uniform under the null with alternative c.d.f.
given by
Fy()=¢@ ((I)_l(') - Ng) )
with derivative

fo) = exp (1 (7100 = 7)),

where we denoted ®(z) = P(Z > z2) for Z ~ N(0,1). Hence F, is strictly concave and this
framework fulfills the assumptions of Section 2.1.

Furthermore we easily check that f,(0%) = oo, so a* = 0 and f,(17) = 0 which means that this
framework is supercritical (a* = 0, see Definition A.1) with purity and then achievable consistent
estimation (CE).

2.5. Criteria

The set of indices corresponding to true nulls is denoted by Hg, that is (g,7) € Ho if and only if
H,; =0, and we also denote H; = H,".

In this paper, we define a multiple testing procedure R as a set of indices that are rejected:
Pg.i is rejected if and only if (g,7) € R. The False Discovery Proportion (FDP) of R, denoted by
FDP(R), is defined as the number of false discoveries divided by the number of rejections if there
are any, and 0 otherwise:

_ |R n 7‘[0|
-~ |R|v1’

We denote FDR(R) = E [FDP(R)] the FDR of R. Its power, denoted Pow(R), is defined as the

mean number of true positives divided by m:

FDP(R)

Pow(R) = m 'E[|[RNH4]].
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Fig 1: The BH procedure applied to a set of 10 p-values. Right plot: the p-values and the function k — ak/m.
Left plot: identity function and G. Each plot shows that 6 p-values are rejected.

Note that our power definition is slightly different than the usual one for which the number
of true discoveries is divided by m; = g Mgl instead of m. This simplifies our expressions
(see Section 8.1) and does not have any repercussion because the two definitions differ only by a
multiplicative factor converging to 1 — g € (0,1) when m — oco.

3. Weighting
3.1. Weighting the BH procedure

Say we want to control the FDR at level a.. Assume that the p-values are arranged in increasing
order p(1) < ... < piy) with p) = 0, the classic BH procedure consists in rejecting all p, ; < a%
where k = max{k >0:pw) < a%}.

Take a nondecreasing function h defined on [0,1] such that A(0) = 0 and h(1) < 1, we de-
note Z(h) = sup{u € [0,1] : h(u) > u}. Some properties of the functional Z(-) are gathered in
Lemma A.4, in particular h (Z(h)) = Z(h). We now reformulate BH with the use of Z(-), because
it is more convenient when dealing with asymptotics. Doing so, we follow the formalism notably
used in Roquain and Van De Wiel (2009) and Neuvial (2013). Define the empirical function

G mg

é U m_l Z Z]]-{pgyigau}a

g=11i=1

then k = m x Z(G). This is a particular case of Lemma A.5.

The graphical representation of the two points of view for BH is depicted in Figure 1 with
m = 10. The p-values are plotted on the right part of the figure along with the function k — ak/m
and we see that the last p-value under the line is the sixth one. On the left, the function G
corresponding to these p-values is displayed alongside the identity function, with the last crossing

point being located between the sixth and seventh jumps, thus Z(G) = 6/m and 6 p-values are
rejected.

imsart-generic ver. 2014/10/16 file: HAL_Durand2018vl.tex date: September 28, 2017



G. Durand/Adaptive p-value weighting with power optimality 7

The weighted BH (WBH) with weight vector w € R is defined by computing

G myg

G ursm™! Z Z L¢p, i <auw,}

g=11i=1

and rejecting all py; < aZ (Gy)wy. We denote it WBH(w). Note that w is authorized to be
random, hence it can be computed from the p-values. In particular, BH = WBH(1) where 1 =
(1,...,1) e RY.

Following Roquain and Van De Wiel (2009), to deal with optimal weighting, we need to further
generalize WBH into a multi-weighted BH (MWBH) procedure by introducing a weight function
w 0,1 — Rf, which can be random, such that the following function:

G mg

Gw :ur—sm! Z Z Loy, i <ouw,(w)} (3.1)

g=11i=1

is nondecreasing. The resulting procedure rejects all the p-values such that py; < iy Wy(aw)
and is denoted MWBH (W) where, for the rest of the paper, we denote

aw =1 (GW) , (3.2)

and name it the step-up threshold. One different weight vector W (u) is associated to each u, hence
the "multi”-weighting. Note that the class of MWBH procedures is more general than the one of
WBH procedures because any weight vector can be seen as a constant weight function.

Note that, there is a simple way to compute 4y . For each r between 1 and m denote the
Il Dg,i/ Wg(r/m) (with the convention p,;/0 = 00), order them

g,t
] _ 1 max {r >0: pz]) < a%} (this is Lemma A.5).

W (r/m)-weighted p-values p

p[:]) <...< pE:L) and note p 0 = 0. Then ay = m™
As in previous works, in order to achieve a valid FDR control, these procedures should be used

with weights that satisfy some specific relation. Here, we introduce the following weight spaces:

KM {u} erY:Y mﬁfrg,owg < 1} : (3.3)
g

g

KQE:{wekfzzswg<1}. (3.4)

g g9

Note that K™ may appear unusual because it depends on the estimators 74, however it is
completely known and usable in practice. Note also that K™ = K in the (NE) case.

Finally, for a weight function W and a threshold u € [0, 1], we denote by R, w the double
indexed procedure rejecting the p-values less than or equal to auWy(u), that is R, w = {(g,7) :

Pei < auWy(u)}. By (3.1), note that Gy (u) = m™ |Ryw| and MWBH(W) = Ry, w-

3.2. Choosing the weights

Take W and u, and let P‘S‘T) (u) = Pow (R,,w). We have

G myg
Pé;n)(u) = mflE ZZﬂ{pgwigauwg(u)ng,i:l}
g=11i=1
< m
9,1
= F, W, .
92231 L Fy (oW (u)
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Note that these relations are valid only if W and w are deterministic. In particular, they are not
valid when used a posteriori with a data-driven weighting and u = Gy .
In Roquain and Van De Wiel (2009), the authors define the oracle optimal weight function W,
as:
W*

or

(u) = argmax P{™ (u). (3.5)
weKT,

Note that they defined W, only in case (NE), but their definition easily extends to the general

case as above. They proved the existence and uniqueness of W7, in (ED)+(NE) case and that,

asymptotically, MWBH(W/.) controls the FDR at level mpa and has a better power than ev-

ery MWBH(w(m)) for w™ ¢ Kz some deterministic weight vectors satisfying a convergence

criterion.

However, computing W, requires the knowledge of the Fj;, not available in practice, so the
idea is to estimate W} with a data driven weight function W* and then apply MWBH with this
random weight function. For this, consider the functional defined by, for any (deterministic) weight
function W and v € [0, 1]:

G () = E |G (u)] = f: (FLLU (@uwWy (w) + SELF, (aulWy (u))

G
=Py )+ mT;’O U(ouW,(u)). (3.6)

GE;L) (u) is the mean ratio of rejections for the procedure rejecting each py; < aulW,(u). The intu-
itive idea is that maximizing Gg,n )(u) is close to maximizing P‘E[;" ) (u). We justify this heuristic as
follows: assuming U is the identity function, then the right term of (3.6) becomes au ) POV (u)

and it does not depend of the weights if additionally >, 201, (u) = 1, which makes PV({," )(u)
mg,0 —

the only term depending on W. Now, we can evaluate the constraint on W by estimating —%=

Do 290 By ag o (which leads to the weight space K™ defined in equation (3.3)), and G5 (u)

m Mg

can be easily estimated by the (unbiased) estimator G (u). As a result, maximizing the latter in
w should lead to good weights, not too far from W (u).

Zhao and Zhang (2014) followed this heuristic by applying a two-stage approach to derive two
procedures, named Prol and Pro2. Precisely, in the first stage they use the weight vectors w(?) =

(£,..., ), where tg = Y, ™27y 0, and @(? defined by 1wy = Fodey, where gy = 1— g,
and let @y = max(l), Gy ). In the second stage, they maximize éw(ﬂM) over K™ which gives
rise to the weight vector ﬁ/\*(ﬁ M) according to our notation. Then they define their procedures as
the following:

Prol =R

e, W (ar)?
and e
Pro2 = WBH (W*(@M)) .

The caveat of this approach is that the initial thresholding, that is the definition of #,;, seems
somewhat arbitrary, which will result in sub-optimal procedures, see Corollary 5.3. As a side
remark, ¥ and @@ are involved in other procedures of the literature. The HZZ procedure of
Hu, Zhao and Zhou (2010) is WBH(w®)), and WBH((") is the classical Adaptive BH procedure
(see e.g. Lemma 2 of Storey, Taylor and Siegmund (2004)) denoted here as ABH.

Ignatiadis et al. (2016) actually used the above heuristic with multi-weighting (while their
formulation differs from ours) which consists in maximizing @w(u) in w for each u. However, their
choice of the weight space is only suitable for the case (NE) and can make the above heuristic
break down, because in general the right term in (3.6) can still depend on w, see remark 3.1.

In the next section, we take the best of the two approaches to attain power optimality with
data-driven weighting. Let us already mention that the crucial point is Lemma B.3, that fully
justifies the heuristic (in cases (CE) and (ED)+(EE)).
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Remark 3.1. We can compute numerical examples where BH has asymptotic power larger than
THW. For example, if we break (ED) by taking a small 7 ¢ (almost pure signal) and a large 2 ¢
(sparse signal), along with a small group and a large one (7; much smaller than m5) and strong
signal in both groups, IHW slightly favors group 2 whereas the oracle optimal favors group 1. BH
does not favor any group thus a larger power than IHW. This example is simulated in Section 6.3
(see Figure 5).

4. New procedures
4.1. ADDOW definition

We exploit previous intuition and propose to estimate the oracle optimal weights W} by maxi-
mizing in w € K™ the empirical counterpart to G (u), that is Gy, (u).

Definition 4.1. We call an adaptive data-driven optimal weight function a random function
W [0,1] — K™ such that for all u € [0,1]:

~

G (u) = u?ella()gnGw(u).

Such function always exists because {é (u), we Km} C {£, k€ [0,m]} is finite, but may

not be unique. So in all the following, we take a certain W , and our results do not depend on
the choice of W*. An important fact is that G 77~ is nondecreasing (see Lemma A.6) so . exists
and the corresponding MWBH procedure is well defined:

Definition 4.2. The ADDOW procedure is the MWBH procedure using W* as the weight func-
tion, that is, ADDOW = MWBH (’W)

W *

One shall note that ADDOW is in fact a class of procedures depending on the estimators 74 o
through K™. Note that, in the (NE) case, ADDOW reduces to IHW.

Remark 4.1. Tt turns out that ADDOW reduces to a WBH procedure. It comes from part 2 of
the proof of Theorem 5.2 and Remark 8.2. Moreover, to every MWBH procedure, corresponds a
WBH procedure with power higher or equal.

4.2. Stabilization for weak signal

Since ADDOW uses the data both through the p-values and the weights, this will result in a
slight increase of the FDR, as we will see in the simulations (Section 6.2). This effect is close in
spirit to the well known overfitting phenomenon. In our setting where the signal is strong enough,
this drawback is proved to vanish when m is large enough, see the simulations and Theorem 5.1.
However, the latter is not true for weak signal: if the data are close to be random noise, making
the weight optimization can lead ADDOW to find signal only by chance, that is, to make false
positives. To circumvent this concern, we propose to stabilize ADDOW by using a pre-testing phase
close in spirit to the Kolmogorov-Smirnov (KS) test (Kolmogorov, 1933) to determine whether
the signal is weak or not and then to apply ADDOW only if the signal is large enough (and just
apply BH otherwise).
Formally, we reject the hypothesis that the signal is weak if Z,,, > ¢3,, where

Zm =+/Mm sup sup (@w(u) - au) ,

weK Y uel0,1]

and ¢g,m is the (1 — 8)-quantile of the distribution of Zy,,, where Zy,, is defined as

G myg
ZOm = \/E sup ( -t Z Z ]l{Ug 1<auW* u)} > (41)

u€0,1] g=1i=1
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where the U, ; are uniform variables over [0, 1] with, for all g, Uy 1, ..., Ug,m, independent, and
W*(u) € argmaxm ™ * Z Z 1y, . <auw,}-
we K g=1i=1

Zom can be viewed as a copy of Z,, but under the full null model where the p-values are uniform

on [0,1] and independent, and without estimating 7, o. We denote the test rejecting the weak

signal scenario by ¢s = 1z, >4, ,.}- This gives us a stabilization procedure depending on 3 that

we call SADDOW g:

ADDOW if ¢g=1
BH if ¢g=0

We expect that in the weak signal case, the stabilized procedures have better control of the
FDR than ADDOW, because in that case, without estimating 7y ¢ and if the p-values are all
independent, the distribution of Z,, is close to the distribution of Zj,,, and we have the following
approximation:

sADDOW 3 = { (4.2)

FDR (SADDOW 3) = E [¢5 FDP (ADDOW) + (1 — ¢3) FDP (BH)]
< E[¢s + FDP (BH)]
<P(Zm > qs.m) + FDR (BH)
m
,S ]P)(ZOm > Q,B,m) + EOO‘
<p+2a,
m

where P (Zoy, > qa,m) < B by definition of ¢g., and my = Zg Mg, is the number of true nulls.
If 5 is chosen small the control at level o should be achieved. This heuristic will be supported by
the simulations in Section 6.2.

5. Results
5.1. Main results

Now we present the two main Theorems of this paper. The two are asymptotical and justify the
use of ADDOW when m is large. The first is the control of the FDR at level at most a.. The second
shows that ADDOW has maximum power over all MWBH procedures in the (CE) case, and also
in (ED)+(EE) case. The two are proven in Section 8.

Theorem 5.1. Let us consider the framework defined in Sections 2.1 and 2.2. We have
lim FDR (ADDOW) < a. (5.1)

m—r o0

If a < 7g, we have two more accurate results: in (CE) case,

lim FDR (ADDOW) = a,

m—roo
and in (ED)+(EE) case,
lim FDR (ADDOW) = g,
m— oo )

Theorem 5.2. Let us consider defined in Sections 2.1 and 2.2, with the additional assumption
(CE) or (ED)+(EE). For any sequence of random weight functions (W)m>1, such that W : [0,1] —
K™ and Gy is nondecreasing, we have

lim Pow (ADDOW) > lim sup Pow (MWBH (/V[?)) .

m—» 00 m— oo
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5.2. Relation to IHW

Recall that IHW is ADDOW in the (NE) case, and that (NE) is a subcase of (EE). Hence, as a
byproduct, we deduce from Theorems 5.1 and 5.2 the following result on THW.

Corollary 5.1. Let us consider the framework defined in Sections 2.1 and 2.2, with the additional
assumption (ED). Then
lim FDR (IHW) = mya,

m—00
and for any sequence of random weight functions (/W)mZI such that W : [0,1] = K%y and CAY'W 18
nondecreasing, we have

lim Pow (IHW) > lim sup Pow (MWBH (W)) .

m—o0 m—o0

While equation (5.1) of Theorem 5.1 covers Theorem 4 of the supplementary material of Igna-
tiadis et al. (2016) (with slightly stronger assumption on the smoothness of the Fys), the FDR
controlling result of Corollary 5.1 gives a slightly sharper bound (mp« instead of «) in (ED) case.

The power optimality stated in Corollary 5.1 is new and was not shown in Ignatiadis et al.
(2016). It thus supports the fact that THW should be used under the assumption (ED) and when
7o is close to 1 or not estimated.

5.3. Comparison to other existing procedures

For any estimators g9 € [0, 1], any weighting satisfying } - Zawy < 1 also satisfies PO Tty 0wg <

1, that is K{J € K™. Hence, any MWBH procedure estimating % by 1 uses a weight function
9

valued in K™. This immediately yields the following corollary.

Corollary 5.2. Let us consider the framework defined in Sections 2.1 and 2.2, with the additional
assumption (CE) or (ED)+(EE). Then

lim Pow (ADDOW) > lim sup Pow (R),

m—+00 m—00
for any R € {BH,IHW}.

The next corollary simply states that ADDOW outperforms many procedures of the ”weighting
with 79 adaptation” literature.

Corollary 5.3. Let us consider the framework defined in Sections 2.1 and 2.2, with the additional
assumption (CE) or (ED)+(EE). Then

lim Pow (ADDOW) > lim sup Pow (R),
m—r o0

m—r o0

for any R € {Pro1,Pro2,HZZ, ABH}.

The results for Pro2, HZZ and ABH follow directly from Theorem 5.2 because these are MWBH
procedures. The proof for Prol (which is not of the MWBH type) can be found in Section D.

5.4. Results for the stabilized version

Next theorem shows that, asymptotically, the procedure sSADDOWg is the same as ADDOW. Our
result is true even if 5 = §,, — 0 provided that the convergence is not too fast. It is proven in
m—0o0

Section E.

Theorem 5.3. Let us consider the framework defined in Sections 2.1 and 2.2. Take a sequence
(Bm)m>1 such that B, > aexp (—bmlf”) for some a € (0,1], b >0 and v > 0.

Then ¢g,, — 1 almost surely. In particular, all Theorems and Corollaries of Sections 5.1 and 5.3
hold when replacing ADDOW with sSADDOWyg, .
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6. Numerical experiments
6.1. Simulation setting

In our experiments, additionally to BH which is not adaptive, three groups of procedures are
compared:

e Group 1: some procedures not adaptive to my but adaptive to the signal via optimal weights:
MWBH (W¢.) where W[ is given by equation 3.5 in the (NE) case.

— ADDOW in the (NE) case, that is, THW.

— sADDOWg in the (NE) case for some value of j.

— Pro2 as defined in section 3.2 and in the (NE) case.

e Group 2: procedures only adaptive to 740 and not to the signal strength, with an oracle
adaptation to 7y o:

— ABH as defined in section 3.2 with 740 = 74.0.
— HZ7 as defined in section 3.2 with 7149 = 74 0.
e Group 3: procedures that combine both adaptive properties, with an oracle adaptation to
Tg,0:
— MWBH (W;,.) where W, is given by equation 3.5 with 7,40 = mg.0.
— ADDOW with 740 = mg.0.
sADDOWg with 74,9 = 74,0 for some value of 3.

— Pro2 as defined in section 3.2 with 749 = 74 0.

We consider the one-sided Gaussian framework described in Section 2.4 for G = 2 groups.
The parameters are thus given by my, ma, m1,0, M2, f1, f2, and a. For the stabilisation, gg,, is
estimated with realizations of Zy,, (as defined in equation (4.1)), where Z,, and Z,, are computed
as suprema on {k/m,1 < k < m} instead of [0,1] for an easier computation. Our experiments
have been performed by using the three following scenarios, for which the values of ©; and us are
defined according to a parameter fi. Each simulation of each scenario is replicated 1000 times.

e Scenario 1: pq = i and pe = 2, a = 0.05, 5 = 0.001, mq = mg = 2000, mq o/m1 = 0.7 and
ma,0/me = 0.8. Furthermore the values of f are in {0.01,0.02,0.05} and then from 0.5 to 3
with jumps of size 0.25. Here, g3, is estimated with 10000 realizations of Zg,y,.

e Scenario 2: p1 = 2 and pe = fi, o = 0.7, my = 1000 and mo = 9000, m49/m; = 0.05 and
ma,0/me = 0.85. Furthermore g € {1.7,1.8,1.9,2,2.1,2.2,2.3}.

o Scenario 3: p1 = fi and pp = 2, a = 0.05, 8 = 0.05, m € {100, 300, 500, 1000, 2000, 5000},
m1 = me = m/2, myo/my = 0.8. Furthermore i € {0.01,3}. Here, ¢g,,,, is estimated with
1000 realizations of Zy,,.

6.2. FDR control

The FDR of all above procedures are compared in Figure 2, Figure 3a and Figure 3b.

First, Figure 3b shows that the convergence of the FDR holds for moderate m.This supports
the theoretical finding of Corollary 5.1 showing that the FDR shall converge to my« in scenario 3.
This Figure also shows that when the signal is strong, sSADDOW g behaves as ADDOW, which is
well expected for the definition of ¢g. While Figure 2 supports the latter for large signal (& > 2),
we see that the FDR control of data-driven weighted procedures (ADDOW, Pro2) can deteriorate
as i decreases. This is due to an overfitting phenomenon.

As [i get smaller, the overfitting seems to increase and the FDR control seems to get violated.
Let us underline that this does not contradict our theory because considering a small g might
imply a smaller convergence rate while m stays < 5000 in scenarios 1 and 3. Fortunately, in
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FDR plot

0.10 A

0.08 A

0.06 —
@
o
(TR
0.04 -
0.02 -
0.00 —
T T T T T T T T T T T T T I
- o [Te] Te] [Te] — [Te) [Te} wn N n [Te) n (3]
S o S 5 K~ S R NN~
o o o o i — N N
[

Fig 2: FDR against fi in scenario 1. Group 1 in black; Group 2 in green; Group 3 in red. The type of procedure
is MWBH (W(,.) (squares); ADDOW (triangles); sSADDOWg (circles); Pro2 (disks); HZZ (diamonds) and finally
BH/ABH (crosses). Horizontal lines: o and moa levels. See Section 6.1.
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Fig 3: FDR against m in scenario 3. Group 1, ADDOW (black dots) and sSADDOWg (red triangles). Horizontal
lines: o and mga levels.
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Difference of power w.r.t. BH
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Fig 4: DiffPow against /i in scenario 1. Same legend as Figure 2

this regime, it is apparent from Figure 2 and Figure 3a that the regularization process correctly
addresses the overfitting by maintaining the FDR control holds true. Again, this is well expected
because SADDOW g simply corresponds to BH in that regime, see equation (4.2).

6.3. Power

Now that the FDR control has been studied, let us compare the procedures in terms of power.
First, to better emphasize the benefit of adaptation, the power is rescaled in the following way:
we define the normalized difference of power with respect to BH, or DiffPow, by

DiffPow(R) = i (Pow(R) — Pow(BH)) ,

mi

for any procedure R.
Figure 4 displays the power of all the procedures defined in Section 6.1. We can make several

observations:

o We see a huge difference of behavior between the Group 1 and the Group 3. Hence, incor-
porating the knowledge of my can lead to a large improvement of power.

e In both groups (that is in both (NE) and (CE) cases) ADDOW achieves the best power, which
supports Theorem 5.2. Additionnaly, maybe surprisingly, in both cases, Pro2 behaves quite
well, with a power close to the one of ADDOW and despite its theoretical sub-optimality.
Hence, it seems to also be a good choice in practice.

e The comparison between the Group 2 and the Group 3 shows the benefit of adding the Fj
adaptation to the 7y adaptation: the fourth group has better power than the third for all
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Difference of power w.r.t. BH
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Fig 5: DiffPow of ADDOW against fi in scenario 2. Group 1 in black and Group 3 in red.

signals. We can see a zone of moderate signal (around i = 1.5) where the two groups are
close. That is the same zone where HZZ becomes better than ABH. We deduce that in that
zone the optimal weighting is the same as the uniform w(") weighting of ABH.

e The comparison of the DiffPow between the Group 1 and Group 2 in Figure 4 shows the
difference between adapting to the Fy,’s versus adapting to mg. No method is generally better
than the other: as we see in the plot, it depends on the signal strength. We also see that
neither ABH nor HZZ is better than the other.

Finally, let us discuss Figure 5. Here, the scenario 3 entails that IHW favors the large and
sparse second group of hypotheses whereas the optimal power is achieved by favoring the small
first group of hypotheses which contains almost only signal, as expected in remark 3.1. As a WBH
procedure with weights (1,1), BH does not favor any group. Hence, IHW has a power smaller than
BH. This demonstrates the limitation of the heuristic upon which THW is built, and underlines
the necessity of estimating the 7y ¢ when nothing lets us think that (ED) may be met.

7. Concluding remarks

In this paper we presented a new class of data-driven step-up procedure, ADDOW, that gener-
alizes IHW by incorporating 74 ¢ estimators in each group. We showed that while this procedure
asymptotically controls the FDR at the targeted level, it has the best power among all MWBH
procedures when the 7y estimation can be made consistently. In particular it dominates all the
existing procedures of the weighting literature and solves the p-values weighting issue in a group-
structured multiple testing problem. As a by-product , our work established the optimality of ITHW
in the case of homogeneous 7 structure. Finally we proposed a stabilization variant designed to
deal with the case where only few discoveries can be made (very small signal strength or spar-
sity). Some numerical simulations illustrated that our properties are also valid in a finite sample
framework, provided that the number of tests is large enough.
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Assumptions Our assumptions are rather mild: basically we only added the concavity of the F
to the assumptions of Ignatiadis et al. (2016). Notably we dropped the other regularity assumptions
on F, that were made in Roquain and Van De Wiel (2009) while keeping all the useful properties
on W* in the (NE) case. Note that the criticality assumption is often made in the literature, see
Ignatiadis et al. (2016) (assumption 5 of the supplementary material), Zhao and Zhang (2014)
(assumption A.1), or the assumption of Theorem 4 in Hu, Zhao and Zhou (2010). Finally, the
weak dependence assumption is extensively used in our paper. An interesting direction could be
to extend our result to some strong dependent cases, for instance by assuming the PRDS (positive
regression dependence), as some previous work already studied properties of MWBH procedures
under that assumption, see Roquain and Van De Wiel (2008).

Computational aspects The actual maximization problem of ADDOW is difficult, it involves
a mixed integer linear programming that may take a long time to resolve. Some regularization
variant may be needed for applications. To this end, we can think to use the least concave majorant
(LCM) instead of the empirical c.d.f. in equation (3.1) (as proposed in modification (E1) of IHW
in Ignatiadis et al. (2016)). As we show in Section 8, ADDOW can be extended to that case (see
especially Section 8.1) and our results are still valid for this new regularized version of ADDOW.

Toward nonasymptotic results Interesting direction for future research can be to investigate
the convergence rate in our asymptotic results. One possible direction can be to use the work of
Neuvial (2008). However, it would require to compute the Hadamard derivative of the functional
involved in our analysis, which might be very challenging. Finally, another interesting future work
could be to develop other versions of ADDOW that ensure finite sample FDR, control property:
this certainly requires to use a different optimization process, which will make the power optimality
difficult to maintain.

8. Proofs of Theorems 5.1 and 5.2
8.1. Further generalization

Define for any v and W

G Mmg
HW(U/) = m_l |Ru7W n HO' = m_l ZZ ]l{pg,igauwg(u)ng,i:O}

g=1i=1

and N R

Py (u) =m™" |[Ryw NH1| = Gw (u) — Hw (u),
so that FDP (Ry) = fowf(v“) and Pow (Ruw) = E [PW ] (recall that MWBH (W) =
wlu m
Riy, w). Also define D g (1) = *1 ng Lyp, <ty so that GW( ) = Zg %Dg(aUWg(u))~

For the sake of generality Dg is not the only estimator of D, (defined in equation (B.1)) that
we will use to prove our results (for example, we can use the LCM of ﬁg, denoted LCM(A D,),
see Section 7). So let us increase shghtly the scope of the MWBH class by defining GW( ) =
P l~)g(auW (u)) for any estimator D such that Dg is nondecreasing, D 4(0) =0, D (1) =1

and Hf?g - DgH £, 0, where || - || is the sup norm for the bounded functions on their definition

domain. Note that at least (D), (Ag)g (by Lemma C.1), and (LCM(EQ)) (by Lemma C.6) are
9

eligible.
If W is such that Gy is nondecreasing, we then define the generalized MWBH as

GMWBH (( g ,W) = Ra,, w where ay =7 (éw) .
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If (l~)g)g is such that we can define, for all u € [0, 1],

W*(u) € argmax Gy, (u), (8.1)
weK™

we define the generalized ADDOW by
GADDOW ((D,),) = GMWBH ((D,)y, W*) ,

the latter being well defined because éW* is nondecreasing (by a proof similar to the one of

Lemma A.6). Note that for any continuous Dy, such as LCM(Bg) or D, itself, the arg max
in (8.1) is non empty and GADDOW can then be defined.

What we show below are more general theorems, valid for any GADDOW ((ﬁg) g). Our proofs

combined several technical lemmas deferred to Sections B and C, which are based on the previous
work of Roquain and Van De Wiel (2009); Hu, Zhao and Zhou (2010); Zhao and Zhang (2014).

Remark 8.1. GADDOW ((f)g)g) when Eg = LCM(EQ) and 740 = 1 is not exactly the same as
THW with modification (E1). In our notation, their procedure is WBH (W* (I (éW))> .

8.2. Proof of Theorem 5.1

We have

~

FDP (GMWBH ((ﬁg)g ’W)) - (m e [0,1],

where 4 is defined as in (C.6) so by Lemma C.5 we deduce that

FDP (GADDOW ((Eg)g)) 5 gg EB = Hﬁ"ou(u)

)

and then
lim FDR (GADDOW ((f)g)g)) = u T HS. (u*),

m—ro0

where G-, Hyp. and u* are defined in Section B.

If @ > 7, u* =1 by Lemma B.2 and au*W;(u*) > 1 by Lemma B.1 so w* T HS. (ut) = mp <
0 S Q.

If a < 7o, au™Wy(u*) <1 by Lemma B.1 so U(au*Wy(u*)) = au*Wy(u*) for all g and then

wTUHS. (uf) = a Z mgmg oWy (u")
g

<o) mmeoWy(u®) = a. (8.2)

g9

Moreover if we are in (CE) case (that is 74,0 = 74,0) the inequality above becomes an equality.
Finally if we are in (ED)+(EE) case (that is w49 = 7 and 74,0 = o) we write

wTHH (u) = a Y mymgW ()
g

= 00w Wy (u”)

The equalities in (8.2) and (8.3) are due to > my7g0Wy (u*) =1 (by Lemma B.1).

imsart-generic ver. 2014/10/16 file: HAL_Durand2018vl.tex date: September 28, 2017



G. Durand/Adaptive p-value weighting with power optimality 18
8.3. Proof of Theorem 5.2
First, in any case,
Py (@) = G (@) — Hypo (@) %5 G5 (u*) — Hig (u*) = Pig. (u”)

by Lemma C.5, where P, is defined in Section B.. Hence the limit of Pow (GADDOW ((59)9))
is P. (u*).

For the rest of the proof, we assume we are in case (CE) or (ED)+(EE), which implies by
Lemma B.3 that W*(u) € arg max,,c g Py (u) for all u, and that Pjs. is nondecreasing. We also
split the proof in two parts. For the first part we assume that for all m, Wis a weight vector
w € K™ therefore not depending on u. In the second part we will conclude with a general sequence
of weight functions.

Part 1 W =1 € K™ for all m. Let £ = limsup Pow (MWBH (w)). Up to extracting a subse-

quence, we can assume that £ = limE [ﬁﬁ,(ﬁw)} and 7,0 =% 7,0 for all g. Define the event

Vg, Tg,0 > g0
P,—P2|l — 0

Gy —-GX||l — 0

Q={ SUPucrs

SUD,, cRg

then P ((NZ) = 1 (by Lemma C.1), { = limE {]311](11@)]15} and by reverse Fatou Lemma ¢ <
E {hm sup 1371, (ﬂﬁ,)]lﬁ} .

Now consider that € occurs and fix a realization of it, the following of this part 1 is deterministic.

Let ¢/ = limsup ﬁw(aw) The sequences (LO) are converging and then bounded, hence the
g,

mgT
sequence (W) is also bounded. By Compacity,g once again up to extracting a subsequence, we can
assume that ¢ = lim ﬁm(ﬁw) and that w converges to a given w. By taking m — oo in relation
> T2qg 0y < 1, it appears that w® belongs to K. |G — G5 || < supy, ||Gw — G| + |Gy —
G || — 0 so by Remark B.2 4, — ul%, and finally

%%pmmwﬁprJﬂﬂwmpmmm
weRi
— 0,

by continuity of F, and because w € Q. So V' = P2, (uS%,) < P, (uS.) by maximality. Note

wev weY wWEeY

also that Gon.(-) < G79-(+) which implies that uS%, < ujy. = u* so ¢/ < Pi.(u*) because Pg.

wC'U
is nondecreasing. Finally limsup Py ()15 < Py. (u*) for any realization of €, by integrating we
get that ¢ < Pgp. (u*) which concludes that part 1.

Part 2 Now consider the case where W is a weight function v — W(u) Observe that

~

so by definition of Z(+), tiz <t ,, and then
w

As a consequence, Pow (MWBH (W)) < Pow (MWBH (W(ﬁw))) Finally, apply part 1 to the

weight vector sequence (W(dw)) to conclude.
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Remark 8.2. We just showed that for every MWBH procedure, there is a corresponding WBH

procedure with better power. In particular, by defining @ = ug;. the ADDOW threshold, we
showed that @ < figp. ;). But G
ADDOW is the WBH procedure associated to the weight vector W*(a).

> @ﬁ, and then 4 > uy for any w. Hence 4 = ﬁ/\*(ﬂ) and
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Appendix A: Lemmas and proofs of Sections 2, 3 and 4

Lemma A.1. For all g, F, is continuous.

Proof. Fy(xz) = 0 for all z < 0 and Fy(z) = 1 for all x > 1. F, is concave so it is continuous

over (0,1). F, is cadlag (as a c.d.f.) so it is continuous in 0. Write F, (££2) > w and
make t converge to 17 to get that Fy(17) > Fy(1) but we also have Fj;(17) < F,;(1) because Fy is

nondecreasing. O

Lemma A.2. Take a real valued sequence (Ay,) with Ay € (0,1), converging to 1, such that

ﬁ =o(1—A\p) and ";nggo =mgo0+0(1 —Ap) forall g. If f,(17) = 0 for all g and the p-values

inside each group are mutually independent, then

Vge{1,...,G}, #g.0(Am) — g0

— g1 = g0 — "fyfg(’ =0o(1—Ap).

m

Proof. First note that T
g
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Thus we have

1— ng > Lipgi<amy + %

|7Arg,0()‘m) - 7Tg,0| = T\ — Tg,0
m
Mg,0 Mg,0 1
_ Am |Tg0 = Tt | + Tt | Am = 5 2 ]1{pg,isx,,“Hg,i:0}‘
- 1-n
Mg.1 Mg,1 1
n Tg.1 — nfg + nfg Fo(Am) — Mg > Il{pg,ig)\mgHg,izl})
1—An
n mg11— Fy(Am) 1

mg 1=y m(l—\p)

L
< My SUPzc(o,1] ‘x T Mo > ]]'{pg,ingHg,iZO}‘

T omy 11—\

Mg SUPze(o,1] ’Fg(x) - % Ez ]l{pg‘q:gcc,Hg,i:l}‘ o)
my 1—\n '

The two suprema of the last display, when multiplied by +/m, converge in distribution (by
Kolmogorov-Smirnov’s theorem). So when divided by 1 — )\, they converge to 0 in distribution

and then in probability (because 171)\7” = o(y/m)). O

Definition A.1. The critical alpha value is

1
o = inf

weK®Se Zg TgWy (Tg,0 + 79,14 (07))’

where K> = {w € RY : >y TgMgowg < 1}
Lemma A.3. o* is always such that o® < 1.
Proof. We only need to show that for one w € K>, we have

ngwg (Wg,o + Wg,lfg(()Jr)) > 1.

g

Let us show that this is true for every w € K°° such that 3 w7y 0wy = 1, e.g. the w defined by
w, = =1 for all g. We use the fact that f,(07) > %(1)‘17(0) = 1 by the strict concavity of F,.

Tg,0 1
Then 7y + 7g,1f¢(07) > 1 and
Zﬂ'gwg (7"9,0 + ”g,lfg(0+)) > Zﬂ'gwg 2 Z”gﬁg,owy =1 O
g g9 g

Recall that Z(-) is defined as Z(h) = sup {u € [0,1] : h(u) > u} on the function space:
F={h:[0,1] — [0,1] : h(0) = 0, h is nondecreasing, } (A1)

which has the natural order hy < hy <= hi(u) < ha(u)Vu € [0,1]. F is also normed with the
sup norm || - ||.

Lemma A.4. For all h € F, Z(h) is a mazimum and h(Z(h)) = Z(h). Moreover, Z(-), seen
as a map on F, is nondecreasing and continous on each continuous hg € F such that either
u > ho(u)/u is decreasing over (0,1], or Z(hg) = 0.
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Proof. Z(h) is a maximum because there exists €, — 0 such that
h(Z(h)) = h(Z(h) = en) = Z(h) = en — Z(h).

So h(Z(h)) > Z(h). Then h (h(Z(h))) > h(Z(h)) thus h (Z(h)) < Z(h) by the definition of Z(h)
as a supremum.

Next, if hl é hg, I(hl) = hl (I(hl)) S h2 (I(hl)) SO I(hl) S I(hg) by defintion of I(hg)

Now take a continuous hg € F such that either u — ho(u)/u is decreasing or Z(ho) = 0, and
h any element of F. Let v > 0, let u_ = Z(ho) — 7 and uy = Z(hg) + v. We want to prove that
there exists an 7, such that ||h — hol| < n, implies u_ < Z(h) < uy.

If uy > 1 then obviously Z(h) < uy. If not, let s, = /IET[laX | (ho(u') — ). It is a maximum by

s

continuity over a compact and is such that s, < 0, because s, > 0 would contradict the maximality
of I(ho)
Then, for all v’ € [uy, 1],

h(u') —u' < ho(u') —u' + ||h — hol|,

and then
sup  (h(u') — ') < s, + [}h — o]

u' €fuy,1]
Hence, as soon as [|h — ho| < 3]s/, SUPy/efuy 1] (R(uW') —u') <0 and Z(h) < us.
If u_ < 0, which is always the case if Z(hg) = 0, then Z(h) > u_. If u_ > 0, u — ho(u)/u is
decreasing and
ho(u—) S ho (Z(ho)) _
U_ I(ho) ’
s0 ho(u—) > u_. We can then write the following:

h(u_) —u_ > ho(u_) —u_ —||h — ho|| > 0,

as soon as ||h — ho|| < § (ho(u—) — u_). This implies Z(h) > u_. Taking

1 .
Ny = 5 min (Isy I gur <1y + Tuys1y (ho(u—) —u_) Ty soy + Tju_<o})

completes the proof. O

Lemma A.5. Let a weight function W : [0,1] — Rf. For each r between 1 and m denote the

W (r/m)-weighted p-values Pl =

g,t
pg]) <...< pE:L) and note p[ ]) =0.

Pg.i/ Wq(r/m) (with the convention py;/0 = oco), order them

Then Gy = m~! max {r >0 .pET]) <al }

Proof. Let us denote 7 = max {7" >0 :pE:]) < a#} and show 4w = #/m by double inequality.
First, we have

)= D9 P

g=11i=1

G myg

1221{;9”@@

glzl g

—1 ~
=m E 1 » 1 =>7/m
r=1 {pETr]>§a"7L} = #/m,
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because pEi]), . ,p[?) < a%. Then 7#/m < 4w by definition of Gy . Second, we know that @y can

be written as &/m because ty = @W (Gw), so we want to show that & < # which is implied by 7,

pE'Z]) < a%. The latter is true because

Lemma A.6. G

7~ s nondecreasing.

Proof. Let u < u'. G\W*(u’) = max Go(u') so by denoting w = /W*(u) we have G\W*(U/) >
wekm

G (u'). Furthermore,

1 G mg G myg

éw(u/) = E Z Z ]l{pg,igau’wg} > % Z Z ]l{pg,igauwg} = GW* (u)a

g=11i=1 g=11i=1

which entails GW*(UI) > CAY'W* (u). O

Appendix B: Asymptotical weighting

Define, for a weight function W : [0,1] — R$, possibly random,

G
Py i u— ZﬁgﬁgﬂFg (cuWy(u));

g=1

G
Wou ngDg (cuWy(u));
g=1

and
Hy (u) = Gy (u) — P (u),

where
Dyt myoU(t) + mg1Fy(t) (B.1)

is strictly concave on [0, 1] because Fy is and myq > 0. Note that, if W is a fixed deterministic

weight function, Pjy and G} are the uniform limits of P‘S;n ) and Gg,n ) when m — oco. If W is
such that G is nondecreasing, we also define

uie =T (G) . (B.2)

Recall that K = {w € R{ : >y MgTgowg < 1}. It is the asymptotic version of K™. We now
define oracle optimal weights over K*° for G (u) and P> (u), for all u > 0.

Lemma B.1. Fiz an u € [0,1]. Then argmax, ¢ g Goy (1) is non empty.
If0 < au < 7g it is a singleton. Its only element w* belongs to [0, ﬁ]a and checks Zg TyTg.0W, =
1. If au > 7o it is included in [, 00)%. Finally max,cx- Go (u) = 1 if and only if au > 7.
The same statements are true for P>, except that maxy,ecxe P5(u) = 1 — m if and only if

au > mg.

Proof. The function w — G$°(u) is continuous over the compact K> so it has a maximum. Note
that max,exe G (0) = 0 and arg max,,c g G (0) = K°°. For the rest of the proof u is greater
than 0.

imsart-generic ver. 2014/10/16 file: HAL_Durand2018vl.tex date: September 28, 2017



G. Durand/Adaptive p-value weighting with power optimality 24

First we show that any w* € arg MaX,,e oo G2 (u) belongs to [0, =] or [, 00)“. If not, there
is w* € argmax,, ¢ g G5y (u) such that auw; > 1 and auw;, <1 for some g1, g2 < G. Now then

we define w such that @, = w; for all g & {g1,92}, Wy, = L and
~ 1 g, T 0
Wy, = wy, + (wy — — | L= > W)
au /) Tg,Tgs,0

So @ belongs to K and satisfies

Gy (u) = Z 79Dy (auwy) + 79, + g, Dy, (qubg, )
97#91,92

> Z 7y Dg(auwy) + mg, + 7y, Dy, (quwy,) = G (u),
97#91,92

because D, is increasing over [0, 1] and then constant equal to 1. This contradicts the definition
of w* so is impossible.

Next we distinct three cases.

(i) ou = 7o. Thenwy = (L, ..., L) = (7’?10’ e 7,%) is obviously an element of arg max,, ¢ g Gor (1)
because

G
() = Z’/TQD
g=1

and we easily check that Zg TgTg.0(wo)g = 1. Thus for every w € K distinct from wy, there
must exist a g1 € {1,..., G} such that auw,, <1, s0 Dy, (auwy,) <1 and G7(u) <3 mg=1:
w is the only element of arg max,, ¢ g Gon ().

(i) ou < 7. If a w* € argmax,,c g G5 (u) exists in [, 00)¢, then w) > L > L

M — and
—_ * . . . . au 71—0
>y TgTg0wy > 1 which is impossible. So

argmax Gy (u) =  argmax G (u).
weEK > weK>n[0,L]¢

The function w — G5 (u) is strictly concave over the convex set K N[0, -] because 741 > 0
and D, is strictly concave over [0, 1] for all g, hence the maximum is unique.

We showed that the only w* € argmax G°(u) is not in [-1- 00)¢ so there exists g; < G such

e Koo au’
that auw; <1 thus G3(u) < 1.
Furthermore Zg TgTgow, = 1 :if not there is a w with wy, > wy, and w, = wy for all g # g1
such that @ € K> and G¥ (u) > G (u) which is impossible.

(ii) au > 7. So u > T2 and obviously

max Gy (u) > max G5 (FO) Goy (—) =1,
we Ko we K> o «Q

as stated in case (7). So maxyecxe Gg (v) =1 and then the elements w* of arg max, ¢ e Goy (u)
are the ones fulfilling Dy(auw}) =1 for all g that is w* € [, 00)%.

The proof is similar for P°° by replacing D, by 741 F,. O

From now on, W*(u) denotes an element of arg max,, ¢ oo Gor (1) (just like we write W (u) as an
element of arg max,, ¢ gm Guw(u)), our results will not depend on the chosen element of the argmax.
Next Lemma gives some properties on the function G ., among them Gy is nondecreasing which

allow us to define
u =upp. =L (Gip+). (B.3)

Lemma B.2. Gy. is nondecreasing and u* > 0. G{p. is strictly concave over [0, % A1] and, if
a > 7o, constant equal to 1 over [72,1].

In particular, (i) v* =1 if and only if o > 7y (i1) the function u — Gip.(u)/u is decreasing
over (0,1] (ii1) G55 is continuous over [0, 1].
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Proof. Gy, is nondecreasing by exactly the same argument as in the proof of Lemma A.6. The
result can be strengthened thanks to Lemma B.1, by writing, for u < u’ < 72 A1, that Gy (w) (u) >
G+ (uy (1) because 1 > Gi. (u). So Giy. is increasing on [0, o A1)
To prove that u* > 0, take some w € K°° such that
*

1
> >a.
Eg Tgwg (g0 + mg,1.f4(07))

Because the expression above is continuous of the wy, they can always be chosen nonzero. We have
u* > ul because Giy. > G%°. Then we have, for z > 0, z — 07,

Go(x) =G (0) _ GF(x) Fy(azw,)
=, = zg:ﬂgﬁg,oawg + zg:wgwg,lawg g g

«

x—0 azTwy

— aZﬂ'gwg (Trg,o + 7rg,1fg(0+)) >1,
g

so G52 (u) > w in the neighborhood of 0%, which entails u3® > 0.
Now take a,b € [0, 22 A 1] with a < b and A € (0,1), by Lemma B.1 aaW; (a), bW (b) < 1
and then, for all g:

Dy (AaaW;(a) + (1 — X)abW; (b)) > ADy (aaW; (a)) 4+ (1 — A) Dy (abW; (b)) .
Moreover, because Gy (a) < G (b), for at least one g1 we have aWy (a) # bW, (b) and by strict

AaW} (a)+(1—X)bW (b)
T Xat+(1-N\)b - We

concavity of Dy, the inequality above is strict for g;. Then define W, =
have @ € K* and then for all g:

mgDg ((Aa + (1 — X\)b)ig) > AmgD, (aaW;(a)) + (1= NmygDy (abW;(b)) ,
the inequality being strict for g;. Finally by summing;:
weAa+ (1 =X)b) > GZ(Aa+ (1 —A)b) > AGp«(a) + (1 — NGy (D).

Additionally, G{p.(u) = 1 for au > 7y comes from Lemma B.1. The fact that u* =1 <=
a > 7o follows directly from the previous statements and Lemma B.1. The decreasingness of
u — Gy (u)/u is straightforward from strict concavity properties because it is the slope of the
line between the origin and the graph of G{y. at abscissa u > 0. Previous statements imply that
GPy« is continuous at least over (0, 22 A1) and, if a > 7o, over [Z2,1]. K> is bounded, let B such
that |wg| < B for all w € K, then Gip.(u) < 3°, 22 Dg(auB) — 0 when u — 0 which gives the
continuity in 0. As in the proof of Lemma A.1, the continuity in 72 A1 is given by the combination
of concavity and nondecrease. O

Remark B.1. The case a > 7y is rarely met in practice because « is chosen small and the signal is
assumed to be sparse (so 7 is large) but it is kept to cover all situations. It confirms the intuitive
idea that in this situation the best strategy is to reject all hypotheses because then the FDP is
equal to mp < 7y < a.

Remark B.2. For a weight vector w € RY, G is obviously continuous. Moreover if w # 0, let
M = maxo<u<1 Goo(u) <1 and v® = min{u : G (u) = M} > 0, then G is strictly concave over
[0, u°] and constant equal to M on [u®, 1], hence u — G5 (u)/u is decreasing. So whether w = 0
or not, Z(+) is continuous in G5 by Lemma A.4.

Remark B.3. The proof of the strict concavity of G5y . can easily be adapted to show the (non

necessary strict) concavity of @,v* when l~)g =LCM (ﬁg).

Figure 6 illustrates all the properties stated in Lemma B.2, with the two cases o > 7y and
a < 7.

The next Lemma justifies the intuitive idea that maximizing the rejections and the power is
the same thing (as exposed in Section 3.2), but only under (CE) or (ED)+(EE).
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Fig 6: Plot of u — G$3. (u) when o > 7 (left panel) and o < 7o (right panel).

Lemma B.3. In (CE) or (ED)+(EE) case, for all u € [0,1],

arg max Gy (u) = argmax P.°(u).
we K we K

In particular, Pgs. is continuous nondecreasing.
Proof. First, argmax,,c g G (0) = argmax,,c goo P (0) = K°°, so assume u > 0. If au > 7o,
maxyero G (u) =1 and maxyecx~ Py (u) = 1 — 1o by Lemma B.1, thus arg max ¢ oo Goy (1)
and argmax,c g Pg’(u) are both equal to the set of weights w € K such that auw, > 1 for
all g.

Now if au < 7p, both arg max are singletons. Take w* the only element of arg max,,c oo Pg’ ()
and write, for all w € K,

G (u) =Y mymg oU (quwg) + Pod (u)
g

< au Z TgTg0Wg + Poe ().
g

In case (CE), 74,0 = Tg,0 50 >_, Mg owy < 1 and

G (u) <au+ PR (u) =au Z TgTg,0w, + Pg: (u)
g
= mymgoU(auwy) + P (u) = Gos (w),
9

because Zg mgmgow, =1 and auwy <1 for all g, by Lemma B.1. This means that w* is also the

unique element of arg max,, ¢ g G (u).
In case (ED)+(EE), we write, as in the last part of the proof of Theorem 5.1,

GX(u) < aul® + P2 (u) = au Z Tgmow, + Pg: (u) = G (u),
0 g

and we get the same result. Finally the properties on FPy7. are obtained by the same proof as
Lemma B.2. O
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The next lemma is only a deterministic tool used in the proof of Lemma C.4. Define the
distance d of a weight vector w to a subset S of R by d(w,S) = infges maxy |w, — w,|. Let

M, = argmax,,¢ g Go(u) to lighten notations.

Lemma B.4. Take some u € (0,1]. Then we have:
Ve > 0,3¢ > 0,Vw € K, |G (u) — Gy« (u)| < € = d(w, M) <e.
In particular, if au < 7,

Ve > 0,3¢ > 0,YVw € K™, |Gy (u) — Gy« (u)] < £ = max ’wg — W;(u)‘ <e, (B.4)
p .

and if au > Ty,

Ve > 0,3 > 0,Vw € K, |Gy (u) — Gip« (u)] < € = (Vg, auwg>1 —¢). (B.5)

Proof. If the statement is false, there exists some € > 0 and some sequence (w,),>1 converging to
aw’ in K (because K> is compact), such that d (w,, M,) > € and

|G7‘fn (u) — %*(u)’ — 0.

By continuity of Dy, G5 (u) = G- (u) so w’ € M, which contradicts d (w’, M,) > e. If au < 7,
M, is a singleton by Lemma B.1, hence (B.4). However, if au > 7o, M,, = {w € Rf tauwg > 1Vg}
by Lemma B.1, hence (B.5). O

Appendix C: Convergence lemmas

Recall that || - || is the sup norm for the bounded functions on their definition domain: ||f|| =
supyepo1) |f(w)] or [|f]| = sup;er [ £(2)

Lemma C.1. The following quantities converge to 0 almost surely:

SuprRf ﬁw - Hvi.;o ’ Supu)Ejo ﬁw - Puo;o ’ SuprRf éw - GZ;O ’ and’ fOT' all 9; Bg N Dg”
Furthermore, for any (ﬁg)g such that Hﬁg - DgH LN 0,
sup éw _ GﬁH i) 0. (C.1)
wERE

Proof. By using the same proof as the one of the Glivenko-Cantelli theorem, we get from (2.1)
and (2.2) that, for all g,

m
1 J a.s.
‘m 0 Z ]]'{pg,ig'ng,iZO} -U 0,
DY =1
and
1
a.s,
Mg Zﬂ{Pg,iS',Hg,izl} - Fg 0
L=

Next, we write that

m
1 m
il _ g0 _
| m, E Ly, i<m,,=0) — TgoU| < m, 0
=1
1 'HLg
+ 7rg,0 : :]]'{Pg,ig'ngJ:O} - U
mMg.0 <
Y og=1
a.s.
— 0,
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and similarly

’m%? S Ly, i< Hy =1} — Wg’ngH 2% 0. So by summing, || D, — DgH 25 0. Apply
the triangular inequality once again to get that || % S Lip, < H,.=0} — 7rg7rg70UH 2% 0 which
implies

G mg
~ 1
sup ||Hy, — H;ZOH < Z o Zﬂ{pg,iﬁ-ﬂg,i:@} — mgTg,0U
weRY g=1 i=1
=5 0.
Similarly SUD, RS P, — Pl 2% 0 and SUD,, R G — G;’f‘ 2% 0 by sum.
Finally,
~ m ~
sup Gw—GEf’HSZ(‘—Q—WQ‘—&-WgHDg—DgH)i)O. O
weRf g m

From now on 5g is assumed to converge uniformly to D, in probability and that W*(u) €

arg max,,c gm G (u) exists for all u.
Next Lemma is the main technical one (with the longest proof).

Lemma C.2. We have the following convergence in probability:

|G - G- S0,
Proof. First,
HEJW*—G% < sup éw—GﬁHthG%*—G“* :

€]
weRY

where the first term tends to 0 by (C.1), so we work on the second term.

The main idea is to use the maximality of Gy, (u) in W*(u) and the maximality of G2 (u) in
W*(u). The problem is that one is a maximum over K™ and the other is over K°°. The solution
consists in defining small variations of W*(u) and W*(u) to place them respectively in K and
K™,

Let Wj(u) = 7272 W (u). Then W (u) € K> and

MTgTg,0

myT —~
— 9"g,0 *
- 1‘ |,

g g =
MmmgTg.0

MgTyg,0

m P mg ~ P _
= —1 — — 0 because —4 0 — myTg.0,
mﬂ'gﬂ'g’o mgﬂ'g,o m

which in turn implies that

o0 (e8]
&3 - e

< S|y s100) -, e 0)
LN (C.2)

because Dy, is uniformly continuous over R.,. Likewise, we define W (u) = Z22"20117* (). There-
97g,0
fore Wt(u) € K™,

R o T L
MgTg,0 TgTg,0
and P
IG5 — Gl <> g sup |Dy (auWi(u)) — Dy (cuW; (u))| — 0. (C.3)

g
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With (C.1) and (C.2), we deduce that

| G

<G 65| + o - e

+ HG%* — GW*

50, (C.4)
and likewise with (C.1) and (C.3) we have

Héwf—éww 20 (C.5)

Combining (C.1), (C.2), (C.4), (C.5), and the maximalities of éw*(u) and G$p. (u) will finish
the proof. As a start, write

b

HG%*—GW*

<Je. -G +[ez. -

with HG% - G%TH Lo by (C.2), and, for all u,

G2, () = G- ()| = G- () - G, (),

by maximality of G{p.(u) over K>°. Then

sup (G- (u) — G35, (u)) < sup (G- (u) — Gw-(u))
+ stllp (CNJW* (u) — (NJWT (u))
+9?(éwguy-c§4m),
with sup,, (G%(u) - C:’W*(u)> 50 and sup,, (éW’r (u) — G, (u)) 50 by (C.1).
Finally,

sup (G- (u) — G (w) < sup (G- (1) = Gy ()
+ sup (éwi (u) — éW* (u))

+ st;p (éw*(u) - G’VVT(“)) )

with sup,, (éw* (u) — Gy (u)) 5 0by (C.5) and sup,, ((N?W(u) - éwf(u)> 50 by (C4). As a

consequence there exists a random variable V,,, % 0 such that

|G - G-

S sup (éWT (u) - éw* (U)) + ‘/nu
but Gyt (1) — éw(u) < 0 by maximality of éW* (u) over K™, so

<V, 5o. O

e
Next Lemma is a direct application of Lemma A.4. Recall that u* = ugy. (see (B.3)) and let
i = . =T (G ) (C.6)

w
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Lemma C.3. We have the following convergences in probability:

Proof. u+— Gip.(u)/u is nondecreasing and Gy is continuous by Lemma B.2 so by Lemma A.4
Z(-) is continuous in G{p.: let v > 0 and 7, as in the proof of Lemma A.4, then

P (i —u*| <) >P (Héw* er

< ) — 1.
=T Lemma C.2

Second result follows immediately because éW* (@) = u and Gp9. (u*) = u* by Lemma A.4. O

Lemma C.4.

(i) If o < 70, WH(@) — W*(u"). .

(ii) If « > 7o, the inferior limit in probability of aaWy (@) is greater than or equal to 1, uniformly
in g, which reads formally:

Ve >0, P (vg, QW (i))>1 — e) 1.

Proof. First, we use the same trick as in the proof of Lemma C.2: let Wg (u) = Tzf;fgoo W*( ) such
that W(u) € K> and ||W* - WJH 0.

Let us show that ’GO‘;T( )( u*) — Gy« (u*)
because u* > 0). We have

250 to apply then Lemma B.4 (always possible

‘G%wa)(“ ) = G

< |6z, o) - G @)
+ ’G%* i) — éw*(a)‘

+ ]ém(a) — G (u)] .

First term converges to 0 because for all g, Dy is uniformly continuous and

aw W) (i) — aaW; (@ \< ’oeu W) — au* W (i )]+\au*ﬁv’;(a)faaﬁg(a)

0. (C.7)

m
A R e e

Apply (C.1) to the second term and Lemma C.3 to the third.
(i) If o < 7o, then au* < 7Ty and by equation (B.4), W (&) SN W*(u*). But for all g

W (@) — Wy (u*)

< Wy = Wil + | W) @) - Wy )

and then W* (i) N W*(u*).
(i) If « > Tp, u* =1 by Lemma B.2 and by equation (B.5),

Ve>0, P (Vg, au*WJ(ﬂ)>1 — %) — 1.
By equation (C.7) we also have
Ve >0, P (vg, \au*W;(a) — aaﬁ/’;(a)\ < 7) 1,
and by combining the two we get the desired result. O
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Lemma C.5. We have the following convergences in probability:

G () = G (u¥),

7 ~\ P 00 (%
He, (4) — Hype(u®).

Proof. We have

Gy (@) = G- (u)| < sup |G — G2 | + |, (@) - G- ()]
weRY

Hence, by Lemma C.1, we only need to show that Hz (@) N Hyp. (u*).

(i) If a < 7o, @ 25 4 and W* (@) N W*(u*) by Lemma C.4. Then a@W* () SN aw*W*(u*).
We get the desired convergence by D,’s continuity.

(i) If o > 7o, u* = 1 and auw*W;(u*) > 1 for all g so Gy (u*) = 1. Then by Lemma C.4
D, (aaW; (ﬁ)) %4 1 which means that G (1) N Dy mgl=1

The proof for H is similar, just replace D, by myoU (and 1 by ). O

The last lemma states that LCM(IA)Q) is a valid estimator of D, to use in GADDOW.

Lemma C.6. Assume that 159 = LCM(ﬁg). Then 159 is nondecreasing, 59(0) =0, 159(1) =1
~ P

and HDg - D[ 0.

Proof. ZN)g(O) = ZA)g(O) = 0 and ﬁg(l) = ﬁg(l) = 1 from the closed form given in Lemma 1 in

Carolan (2002). Let a,b € [0,1], a < b, and let

_J Dy(t+b—a) if t+b—a<1
C(t)_{ 1 if t+b—a>1.

Then C' is concave, and

C(t)>{ Dy(t+b—a) >
= >

D,(t) if t+b—a<1
1 D,

(t) if t+b—a>1,

because lA)g is non decreasing. So by definition of the LOM, C(t) > Dy(t) for all ¢ € [0,1]. In
particular,

Dy(b) = C(a) > Dy(a),

and D, is nondecreasing. Finally, the convergence comes from || D, — Dy|| < ||Dy — Dy ||, see also
Carolan (2002). O

Appendix D: Proof of Corollary 5.3 for Pro1

First, @) Ly w® where w® = (i . i) and H® 5 @ where, for all g, w£(72) =

7o' ? o
% By using Lemma C.1 and the continuity of D, we get that 1G oy — Gl L5 0and
Hém(z) -G |l 2, 0 and then by Lemma A.4 we get that ) LN uy and gz LN U2y SO

. P
fipr — upr where uyr = max(ui}"(l),uﬁ@).
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MmmgTg,0

Define again Wg(u) = MW; (u) and note that the power of Prol is E [ﬁw(ﬁM)} We
have

ﬁW* (tipr) < sup
wERJGr

~

P, — P;',OH + HP%* - P,

+ P2, (i)

~

Py —p2| + | P, - Pz, | + PR (ann)

< sup
wERf

P
— PI?VO* (UJW),

because Pgs. is continuous by Lemma B.3.
Note that u* > ups (because Gip. > G2, and Gip. > G%)) to conclude.
w w

Appendix E: Proof of Theorem 5.3
First note that 1 = (1,...,1) € K. Fix a given ug € (0,1), say up = 1/2. Then, by Lemma C.1,

sup  sup (@w(u) - au) > G1(ug) — g 55 G (ug) — aug. (E.1)
we K uelo,1]

Then, denoting K7 = G$°(ug) — aug, we have

Ma

K1 = Tg (7Tg’00l7.L0+7Tg11Fg(Oé’U,O) —auo)

Q
Il
_

TgTg1 (Fy(oug) — aug) > 0,

I
Ma

Q
Il
—

because g1 > 0 and, by strict concavity, for any « € (0, 1),

Fy(z) _ Fy(z) — F,(0) > Fy(1) — F,(0) -1
x z—0 1-0 '

By multiplying both terms of (E.1) by v/m we get that Z,,, > \/mY,, for some variable Y,,, checking
Yin =% K > 0.

m—00
Next, recall that
G myg
Zom =+/m sup | m™! ZZH{U( SoulWs () s
u€0,1] g=ti=1 =T
where the U, ; are uniform variables over [0, 1] with, for all g, Uy 1, ..., Ug,m, independent, and

G myg

W*(u) € argmaxm ™" Z Z 1v, ;<auw,}-

weK g g=1i=1
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Define also (/]\g,mg ctemyt >t Ay, ,<ty- We then have

a
Zom = /m sup (gz_:l %Ug’mg (auW;(u)) — au)

u€[0,1]

<Vf*§:44,am]@§mg@ny@ﬁ, (E.3)

where the equality in (E.2) comes from %W; (u) =1, and the inequality in (E.3) comes from
U(t) = min(1,t) < ¢. Therefore

G G
ZOm < |Z0m| < \/YTLZ% ”ﬁg,mg - U” = Z \l %\/@Hfjg,mg - UH '
g=1 g=1

Therefore, for all ¢ > 0,
P(Zom > ¢) <P (Z \/7FHU my = U > c>
(o 1 )
G
<3 (v um. 0l [75)

Now, applying G times the Dvoretzky-Kiefer-Wolfowitz-Massart inequality (Dvoretzky, Kiefer and
Wolfowitz, 1956; Massart, 1990), we derive

< m 02
]P)(Z()m > C) S Z2exp ( 2mG2>
g

g=1

m\ ¢
< - i — | == .
< 2G exp < 2121;1%16' (mg) G2)
Now define

G
Cm = \/i\/lr<11ga<xc (% (5 ) < Ko/ K3 — log(B,) for some Ky, K3 > 0.

From above, P(Zy,, > ¢m) < By which in turn implies gg,, m < ¢m, because by definition

48,,,m =min{z : P(Zy,, > ) < S }.

Finally, ¢5,, = 12,545, m} = Liymvi,>en}s a0d ¢m =0 (v/m) because f3,, > aexp (fbmlfl’),
which proves that ¢, — 1 almost surely.
Now showing that SADDOWg, has same asymptotical FDR and power as ADDOW is easy,
because on one hand,
|[FDP (sADDOWg,,) — FDP (ADDOW)| = |(¢3,, — 1) FDP (ADDOW)
+(1 — ¢p,,) FDP (BH)|

<201-¢p,] =20,
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and on the other hand
Pow (sSADDOW 3,,) = E |63, P (@) + (1 = 93,,) Pu(u)]
with

08, P (@) + (1 = 65,) Pr (1) = P ()| < 2[1 = 65, | =% 0.
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