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DISPERSION RELATIONS
IN HOT MAGNETIZED PLASMAS

CHRISTOPHE CHEVERRY ), ADRIEN FONTAINE(

ABSTRACT. In the framework of hot magnetized collisionless plasmas, dispersion relations
have been extensively studied in the past [2, 11, 12, 22, 31, 32, 35]. This subject is still
topical in plasma physics [17, 25, 30, 34, 39]. The aim of this article is to provide a
rigorous derivation of the characteristic variety, based on some asymptotic analysis of
the relativistic Vlasov-Maxwell system. Special emphasis is made on the modeling of
Tokamaks, with spatial variations of the magnetic field and of the equilibrium distribution
function. In order to take into account the inhomogeneities, the problem is formulated in
terms of geometrical optics [27, 29]. This allows to unify, justify and extend the preceding
results. New aspects are indeed included. For instance, the dielectric tensor is defined for
real frequencies through singular integrals involving the Hilbert transform.

Keywords. Hot magnetized plasmas ; relativistic Vlasov-Maxwell equations ; tokamaks ;
dispersion relations ; characteristic variety ; wave particle interaction ; kinetic resonances
; dielectric tensor ; Hilbert transform.
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1. INTRODUCTION

The dispersion relations have been extensively studied in plasma physics. It is because
they are involved in a wide range of astrophysical contexts and laboratory experiments
through wave-particle interaction [21, 36], transfer of power between waves and particles,
heating of plasmas, reflectometry techniques [19], and so on. The preparatory works from
the 1960s, 1970s and 1980s [2, 11, 12, 22, 31, 32, 35] are the template for recent numerical
studies [34, 39], for contemporary investigations in more complex situations [17, 25, 28, 30]
or, like in the present text which is about tokamaks, for developments up to the case of
non-uniform magnetized plasmas.

In real fusion machines, the dominant distribution function and the external magnetic field
are inhomogeneous. They undergo significant fluctuations in position. These variations
have a major effect on the geometry of wave propagation. Their impact is important
when performing ray tracing, with many practical consequences. It becomes decisive when
looking at the transport equations (to measure power transfers between waves and particles)
or in the perspective of long time studies [5, 6]. However, the presence of inhomogeneities
is complicated to simulate. This is probably why, despite some attempts [33], this subject
has not been completely studied. Another reason is, without a doubt, a general principle
of physics according to which a dispersion relation can be obtained by analyzing a plane
monochromatic wave in a homogeneous medium, and then letting the medium’s properties
(in the dielectric tensor) vary slowly in position. After verification, this principle holds true,
but it is not so easy to determine what should vary, why and how. There are questions
that remain unanswered. The aim of this article is precisely to check what the situation
really is. It is to rigorously define the characteristic variety by extracting the corresponding
dielectric tensor through a comprehensive study. To this end, it is not enough to extend
existing procedures, which give formal results, provide partial information or rely on specific
hypotheses. A new approach is needed.

In a plasma, the presence of a strong magnetic field makes the charged particles oscillate
at the electron cyclotron frequency ¢! with ¢ < 1. Away from thermal equilibrium, the
repartition of the charged particles is therefore described by oscillating kinetic distribution
functions whose structures are exhibited in [6]. This produces oscillating currents. Then, by
a mesoscopic caustic effect [5], self-consistent oscillating electromagnetic waves are emitted.
They act like coherent sources [7]. Roughly speaking, it is as if the rays emanate from a
smooth nonlinear phase ¢(t,x). The same applies to waves launching by antennas, in view
of the radio frequency heating of tokamak plasmas.

It turns out that the propagation of electromagnetic oscillations in a hot quasi-neutral
background of ions and electrons can be described in the framework of some asymptotic
analysis. To some extent, we can consider WKB expansions involving a single phase ¢(t, x),
as in (3.3). From there, the matter is to construct for the relativistic Vlasov-Maxwell
system an adequate geometrical optics. In comparison with usual theories in hyperbolic
equations [27, 29], new difficulties come from the kinetic resonances which are hidden in
the self-consistent picture.
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As a matter of fact, the propagation of waves is still governed by a dielectric tensor o (-).
But now the dielectric property becomes a reactive aspect of the wave-particle interaction.
The aim of this article is to derive 0 (+) from basic principles. Then, it is to rigorously define
the content of 0(+) in the domain of real frequencies. When doing this, complications arise
for instance from the singular integrals that play a part in the construction of o (-).

Theorem 1 (eikonal equation in axisymmetric configurations). There ezists a well-defined
skew-symmetric matriz 0 () playing the part of a conductivity tensor, such that the eikonal
equation governing wave propagation in tokamaks can be determined through the following
Hamilton-Jacobi equation:

(1.1) det (Vx¢p 'V + (89)* Id — |Vxd|? Id +i s O(x, 040, Vxp)) =0
More precisely, the matriz 0(-) is defined by:

+o0 pm 4 a Fd
(1.2) o(x,7,§):= —4mi G’d(\I'( / / Tn dr dw

nEZ T + Tn

where G4(-) and F4(-) are constitutive elements of realistic tokamak distribution functions
(see [10, 23] and Definition 2.2), whereas V(-) is a general poloidal fluz function. At the
level of (1.2), the "T,," symbol stands for the skew-symmetric matriz:

PR g ROLO gy BEO g
T, = _inJnQ) Ju(©) sin® @ (J!(¢))? sin® w —iJo(¢) I () cosw sin®w |,
n J2(C) . 2 . ’ .2 2 2 :
cosw sin“w  1J,(¢) J}, () cosw sin” w J5(¢) cos® w sinw

¢

where Jy(-) denotes the n-th Bessel function of the first kind. Introduce be(-) as in (2.20).
The function be(-) takes into account the variations of the external magnetic field. The
scalar functions 7,(-) in (1.2) and ((-) in T, are given by:

Ta(x, 7w, &) == (r)7! (1) cosw +nbe), C(x,m,w,&1) =7 & sinw be(x)7!.

This text is divided into two main chapters, Section 2 and Section 3.

The discussion begins in Section 2 with the modeling of hot magnetized collisionless plasmas
in axisymmetric configurations, through the textbook case of tokamaks. The starting point
is the relativistic Vlasov-Maxwell (RVM) system. A first step (Part 2.3) is to describe the
content of toroidal equilibria. This means (Paragraph 2.3.1) to use practical external
magnetic fields Be(-) and (Paragraphs 2.3.2 and 2.3.3) to exhibit realistic distribution

functions fi(-) satisfying the stationnary RVM system (2.9)-(2.10). A second stage (Part
2.4) is to perform some dimensionless analysis of the RVM system. The purpose (Part 2.5)
is to interpret the hot regime in terms of some asymptotic analysis, where the size of all
physical quantities is expressed in function of the small parameter €. By this way, we are
led to a version of the RVM equations which is much more singular than in the article [8],
with a number of new aspects which must be taken into account.
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Section 3 contains the core of the analysis. Part 3.2 is devoted to a precise description of
the characteristic variety. The framework of geometrical optics allows in the preliminary
Paragraph 3.2.1 to extract a simplified system of equations. Then, in Paragraph 3.2.2,
we perform a Fourier analysis through the Jacobi-Anger identity. In Paragraph 3.2.3, this
leads to some interesting kinetic interpretation of the electron cyclotron resonances. By
this way, in Paragraph 3.2.4, we can get a formal definition of the dielectric tensor o (-).
Now, the aim of Part 3.3 is to clarify the meaning of 0 (-). This is achieved in several stages.
First, in Paragraph 3.3.1, we perform a change of variables. Secondly, in Paragraph 3.3.2,
we introduce the Hilbert transform and we study its action through Lipschitz estimates
(Paragraph 3.3.3) and through L!'—estimates (Paragraph 3.3.4). Finally, the particular
cases of perpendicular and parallel propagation are adressed in Part 3.3.2.

The formula (1.2) is new. It shows through the variations of the functions G4(-), F4(-), ¥(-)
and b.(-) what can be the concrete influence of the inhomogeneities. On the other hand,
the mathematical difficulties which are solved in Part 3.3 in order to rigorously define
the dielectric tensor 0 (-) are original. They are issued from an interpretation of wave-
particle interactions, where the gyroballistic dispersion functions 7,,(-) with n € Z appear
as constitutive elements of 0(-). As an extension of the present work, the mechanisms of
power transfer between particles and waves could be further investigated [7].

2. HOT MAGNETIZED PLASMAS IN AXISYMMETRIC CONFIGURATIONS

This section is dedicated to the modelling of hot magnetized plasmas in axisymmetric
configurations. We will consider the case of Tokamaks. Keeping in mind the physical
observations, the discussion will be systematically tested in this Tokamak context. The
basic equations are the Relativistic Vlasov-Maxwell equations (RVM equations) recalled
in Paragraph 2.1. Paragraph 2.2 introduces the notations and assumptions that will be
used throughout this article. Section 2.3 exhibits exact and realistic stationnary solutions.
Section 2.4 highlights dimensionless equations which are issued from the RVM equations.
This leads in Section 2.5 to the notion of what is a hot asymptotic regime.

2.1. Relativistic Vlasov-Maxwell equations. The topic of RVM equations has been
widely discussed [3, 5, 13, 14, 24]. The corresponding framework is recalled hereafter. The
speed of light is ¢g ~ 2,99 x 108 ms™1. Let L € R% be a characteristic spatial length. The
original spatial variable is X € €, where Q is some non-empty open set of R®. We fix the
observation time 7' € R* as T := L/cy. The original time variable is t € [0,T]. There are
corresponding rescaled versions:

_t el w2 o3) — X . 5c8
(2.1) t.—TE[O,l], x=(x,x",x°):= EQ.—{ ,XEQ}.

1 e
1

The original space and momentum variables are (X, p) with:
x=(xxx)eQCR’,  p=(p,p’p’) ER’.
We consider a plasma which is confined inside Q, and which consists of N distinct species

labelled by a € {1,--- , N}. The particles of the o’ species have charge e, and rest mass
me. The number o = 1 will be associated with electrons.


https://en.wikipedia.org/wiki/Tokamak

DISPERSION RELATIONS IN HOT MAGNETIZED PLASMAS 5

The elementary charge of electrons is e = —e; ~ 1,6 x 107" C and the electron rest mass
is me =mq ~ 9,1 x 10731 kg. Recall that the proton-to-electron mass ratio 3 ~ 1836 is a
dimensionless quantity, so that:
(2.2) po=" o1 =" <1073, Vae{2,---,N}.

Me Me
On the other hand, the charge e, is an integer multiple of e. More precisely:
(2.3) Vae{2,--- ,N}, Fko € N*; ko ~1, ea =kaoe.

The velocity v, of a particle of type « is limited by |v4| < ¢p, and it is linked to the
momentum p € R? through:

(5 _ _i9 \ —1/2 59.) T G2 ~1/2
po B (L BV b s ()

co Mg Co m2 c§ maCo  Co

The kinetic distribution function (KDF) of the a* species is denoted by fl;(E,fc,f)). It

is composed of a dominant stationary part fi(f(, p) and a smaller moving part f, (t, %X, p).
The density ratio v € R% between these two populations is assumed to be small and
independant of «a:

(2.5) BE%,p) =I0&p) +r E%D), (L%p) R xOxR}, v<1.
The charge density p and the current density j are given by:
=k =k =k ol =k
(26&) ﬁ = ﬁ(fl, e afN)(t75() = ﬁ(fa)(tai) = Z /]R3 €a foc(tvia f)) df)a
a=1

N
(26b)  F=j, 0 IN)ER) =) ER) =) /R ea ¥a(p) In(£.%.D) dp.

We impose a (stationary) external magnetic field B, : @ — R3. We also take into account
some collective self-consistent electromagnetic field (E,B)(t,%), which is created by all
plasma particles. Then, neglecting the collisional effects, the time evolution of the KDF
can be modelled through the Vlasov equation:

(2.7) Oifs + Va(P) - Vals + €a [B(5, %) + Vo (D) x (B(E,%) + B.(X))] - Vpls = 0.
B)

On the other hand, the self-consistent electromagnetic field (E, B)(f, %) is subjected to the

Maxwell equations:

~ ~1 -7k
'E:EO1 pta)
-(B+B.) =0.

(28a)  E—c Vax (B+B,) = —e' j(i5),
(2.8b) KB+ Vi xE=0,

b

In (2.8), the physical constant ey ~ 8,8 x 107!2 Fm~! stands for the vacuum permitivity.

The unknowns in (2.7)-(2.8) are the fi() and (E,B)(-). The strategy is to seek solutions of
(2.7)-(2.8) as perturbations of a stationary equilibrium state given by fl;(f, X,p) = fi (x,p)
foralla € {1,--- ,N} and (E,B) = (0,0).
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A first stage in this direction is to find functions fi() and B(-) satisfying:

2.9 Fu(®) - Vil + e [Fa(P) X Bo(X)] - Vaid =0, Vae{l,---,N},
o P«

together with:

(2.10) G VaxB. = ' jF),  p) =0, Ve-B.=0.

2.2. Some basic assumptions. The purpose of this subsection 2.2 is to introduce the
notations of this article, together with a number of other relevant physical constraints.

2.2.1. Cold, warm and hot plasma temperatures. A plasma which is spatially in Local
Thermodynamic Equilibrium (LTE) can be characterized at the position X with a few
parameters, as is the case with Maxwell-Boltzmann distributions:

~d /o ~ 2
oo o Ma(X) p| by L1 r
(2'11) fa(X,p) - m;;,{ C% Még(;{)(ma CO) ) MQ(T) = m 073 exp (— 9—2) .

Both 84(.) and nd(-) are building blocks in the construction of fi(-). Retain for instance
that the density nd(-) can be recovered from fi(-) through the integral formula:

(212) ﬁg(f{) ::/ ?2(5(713) dﬁ? iEQ, 046{1,“- 7N}
R3

Denote simply by qg € R* and nd € R* typical sizes of 62(-) and ad(-). We require that
the two quantities 04(%) and nd (%) do not deviate too far from 64 and nd. In other words:

Assumption 2.1. [possible but slight variations in temperatures and densities] There is a
constant ¢ €0, 1] such that:
(2.13) 0<chd <0d®) <c'hd, 0<end <nd(x) <c'nd VxeQ.

(03 )

Recall that kg ~ 1,38 x 10723 m? kg s~2 K~! stands for the Boltzmann constant, and also
retain the relationship 1eV ~ 1,16 x 10* kg K. The electron temperature (7, = T;) and
the ion temperatures (denoted by Ti, for a > 1) can be expressed either in kelvin (K)
or in electronvolt (eV'). Because of the large difference in mass, the electrons will come
to thermodynamic equilibrium amongst themselves much faster than they will come into
equilibrium with the ions or neutral atoms. For this reason, the ion temperatures may be
very different from (usually much lower than) the electron temperature:

(2.14) T, <T.=Ty, VNac{l,--- N}.

Based on the relative temperatures of the electrons, ions and neutrals, plasmas are classified
as thermal or non-thermal. Introduce the thermal speed v and its dimensionless version
6 as indicated below:

th

v
=—=¢eR}.
co

ke T 1/2
(2.15) ol = (2) T ery, 0

o
Mq


https://en.wikipedia.org/wiki/Plasma_(physics)#Temperatures
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Both v!* and 04 can be viewed as measures of temperature, albeit in dimensionless units
concerning 64. Combining (2.2) and (2.14), we get:
th d

ot 03 T2 ma V2 _ T2 112
@*@*(ﬁ) X(mj) N(ﬁ) X(g) <l
As a rule of thumb, temperatures T, well below 100 eV (64 ~ ¢) are said cold; those which
are about 100 eV (4 ~ 1072) are considered warm ; those with T,, ranging from 100V to
10keV (1072 < 04 < 1) become progressively hot; particles with higher energies (1 ~ 64)
are termed energetic or relativistic.

(2.16)

2.2.2. Quasi-neutrality. A plasma consists of approximately equal numbers of positively
charged ions and negatively charged electrons. This property is expressed by the second
equation of (2.10). In view of (2.6a) and (2.12), this amounts to the following condition.

Assumption 2.2. The plasma is quasi-neutral in the sense that:

N
(2.17) enf(x) = > ea ni(X), Vxe.

a=2
The interpretation of (2.17) is the existence of a background neutralizing ion population.
In view of (2.3), (2.13) and (2.17), we can infer that:

(o]

N
(2.18) en?:Zeand nd ~ng, Vae{2,---,N}.
a=2

2.3. Toroidal equilibrium. The discussion is devoted here to the study of (2.9)-(2.10),

that is to the determination of B.(-) and fi(-). In Paragraph 2.3.1, we select axisymmetric
divergence free external magnetic fields B (-) that are issued from physical considerations.
In Paragraph 2.3.2, we explain how (2.9)-(2.10) is usually replaced by the Grad-Shafranov
equations, giving rise to a notion of a fluid equilibrium. Finally, in Paragraph 2.3.3, we
investigate directly (2.9)-(2.10) to find special solutions incorporating kinetic aspects.

2.3.1. Azxisymmetric inhomogeneous external magnetic fields. In Tokamaks, the charged
particles are confined by a strong external inhomogeneous magnetic field B.(-) € C*°(Q;R3),
with amplitude b, (%) := |B.(%)|. The function b, (-) is assumed to be of the order b, € R .
More precisely, we can find ¢ €0, 1[ such that:

(2.19) 0<cbe <be(x) <cltb, Vxeq.

In view of (2.1), we can consider the following rescaled version of Be(+):
B.(Lx)

(2.20) B.(x) := A be(x) := |Be(x)].

Then, the condition (2.19) becomes:

Assumption 2.3. [nowhere-vanishing external magnetic field] There is ¢ €0, 1] such that:

(2.21) 0<c<byx)<ct,  VxeQ.


http://www.plasma-universe.com/Quasi-neutrality
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The function B(-) generates a unit vector field:

(2.22) e3(x) := bo(x) ! Bo(x) € 8% := {x e R?; x| =1} .
Complete e3(x) into some right-handed orthonormal basis (e, €2, e3)(x), with:
(223) ej(') :t(ejl'7632'>e?)(') € COO(Q;SQ)a Vje {17273}'

With the preceding ingredients, we can define some orthogonal matrix O(x) and some
constant skew-symmetric matrix A according to:

el el el 0 10
(2.24) O:=| e e et | =07, A= -10 0 |=-"A.
el el el 0 00

Note that the matrix O(x) allows to straighten out the field lines, since ‘O e3 = £0,0,1).
On the other hand, the divergence free condition of (2.10) is verified when B, (-) is issued
from a magnetic potential.

Assumption 2.4. [magnetic potential] There is a vector field A € C*(€;R3) such that:
(2.25) B.(X) = Vz x A(X).

Consider the cylindrical coordinate system
(p,p,2) € Ry x T x R with corresponding
orthonormal basis (ej,eg,ez). The second
direction ey is called the toroidal direction.
On the other hand, the plane generated by
the directions e; and e; is called the poloidal
plane. Select a and Ry with 0 < a < Ryp.
Then, define:

Q:={(p,¢,2) e Ry xT xR;
(p—Ro)?+7*<a’}.

The domain ) is represented on Figure 1.

The positive numbers a and Ry respectively FIGURE 1. Axisymmetric configuration.

stand for the minor and the major radius of

the tokamak. A vector field like A can be

decomposed in the basis (e, ez,ez). This yields three components Aﬁ, A; and As. We

consider axisymmetric plasmas.

toroidal axis

poloidal direction

magnetic axis toroidal direction

Assumption 2.5. [azisymmetric toroidal equilibrium] The vector field A(-) and the kinetic

distribution functions fi() are exhibiting symmetry around the vertical axis p = 0.

In particular, all components &, Ag, and Az of A do not depend on @. Then:

(2.26) Be=Vix A= —0:Aze; + (0:A; — 0;As5) e+ 9;(5 Ag) es.

We have B, := ]32 + BY, where we have put apart the toroidal component EZ() of Be(+):
(2.27) B, = (0:A5 — 05Az) e,
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as well as the poloidal component BZ(-) of
Be(-), namely:

(2.28) BYi= —0:Age; + ot 95(5 Ag) e

Use toroidal coordinates (r, p,0) € Ry x T?
as indicated on Figure 2, with associated
orthonormal basis (e,, ey, ep). The domain }k\e
of study becomes:

Q= {(re0) cRy xT?;r<a}. w

Discussion 2.1. [The case of Tore Supra/
The amplitude of be is around be ~ 4,57T. FIGURE 2. Toroidal coordinates.
The major radius is Rg ~ 2,25 m, whereas

the minor radius is a >~ 0,7 m.

For axisymmetric systems, the field lines lie in nested
magnetic flux surfaces. The cuts of these flux surfaces
with the poloidal planes (which are the planes containing
the Z—axis) give rise to closed curves which can be viewed
as the level sets %, of a poloidal flux function W(-). The
family of poloidal cross sections {€,}, with ¢ € Ry is
diffeomorphic to concentric circles. The function ¥(-) can
be viewed as depending on the variables (p, 2) or (r,0).
In the cylindrical coordinate system, the curve &y takes
the following form:

FiGURE 3. Cross sections.

(2.29) Gp={(p2) eRy xR; U(5,2) =9 }.
In the toroidal coordinate system, it is:
(2.30) Gy ={(r,0) e Ry xT; (r,6) =9}

By definition, we must have BY . VU = 0. It follows directly from (2.28) that () is a
function of p A,. A possible choice for W(-) is simply (see for instance [18], Section 1.3):

(2.31) U(p,2) == p Ag(p, %) .
o

The two Components B! (-) and B”(-) can be written:

(2.32) gVe, G52 =p(0:A; - 9Az), Bl =VI¥xVp.

In [18], the function g(- ) is called the poloidal current function. 1t can be freely adjusted
since it suffices to integrate the second equation of (2.32) to recover the components A ; and
A of A. Now, a common assumption [6] is to consider that the function g(-) depends only
on ¥, say g = g(V) for some § € CL(R;R). Let (P1, Z) and (p2, Z) be such that U(py, 2) = 1y

and ¥(p2,2) = ¥9. The poloidal magnetic flux \Ilpol between the two magnetic surfaces
€y, and Gy, is the difference of ¥ between the two positions (p1,2) and (pe, 2).


http://www-fusion-magnetique.cea.fr/gb/iter/iter02.htm
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In other words [18]:
- P2 _ P2
(2.33) ol ::/ Be-e;2npdp=2m / 0V dp =27 (Yo —1).
5 5

There is a similarity between the differential equations contained in (2.25)-(2.31) on the
one hand and in (2.10)-(2.32) on the other hand. It follows that the poloidal current I,y
enclosed by the two magnetic surfaces 6y, and %, is given by:

(2.34) o =27 &0 cf [8(¢2) — 8(v1)] -

Sometimes the function g(-) is viewed as constant, see for example [38] (Section 3.1). This
constant case is highlighted below.

Assumption 2.6. [constant poloidal current density] The poloidal current function g(-) is
constant. More precisely, the toroidal field BZ() takes the form:

(2.35) Ei(ﬁ, Z) = be Ry (Rg + 7 cos 0)_1 ep = be Ry ot ez, g=be.Ry.

The electric current that circulates in the primary coil of the tokamak is supposed to
produce the poloidal magnetic field BL(-). In view of (2.32), the function BY(-) determines
the choice of ¥(-). When V¥(-) does not depend on the angle 8, the poloidal cross sections
form concentric circles. This special situation is described below.

Assumption 2.7. [the cross sections €y, are concentric circles] The external magnetic
field BE(-) takes the form:

(2.36) BE(r,0) = be 7 q(r) " (Ro+ 7 cosf) ! e, U(r) = b, / si(s)ds,
0

where the function v : [0,a] — R% is called the rotational transform, whereas the function
q:[0,a] — R with q(r) = 1(r)~" is called the safety factor.

The value ¢(r) can be defined as the number of rotations a magnetic field line (located at
a distance r from the magnetic axis) makes in the toroidal direction when it makes one
loop on the poloidal plane. The term safety factor refers to the role it plays in determing
the stability of a plasma. Values of ¢(-) larger than one lead to greater stability. In general
(see [1]), the function ¢(-) is assumed to be increasing, and such that ¢(0) > 1.

In accordance with (2.6a) and (2.6b), at equilibrium, the total charge density p¢ and the
total current density 79 can be defined as the sum of what the a'® species bring:

~ ~zd ~ ~ =d,~ -~ - ~
(2.37a) P = i e [ e Tiix) dp.
a=1
=d N ~d
(2.37b) Pe=0=> 50, 7= /R3 a Vo(D) Iy (t,%X,D) dp.


http://fusionwiki.ciemat.es/wiki/Rotational_transform
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The first condition in (2.10) implies a link between ¢ := j(fi) and B,. Taking into account
the relations inside (2.32), this furnishes:

(2.38) =it M= —a g A ey, JPi=e g ViX VG,

where the vector field 79 is decomposed into a toroidal component 74 and a poloidal
component 7%, and where A* is the differential operator:

0 (10 0?
2.39 A* ::~<> —.
(2:39) Pop\s05) " 022
At this stage, the axisymmetric magnetic field B.(-) is entirely determined by the two
functions g(-) and ¥(-). Additionnal requirements on §(-) and ¥(-) are coming from (2.9)
and (2.38) when specifying the kinetic distribution function fi() The determination of
=d
f

«

(+) is achieved in the two next Paragraphs 2.3.2 and 2.3.3.

2.3.2. Fluid equilibria in magnetized plasmas. Magnetohydrodynamics (MHD) or (in the
presence of strong external electromagnetic fields) neoclassical models are what is meant
by fluid theories. By virtue of their relative simplicity, these approaches constitute the
most frequently used frameworks to deal with plasma equilibria. They are valid when the
plasma is in a quiescent state. They require a minimum level of collisionality, that is an
assumption of maxwellianity.

In what follows, we will assume that the plasma is in a non-relativistic regime, that is in
the case where p(Vy) = mq Vo. Then, for a € {1,---, N}, we can define the flow velocity
ad and the pressure tensor P4 of the a'® species as indicated below:

_ _d 7y o 1 ool oy e
(2.40a) 1l =ad(F) (%) := A ®) /R3 Vo [o(X,D) dp,

5 5d 7y (< - _ - _d) 3o o~y s
(2.40b) Pl = P4 (%) 1= ma /R 3 (Vo —0l) ® (Vo —0l) fa(%,D) db.
Introduce also the charge density p3 := e, and the current density 73 := e, nd @d of

the o species.

Lemma 2.1. Assume that the distribution function fi(-) is of the form:
- - = - o U _d /e

(2.41) V(x,p) € R3 x R?, f,(X,p) = Fo (X, |p— maug(X)D ,

where jfi(') € S(R* x Ry;R). Then, for some scalar function p3(-), the pressure tensor
P takes the form:

(2.42) Pd(x) =pd(x)1d.

Proof. The integral over a symmetric domain of an odd function is equal to zero. Therefore,
for ¢ # j, with the change of variable P, :=p — maﬁg, we have:
~ ~ ~ ~ A 1 a4 = -
/ ((Va—ud)® (va—1ul)) H(%p)dp= Pipi F(x,|Pd)) dP, = 0.
R3 ij

2 .
mg JR3
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On the other hand, for i # 1, changing ]5& into ]5011, we get:

~d /= 1 = =d . 5 5 5iN2 2d - 15 5

W) = s [ (PP FAGIBl) dPa = [ (PiF FURIP dP.
mg JRr3 R3

In view of these elements, we have (2.42). The function pd(-) thus defined is called the

scalar pressure of the ot species. ]

The condition of quasi-neutrality p¢ = 0 gives rise to the relation (2.17) on ad. On the
other hand, multiplying (2.9) by v, and integrating with respect to p, we can extract:
(2.43) me nd (@l - Vi)ald + Vi - Pd =74 x B,.

« «

The introduction of @d(-) is strongly motivated by the role achieved in tokamaks by the
toroidal plasma current j2. A common assumption [10, 23] which turns to be consistent
with Assumption 2.5 is to take @l (-) of the form:

(2.44) (%) =5 Ques, QER,.

«

In (2.44), the number ), is the angular rotation frequency. It is easy to see that:

(2.45) (- Va)ud = —p Q2 e;.

«

This accounts for the centrifugal force density. Moreover, as pointed out by Lemma 2.1,
in an isotropic medium, the matrix P4 is diagonal, of the form P4(%) = pd(%) Id where
pd is the scalar pressure of the o' species. With (2.43) and (2.45), we obtain that pd is
linked to 2, and to the current density jg of the a!” species through:

(2.46) Vabd =74 x Be +ma 0l 5 Q%2 e5, 78 =e, nd ad.
Now, consider the total scalar pressure pd := f)‘ll + o+ f)?v. Due to the axisymmetric

hypothesis, the function pd(-) depends only on (5, 2). Then, summing the equation (2.46)

over o, we can infer that:

N
(2.47) b =055 €5+ 0:p% ez = x Be 4+ p (Z Mg 0 Qi) e

a=1
Using the decomposition j¢ = 74 + 79 of (2.38), it follows directly from (2.47) that:

(2.48a) P xB =0,

N
(2.48b) 955 €5+ 0:p ez = JP x BL+ 7 x B + (Z Mo 0l Qi) e

a=1
From the MHD point of view expressed in (2.48), the centrifugal force is balanced by the
magnetic and pressure forces at all points. In particular, inserting the expressions (2.32)
and (2.38) of BY and j%, the relation (2.48a) implies that V¥ -Vj = 0. In particular, j(-)
is constant along the curves %, and therefore g(-) can be expressed in terms of W.
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In other words, §j = g(¥) for some § € C*(R;R). Then, (2.48b) together with (2.32) and
(2.38) gives rise to the following vectorial equilibrium equation [26]:
€0 3

N €OC . = T
(2.49) vpd = — ;20 A" VT — » g(0) g'(0) VI + 5 (Z mangﬁi> e

a=1

Moreover, the function pd(-) can always be written in the form pd = P(p, ¥) for some
function P € C}(R x R;R). A first projection of equation (2.49) in the e; direction yields:

}”) N
0 =p <§ maﬁgQ§> .
a=1

p
Then, a second projection of equation (2.49) in the direction of VU gives the extended
Grad-Shafranov equation:

(2.50)

U=cste

~2 =
e p° 0P L EN g
2.51 AU = — — — (U ).
( ) €0 C(% ov p=cste g( ) g( )

The equation (2.51) has been much studied [15, 17, 18, 26] because it gives access to the
geometry of the magnetic surfaces. It is scale invariant through:
(2.52) U/a¥®, P/a?P, §/ag, acR.

Note that the change (2.52) does not affect the shape of magnetic surfaces. Observe also
that the number Q, plays only an indirect role at the level of (2.51), through (2.50).

2.3.3. Kinetic equilibria in magnetized plasmas. The fluid theory that has been outlined
in Paragraph 2.3.2 is the most common way to study tokamak equilibria. However, it
faces significant challenges due to the well-known closure problem. In (2.43), the pressure
tensor P4(.) is an unknown. Except under special restrictions (see Paragraph 2.3.2), it
cannot be expressed in terms of @d. The equation (2.43) is not self-contained. From
that perspective, the kinetic framework offers a more consistent, thorough and precise
approach. As a consequence, the study of tokamak equilibria through a kinetic approach
has been the subject of intensive research over the last few years in both physics [10, 23] and
mathematics [24]. In [10, 23], the purpose is to construct exact (or approximate) solutions
to the stationary equation:

(2.53) P Vals + e [P x Be(X)] - Vpio = 0.
To this end, the existence of constants of motion (or of adiabatic invariants) is useful.
Obviously, in the case E = 0, the kinetic energy:

1
2mg
is preserved by the flow associated to the Vlasov equation. The same applies to any function
of |p|. It follows that the function E,(-) is a solution to (2.53). There are others.

(2.54) Eo = Eo(p) == Je

Definition 2.1. [angular momentum] The angular momentum is the quantity defined by:

(2.55) Co = Co(X,P) :=mqa (p P-eg+eq V).
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Under Assumption 2.5 (of axisymmetry), another invariant is available.

Lemma 2.2. The angular momentum is a constant of motion. The function Cy(-) is a
solution to the equation (2.53).

Proof. Decompose p into p = P; e; + Pg €3 + Pz ;. Recall that B, = Bi + ]~3€ with BZ and
B? as in (2.32). The condition (2.53) tested with fi = C, amounts to the same thing as:

(2.56) [(f)ﬁ 8,3 + ﬁil f)@ 3@)([3 13@)}4—% {f) . V;(\if + (f) X (Vg\i X 6@)) . 6@} =0.
In (2.56), the two parts inside brackets are zero. O

More generally, any function of F, and C, is a solution to (2.53). Such prototypes of
(non-maxwellian) axisymmetric equilibria are introduced and studied in [10, 23] for their
practical relevance. In particular, they allow to incorporate some anisotropy (in p), to
take into account the existence of a non trivial toroidal current, and to work with spatially
confined data. To avoid technicalities, we will only consider functions of separate variables.

Definition 2.2. [tokamak transient distributions] Any function fi(f{, D) having the form:
d P
s WU N d P d ( 1 ~ I )
; = Ma___pd_ PL__} 4 (PP estea
«(X, D) ( aCOeg)g a <( acOgg)Q> o\ e L2 D, (P P-e3+eq )

(2 Y ( 1 G
(M cg0d)3 T \mg (co69)2 *\eq L2b. my

with F3(-) € S(Ry;R) and G4(-) € CY(R;R) is called a tokamak transient distribution.

(2.57)

As long as the temperature 69 (see Paragraph 2.2.1) is small enough, such that 92 <1073,
one can consider that the momentum p satisfies some usual statistical repartition around
the toroidal flow velocity @d(-). Then, the choice of f4(-) can be further specified.

Definition 2.3. [shifted Mazwell-Boltzmann distribution] The notion of a shifted Mazwell-
Boltzmann distribution refers to the special choice:

~d (% N ~d (% 2

ooy DR(X) g [P = ma UG (X)) by . L1 r
(2.58) f,(x,p) = me & Mag< p— ) . Mp(r) = 373 g3 P (— @) :
In (2.58), the vector field 0l (-) represents the flow velocity of the o' species, as it can be
given by (2.44). On the other hand, the function 2l(-) is determined by:

[ @)2+ 2 q, xpD .

Meq

_d /= 1
(2.59) nd(x) :=nd exp <(CO 6172

Remark that (2.58) is indeed some particular case of (2.57), with:

2 Q4 eq L%b,
me (co 09)2 5

(2.60) Fi(r) = # exp (—r), G4(s) := exp (
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Recall (2.5) which says that fl; = fi +vf, with v < 1. The relativistic features come
from the possible presence of energetic particles. As long as the fraction of such particles
remains small, the relativistic effects are restricted to the perturbation f;,(-). On the other
hand, the part fi can take into account cold, warm or hot aspects (see Paragraph 2.2.1).

When adjusting fi(-), it is important to look at the physical data.

Discussion 2.2. [about the dominant stationnary part fi/ Tokamaks involve special values
of temperatures. Two regions can be distinguished. The edge region implies a diluted plasma
with T, ~ 50 €V, so that 0 ~ 1072 whereas 3 < 0 for a # 1. It separates the cooler
vessel wall from the plasma core. The core region contains a hotter plasma, but not that
much. We find T, ~ 5 keV, and we still have 81 < 6% ~ 107" for a # 1. o

Taking into account these observations, we can point out the following.

Assumption 2.8. [ions in a state of local cold thermodynamic equilibrium/ For all a # 1,
we impose (2.58) with 0% < 1073.

The shifted Maxwell-Boltzmann distribution fi(-) of (2.58) is clearly subjected to (2.41).
Therefore, for a # 1, the pressure tensor f’g is diagonal. It is of the form f’g = ﬁi 1d,
where pd is some scalar pressure. For o # 1, the equation (2.46) is satisfied and the fluid
approach of Paragraph 2.3.2 does make sense. Now, the model (2.58) is not sure to apply
when dealing with electrons. As a matter of fact, as revealed by (2.2), electrons are much
lighter than ions and neutral atoms. This has two main consequences [10, 23]:

- First, the electrons can faster reach high energies. Thus, a certain level of flexibility must
be achieved concerning f(li(-). It is preferable to use (2.57) instead of (2.58). This allows to
better localize the support or the properties of the function fcll(‘) ;

- Secondly, the electrons are more sensitive to perturbations. Such disturbances are induced
for instance by the injection of neutral beams or radio waves. They can induce anisotropic
effects with respect to the variable [p — m, 0l (%X)|. The corresponding aspects are not

detected by (2.58) which involves only [p — maq 0d(%)|. They can be taken into acount at
the level of £, (-). They can also be incorporated (albeit partially) through (2.57).

Assumption 2.9. [electrons in a state of transient kinetic equilibrium] The distribution

function ff(') is chosen as indicated in (2.57), with expressions F3(-) and GS(-) adjusted
in order to achieve the quasi-neutrality condition:

(2.61) e/ H&p)dp = Y en Bl(x), Vxe.

For general choices of f(li(-), the pressure tensor P{ is not at all diagonal. It follows that the
equation (2.46) does not hold. On the other hand, the relation (2.38) can still be exploited.
In particular, the second equation of (2.38) yields:

N
(2.62) A = P 5 / (—sin@v! +cos@v?) [ eq i(x,p)) dp.
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In view of (2.57) and (2.58)-(2.59), the expressions fi(-) are non linear functions of ¥. Thus,
the condition (2.62) can be interpreted as a non linear elliptic equation. The dependence
of (2.62) on Q, can still appear through (2.60). However, the equation (2.62) cannot be
scaled as in (2.52). There are clear differences between (2.51) and (2.62).

Under reasonable assumptions, that is with adequate (possibly free) boundary conditions,
the equation (2.62) can be solved. We refer for instance to the appendix of [24] or to the
sections ITT and TV of [23]. A realistic adjustment through W(-) of the magnetic flux surfaces
is an important piece of information before looking at more refined aspects. In what follows,
the function W(-) is assumed to satisfy the condition (2.62), which is equivalent to (2.51)
when the fluid approach is affordable. From now on, the external magnetic field B.(-) is

fixed as indicated in (2.32), and the kinetic distribution functions fi(-) are adjusted as in
Assumptions 2.8 and 2.9.

2.4. Dimensionless equations. The aim here is to obtain a dimensionless form of the
system satisfied by the perturbation f;,(-). This means first to perform a stability analysis

in the vicinity of f2(~) (Paragraph 2.4.1). In Paragraph 2.4.2, we define rescaled unknowns
and variables. Then, it is useful to straighten the field lines (Paragraph 2.4.3). Moreover, in
connection with the application to the tokamak’s context, it is important to give (Paragraph
2.4.4) a precise description of (the relative sizes of) the various physical parameters.

2.4.1. Perturbation theory. To grasp plasma instabilities or plasma processes which are not
in thermal equilibrium, we can perform a stability analysis in the vicinity of fg(-). This
amounts to add a small term v £, (-) with v < 1 to the exact solution fi(-). In other words,
the solution fz() to (2.7) is broken into:

(2.63) B (5,%,p) = [0(%,p) + v M(£,%,D), (,%P) € Ry x QxR

With a dominant stationary part fi(-) given by the shifted Maxwell-Boltzmann distribution
(2.58) or by the tokamak transient distribution (2.57), the extra part f, (-) is governed by:
O:fo +Va(D) - Valy +eq [E+Va(p) x (B+B.)] - Vi,

(2.64)

=~ " [B+9a(P) x B] - Vsl

In view of (2.10), the Maxwell’s equations give rise to:

KB+ Vg xE=0,
(2‘65) { &EE—C% ViXB: _661 Vj(ﬁ? j?\f)?

together with:

(2.66) V,;-Ezgﬁ(fi,m,f?\,), Vi B=0.
0


https://en.wikipedia.org/wiki/Plasma_stability#Plasma_instabilities
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2.4.2. Rescalings. The dimensionless version A(-) of A(-) is

(2.67) A(x) = A(Lx), x:=

Lb,

The dimensionless function ¥(-) associated with the magnetic flux function ¥(-) is

(2.68) U(p,z) = U(Lp,Lz).

1
L2 b,
From the Ampére’s law in (2.65), we can infer that B ~ v 64 b.. With this in mind, we can
further define new unknowns by the relations:

(2.692)  va(p):i= (co)*lffa(p), Ema c003) 'Pa,  Vae{l,--- N},

(2.69b)  fu(t,x,pa) = (ng)"'m, ¢ ( 3P (,%,p), Vae{l,---,N},
(2.69c¢) E(t,x) = (v 6 ¢ b))~ E(%, ) B(t,x) := (v 6 b)) B(E,%).
From now on, the time and spatial positions are t and x with (t,x) € M :=[0,7] x Q for

some T' € R%. Let T"M be the cotangent bundle associated with M. With (2.69a), the
vectors v, and p, are linked by the relations issued from (2.4), that is:

0d a
Vo(Pa) = ﬁ, (ry:=v1+1r2.

(04 |pal)

Va

(2.70) Pa(Va) = ,
6l (1= |val?)'?

Among the fundamental plasma parameters, we can mention (for o = 1) the electron
gyrofrequency (or cyclotron frequency) wee = w1 and the electron plasma frequency (or
plasma oscillation) wpe = wp1. For av € {2,--- | N}, we can cite the ion gyrofrequencies weq
and the ion plasma frequencies wy,. For simplicity of presentation, we define below these
quantities with an algebraic sign:

€a be nd e2
2.71 = = Vae{l,---,N}.
( 7 ) Wea M s Wpa My € , « { ) s }

There are corresponding dimensionless coefficients €, and p, given by:
(2.72) o = (Lwea) o, fo = (Wear)  Ywpar s Yae{l,--- ,N}.

Then, the new Vlasov equation is:

d d gd

0¢ v

£, Vo + L = [E4+ —-2%— py xB| -V, f

e+ oy P Vel g 2 (B oy P < Bl Ve
(2.73) Ll b xB.x) Vot
. Ea <0g|pa‘> “ ‘ Pae

64! g4
E @ [6% f ) (0% :07
+eg€a |: + <9g’pa|> P :| vpa Ot(X p )
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where:
t4(x,pa) 1= (nd) T mg co (02)3 1 (Lx Me o 02 Pa)

«

(2.74)

= Fy(Ipal?) Ga(ca 05 p Pa-ep +¥(p, 2)) .
On the other hand, the Maxwell’s equations become:
(2.75a) B+ Vi xE=0, HE — Vi x B=—(fa,),
(2.75b) Vx -B =0, Vi - E = p(fa),

where we have introduced:

1
(2.76a) p(fr, - In)(t,x) = 0* 'u* /3 a(t, X, Pa) dpa ,
€a JR

(2.76b) I(f1, - S EN) (8, %) = (F

N
N
= Z g a / __Pa__ fa(t7xa pa) dpq -
09 o Jrs (03 [pal)
2.4.3. Straightening the field lines. Equation (2.73) is not yet in a suitable form. Still, we
need to straighten out the field lines. Recall (2.22)-(2.24) so that:
(2.77) B.(x) = be(x) e3(x) = be(x) O(x) *(0,0,1), Vx e .

In view of Assumtions 2.6 and 2.7, the directions of the unit vector field es(-), and there-
fore of Be(+), can vary with changes in x € Q. To remedy this situation, we replace
simultaneously B., B, E and p, according to:

(2.78) b.%(0,0,1) ='OB., B:='0B, E:='0E, Pa =0 Ppa.

For the sake of simplicity, the subscript « that identifies the different momentum variables
po will be omitted. Concerning p = p, € R3, we can pass from cartesian to spherical
coordinates, with orthonormal basis (e;, e, €,,). This gives rise to:

(2.79)  p=rY(cosw sinw,sinw sinw, cosw), (w,w,r) €T>* xRy, r=|pl=]|p|.

n Realx) = RB:(9 R!(0,0,1) = R‘O()Ba(x)

o >

N Reax0)

RY(1,0,0)"
Rey(x) |

FIGURE 4. Spherical coordinates of p € R? after straigntening.
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From now on, the spatial-velocity position is marked by y := (x,@,w,7) € Q x T? x R,.
We modify f, () to fit with the preceding adjustements:

fa(t,y) = f(t,x,w,w,r) :=f,(t,x,7 O(x) (cosw sinw, sinw sin w, cos @)) .

As usual, the symbol S refers to the Schwartz space. We consider functions f(-) satisfying
uniformly in (t,x,w,w) € M x T? the conditions:

(2.80) feC®(MxT*xRyR),  f(t,x,@w,-) € S(R;R).

The gradient V}, is converted into the spherical gradient V,,, with:

0 10 1 0
vpfzzaiier+;%ew+ f

- 5 Cw-
rsinw Ow
The change of variables (x,p) — (x,p) on the right of (2.78) induces some extra term when

transforming (v - Vx)f accordingly. Some application Q(-) does appear. This is a vector
valued quadratic form in p, namely:

OX)p-0x1e1 O(X)p-Og2e1 O(x)p- Ogser
Q(x,p) = OX)p-0Og1ea O(x)p-Og2ea O(X)p - Ogzen O(x)p €R3.
OX)p-0Og1e3 O(x)p-Og2e3 O(x)p - Ogzes

Put aside the integral operators:

(2.81a) P(f) = /OJFOO/O7T _ﬂ f(w,w,r) r?sinw drdwdw,

(2.81b) J(0; f) = /OM/OW/_Z <£i>

After straightenning, we obtain:

cosw sinw
sinwsinw | f(w,w,r) sinw drdw dw .

Cos w

O O
8tfa+ <ng> O(X)pvxfa+ <ng> Q(X7p)vpfa
9? v 93 1 be(x)
(282) +@ a [E+ <Hg 7“> p X B} . foa - g <Og T> (*p2 apl + p1 apz)fa
0y O a _
+035a E+<Qgr>p><B]-Vp(fa(x,O(x)p))—O.

On the other hand, the Maxwell’s equations become:

(2.83a)  O(x) 9B + Vi x (O(x)E) =0, Vi
(2.83b)  O(x) E — Vi x (0(x) B) = — "(fa), V- (O(x) E) = p"(fa)
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In (2.92), the expressions 7*(f.) and p"(f,) are given by:
N 1 N2
(2.84a) P ) (6%) = PN (fa) (6,%) == D o == P(fa).
0§ €
a=1 71 ~«
h h Y, 04 12 d
(2.84b) P(fro- s IN(6%) = (o) (6,%) = DY 2§ =2 T (05 fa) -
a=1 9(11 Ca
2.4.4. Comparison of the dimensionless parameters. For further analysis, it is crucial to
produce values for the parameters ¢, 03 and p which could be meaningful from a physical
viewpoint. It is also important to compare these quantities to one another. To this end,
the following dimensionless number:
co ComMme 1073

2.85 = = = o~ ,
(2:85) c=leli= T T Ten < T

(coming from the inverse of the electron cyclotron frequency) will serve as a unit of measure.

Discussion 2.3. [about the size of €] As indicated in (2.72), the number € is defined as
the ratio beween the reference frequency 1/T = co/L and the gyrofrequency wee. This turns
out to be a small parameter. For fusion devices like ITER [38], we find e ~ 107%. o

From now on, we take € := 107* <« 1 as the small reference parameter to which all other
quantities will be compared. For instance, with (2.2), keep in mind that:

(2.86) \ea|:|im"‘ezizﬁe:1, Vae{2, - ,N}.

€q | me Loy

Discussion 2.4. [about the size of the coefficients 03] In view of (2.15), the numbers 63
increase with the temperatures 1, see (2.14). They decrease with the masses my,, see (2.2).
The ratio 63 /0%, which is given by (2.16), remains relevant. The comparison of 6 with 1
and of all the other coefficients 3 for o # 1 with & seems acceptable. o

Discussion 2.5. [about the size of the coefficients po] In view of (2.71)-(2.72), the access
to 1 requires to evaluate be, me and n‘f. How to fix b and m. has already been explained.
As regards the electron density, we can take the value n{ = nd = 1020 electrons/m? [28, 38].
Let us recall that:

nd maN\1/2 1 nd mg\1/2
2. o = (2—2 — = (= > , v 1,---,N}.
@87l = (27) T g = (i) alzlal, Ve }

The higher value n{ ~ 10%° electrons/m3 is compensated by the presence of a stronger

magnetic field be ~ 4,5T. We can again assert that |pui| ~ 1. We also remind that:

2 d 2 2
€am
(2.88) Pa _Zola L B vae{l,---,N}. .
€a einy ¢ €
In practice, the value of p := |uq]| is of size 1. To track the influence of y, this parameter

will not be normalized in what follows. At all events, retain that the size of ¢ is always
small, and far below pu.
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Discussion 2.6. [about the size of v] We adjust v in such a way that v ~ €. By this way,
we can stay in a perturbative regime, even if 6% ~ 1. Indeed:

- Smallness of B in comparison with B : In view of (2.69c), the condition B =~ 1
implies B ~ v 0 b, < ebe. With (2.19), we can be sure that |B| < ¢ |B,|.

- Smallness of v T, in comparison with fi: When computing fi() through (2.5), the
part vE,(-) appears as a small modification of fi(-). This makes sense whatever
the parameter 64 is, small or large. Indeed, the amplitude of £,(-) as prescribed by
(2.69b) with £, ~ 1 is equivalent to the amplitude offg(-) given by (2.57) or (2.58).

2.5. The hot asymptotic regime. The framework specified below is intended to describe
what happens in fusion devices. This requires to fix the size of the various parameters in

function of €. Of course, this can be done only under simplifying assumptions that make
the model tractable. In the light of Paragraph 2.4.4, we can retain the following choices:

- (Hp1): We have e; = —e < 1 together with ¢, = 1 for all @« € {2,--- | N};
- (Hp2): We have 6{(¢) = 1 together with () = for all a € {2,--- , N};
- (Hp3): For all a € {2,---, N}, the dominant stationary part fi() is given by the
shifted Maxwell-Boltzmann KDF (2.58);
- (Hp4): For a = 1, the dominant stationary part fil(-) is given by (2.57) with (2.61);
- (Hp5): The perturbation in (2.63) is such that v = ¢;
- (Hp6): We have y := |yu1| =1 and p2 = ! foralla € {2,--- ,N}.
Thus, we have |g,| 0 = ¢ for all a € {1,--- , N}. Coming back to (2.74), this yields:

(2.89) fa(x,p) = Fy(Ip]*) GL(¥(x)) +O(e),  Vae{l,.- N}.
By combining informations from Section 2.4 with assumptions (Hp1), ---, (Hp6), we can
simplify (2.82)-(2.75). For all a € {2,---, N}, with FI(-) and G4(-) as in (2.60), we find:
€ € be(x)
8tfa+ ﬁ O(X)p'vxfa'i‘w Q(X7p)‘vpfa <€T‘> awfa
(2.90)
€ 1 €
E+—pxB|- S |E+—pxB|-V,ti=0.
+{ +<€T>p>< ] Vpfa + € [ +<€r>p>< } Vil =0
On the other hand, for a = 1, the equation (2.82) yields:
1 1 1 be(x)
afl"i_iOXp'fol‘f'iQ(Xup'Vfl‘i‘* awfl
ik gy 0% R
(2.91)
—[E+i xB}-Vf _ 1 [E+1 xB} Vil =0
)" S R e
With B(-) and E(-) as in (2.78), the equation (2.75) becomes:
(2.92a) O(x) B + Vx x (O(x) E) =0, Vx - (O(x)B) =0,

(2.92b)  O(X)OE — Vy x (O(x) B) = —*(fa),  Vi- (O(X)E) = p"(fa),
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where p"(f,) and j"(f,) can be specified by using (Hp1) and (2.88). With integral operators
P(-) and J(-) as in (2.81), this furnishes:

N

(2930) P Ufa)(x) = =2 pUA) + Y P,
a=2
N
(293b) PU6x) = =2 T )+ Y T fa).
a=2

3. HOT PLASMA DISPERSION RELATIONS

The dispersion relations inform about various properties of wave propagation. They say if
a wave can propagate. By looking at complex frequencies, they can indicate if a wave is
damped or amplified. They furnish the phase velociy, the group velocity and the refractive
index. They allow to determine the eikonal equation, and they are crucial in reflectometry
[19]. They are a prerequisite to understand turbulence phenomena [7]. And the list of
potential applications goes on.

Based on the Vlasov theory of hot collisionless and magnetized plasmas, several approaches
have been proposed in order to obtain the dispersion relations. Derivations can be found
in Trubnikov [35] (1959), Bekefi [2] (1966), Krall and Trivelpiece [22] (1973), Davidson [11]
(1983), Swanson [32] (1989), etc. They give access to a preliminary treatment of wave
propagation. There are more recent works dealing with the relativistic features [16, 25] or
with the numerical aspects [34, 39]. Most of these contributions [2, 11, 22, 35] are restricted
to the case of a constant external magnetic field and also to the case of a homogeneous
velocity distribution function. The improvements concerning the choice of more realistic
functions fi(-) have been principally related to the dependence on p of fi(-). As a matter

of fact, the behaviour of ?i(‘) in p can be of quasi-Maxwellian type [12] or of gyrotropic
type [30]. Onme of the advantages of Section 2 is to incorporate through (2.57) realistic

e =d
variations in x of f(+)

Many practical situations in space and laboratory plasmas [28] involve variations in position

x of the distribution fi(~) and of the magnetic field B(-) . These variations have an effect on
the dispersion relations, and by this way they can modify the geometry of the propagation.
They have an impact on ray tracing, and beyond they can induce caustics [4, 20]. They
have first been taken into account through the Kinetic Theory of Drift Waves (KTDW),
see for instance Paragraph 6.6.3 in [32]. This approach implies very specific assumptions
(electrostatic approximation, modelling of the curvature effects through some gravitational
potential, ...). In fact, the idea behind KTDW is to come back to the case of a constant
external magnetic field B.(-) and to handle the variations in X as perturbations. This
allows to expand the particle orbits around their trajectories, to integrate the unperturbed
trajectories through explicit formulas, to perform a Fourier analysis of the linearized Vlasov
equation, and to employ a fixed decomposition of the velocity p into two components pj
and p; which are respectively parallel and perpendicular to the magnetic field.
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For many technical reasons, the preceding procedures [2, 11, 22, 32, 33, 35] do not apply
appropriately in the presence of realistic inhomogeneities. On the one hand, they rely
on hypotheses that could be questionable. On the other hand, they often use non local
arguments in space or in time (especially when integrating the Vlasov equation), while the
dispersion relations should emanate from a local space-time analysis. For all theses reasons,
the approaches [2, 11, 22, 32, 33, 35] bring answers that need to be completed. Indeed,
they are not able to fully capture the underlying geometry, which is essential to really
understand wave propagation. Now, of course, a dielectric tensor is a macroscopic notion.
In some ways, it summarizes the average macroscopic outcome of the underlying kinetic
effects. Thus, it should depend on t and x, but not on p. In the end, the momentum
variable p should disappear. Some global analysis is needed, but only in p .

In contrast with [2, 11, 12, 22, 32], and as required by tokamak configurations, the modelling
and the dimensional analysis of Section 2 takes into account the concrete dependence on
% of both B,(-) and fi(-). They combine together the various physical data in order to
evaluate their relative importance and to provide a coherent description of the phenomena.
They allow to formulate the problem in terms of geometrical optics. This is a prerequisite
which gives rise in this Section 3 to a complete understanding of the dispersion relations,
valid in the presence of inhomogeneities.

3.1. In the framework of geometric optics. From now on, we are interested in the
asymptotic analysis (when the parameter € goes to zero) of the oscillating solutions to the
system (2.90)-- - --(2.93). To this end, the tools of geometric optics [27, 29] are particularly
well-suited. Being interested in the propagation of electromagnetic waves means to focus
on oscillations of the self-consistent field !(E, B)(-), rather than on kinetic oscillations of
the density distribution f(-) as is the case in [5, 6]. Since the function !(E, B)(-) depends
only on (t,x), a key point is that only time-space oscillations can be involved at this level.
With this in mind, we can introduce some smooth phase function:

¢ € C®(M;R), M :=1[0,T] x Q, T € R%

depending on the macroscopic variable (t,x) € M but not on the kinetic variable p € R3.

Assumption 3.1. [non-stationary phase] The function ¢(-) is such that:
(3.1) V(t,x) e M, (Oc, Vx)(t,x) # 0.

Usually, the time evolution of !(E, B)(-) is studied in the framework of MHD descriptions,
through fluid models based on Maxwell’s equations, involving only the variables (t,x).
This has the advantage of simplicity. But this also means various simplifying assumptions
which are irrelevant when dealing with hot plasma phenomena out of equilibrium. As we
will see, the dependence of f(-) on the variable p € R3 has a real impact. To take this
aspect into account, it is necessary to come back to the 0r1g1nal RVM system. To this end,
given some M € N* select profiles % (Jj LS FN, %], 5’) such that:

(3.2) U; € C=([0,T] x Q x R? x T;RN+6), je{0,---, M}, T:=R/(27Z).
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In (3.2), the profiles @/Vj(t, X, p, 0) are periodic in the fast variable § € T. On the other hand,
the coordinates inside (t,x, p) are considered as slow variables. When dealing with capital
letters like U, the different font styles %, U and U will be used for expressions depending
respectively on the variables (t,x, p, 0), (t,x,p) and (t,x,w,w). We look for approximate

solutions ug to the system (2.90)-- - - -(2.93) in the form of monophase representations. More
precisely, we consider expansions of the form:
fi,l(tv X, p)
: M
: i o), ¢(t7 X)
— i gy
(3.3) fenop) | = Z € %](t,x,p, 5 ) )
Bg(t,%) 7=0
EZ (¢, x)

In (3.3), with p = ‘O(x)p as in (2.78) and with %;(t,x,p,0) := %Vj(t,x,O(x)p, 6), the
profiles %;(-) can be decomposed into:

i1 (t,%,10(x)p, 0)

U;(t,x,p,0) = % (t,x,'0(x)p, §) = %N(t’x’;o(x)p’e) ; F5 1 (t,%,p,0) .
Bj(t,x%,0)
&i(t,%,0)

With p represented in spherical coordinates as in (2.79), the functions @Zj(t, x,-,0) and the
functions <92’j7k(t,x, -,0) can be viewed as functions %;(t,x,-,0) and % ,(t,x,-,0) of the
variables (@, w,r) € T? x R;. Mark by y := (x,@,w,r) € @ x T x T x R, the spatial-
velocity position. We can introduce the Fourier series expansion with respect to 8 € T of
the profile %() to obtain:

(3.4) G(t,y,0) = Ul(t,y) U ="F,,-  Fiy, BLE) =U".
leZ
It is understood that the function ]-"jla() and its derivatives at all orders satisfy (2.80).

Plugg the real valued function uf into (2.90)-----(2.93). Collect the contributions having
the same power of € in factor, sorted in increasing order. By this way, we get:

(3.5) Z & 4(t.y, olt,x )):o, Gi(t,y.0)=> Git,y) e't?, gh=g".
j=-1 leZ

It turns out that the expressions ¥ (-) depend only on terms %; with ¢ < j+1. In particular,

for j = —1, we get the preliminary constraint:

(3.6) %,1(t,y, 9, 02/0) =0.

Then, an approximate solution u; can be derived by solving successively the conditions
9 =0for j =0,5 =1and soon, uptoj = N — 1. In this text, we focus on the
initialization procedure, based on (3.6), which already requires a substantial amount of
work. The condition (3.6) is interesting and difficult to solve. It includes especially the
so-called eikonal equation which allows to determine ¢, and which therefore governs the
geometry of the propagation.
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In Part 3.2, starting from (3.6), we give a precise definition of the characteristic variety
sustaining wave propagation. The rigorous analysis of the dielectric tensor is performed in
Part 3.3. Finally, Part 3.4 is devoted to the study of interesting special cases.

3.2. Description of the characteristic variety. The condition (3.6) is expressed in an
abstract form. In Paragraph 3.2.1, we extract from (3.6) a simplified system of equations
that is amenable to the Fourier analysis performed in Paragraph 3.2.2. As explained in
Paragraph 3.2.3 and in coherence with basic concepts of wave-particle interactions [21, 36],
this yields a kinetic interpretation of electron cyclotron resonances. Then, Paragraph 3.2.4
gives an overview of the conductivity tensor which has to be studied carefully.

3.2.1. A reduced system of equations. From (2.90)-(2.93), we can extract the equations
composing (3.6). Since by assumption Vp¢ = 0, the term coming with ! in factor after
substitution of (3.3) inside (2.91) furnishes:

1
Otp OpFo,1 + W O(x)p-Vx¢p 0gF0,1 +
(3.7) "

—2GY(W(p,2) O F(r*) p- & = 0.
For av € {2,--- , N}, the equations inside (2.90) give rise to:

(38) 0¢ 0p-Foa + 2 Ga(U(p,2)) O, Fg(r?) p- & =0,
The Maxwell’s equations (2.92) provide:
(3.92) Ohp 9By + 'O(X)Vxp x 09&p =0,
(3.9b) Ot 0y — 'O(X)Vxo x 09 %Bo = T1(Fo1(t,%,)),
together with:
(3.10) LO(x)Vx¢ - 09%By = 0, LO(x)Vx¢ - 0pp = — P(Fo1(t,x,)) .
In view of (2.93), with dp = r? dw dw dr, we find that:
GiF) = [ s Aade. 0 = [ A,

Consider the expansion in Fourier series of %4(t,y,-), as in (3.4). The situation under
study is dispersive. After adjusting ¢ in order to obtain G' ; = 0 (and therefore Q:i =0)
for some [ € Z*, the other conditions G| = 0 (with £ # |I|) are in general not verified
(except for the trivial choice U§ = 0). This is why, at leading order, only one Fourier
coefficient will be switched on.

Assumption 3.2. [presence of a non-trivial monochromatic electromagnetic oscillation/
There is some non-zero integer | € N* such that:

(3.11) (Eb, By) = (B, By') #£0,  Us=0,  VeeZ\{-L1}.
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With [ € Z* as in Assumption 3.2, introduce:

Ti=10d(t,x) ER,  £:=1'0(x) Vxo(t,x) € R?.
Then, from equations (3.7) and (3.8), we can extract:
2

(3.12) [m +i <Tl>p S+ zj; aw} Foq = o G{(W(p,2)) O.F () p- E}.
On the other hand, from equation (3.8), we get:

(3.13) Vae{2, - N}, itF),=—-2G%¥(p,2)) 0, Fi(r*) p-E}.
Moreover, the Maxwell’s equations (3.9)-(3.10) reduce to:

(3.14a) TBY + Ex By =0, £ x By —1Ey =i J1(F) ),
(3.14b) ¢ B =0, £ Ey=ip(Foy)-

Lemma 3.1. Fiz 7 # 0 and assume that (]-"(l)’l, El, BY) satisfies (5.12) and (3.14a). Then,
the two equations of (3.14b) are satisfied.

Proof. Knowing that 7 # 0, the scalar product with £ of the first equation in (3.14a) yields
directly & - By = 0. Using the second equation of (3.14a), we get:

(3.15) — T Ey=i& N(Fy).

Integrate (3.12) with respect to p in order to obtain:

(3.16) TP(Fb ) + & T(Foy) =0.

Combining (3.15) and (3.16), since 7 # 0, we get the second equation of (3.14b). O

In view of Lemma 3.1, we can forget about the condition (3.14b). On the other hand, we
can eliminate B} from (3.14a) to retain:

(3.17) (72— [€P) Id + '] By = —i 7 Ji(F)-
Observe that the functions }—é,a with @ # 1 are not present at the level of (3.12)-(3.17).

Knowing what FE} is, we can deduce the expressions .7:(%70( from (3.13). The relation (3.13)
just says that the presence of a non trivial electric field E(l) is associated with prescribed
oscillations at the level of the ions’s kinetic distribution functions.

We now concentrate on the remaining system (3.12)-(3.17) on (]:(l)’l, E}). To simplify the

notations, we drop the subscript 1 (related to electrons). We use the notations G4, F4 and
F! instead of G¢, F{! and ]-"(l),l. The spherical coordinates which are associated with the
direction ¢ € R3 are:

€ =1&,8,8&) = €] (cos we sin wy , sinwg sinwg , coswe) 1= (1 coswe, &1 sinwe, §H),

where §| = [¢{] sinwe and §) := || coswe. Another preliminary step is to reduce the
discussion to the case where wg = 0 (or {& = 0). This can be done by rotation of both ¢
and p. Select an orthogonal matrix R € SO(3) which is such that:

RE=(£1,0,¢)), p:=Rp=|p| (cos(w—we) sinw, sin(w — we) sinw, cosw ) .
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Introduce:

(3.18) Fo(t,x,p) = Fo(t,x,"Rp) = Fo1(6,x,"Rp),  E}(t,x) = RE}(t,x).
Lemma 3.2. The couple (F}, Eb) is a solution to (3.12)-(3.17) with & = (€1,0,§))-
Proof. The equation (3.12) amounts to the same thing as:

[iT+1 <71a> Rp - R¢ + ::S D] Fh(t,x,p) = <r2) GY(¥(p,2)) 0.F4(r?) Rp- RE}.

Replace p by ‘R p to recover (3.12) for (ﬁé,Eé)(t,x,ﬁ), this time with £ = (£,,0,¢j). On
the other hand, apply the matrix R to the left of (3.17) to find:

(7 = |[RE[P) Id+ (RENRE|RE) = —i 7 RA(F).

Now, to obtain (3.17) for (F}, E}), it suffices to remark that:
RI(F) = / L Foalt,x, " Rp) dp = Ji(F). O
rs (D))

The system (3.12)-(3.17) will be studied with £ = (£1,0,)). The general situation can be

obtained by coming back from (F}, Eb) to (Fi, E}) through (3.18). From now on, we will
assume that we = 0.

3.2.2. Fourier analysis through the Jacobi-Anger identity. Define the scalar function:

(3.19) C=((x,m w6 ) =71& sinw be(x)7t.
Knowing that we = 0, the equation (3.12) is translated into:
b & cosw b, 1 _ 2 a dg,2 I
(3.20) iITH+i—— cosw+i ————— +-—0,| Fop = — G (Y(p, 2)) O, F(r°) p-E.
i T %R g € °

This can be viewed as a first order differential equation with respect to w € T, where
the variables x, w, r, 7 and £ play the part of parameters. Now, we want to remove the
variable coefficient in w from the differential operator which in the equation (3.20) is inside
brackets. This means concretely to eliminate the presence of "cosw". This can be achieved
by replacing ]:(l) by:

(3.21) F4(t,x,p) == exp(i ¢ sinw) Fy(t,x,p).
Then, the equation (3.20) becomes:

ir§) cosw be 1 _ 2 a 2 d(r2) p-EL exp (i ¢ sinw
20| B = s G0 2) 00 p B e (i€ sins)

By this way, the discussion is reduced to the study of a linear differential equation in w
with constant coefficients. The counterpart is that all the Fourier coefficients (with respect
to w) of the right hand side of (3.22) are non zero. But now, we can solve (3.22) through
a Fourier analysis in w. To this end, decompose F4(-) according to:

; .
Sf)(t,x,w,w,r) = E S’dm(t,x,w,r) etmw
meZ

(3.22) PT+


https://en.wikipedia.org/wiki/Jacobi\T1\DH Anger_expansion
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Lemma 3.3. The condition (3.22) is satisfied if and only if, for all m € Z, we have:

- m (1 Jn () sinw
(3.23) i [T+ T Sé’m _2r GY W (p,2)) 0,F(r?) —iJ,(¢) sinw - E},
(r) JIm(C) cosw

where:
(324)  Tm(x,p,€) = Tin(x, 7@, &) = (X)L (r §cosww+mbe) = —7_p(x, 7,7 —w@,§).

Proof. 1t suffices to compute the Fourier coefficient in w of the right hand side of (3.22).
To do so, recall the Jacobi-Anger identity:

(3.25) exp(i ¢ sinw) = Z T (C) €™« V((,w)eRxT,

meZ
where J,,(-) denotes the m-th Bessel function of the first kind. The formula (3.23) is a
consequence of (3.25) together with the wellknown relations:

(326&) Jm+1(<) + Jm—l(C) =2m C_l Jm(C) )
(3.26b) Im+1(¢) = Im-1(¢) = =2 J5,(C) - O

3.2.3. Kinetic interpretation of electron cyclotron resonances. Recall the definition (3.24)
of Tpm. The expression 7 + 7, depends on the position x € €2, the momentum p € R? with
norm 7 € Ry and pitch angle @ € [0, 7], the direction ¢ € R3, the Fourier mode m € Z,
and the time frequency 7 € R. The electrons gyrate with the local gyrofrequency b (x).
On the other hand, their guiding centers move with the drift velocity vg = r cosw e3(x)
where e3(-) is the unit vector field pointing in the magnetic direction. Looking at & as a
wave vector k € R3, we have vg -k = r §| cosw. Seen in this way, the function 7 + 7,
can be interpreted as a (relativistic) gyroballistic dispersion function.

The important role of 7 4 7,,, results naturally from the preceding asymptotic analysis. In
view of (3.23), as long as 7 + 7, # 0, the expression Sé’m can easily be expressed in terms
of E[l). However, difficulties arise when 7+ 7,,, = 0. Below, such special values are set aside.

Definition 3.1. [notion of kinetic resonance] Given (x,p,&,m) € Q x R? x R® x Z, the
resonant time frequency is given by —Tm(x,7,w,§). Equivalently, it is the time frequency
T satisfying the condition:

(3.27) (r) 7+ 7§ cosw + m be(x) = 0.

In (3.27), the quantity (r) 7 +7¢| cosw can be viewed as a Doppler shifted frequency [21].
Since the right-hand term of (3.23) is divided by 7+ 7,,, with 7+ 7,,, ~ 0 near resonances, it
can be said [36] that the interactions between the waves and the charged particles become
strong when the particles sense the Doppler-shifted wave at its cyclotron frequency (m = 1)
or its harmonics (m € Z with m # 1). The special case m = 0 corresponds to the well-
known Landau resonance.


https://en.wikipedia.org/wiki/Jacobi-Anger_expansion
http://www.math.usm.edu/lambers/mat415/lecture12.pdf
https://en.wikipedia.org/wiki/Electron_cyclotron_resonance
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Given (x,7, @, &) and m, there exists obviously one and only one resonance, which is given
by 7 = =T (x,7,w,&) = 0. Another issue is whether all values 7 € R are resonant, and
under what conditions.

Lemma 3.4. [Infinite set of resonances] Fiz (x,£) € Q x (R3\ {0}) as well as w € [0, 7]
and T € R. There exists infinitely many (m,r) € Z x Ry such that 7 + T, (x, 7, w, &) = 0.

Proof. The condition 7 + 7, = 0 is equivalent to:
(3.28) r? (1% — fﬁ cos’w) —2r m b, §| cosw + ™ —m?b2=0.
- First, if 72 = §ﬁ cos? w = 0, just take m = 0. Then, any value r» € R can be selected.

- Secondly, if 72 = §ﬁ cos? @ # 0, to solve (3.28), it suffices to obtain r(m) > 0 with:

ﬁ COS2

r(m) =

w —m? bg m b, O( 1 )
2mbe | cosw 2§ cosw m/
Now, either for m — —oo or for m — 400, we find that r(m) > 0.

- Thirdly, if 7 = 0 and fﬁ cos? @ # 0, the second order polynomial (3.28) has a double root
which is given by r(m) = —mb,/(§| cos@). Again, either for m — —oco or for m — +oo0,
we have r(m) > 0.

- Finally, assume that 7 # 0 and 72 # §ﬁ cos?w. The condition (3.28) is a quadratic
equation to be solved for r, with discriminant A = 4 72 (ﬁﬁ cos? w +m? b2 — 72). Since,
be(x) > 0, the number A is sure to become positive for all m € Z sufficiently large. Then,
the two roots r4(m) of (3.28) are:
B 2mbe§) cosw — VA

_ 2mbe ) cosw + VA
2(r2 — éﬁ cos? w) B

2(r2 — ﬁ cos? w)

r—(m):

ry(m) :

In particular, when |m| goes to infinity, there remains:

mb, 1
ra(m) = - & cos @ F 7] | oG)

For m — —o0, we find r_(m) > 0, and the value r_(m) is suitable. Either for m — —oo
or for m — 400, the selection of 1 (m) is also relevant. O

A number of differences between the cold case (see [8]) and the hot case (3.22) deserve to
be emphasized. Theses aspects are commented below.

o Cold situation. In [8], only three Fourier coefficients (Fé’fl, Fé’o and Fol’l) were involved,
and the set of resonances (namely 7 = 0 and 7 = +b,) was finite, simple and localized in
the usual (time-space) cotangent space.

o Hot situation. When dealing with (3.22), all Fourier coefficients %f)’m (with m € Z)
make some non trivial contribution. Moreover, the structure of resonances is much more
complicated. It is based on kinetic features, in the sense that the velocity p plays a role
through special choices of w and r. As revealed by Lemma 3.4, all values of 7 are affected
(for some p) by a (kinetic) resonance.
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Technically, the implementation of all the coefficients &é’m comes from the change (3.21). In
practice, this reveals the impact on the dispersion relations of fast (hot) beams of particles,
as it can be achieved through the advection term (v - Vx)f. For the same reasons, in the
hot case, the time resonant frequency 7, has come to depend on (r,w). In some ways,
the velocities v contribute to resonances that are dispatched in a continuum of time-space
frequencies, instead of being focused on special positions.

The above discussion reveals that the resonances come from the interaction between an
electromagnetic wave represented in (3.23) by E}(t,x) and a population of particles that is
associated with Sé’m(t, x,w, ), where (m, r) is adjusted as in Lemma 3.4. This is consistent
with the basic concepts of wave-particle interactions in collisionless plasmas [36]. In the hot
case, as a consequence of the kinetic aspects, the approach of [8] cannot be implemented.
Another method must be found. This starts in the next Paragraph 3.2.4 with formal
computations. This continues in Section 3.3 with a rigorous work of justification.

3.2.4. Formal resolution of the system (3.12)-(3.17). In view of (3.21)-(3.22), the density
coefficient F} can be viewed as a linear function of F} through:
(329)  Fo(t,x,p) =exp(—i¢ sinw) Fy(t,x,p) = V(t,x,p,7,€) - By(t,%),

where V() is the vector valued function which can be obtained by inverting the relations
contained in (3.23). This furnishes:

m ¢t Jn(¢) sinw
x Yy Jni(g) ( —iJ} (¢) sinw ) gt m=—mw
(m,n)EZ2 0 (7 + i) JIm(C) cosw

Due to the factor (7 + 7,,)~!, it must be clear that the formula (3.30) has no sense at
resonant time frequencies. Still, the relation (3.29) with V'(-) as in (3.30) can be exploited
in order to express Ji(Fy) in terms of E}.

Lemma 3.5. The vector Ji(F) can be determined through Jy(Fb) = 0(x,7,£) By where
the conductivity tensor 0 (-) is given by:

(3.30)

+00 rd d(p
(3.31) o(x,7,6) = —4dmi GY(¥(p, 2 Z / / OF T, drdw.

nez T+T)

At the level of (3.81), with ¢ and 1, as in (3.19) and (3.24), the "T," symbol stands for
the skew-symmetric matrizc:

n? JE(C) SiIl3 o —i nJn (C) J:l(g) sin3 w i J,%(C) CcCos w SiIl2 w
. JC 7 ¢
T, = —mn(?"(o sin® w (J!(¢))? sin® w —iJu(¢) J)(¢) cosw sin® w

cosw sin®w i J,(¢) J,(C) cosw sin® w J2(C) cos® w sinw
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A first remark is about the general form of (3.31). There are some similarities with models
already proposed. For instance, just replace v; and v respectively by 7 sinw and r cosw@
in the formulas (3.4) and (3.5) of [12]. The novelty here is the relativistic context and
the influence of the magnetic surfaces (through the function ¥). In addition, the formula
(3.31) has been justified through a rigorous approach, from basic principles. At this stage,
the definition (3.31) of 0(+) is only formal. Indeed, the denominator 7 + 7, vanishes at
the resonances. At first sight, nothing guarantees that the improper integrals of (3.31)
converge. On the other hand, in (3.31), the convergence (with respect to n € N) of the
series could be problematic.

Proof. Recall that:
+oo pm o, L3 cosw sinw
jl(fé)—/ // T sinwsine Fi(t,x, @, w,r) sinw drdwdw .
o JoJox ()

Cos w

With (3.26), (3.29) and (3.30), we get the result by direct calculation. O
Applying Lemma 3.5, the system (3.17) reduces to:

(3.32) Nx,7,E)Ey =0,  N(x,7,8):= e+ (2 — ¢ Id +ito(x,T,€).

We now define a notion of characteristic variety associated with hot magnetized plasmas.

Definition 3.2 (characteristic variety). The characteristic variety which is associated with
hot magnetized plasmas is the subset ¥ of the cotangent bundle T* M composed of:

(3.33) Vo= {(t,x,7,£) €[0,T] x Q x (R*\ {0}); det N(x,7,£) =0} .

The relation det 91(x,7,£) = 0 depends on x € 2, on 7 € R, on |¢| € R4 and on the angle
we € [0,7]. But, it neither involves the time t € [0,T] nor implies the angle we € [0, 27].
By the way, note that (7,£) € V implies (—7, —&) € V. On the other hand, for some subset
V(x,w) of the half-space R x R, we have:

(834) ¥ = {(tx,7.8) € [0,1] x Qx R\ {0});: (n,[¢]) € Vix,we) }.

Locally, in the neighbouhood of a regular point of ¥, the characteristic variety can be
parameterized as follows:

¥ = {(x,7,6) € 2 x R\ {0}); Darlx,7.6) = 0},

where Dy () stands for the dispersion relation of electromagnetic waves. Note that the
gyroballistic dispersion function D,, = 7 + 7, is constitutive of the definition (3.31), and
therefore of Djs(-). There have been many interpretations of wave-particle interaction.
A way of doing things is to suppose that the dispersion relation Dys(-) is given a priori.
Then, it is to locate the positions (x,7,&) where Dy (x,7,£) = 0 and D,,(x,p,7,£) = 0
(for some p), and to consider that it is where the exchanges of energy take place through
gyroresonant wave conversion [9]. We adopt here a different approach since the effects of
D,,(+) are directly incorporated inside Dy;(-). As a byproduct, when defining Dy,(-), we
are faced with new difficulties (of convergence and summability), which are solved in the
next Part 3.3. The questions about active power transfer will not be investigated in this
article. It is the next step, related to the transport equations on the amplitudes.
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3.3. Analysis of the conductivity tensor 0(:). In the cold case [8], exact algebraic
dispersion relations are available. In contrast, in the hot case, the formula (3.31) cannot
be solved analytically. Due to the resonances, it is even not clear whether the matrix o (-)
makes sense. In most texts on plasma physics, this last difficulty is simply avoided by
working in the upper half of the complex plane, that is with Im7 > 0. In this Part 3.3,
we will define the coefficients of 0(-) for 7 € R. This means to verify that the improper
integrals involved at the level of (3.31) are convergent for all n € Z, and also that (3.31)
gives rise to a convergent series with respect to n € N. To our knowledge, the following
analysis is original. We will consider the general situation, that is when §; # 0 and §; # 0.
The discussion starts in Paragraph 3.3.1 with a change of variables allowing to transform
(3.31) in a usable way. This allows to highlight the role of the Hilbert transform, which is
introduced in Paragraph 3.3.2.

3.3.1. A change of variables. Consider the transformation:

®: ]0,400[x]|0,7[ —> D
(r, =) —  (y,2) = (r cosw, (r)),

where:

D::{z€}1,+oo[, ye}—\/ZQ—l,\/zg—l[}.

The Jacobian of the transformation ® is given by

(3.35) Jp(@ 1y, 2)) =271 V22 — 1 4/22 — 1 —¢2
On the other hand, with F?(-) as in (2.60) and F9(-) as indicated below, we have:
(3.36) 2 (0, FH(rY) =271 0.FY(z),  Fz2):=Fiz%2-1) = Fi(?).
Using (3.35) and (3.36), the matrix 0(-) can be rewritten:
O(x,7,6) = —27i GY(¥(p, 2))

(3.37) oo [ ST ;

= / Tows) ) F)

oy} VaZ—1 T2+ &y +mbe z
n (3.37), Tm(y, 2) is the skew-symmetric matrix whose coefficients are given by:
m? Jz, (¢ im Jm(C) I, (C
(3.38a) TL .= ez (©) (22 =1 -7, TL2 .= (C) (©) (22 =1 -7,
J? —im Jn(¢) J),
(3.38b) TL3 .= m?(@ yJe2—1—y2, T2l=—T éC) m(©) 2y _ 2y
(338¢) T22 =IO (2 —1-4?), T2 = —idn(O IOy 21— g,
2

asy) T2 =" e T O A0 R 1,
(3:38¢) T = Jn(Q) v
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In (3.38), the symbol ¢ must be viewed as a function of (y, z) as indicated below:
(3.39) (=€ be(x)7h /22 -1y

3.3.2. The Hilbert transform. Consider the improper integral which at the level of (3.37)
is inside brackets, that is:

—Vz2-1 TZ—l-f”y—i-mbe er+§”y+mbe 1-V22—-1,V/22—1] .

Changing y into g with 72 + £y + mb. = §| g, this becomes:

V22=1 ~
(3.40) / 2 TZJFTg'(g’j)mb dy = §1|| To(z),  To(z) = / Tm;yz) i
—Vz?—1 e R
where we have introduced:
(124+mby) (1 2+ mby)
(3.41) Tou(y, 2) = Ton (y - gn,z) e el O 7 ).

We have to specify a prescription for dealing with the singular denominator in the integral
on the right hand side of (3.40). To this end, a standard procedure is to push the singularity
above the real §—axis, in order to recover a well-defined contour integral. Given a small
parameter n € R* | this amounts to look at:

o Tml§,2) 2N F

Zy(2) -—/R T—in dy, Zo(z) = nERH Iy(z).
The Plemelj formula allows to define Zy(z) as a complex number whose real part Zy(z) is:
(3.42) To(2) := Re Zo(z) = H((Tm(-,2))(0),

where the linear operator H is determined as indicated below.

Definition 3.3 (Hilbert transform). Given f : R — R in the Schwartz space S(R), the
Hilbert transform H f(-) of f(-) is the function given by:

(3.43) HJ@)= lim Hefle),  Heflo):= /zy|>s

f(y) dy
x—y

The quantity Zy(z) is usually associated with a phase, whereas the imaginary part of fo(z)
could be interpreted as inducing some damping or amplification effect on the amplitude
of the waves. Now, the perspective of our WKB hierarchy is to look successively at the
terms with different powers of ¢ in factor. In this process, the eikonal equation (¢7!) is
listed first, whereas the transport equation () is displayed after. From this standpoint,
the primary step is to identify the geometry of the phase. In this respect, the definition
(3.42) with T, as in (3.41) is what comes first. This is why it is selected in what follows.
Of course alternative definitions of Zy(z) may be considered. But they will be ignored here,
because the aim of this article is to focus on dispersion relations. Furthermore, as will be
seen below, the formula (3.42) makes perfectly sense.


https://en.wikipedia.org/wiki/Hilbert_transform
https://www.physics.drexel.edu/~tim/open/mas/node10.html
http://www.math.ucla.edu/~tao/247a.1.06f/notes4.pdf
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As a matter of fact, the Hilbert transform of the function f(-) is well-defined provided the
integral (3.43) exists as a Cauchy principal value. Intuitively, the contributions related to
the negative and positive values of § can compensate when determining Zy(z) through the
integral of (3.40). On the one hand, the function T,,(-, z) of (3.41) has compact support.
It is piecewise continuously differentiable, with two possible jumps. On the other hand, the
operator H is an isometry on L?(R). It also maps bounded functions to the Banach space
of bounded mean oscillation classes, denoted by BMO(R). Since T, (-, 2) € (L? N L*®)(R)
both arguments can be used to define Zy(z). Coming back to the initial formulation (3.37),
with (3.40) and (3.42) in mind, we can rewrite (3.37) in the form:

T d P +o00 d
(3.44) o(x,71,8) := 2 Gg(”\I/(p, ) 1 H (T (-,2))(0) (925 dz,
where:
(345) T(yv Z) = Z Tm(y7 Z) )
MmEZ

The discussion about a rigorous definition of the dielectric tensor O (-) is not finished.
Supplementary estimates on H (T (-, z)) (0) are needed to be sure that, inside (3.44), the
integral with respect to z is convergent. A functional framework that is suitable for that
purpose is exhibited below.

Lemma 3.6. Fiz v € R and n > 0. Assume that the function f(-) is in L*(R) and that it
is Lipschitz on the interval [x —n, x + n| with Lipschitz constant:

o 1(s) - 0
|’fHsz([:c—7],$+7I]) T m—ngsslilt)ﬁw—l-n ‘S _ t‘ ’

Then, the improper integral H f(x) is well-defined. Moreover, we have:
(3.46) H (@) <20 | fllip(a—naray + 1 1 @) -

Proof. The expression M. f(x) makes sense and we have |H. f(z)] < e~ [|f]|1g). Using
the fact that ¢! is an odd function, we can split the integral of (3.43) according to:
—1)

_ fl—1t)— f(z) fl@—1)
He f(x) = /a<|t|<77 : dt —I—/

[t1>n t

Then a rough estimate gives rise to:

He f(z)] < / 17 ooy -+ 77 / o —0)] dt.
e<|tl<n t

[=n
By passing to the limit (¢ — 0), we easily get the result from Lemma 3.6. O

The series (3.45) is in fact finite, with a number of terms depending on y and z. For m € Z
and 1 < i,5 < 3, we denote by T4/ the coefficient of index (i, j) inside T,,. The matter
in the next Paragraphs 3.3.3 and 3.3.4 is to show that, at least for (m,i,j) # (0,3, 3), the
functions T%J (-, 2) satisfy the assumptions of Lemma 3.6 for x = 0 and = 1. The more
singular case of Tg’?’ is handled separately. It is addressed in Paragraph 3.3.4.
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3.3.3. Lipschitz estimates. We focus here on the Lipschitz condition of Lemma 3.6.

Proposition 3.1. For all (m,i,j) € Z x [1,3]*\ {(0,3,3)} and z €]1,+oc0[, the function
T}/ (-, 2) is Lipschitz on R. For all (i,7) € [1,3]* \ {(3,3)}, there exists a polynomial
PvI(.) € R[X] such that:

(347) Vz E]]-a +OO[7 Z ||T;:’;"L]'('7Z)"Lip([—l,1]) < PZJ( 2?2 — 1)
meZ

There exists also a polynomial P33(-) € R[X] such that:

(348)  VrellLool, X ITSC )iy < PUVET).

mezZ*
Proof. Fix z € [1,+o00[ and (m,1,j) € Z x [1,3]*\ {(0,3,3)}. Then, the function T}/ (-, z)
is Lipschitz on R if and only if the function 7.%7(-, z) L 2=t v (+) is Lipschitz on R.
This function is clearly C! on R\ {£+v/22 — 1}. Difficulties can arise at +v/22 — 1, due to
the Heaviside step function. The idea is to compensate for this by the behaviour (vanishing

when m # 0) of the functions Jy,(-) or by the /22 — 1 — y? factor that appears in almost
all the coefficients of 7,,,. The Taylor expansions near ¢ = 0 of the Bessel functions are:

(—

(3.49b) M) =, o(¢?), vnez\{0,+1}.

(3.492) W@ =,1+0(¢), Q) =, %5 ¢+0(¢?),

It follows that, except for (m,i,j) = (0,3,3), all the coefficients 7,57 (-, z) of (3.38) vanish
at the points +v/22 — 1. The functions T%/ (-, z) are therefore continuous on R. To see why
the functions T%/(-, z) are Lipschitz and why we have both (3.47) and (3.48), we need to
be more specific. We first establish the Lipschitz property.

Lemma 3.7. Fiz (m,i,5) € Z x [1,3]*\ {(0,3,3)} and z €]1,+o00|[. Then:
(3.50) T3 (- 2) | ip(my < +00-

Proof. Recall (3.39), and retain that /22 — 1 —y2 9, = —&, be(x) 'y with £, # 0. For
ly| < V22 — 1, compute:

Im(€) I3 (C)

(3.51a) Oy T (y.2) = —2m* y c ,
(8:51b) 0Ty, 2) = —imy |Ju(Q)? + Im(C) Jn(C) + W |
(3.51c) 0, T3y, 2) = m be T2(C) — 2méL ) Im(Q) I (C) 7

§1 be 5

(3.51d) T2y, 2) = =2y ¢ Jp(Q) () =2y J),(0)?,


https://en.wikipedia.org/wiki/Bessel_function
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(352)  0,T2(y,2) =—i Z ¢ Im(Q) ()
i 222 [0+ () a0 + 2],

B52) 0Tz =2y lJ;(Q & 0 20

Since the matrix 9,7, is skew-symmetric, we have also:
ayTnzL’l = ayTnlz’z ) ayTn%’l = 8747_;111’3 ) ayTr?z’Q = 3y7_§3;3 .

As long as m # 0, in view of (3.49a) and (3.49b), all the quantities 9,7, remain bounded
when ¢ goes to zero, or equivalently when y goes to (Fv/22 — 1)£. When m = 0, the same
applies because J{(¢) = O(¢). Thus, the following one sided limits exist and are finite:

3.53 lim AT (y, 2) < +o0.

(359 Cdm o T

On the other hand, from the definition (3.41), we can infer that:

(3.54) |’T%("Z)||Lip(R) = Haymj('aZ)||Loo(]_\/z2_1,\/z2—1[)'

Since the function 7,57 (-, 2) is of class C! on the interval | — v/22 — 1,1/22 — 1], combining
(3.53) and (3.54), we get (3.7). O

To complete the proof of Lemma 3.1, we have to show the upper bounds (3.47) and (3.48).
To this end, an important argument is that only a finite number of m € Z contribute in
the series (3.47) and (3.48). As a matter of fact, for m € Z sufficiently large, namely:

(3.55) m| > M(2) == b (Jg)] 1+ V22 =1) +17] ),
we have:

Vye[-1,1], ]y—fn_l(Tz—i-mbe)\Z\/z?—l.
Retain that

Vim| > M(z), Vye[-1,1], Thi(y,z)=0.
Therefore, for all (i,5) € [1,3]?\ {(3,3)}, we have:

ST ipery = Y. TR )l pip-1.1)

meZ Im|<M(z)
(3.56)
< Z HayTriZJ(‘vZ)”Loo(]ﬂ/zLL\/le[)‘
Im|<M(z)
Similarly:
650 IR S Y 10 TEH ) e varryEm) -

mezZ* 0<|m|<M(z)
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For all m € N, the Bessel function of the first kind can be defined over the integral:

1 27

(3.58) Ton(©) = (D" Jn©), Q) = 5 / cos (C sint — mt) di.
™ Jo

From (3.58) for k = 0 and from (3.26b) for k € {1,2}, we easily get:

(3.59) VmeZ, VYC(eR, Vke{0,1,2}, [JBQ|<1.

Then, using (3.26a), we can obtain:

(3.60) VmeZ, VY(eER, ‘g—lJm(g)‘gl.

For m = 0, looking at (3.58), we can assert that:

(3.61) IPiGIESY

Combining (3.58), (3.59), (3.60) and (3.61) at the level of (3.52), we see that:
10y T (y,2)| < C (L4 +m? + [yl*),

where the constant C' is uniform with respect to the variables (¢, m,y). On the domains
under consideration, we have:

yl< V22 =1, [I< € be(x)7 Ve =1, |m| < [M(2)] < C (1+ V22 -1)%.
Thus, looking at (3.56), we can recover (3.47) and (3.48). O

3.3.4. L'—estimates. We focus here on the L'-bound required by Lemma 3.6.

Proposition 3.2. Fir (m,i,j) € Z x [1,3]? and z €]1,+oo[. Then, T4 (-, 2) € L*(R).
More precisely, we have:

(3.62) Vz €]l +oof, ST ) ) <2 (22— 1)3/2.
me7Z

Proof. The function T%J(-,2) is bounded on R with compact support. It is therefore
integrable on R. Moreover:

2, — (2
(3.63) 1T A = [ [T dy.
—z22—-1
Observe that the matrix 7}, has the following structure:
a? sin® @ iabsin®w ac cosw sin® w
T, = —iabsin®w b? sin® @ —ibccoswsin®w |,
accosw sin®w ibc cosw sin® w c? cos® w sinw

with (a,b,¢) = (m ¢ Jn(€), J},(C), Jm(¢)). Thus, using the elementary case of Young’s
inequality, the off-diagonal coefficients can be controlled by the diagonal ones:

(3.64)  ¥(i5) €[L3, Tl <27 (ITHCG @ + 1T )l w)
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To get (3.62), it suffices to prove the result for | T4(-, 2)|rry with 1 <@ < 3. To do so,
recall the following addition theorem on the Bessel functions of the first kind ([37], p.358):

(3.65) V(r,s,0) e R*xT, Z I (1) I (8) e~ = J, (\/7‘2 + 52 —2rs cos 9) )

meZ

Looking at (3.65) for » = s and 0 = 0, taking two derivatives of (3.65) with respect to 6 at
r = s and # = 0, and then applying 9, and Js at r = s and 6 = 0, we find successively:

(366)  VreR, S A0 =1, Y mPJi(r)= 7; S ()2 = %

meEZ meZ meEZ
Combining (3.38) and (3.66), we get:

Vie[1,3], Vyel—v22—1,V22 1], sup > ‘Trfl’i(y,z)‘ng—l.
lyI<V2?—1  mez
In view of (3.63), this estimate leads directly to (3.62). O

3.3.5. Study of the most singular coefficient. The expression Tg’B(y, z) does contribute at
the level of (3.44). However, it cannot be treated as before. As a matter of fact, since
Jo(0) =1, for all z > 1, the function issued from (3.38¢) and (3.41), say:

TZ
Y — Tg’?’(y—}— é_”,Z) :y2 Jg (S\/z2_1—y2> ]].]_\/227_17m[(y),

is discontinuous at y = +v/22 — 1. Thus, another argument must be put forward.

Lemma 3.8. Ezcept possibly for two values of z € [1,+00], the expression H(Tg’g(‘, 2))(0)
makes sense. Moreover, it is locally integrable with respect to z € [1,+00].

Proof. The idea is to remove from Tg’g(-, z) the singular part. To this end, introduce the
following decomposition of Tg’g (y, z), which reveals the auxiliary function ‘23’3 (y,2):

3,3 3,3 TZ
(3.67) T, 2) =Ty (y, 2) — (ZQ —1) ]1]7\/z2771,\/ﬂ[ (Z/ - §”> :
In view of (3.49a), the function ‘Zg’?’(-, z) is continuous on R with compact support. The
information (3.52b), (3.59) and (3.61) indicates that (%763’3(-, z) is bounded on the interval
| — V22 —1,V22 —1[. It follows that T2(-, z) is Lipschitz on R. Moreover, there exists a
polynomial P*(-) € R[X] such that:

(3.68) Vze[l4ool,  1F5°¢2)llmiporay < PoP(Va2 - 1).

From Lemma 3.2, we know that To”°(-, z) belongs to L'(R). To define H(To*(-, 2))(0), we
can apply Lemma 3.6. We now turn to the remaining (more singular) part on the right
hand side of (3.67). The Hilbert transform of the characteristic function 14 (-) is:

t—a
t—0b

VieR\ {a’ b}a H(]l[a,b]('))(t) = In
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Thus, for almost every z €1, 4o00[, we have:

' ra V=l

fH Tz—V22 -1

TZ

(3.69) H((z2—1)ﬂ]_m,m[ (.—gn))(()) (22-1) In

More precisely, (3.69) is well-defined for all z €]1, +oo[ when |7| > v/2 [¢;|. On the contrary,
when |7| < V2 [¢], only the two values zy+ = :I:ﬁ[l (2 - ﬁ)l/2 can be problematic.
However, the logarithmic behaviour near the (potentially ) singular points zy is compatible
with L}, -estimates. Retain also that the asymptotic behaviour of (3.69) when z — oo is
controlled by C (22 — 1) for some constant C' € R.. O

Lemma 3.9. Assume that § # 0 and &, # 0. Then, the conductivity tensor o(x,1,§) is
well-defined through (3.44).

Proof. Tt suffices to show that the Lebesgue integral inside (3.44) makes sense and is finite.
For (i, ) # (3,3), applying (3.46) with Lemmas 3.1 and 3.2, we obtain that H (T (-, 2))(0)
is locally bounded with respect to z €]1,+oo[. It is therefore locally integrable. In view
of (3.48) and Lemma 3.8, the coefficient H(T33(-, 2))(0) is also locally integrable. Now,
recall that F4(-) € S(R,;R). Thus, the controls (3.47), (3.48), (3.62) and (3.68), by at
most some polynomial growth in z is compensated by the rapid decreasing of 9,F4(-). The
integrand inside (3.44) is in L'(]1, +ool). O

3.4. Interesting case studies. It was shown in Section 3.3 that the matrix 0 (-) is well-
defined for all £ such that & # 0 and £, # 0. The case of a parallel propagation ({, = 0)
is considered in Paragraph 3.4.1. The case of a perpendicular propagation (fH = 0) is
studied in Paragraph 3.4.2. Looking at the number of resonances to be taken into account,
that is the number of nonzero terms in the sum (3.31), the following may be noted. There
is a growing complexity when passing from the parallel case (involving m = —1, m = 0
and m = 1), to the generic case of Section 3.3 (implying a finite number of m), up to the
perpendicular case (giving rise to the selection of an infinite number of m € 7).

3.4.1. Parallel propagation (§1 =0 and § # 0). When | = 0, as indicated in (3.39), we
simply find ¢ = 0. Now, in many formulas such as (3.30) or (3.38), the term (! appears in
factor. However, this singularity is compensated by m J,,(¢). Indeed, the relation (3.26a)
is valid for all values of m € Z and ¢ € R. The function y,, : ¢ = m (™! J,,(¢) can be
extended to some analytic function on R satisfying:
1

(3.10) Xa1(0) = £
It follows that the matrices T}, of Lemma 3.5 are zero except if n € {—1 0,+1}. We find:

00 4 8 Fd
O(x,7,8) = —4mi GU(¥(p,2)) Y / / Ty P Tn dr dw .
(3.71) InI<1 (7 + 7

+o00 4 Fd
= —47i GYV(p,2)) /0 /0 ! 6T<r> r T (par) dr dw .

xm(0) =0, VmeZ\{-1,+1}.
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In (3.71), the matrix T'(par) is obtained by summing up what comes from 7_;, Ty and 77 :

((r)7 + 1§ cos @) sin® @ —ib, sin® @ .
2 {(<T>T + 7§ cos w)z - bg} 2 | ({r)T 4 r§ cos w)2 — bg}
; =3 .. 3
T(par) := i b sin” w (ryT + r&)| cos w) sin® w 0

2 {(<r>7 + 7€) cos ) — bi} 2 {((m + 7€ cosw)” — bi}
0 0

cos? w sin w

(r)T + 7 cosw

When ¢, = 0, the condition det9(x,7,£) = 0 reduces to A Az A = 0. To simplify,
introduce k = k(x) := 47 G4(¥(p, 2)). The connected components of ¥ can be determined
by looking at the three conditions:

400 pm 4 Fd
(3.72a) Ap(x,7,§) =7 +I€T/ / Or ) cos” wsinw drdw =0,
()T + 71 cosw)
+o0 49, Fi(r 3
(3.72b)  Ap(x,7.§) =72 — & — m/ / 8 DT =0,
0 2(r) [(r)7 + 7€ cosw — b}

400 4 Fd 3
(3.72¢)  Af(x7.§) =7 & - m/ / 8 BRI
0o 2(r T—i—r{“cosw—i—b}

a) Transverse waves. We find two components V' (x,0) and V7 (x,0) which are:
(3.73a) Vr(x,0) = { (1,16 e Rx Ry 5 Az(x,7,]g)) =0},
(3.73b) Vi(x,0) = { (7, 1) e Rx Ry 5 Aj(x,7,]g)) =0} .

b) Longitudinal waves. We find only one component:

(3.74) Vi(x,0) = { (7,]€)) € R x Ry A(x,m J[) =0}

3.4.2. Perpendicular propagation (fH =0 and & # 0). The content of Paragraph 3.3.1 is
still valid in the case § = 0. However, the interpretation of 0(-) as in (3.44) does not
hold. To get around this difficulty, the idea is to use Fubini’s theorem at the level of (3.37)
in order to recognize some Hilbert transform issued from an integration with respect to z
(instead of y). The equation (3.37) then becomes:

o(x,7,(£1,0,0)) == —271i GY(V(p, 2))

5 [T e ) 2 e

oy V-1 TZ+mb,

(3.75)
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In other words:

(3.76) 0(x,7,(£1,0,0)) =27 GY(T(p, 2)) % Z H(T) (_ mb€> 7

T
meZ

where:

82Fd(2) /\/22—1

z —VET
and 7., (y, z) is the skew-symmetric matrix given by (3.38).

(3.77) I (2) = 1j1 4oo[(2) Ty, 2) dy,

Proposition 3.3. For all m € Z, the function F,,(-) is Lipschitz on R. Moreover, there
exists a constant C > 0 such that:

(3.78) VmeZ, 10. Tnlloo :=sup  sup [0..757(2)| < C (m? +1).
2€R 1<i,j<3

Proof. Fix m € Z and (i,5) € [1,3]%. Then:

d 1
B19) T = () P [ VATV ) ay
—1

z

Note that Z59(1—) = Z4(1+) = 0. The function .7%7(-) is therefore continuous on R.
To prove Proposition 3.3, it suffices now to prove Lemma 3.10 below. (|

Lemma 3.10. For all (m,i,7) € Z x [1,3]? and z €]1,+0c0], the derivative 0,7, (z)
exists. Moreover, we have:

(3.80) JCeRy; VmeZ, sup  sup |0, 75 ()| < C (m?+1).
z€|1,400[ 1<,5<3

Proof. Recall (3.79). Consider the auxiliary function:
fid )1, +oo[x] —1,1[ — R

(3.81) (z,y) — fl(z,y) = V22 -1 T(V2> = 1y,2),
so that:
. 9, Fd L
(3.52) 73) = 1) 2 [ Gy ay.
—1

With y = v22 — 1y, we find:
(3.83) ¢ =<((zy) =& be(x)_1 22 —14/1—y2,
as well as:

b2
(3.84a) £ (z,y) = ) m? J5(Q) V22 -1,

1
(3.84D) B23) = 25 i m Ju(0) Tn(O) (2= 1) /1=y,

1
(3.84¢) B2y = 2 m A (2 - D)y,

1
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(3.85a) £22(2,y) = J,(Q)? (22 = 1)*? (1 —y?),
(3.85b) £23(2,y) = —i Jm(C) J(Q) (22 —1)*%y /1 —y2,
(3.85c¢) £53(2,y) = JA(0) (27 —1)¥% y?

Fix (m,i,7) € Z x [1,3]?. We will drop the reference to (m,,7) when it is not necessary to
mention it. On the interval |1, +o0o|, the function z — 271 9,F4(2) is of class C*. Thus,
at the level of (3.82), it suffices to look at the parameter-dependent integral:

1
]1,+oo[92»—>/ f“,#(z,y) dy .
1

In order be able to apply the Leibniz’s rule for differentiation under the integral sign, we
can check the following conditions:
(i) For all z > 1, the function y — f(z,y) is integrable on | — 1,1[;
(ii) For all y €] — 1, 1], the function z — f(z,y) is of class C* on |1, +o0[;
(iii) The function (z,y) — 0.f(z,y) is bounded on every set of the form Kx] — 1,1],
where K is a compact subset of |1, +oo.

Below, we perform the verification work step by step.

(i) Fix z €]1,400[. In view of (3.38) and (3.39), the function 7,57(-, z) is continuous on
the interval | — 1,1[. In view of (3.81), this also holds true for ;7 (z,-).

(ii) Fix y €] — 1,1]. On the one hand, the function ((-,y) is smooth. On the other hand,
the Bessel function J,,(-) is analytic on R. In view of (3.85), the function z — f(z,y) is
therefore of class C1 on |1, 400

(iii) We have to compute D%/ (z,y) := 0,f9(z,y). Since the matrix D is skew-symmetric,
it is enough to compute D%/ When i <j. Use (3.83) and (3.85) in order to obtain:

2
(386a)  DLi(sy) = Z o PO +2 g 5 1O TnlO) 17,

(386h)  DY(zy)=2i 2’ 2 m Jn(C) JH(C) /1 y2

L
+iz V22 =1m [J,(0)7+ Jm(C) JH(Q)] (1—y7),
(3.86¢) DL3(z,y) =2 ?j zm JA(O) y

422 V2 = 1m Ju(Q) T(Q) v \/1—¥7,
(3.86d) D22(z,y) =3 2 V22 =1 JL,(¢)? (1 —y?)

+2 fi 2 (2= 1) T (Q) JA(C) (1—y2)*2,
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(3.87&) D% 3(2: y =—-31z \/7 1 Jp, )y m

By [J;n@)? (O] Y (1),
(3.87b) D33(z,y) =3 2 V22 -1 J2(¢) ¥v°
F2EE 2 (2 1) ) Jl0) ¥y 12

All these functions D4/ (+) are clearly bounded on K x] — 1,1], at least if K is compact
which is contained in |1, +o0[. Since the three conditions (i), (i) and (iii) are satisfied, we
can assert that:

1 1
(3.88) 0. (/_1 f9 (2,y) dy) = /_1 D}l (z,y) dy

It follows that:

(3.89) JCeRy; Vze|l 4o, (070 (2)|<C sup D3 (2,9)] -
(z,y)€]1,400[x]—-1,1]

Exploit (3.59) to control the Jr(f)(C) uniformy with respect to m € Z. In view of (3.87),
as indicated in (3.80), the growth in m is at most m?. When z goes to 1+, the only term
which may be problematic is D}:!(z,y), see (3.86a). For m = 0, there is nothing to do. For
|m| = 1, exploit (3.49a) together with (3.83) to see that |D}:!(z,y)| remains bounded. For
|m| > 1, the expression |DL1(z,y)| simply tends to zero when z goes to 14+. By this way,
we recover (3.80). O

Lemma 3.11. For allm € Z and for all (i, j) € [1, 3]2, the functions F59(-) is in L' (R).
For all (i,j) € [1,3]?, there exists a polynomial Q% € R[X] such that:

.. +w ..
(3.90) Z m? | T | m) < QW (V22 —1) 0,F4(2) dz < 400.
meZ 1
Proof. Use again (3.64) to reduce the discussion to the case ¢ = j. At the level of (3.65),
apply the derivatives dy, 0, and Js. Then, take r = s and # = 0. By this way, we can obtain
the existence of polynomials (P;)1<i<3 € R[ ]? such that, for all » € R and j € {2,3}:

(3.91) Z m?J J2 (r) = Pi(r), Z m* (J,(r)% = Py(r).
mEeEZL meEZ
Combining (3.82) and (3.85), we can see that:

|0:F4(2)]
z

JCERy; | T37(2)] < O Ty oo (2) (1+m’+2%).

Knowing that F4(-) € S(R), this gives Z57(-) € L'(R). Then, it suffices to exploit (3.91)
together with (3.85) in the sum of (3.90) in order to recover (3.90). O
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In view of Lemmas 3.3 and 3.11, for all n € R* , we can apply Lemma 3.6. This yields:
i, mb, ij ~1 | grij
(3.92) (T ) (= =) <20 10: T lloo + 07" (|77 22 ) -

In (3.92), select n = (m* + 1)~!. Take the sum over m € Z. In view of (3.78) and (3.90),
the corresponding series is absolutely convergent. Coming back to (3.75), this implies that
the matrix 0 (x,7,(£1,0,0)) is well-defined.

3.4.3. Perspectives. It would be interesting to study #  through numerical computations.
This would allow to produce concrete representations of ¥, similar to the ones obtained
in [8]. Note that there are some recent works dealing with the numerical aspects [34, 39]
but they are restricted to the rough case where the external magnetic field is constant and
where the Maxwell-Boltzmann distribution function depends only on p.

In the same way, our model (3.31) can help to improve computations in reflectometry [19].
Indeed, it allows to detect some relevant impacts induced by the spatial variations of the
external magnetic field and of the equilibrium distribution function.

Besides, our analysis is a prerequisite for further mathematical developments. It would be
interesting to complete the WKB analysis for times ¢ ~ 1, and beyond for times ¢t ~ 71,
From a physics point of view, questions about wave-particle interactions [21, 36], anomalous

transport [6], or confinement properties could thereby benefit from new perspectives [7].
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