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AXIOMATICS OF LEVEL STRUCTURE VALUES

Abstr.c!

In thjs paper we develop six values for side payments games when a
cooperative description of the players is a priori given. This
cooperation description, called a level structure, is made of a sequence
of coalition structures. Those values are extensions of values such as
the Shapley value (1953), Owen's value (1977) and Winter's level
structure value (1989).

KEY WORDS : LEVEL STRUCTURE, VALUE OF TU-GAMES.

VALEURS DE JEUX COOPERATIFS A STRUCTURES COALITIONNELLES

Résumé

Dans cet article, nous proposons six valeurs de jeux coopératifs
lorsque les joueurs sont a priori organisés en une suite de structures
coalitionnelles. Ces valeurs sont des extensions de valeurs telles que la
valeur de Shapley (1953), la valeur d'Owen (1977) et la valeur de
Winter (1989).

MOTS CLES: STRUCTURE COALITIONNELLE, VALEUR DE JEUX
COOPERATIFS



AXIOMATICS OF LEVEL STRUCTURE VALUES

F. Chantreuil l

Il RA·ESR Grignon, BP.I, 78850 Thiverval-Grignon, France

Abstract

In this paper we develop six valnes for side payments games when a cooper­
ation description of the players is a priori given. This cooperation description,
called a level structure, is made of a sequence of coalition structures. Those
values are extensions of values such as tlle Shapley value (l953), Owen 's value
(1977) and "\linter's level structure value (1989).

1. Introduction

In this paper we develop six values for side payments games which take into
account the possibility that some players may be more likely to act together than
others. Actually, in many situations a. coalition structure is not an adequate descrip­
tion of the cooperation structure and a more detailed description of the different
levels of cooperative agreements is needed. To account for ail possible links among
the players we can extend the notion of coalition structure value to games in which
the players are already organized into a level structure (LS), that is a sequence of
coalition structures.
Consider a characteristic function game U with a set of players N = {l, 2, 3, 4, 5, 6, 7}
and suppose that these players are organized into two coalitions, say A = {l, 2, 3}
and B = {4,5,6, 7} and into parties within each coalition, say C = {1,2}, D = {3},
E = {4,5} and F = {6,7}. In other IVords, the players are organized into a level
structure (figure l) B = {81,82 ), with 8 1 = {A,B} the first level of cooperation
and 8 2 = {C, D, E, F} the second one.

t 1 thank Guillerrno Owen and Jean-François Laslier for helpful discussions and comments, and
Dirk van de gaer for his valuable remarks. The lIsual caveat applies
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BI coalition level

B2 party level

Our 1)LIl'pose is to determine the final repartition of the total amount U(N) among
the players. If we suppose that the level structure is a priori given, we might expect
that each coalition (A and E) will choose a delegate to represent the coalition in
a bargaining situation whose formaI representation is the quotient game V, which
is a two-person side payments game. So, a reasonnable expeetation for coalition A
(resp. E) is the amount 'PA(V) (resp. 'PB (V)) which would normally be expected
by player A (resp. E) in gal11e V (where 'P denotes the Shapley value). Then, the
members of A, e.g, would bargain among themselves to deterl11ine the division of the
amount 'PA(V) which the coalition receives. Again, we might expect that each partie
(C and D) will choose a delegate to represent the party in a bargaining situation
whose formaI representation is the subgal11e WA defined on the coalition A. This
subgame is a two-person side paYl11ents game. So, the amount which wou Id norl11ally
be expected by player C (resp. D) is the Shapley value of player C (resp. D) in
subgame W..j , i.e 'Pc(WA) (resp. 'PD(W,tl). Finally, player -i E C should expect to
receil'e a fraction equal to 'P;(Wc ) which is the Shapley value of player -i in subgame
Wc defined on the party C. Thus, an expectation for player -i E Cc A in game U,
assuming the level structure B, is the product of the Shapley values in the respective
subgames and quotient game.
This example gives a simple illustration of the way we proceed to determine the
final payoff for each player. At the first level of the level structure, the coalitions
bargain among themselves to determine the division of the total amount U(N).
At the second level, the parties belonging to the same coalition bargain among
thel11seh'es to deterl11ine the division of the amount the coalition receives. Finally,
the players of a party divide among themselves the amount the party receives. This
final distribution of payoff reflect the fact that the players are already organized into
a. level structure.
Obviously, the value of player -i E C C A depends crucially on the definition of
the subgames Wc and WA and on the defintion of the quotient game V. In section
:3, ll'e propose three level structure values based on a bargaining procedure among
coalitions and tluee different bargaining procedures within coalitions. In section 4,
ll'e propose till'ee other level structure values by changing the bargaining procedure
among coalitions.

2. Notations and definitions
We consider a side payments gal11e U with a set of players N = {l, ... , n} and P(N)
the set of ail finite partitions of N, where a finite partition, Be, is a set of coalitions
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Bjo such tha.t

m O

U Bjo = N and BqonBko = 0, (/ -1 /,;e E iW
jC=l C

where Be represents the c-th level of cooperation.

Definition 1
We define a binary relation ~ on P(N), IVhere Be~ Bh mea,ns that the fini te partition
Bh is identical to Be or finer than Be. This binary relation is a quasi-ordering on
P(N).

Definition 2
A level structure (LS) B IS a subset of F(N) such that the binary relation <1 IS

complete on B.

Definition 3
r\ LS B=(B1, ... , Be, ... , B9) is said to be strict if and only if for ail c=I, ... ,g-l, B' <1

B'+I, where <1 is the asymmetric component of ~.

Definition 4
For ail coalitions Bjo E Be, IVe note n(Bjo) = ü{Bjo+1 E Be+!
c=I, ... ,g-1.

Bjo+1 ç Bjo}, for ail

Definition 5
For every coalition Bjo E Be, if n(Bjo) = 1, that is if there exists only one coalition
Bio+1 E B'+l such that Bjo+J = Bi'> then we say that Bjo is a strong coalition for
(Be, Be+1).

To determine the level structure values \l'e always consider a side payments game
with a set of players organized into a strict level structure B = {BI, B'}. So, the
players are put into coalitions and into parties within each coalition.

Definition 6
Let IT(N) the set of ail permutations of the set of players, then
(i) for all1f E IT(N), 1f is a symmetry of U if and only if, for ail S ç N, 1fU(S) =
U(1fS)
(ii) For ail 1f E ll(N), " is a symmetry of B if and only if, for ail S ç N, S ç
Bp, ,,(5') ç Bp and, for ail S ç N, S ç Bp , 1f(S) ç Bjl
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Definition ï

A Level Structure Value (LSV), <p2, is a function which assigns to each pair (U; B),
a vector containing the payoffs of each of the n players.

<p2 is the LSV in a two level game which derives l'rom the Shapley value <p. This
function satisfies the following five axioms.
We define a carrier as in Shapley's paper, and let 7f and pC denote permutations of
. and MC (c=1,2) respectively. The game 7fU is define by 7fU(S) = U(7I:S).

Axiom 1 (Efficiency)
For any carrier H of U, L.EH <pHU; B) = U(H)
Axiom 2 (Anonymity)
For any 7f E f1(N), if 7f is a symmetry of (U; B), then <pH7f(U; B)) = <Pf~i)(U; B)
Axiom :3 (Independence)
For any B j • E B1, the quantity LiEB 1 <pHU; B) depends only on the bargaining

)

procedure among coalitions.
For any B)' E B2, the quantity LiEB, <pHU; B) depends only on the bargaining

)

procedure within coalitions.
Axiom 4 (Symmetry)
If i and h are two symmetric players in the subgame HIB)2' then <p;( U; B) = <P~ (U; B)
If B)' and Bq2 are two symmetric coali tions in the subgame HIB" then <P~ (U; B) =

) )2

<P~ ,(U;B),
If Bi' and Bq' are tlVO symmetric coalitions in the quotient game V, then <PB2 (U; B) =

)'

<PB2 (U; B)
"Axiom :j (Addi ti vitY)

<p2(U;B) + <p2(1/;B) = <p2(U + I/;B)
The first axiom, usually called the carrier axiom, requires that the sum of LSV val­
ues over all players i in any carrier H equals U(N). Since this must hold for any
carrier, it implies that the LSV value of player i equal zero if i is a null player. The
second axiom requires that the LSV value depends on the strict LS B, but not on
the labelling of the unions and the players. The third axiom is an independance
condition. It requires that the sum of LSV values over al! players i E Bi' equals
the Shapley value of player B)' in game V, and that the sum of LSV values over
ail players .; E B)' equals the Shapley value of player B)' in game Hf)'. The [ourth
axiom is an axiom of symmetry among the players. It requires that two players
or two coalitions who are identical!y treated by the characteristic function of the
games representing the bargaining procedure among coalitions and within coalitions
must be identically treated by the LSV value. The fil'th axiom, called the additivity
axiom, specifies how the LSV of different games must be related to one another.

:3. Level structure values with a simple quotient game
If we suppose that in each coalition B)' E BI an individual (a delegate) is selected
to represent the coalition, then it can be said that the problem of the division of the
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gain among the coalitions of the first finite partition of IV is a bargaining situation,
formally representated by the quotient game V = U/ BI. V is agame with a set of
players Jlf1 = {ll, ... ,p, ... ,m l

} and is given by:

V(S) = U( U Bi'), for any S E BI
BJ1 ES

Thus a reasonnable expeetation for the j'h coalition is the amount 'PB 1 (V), which
is the Shapley value of player Bi' in game V and would be normally Jexpected by
this player.
Then, the members of this coalition Bi' would bargain among themselves to de­
termine the division of the quantity the coalition receives. These members are the
coalitions of the finite partition B2 which belong to the coalition Bi" Note that we
also suppose that in each coalition Bi' a selected delegate represents the coalition.

As we argue in the previous example, the division of the quantity the coalition
receives depends on the definition of the subgame we can defined on this specif­
ie coalition. Considering the example given in introduction, the first bargainning
procedure within coalitions we consider as the following interpretation. Parties C
and D have two pieces of information. They know that they have to divide the
amount the coalition A receives among themselves and they know the amount they
can obtain on their own in the characteristic funetion game U.
Bence, this bargaining procedure within coalitions originates when we simply take
into account the amount U(I\) that every J( C Bi', J( E B2 can obtain itself. To
do this, we can define the subgame vl!B • on coalition Bi'

)

WB. (0) = 0
J

WB, (J() = U(I\), for ail J( C Bp, J( E B2

J

WB 1 (Bj .) = 'PB. (\1)
J J

Then, a reasonable expeetation for coalition Bi' C Bj • is the amount 'PB ,(WB.),
J J

whieh is the Shapley value of player Bi' in the subgame WB l'
}

To c!ctel'mine the division of the amount 'PB, (WB 1) among the members of the
party Bi', we use the same argument. "Ve d~fine tfle subgame \VB , on party Bi'
50 as to take into account the individual possibilities of each He Bi' :

WB ,(0)=O
J

WB, (H) = U(H), for ail H C Bi'
}

WB ,(Bi') = 'PB ,(WB ,)
J }}

Thus, each player i E Bi' C Bp can obtain the amount 'P;(WB},), which is the
Shapley "alue of player i in the subgame \VB,·

}

This bargaining procedure within coalitions can be characterized by the following
aXIOIll.
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Axiom 6
For ail K C Bp , WB, (K) = U(K) and WB, (Bp ) = 'PB ,(V)

J } J

Por ail H C Bp, WB 0 (H) = U(H) and WB 2 (Bp) = 'PB 2 (WB,)
r J J)

This axiol1l implies that the characteristic function of the subgal1le WB" is
deterl1lined by giving to ail K C Bp the corresponding value of the characte~'istic
function of game U, and to the coalition Bp the amount which this coalition receives,
that is the Shapley value of player Bj , in the quotient game V. By the same token,
the characteristic function of the subgame WB 2' is deterl1lined by giving to ail

J

H c Bp the corresponding value of the characteristic function of game U, and to
the coalition Bp the al1lount which this coalition receives, that is the Shapley value
of player Bp in the subgal1le WB,

J

Theorel1l 1
There exists a unique LSV <p2 satisfying axioms 1-6 for side payments gal1les with a
strict LS B. It is given by 2

<p;(U;B)= L "h(bJl[U(HU{i})-U(H)] +:2
HCB2 J

}

'EH

L "g(n(B])) [U(GUBJ) - U(G)j- U(B])
Gcel

J
B;f!G

Heturn to our example given in introduction, we can consider another interpreta­
tion for the bargainning procedure within coalitions. This interpretation is as follow.
Parties C' and D have not tIVO but tluee pieces of information. They know that they
have to divide the amount the coalition A receives among themselves, they know
the amount they can obtain on their own in the characteristic function game U and
they know that the amount they have to divide among themselves is the result of
negociations between coalitions A and B.
Then, the second bargaining procedure within coalitions consists in accounting for
the amount U(K) that every K C Bi" J{ E 6 2 can obtain itself and the amounts
U(J, U Bq' U ... UB h ,) that J{ could obtain if he \Vou Id defect from coalition Bp and
form a new coalition \Vith one or more of the rel1laining coalitions of 6 1

. Remark

:?The heuristic determination of the LSV and the proof of theorem lare given in a.ppendix
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that B is not supposed to change. The construction only serves to compute the
relative payoff of each member of the coaliton Bjl.
For any J( ç Bi', and J( its complement relative to Bi', we define a restricted
game lia), Il, as representing the quotient game V when J{ replaces the coalition Bjl

in the finite partition BI lia III, is agame with a set of players MI 1Bi' / J( and is. }

glven by :
lIa),ff{(S) = U( U Bq, - J('), for al! S ç M'

BqlES

Then a reasonable expectation for J( in the restricted game lia ,ff{ is the amou nt
}

'l'f{I (lia 1fl'I) which is the Shapley value of player J{ in this restricted game. This
)

amount also represents the relative payoff, in game U, of J( if he would clefect from
the coalition Bi"
Using the measure of the relative payoff of each member of the coalition B j " we can
clefine the subgame Hia 1 on the coalition Bi' by :

}

Wa)} (0) = 0

Wa 1 (A") = 'P1,(lia Ill,'), for ail J{ ç Bi'
) )

Thus each Bp ç Bi' can obtain the amount 'l'a), (Wa,!) which is the Shapley value
of player Bp in the subgame Hia l'

)

Then lI"e have to cletermine the division of the amount the coalition Bp receives
among its members. 'vVe can repeat this proceclure to clefine therestrictecl game
\Va,fH as representing the subgame Wa ! when H ç Bp replaces the coalition Bp

) )

in the finite partition B2 So the relative payoff of H if he woulcl defect from Bp is
given by the Shapley value of player If in this restricted game. Then we clefine the
subgame Wa)' on the coalition Bp by :

Wa ,(0)=O,

Wa , (H) = 'PH(Wa ,/H), for ail H ç Bp
) )

Thus each i E Bi' can obtain the amount 'P;(Wa,,) which is the Shapley value of
l'layer i in this subgallle.
This bargaining procedure within coalitions can be characterizecl by the fol!owing
aXI0111.

Axiolll 6'
For ail 1\ ç Bj" 1\ E B2, Wa,! (In = 'l'!J" (lIa,lll' )
For ail If ç Bp, Wa),(H) = 'PH(Wa,da),IH)

This axiolll illlplies that the characteristic function of the subgame Wa !, is,
cleterlllined by giving to ail J{ ç Bi' the Shapley value of player J," in the restricted
quotient gallle lia ,l'" Furthennore, the characteristic function of the subgame

)
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WB,,, is determined by giving to ail H ç Bp the Shapley value of player H in the
restreint subgame "VB liB ,IH·, ,

Theorem 2
There exists a unique LSV 'P2 satisfying axioms 1-5 and 6' for side payments games
with a strict LS B; it is given by the formula 3

s!(m' - k -1)!k![n(Bp ) - k - l]!il!(bp - il -1)
m'! n(Bj,)! bpi

Return to our example, the last bargaining procedure within coalitions we con­
sider has the foilowing interpretation. Parties C and D have more information.
They know that the coalition B is decomposed into two parties, E and F.
Thus, the third bargaining procedure within caolitions arizes when we take into ac­
count not only the amount U(I{,) that every K, C Bp , f{ E 132 can obtain itself but
aiso the amounts U(K, U Bq, U ...B", U... U Bq' U ... UBh,) which he could obtain if
he would de[ect from coalition Bp and form a new coalition with one or more of the
remaining coalitions of 132

• So, [or al! J{ C Bp , f{ E 13 2
, and J( its complement

relative to Bj" we define the game 116'IB II/{ on the coalition structure 132 when J{
replaces al! the parties Bj , belonging to d,e coalition Bp. Thus, 116 'IB liT.; is agame,
with m? - 1l(Bj ,) + 1 players, and we have:

116'IB,IIdG) = U( U Bq')' for al! G E M2IBj,/ [{
B q2EG

Then a reasonable expectation for player J{ if he replaces Bp is the amount 'P/,·(1I6'IB 1//')'
which is the Shapley value of player f{ in the game 116'IB Ill,. ',
Using the relative payoff of each subset of Bp, we can define the subgame WB 1 on,
coalition Bj, :

WB,I (0) = 0

WB I(I\) = I-'/,(\I6'IB If/')' for al! J{ C Bjl, f{ E 132, ,
WB 1 (BjlJ = 'PB 1 (II), ,

Thus, each party Bp C Bj, can obtain the amount 'PB, (WB 1) which is the Shapley, ,
value of player Bp in the subgame WB 1.,
To cletermine the division of the amount 'PB, (WB 1) party Bp receives, we clefine for, ,
ail H ç Bp the restricted subgame WB dB ,II! as representing the subgallle WB 1, , ,
when H replaces the party Bp in 132 Then, a reasonable expectation for H is the

3Pl'oofs and the heuristic detel'minations of the LSV of theorems 2-6 are omitt.ed. Details are
avaible from the author upon request.

8



Shapley value of player H in this restricted subgal11e.
Thus, using the relative payoff of each subset H of Bi', we can define the subgal11e
WB 2 on party Bi'

)

WB2 (0)=ü
)

W B)2 (H) = 'Pf/(WB)I1B)2ff/), for ail H ç Bl'

Finally, each player i E Bi' C Bi' can obtain the al110unt 'Pi(WB 2)' which is the
Shapley value of player i in the subgal11e WB 2' )

)

This bargaining procedure \Vithin coalitions can be characterized by the following
aXIOffi.

This axiol11 il11plies that the characteristic function of the subgal11e WB,. is
)

deterl11ined by giving to ail J( ç Bj, the Shapley value of player J( in the gal11e
\/Î;2IB 1 fi" and to coalition Bi' the al110unt which the coalition receives, i.e as the
Shapley "alue of player Bj , in the quotient gal11e \1. The characteristic function of
the subgal11e W'B 2' is deterl11ined by giving to ail H C Bl' the Shapley value of

) -
player H in the restricted subgal11e WB I1B 2fH·

) )

Theorel11 3
There exists a unique LSV <p2 satisfying axiol11s 1-5 and 6" for side payments games
with a. strict LS B. lt is given by

'P;(U;B) = L L L 8h ((b;)8g (n(BJ))8f (m 2 -n(BJ)+1)
HCB2 Gcnl FC-\!2

J ] BI f.F
'EH B;EG J

[U(FUGUHU{i}) - U(FUGUH)] + n(~J)bJ

[ S~l 8s(ml) [U(5'UBJ) - U(S)j- U(FUB})]

B~ ES

4. Le\'el structure values \Vith a. large quotient game

The three LSV's IVe have de\'eJoped in section 3 have the bargaining procedure
among coalitions in common. Assuming the LS B, whatever the LSV used, the val­
ue of a coalition Bi' in the game U is the same. This bargaining procedure among
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coalitions takes no notice of the possibility for a given coalition to form a new coali­
tion with one or more of the parties belonging to the other coalitions. Actually, the
bargaining procedure among coalitions we use takes into account the amount U(Bi')
which the coalition can obtain itself and the amounts U(Bi' U Bq! U... U B h!), but
do not take into account the amounts U(B j ! UBq' U... UB h,). Considering our ex­
ample, this implies that coalitions A and B ignore that they are both composed of
two parties. To integrate this information in the bargaining procedure among coali­
tions, we can define agame, which we will cali a large quotient game, V<IJ'.{T}>,
where T is a subset of BI. This game is the formai representation of the bargain­
ing procedure if the coalition T and the parties Bi' t/: T have to divide the total
gain among themselves. So, this large quotient game is defined assuming that the
coalition strucure < B2 ,{T} >= {Bi', ... ,T, ... ,Bh,}:

V<IJ',{T}>(5) = U( U Bi' UT), fol' ail 5 E< B2
, {T} >

B)2ES

Using this argument, we can calculate the Shapley value of each coalition T E BI
in the large quotient game V<IF,{T}>, which represents the relative payoff of T.
Then, due to the measure of the relative payoff of each T E BI, \\'e can define
the quotient game V which is the formai representation of the bargaining situation
among coalitions Bjl E BI :

V(0) = a
V(5) = CPS(1!<Ii',{S}», for ail 5 E BI

V(N) = U(N)

Then a reasonable expectation fol' coalition B j ! E BI is the Shapley value of player
Bi' in the quotient game V.
This bargaining procedure among coalitions can be characterized by the following
aXlOlTI.

Axiom 7
Fol' ail 5 E B'. 5 =1 N, V(5) = CPS(1!<IF,{S») and V(N) = U(N)

This axiom simply specifies how the large quotient game V<IJ',{S») is defined in
order to calculate the relative payoff of each coalition 5 E BI.

To determine the division of the amou nt the coalition Bjl receives we can use
one of the tllt'ee bargaining procedures within coalitions developed in section 3. This
yields the following results.
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Theorem 4
There exists a unique LSV <p2 satisfying axioms 1-7 for sicle payments games with a
strict LS B. It is given by

<p;(U;B) = L 0,,(6;) [U(HU{i}) - U(H)] + ~2
HcB2 )

}

.~H

L og(n(BJ))
GC8~

B;f G

[U(OUBj) - U(O)] - U(Bj) + (~l) [L 0,(111.
1

)
n ) seul

B~ fS

[ FE, of(m2 - n(SUB]) + 1) [U(FUSUB]) - U(F)]

SUB;EP

- L of(m2 - n(S) + 1) [U(F US) - U(F)] - U(B])]]]
FCAJ2
S~F

Theorem ·5
There exists a unique LSV <p2 satisfying axioms 1-5, 6' ancl 7 for sicle payments
games \Vith a strict LS B. It is given by

<p;(U;B) = I~' G~' sE oh(6;)og(n(B]))0,(m
1

) [ FE,
IEJ/ B2E~ B~ES SU G U1f U{I}I1 F

}

Of(1ll2 - 21(SUB]) + 1) [U(FUSUOUHU{i}) - U(F)]

L of(m2 - 21(S) - n(B]) + 2) [U(FU S) - U(F)]
FcM2

S~F,B~ IGU H Ur.)

L of(m2 - n(SUB]) + 1) [U(FUSUOUH) - U(F)]
FCM2

SUGUHEF

+ of(m2 - n(S) - n(B]) + 2) [U(F US) - U(F)]]
FCM2

SEF,B;IGUH

Il



Theorem 6
There exists a unique LSV <p2 satisfying aXlOms 1-5, 6" and 7 for side payments
games \Vith a strict LS B. It is given by

<PZ(U;B) = 2: 2: 2: e5,,(bJ)e5g (n(B]»)e5J(m 2
- n(B]) + 1)

HeE; GeaI FEM2

'EH B2E~ B~ EF
)

2: e5,(m')
seMl
B;e5

[ 2: e5,(m2 -n(SUB] +1) [U(TUSUB])-U(T)]
TcM2SUB;~T

2: e5,(m2
- n(S + 1) [U(TUS) - U(T)] - U(FUB])]

TCJ\f2S~T

5. Rem~rks and extensions
'yVe have obtained six values for games in \Vhich the players are already organized
into a strict LS, \Vhich is a sequence of coalition structures. Ea.ch value allo\Vs an
evaluation of the prospect that might arise as a result of playing agame \Vhen the
players are organized into a strict LS. iVloreover, each value is determined in a static
fr~me\Vork. We ignore the problem of a dynamic process of form~tion of coalitions.
This can be motivated by the existence of ideologic, social or other ties between
pl~yers th~t ~llow us to decompose the society into a strict leveJ structure. But the
problem of the stability of a strict LS is still open.
We conclude this paper \Vith tll'O further remarks. When ll'e compute the relative
payoff of some players, we define a restricted game II'here 1\1 c Bi' replaces Bj ,. But
ll'e don't say anything about 1\;, the complement of 1(1 relative to Bi" Folloll'ing
I-Iart and I<urz (198:3), ll'e can introduce the following assumption. In defining the
restricted g~me IfB ,fi"" by replacing Bi' \Vith 1\" ll'e can assume that the members

)

of 1,'; stay together or will bre~k ~part into singletons. As a consequence. we ha\'('
to study whether our values have al\Vays the same charaterization irrespecti"e of the
form of 1\;. Put differently, ll'e ha\'(' to check if the level structure values have the
property of consistency.
The final remark deals ll'ith axioms 6, 6', 6" and 7. Those axioms allow us to
c1etermine the characteristic function of the subgames or quotient game which we
have to define in order to compute the repartition among the coalitions and among
the members of a coalition. In fact, we have defined a level structure value as the
product of the Shapley values of the quotient game and the respective subgames.
The question ll'e haye to ansll'er is : holl' can ll'e c1efine thoses games? The answerS
proposed in this paper are entirely describecl by the four axioms mentioned above
but one can easily propose another ll'ay to define the subgames and the resulting
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different level structure values. Intuitively, if IVe suppose that the players are already
organized into a LS consisting out of three or more coalition structures, one can easily
develop an hybrid level structure value.

APPENDIX

a) Heuristic determination of the LSV.
For ail i E Bi' C Bj!, IVe have:

hl(b,-h-l)'[ ]
'P;(U;B)='Pi(WB},)= L ., b' . WB},(HU{i})-WB),(H)

JlCB )2.)'
-EH

With the definition of the subgame WB" IVe can IVrite :
}

WB ,(HU{i}) - WB ,(H) = U(HU{'i}) - U(H) if HU{i} C Bi'
} )

WB),(HU{i}) - WB),(H) = 'PB),(WB},) - U(H) if HU{i} = Bi'

Then, it follolVs that :

'P;(U;B) = L bh(b;) [U(HU{i}) - U(H)]
HC B;

i~H,

but,

. _" k![Il(Bj l)-I.:-l)![W (FUB)-W (F)]
'PB),(IVB},) - L.. (B. )' B}, \ " B), \

[,"CD 1 11 J'.
}

B)2rE.J'-

and the definition of the subgame WB" implies that :
)

(1.1)

WB , (1{U Bi') - WB ,(J() = 'PB ,(\1) - U(1\)
} ))

So IVe can deduce that :

if J'; UBi' = Bj!

13



Finally, IVe have:

sl(m1-s-l)'[ ]
'PB)I (11) = L· 11 . V(5U Bi') - V(5) (1.5)

seM! l'n, .
BJl ES

Then assul11ing the LS B, lVith equations (1.2), (1.3), (l.4) and (1.5), we can deduce
that the LSV of player i E Bl' C Bi' is :

'Pf(U;B) = L 8h (bJ) [U(HU{i}) - U(H)] + :2
Hea; J

_EH

L 8g (n(BJ)) [U(GUBj) - U(G)] - U(B})
Geel

)

B;EG

b) Proof of theorelll 1
Axiollls 1-6 are trivially satisfied by the LSV value. To see that 'P2 is the only value
IVhich satisfies the six axiollls, IVe note that any game can be IVritten as a linear
cOlllbination of games of the forlll Un, IVhere :

U (5) = { 1 if ReS
n 0 if R rt. s

For the game Un and the partition B' = {BI" ... , Bm ,}, IVe define

Then V = U/ B' has the form

VtT) = { 1 if R; cT
o if R; rt. T

Thus V is the symmetric game Un, IVhich has the carrier R;, and by Axioms l, 2,
:3 and 4 IVe must haye

14



so LiEB ! cpleUR) is unique.
J

l'Ience, by axiom 6, the subgame WB, defined on coalition B j ! is uniquely deter-
• J

mmed, and \Ve have:

W (X) = {UR(X), for ail X c Bl'
BJ ! l- 'f X-B·ri' l -)1

Then, \Ve can deduce that 'PB , (WB , ) = LiEB , cp; (UR) is uniquely determined, and
J J J

so, by axiom 6, the subgame WB, defined on the party Bl' too.,
Hence, we have:

WB (T) = { UR(T), for ail T c Bl'
J' 'PB ,(WB!), if T = Bj !

J J

Finally, \\"e can assert that 'PleUR) = 'Pi(WB ,) is uniquely determined.
Thus, our axioms l, 2, 3, 4 and 6 uniquely c(etermine a LSV for a game of the form
UR, and for multiples of these, \Vith a strict LS. Axiome 5, together \Vith the fact
that these UR form a basis for the game space, guarantees the uniqueness for ail
gal11es.

REFERENCES
Hart.S and I\urz.M (19 3), Endogenous formation of coalitions, Econometrica 57,
pp 589-614
O\Ven.C (1977), Values of games \Vith a priori unions, Essays in mathematical eco­
nomics and game theOl'y, ed. by Hein.R and Moeschlin.O, NY Springer Verlag, pp
76-88
Shapley.L.S (1953), A value [or n-person games, in contributions to the theory of
games, VoUI, ed. Kuhn.H.W and Tucker.A.W, Princeton University Press, pp 307­
317
"'Vinter.E (1989), A value for cooperative games \Vith levels structure of cooperation,
International Journal o[ Came Theory 18, pp 227-240.

15



N° 92/01

N" 92/02

N" 92/03

N" 92/04

N" 92/05

N" 92/06

N" 92/07

N" 92/08

N° 92/09

N° 93/01

N° 93/02

N° 93/03

N° 93/04

N" 93/05

LES CAHIERS DE GRIGNON
1992 - 1998

Hémidy, L. ; Soler, L.G.
Conseil et aide à la décision en agriculture: quelles recherches en gestion
développer?

Réquillart, V. ;Giraud-Héraud, E.
Différenciation des produits sur le marché des édulcorants: un modèle
d'analyse.

Jayet, P.A.
Instruments de la PAC et analyse de bien-être: politiques de prix et taxes ou
subventions.

Bourgeon, J.M. ;Jayet, P.A.
Price and set-aside policies for agriculture an approach through the incentive
theDI·Y·

Jayet, P.A. ;Le Roux, Y.
Short term effects of the CAP reform in France and in the United Kingdom :
ome results for intra-EC strategy.

Giraud-Héraud, E. ;Réquillart, V.
Concurrence potentielle avec différenciation verticale des produits. L'exemple
du marché du sucre dans la CEE

Réquillart, V. jGiraud-Héraud, E.
Imperfect competition on the european sweetener market.

Bali, E. ;Bureau, J.C. ;Butault, J.P. ;Witzke, H.P.
The stock of capital in European Community agriculture.

Bureau, J.C.
The choice of an index number for international comparisons.

Réquillart, V. ;Cabolis, C. ;Giraud-Héraud, E.
Welfare effects of HFCS development in the US sweetner market.

Barkaoui, A. ;Bureau, J.c.
Nombres indices et fonctions de distance: application à la mesure de la
productivité de la branche agricole.

Bureau, J.C.
La mesure du soutien public à la production dans l'agriculture communautaire.

Caries, R. ;Chitrit, J.J. ;Millet, G.
Marges et coûts de production du blé tendre en Ile-de-France. Les effets de la
nouvelle PAC.

Giraud-Héraud, E. ;Hammoudi, A.
On the incentive for product proliferation in a differentiated market.



N° 93/06

N° 93/07

N° 93/08

N" 93/09

N" 93/10

N° 93/11

N° 93/12

N° 93/13

N" 93/14

N" 94/01

N° 94/02

N" 94/03

N° 94/04

N" 94/05

N° 94/06

Hémidy, L. ;Maxime, F. ;Soler, L.G.
Instrumentation et pilotage stratégique dans la petite entreprise. Le cas de
l'entreprise agricole.

Bourgeon, J.M. ;Le Roux, Y.
Optimal auction theOl'Y and EC grain exports.

Jayet, P.A.
Revenus et politiques agricoles, efficacité et équité: un modèle pour des
réponses quantifiées.

Le Roux, Y.
Modelling of agricultural markets and econometrics of disequilibrium. A
review of sorne applications to markets with minimum prices and to export
models.

Jayet, P.A. ;Hofstetter A.
An application of linear programming to model the impacts on agricultural
supply and income of the new CAP reforms.

Bourgeon, J.M. ;Le Roux, Y.
Adjudications de restitutions à l'expoltation de céréales européennes une
application de l'économie des enchères.

Jayet, P.A. ;Le Roux, Y.
Politique Agricole Commune et décisions publiques: des principes à l'épreuve
des comportements stratégiques.

Giraud-Héraud, E. ;Le Mouël C. ;Réquillart, V.
Réforme céréalière européenne et marché mondial du Corn Gluten Feed.
Quelles stratégies pour les Etats-Unis?

Bourgeon, J.M. ;Jayet, P.A.
Politique Agricole Commune: une approche incitative du gel des terres.

Barkaoui, A. ;Bureau, J.C. ;Butault, J.P.
Les comparaisons internationales de prix, volume et productivité. Méthodes et
application à la branche agriculture.

Bail, V.E. ;Bureau, J.c. ;Eakin, K. ;Somwaru, A.
A supply-response framework with acreage restrictions for modelling european
agriculture under the new CAP conditions.

Bontems, P. ;Bourgeon,J.M.
Régulation par la production ou par l' intrant : quelques résultats.

Giraud-Héraud, E. ;Jayet, P.A. ;Le Roux, Y.
Politique Agricole Commune et stratégie des Etats-membres: coopération et
intégration.

Costa, S. ;Réquillart, V.
Economie Impacts of a Biofue! Project in France and in the E.U.

Bontems, P.
Incentives and the Regulation of Non-Point Source Pollution.



N° 95/01

N° 95/02

N° 95/03

N° 95/04

N° 95/05

N° 96/02

W 96/03

N° 96/04

W96/05

W97/05

W97/06

CarIes, R. ;Codet, C. ;Millet, G.
Deux notes sur les exploitations de grande culture Les producteurs de céréales
en France et leurs performances: rendements, coûts, revenus. Le pois
protéagineux : quelles perspectives économiques pour les producteurs?

Marette, S.
Prix Négocié et Prix Affiché avec Anti-Sélection.

Bontems, P.;Jayet, P.A.
Régulation multi-facteurs : gel de terre et mesures agri-environnementales.

Giraud-Héraud, E.;Hammoudi, H.
Formation des cartels: Concepts et application à la différenciation spatiale.

Giraud-Héraud, E.;Jayet, P.A.;Le Roux, Y.;Mathurin, J.
Coordination dans l'instrumentation de la PAC : Une approche par la théorie
du Coeur.

Coestier, B.;Marette, S.
On multiple equilibria in markets with adverse selection.

Marette, S.
Bargaining versus price competition under adverse selection.

Jayet, P.A.;Mathurin, J.
Régulation viticole et coordination dans l'Union européenne.

Jayet, P.A.;Birfet, A.;Hofstetter, A.
Forêt paysanne et Politique Agricole Commune: une évaluation des
impacts d'une incitation au reboisement.

Lefaudeux, F.;Mathurin, J.
Prise de décision au sein d'organisations internationales: le cas de
l'Union européenne.

Marette, S.
Buyers' endogeneous choice and adverse selection.

Chantreuil, M.;Mathurin, J.
Implementation of a production control program within the European
Union: a cooperative games approach.

Schiavina, A.
Accords commerciaux en présence de différentiation des produits.

Bureau, J.C.;de Fontguyon, G.;Marette, S.;Schiavina, A.
Qualité des produits et commerce international: l'exemple du conflit
entre l'Europe et les Etats-Unis sur la viande bovine.

Jayet, P.A.;Mathurin, J.; Hofstetter, A.
Un modèle de simulation des échanges viticoles dans l'Union
européenne.

Chantreuil, F.;Trannoy, A.
Inequality decomposition values.



W97/07

N°97/08

N°98/01

Marette, S.
Intermédiation et affichage des prix dans un contexte d'anti-sélection.

Giraud·Héraud, E.
Pour ou contre la vente de vin en primeur ?

Chantreuil, F.
Axiomatics of level structure values.


