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A simple and efficient approach to suppress undesirable self-phase modulation (SPM) of optical pulses propagating in fiber-optic systems is based on imposing a sinusoidal temporal phase modulation on the pulses to offset the chirp generated by SPM (Audo et al. 2017). Here, we present a detailed analysis of this method. We derive an exact formula for the reduction of the SPM-induced rms spectrum broadening of an initially Gaussian pulse enabled by the sinusoidal compensation, and we assess the effects of the initial pulse shape and duration on the effectiveness of the technique by means of numerical simulation. The differences between pre-and postpropagation compensation schemes are also discussed.

Introduction

The propagation of intense ultra-short optical pulses in a Kerr medium such as an optical fiber still remains a critical issue for the performance of many optical systems such as beam delivery, optical communication or pulse amplification systems. This is because the self-phase modulation (SPM) of the propagating pulse usually causes a broadening of the pulse spectrum that is typically accompanied by an oscillatory structure covering the entire frequency range [START_REF] Stolen | Self-phase modulation in silica optical fibers[END_REF][START_REF] Agrawal | Nonlinear Fiber Optics, Fourth Edition[END_REF][START_REF] Wang | High-resolution spectra of self-phase modulation in optical fibers[END_REF]). Several strategies have been proposed and successfully deployed to counteract the deleterious effects of SPM in fiber-optic systems [START_REF] Richardson | High power fiber lasers: current status and future perspectives[END_REF]. The most basic one consists in spectrally filtering the broadened spectrum after nonlinear propagation. However, this approach is power inefficient and may induce large distortions of the pulse temporal profile. More relevant approaches rely on spatial or temporal scaling to reduce the impact of nonlinearity. These include the use of very large mode area fibers or hollow core fibers [START_REF] Ma | Single-mode chirally-coupled-core fibers with larger than 50µm diameter cores[END_REF][START_REF] Michieletto | Hollow-core fibers for high power pulse delivery[END_REF], the well-known technique of chirped pulse amplification (CPA), in which ultra-short laser pulses are stretched in time prior to amplification and recompressed back to ultra-short pulse duration after amplification through the reversal process of stretching [START_REF] Strickland | Compression of amplified chirped optical pulses[END_REF], and new schemes for pulse division amplification [START_REF] Seghilani | Mitigating nonlinear propagation impairments of ultrashort pulses by fractional temporal self-imaging[END_REF]. A different class of approaches tends to exploit the nonlinear properties of the propagation. For example, when the pulse launched in the fiber has an hyperbolic secant shape and its power and duration are correlated, the effects of SPM and anomalous second-order groupvelocity dispersion (GVD) can cooperate in such a way that the pulse either does not change along the fiber length or follows a periodic evolution pattern [START_REF] Hasegawa | Transmission of stationary nonlinear optical pulses in dispersive dielectric fibers. II. Normal dispersion[END_REF][START_REF] Agrawal | Nonlinear Fiber Optics, Fourth Edition[END_REF][START_REF] Ouzounov | Generation of Megawatt optical solitons in hollow-core photonic band-gap fibers[END_REF]. A class of optical solitons arising from the interaction of negative fourthorder dispersion and SPM in photonic crystal waveguides has also been recently demonstrated [START_REF] Blanco-Redondo | Husko: Pure-quartic solitons[END_REF]). However, the generation of solitons imposes very stringent conditions on the pulse and fiber/waveguide properties. Other approaches making the most of the Kerr nonlinearity include the exploitation of the peculiar properties of parabolic shaped pulses and self-similar evolution [START_REF] Finot | Optical parabolic pulse generation and applications[END_REF][START_REF] Pierrot | Amplification and compression of temporally shaped picosecond pulses in Ybdoped rod-type fibers[END_REF], the use of other types of pre-shaped input pulses, and the compensation of nonlinear phase shifts with third-order dispersion [START_REF] Shah | High energy femtosecond Yb cubicon fiber amplifier[END_REF][START_REF] Zhou | Compensation of nonlinear phase shifts with thirdorder dispersion in short-pulse fiber amplifiers[END_REF]. However, none of these last techniques preserves the pulse temporal duration.

A simple technique to compensate the nonlinear phase due to SPM and related spectrum broadening of nanosecond or picosecond optical pulses consists in using an electro-optic phase modulator to impart the opposite phase to the pulses. This method, which emulates the use of a material with a negative nonlinear index of refraction, has proved successful in fiber-optic and free-space optical telecommunication applications using phase-shift keying systems [START_REF] Xu | Compensation of nonlinear self-phase modulation with phase modulators[END_REF][START_REF] Ulmer | Compensation of self-phase modulation in fiber-based chirped-pulse amplification systems[END_REF], and in the generation of high-peak-power nanosecond pulses [START_REF] Su | High-peak-power, single-frequency, single-mode, linearly polarized, nanosecond all-fiber laser based on self-phase modulation compensation[END_REF][START_REF] Munroe | Reduction of SPM induced spectral broadening in a high peak power narrow linewidth IR fiber laser using phase modulation[END_REF]. Moreover, the technique can be integrated into existing CPA systems to deal with femtosecond pulses (van Howe et al. 2006;[START_REF] Zhu | Nonlinear distortion free fiber-based chirped pulse amplification with selfphase modulation up to 2π[END_REF]). We have recently demonstrated that for Gaussian shaped input pulses, the use of a simple sinusoidal drive signal for the phase modulator with appropriate amplitude and frequency is sufficient to reduce the nonlinear spectrum broadening to a large degree, and to significantly enhance the spectral quality of the pulses while their temporal duration remains unaffected (Audo et al. 2017). We have also studied the use of a sinusoidal phase compensation for improving the extinction ratio of signals impaired by a coherent background (Audo,Finot 2017).

In this paper, we present a comprehensive analysis of the SPM-mitigation method involving the use of a sinusoidal phase modulation. Most of the previous works are primarily experimental in nature (van Howe et al. 2006;[START_REF] Zhu | Nonlinear distortion free fiber-based chirped pulse amplification with selfphase modulation up to 2π[END_REF][START_REF] Xu | Compensation of nonlinear self-phase modulation with phase modulators[END_REF][START_REF] Ulmer | Compensation of self-phase modulation in fiber-based chirped-pulse amplification systems[END_REF][START_REF] Su | High-peak-power, single-frequency, single-mode, linearly polarized, nanosecond all-fiber laser based on self-phase modulation compensation[END_REF][START_REF] Munroe | Reduction of SPM induced spectral broadening in a high peak power narrow linewidth IR fiber laser using phase modulation[END_REF]) and, for instance, have not discussed the sensitivity of the technique to the initial pulse characteristics in detail. First, we recall the concept of our method and the situation being studied. Next, we present an exact closed formula for the rms spectral width of an initially Gaussian pulse after undergoing SPM and with the corrective phase applied, which confirms the substantial reduction of the SPM-induced spectrum broadening attainable with the phase compensation. Then, we describe the impact of the initial pulse shape and duration on the effectiveness of the technique through numerical simulation of the governing equation. A comparison of pre-and post-propagation compensation schemes is also provided.

Principle of operation and situation under investigation

Pulse propagation in an optical fiber is modeled by the standard nonlinear Schrödinger equation (NLSE) [START_REF] Agrawal | Nonlinear Fiber Optics, Fourth Edition[END_REF]:
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where ψ(z,t) is the complex envelope of the pulse, z is the propagation coordinate, t is the retarded time, β2 is the GVD parameter, and γ is the coefficient of Kerr nonlinearity of the fiber. When the effects of the Kerr nonlinearity are considered over those distances and power levels such that we can neglect dispersion, the solution to Eq. ( 1) is simply 𝜓(𝑧, 𝑡) = 𝜓(0, 𝑡) exp 𝑖[𝜑 𝑁𝐿 (𝑧, 𝑡)], where 𝜓(0, 𝑡) is the field amplitude at z = 0, and 𝜑 𝑁𝐿 (𝑧, 𝑡) = 𝐵𝐼(𝑡) is the SPM-induced nonlinear phase shift. Here,
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is the (longitudinally unchanging) intensity profile of the pulse, P0

is the peak pulse power, and B = P0 z is the maximum phase shift that occurs at the pulse center located at t = 0 and is widely known as the B-integral. In the presence of loss or gain, the physical propagated length z is replaced with an effective length defined as Leff = [1 -exp(-z)]/, where α>0 (<0) accounts for loss (gain) [START_REF] Agrawal | Nonlinear Fiber Optics, Fourth Edition[END_REF]. For an initially transform-limited pulse, the presence of a temporal variation of the instantaneous frequency (chirp) NL(t) = -dNL/dt causes broadening of the pulse spectrum over its initial width at z = 0, while the nonlinear nature of the chirp leads to spectral oscillations.

In order to illustrate our idea and provide some simple analytic design rules, we consider an initial chirp-free pulse with a Gaussian temporal intensity profile: IG(t) = exp(¬t 2 /T0 2 ), where T0 is the 1/e intensity half-duration, propagating in a highly nonlinear fiber. The initial pulse and fiber parameters used in the numerical simulation of Eq. ( 1) are: full-width at half-maximum (fwhm) pulse duration = 100 ps, P0 in the Watt range, fiber length = 500 m,  = 10/W/km and 2 = 3•10 ¬3 ps 2 /m (Audo et al. 2017). With such parameters, the nonlinearity-dominant regime of propagation is applicable. Figure 1 shows the pulse characterizations at the fiber output for a Bintegral accumulated over the fiber length of B = 2 rad. We can see that the SPM-induced frequency chirp NL has a non-monotonic temporal variation across the pulse with two extrema around the pulse center (Fig. 1(a), red curve). The time separation between these extrema and the corresponding frequency excursion can be computed by  = 2 •T0 and  = B 2 exp(¬1/2) / T0, respectively (Agrawal 2006). The pulse spectrum has been significantly broadened over its initial width by the SPM-generated frequency components and has developed a multi-peak structure as a result of interference between distinct points in the pulse having the same instantaneous frequency (Fig. 1(b)).

A common approach to transform a chirped pulse into a close-to-Fourier-transform-limited pulse consists in customizing the pulse spectral phase by applying a parabolic phase profile or more complex profiles in the frequency domain. The temporal intensity profile of the pulse is significantly modified with this approach and features a much shorter duration whereas the pulse spectrum remains unaffected. The SPM-compensation method that we study here is radically different as the phase of the pulse is modified directly in the time domain. By imparting to the pulse a phase shift that is opposite to the nonlinear phase shift, the spectrum broadening caused by SPM can be completely reversed [START_REF] Xu | Compensation of nonlinear self-phase modulation with phase modulators[END_REF][START_REF] Munroe | Reduction of SPM induced spectral broadening in a high peak power narrow linewidth IR fiber laser using phase modulation[END_REF][START_REF] Su | High-peak-power, single-frequency, single-mode, linearly polarized, nanosecond all-fiber laser based on self-phase modulation compensation[END_REF]. In principle, if the pulse shape is known, the appropriate drive signal for the phase modulator can be synthesized. However, because this approach entails high optoelectronics bandwidth requirements it is of significant practical importance to minimize the optoelectronics bandwidth that is involved.

In the context of the transmission of telecommunication signals, it has been shown that approximating the signal waveform with just one or two harmonics suffices to achieve a significant amount of SPM compensation [START_REF] Xu | Compensation of nonlinear self-phase modulation with phase modulators[END_REF][START_REF] Ulmer | Compensation of self-phase modulation in fiber-based chirped-pulse amplification systems[END_REF][START_REF] Zhu | Nonlinear distortion free fiber-based chirped pulse amplification with selfphase modulation up to 2π[END_REF]. This can also be expected from our results in Fig. 1(a): the observed time dependence of the SPM-induced frequency chirp of the Gaussian pulse indeed suggests that this chirp can be offset by driving the phase modulator with the simplest waveform that can be synthetized electronically, i.e. a sinusoid: C(t) = AC cos(C t+0), producing the chirp c = AC C sin(C t+0). An effective cancellation of the nonlinear phase imposes the phase shift 0 = Inspired by a previous numerical work relating to the optimization of the SPM-driven spectral compression process [START_REF] Boscolo | Enhanced nonlinear spectral compression in fibre by external sinusoidal phase modulation[END_REF], we choose the angular frequency and amplitude of the modulation for the Gaussian pulse as (Audo et al. 2017):
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With this parameter choice, the external phase modulation indeed compensates the nonlinear phase accumulated by the pulse to a large degree: the total chirp, c + NL, is now canceled almost completely over the central region of the pulse (Fig. 1(a), blue curve). This entails a significantly narrower spectrum that is now close to its original width (Fig. 1(b1)). Small pedestals are still present in the spectrum, but their intensity level is below 20 dB. A measure of how close a pulse is to its Fourier transform limit is provided by the spectral Strehl ratio, defined as the ratio of the maximum spectral brilliance of the actual pulse to the brilliance obtained assuming a transformlimited pulse. While after nonlinear propagation in the fiber, the maximum relative brilliance of the pulse spectrum has dropped to 0.22 the application of the external phase modulation reestablishes a Strehl ratio of 0.73. It is also interesting to represent the pulse electric field on the complex plane (I(t); (t)) (Fig. 2).

While the pulse affected by SPM traces a curve similar to an Archimedean spiral (I(t); B I(t)) (red curve), we can readily see from the graph that after phase compensation the phase is nearly constant over most of the pulse (blue solid curve), indicating a close-to-Fourier-transform-limited profile. On the contrary, higher values of the accumulated B-integral entail stronger deviations from the ideal profile (blue dashed curve). 

SPM-compensation capability and analytical results

We have numerically assessed the ability of our method to counteract SPM over a wide range of values of the B-integral accumulated in the fiber. The results obtained for the initially 100-ps-wide Gaussian pulse and the corrective phase modulation specified in the previous section are summarized in Fig. 3, and highlight that the corrective approach can provide mitigation of SPM up to very high B values: the fwhm of the pulse spectrum is largely preserved and no spectral ripple develops. However, as already seen in Fig. 2, the cancellation of the nonlinear phase is not complete and the intensity level of spectral side lobes tends to grow with increasing accumulated B-integral. This is also reflected in the evolution of the root-mean-square (rms) spectral width of the pulse with the B-integral (Fig. 3(b)): the rms spectrum broadening is reduced by a factor close to 4 relative to the case when no phase correction is used but it experiences a continuous increase with B due to growing spectral side-lobes. The same trend is observed in the evolution of the Strehl ratio of the pulse: while this remains well above 0.5, it slowly deteriorates with the increase of B.

An exact formula for the rms spectral width of the pulse is derived hereafter. (5)and Eq. ( 9), respectively.

Spectral width calculation

Following the calculation described by S. C. Pinault and M. J. Potasek in [START_REF] Pinault | Frequency broadening by self-phase modulation in optical fibers[END_REF] and used by us in (Boscolo et al. 2017a) 
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where ()  is the Fourier transform of the pulse envelope () t  . Using Fourier-transform and convolution theorems in a combination with integration by parts, 2   can be expressed in terms of
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where ' and * denote derivation and complex conjugation, respectively.

In the case of a Gaussian pulse affected by SPM, the closed-form evaluation of the integrals above yields [START_REF] Pinault | Frequency broadening by self-phase modulation in optical fibers[END_REF] :

  2 2 0 4 1 1 0.8774 33 B B           (5)
where 0   is the initial rms spectral width of the pulse. Note that 0 0.8774
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When a sinusoidal temporal phase modulation is imposed on the pulse, we obtain:
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This, with the choice 0   , reduces to:
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in Eq. ( 7), we can find the optimum amplitude of the modulation A'CTG that minimizes the rms spectrum broadening generated by SPM by a derivative test:
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This amplitude value is in excellent agreement (less than 0.5 percent change) with the value ACTG given in Eq. ( 2), which was obtained through a more natural analysis. Equation ( 8) also confirms that as long as the propagation regime in the fiber is purely nonlinear, the duration of the initial pulse does not affect the amplitude of the corrective phase. Now, when we substitute Eq. (2) into Eq. ( 7), we obtain:
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The rms spectral width evolutions with the accumulated B-integral predicted by Eqs. ( 5), ( 9) are in perfect agreement with the results of numerical simulations (Fig. 3(b)), thus confirming that for a 100 ps pulse the propagation is dominated by SPM. These predictions can be used to draw some interesting conclusions: while both evolutions follow the same law (1+(k B) 2 ) 1/2 , the growth factor k is approximately four times smaller when the phase correction is applied. This brings about a close to fourfold reduction in spectrum broadening at large B: 

Impact of initial pulse shape

In the previous sections, we have illustrated our proposed concept with a Gaussian input pulse and showed that an additional sinusoidal modulation of the temporal phase is remarkably effective at lessening the spectrum broadening induced by SPM. However, it is well known that SPM is highly sensitive to the initial pulse shape, and one may wonder whether our approach works equally well with other widely used pulse shapes. Our phase compensation method is in fact capable of effectively counteracting the unwanted effects of SPM on the propagation of other pulse waveforms, provided that these can be fitted by a parabolic profile in their central part (Boscolo et al. 2017a). To corroborate this statement, here we illustrate the case of a hyperbolic secant pulse like those delivered by soliton lasers. Following the same idea of reducing the chirp in the central region of the pulse and a similar calculation, one may derive the analogue of the formulae presented in Eq. ( 2) for the pulse intensity profile IS(t) = sech 2 (T/T0):
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Figure 4 illustrates the impact of a sinusoidal phase modulation with the frequency and amplitude chosen based on Eq. ( 10) on a 100 ps hyperbolic secant pulse after it undergoes SPM in the fiber as obtained by numerical integration of Eq. (1). We note that in the case of a purely nonlinear propagation, an analytic expression for the SPM-broadened spectrum of an hyperbolic secant pulse can be obtained [START_REF] Phan Huy | Characterization of self-phase modulation in liquid filled hollow core photonic bandgap fibers[END_REF]. We can see in Fig. 4 that the parameter choice of Eq. ( 10) achieves fairly good cancellation of the chirp of the pulse near the pulse center. The flat phase achieved around the peak intensity is also visible in the polar graph of Fig. 5. However, the deviations from perfect phase compensation on the pulse wings are rather strong, and these result into strong side lobes in the spectrum. Accordingly, despite the considerable enhancement contributed by the phase correction, the Strehl ratio of the pulse remains below 0.5. 10) and from the optimized modulation parameters are plotted with blue and green dotted lines, respectively.

In order to improve our results, we have used an iterative procedure to find the best parameters of the modulating sinusoid: starting from the values CTSand ACTS provided by Eq. ( 10), we have scanned the values close to this initial guess and selected the combination that yielded the highest Strehl ratio. The results obtained with the optimized parameters are plotted in Fig. 4 with green lines. With this strategy, the Strehl ratio has increased up to 0.74 and the frequency extent of the spectral side lobes has lessened. As we have observed in our previous work relating to nonlinear spectral compression [START_REF] Boscolo | Enhanced nonlinear spectral compression in fibre by external sinusoidal phase modulation[END_REF], a constructive interference between different pulse parts having the same instantaneous frequency is favorable for attaining high Strehl ratios. This however occurs at the expense of a slight increase in the intensity level of the spectral side lobes. We would like to emphasize that, contrary to the parameter set of Eq. ( 10), the optimized modulation parameters do not achieve cancellation of the chirp near the pulse center. This is also readily seen in Fig. 5: the phase of the pulse is far from the Fourier transform limit.

Hence, such choice of modulation parameters would make the phase correction method unsuitable for application in the context of phase regeneration of phase-encoded telecommunication signals. Figure 6 and 7 summarize the performance of the phase compensation method using optimized parameters across a wide range of B values, and highlight an excellent mitigation of SPM. We can see in Fig. 6 that with the application of the corrective phase modulation, there is no noticeable spectrum broadening in terms of fwhm extension with increasing nonlinear phase shift accumulated in propagation while only a moderate broadening is observed in terms of rms width.

However, the presence of side lobes in the spectrum is apparent. Figure 7 shows that the optimized sinusoidal modulation triggers a threefold decrease in the rms spectrum broadening generated from SPM compared to the modulation based on Eq. ( 10), and the Strehl ratio remains above 0.5 for B values as high as 17 rad. The frequency and amplitude of the modulating sinusoid are plotted as functions of the B-integral in panels (c) and (d) of Fig. 7. We can note that the optimum frequency is significantly lower than the frequency CTS defined in Eq. ( 10) and, contrary to CTS, it evolves with the accumulated nonlinear phase shift. It is noteworthy that with the range of modulation frequencies being studied, it is possible to drive the phase modulator with the master clock that has been used in [START_REF] Ulmer | Compensation of self-phase modulation in fiber-based chirped-pulse amplification systems[END_REF] to generate RZ50-like signals. The optimum amplitude of the phase modulation is slightly higher than the value ACTS from Eq. ( 10), while it features a similar linear variation with the B-integral. 

Impact of initial temporal pulse duration

So far we have described the application of our SPM-mitigation method to optical pulses propagating through an optical fiber in the nonlinearity-dominant regime. However, it is well known that for long fiber lengths and/or short pulse durations, the effects of dispersion on propagation become important. The aim of this section is to assess the impact of the temporal duration of the initial pulses on the performance of our technique. To this end, we have varied the fwhm duration of a Gaussian input pulse from a few to a hundred picoseconds, and studied the compensation of the SPM acquired by the pulse upon propagation in a highly nonlinear fiber with the same parameters as those given in Sec. 2. Figure 8 gives a characterization of the pulse after accumulating a B-integral of 2 rad in the fiber as a function of its initial temporal duration in both the frequency domainthrough the evaluation of the rms spectral broadening factor and Strehl ratio -and the time domainthrough the evaluation of the rms pulse width and excess kurtosis parameter [START_REF] Decarlo | On the meaning and use of kurtosis[END_REF]. Firstly, we observe that initial temporal durations above 30 ps do not affect either the spectral or the temporal metrics of the pulse, which pinpoints unaltered quality of the spectrum and characteristics of the temporal intensity profile for these pulse durations. In particular, the excess kurtosis is null and the duration of the output pulse equals the initial duration. This proves that the regime of propagation is dominated by Kerr nonlinearity with no influence of dispersion, and hence nonlinearity can be treated as being a lumped temporal phase modulator.

The picture is rather different for shorter initial pulse durations: the width of the pulse spectrum at the exit of the fiber increases significantly while the SPM-induced spectrum broadening diminishes slightly with decreasing initial duration. Besides, we can note a fall in effectiveness of the corrective phase modulation chosen based on Eq. ( 2) when it is applied as a post-compensation (blue solid line). For pulse durations shorter than 5 ps, the spectrum after phase compensation is even wider than the uncompensated case, highlighting the ineffectiveness of the design rules of Eq. ( 2) when the fiber dispersion comes into play. Similarly, the Strehl ratio of the pulse after phase compensation drops with decreasing initial duration. These features are ascribed to the changes experienced by the temporal intensity profile of the pulse: the combination of normal GVD and SPM makes the pulse temporally broaden and change shape toward a parabolic [START_REF] Anderson | Wave-breaking in nonlinear optical fibers[END_REF][START_REF] Finot | Parabolic pulse generation through passive nonlinear pulse reshaping in a normally dispersive two segment fiber device[END_REF]) and then almost rectangular pulse form. This is evidenced by the excess kurtosis parameter approaching -1. We note that accurate analytical formulae describing the evolution of the temporal and spectral rms widths and of the kurtosis of a pulse propagating in a nonlinear dispersive fiber are available [START_REF] Burgoyne | Nonlinear pulse propagation in optical fibers using second order moments[END_REF][START_REF] Rosenberg | Evolution of optical pulses towards wave breaking in highly nonlinear fibres[END_REF]) and may form the basis for the further development of design guidelines for our SPMcompensation scheme in the presence of dispersion. It is also worth mentioning that in the propagation regime being studied the nonlinearity still prevails over dispersion. Conversely, for longer propagation distances in the fiber, the broadening of the pulse spectrum may saturate and the pulse may enter spectronic dynamics [START_REF] Zeytunyan | Nonlinear-dispersive similariton of passive fiber[END_REF][START_REF] Castelló-Lurbe | Dispersion-to-spectrum mapping in nonlinear fibers based on optical wave-breaking[END_REF][START_REF] Parriaux | Spectral broadening of picosecond pulses forming dispersive shock waves in optical fibers[END_REF].

We have optimized the parameters of the sinusoidal phase modulation applied as postcompensation for each value of the initial pulse duration using the same iterative procedure as described in the previous section. The results are plotted in Fig. 8 with green lines, and show that an almost complete compensation of the SPM at any pulse duration is achievable by use of this approach. We will return to this point below. Furthermore, the effectiveness of the approach becomes more pronounced when shorter durations are involved. 2) and applied as a post-compensation, with the phase modulation chosen based on Eq. ( 2) and applied as a pre-compensation, and with the optimized phase modulation applied as a post-compensation are plotted with red, blue, yellow and green lines, respectively. The dotted blue lines recall the results obtained with a Gaussian pulse propagating in the quasi-pure nonlinear regime and a postcompensation based on Eq. ( 2). The vertical dotted lines indicate the temporal durations used in Figs. 1 and 7 and in Figs. 9 and 11.

As for short pulse durations the interaction between nonlinearity and dispersion in the fiber is no longer negligible and so the pulse dynamics becomes more complex than the development of a simple temporal phase term, it is relevant here to compare the results that can be obtained by imparting the sinusoidal phase modulation before or after propagation in the fiber. Indeed, while for a purely nonlinear propagation the disposition of the nonlinear element and the external phase modulator does not impact the overall SPM-mitigation process, this is no longer the case when dispersion becomes important. In practice, while post-compensation has shown to be effective when it is done in the receiver of a telecommunication system [START_REF] Xu | Compensation of nonlinear self-phase modulation with phase modulators[END_REF], applications dealing with high-power pulses may favor a pre-compensation scheme to avoid damages to the optoelectronic component due to excessive optical power and mitigate the deleterious Brillouin backscattering [START_REF] Ulmer | Compensation of self-phase modulation in fiber-based chirped-pulse amplification systems[END_REF][START_REF] Su | High-peak-power, single-frequency, single-mode, linearly polarized, nanosecond all-fiber laser based on self-phase modulation compensation[END_REF]. It is noteworthy that with the phase modulation applied as a pre-compensation, the process can be reinterpreted as spectral focusing with the nonlinear phase accumulated by the pulse in propagation compensating an initial and opposite phase modulation [START_REF] Zohrabian | Compression of the spectrum of picosecond ultrashort pulses[END_REF][START_REF] Oberthaler | Spectral narrowing of ultrashort laser pulses by self-phase modulation in optical fibers[END_REF]: the spectrum is broadened by the pre-compensation, and the SPM process then compresses it back to its original shape. These pulse dynamics are in some ways analogous to the dynamics experienced by a pulse while it undergoes SPM-based spectral compression in a fiber [START_REF] Oberthaler | Spectral narrowing of ultrashort laser pulses by self-phase modulation in optical fibers[END_REF][START_REF] Markaryan | Spectral compression of ultrashort laser pulses[END_REF][START_REF] Planas | Spectral narrowing in the propagation of chirped pulses in single-mode fibers[END_REF]Finot,Boscolo 2016). However, in the case of a phase pre-compensation, the temporal intensity profile of the pulse does not evolve towards a parabolic shape; on the contrary, it experiences an increase of its kurtosis and becomes leptokurtic of a similar kind as a triangular profile [START_REF] Boscolo | Passive nonlinear pulse shaping in normally dispersive fiber systems[END_REF]. The results that we have obtained by applying the sinusoidal modulation chosen based on Eq. ( 2) as a pre-compensation (yellow lines in Fig. 8) are even worse than those obtained within the post-compensation scheme, thus emphasizing that the design rules of Eq. ( 2) are not appropriate for an efficient mitigation of the SPM of short pulses. Now we focus on initial pulses having a fwhm duration of 14 ps, for which a sinusoidal modulation based on Eq. ( 2) can be generated by a 40-GHz phase modulator; such devices are widely commercially available. The pulse characterization showed in Fig. 9 obtained for an accumulated B-integral of 2 rad substantiates the trends already captured by Fig. 8: for the pulse duration being considered, the temporal intensity profile of the pulse is affected by propagation in the fiber and the changes depend on whether the phase correction is applied before or after propagation. The quality of the SPM-mitigation highly depends on the compensation scheme being used. A pre-compensation with parameters chosen according to Eq. ( 2) yields poor mitigation.

Optimizing the parameters of the sinusoidal modulation may help increase the spectral peak brightness and approach performances similar to those achieved with a post-compensation based on the parameters of Eq. ( 2). However, much better results both in terms of Strehl ratio enhancement and suppression of the residual side lobes in the spectrum can be obtained using a post-compensation with optimized parameters. The remarkable SPM-mitigation afforded by this approach is also readily apparent from the polar graph of Fig. 10, which highlights a notable reduction of the maximum phase of the pulse. The results obtained with the sinusoidal modulation chosen based on Eq. (2) (solid) are compared with those obtained with the optimized sinusoidal modulation (dashed). The accumulated B-integral is B = 2 Further, we have tested the compliance of these observations with higher levels of SPM experienced by the 14 ps input pulse upon propagation in the fiber. The results are summarized in Fig. 11 and indeed confirm the trends discussed above: the evolutions of the Strehl ratio and the spectral broadening factor evidence that the use of Eq. ( 2) within a pre-compensation scheme is inefficient. The use of optimized parameters for the sinusoidal modulation applied as a precompensation achieves performances similar to those of a post-compensation based on Eq. (2).

Applying the sinusoidal modulation with optimized parameters as a post-compensation provides a nearly perfect SPM cancellation with a Strehl ratio that approaches 1 and an rms spectral width after fiber propagation that nearly equals the initial width. It is remarkable that the effectiveness of this approach does not seem to be impaired by the level of SPM accumulated by the pulse and the compensation process appears to work perfectly for B-integral values as high as 16 rad. This quite counterintuitive behavior can in fact be explained by the linearization of the temporal phase accumulated by the pulse upon propagation that is contributed by normal GVD [START_REF] Anderson | Wave-breaking in nonlinear optical fibers[END_REF][START_REF] Rosenberg | Evolution of optical pulses towards wave breaking in highly nonlinear fibres[END_REF]. We can also see in Fig. 11(c) that the frequency of the sinusoidal modulation does not change significantly with the level of accumulated SPM. The optimized frequency is threefold smaller than the frequency chosen based on Eq. ( 2), thereby being more easily attainable with current optoelectronic components. The optimized amplitude of the 20 modulation is 20 percent larger than the amplitude given by Eq. (2) (Fig. 11(d)) but yet remains fully accessible with current technology [START_REF] Godil | Picosecond time-lenses[END_REF][START_REF] Plansinis | Spectral changes induced by a phase modulator acting as a time lens[END_REF]. 

Conclusion

We have presented an in-depth characterization of the mitigation of the impact of SPM on optical pulses propagating through an optical fiber relying on imparting a sinusoidal phase modulation to the pulses in the time domain. We have presented simple analytic guidelines for the choice of the frequency and amplitude of the modulation, and described a calculation that gives an exact closed formula for the rms spectral width of an initially Gaussian pulse after undergoing SPM and with the corrective phase applied, which confirms the remarkable reduction of the SPM-induced spectrum broadening attainable with the compensation approach. We have then extended our analysis to other commonly used pulse shapes such as hyperbolic secant pulses, and shown that for such pulses optimization of the parameters of the modulating sinusoid through a scan of the amplitude-frequency space outperforms the parameter choice based on the analytic guidelines.

Further, we have assessed the impact of the temporal duration of the initial pulses on the effectiveness of the compensation technique, and emphasized the important role played by the fiber dispersion in the compensation process for short pulses: the interaction between SPM and GVD engenders significantly different performances depending on whether the sinusoidal modulation is applied as a pre-or post-compensation. Specifically, we have shown that remarkable SPM mitigation is attainable by use of a post-compensation based on optimized parameters.

Handling pulses as short as 10 ps with our SPM-mitigation scheme is fully realistic by means of existing optoelectronic components, while the use of cross-phase modulation in the fiber could also be a solution [START_REF] Mouradian | Spectro-temporal imaging of femtosecond events[END_REF]. In this paper, we have focused on the regime of normal dispersion that is typical of fiber amplifiers, yet the use of an anomalously dispersive fiber may significantly change the conclusions drawn [START_REF] Paré | Split compensation of dispersion and self-phase modulation in optical communication systems[END_REF].

We believe that the present study can provide a deeper insight into the association of the SPM effects with an external sinusoidal phase modulation and can be of interest for multistage fiber amplifier architectures. We also expect that some features of the spectral compression process driven by SPM discussed in our previous work (Boscolo et al. 2017b) can be readily extended to the SPM-mitigation scheme described in this paper so that the present scheme should be rather stable against amplitude fluctuations and signal-to-noise ratio degradation of the input pulses. We also believe that, similarly to a nonlinear spectral compression stage, the present technique could be combined with fiber laser architectures into new cavity designs [START_REF] Ilday | Nonlinearity management: a route to high-energy soliton fiber lasers[END_REF][START_REF] Boscolo | Amplifier similariton fiber laser with nonlinear spectral compression[END_REF]. Other prospected applications of the proposed approach include the reduction of different unwanted temporal phase defects such as those developed by pulses upon propagation in gain switched fibers or semiconductors devices.

Figure 1 :

 1 Figure 1: Impact of phase correction on a 100-ps Gaussian pulse after undergoing SPM in a fiber as obtained by numerical integration of Eq. (1): (a) temporal intensity and chirp profiles, and (b) spectral intensity profile on linear and logarithmic scales at the entrance (black) and the exit of the fiber before (red) and after (blue) phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (2). The B-integral accumulated by the pulse is B = 2rad. The corrective chirp δc is plotted with a green dotted line.

Figure 2 :

 2 Figure 2: Polar graph (I(t);(t)) of the electric field of a 100 ps Gaussian pulse after undergoing SPM in a fiber before (red) and after (blue) phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (2). The results obtained for the B-integral values B = 2 rad and B = 4 rad are plotted with thick solid lines and thin dashed lines, respectively.

Figure 3 :

 3 Figure 3: (a) Numerically computed evolution of the spectrum (logarithmic scale, 20 dB dynamics) of an initial 100 ps Gaussian pulse after undergoing SPM in a fiber with the accumulated B-integral, before (subplot 1) and after (subplot 2) phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (2). (b)-(c) Evolutions of the rms spectral broadening factor and the Strehl ratio of the pulse at the exit of the fiber. The results obtained without and with phase correction are plotted with red and blue lines, respectively. The vertical dotted lines indicate the B-integral values used in Figs. 1 and 2. The red and blue circles represent the analytical predictions from Eq.
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  >> 1, which explains the numerically observed trend in Fig.3(b).

Figure 4 :

 4 Figure 4: Impact of phase correction on a 100 ps hyperbolic secant pulse after undergoing SPM in a fiber as obtained by numerical integration of Eq. (1): (a) temporal intensity and chirp profiles, and (b) spectral intensity profile on linear and logarithmic scales at the entrance (black) and the exit of the fiber before (red) and after phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (10) (blue) and with optimized frequency and amplitude (green). The B-integral accumulated by the pulse is B = 2 rad. The corrective chirp δc resulting from Eq. (10) and from the optimized modulation parameters are plotted with blue and green dotted lines, respectively.
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 5 Figure 5: Polar graph (I(t);(t)) of the electric field of a 100 ps hyperbolic secant pulse after undergoing SPM in a fiber before (red) and after phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (10) (blue) and with optimized frequency and amplitude (green). The accumulated B-integral is B = 2

Figure 6 :

 6 Figure 6: Numerically computed evolution of the spectrum (logarithmic scale, 20 dB dynamics) of an initial 100 ps hyperbolic secant pulse after undergoing SPM in a fiber with the accumulated B-integral, before (subplot a) and after phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (10) (subplot b) and with optimized frequency and amplitude (subplot c). The vertical dotted line indicates the B-integral value used in Figs. 4 and 5.

Figure 7 :

 7 Figure 7: Numerically computed evolutions of (a) the rms spectral broadening factor and (b) the Strehl ratio an initial 100 ps hyperbolic secant pulse after undergoing SPM in a fiber with the accumulated B-integral. (c)-(d) Evolutions of the frequency and amplitude of the sinusoidal phase modulation. The results obtained without phase modulation, with the phase modulation chosen based on Eq. (10), and with the optimized phase modulation are plotted with red, blue and green lines, respectively. The dotted blue lines in subplots (c) and (d) represent the modulation frequency and amplitude used for a Gaussian pulse based on Eq. (2). The vertical dotted lines indicate the B-integral value used in Figs. 4 and 5.
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 8 Figure 8: Numerically computed evolutions of (a) the rms spectral broadening factor, (b) the Strehl ratio, (c) the rms temporal broadening factor, and (d) the excess kurtosis parameter of an initial Gaussian pulse after undergoing SPM in a fiber with the input pulse duration. The accumulated B-integral is B = 2 The results obtained without phase modulation, with the phase modulation chosen based on Eq. (2) and applied as a post-compensation, with the phase
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 9 Figure 9: Impact of phase correction on a 14 ps Gaussian pulse after undergoing SPM in a fiber as obtained by numerical integration of Eq. (1): (a) temporal intensity and chirp profiles, and (b) spectral intensity profile on linear and logarithmic scales at the entrance (black) and the exit of the fiber without (red) and with phase compensation by a sinusoidal signal with frequency and amplitude chosen based on Eq. (2) (solid) and with optimized frequency and amplitude (dashed). The results obtained with a pre-compensation scheme (yellow) are compared with those obtained with a post-compensation scheme (blue). The B-integral accumulated by the pulse is B = 2 rad.

Figure 10 :

 10 Figure 10: Polar graph (I(t);(t)) of the electric field of a 14 ps Gaussian pulse after undergoing SPM in a fiber without phase compensation (red), with phase pre-compensation (yellow) and with phase post-compensation (blue).

Figure 11 :

 11 Figure 11: Numerically computed evolutions of (a) the rms spectral broadening factor and (b) the Strehl ratio of an initial 14 ps Gaussian pulse after undergoing SPM in a fiber with the accumulated B-integral. (c)-(d) Evolutions of the frequency and amplitude of the sinusoidal phase modulation. The results obtained without phase modulation, with the phase modulation applied as a pre-compensation and with the phase modulation applied as a post-compensation are plotted with red, yellow and blue lines, respectively. The results obtained with the sinusoidal modulation chosen based on Eq. (2) (solid) are compared with those obtained with the optimized sinusoidal modulation (dashed). The vertical dotted lines indicate the B-integral value used in Figs. 9 and 10.
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