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Abstract

For a simple Lie algebra g and an irreducible faithful representation 7 of g, we introduce
the Schur polynomials of (g,7)-type. We then derive the Sato—Zhou type formula for
tau functions of the Drinfeld-Sokolov (DS) hierarchy of g-type. Namely, we show that
the tau functions are linear combinations of the Schur polynomials of (g, 7)-type with the
coefficients being the Pliicker coordinates. As an application, we provide a way of computing
polynomial tau functions for the DS hierarchy. For g of low rank, we give several examples
of polynomial tau functions, and use them to detect bilinear equations for the DS hierarchy.

1 Introduction

Given a simple Lie algebra g over C, Drinfeld and Sokolov in [14] explained how to associate to
it a family of commuting bi-hamiltonian PDEs known as the Drinfeld—Sokolov (DS) hierarchy of
g-type. Nowadays, Drinfeld—Sokolov hierarchies are certainly among the most studied examples
of integrable systems; one of their remarkable properties is that they are tau-symmetric [19,
18, 36, 7], meaning that they admit the so-called tau function of an arbitrary solution to the
hierarchy. For the case g = sl,(C) the DS hierarchy of g-type coincides (under a particular
choice of the DS gauge [14, 2]) with the Gelfand-Dickey hierarchy, and so, in particular, for
n = 2, with the celebrated Korteweg—de Vries (KdV) hierarchy. It is known that tau functions
of the Gelfand—-Dickey hierarchies can be expressed as linear combinations of Schur polynomials
with the coefficients being Pliicker coordinates' [32, 38, 3, 30]. In this short paper we aim
to generalize this fact to an arbitrary given Lie algebra g. The generalization will depend on
matrix realizations of g (note that the tau function itself is independent of the realizations of g
[6]!). Indeed, one of our main observations is that the generalization of Schur polynomials are
associated to faithful representations.

Indeed, more generally this is true for the KP hierarchy, of which the Gelfand-Dickey hierarchies are reduc-
tions.
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As an application of our result, we describe a systematic way of finding simple solutions (i.e.
solutions whose tau function is a polynomial or a fractional power of it) of the DS hierarchy of
g-type. Of course, in the case of the hierarchies of type A,,, we recover the well-known results,
since polynomial tau functions of these hierarchies (more generally of the KP hierarchy) had
been studied for many years, due to their relations with Bécklund transformations [1] and the
dynamical systems of Calogero type (see for instance [35] and the references therein). Moreover,
it had been proved that the polynomial tau functions of the so—called BKP hierarchy can be
written in terms of the projective representations of the symmetric group [37] and this hierarchy,
moreover, contains as reductions some of the DS hierarchies of D,-type, as explained in [12].
Nevertheless, it seems to us that a systematic approach to the study of polynomial tau functions
associated to the general case (i.e. for an arbitrary Lie algebra) is still missing, and this paper
gives a first result in this direction. The polynomial tau functions we obtain are, actually, quite
non—trivial, and can also be used to give some explicit information about the structure of the
bilinear equations for the hierarchy.

In order to state precisely our results, we need to fix some notations about finite dimensional
Lie algebras, loop algebras and Toeplitz determinants. Let g be a simple Lie algebra over C of
rank n, and h, h" the Coxeter and dual Coxeter numbers, respectively. Fix b a Cartan subalgebra
of g. Take IT = {ay,...,a,} C b* a set of simple roots, and let A C bh* be the root system. We
know that g has the root space decomposition

g:h@@ga

aeAN

Let 6 denote the highest root with respect to II, and (|-) : g x g — C the normalized Cartan—
Killing form, i.e. (0|0) = 2. For a root a € A, denote by H, the unique vector in b satisfying
(HalH) = (a]8), Y5 € A,

Let E; € ga,, Fi € 9-a,, Hi = 2H,,,/(ci]a;) be a set of Weyl generators of g. They satisfy
[Ei, Fi) = Hi, [H;, Ej]l = A Ej,  [Hi Fj]=— A Fj,  1<i,j<n,

where (Aj;);,_, is the Cartan matrix of g. Choose E_g € g4, £y € go, normalized by the
conditions (Ey | E_y) = 1 and w(F_y) = —Ey, where w : g — g is the Chevalley involution. Let
I, := %", E; be a principal nilpotent element of g. Denote by L(g) = g ® C[A\, A\™!] the loop
algebra of g. On L(g) there is the principal gradation defined by assigning

degF; =1, degH; =0, degF; =—1,1=1,...,n, degA=h

such that L(g) decomposes into homogeneous subspaces

L(g) = P L(g).

ez
Here, elements in L(g)’ have degree j. Define A € L(g) by
A=1I, +\E,. (1)

Clearly, A is homogeneous of degree 1. Denote by L(g)<° elements in L(g) with negative degrees,
similarly, by L(g)=° elements with non-positive degrees.
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It was shown in [26, 29] that Kerady C L(g) has the following decomposition

Kerady = @ CA,,  degAy=C € E:=| |(mi + hZ)

(eE i=1

where the integers mg,...,m, are the exponents of g, and F is called the set of exponents of

L(g). We use E, to denote the set of positive exponents. The elements A; commute pairwise
[AivAj] =0, Vi,j € E. (2)

They can be normalized by

Ama-l—kh = Ama )\ka ke Za
(Ama‘ Amb) — h )\ 5a+b7n+1.

In particular, we can choose A; = A.

Let us now take
m:g— glim,C) (3)

an irreducible faithful representation. When no confusion can arise, for b € g, we write m(b)
simply as b. Our generalization will be based on the infinite Grassmannian approach [32, 33] and
the related Plucker coordinates.

Notations:
a) For M =%, , My \* with M, € gl(m,C), define the Laurent matriz L(M) associated with
M by

[L(M)];; = Mj_,, I.JeZ. (4)
Here, capital-letter indices I, J, K, ... are used for block row/column coordinates, and small-
letter indices are for ordinary row/column coordinates.
b) Y will denote the set of all partitions; for A = (A > Ay > ...) € Y, £()\) denotes the length of

A, |A] the weight of \; denote by A = (ky,...,kq|l1,...,lq) be the Frobenius notation of A\ with
d being the Frobenius rank.

Definition 1.1. Let £ .= Zegm te Ay with t,, £ € E being indeterminates and let s denote the
Laurent matriz associated with e, namely,

s = L(). (5)

The Schur polynomials of (g, m)-type are labelled by partitions and defined by

o
sy 1= det (Si—lvj—)‘j_l)@(j:)l : AeY -0,

sp = 1. (6)

Definition 1.2. In the case 7 is taken as the adjoint representation of g, we call sy, A € Y the
intrinsic Schur polynomials of g-type.

Remark 1.3. In the case g = A,,. Take 7(g) the well-known matriz realization of g, i.e. (g) =
sly11(C). We have A =30 | E; i1+ AEy pi1. The Schur polynomials of (g, 7)-type then coincide
with the Schur polynomials [30] under the restriction tp1e =0, k=1,2,3,....
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Definition 1.4. VX € \'g[[\7']], denote by rx the Laurent matriz associated with e~ i.e.
rx = L(e®). (7)

For A= (A1,..., An)) €Y, define

._ £(N)
rx = det (rxi—n-1,-1);5-, -

Definition 1.5. For & = Y, p te Ay (as above), and for any X € X\~'g[[A\7']], define matrices
DIJ and ZXJJ (I,JZ 0) by

[ N ot
)\_ = > Dy N, (8)
K 1,J=0
[ — 6X()‘) e_X(u) > s s
>\_ — Z ZX,IJ)\ I 1[u J 1. (9)
K 1,J=0

Deﬁne S@lg)s T(lg) (Z,j > 0) via
(D17)ab = Sm-T+a—1,m-J+m—b
(ZX, IJ)ab = Tm-I+m—a, m-J+b—1

where a,b =1,...,m. We call Zx, 1; the matriz-valued affine coordinates and rx, ;) the affine
coordinates.

Remark 1.6. The matriz-valued affine coordinates Zx, r; and their generating formula (9) were
introduced in [3] by F. Balogh and one of the authors of the present paper for the sly(C) case.

The following theorem is the main result of the paper. Denote by k the constant such that
(alb) = k Tr(7(a)m(b)) Va,b € g. (10)
Theorem 1.7. For any X € X "'g[[A\7]], the formal series T defined by

e <ZTX,,, ) (1)

veY

is a tau function of the Drinfeld-Sokolov hierarchy of g-type. Moreover, s, and rx, have the
following expressions

d
s, = det (S(killj))i,jzl ’ (12)
d
TX,l/ = (—1)l1+ +ld det (TX7(ki|lj))i’j:1 . (13)

We refer to (11)—(13) as the Sato—Zhou type formula for tau functions of the DS hierarchy.



Remark 1.8. As the reader might already have noticed, here the terminology is very similar to the
one used to deal with the KP hierarchy in the Sato’s approach. However, it is worth mentioning
that tau functions of the DS hierarchies of g-type in general are not KP tau functions (except for
g = sl,+1(C)). One way to see it (which is close to the spirit of this paper) is that the generalized
Schur polynomials s, of (g, m)-type we defined are “reductions” (in the sense of the Remark 1.3)
of the usual ones [30] just in the A, case.

Remark 1.9. The formula (11) is intrinsic when 7 is taken as the adjoint representation of g.
We will study the intrinsic Schur polynomials associated to g in a future publication.

Remark 1.10. For the ABCD cases, a result similar to Theorem 1.7 was obtained in [39] where
a different method was used; see also in [4] for more details for the A,, case.

Organization of the paper In Section 2 we review the Drinfeld-Sokolov hierarchies and their
tau functions. In Section 3 we prove Theorem 1.7. Some explicit examples and applications are
given in Section 4. A list of first few Schur polynomials of (g, 7)-type for g of low ranks and
particular choices of 7 are given in the Appendix.
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2 Review of the Grassmannian approach to the DS hier-
archy
Denote by b the Borel subalgebra of g, i.e. b := g=C, and by n the nilpotent subalgebra n := g<°.

Define a linear operator £ by
L:=0,+A+qx) (14)

where ¢(x) € b. It is proved by V. G. Drinfeld and V. V. Sokolov [14] that there exists a unique
smooth function U(z) € g((A™1))<® NIm ad, such that

e M@ L =0, + A+ H(z), H(z) € Kerady.

The following commuting system of PDEs

oL
o =- [(@dvAZ)ZO, c], (e B, (15)

are called the pre-DS hierarchy of g-type.



Gauge transformations. For any smooth function N(z) € n, the map
Lo L=WL=0,+A+g
is called a gauge transformation. A vector space V' C g is called a DS gauge if it satisfies
[I,,n]®V =b. (16)

Below we fix V' a DS gauge. It was observed in [14] that the flows (15) can be reduced to gauge
equivalent classes; moreover, for any ¢(x) € b, there exists a unique N(x) such that §(x) € V.
Let us denote

Ecan — 8:B _'_A_'_qcan(x)7 qcan(x) e V
Take vy, ..., v, a homogeneous basis of V', namely degv; = —m,;, and write

n

¢ (x) = Z u'(z) v;.

i=1
The DS hierarchy of g-type is defined as the system of the pre-DS flows for the complete set
of representatives (aka gauge invariants) u',... u". Clearly, the precise form? of this integrable
hierarchy depends on the choice of the DS gauge V'; the hierarchies under different choices of V'
are Miura equivalent [?, 24, 25, 19, 6]. We remark that a unified algorithm of writing the DS
hierarchy of g-type for an arbitrary choice V' was obtained recently in [6]; it has the form

aui ] n
o, =ablu', ... u", te By (17)

where a; o[u', ..., u"] are differential polynomials of u',... u™. It should also be noted that for
the DS hierarchy of g-type the time variable ¢; can be identified with —z.

The hierarchy (17) is known to be Hamiltonian and tau-symmetric [19, 24, 36, 7]. Therefore,
for an arbitrary solution ¢®*" of (17), there exists a tau function 7(t) of ¢°**. The tau function is
determined up to a multiplicative factor of the form

exp ( Z Cy tg)

leEy

where ¢, are arbitrary constants. We review in this subsection the Grassmannian approach to
tau functions.

Denote E = C™ where m is defined in (3). Let H := E((A™!)) be the linear space of E-valued
formal series in z with finitely many positive powers and let H, := E[z]. Denote by Gr the
Sato—Segal-Wilson Grassmannian [32, 33]. A point W € Gr is a subspace of H. Here we are
interested in the big cell Gr'® c Gr which consists of points W of the form

W = Span(c{ei N+ Z Aksi€ )\_k_l} )
i=1,...,m, £>0

k>0

Here Ay, are called the affine coordinates [20] of W

2Tt also depends on scalings of the basis v; which gives rise to scalings of u*. Such a coordinate change is trivial
(In the case g = Degyen Other linear transformation of u; needs to be considered but is again trivial).



Definition 2.1. Define Grgo) as the following subset of the big cell Gr®
Gr® — {e“H+ la € xlg[[xl]]}.
We call Grgo) the embedded big cell of g-type.

For a € A7'g[[A7Y]], write G = e* = 37, (GxA™". The matrices Go, G\, ... serve as the
matrix-valued coordinates for the point W corresponding to a; see Fig. 1. Clearly, Gy = I.

Gy | G3
G | Gy
Go | Gy

Go

Figure 1: Matrix-valued coordinates in Sato—Segal-Wilson Grassmannian

Definition 2.2. VM = >, , My \*, M), € gl(m,C), the N-th (N > 0) block Toeplitz matriz
associated to M 1is defined by
Tn(M) = (Mr-1)7 y—o-

The following theorem comes from the results obtained in [9, 10].
Theorem A. (Cafasso-Wu [9, 10]) For any X € A7'g[[A7!]], let v = e*eX. Define 7 = 7(t) by

7= | lim det Tn(7v)| , (18)

N—oo
where k is defined in (10). Then T is a tau function of the DS hierarchy associated to g.

Remark 2.3. The stabilization proved in [22] for the case of the Witten—Kontsevich tau function
and extended in [10] for the general cases ensures that the limit in (18) is meaningful.

3 Proof of Theorem 1.7

Define v = e*eX, where we recall that X is the given element in A~!g[[A\7!]], and £ = > ver, tee.
We have
L(y) = L(e*) L(e") = s7x



where s, rx are defined in (5), (7), respectively. For any N > 1, define two matrices

and
N = (TN,z'j)z'e{—N—l,...,N},je{o,...,N}
by
SN, = L(eg)ij, TN i = L(ex)ij.

Then we have
lim det Tn(v) = lim det(sy7y).

N—o0 N—oo

By using the well-known Cauchy-Binet formula (see for instance [21]) we obtain [32, 20] from

Theorem A that
7'1/” = ZTX,AS,\
AEY
where we recall that rx ) and s, are defined by

()
X\ = det (ri—Ai—l,j—l)iJ’:l

and

oy

sx = det (Si—l’j—)‘j_l)i,jzl :

As explained in [3], formulae (8) and (9) give the Gaussian eliminations and formulae (12)
and (13) are due to the Giambelli-type formula [20, 30, 3]. The theorem is proved. O

4 Polynomial tau functions and bilinear equations

Theorem 1.7 gives a simple procedure to compute the tau function 7 when 7/* is a polynomial.
Indeed, let us fix the Lie algebra g and take a faithful representation . Choosing X € A~'g[[A7!]]
such that 7(X) is a nilpotent matrix, the infinite series in (11) becomes finite, as it is easy to
verify that only finitely many Pliicker coordinates {r,, u € Y} are non zero. Consequently, 7'/%
is polynomial. This simple idea was used for example in [3] for the KdV hierarchy. If x = 1,
then the tau function itself is a polynomial. Interestingly enough, in the computations we will
perform, even when x = 1/2, we obtain some polynomial tau functions: in other words, the finite
sum in (11) is a perfect square. Even if this result has not been proved in general, we expect that
our procedure gives a systematic way to compute all the polynomials tau functions (up to a shift
of the time variables {t;, i € E,}) of the DS hierarchy of g-type. As stated in the introduction
of [28], this is an interesting open problem.

In what follows we compute the first few polynomial tau functions of the DS hierarchy of
g-type for g = Ay, Ay, By and D,. We use these particular tau functions to deduce possible
bilinear equations of small degrees. Note that each Drinfeld-Sokolov hierarchy has infinitely
many solutions. The usual question is to find particular solutions to the DS hierarchy (solve all
PDEs in this hierarchy together). Here we consider the inverse:

Deduce possible PDEs from particular solutions.
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Sometimes, one particular solution already contains all the information of an equation and
of the whole hierarchy. For example, the “topological solution” was used by B. Dubrovin and
Y. Zhang to construct the integrable hierarchy of topological type [19, 17]. However, a polynomial
tau function 7,01, of the DS hierarchy contains less information, namely, if 7,01, satisfies some
PDE, it will not guarantee directly that other tau functions of the DS hierarchy satisfy this PDE.
Nevertheless, if 7,0, does not satisfy a PDE, then the PDE cannot belong to the DS hierarchy.

4.1 Bilinear derivatives

Given two smooth functions f(x), ¢g(x) with independent variables x = (z;);cs, where I denotes
an index set. The bilinear derivatives D;, ---D;, are operators defined via the identity

exet "D (f,g) = f(x +h) g(x —h), Vh.

It means that, expanding both sides of this identity in h

et M Pi(f g) = (f,9)+ > hi Di(f.9) + ) highj DiD;(f,g) + -+,
i€l i,jel
af

55)*“

and comparing the coefficients of monomials of h, we obtain, for example,

Floc+ 1) g(x —h) = f(@)g(a) + 3 b (50— 1

0 0
2 2
DD,(f.q) = ot g 20 0L 09 O %

N 81’285(7) 8:618:@ B 81’2 81’]' 8:@ 8:61 ’
For the Drinfeld-Sokolov hierarchy of g-type, we take I := E. There is a natural gradation
for the bilinear derivatives, defined by assigning deg D; = 7 for ¢« € E,. Denote by H, the

linear space of bilinear equations satisfied by the Drinfeld—Sokolov hierarchies of g-type, which
decomposes into homogeneous subspaces

Hy = @Hgﬂ.

The gradation allows us to list all possible bilinear equations up to certain degree.

4.2 Examples of polynomial tau functions
4.2.1 The A, case

Let us chose the standard matrix realization g = sl(2;C). Consider the following two elements

in A~ g[[A~1]]
-0 ) T R



The associated polynomial tau functions are

t3
s
3

respectively. Similarly, one computes polynomial tau functions corresponding to elements of the
form \™*F , A™*E. k > 2. For example, for k = 2, we obtain

T1:1—|—t1, T2:1+t3— (20)

31 1
=1+ 23 — tsty + 12 + = + —t5t5 — —1 21
T3 + 23 51+3+3+331 PR (21)
Ta=1—tgty + 25 + 12 + ot —tt1t2—1t162+11tt‘”’—ﬁ—ittf’+im7—i (22)
4 3l7 5 5 3l1 30501 301 371 15 1551 10531 4725>

corresponding to A™2F and \72E, respectively.
Now consider all bilinear equations up to degree 4:
(ﬁ—I—OéQD% +a1Dil+Oé2D1D3)(T, ’7') =0 (23)

where (3, ag, aq, s are complex constants. Requiring that 7, 75 satisfy the above ansatz (23), we
find that up to a multiplicative constant there is only one possible choice of coefficients:

(D} — 4D\ D3)(1,7) = 0. (24)

Similarly up to degree 6, we find out only two more possible linearly independent bilinear equa-
tions that are satisfied by 7y, 7o, 73, 74

(DY 4+ 20D; D3 — 96D, D5)(7,7) = 0, (25)
(D?D3 +2D3 — 6D, Ds)(1,7) = 0, (26)
which are well known to belong to the hierarchy of A;-type, that is the KdV hierarchy. Conse-

quently, we have shown that
dime H= < 3.

Moreover, (24)—(26) are the three only possible choices of homogeneous basis (up to constant
[deg<6]
factors) of Hg .

Relation with the Adler—Moser polynomials. An alternative way of computing polynomial
tau functions for the KdV hierarchy was given by Adler and Moser [1]. Define a family of
polynomials 0y (x = q1,¢3,¢s, - - -, @2k—1), k > 0 recursively by

90 = 1, 91 =,

0101 + Ok 10, = 2k —1)07, VEk>2,
where the prime denotes the z-derivative and for each k > 2 the integration constant is chosen
to be gar_1. The polynomials 0 are known as the Adler—Moser polynomials. It was also proven
in [1] that there exists a unique change of variables q — t that transforms the Adler-Moser

polynomials into the polynomial tau functions of the KdV hierarychy. In [15], one of the authors
of the present paper proved that the desired change of variables is given by ¢; = t; = x and

Z G2i—1 S2-1 _ o (Z t2i_122i—1> :
iy 2i-1 i>2
where g;_; := (—1)""13%---(2i — 3)?(2¢ — 1). Up to a shift and renormalisation of the times, we

recover in particular the polynomials given in equations (20)—(22).
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4.2.2 The A, case

We still chose the standard matrix realization g = sl(3;C). Consider for example the following
two elements in A 'g[[A71]] :

1 0 0 0 1 0
X1 = X aq 0 0 s X2 = X 0
a9 asg 0 0

a; asg
0 as ) (27)
0 O

where a1, as, a3 are arbitrary constants. The corresponding polynomial tau functions will be
denoted by 7, 7o, respectively. We have

1 2 2 1 4 1 1 26 afadtf
T:1+at+—at77at+—aat7 aat+ aiast
1 2t1 1ty 231 1a3ty 160 123ty 60 1agty 1792

+ aity + aszts + alast ta

2.4
2

1 2 1o o
+ —a1a3t1t2 + 7a1a3t2 — §a1a3t1t2 + 7a1a3t1t2 + a1a3t1t2 + 7a1a3t2 + 7a1a.§ 2 + ajazty — Za1a3t1t4

1 1 1 1 1
2 2
— —aja 242 tgy — —a a3t2t4 + —ala t2t4 — Za2424? toty — Za2a242 + —a a3t1t5 — —aia t1t5 + —a aztity,
4 3°1 2 1 2 3 4 1%3%1 4 193%4 2 1 2 3 4 1“3

2 12 2,12 2 2,16 2 .10 2,10
_, 8 ajagty ajazty ajazty 1 1 ajagty t2 ajazty to 1 P 1 P
T2 = 1— —altl + - agtl + agtl + ajagty — — — alt to — —agt to — — + —ajit; — —agty
8 640 358400 358400 90112000 2 2 12800 12800 2 2
2,8,2 2 2,12
1 13a2astSt? 13ajagtit 3aZalti?t2 1 1 3 1
—agtit: + —alagt%tz B R A R 1937172 181 22 42051845 — ——a1a2t$t3 — Sajasts — ——alastits + —aqadtits
16 17920 17920 1126400 320 320 8 128 128
2 2,8,4 2 .8 2,8
ajagtity 1 5 o5 1 225 1 1 592456 1 5938 ajagtity = aiagztity
- —= — —ajaztit ajastit aat+ ala =+ ajast;ty + —ajazts + a1ty + agty + — _
10240 32 1U3T1T2 T gp@ifshita T g, Mfat 21'*2 256 193T1T2 T g @13t T ALt T A3 1280 1280
2 2,10
3 2 1 5 6 1 2.6 ayazty toty 2 4,2 24,2 15 23 1 5993 2 26,3
— Zajastitoty+ ——ajastStoty — ——ajast t2t4—7+—a astitaty +—ajastitaty — —asagtotaoty+ —ajastototy — ——asastototy
2 ! 160 - ot 160 9t 12800 32 LRI g TSI T g TR T2 T g TN T g 18 TL2

3 2 4 3 2,4 2 242, ata3tft] 3 , 3 1
— 1—6a1a3t2t4 — Ra1a3t2t4 32a1a3t1t t4 + 7a1a3t4 + a,la,gt t4 32a1a.§t1t4 + — — - 7a,la,3t t2t4 — §a1a3t1t2t4 — §a1a3t2t4

2560 8
1 559 22,422 3 22402 15959 3afastits  3aiajtits
+ —ajaztsty + ajaxtitst aja ty + — a agt —+ 70,10, t ajast tgt —+ a a t + aots + 7a1a3t ts + —
8 3%2%4 4=13124 321'324 1 4 3%4 81'31 4 61'34 1120 1120
2 2,11
ajazty ts 1 I 29272 19, .3 1 22,34
—_— 4 —a a3t tots + —ala 245 tots + 70, a3t 2 ts — —aja 24342 ts + —ajast t5ts + 7(1 agtlt ts + —ajasxtitots — —ajasztitots
140800 30 1 30 31 1 2 8 3°1%2 320 1%3%1%2 1 4 3 2%5 39 193%1%2%5

1o 3 1 1 1 2 1o 292 1 559
+ Za1a3t1t4t5 + Za1a3t1t4t5 — 5a1a3t1t2t4t5 + 5a1a3t1t2t4t5 + %a1a3t1t2t4t5 + Za1a3t1t2t4t5 + ga1a3t1t4t5 + Za1a3t1t5 — Zalastlts

1 1 1 1 1 1 1 1
2 2,6,2 2 2 2 2 2 2 2 2 2 2 2 2 5 2,5 2 2 2 2
— ——ajagtity — —ajagtaty — —ajaztaty — —ajaztitsty — —ajagtotyty — —ajaztity — —ajagtit; + —ajaztity + —ajagztitstys — —ajaztitsty
160 1%3%1%5 2 1 5 2 3 5 8 1%3%1%2%5 2 1%3 5 4 1%3 5 40 1 1 40 31 2 1 2 2 3 2

1 5956 1o 9 1 2,2 159093
o0 0193t tats + afastits + —aragtits + —aTa3tltdts

15 1 2 1 59 4 1 2.4 1o 9 1 2.2
— —ajaststy + —ajaztsty — —ajazt;ty — —ajaztty — —ajaztitoty + —ajaztitaty —
2 ! 2 8 16 1o 16 2t g 17O 4 3 160

1 1 1 1 1 1 1 1 1
+ Eafa3t4tg - §a1a§t4tg - Ea?agt‘ft@g + Zafagtgmg + Eafagtltﬁg)tg - Zafagtg + %afagti’tn - Zafagtltgm + Za?agtg)tn .

Consider all possible bilinear equations of degree 4:
(a1 DY + apD3)(7,7) = 0,
Requiring 7 satisfies this ansatz we find that there is only one possible choice:
(D} 4 3D3)(r,7) = 0.

Similarly, requiring that 71 and 7» to both satisfy the ansatz of bilinear equation of degree 6, we
find that there are only two linearly independent bilinear equations of degree 6:

(D% +45D3D3 + 90Dy Dy — 216D, Ds) (1, 7) =

0,
(DS +15D3D3 + 60Dy Dy — 96Dy Ds)(7,7) = 0,

which are well known to belong to the hierarchy of As-type (i.e. the Boussinesq hierarchy).
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4.2.3 The B, case

We chose the matrix realization of the B, simple Lie algebra as in [14]. We consider two explicit
examples given respectively by the following matrices®

0
0

as 0 a5 O
0 ay —az ao

00 0 00 00 ag a; O
Lla 0000 oo 0
Xlz— asz as 0 0 0 s X2:_ 0 0 0 —das
0 Mo o 0
0 0 0 0

o O OO

The associated tau functions will be denoted by 71 and 75. They have the expressions

1 1, 5 3 1 5,4 1 41 5 asastS 1 56 azaqast! agaszasty alast]
71 =14+ —agty + —azt]{ + —ast] — —ast] — —azt] + —agaygt; + —azast] + — —a - - -
2 4T RPN T M T 998" T g P12 PP 920 720 01 11520 53760 483840
aga%t? a2a4a§ti0 11a2a3a§ti1 430,%0%7%2 79a2agti2 370,%(1215%5 " a%aét%s " 1 ta 4 ast 1 2,
- - —az astz — —azty
1088640 3110400 87091200 2090188800 2874009600 1931334451200 115880067072000 2 3 > 8 3 3
1 1 1 1 1 1 a2a5t6t3 a2a2t6t3 a2a4a2t7t3 a2a3a2t8t3
+ —agaqtits + —a3a5t?t3 + —a2a5t?t3 - —a?,ti’% + —a2a4a5t11t3 + —a2a3a5ti’t3 + 2 L5 5179 518 51
4 8 16 24 192 640 3840 1080 34560 193536
31a§a§t?t3 llagagt?t:; lOlagag’t%ztg 29a§aéti5t3 3 5 1 5.5 1 2 5 2.3 .92 a2a4a§t%t§ 7a2a3a§t‘;’t§
— —+ —+ — +—a2a5t3+—a5t3+—a2a4a5t1t3+—a2a5t1t3+
17418240 8709120 22992076800 6437781504000 4 4 16 288 1152 23040
a%a%t?tg 17a2ag’t(1}t§ 13a§agt?t§ a%aétiztg 2 3 11 2.3 1 2 3 1 2.2.3 a%a?t‘;’t% 7a2a§’t‘;’tg
_ — + + —ajasty + —azazty + —azagagtity — ——azazagtity +
138240 69120 34836480 2043740160 16 36 144 576 3456 1728
2 3,6,3 2 4,93 2 3,34 2 4,6,4 2 4.6
llajaztity  ajagtyty 25 5 5 4 5 3,4 , @3a5lity  ajaztyty 5 g 3.5  azasly 15 1 2
- - + —ajazty + —agagty + ——— — —————— + ——ajagtiy + — —agastits + —agtits — —agagastits
414720 34836480 576 144 3456 552960 576 2304 4 4 16
1 3 1 4 4 1 2.4 a2a4a§ti’t5 11a2a3a§t?t5 a%agtztgg 41a2agtzt5 a%a%tiot‘g a%aéti3t5
— —agagastits — ——ajastyts + ——azagiits + — —
48 192 72 5760 69120 483840 483840 17418240 4379443200
1 1 1 1 5 aZaZtitst Tagaittist 29a2a3tTtst
— —agazastzty — —a§a5t1t3t5 — —agagtltgt;; — —a2a4a§t§t3t5 — agagagt?tgtgg _ 2295017875 285717375 295717375
8 8 24 48 576 1152 1152 967680
afagti®tsts 1 2,2 722 .2 1.3, .2 ajadtitdts | afagtitits 11 o5 5 g ajagtitits 1 o5 4 4
— ————— — —agagazt3zts — —ajagtitzts — —azagtitzts + — ——ajaztitzts + ————— — ——ajazt1tsts
116121600 24 96 48 1152 258048 576 9216 768
2 3,5,2 2 4,8,2 2 4,5, .2 2 4,33
1 22 1 2, 2, 1 292095 1 3,2,2 Gaagtits ajagtyls 2 3.2, .2 @3a5tytsty = ajzagtily 1 24, 3
— —agagagzty — —agagagtity + —asaztity — —agagtity — ——— — ———— ——ajagtitsty — — ——ajagzt3tly
24 32 64 96 2304 1290240 192 7680 2304 192
1 1 2 2 1 2.2 1 2,4 ajadtity 1 3,5 afadtfty  afaftiltr 1 2
+ —agasagtity + —asastity — —agaztity + —agagagt{ty + ———— — ——agartity — — + —agagagtitszty
8 16 20t g ot 288 5 1440 640 - o1 967680 87091200 = 12 5
2 3,5 2 4,8 2 4,5,2 2 4,23
1 59309 1 3,2 ajagtitsty  ajzagtytsty 1 53090 azastytzty  ajagtitsty 1 o 5 1 3
+ —ajaztitsty — —agagtitsty — — + ——ajagtitzty — + —ajagtsty — —agagisty
24 16 11520 1935360 192 46080 1152 12 12
4,6 2 4,3 2 4,4,2
1 533 Tafagtftsty 1 5 4 azagtitststy 1 o 4 9 1 94, 2 1 5.3, o ajaglyty 1 5 4 2
+ —as5axtitsty + ————— + —asart3ytsty + —————— + —asactststy + —asast1tzt7 — —asart|t; — ——— — —asast1tst
576 205NN 138240 24 120573087 1152 gg 2BTBIBIT T qgp 25T IT T g f2fs T i 2304 gp 205713
1 agt] a2tl? 1 1 aZtdts 1 1 a2t$t2
7'2:1+—a3?*—lfo—agtﬁt;g«k—aélt%gf 31 +—a3t§7—a4t1t§7 3713
288 2016 11612160 12 48 69120 2 2 1920
1 1 4.4 a3tits 1,

1 1 1

2,3.3 4 2 2 2,5 2

— —astits + —aats + — —astityts + —astitsts + agty + ——asztity — —asztsty.
48 3°1%3 16 33 371 4 3 3%o 160 371 2 3

4032 96
Consider all bilinear equations up to degree 4
(g + a1 D} + ap D} + azD, Ds)(7,7) =0

where ag, ..., a3 are constants. Requiring that 7 satisfies this ansatz of bilinear equations we
find that there is no solution. Similarly, up to degree 8, we find that there are only two possible
homogeneous equations (one is of degree 6 and the other is of degree 8). We arrive at

3X, is not the most general upper triangular element of homogeneous degree —1, as in this case the tau
function is too big to be written.

12



Proposition 4.1. The following dimension estimates hold true
dime HigE= =0, dime HH# <1, dime HpE <2,

]

Moreover, the only possible elements in ’H[deg< are linear combinations of

(D% —5D3D3 — 5D3 4+ 9D, Ds)(7.7) = 0,

and

(D} + 7D} Ds — 35D D3 — 21D} D5 — 42D3 D5 + 90D, D7) (7, 7) = 0.

Remark 4.2. As far as we know, explicit bilinear equations for the DS hierarchy of By-type
are not pointed out in the literature, except that there is a super-variable version given in [28].
However, the relationship between the super bilinear equations of Kac—Wakimoto [28] and the DS
hierarchy of Bs-type is not known. Finding explicit generating series of bilinear equations for the
DS hierarchy of Ba-type remains an open question. It is also interesting to remark that the very
same equations are contained in [13], as the first two equations of the BKP hierarchy.

4.2.4 The D, case

Take the matrix realization of g as in [14, 5]. Consider the particular point of the Sato Grass-
mannian of Dy-type given by

We put t;; = 0. It follows from Theorem 1.7 that the corresponding tau function is given by

1 1 1 2
T= (1 — 55010 ~ 556N g 8(7,6|7,6>)

2 2 4
where s(7,6/7,6) = S(717)S(616) — S(716)S(617)» S(6/6) = S(77) = 0, and
til 1 6 1 5 1 2 45 1 5
- =1 S 20— 20+ —tslat
5611 = 516 = 1900800 480 ° 1 T 16031 T 120 ¥ T gp 2N
— 1t§t§ — 1t?,t?,ﬁ — §t3t3/t§ + 11t5tl + §1t§ts +tats + §t?,tgmtg,.
8 4 8 2 4 2
(28)
Hence we have
1 #11 1 1 1 1
= 1— - =1L S — 2 247 — —tatat]
T 2°(716) 3301600 | 960 32031 T 240" T 160"
+it3t2+ltt 2+ 3tt 2 — 1t2t —§t2t —}t t —§tt t
16 371 T LT gt T s T giets T g s T RS
Proposition 4.3. The following dimension estimates hold true
dime Hp®= =0, dime Hp5=" < 3.
Moreover, the only possible elements in 7—[[ 5<01 re linear combinations of
(2D3Ds + 4D3 Dy — 3D2/)(7', T) =0, (29)
(D:Dy — DDy + D3Dy — D3)(7,7) =0, (30)
(DS + 9D, D5 — 10D3?D3 + 5D} D3 — 5D3D3/)(1,7) = 0. (31)
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Our last remark is that under the following linear change of time variables

the bilinear equations (29)—(31) in the new time variables T}, T3, Ty, T5 coincide with those of
Kac and Wakimoto [28]. Essentially speaking such a change of times is simply a renormalization

of flows.

O,
Oy
O
O

3/

5

—
—
—

—

2_1/68T17
21/20T37

21/20T3 + 21/23_1/20T3/7

27/60,11r

A List of generalized Schur polynomials of (g, 7)-type

Take 7 as in [14, 10]. We list in Table 1 the first several Schur polynomials of (g, 7)-type for

simple Lie algebras of low ranks.

g Ay A By Bj Cy D,
S1 tl tl 0 0 tl 0
So %t% %t% + tz %tl %tl %t% %tl
S92 112 12—ty —1t 1t 112 —3t
83 13 + 1 T3+ b1ty e L2 13+ 2ty 12
S21 15—t 5t 0 0 15— 1 0
513 T3 + 1 T — 1ty —i4 — 142 13+ 2ty —i4
1 t4 tat 2_14#1lt + %tQt% + 1 t3 lt 1 t3 1t 1 t4 2+t %t? +
5 UL %t%+t4 1t | it als | gyt shts sl + 1l
144 | 1427 143 g
S31 T L R A I Y A e
2ty — la 2
s | 5t —tits it + 13 iz Tt Stt — tity e
144 142 1,43
Iyt L2, — L3+
1,44 1 142 1.3 1.3 1,44 1
So12 st ® %1 " —ntitts | —ptitts Tt bkt
144 1 2 1.3
Lt — L2 4 —148 —
su | oaptt st | 2 2_141 —15t —5ts | —15th —3ts | f5ti +2tits ety
22 2 '

Table 1: Simple Lie algebras and Schur polynomials of (g, 7)-type
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