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THE NEWTONIAN POTENTIAL AND
THE DEMAGNETIZING FACTORS OF THE GENERAL ELLIPSOID

GIOVANNI D1 FRATTA

CMAP, Ecole Polytechnique,
route de Saclay,
91128 Palaiseau Cedex,
FRANCE

Abstract. The objective of this paper is to present a modern and concise new deriva-
tion for the explicit expression of the interior and exterior Newtonian potential generated
by homogeneous ellipsoidal domains in RY (with N > 3). The very short argument is
essentially based on the application of REYNOLDS transport theorem in connection with
GREEN-STOKES integral representation formula for smooth functions on bounded domains
of RN, which permits to reduce the N-dimensional problem to a 1-dimensional one. Due
to its high physical relevance, a separate section is devoted to the derivation of the demag-
netizing factors of the general ellipsoid which are one of the most fundamental quantities
in ferromagnetism.

1 HISTORICAL INTRODUCTION, MOTIVATIONS

The computation of the gravitational potential induced by an homogeneous ellipsoid was one
of the most important problems in mathematics for more than two centuries after NEWTON
enunciated his universal law of gravitation [6] 8 @, 24 [30] 31].

Once fixed an ellipsoidal domain € of R3, the problem consists in finding an explicit
expression for the Newtonian potential induced by a constant mass/charge density on €2

[14]:

1 1
Nalta)(@)=p- [ ——d )
AT Jo |z =y
in the internal points of  (interior problem) and in the exterior points of Q (exterior prob-

lem).

In the case of a homogeneous spherically symmetric region, NEWTON (in 1687) proved
what nowadays is known as NEWTON’s SHELL THEOREM |[3| 24]: if Q is an homogeneou
spherical region centered at the origin, then for all t > 1, MQ\Q[th\Q] s constant in €,
i.e. tQ\Q (the so called hollow ball) induces no gravitational force inside Q. Moreover, a
spherically symmetric body affects external objects gravitationally as though all of its mass
were concentrated at a point at its center.

For what concerns an ellipsoidal domain © of R3, the ellipsoidal interior problem was for
the first time solved by GAUSS (in 1813) by the means of what it is in present days known
as the GAuss divergence theorem [16]. Later, in 1839, DIRICHLET proposed a solution of
the interior problem based on the theory of FOURIER integrals [21].

The results of GAUSS and DIRICHLET can be summarized by saying that if € is an
ellipsoidal domain centered at the origin, then the gravitational potential induced by an
homogeneous ellipsoid in its internal points is a second order polynomial. In other terms:

Nao[lo|(z) =¢c— Pr-z VxeQ, (2)

1By an homogeneous region of R™ we mean an open and connected subset of RV endowed by a constant
density of masses/charges.



[R3><3

for some constant ¢ € R and some matrix P € whose values can be expressed in terms

of elliptic integrals |20} 35].

Remark 1.1. For the sake of completeness we recall that the converse statement (the inverse
homogeneous ellipsoid problem) is also true [11 14} [I8], namely: if Q is a bounded domain of
RY such that RN \Q is connected and (@) holds, then (Q is an ellipsoid. Historically speaking
the inverse homogeneous ellipsoid problem was for the first time solved by D1VE [12] in 1931
for N = 3 and in 1932 by HOLDER [17] for N = 2. A modern proof of this result can be
found in DIBENEDETTO and FRIEDMAN [II] who, in 1985, extended it to all N > 2. In
1994, KARP [18], by the means of certain topological methods, obtained an alternative proof
of the inverse homogeneous ellipsoid problem.

Despite the well-knownness of (2]) in the mathematical and physical community, and its
importance in theoretical and applied studies [II, 5] [7, 32} B3\ [10, 25], rigorous proofs of that
result are not readily available in the literature: to the best knowledge of the author, relative
modern treatments of the interior problem can be found in [20] and [35], and more recently
in [22] and [26] where also the the exterior problem is investigated. However, in all the cited
references, the solution of the problem is always based on the use of ellipsoidal coordinates
which tends to focus the attention on the computational details of the question rather than
on its geometric counterpart. Eventually, modern proofs of Newton’s theorem and relation
(@), as well as far reaching beautiful generalizations, can be found in [19] where neverthless
the problem of finding an anlytic expression for the coeficients ¢ and P is not touched.

Aim of this paper is to give a modern and concise derivation for the expression of the
interior and exterior Newtonian potential (induced by homogeneous ellipsoids). The very
short argument is essentially based on the application of REYNOLDS transport theorem in
connection with GREEN-STOKES integral representation formula for smooth functions on
bounded domains of RYV. This approach permits to reduce the N-dimensional problem to a
1-dimensional one, providing (in particular) at once a proof of (2) together with an explicit
expression of the coefficients P and ¢ in terms of 1-dimensional integrals. More precisely,
the paper is organized as follows:

Section Plis devoted to the main result of the paper. We give a concise proof of the homo-
geneous ellipsoid problem. For completensee, we then derive NEWTON’s SHELL THEOREM
as an immediate corollary.

In Section3l we focus the attention to the three dimensional case. An expression in terms
of the elliptic integrals is given for the coefficients of P. Due to its physical relevance, par-
ticular attention is paid to the eigenvalues of P. Indeed, when N = 3, the matrix P and
its eigenvalues, known in the theory of ferromagnetism respectively as the demagnetization
tensor and the demagnetizing factors, are one of the most important and well-studied quan-
tities of ferromagnetism [11, 2, 5] [7, 10} 25]. In fact, the following magnetostatic counterpart
of the homogeneous ellipsoid problem holds: given a uniformly magnetized ellipsoid, the in-
duced magnetic field is also uniform inside the ellipsoid. This result was for the first time
showed by Por1sson [28|, while an explicit expression for the demagnetizing factors was for
the first time obtained by MAXWELL [23]. Their importance is in that they encapsulate the
self-interaction of magnetized bodies: their knowledge being equivalent to the one of the
corresponding demagnetizing (stray) fields [5].

2 THE INTERIOR AND EXTERIOR POTENTIAL OF AN HOMOGENEOUS ELLIPSOID

In what follows we denote by € the ellipsoidal domain of RY (N > 3) having a1, as,...,ax
as semi-axes lengths. We then denote by (€2¢).c(0,+00) the family of ellipsoidal domains of



RY, given by the inverse image oy 1(BN) of the unit ball of R under the one parameter
family of diffeomorphisms ¢; : x € RY — /A2 € RV, where

1 1 1
Va+t g+t f2

\/A_t = diag (3)

Note that each diffeomorphism ¢, ! maps the unit ball of RV onto the ellipsoidal domain
of RY defined by the position Q; = {z € RN : |¢(x)]?> < 1}. In particular 09 = {x €
RN . |¢s(z)]?> = 1} and Q = Qq. Finally, we denote by Ng,[lq,] the Newtonian potential
generated by the uniform space density of masses or charges on §2;:

Noy[lo,](z) = ex / #dﬂy), (4)

Q |z —

with cy:=[(N —2)wy] ™! and wy the surface measure of the unit sphere in RY (cfr. [13} [14]).
The main result of the paper is stated in the following:

Theorem 2.1. Let Q = {x € RN : |¢o(x)|*> < 1} be the ellipsoidal domain of RN having

(a1,a2,...,an) € [Rﬂ\rf as semi-axes lengths. For every x € RN
1 +oo N a;
Ng[lﬂ](x) = Z/ (1 — Az - x)dt, V¢ 1= H R (5)

() i=14/a?+t

where we have denoted by T the non-negative real valued function

TirER H{T(l‘) if £€Q°NON ) (6)
Remark 2.1. For general ellipsoidal domains the integral in () can be evaluated by the
means of the theory of elliptic integrals (cfr. [4, 29]). The function 7 defined by (@) can be
computed by solving the equation 9Q,,) = {z € RNV |br(2) (z)|> = 1}. In particular,
when € is a spherical region of radius a (centered around the origin), the function 7 reduces
to the function equal to |z|? — a? if 2 € RV\Q, zero otherwise, and the integral in (B)) can be
readily computed.

Proof. For every t € R*, the function |¢;|> — 1 is the unique solution of the homogeneous
DIRICHLET problem for the POISSON equation u = 2tr(A4;) in Q;, v = 0 on 9. Thus,
according to the GREEN-STOKES representation formula (see [14]), for every t € RT we have

(‘étlz - 1)1Qt = _2tr(At)NQt[1Qt] + Saﬂt [an‘étlz] in [RN\agt? (7)
where we have denoted by

an(y)"lst(y)‘2
o |z —ylN 2

Soeu[Onlde|?](2) == en /8 do(y), (8)

the simple layer potential generated by the space density of masses or charges Oy, |¢¢|> con-
centrated on 09 (cfr. [I3,[14]). Next, we observe that the N-dimensional Newtonian kernel

2|2~ is in VVI})’CI([RN), therefore due to REYNOLDS transport theorem,

o fta] = ex [ PR a0() = Lo Ol Q



where we have denoted by v; = O[¢; 1] o ¢¢ the eulerian velocity field associated to the
motion ¢, ! for which one has

vuly) = 0l 0 i) = 5 Aw = V)P V(ty) € R x 09, (10)
Hence, substituting (@) into (7)) we get
110 — 1o, (2) = — 5 tr(A)No,[10,](x) + ONa, [l )(x) vz € RNO0, (1)

Moreover, by the assignment

t N .
Tt = €Xp <_1/ tI‘(AS)dS> = H L y Y0 = 17 (12)
2 Jo i=1y/a? +t
the equality (1)) reads as
1
A (nNa,[1o,]) = Z%(|¢t|2 —Dlo, Vo e R¥\0Q,. (13)

Thus, once introduced the non-negative real function defined by (@) we have, for every t € R™
and for every z € RV

0N, [10,1)(2) = T390() P = D1y 40y (). (14)

Integrating both members of (I4)) on [0, +00); taking into account that due to the well-known
decay at infinity of the Newtonian potential [34] one has lim; o 7N, [1q,] = 0; we finish

with (). O

Corollary 2.1. (NEWTON’S SHELL THEOREM) Let Q C R3 be an homogeneous spherical
region (centered around the origin) of radius a and of total mass M. For every x € R3\Q the
induced gravitational potential is the same as though all of its mass were concentrated at a
point at its center. Moreover, for allt > 1, MQ\Q[th\Q] is constant in ), i.e. the hollow ball
induces no gravitational force inside €.

Proof. We denote by pla(z), (p := M/|?|) the uniform density of mass in Q. The gravita-
tional potential induced by p in R? is then given by u, = 4rGNg[p] = 4rGNg[la], where
we have denoted by G the gravitational constant. In this geometrical setting the function 7
defined by (@) reduces to the function 7(z) := (Jz|* — a2)1RN\Q(a:) and the integral in (&)
immediately gives

2 a® ) ~ 4 Gp GM
up(x) = §7TGp (7 - |x|2> ifreQ |, wuy(r)= gwa?’m = Tl

if z € R3\Q. (15)
Thus, for every z € R3\Q the induced gravitational potential is equal to the one induced
by a DIRAC mass concentrated in the center of 2. The gravitational field is given by g :=
—Vu, and the fact that the hollow ball tQ\, ¢ > 1, induces no gravitational force inside
) can be immediately seen by splitting the uniform density of mass in tQ2\Q in the form
p = (M/IO\Q) 1o — (M/|tQ\Q|)1q. Indeed by linearity we get that u, is constant in
and therefore g = 0. O



3 THE DEMAGNETIZING FACTORS OF THE GENERAL ELLIPSOID

We know focus on the three-dimensional framework (N = 3) and, in particular, on the
so-called demagnetizing factors of the general ellipsoid [25]. To this end we recall that the
demagnetizing (stray) field h[m] associated to a magnetization m € C*°(Q) can be expressed
as the gradient field of a suitable magnetostatic potential ., (see [15,27]). Precisely ¢, 1=
—divNg[m] and h[m] := —V,, in R3. In particular, if m is constant in 2, then ¢y, =
—m - VNq[lg]. Thus from (&):

om(z) =Px-m , hlm]=—-Pm VzeQ, (16)

where we have denote by P := VANg[lg] the diagonal matrix, known in literature as the
demagnetizing tensor, whose diagonal i-entry (the i-th demagnetizing factor), by virtue of
([, is given by

1
Pi=s

400 3
2/0 a”l;[,/a +t

Proposition 3.1. We have P; > 0 for every i € N3 and if a1 > as > ag then P, < Py, < P3.
The trace of P satisfy the relation tr(P) = 1.

At Vie N (17)

Proof. The first statement is obvious. The relation tr(P) = 1 can of course be verified
by a direct evaluation of the integrals in (I7), but it is also possible to observe that since
the Newtonian potential N[lg] satisfies the POISSON equation ANg[lg] = —1gq, one has
tl“(P) = diV(Pl‘) = —ANQ[lg] = 1q. O

Assuming aq > as > ag, from (I7)) and the theory of elliptic integrals we get

P = 1-P—P (18)
R e i G =) )
Py = —l—ﬁ [az - ﬁE (arccos <Z—‘Z’> Z% : Zg )} , (20)
where, for every y € R and every 0 < p < 1 we have denoted by
E(ylp) = /Oy(l — psin? 0)1/2d0, (21)

the incomplete elliptic integral of the second kind expressed in parameter form [4, 29]. In
particular, in the case of a prolate spheroid (a1 > ag = ag) we get

a? a1
P = 73 |:(a2 — a2)1/2 + a7 arccoth <7>:| ) (22)
(af —adp2 [T (af — a3)'/?
1-P
P = P3= 5 -, (23)
while in the case of an oblate spheroid (a1 = as > as3)
1- P
P = Py 5 37 (24)
a2 as Y
Py = s S (a2 a )1/2 + as arctan <7> - 03—} . (25)
(a? — a3)3/2 ’ (af — a3)'/? 2

Finally, in the case of a sphere (a1 = ag = ag) one finish with P, = P, = P3 = %
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