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STABILITY THEORY FOR DIFFERENCE APPROXIMATIONS
OF EULER KORTEWEG EQUATIONS
AND APPLICATION TO THIN FILM FLOWS*

PASCAL NOBLET AND JEAN-PAUL VILA?

Abstract. We study the stability of various difference approximations of the Euler Korteweg
equations. This system of evolutionary PDEs is a classical isentropic Euler system perturbed by a
dispersive (third order) term. The Euler equations are discretized with a classical scheme (e.g. Roe,
Rusanov or Lax Friedrichs scheme) whereas the dispersive term is discretized with centered finite
differences. We first prove that a certain amount of numerical viscosity is needed for a difference
scheme to be stable in the Von Neumann sense. Then we consider the entropy stability of difference
approximations. For that purpose, we introduce an additional unknown, the gradient of a function
of the density. The Euler Korteweg system is transformed into a hyperbolic system perturbed by a
second order skew symmetric term. We prove entropy stability of Lax Friedrichs type schemes under
a suitable Courant-Friedrichs-Levy condition. In addition, we propose a spatial discretization of the
Euler Korteweg system seen as a Hamiltonian system of evolution PDEs. This spatial discretization
preserves the Hamiltonian structure and thus is naturally entropy conservative. We validate our
approach numerically on a shallow water system with surface tension which models thin films.

Key words. conservation laws; hamiltonian PDEs; entropy inequality; capillarity; Euler Ko-
rteweg equations; difference scheme; entropy conservative, thin films

AMS subject classifications. 65M06, 65M12

1. Introduction. This paper is motivated by the numerical simulation of the
so-called Euler Korteweg system, which arises in the modeling of capillary fluids.
These comprise liquid-vapor mixtures (for instance highly pressurized and hot water
in nuclear reactors cooling system) [JTB], superfluids (Helium near absolute zero)
[HAC], or even regular fluids at sufficiently small scales (think of ripples on shallow
water or other thin films) [LG]. In one space dimension, the most general form of the
Euler Korteweg system we consider is

Op + Oz (pu) =0,
(5xp)2> (1.1)

Bi(pu) + 0, (pu® + P(p)) = 8, (pﬁ(p)amp + (o' (p) = K(p)—5—

where p denotes the fluid density, v the fluid velocity, P(p) the fluid pressure and
k(p) > 0 the capillary coefficient. We assume that P’'(p) > 0 for all p > 0 so
that the Euler system is always hyperbolic. In quantum hydrodynamics, the capillary
coeflicient is chosen so that pr(p) = constant [CDS] whereas for classical applications,
like thin film flows, it is often chosen to be constant [BDK]. The Euler Korteweg
system (1.1) falls in the class of abstract Hamiltonian systems of evolutionary PDEs
when it is written with variables p, u

oU =J (EH[U)), (1.2)
with U = (p,u)T, J = 9,J,

J= ( . ) H[U] = %-l—F(p)-l—Ii(p)(anp) = -+ £(p. 0up),
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2 ENTROPY STABLE SCHEMES FOR CAPILLARY FLUIDS

and E denotes the Euler operator

2
u
ERU] = [ 2 TEER0P) | Be(p,0,0) = F(p) +(p)
U

(02p)?
2

- az(’%(p)azp)

The pressure P is related to F through the relation pF'(p) — F(p) = P(p). Due
to the invariance of the equations with respect to spatial and time translations, the
system (1.2) admits, via Noether’s theorem, two additional conservation laws which
are nothing but the conservation of momentum (the second equation of (1.1)) and the
conservation of energy:

1 1
O <2pu2 + &(p, (%p)) + 0y <2pu3 + puE,E(p, 0p) + ﬁ(p)@x(pu)axp> =0. (1.3)

As a consequence, if the system (1.1) is set on the real line or with periodic boundary
conditions, the “entropy” H is conserved. Therefore, it is desirable from a numerical
point of view that a difference approximation of (1.1) or (1.2) preserves the energy
or, at least, dissipates energy. In the first case, the difference approximation is an
“entropy conservative” scheme and in the later case, it is an “entropy stable” scheme.
There are two possible strategies to tackle this problem. The first one consists in
considering (1.1) as a dispersive perturbation of the classical isentropic Euler equa-
tions. This is the point of view adopted e.g. in [LMR]. Here the authors construct
fully discrete entropy conservative scheme for systems of conservation laws (hyperbolic
or hyperbolic-elliptic) endowed with an entropy-entropy flux pair. These difference
approximations are second and third order accurate and can in turn be used to con-
struct a numerical method for the computation of weak solutions containing non-
classical regularization-sensitive shock waves. In particular, the authors considered
dissipative/dispersive regularizations that are linear in the entropy variables

Opu(v°) 4 Oy f(u(v°)) = eBo0yat® 4 €2B30peev®, 0<e <1

with B; constant symmetric matrices, By being positive definite. Thus the dispersive
terms do not contribute in the energy equation:

Gt/DU(us) <0

where D =R or D =R/LZ (L > 0) and U is the entropy associated to the system of
conservation laws

Oru~+ Oy f (u) = 0.

This situation contrasts with the one met in the Euler Korteweg system where the
dispersive terms have a contribution in the energy balance

2

o [ gou+ 7o)+ o)~
D2 2

As a consequence, an entropy conservative or entropy stable scheme for the isentropic

Euler equations coupled with a centered approximation of dispersive terms may not

provide an entropy conservative nor entropy stable scheme for the Euler Korteweg

system. This issue was considered in [CL] where Euler Korteweg equations are written
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in Lagrangian coordinates of mass. By introducing an extended formulation of the
system, the authors derived a family of high order and entropy conservative semi-
discrete schemes. With these high order approximations schemes in hand, the authors
then computed kinetic relations for Van der Waals fluids. In [HR], an alternative
reduction of order of the Euler Korteweg system in Lagrangian coordinates of mass
is introduced to derive a semi-discrete entropy conservative scheme based on local
Galerkin discontinuous methods. Though, the Lagrangian coordinates of mass can
not be used in dimension d with d > 2 and one has to consider an alternative extended
formulation in Eulerian coordinates: this latter point of view will be expanded here,
based on the extended formulation found in [BDD, BDDd].

In section 2, we consider the stability of various difference approximations of Euler
Korteweg equations in the Von Neumann sense. We shall prove that even at that
linear level, the Godunov scheme (explicit and implicit in time) is always unstable.
In this direction, we checked the stability of Lax Friedrichs type schemes: we show
that it is stable in the Von Neumann sense under a suitable Courant-Friedrichs-Levy
(CFL) condition for explicit forward Euler (resp. Runge Kutta) time discretization for
first order (resp. second order) difference schemes. This analysis provides necessary
conditions of stability for the simulations of the fully nonlinear system. Finally we
show that the backward Euler and Crank Nicolson time discretization is always stable
for Lax Friedrichs type schemes.

In section 3, we move to the entropy (nonlinear) stability problem. It is a hard
problem to obtain directly entropy stability from nonlinear difference approximation of
Euler Korteweg equations since discrete integration by parts and time discretization
do not commute. Here, we introduce an additional variable w = \/k(p)0.p/\/P
and derive a conservation law for w. In this new formulation, the capillary term
appears as an anti dissipative term in the system for (u,w) and one can prove the
well posedness of the Euler Korteweg system [BDD]. Moreover, the derivation of the
energy estimate follows the same line as a classical energy estimate in the isentropic
Euler equations. In that setting, we show that difference approximations made of
a Lax Friedrichs type (entropy stable) scheme for the hyperbolic part and centered
difference for the anti-diffusive part are entropy stable under a suitable CFL condition
for explicit forward Euler time discretization and always stable for implicit backward
Euler time discretization. We also introduce an alternative method to obtain directly
an entropy conservative scheme. For that purpose, we write the Euler Korteweg
system as a Hamiltonian system of PDEs: by discretizing directly the Hamiltonian,
we obtain a semi discrete scheme that is also Hamiltonian and entropy is trivially
preserved. Then, one is left with the problem of time discretization. The explicit
forward Euler is always unstable and one has to consider implicit time discretization
to obtain an entropy stable scheme.

Finally, in section 4, we carry out numerical simulations of shallow water equa-
tions with surface tension which is a particular case of the Euler Korteweg equations.
We first consider thin film flow over a flat bottom and neglect source terms so as to
compare entropy stability of difference approximations for shallow water in original
form and for its new formulation counterpart. The numerical simulations clearly show
that the discretization of the extended formulation of shallow water equations has bet-
ter entropy stability properties. Then, we consider the difference approximation of the
shallow water equations written as a Hamiltonian system of evolutionary PDEs. The
numerical simulation of this Hamiltonian system shows that the dynamical behavior
is completely changed in comparison to entropy stable schemes. Indeed, this Hamil-
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tonian difference approximation has no numerical viscosity, so that one can observe
the formation of so called “dispersive shock waves” [E, EGK, EGS]. Here, the classic
hyperbolic shocks are regularized by dispersive effects and an oscillatory zone appear
and grows with time. We conclude this section with numerical simulation of a Liu
and Gollub experiment [LG] modeled by a consistent shallow water model with source
term derived in [NV]. The numerical simulation show very good agreement with the
experiments in [LG].

2. Von Neumann stability of difference schemes. In this section, we study
the Von Neumann stability of various difference approximations. We consider two
classes of spatial discretisations, namely Godunov and Lax Friedrichs schemes for
the first order part of the equations whereas the dispersive term is discretized with
classical centered difference approximations. We also consider second order accu-
rate schemes, namely MUSCL scheme with a Lax Friedrichs type flux for spatial
discretization together with Runge Kutta (second order accurate) or Crank Nicolson
time discretization.

2.1. Stability of first order accurate schemes. In this section, we prove
that Godunov space discretization are always unstable whereas Lax Friedrichs type
scheme are stable under CFL conditions.

2.1.1. Formulation of the stability problem. In order to study the Von
Neumann stability, we first linearize the Euler Korteweg equations about a constant
state (p, q) = (p, pu):

¢ —u° 2u o

v + Adyv = Bdyayv, A:<202 L ) B:(O 8) 2.1)

with v = (p,q)T, & = pr(p) and & = \/P’(p). We discretize space and denote v;(t)
the approximate value of v(t, joz),j € Z and dx > 0. We also introduce the Fourier
transform of a sequence v € [%(Z):

0(0) = Zeikevk, vlli2(z) = HﬁHng(o,zﬂ)-
kEZ

In what follows, we consider Godunov, Lax Friedrichs and Rusanov discretization of
the first order part whereas the capillary term is discretized with centered difference.
These schemes have the common formulation

dv;, A Q
= T 355 W~ vm1) = o5 (Vi = 205 4 050)

B
9523 (vj+2 = 20541 + 2051 — vj-2) (2.2)

with @ = Id for Lax Friedrichs scheme, @ = (1/2)Id for the modified Lax Friedrichs
scheme, @ = (6t/dxz)p(A) for Rusanov (p(A) = max{|A|,\ € Sp(A)}), @ = (0t/éx)|A|
for Godunov scheme with
‘A|:i |u —¢|(u+¢) — |u+ ¢l (u —¢) |t +¢| — |u— ¢,
2\ @-a)(la+e—lu—c) |a+e(a+e) —]|a—-écl(a—e)
We apply the Fourier Transform to (2.2): © satisfies the differential system:

do _ 2sin(0/2)cos(0/2) ,.  0a® (2Sin(0/2)>2Qﬁ+icos(9/2) (2sin(0/2)>3B@.

dt Sx 20t S S



We introduce the Fourier variable £ = 2sin(6/2)/dx so that ¢ satisfies

do < | (&oap?

Sz

26t

b P (ieavien) - e ( )Q)f):— iEM (g, om0, (23)

with matrix M (¢, dz) defined as

(€07

62
M(g,67) = ¢ (A+€2B) + €5 Q. (=11 =2

In what follows, we consider the stability of the forward Euler, backward Euler and
O scheme time discretization of (2.3): it reads, respectively, for all n > 0

"t = (Id + €5t M (€, 6x)) 9™, (FE),
"t = (Id — i€6tM(€,62)) " o™,  (BE),
o™ = (Id — i©E0tM (£, 0x)) ™" (Id +i(1 — ©)&6tM (€, 62)) 6",  (OS).

We denote Ay (€,0z) = Ry (€, 0z) + il (&, 0x) the eigenvalues of M (€, dz). The proof
of the following proposition is straightforward and left to the reader:

PROPOSITION 2.1. A necessary condition for the (FE), (BE) and (©S) time
discretizations to be stable is

&1L (€,0x) >0, VEe [_6233’ 5233] . (2.4)

This condition is sufficient for (BE) scheme and (©S) scheme for all © > 1/2. The
(©S) and (FE) scheme (which corresponds to the 0S scheme) are stable under the
condition:

2 I, (€, 62) 2 2
S e o)+ EEsa) © hx’ &c] - @29

REMARK. Note that for 6z — 0, the condition 74 (£,0) > 0 for all £ € R is nothing
but the dissipativity of the operator Mv := —Ad,v + (622 Q/(26t))0zzv + BOyysv.

2.1.2. Stability/Instability of first order schemes. We are now in a posi-
tion to prove the instability of Godunov/Roe type scheme. In this section, we will
have to consider various Courant-Friedrichs-Lewy conditions (denoted CFL condition)
so that we introduce A; = §t/éx7 for j =1,2,3.

PROPOSITION 2.2. Assume Q = A\|A| (Roe/Godunov scheme), then for £&6x > 0
fized and as || — oo, one has

€I (¢, 6) ~ +E[¢| (\/a2<;4 +26¢\/1— C2|A|12 — agQ) .

As a consequence, the Godunov/Roe space discretization is always unstable regardless
to the (FE), (BE) and (©S) time discretizations.

REMARK The previous proposition also proves that the PDE

5
B + Adyv = §|A|amv + BOyyuv
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is ill-posed in L?(R), it is therefore hopeless to find a stable scheme for Godunov/Roe
spatial discretizations. This is the main difference between the scalar case where the
numerical viscosity induces dissipation and the system case where numerical viscosity
interacts with surface tension and may lead to instability /ill-posedness.

£2572
4

Proof. Set ( =14/1—
of M(&,dx) are written as

and ¢;; = 6x|Ali;/2, then the eigenvalues Ay (dz,§)

A (€,62) = ca+ z‘g% + VA,

2
A =34 06%) —¢2 <(q114qzz) + (J12(121>
+i€¢ (u(gaz — qu1) + go1 + q12(€® — @) + 5q126%) .

As é6x — 0, one expands Ay (&, 0x) as

A (€,67) = /50 ¢+ iv/T— ClAlale] + 0(1).

Then, one finds

€14 (€, 60) = +€l¢] (%&%4 2/ T= A - 6<2> L 00,

This completes the proof of the instability of Godunov/Roe space discretization O

Let us now consider the stability of Lax Friedrichs type schemes. We will assume that
Q@ = A1q1ld with ¢ = 1/); for the Lax Friedrichs scheme, ¢ = 1/(2A;) for the modified
one and ¢ = p(A) for the Rusanov scheme. It is an easy computation to show that

Asl660) = Clat VAT 38 + 1800, = 1o £

4
PROPOSITION 2.3. Assume Q = A\1qld, then the (BE) and (©S) time discretiza-
tion are unconditionally stable for all©® > 1/2. If © < 1/2, the (©S) scheme is stable
under the condition.

2
4G A 2
(1—5)<ui c2+08> + 5q° ?1< Vs €[0,1].

ox2

One can derive a, simpler, sufficient condition of stability: indeed, it is easily seen
that the above condition is satisfied if

2
45 A 2
max <u|—|— 02—1—0) Nl
x

COROLLARY 2.4. The Lax Friedrichs scheme q = 1/\; is stable if

(l+ 1) +2V7% < |



The modified Lax Friedrichs scheme q = 1/(2)\1) is stable if

1

(Il +[eh M +2vFAs < a )

The Rusanov scheme q = p(A) is stable if

2
max ((|u|5aj +V2ox? + 46) A3, p(A)2A1> < 2p(4)

~1-20°

One can show formally that the (CFL) condition §t = O(62?) for Lax Friedrichs
scheme is sharp. The wave speeds of (2.1) are s(§) = @ & +/¢® + 5&2. Hence, in the
limit |¢] — oo, one has s(¢) < C|¢|. Heuristically, it is necessary for a numerical
scheme to be stable that the domain of dependence of the numerical solution contains
the domain of dependence of the exact solution. This condition reads s(£) 6t/dz < 1.
On a spatial grid with stepsize éx, one has s(¢) < C/dx since the largest wavenumber
is O(1/6z). As a consequence, one obtains a (formal) CFL condition Cdt/éz? < 1
which is precisely the CFL condition for the Lax Friedrichs scheme. The (CFL) found
for the Rusanov scheme shows that this condition is not sufficient.

Note that if © = 1/2 (Crank Nicolson scheme), one can choose @ = 0 and
consequently a spatial centered scheme. This corresponds to the numerical schemes
used for the practical simulation of thin film flows down an inclined plane in the
presence of surface tension [KRSV].

2.2. Second order accurate schemes. Hereafter, we consider second order
accurate schemes. For the time discretization, we consider the (second order) Runge
Kutta and the Crank Nicolson methods. We discretize (2.1) in space by using a
MUSCL scheme [Col, VL] for the first order differential operator without nonlinear
monotony correction of the slope (it does not operate in the smooth monotone area
of the solution), and centered approximation of third order differential terms:

dv;  A(vjp2 — 6vj41 + 601 — o)

dt 8z
+ Q (_Uj+2 + 4Uj+1 — 6’Uj + 4’[)]',1 - vj,Q)
20t 8
B
+ 553 (Viv2 = 20j41 + 2051 — vj2) (2.6)

with j € Z. In Fourier variables, the equation (2.6) now reads

di 2622 2524
di; = iEM(E,62)0, M(E,6z) = ((1 - 4:” )A+§QB> + i€ ('516;; Q) - (27)

In what follows, we only consider second order accurate time discretization. First,

the second order accurate Runge Kutta time discretization reads

525t2
2

ot = (Id + iEStM(E, 6x) — M(E, 6x)2) ", (2.8)

Assume @ = A\1gld: the eigenvalues AL (€, 0x) are given by

&) +ia - o).

As( b0 = (2 - %) (a et -0
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Then, the Runge Kutta scheme is stable if and only if

5261;2

‘1 + i€otA4 (€, 0x) — AL (€ oz )
The proof of the following proposition is straightforward
PROPOSITION 2.5. The second order accurate scheme with MUSCL type dis-

cretization in space and Runge Kutta time discretization is stable if and only if
0 < g\ <2 and, for all s =1—¢? € [0,1]

2
o 2 — 2) 4 2/2¢M1 — (qh1)252
<|a|+ 2+ 4”) 32 < P2 ahs?) £ 20200 — @)

1+ sdz2 41+ s)(1 —s)

From this proposition, we deduce the following simplified (CFL) conditions:
COROLLARY 2.6. The classical Lazx Friedrichs scheme with MUSCL space and
Runge Kutta time discretization is stable in the Von Neumann sense if

20
A @ 2+— <1
1<u+ c+5x2>

When dx is sufficiently small one finds the following condition:

ot < <\/(u_+c)>375\/3—1—0(6:5)—&—0(\/)\»1)

24

for the Rusanov scheme with MUSCL space discretization

Note that we get an improved (CFL) condition 6t = O(§27/3) for the Rusanov scheme
that is almost sharp in comparison to first order accurate schemes. We finish this sec-
tion by checking the stability of the Crank Nicolson scheme (0O-scheme with © = 1/2).

PROPOSITION 2.7. The difference approzimation with Crank Nicolson type time
discretization and second order accurate in space (MUSCL with Lax Friedrichs fluzes)
is stable for all @ > 0.

Proof. In Fourier variables, the Crank Nicolson scheme for 2.6 reads

-1
ot = (1 O (e, b )) (1+ @ (5,&)) o

It is stable if and only if

1+ 7/\1(5 dz)| <

‘ %0t 1= —=-As(€, 0x)).

‘ &6t

It is easily seen that this condition is equivalent to S(£A4 (&, dx)) > 0 which obviously
holds true for any ¢ > 0, and this concludes the proof of the proposition.O

3. Entropy stability of difference approximations. In this section, we study
the entropy stability of difference approximations for Euler Korteweg equations (1.1).
In order to simplify the discussion, we assume that (1.1) is set on a bounded interval
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[0, L] with periodic boundary conditions. Recall that (p,u) solution of (1.1) satisfies
the energy estimate

O /D p% + F(p) + k(p) dr =0, (3.1)

with D = R/LZ. The surface tension plays a significant role in the energy estimate
and the previous section illustrates that it is a non trivial task to obtain a numerical
scheme which conserves or, at least, dissipates the energy, even at the linearized level.

In this section, we introduce a new unknown w = \/k(p)9.p/\/p and derive
an evolutionary equation for w. The system of evolutionary PDEs for (p, pu, pw) is
made of a first order hyperbolic part perturbed by a second order anti dissipative
term. This latter term is discretized by centered finite differences. We show that any
entropy dissipative schemes for the hyperbolic part (in the sense defined by Tadmor
in [T]), provides an entropy dissipative scheme for the “augmented” Euler Korteweg
system.

In addition, we introduce an alternative discretization of (1.1) by writing this
system as a Hamiltonian system of PDEs. By discretizing the Hamiltonian and writing
the associated Hamiltonian system of ODEs, we find a consistent semi discrete scheme
that is naturally entropy conservative.

3.1. Extended formulation of the Euler Korteweg system. We start from
the system (1.1). Following [BDD], we introduce w = \/k(p)0,p/+/p. One finds

Ovp + 0x(pu) = 0, (3.2)

By (pu) + 0w (pu® + P(p)) = 0x ((p)dsw) , (3.3)

I (pw) + Ou(puw) = =0, (1(p)Ozu) , (3.4)

with u(p) = p*2\/k(p). One obtains equation (3.4) first by multiplying (3.2)

by /pr(p) and then by deriving this equation with respect to z. By setting v
(p, pu, pw)T and f(v) = (pu, pu® + P(p), puw)T, the system (3.2-3.4) now reads

Ov + 8wf(v) =0y (B(p)ax Z) ’ (35)

where B(p) denotes the skew-symmetric matrix

0 0 0
Blp)=| 0 0 pulp [,
0 —ulp) 0

2 2

and z = V,U(v) with U(v) = p% + F'(p). Note that we performed in fact a
reduction of order of the Euler Korteweg system: the extended system only contains
second order derivatives with respect to x. It is important to note that the operator
B(p) is skew symmetric with respect to z which are nothing but the entropy variables.
This strategy is rather different from the one found in [YS] and [HR] for generalized
Korteweg de Vries equations and p system with surface tension: in these papers, the
equations are written as a first order system of ODEs with respect to x and a local
discontinuous Galerkin method is used to discretize equations. Though the analysis
is rather delicate to get entropy stable schemes and it is only proved at the semi
discretized level. We prove here that our strategy extends rather easily to the fully
discrete problem and involves only classical schemes for the first order part.
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The first order part of (3.5) (B = 0) admits an entropy-entropy flux pair (U, Go)
with Go(v) = u (U(v) + P(p)) whereas the extended system (3.5) admits an additional
conservation law

WU (0)+0,G(v, Ozu, O,w) =0, G(v,0u,0,w) = Go(v)—p(p) (udyw—wdyu). (3.6)

We consider difference approximations of (3.5) in the conservative form

d fivr = fi—1
Ui (6) + % = T;Q (B(pjur%) (2zj+1—25) — B(pj—1) (zj — Zj—l)) - (3.7)

Following the terminology of [T], we enquire when the difference schemes (3.7) are
entropy stable in the sense that there exists a numerical flux G; 41 that is consistent
with the full flux G, so that
d G.o1—G._1
ZU(0;(0) + Tte Ts <, (3.8)

The difference approximation (3.7) is entropy conservative if

d G.i1—G._1
ZU; (1) + ”TJ = 0. (3.9)
Note that any entropy-stable scheme satisfies the entropy inequality of the original
system (1.1) in a weaker sense since w;(t) is an approximation of \/k(p)d.p/\/p at
point z; = jéx. In the last part of the section, we will use the Hamiltonian structure
of (1.1) to obtain a semi-discrete entropy conservative scheme. In what follows, we
prove the following proposition.

PROPOSITION 3.1. Let us consider the finite difference scheme

d fi+3 = Ji—y

which is a semi discretization of (3.5) with B = 0 and is entropy stable. That is, there
exists a numerical flux Q07j+% which is consistent with Gy so that

d Yo,j+3 — Y0,5-1
U(v;(t)) + %

Then the difference scheme (3.7) is entropy stable.

<0.
dt -

Proof. The difference approximation (3.10) is entropy stable: there exists a nu-
merical entropy flux g;? 1 which is consistent with G so that
2

2

ox ox
with R; > 0 (see [T] for more details). We multiply (3.7) by V,U(v;)*:

VUU(vj)TfjJr% —fi-1 _ gO,j+% B gO,j—%

+ R,

d Go.i+4 — Y0,i-1
VW) + ————=

dt
V., U(v)T
= % (B(Pj+%)(zj+1 — ) = Blp;_1)(2 - Zj—l)) =Ky,

+R;
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We focus on the capillary term /Cj: it is written as

0a?Kj = u; (#;ﬁ (wj1 —ws) = pj— g (wj — w%l))
—wj (“j+%(uj+1 —ug) = pyy(uy — uj—l))
=ty (ujwien — ujprwy) — py g (Uj—qw; — wjwi_q) .

Now, we introduce the entropy flux ngr%:

UjWi1] — Ujr1W;
_ jYi+1 J+1%y
Givs =Y0+4 ~ Hjts 5 :

This numerical entropy flux is clearly consistent with the continuous one given by
G(v,0pu, Opw) = Go(v) — p(p) (U0 w — WO u) .

Moreover, we have the following semi discrete entropy estimate

Loy + (g”éé;g”) _

R, <O0.
dt Ri<0

This completes the proof of the proposition. O

By applying proposition 3.1, one finds that many of the classical three points (first
order) schemes (Rusanov, Lax Friedrichs and Harten-Lax-van Leer schemes) provide
natural entropy stable schemes for the augmented system (3.2-3.4). The Roe and
Godunov schemes are stable as well for the semi discretized problem and stable for
the fully discretized scheme with Backward Euler time discretization. We checked
the Von Neumann stability of the Forward Euler time discretization together with
Roe/Godunov space discretization: one can prove that it is unstable in the Von
Neumann sense. For application purposes, we check the entropy stability of fully
discrete schemes associated to Lax Friedrichs type space discretizations..

3.2. Entropy stability of fully-discrete schemes. In this section, we con-
sider the entropy stability of fully discrete schemes. We restrict our discussion to first
order Forward/Backward Euler schemes which read, respectively:

n+1l n n+l _ rn+l
gt = (5 - )

=)o (B(pﬁé) (2 =2t — B(p?ié) (2 - Z;zj—f)) (311)
n+1 n n n
A (fﬂ% N fjf%)
= (Bl y) (o= 5) =BG (5 - 50)) . (812)

We first prove the entropy stability of the implicit backward Euler time discretization.
PROPOSITION 3.2. Assume that the semi discretized scheme

d Fivy —Fig



12 ENTROPY STABLE SCHEMES FOR CAPILLARY FLUIDS

is an entropy stable approximation of (3.5) with B = 0. That is, there exists an
entropy flux QOJ-_‘_% which is consistent with Gy so that

d Go.+3 — Y0,5-1

Then the scheme (3.11) is entropy stable. The following discrete entropy inequality is
satisfied

ot

U(U;”Fl) — U(U;L) + 6—( ;{Fl — g;.b_l) <0,Vje€Z, VYneN. (3.14)
€T 2 2
with QJT.‘JF% defined as
n+l, n+1 n+1 n+1
n =G iia (UnJrl) _on+l uj 1 T i1 Wy
g+g — J04+3 Hivy ox

Proof. Since pF" (p) = P'(p) > 0, the entropy U is a convex function of v as long
as p > 0. Then, one has

U@t U@ + VUM i —on). (3.15)

The semi-discrete scheme (3.13) is entropy stable so that (see [T] for more details)

Va0 YT (T = £ = Gy (0"F) = Gy y (07 + 62,

for some R7 > 0. Moreover, one has

U (o T (B (5 = 7 = Bl D (5 = 557
n+1 (un—i-l n+1 n+1 n+1) 7_z+1 ( n+1l, n+1 —u?“w;‘fll) ) (316)

Ty Uy Wi T U W) T Ry (U W

Now we introduce the entropy flux ;:_ %
2
n+1l n+1 n+1l n+1

n =G (Un+1) _,n+l Uj  Wipy T Ui Wy
i+3 0,j+3 j+1 S

Then, by inserting (3.11) into (3.15) and using the definition of ?Jrl, one obtains
2

Uit = U@)) + M(G) . — G-

J i—3

) < —MRE<0.
This completes the proof of the proposition. O

Next, we consider the entropy stability of the explicit scheme (3.12). We restrict our
attention to the schemes with numerical fluxes in the form which admit the viscosity
form

: )1
fivy = M — Qi1 Gyt — 2). (3.17)

The matrix @, 1 is a symmetric matrix whereas z = V,U(v) represent the entropy
variables. It is easily seen that zo = u and z3 = w. Here the conservative variables v
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are considered as functions of the entropy variables: in particular v; = v(z;). In this
setting, there exists a viscosity matrix Q;‘ 41 SO that the scheme
2

dv’ =T
J Jt3 J—3
— 4+ —=—>2 =0 3.18
dt + dx ’ (3.18)
is exactly entropy conservative. More precisely, by setting
1/2 201 + 2
* 1 z
Qg = / XV (%J +€(z01 = zﬂ) dg,  g(z) = F(v(2)),
~1/2

one proves that there exists a numerical flux QS JT consistent with GGy so that
J T3

d s 0.+3 ~ Y0.-1
= <(¢ 0%y T9975 g
Vi) + P 0

The classical Lax Friedrichs and Rusanov scheme are particular cases of (3.17). In-
deed, these schemes have the particular form

fivy = M - %pj-i-%(vj-&-l - v5), (3.19)

with p;; 1 > 0. The flux (3.19) is a particular case of (3.17) by setting

1
Qﬂ_% =Djt1 / V.ou(z; +&(zj41 — 25))dE
0

with QjJré = QJTJFL' Following [T], (Corollary 5.1 p. 472-473), one can compare any
2
conservative scheme

N

dy  Sis Iy,
dt ox

the flux f;, 1 being defined by (3.17), with the entropy conservative scheme (3.18)
through the relation:

<V'L)U(/Uj)7 fjJr% - fJ7%> = gO,jJr% - g()’j,%

+ i (((Zj+1 = 2j), D1 (zjp1 — 7)) + (25 — 2j-1), D _1 (2 — Zj—1)>) , (3.20)

with Dj+% = QjJr% — Q;f+% and gO,H% is a consistent entropy flux given by

ooy = (25 i ey ) = 5 W)+ 0pn)) . 9L) = (59(2) — Golu(a).

We prove the following proposition.

PRrROPOSITION 3.3. The finite difference scheme

ot ol My = ) = e (BR (2 — ) — B () = 2)),
N RSN

n n
j+i = B) 2 re1 (i = 27)

N
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is entropy stable, i.e. there exists a numerical entropy flux G™ Ty 80 that
+1
U;™") = U(vf) +/\1(g;+% — gj[%) <0,

under the following CFL condition
2
M} (MNZ s+ 2l B4 ) < Aamin(Sp(D7, ),
with M;’,N;L+% defined as

n 2 n n 1 n
M} = sup [|[VEU(v} +&(] ™ —o))ll,
56(01)

n, = / 1929 (2 + &y — =) 1+ 1@ 4.

Proof. We first apply the Taylor Lagrange formula to U:

U =U @) + VU@ (0l —of)

J J J

1
+ [ a0 - )TV + ) = ot - o).
Then, by using (3.20) and a relation similar to (3.16), one finds

U@t = U)) + M (90 -G y) =

j i—3%
1
/0 (1= —o)TVIU (v + £ — o)) (T — of)dg

At T T
— T (G = 2Dy (i = 2 + (2 = ) DYy (5 = 21)) - (3:22)
with
n n n n
noo_gn o yn LW Gty
i+3 T Y05+ T Hjivd oz '

The first term in the right hand side of (3.22) is positive and corresponds to entropy
production due to the forward explicit Euler time discretization whereas the second
term corresponds to entropy dissipation due to the spatial discretization. Next, we
estimate the entropy production: in order to simplify notations, we set

1
7= [ 1= = o)V + el = ) = o
One has

n 1 n n n n
Iy <5 sup ViU (v + €)™ =i Dllef = of |* = *M [}y = o712
£€(0,1)

Next, we estimate ||v”+1 v}|| by using (3.21): one finds

lort = ol < Mgy = S+ de (1B s W = 220+ 1Byl = 27l
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On the other hand, one has
1

Py 0y = ([ Vo e - ) de- @y ) (- )

(/ Vg (2 4 €0 — 2 )) dE+ Q1 )( ),

3 n 1 n n n n 1
Then, by setting Nj+% = Jo IV2g (27 +€(z 0 — 27) IldE + ||Qj+%\|, one obtains

17y = 7yl < NPyl — 201+ N7y 12— 2 1

As a result, one finds that

2
Ty < M (MNJs + dellBl s 1) 2 — 2712

2
M (AN + Al B )l — 22 (329

1
2
Next, we set F;.L 1= min (Sp(D?H)). Furthermore, we assume that

M7 N7 1+ Aol BY 1D < MT s (3.24)

Then, by using (3.24) together with (3.23) and (3.22), one obtains entropy stability
for the explicit forward Euler time discretization

U@W;™) = U(v}) + M(G,, —G7 ) 0.

J J—

N

This completes the proof of the proposition. O
Let us consider Lax Friedrichs schemes: by applying proposition 3.3, we prove

COROLLARY 3.4. Assume there exists K > 0 so that K~1 < M]" < K for all
jin and pi . = Py, + max (ISp(Vo f (W ) [SP(Vu f(W))]) - The Lax Friedrichs
scheme, ;5;?+% = (2\1) 7Y, s entropy stable if K(\ M, (K)+ A\oMo(K))? <1/2, for
some constants M;(K),j =1,2. The Rusanov type scheme, ﬁ?+% =p >0, is entropy
stable under the CFL condition K (A M;(K) + )\QMQ(K))2 < pA1.

Remark: The previous result states that the classical Lax Friedrichs scheme is entropy
stable if 6t = O(dz?) whereas the Rusanov scheme is entropy stable only if 6t = O(5z3)
which are the Von Neumann stability criterion found in section 2.

3.3. A semi-discrete entropy conservative scheme. In this section, we use
the Hamiltonian structure of the Euler Korteweg equations to construct an entropy
conservative scheme. For that purpose, we will write a semi discretized form of the
Euler Korteweg system which respects its Hamiltonian structure so that the entropy
is automatically satisfied. We consider the Euler Korteweg equations with periodic
boundary conditions and, for (¢, u) = (p;, u;)i=1,... N, we introduce the discrete Hamil-
tonian

1 pis1 =i\
F( —_— ] . 2
Zpl +F(p) + (o) (252 ) (3.25)
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We also introduce the symmetric matrix J

(0 Iy
=)

and the difference operator D, defined in the space of N-periodic sequences in RV as
Du: — Uj+1 — Ui—1
= =

T
we introduce the Hamiltonian system

d (o) _ DV ,H(p,u)

2(2)os( BT Y. a0
It is clearly a consistent and first order discretization of the original system (1.2). Due
to the loss of translation invariance, the momentum is not exactly preserved. Though,
we do not expect formation of discontinuities and in return we expect convergence
of the momentum. Anyway, by construction, one has H(g,u)(t) = H(p,u)(0). This
scheme does not exhibit any numerical viscosity which makes possible the numerical
simulation of dispersive shock waves [E, EGK]. Moreover one can go one step further
and derive naturally higher order entropy conservative scheme like in [CL], a task far
from being trivial in the frame proposed in [T]. Indeed, one easily improves the order
of accuracy of 3.26 by considering a higher order approximation of the Hamiltonian
and a higher order difference operator.
As a consequence, one is left with the problem of finding a time discretization that
preserves the Hamiltonian structure. It is easily seen that an explicit forward Euler
time integration is unstable whereas the backward implicit Euler time integration is
entropy stable. In the linearized case, the Crank Nicolson scheme preserves exactly
the Hamiltonian. It would be interesting to consider various symplectic integration
schemes in time and in particular, consider various symplectic splitting strategies as it
is now classical for the nonlinear Schrodinger equation seen as an Hamiltonian PDE.

Note that the hamiltonian difference scheme derived here is based on centered
difference and it is well known that for hyperbolic conservation laws, this could be a
source of numerical instabilities or spurious oscillatory modes. Though, the scheme
considered here also provide a control on the gradient of the density and thus on
oscillatory modes in addition of being more stable.

(the associated matrix D € My (R) is skew symmetric). Then,

4. Numerical Simulations.

4.1. Entropy stability: original vs new formulation. Before carrying out
a numerical simulation of an experiment by Liu and Gollub [LG] with the full shallow
water system (4.3), we have considered the more simple situation of a fluid over an
horizontal plane without friction at the bottom. The shallow water system reads

2
Oth + 0y (hu) = 0,  O(hu) + 0y (hu? + g%) = KkhOpzzh, (4.1)

where g = 9.8m.s~2 and k = o/p. The fluid under consideration in [LG] is an aqueous

solution of glycerin with density p = 1.134 g.cm ™3 and capillarity o = 67 dyn.cm™1.

By setting w = \/k9,h/v/h, one finds the extended form of (4.1),
2

Ou(hu) + D, (h? + g') = VR0, (2 0,w), (1.2)
Ay (hw) + 8, (huw) = —/k0y (h3/20,u).
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We first tested the entropy stability of (second order accurate) difference approxima-
tions for the shallow water equations (4.1) and for its extended counterpart (4.2). We
have tested Lax Friedrichs, Rusanov and HLL fluxes together with second order ac-
curate schemes (2nd order Runges Kutta for time discretization and MUSCL spatial
discretization) for the hyperbolic part of the equations whereas the surface tension
terms are discretized with centered difference. We work on a finite interval of length
X = 80cm with periodic boundary conditions. At time ¢ = 0, the fluid velocity
u = 0 and the fluid height is given by hl;—o = hn (1 + 0.3 exp(—2000(z — 0.4)?)) with
hy = lmm (the characteristic fluid height in experiments by Liu and Gollub). In
order to capture correctly the capillary ripples, we have chosen dz = 0.25mm and
0t = 1200z2. In figure 4.1, we draw the profile of the surface of the fluid at time
T =1s.

Fluid Height at time T=1

130

Initial Condition
Extended formulation: LF
Extended formulation: Ru

125 —

120 —

115 —

hihn

110—

105 —|

100 V V

0.95

Xiem)

F1c. 4.1. Profile of the surface of the fluid at time T =1

In figure 4.2, we have drawn the relative entropy ﬁ as a function of time: the

picture clearly indicates that the difference approximation of the extended formulation
has better entropy stability properties than the difference approximation of (4.1).

Entropy as a function of time

original formulation: LF
original formulation: RU
new formulation: LF
new formulation: RU

10001 e + 00 —

100005 e + 00—

1. 00000 + 00 —

0.0 0.1 0.2 0.3 0. 0.5 0.6 0.7 0.8 0.9

Fi1G. 4.2. Entropy as a function of time: Comparison of the various discretizations of (4.1).

A natural question arises about the new formulation: indeed one may ask whether
the relation hw = 2/k0,(h3/?) is satisfied for all time. If not, it does not make sense
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to compare the performance with respect to entropy stability since it would represent
two distinct quantities. In figure 4.3, we draw the relative error at time 7' = 1 and
defined as
A e
(), — VRS
[[hw]|

j=1,...,N.

err; =

The numerical simulations show very good agreement, especially for the less dissipa-
tive scheme, Rusanov, than for Lax Friedrichs scheme. We have also implemented
an alternative scheme where the relation hw = 2 /0, (h*/?) is enforced at each time
step: we have not noticed any change in the numerical solution.

The CFL condition found for Rusanov scheme is of the form 6t = O(dz7/3) that is
rather close to the “optimal” heuristic CFL condition §t = O(62?). Therefore, we can
conclude that a difference approximation of the extended formulation of (4.1) with a
Rusanov flux and second order accurate both in time and space is a natural candidate
to perform numerical simulations of falling films experiments by Liu and Gollub [LG].

0.025
——  Lax-Friedrichs

—  Rusanov

Harten-Lax-van Leer

0020

0.015

Relative Error

0.010

0.005

sl e v b baa g

0.000

Fi1a. 4.3. Consistency of the new formulation: relative error between the new variable hw and
g\/ﬁax(h?’/?). The Rusanov scheme and the Harten Lax Van Leer scheme have comparable consis-
tency properties. In this regard, the Lax Friedrichs scheme is less efficient to preserve consistency

4.2. Hamiltonian discretization and dispersive shock waves. In what fol-
lows, we have tested the difference hamiltonian approximation of (4.1). The initial
conditions are the same than in the previous section. In order to be entropy stable it
is necessary to employ an implicit method: we have used here an implicit backward
Euler time discretization. Due to the nonlinearity of the problem, the Crank Nicol-
son, second order accurate, time discretization does not guarantee entropy stability.
Therefore, we did not try to compare with other schemes tested in the previous section.
An important remark is that now there is no numerical viscosity. As a consequence,
the dynamical behavior is completely changed as shown in figure 4.4 in comparison
to what is found in the presence of numerical viscosity (figure 4.1).

In order to see whether it is a numerical artifact, we checked the entropy stability
of the difference hamiltonian approximation: the entropy remains clearly bounded
with time. Indeed, these oscillations are not a numerical artifact and can be explained
(formally) by the theory of dispersive shock waves. Here, the classical hyperbolic
shocks are smoothed by disperses effects: the oscillatory zone grows up in time and
the oscillations are described by the Whitham modulations equations. This picture
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1147
1127
1107
108
106

1047

1027

1.00 T f T T T 7 T
30 4 50 60 70 80

FiG. 4.4. Fluid height profile at time T=0.66: the oscillatory zone is increasing with time,

characteristic of a dispersive shock wave

is not valid anymore in the presence of a slight amount of viscosity: there are still
some oscillations but the width of the oscillatory zone stops growing after some time:
see [J] and [EGK] for a detailed analysis respectively in the case of the Korteweg de
Vries/Burgers equation and in the case of the Kaup system perturbed by a viscous
term. Here the physical viscosity is replaced by numerical viscosity.

T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fi1c. 4.5. Entropy as a function of time. The behavior is rather similar to difference approz-
imations in original variables: the entropy first increases then decreases with time: the “holes” in
the decreasing part of the curve correspond to times when the bumps interact

4.3. Simulation of a Liu-Gollub experiment. In this section, we show a
numerical simulation for a shallow water model derived for thin film flows down an

inclined plane. The model is written as (see [BN] for more details)

2 u € 6e (4.3)
2 P — _ - o=
O(hu) + 8, (hu® + P(h)) 95Re(h h) + e hOyzah + Ream(hu),
2 5
f + % The non dimensional Re,

with P(h) is a pressure term given by P(h) = 35 T o
F2 We and ¢ are, respectively the Reynolds, Froude and Weber numbers and the
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aspect ratio. Once Re is fixed, we define hy,un, F? and We as

1

2Rev? R 2 AuZ
hy = .61/ 3,uN:V—e, F? = ZRetan(f), We = PAUN
gsin6 hn 9 o

with A a characteristic wavelength of the flow, o represents the surface tension of the
fluid, v its viscosity and p its density. Since the capillary ripples found in [LG] are
of order 1em, we choose A = 0.01. The characteristic time scale is Ty = A/uy. In
[LG], the Reynolds number in the experiment is Re = 29 whereas g = 9.8, p = 1134,
0 =6.4° 0 =6.7x 1072 and v = 6.28 x 1075. Then, one finds

hy ~1.28 x 1072, un ~9.49 x 1072, Ty ~0.105, F? ~0.723, We ~ 1.52.

Note that the viscous term (6¢/Re)0..(hu) is only heuristic so that the model is
not a second order accurate model (with respect to the aspect ratio € = hy/A).The
frequency of the perturbation at the inlet is f = 1.5Hz. At time ¢t = 0, the fluid
height and velocity are constant h = 1 and u = 1. Following the conclusions of our
study, we have chosen to carry out numerical simulations with a fully second order
accurate scheme of the extended formulation of (4.3) and used a Rusanov flux for the
first order part. Our numerical results (figure 4.6) show a good agreement with the
experiment by Liu and Gollub [LG].

Up to now, the choice of boundary conditions for the Euler Korteweg equations on a
finite interval is an open problem so that we have chosen rather arbitrary boundary
conditions. Furthermore, since the difference scheme contains numerical/physical
viscosity, we have considered a set of 5 boundary conditions. First, at the inlet,
we chose: hlz—0 =1+ 0.03sin(27 f Tnt), hulz—o =1, 9Jzh|z=0 = 0. In contrast to
[KRSV], we have chosen free boundary conditions at the outlet:

8mh|m:L = 8z(hu)|m:L =0

instead of “hyperbolic type” boundary conditions where h and hu are convected with
an artificial velocity V,,; > 0. As pointed out in [KRSV] the choice of the boundary
conditions at the outlet does not seem to influence the dynamic within the channel
(no reflection waves).

5. Concluding remarks. In this paper, we considered the stability of various
difference approximations of the Euler Korteweg equations with applications to shal-
low water equations with surface tension. A first class of difference approximations is
built by considering the Euler Korteweg system as the classic isentropic compressible
Euler equations perturbed by a disperse term. This latter term is discretized with
centered finite differences and various classical scheme for the convection part are
considered. It is proved that a certain amount of numerical viscosity is needed to
obtain difference schemes that are stable in the von Neumann sense (under suitable
CFL conditions).

In order to get entropy stability, we considered an extended formulation of the
Euler Korteweg equations and proved entropy stability of Lax Friedrichs type schemes
whereas Roe/Godunov schemes are always unstable with forward Euler explicit dis-
cretization. We have shown numerically that the extended formulation of the Euler
Korteweg system has better stability properties than the original one. We also carry
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— inistidrll-ware
— uistosroll-nave
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— _viscousoll-nave

Fic. 4.6. Simulation of Liu Gollub experiment [LG]: the Reynolds number is Re = 29 and
the inclination is 8 = 6.4°. The frequency at the inlet if f = 1.5Hz. On top: a picture of the
complete experiment, from the inlet to the outlet (2m). On below: a zoom over one spatial period
when roll-wave profiles are stabilized

out a numerical simulation of a shallow water system which models an experiment by
Liu and Gollub to observe roll-waves [LG].

By considering the Euler Korteweg system as a Hamiltonian system of evolution
PDEs, we introduced a semi-discretized difference approximations which preserves
the Hamiltonian structure. This scheme has no numerical viscosity so that it is
particularly useful to study purely dispersive Euler Korteweg system: in particular,
one can find numerically the dispersive shock waves [E] of the Euler Korteweg system.

Several questions remain open. First, we carried out a numerical simulation of
an experiment of Liu and Gollub [LG] by choosing arbitrary boundary conditions.
In fact, the choice of suitable boundary conditions for the Euler Korteweg system
on a finite interval in order to prove well posedness is still an open problem. A first
attempt in this direction is found in [A] where the well posedness of the linearized
Euler Korteweg equations is proved on a half space under a generalized Lopatinskii
condition.

Furthermore, we restricted our attention to one dimensional problem. For thin
film flows, this restricts the study to primary instabilities: in order to analyze sec-
ondary instabilities found, one has consider 2d problems. In that setting, an extended
formulation is still available [BDDd] so that we expect our analysis extends easily,
at least to cartesian meshes. An other interesting question is the extension of this
analysis to other mixed hyperbolic/dispersive equations like the Boussinesq equations
or the Serre/Green-Naghdi equations. Up to now, the strategy adopted to deal with
these system is time splitting without proof of stability (though numerical results are
rather satisfying).

Finally an other open interesting question concerns the time integration of the
hamiltonian semi-discrete approximation: here, we have used a backward Euler time
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integration so as to be entropy stable but it does not preserve the hamiltonian (nor a
perturbation of it). Instead, one should consider symplectic time integration scheme,
in particular but using various splitting. This kind of method are particularly of
interest in order to study the nonlinear stability of various traveling waves solutions
of the purely dispersive equations.
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