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On stationary two-dimensional flows around a fast
rotating disk

Isabelle Gallagher* Mitsuo Higaki' Yasunori Maekawa?

September 23, 2017

Abstract We study the two-dimensional stationary Navier-Stokes equations describing flows
around a rotating disk. The existence of unique solutions is established for any rotating
speed, and qualitative effects of a large rotation are described precisely by exhibiting a
boundary layer structure and an axisymmetrization of the flow.

Keywords Navier-Stokes equations - two-dimensional exterior flows - flows around a ro-
tating obstacle - boundary layer

Mathematics Subject Classification (2000) 35B35 - 35Q30 - 76D05 - 76D17

1 Introduction

Understanding the structure of flows generated by the motion of a rigid body is an important
subject in fluid dynamics. The typical motions of a rigid body (called the obstacle below)
are translation and rotation, and it is well known that the flow generated by an obstacle
translating with constant speed possesses a wake structure behind it, and that this structure
is well described by the Oseen approximation; see Galdi [9] for mathematical results on
this topic. Flows around a rotating obstacle have been studied mathematically mainly in
three space dimensions, while there are only few mathematical results for two dimensions.
Moreover, in the two dimensional case most known mathematical results are restricted to the
case when the Reynolds number is sufficiently small. In general, the motion of the obstacle
leads to a drastic change of the decay structure of the flow, and in the two dimensional
case it yields a significant localizing effect that enables one to construct corresponding
steady state solutions when the motion of the obstacle is slow enough. Although on the
one hand a faster motion of the obstacle might give a stronger localizing and stabilizing
effect, on the other hand fast motion produces a rapid flow and creates a strong shear near
the boundary that can be a source of instability. As a result, rigorous analysis becomes quite
difficult for the nonlinear problem in general. Hence it is useful to study the problem under
a simple geometrical setting and to understand a typical fluid structure that describes these
two competitive mechanisms; localizing and stabilizing effects on the one hand, and the
presence of a rapid flow and the boundary layer created by the fast motion of the obstacle
on the other hand.
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In this paper we study two dimensional flows around a rotating obstacle assuming that
the obstacle is a unit disk centered at the origin, in the case when the rotation speed is
sufficiently fast and the Reynolds number is high. Note that in a three dimensional setting,
these flows are considered as a model for two dimensional flows around a rotating infinite
cylinder with a uniform cross section which is a unit disk.

Let us formulate our problem mathematically. For notational convenience we first state
the problem when the obstacle has a general shape. Let us consider the following Navier-
Stokes equations for viscous incompressible flows in two dimensions:

(1.1
w = ayt, t>0,yedt).

{8tw—Aw+w-Vw—|—qu5:g, divw = 0, t>0,yeQt)),
Here w = w(y,t) = (wi(y1,y2,t), wa(y1,y2,1))" and ¢ = ¢(y,1) are respectively the
unknown velocity field and pressure field, and g(y,t) = (g1(y,t), g2(y,t)) " is an external
force. The vector y= is defined as y= = (—yo,%1)". Here M " denotes the transpose of a
matrix M. The domain €2(¢) is given by

Q@) == {ye R? |y =O(at)z, =:=(z1,23) € Q},
(COS at —sin at> (1.2)

t) =
O(at) sinat  cosat

where ) is an exterior domain in R? and its complement Q¢ := R? \ € describes the ob-
stacle at initial time, while the real number « represents the rotation speed of the obstacle.
The condition w(t, ) = ay* on the boundary 9$(t) represents the noslip boundary con-
dition. Taking into account the rotation of the obstacle, we introduce the following change
of variables and unknowns:

y=0(at)z, wulz,t)=0(t) wyt), plat)=4¢yt), flzt)=0(t) glyt).
Then (1.1) is equivalent to the equations in the time-independent domain €2:

ou—Au—alzt - Vu—ut)+Vp = —u-Vu+f, divu =0, t>0,zeQ,
u = ar, t>0, xe .

We are interested in stationary solutions to this system when the obstacle 2¢€ is a unit disk
centered at the origin, and therefore we assume that f is independent of ¢ and consider the
elliptic system

—Au—a(mL-Vu—ul)—FVp:—u-Vu—l—f, z e,
divu = 0, x e, (NS,)

w = axt, x € 0N,

with Q := {z € R? | |[#| > 1}. We note that in the original coordinates the stationary
solution to (NS,) gives a specific time periodic flow with a periodicity % Due to the
symmetry of the domain there is an explicit stationary solution to (NS,) when f = 0:

xt 1

2 : T — .
(aU,a?VP) with U(z):= PR () : T

(1.3)



Thus it is natural to consider an expansion around this explicit solution. By using the iden-
tity u - Vu = %V|u|2 + ulrot u with rot u := d1ug — Oauy and rot U = 0 for x # 0, the
equations for v := u — U are written as

—Av—a(xl-Vv—vl)—i—Vq—kaULrotv = —vlrotv+ f, z€Q,
dive = 0, zEQ, (NS,)
v =0, x € 0f).

The goal of this paper is to show the existence and uniqueness of solutions to (ﬁga) for
arbitrary & € R\ {0} under a suitable condition on the given external force f in terms of
regularity and summability, and moreover, we shall give a detailed qualitative analysis for
the fast rotation case || > 1.

Before stating our results let us recall known mathematical results related to this prob-
lem. Flows around a rotating obstacle have been studied mainly for the three dimensional
case. Borchers [2] proved the existence of global weak solutions for the nonstationary
problem, and the existence and uniqueness of local in time regular solutions is shown by
Hishida [15] and Geissert, Heck, and Hieber [11]. Global strong solutions for small data
are obtained by Galdi and Silvestre [10]. The spectrum of the linear operator related to
this problem is studied by Hishida [16], and Farwig and Neustupa [7]. The existence of
stationary solutions to the three dimensional problem is proved in [2], Galdi [8], Silvestre
[20], and Farwig and Hishida [4]. In particular, [8] constructs stationary flows with a decay
of order O(|z|~1), while [4] discusses the weak L3 framework. The asymptotic profiles
of these stationary flows at spatial infinity are studied by Farwig and Hishida [5, 6] and
Farwig, Galdi, and Kyed [3], where it is proved that the asymptotic profiles are described
by the Landau solutions, which are stationary self-similar solutions to the Navier-Stokes
equations in R? \ {0}. The stability of small stationary solutions has been well studied in
the three-dimensional case. Indeed, the global L? stability is proved in [10] and local L3
stability is obtained by Hishida and Shibata [18].

All the results mentioned above are for the three dimensional case. So far there have
been only few results in the two dimensional case. Hishida [17] revealed the asymptotic be-
havior of the stationary Stokes flow around a rotating obstacle, and showed that the rotation
of the obstacle leads to the resolution of the Stokes paradox as in the case of the translation
of the obstacle. On the other hand, the linear result in [17] was not sufficient to solve the
nonlinear problem due to the nature of the singular perturbation limit o — 0 which is spe-
cific to the two dimensional case. Recently the linear result of [17] was extended by Higaki,
Maekawa, and Nakahara [12], where the existence and uniqueness of solutions to (NS,)
decaying at the scale-critical order O(|z|~!) was also proved when the rotation speed « is
sufficiently small and the external force f is of a divergence form f = div F' for some F'
which is small in a scale critical norm. Moreover, the leading profile at spatial infinity was
shown to be C % for some constant C' under an additional decay condition on F' such

as ' = O(|x|~27") with r > 0, which is compatible with the work of [17] for the Stokes
case. The stability of these stationary solutions, though they are small in a scale-critical
norm, is a difficult problem and is still largely open in the two dimensional case. The only
known result is by Maekawa [19] for a specific case, which shows the local L? stability
of the explicit solution (1.3) in the original frame (1.1) when « is small enough and 2 is
the exterior to the unit disk as assumed in this paper. Few results are known in the case of
nonsmall «. As a related work in this direction, Hillairet and Wittwer [14] established the
existence of stationary solutions to (1.1) for large || when Q(t) = {y € R?| |y| > 1} asin



this paper, although in [14] the boundary condition is ay® + b instead of oy, with some
time-independent given data b and the external force f is assumed to be zero. In [14] the
stationary solution is constructed around (1.3) when || is large and b is small. Our problem
is in fact essentially different from the one discussed in [14]. Indeed, the stationary solution
to (NS,) is a time periodic solution in the original frame (1.1), and therefore, the result
in [14] is not applicable to our problem and vice versa. The reader is also referred to [13]
for a model problem of (NS,) formulated in the whole plane R?, where the existence and
uniqueness of stationary solutions is proved when o # 0. However, the argument in [13]
relies on the absence of physical boundary, and the key mechanism originating from the
boundary is not analyzed.

Let us now return to (ﬁéa). The novelty of the results in this paper is the followings:

(1) Existence and uniqueness of solutions to (NNSQ) for arbitrary o € R\ {0}.

(2) Relaxed summability condition on f and on the class of solutions, allowing slow spatial
decay with respect to scaling.

(3) Qualitative analysis of solutions in the fast rotation case |a| > 1.

As for (1), the result is new compared with [12] in which the stationary solutions are ob-
tained only for nonzero but small ||, though there is no restriction on the shape of the
obstacle in [12]. The reason why we can construct solutions for all nonzero « is a remark-
able coercive estimate for the term —a(z" - Vo — v*) + aU~rot v in polar coordinates;
see (1.18) below. As for (2), we note that the given data f and the class of solutions in [12]
are in a scale critical space. A typical behavior for f assumed in [12] is that f = div F'
with F(x) = O(]z|~2), and then the solution v satisfies the estimate |v(z)| < C|z|~*
for |z| > 1. In this paper the summability condition on f is much weaker than this scaling,
see (1.6) below. Moreover, the radial part of the solution constructed in this paper only
behaves like o(1) as |x| — oo in general, which is considerably slow, while the nonradial
part of the solution belongs to L?(£2) which is just in the scale critical regime. The point (3)
is important both physically and mathematically. Understanding the fluid structure around
the fast rotating obstacle up to the boundary is one of the main subjects of this paper, and
we show the appearance of a boundary layer as well as an axisymmetrization mechanism
due to the fast rotation of the obstacle.

Let us state our functional setting. Due to the symmetry of the domain it is natural to
introduce the relevant function spaces in terms of polar coordinates. As usual, we set

ry = rcosf, xy = rsind, r=lz|>1, 6€l0,2m),
1
x x
€ = —, e9:_:89e7“7
|z ]
and
V= vU,€ + Vgep, Vp = V- €, Vg = V-€p.

Next, for each n € Z, we denote by P,, the projection on the Fourier mode n with respect
to the angular variable 6:

Ppv = vnnem@er + vgmemeeg, (1.4)



where

Upp (1) = % 027T v, (rcos @, rsinf)e” "0 dg
1 [ ‘
von(r) = o/, vg(r cos B, rsinf)e” "0 dg .
We also set for m € NU {0},
o
Quui= > Ppv. (1.5)
In|=m+1

For notational convenience we will often write v,, for P,v. Each P, is an orthogonal pro-

2 2
jection in L?(2)?, and the space LZ(Q) := {f € C§*(Q)? | div f = o}L @ §s invariant
under the action of P,. Note that vy := Pyv is the radial part of v, and thus, Qgv is the
nonradial part of v. We will set P,,L?(2)? := {f € L*(Q)? | f = P,f}, and similar
notation will be used for L2(Q2) and Qp. A vector field f in Q2 is formally identified with
the pair (Py f, Qo f). Then, for the class of external forces we introduce the product space

Y := Po L ()% x QoL*()2. (1.6)
For the class of solutions we set
X = PoWy ™ (Q)% x QoW ()2, (1.7)

Here Wol’r(Q) ={fewWbtr(Q)| f=00n0Q} for1 < r < oco. Our first result is stated
as follows.

Theorem 1.1 There exists v > 0 such that the following statements hold.
(i) Let 0 < || < 1. Then for any external force f = (Pof, Quf) € Y satisfying

[(Pofallrry < lal, 190l z2() < Yl (1.8)

there exists a solution v € X N L>(Q)% N Wlicl ()2 to (NS, with a suitable pressure q €

WLEHQ), and v satisfies

loc
¢ 2
Pov]| o () + HVPOUHLOO(Q) < Cl(Pof)ellrr) + @HQOfHB(Q) ; (1.9)
C
1Qovl|r2(0) < EHQOJCHB(Q)’ (1.10)
C
> Pavllre(e) < —511Q0f llz20y (1.11)
n|>1 jrf 1
C
IVQov| L2 < WL Qo fllL2() - (1.12)
alz

This solution is unique in a suitable closed convex set in X (see Subsection 4.2 for the
precise description).

(ii) Let || > 1. Then for any external force f = (Pof, Qof) € Y satisfying

[(Pofollroy <. 1Qofllrz) <7, (1.13)



there exists a solution v € X N L*>(2)? N T/Vlic1 ()2 1o (NS,) with a suitable pressure
qe VV;)’C1 (Q), and v satisfies

C
[ Povl| oo () + HVPOUHDX,(Q) < Cl(Pofallr ) + mHQofH%z(g) : (1.14)
C
[Qov[L2() < FHQOJCHLQ(Q% (1.15)
alz
C
> 1Pnvllre@) < —< 1190220 » (1.16)
In|>1 jorf 2
VQovllr2(0) < CllQoflz2() - (1.17)

This solution is unique in a suitable subset of X.

Note that the summability of f assumed in Theorem 1.1 is much weaker than the scale-
critical one. For the radial part Pov we can show lim|,|_,o, [Pov(x)| = 0 but there is no
rate in general under the assumptions of Theorem 1.1. Theorem 1.1 already exhibits the
axisymmetrizing effect of the fast rotating obstacle in L? and L>, which will be further
extended in Theorems 1.2 and 1.3 below. The proof of Theorem 1.1 consists in two ingre-
dients: the analysis of the linearized problem (S,) (defined and studied in Section 3), and
the estimate of the interaction between the radial part and the nonradial part in the nonlinear
problem (see Section 4). The linear result used in Theorem 1.1 is stated in Proposition 3.1,
and the proof is based on an energy method. Although the proof of the linear result is not
so difficult, there is a key observation for the term —a/(x" - Vv — v1) + aU+rot v. Indeed,
for the linearized problem (S, ) the energy computation for v,, = P, v with n # 0 gives the
key identity

2

Urn Vo,n
I ey + Wl ~ 1221

an(ocalBae) — (1= 25

= —=S(fn,vn)12(0) -

(1.18)

Here f,, denotes P, f and the norm ||g||2(q) for the function g : [1,00) — C is defined
as (277)% 1911 22 ((1,00);r ar)- The key point here is that the bracket in (1.18) is nonnegative

Viz[P-1

and provides a bound for || 2T vnH%Q(Q) since 2 = {|z| > 1}. Then by combining with
an interpolation inequality of the form

Vr2—1 2 N
gHEQ(Q) +CHT9HL2(Q) (1.19)

1
H9HL2(Q) < CHQTQHEQ(Q)H ,
for any scalar function g € W12((1,00);7 dr) and the dissipation from the Laplacian in
the energy computation, we can close the energy estimate for all o # 0. The proof of (1.19)
is given in Appendix B. In solving the nonlinear problem the key observation is that the
product of the radial parts in the nonlinear term can always be written in a gradient form
and thus regarded as a pressure term, which yields the identity

virot v = voLrot Qv + (Qov)Lrot vy + (Qov)lrot Qov + V¢ (1.20)

for a suitable ¢. Since Py (voLrot Qov+ (Qou)trot vo) = 0aslong as Qyv € VVOI’z(Q)2 the
radial part of the velocity in the right-hand side of (1.20) (neglecting V§) belongs to L (2)2,



which is the same summability as the space Y. This is a brief explanation for the reason
why we can close the nonlinear estimate and solve (NS,) in X for a source f € Y.

Our second result is focused on the fast rotation case |« > 1. In this regime there are
three fundamental mechanisms in our system:

(D) an axisymmetrization due to the fast rotation of the obstacle,

(II) the presence of a boundary layer for the nonradial part of the flow due to the noslip
boundary condition,

(IIT) the diffusion in high angular frequencies due to the viscosity.

(D) and (II) are potentially in a competitive relation, for the noslip boundary condition
and the boundary layer can suppress the effect of the fast rotation to some extent.

(II) and (IIT) are also competitive. Indeed, it is natural that if the viscosity is strong
enough then the boundary layer is diffused and is no longer observable. The important
task here is to determine the regime of angular frequencies in which the boundary layer
appears, and to estimate the thickness of the boundary layer. We show that the bound-
ary layer appears in the regime 1 < |n| < O(|a|%), and the thickness of the bound-
ary layer is (2|om|)7% for each n in this regime. In constructing the boundary layer the
term o/ *rot v plays a crucial role as well as the term —a(z+ - Vv — v1). In fact, if we
drop the term o - rot v as a model problem then the thickness of the boundary layer aris-
ing from the rotation term —a(zt - Vo — v1) is \om\_%, and the leading boundary layer
profile is simply described by exponential functions. The term al/ " rot v leads to a signif-
icant change both in the thickness and in the profile of the boundary layer, and we need to
introduce the Airy function to describe the profile of the boundary layer associated with the
term —a(zt - Vo — vt) + aUtrot v.

By performing the boundary layer analysis we can improve the result stated in (ii) of
Theorem 1.1 in the regime |«| > 1, which is briefly described as follows.

Theorem 1.2 There exists v > 0 such that the following statement holds. For all suffi-
ciently large || > 1 and for any external force f = (Pof, Qof) € Y satisfying

1 1
[(PofellLry < lals, Qo fllL2() < vle? (1.21)

there exists a solution v € X N L>(Q)% N V[/li’c1 Q)2 to (NSa) with a suitable pressure

q € WHN(Q), and v satisfies

loc

C
[Povl| Lo (@) + [[VPov|| Lo ) < Cll(Pof)ollre) + mHQoinz(g) ; (1.22)
C
1Qov|lL2() < WE 1Qof 20 » (1.23)
al3
1
C(log|al)?
Z [Prvl[Loc (@) < (71)HQOJCHL2(Q) ; (1.24)
In|>1 |a| 2
C
[VQovllL2) < WL 1Qofllz20) - (1.25)
al3

This solution is unique in a suitable subset of X.



By fixing the external force f we can state Theorem 1.2 in a different but more convenient
way to understand the qualitative behavior of solutions in the fast rotation limit.

Theorem 1.3 For any f = (Pof, Qof) € Y there is ag = ao(||f|ly) > 1 such that the
following statements hold. If || > vy then there exists a solutionv = v(®) € X ﬂI/Vli’cl (Q)?

fo (ﬁéa) with a suitable pressure ¢ € T/Vlic1 (), and 0@ satisfies

100 = 0| oo ) € ———1— (1.26)

linear

Here v is the solution to the linearized problem (S,,) defined in page 11 with f replaced
by Py f which is in fact independent of o, and C depends only on || f||y. Moreover, there
exists k > 0 independent of o and f such that if 1 < |n| < n]a\% then v\ = Pv(@) is
written in the form

2}7(;)4) _ vgocﬁslip + vr(LO‘)’SIOW + véo’%L + ’277(104). (1.27)
Here vﬁf‘)’Shp satisfies vﬁﬁﬂ’snp = rot vﬁla)’Shp = 0 on 09, vﬁf‘)’Slow is irrotational in ),

()

. BL, Possesses a boundary layer structure with the boundary layer thickness |20m|7%.
Finally the following estimates hold:

and v

C

2 9
jan|?

0<% | L2y + 0§ |20y + 08 h L2y <

while ’6&“) is a remainder which satisfies

i c
[oS )HL2(Q) < W.

Here the constant C depends only on || f||y.

By going back to (NS,), Theorems 1.2 and 1.3 show that there exists a unique solu-
tion u = u(®) which satisfies

1
- C(l 2
||u(a) —al — ’U%]mearHLOO(Q) < % , laf > 1. (1.28)
o2
The expansion (1.28) verifies the axisymmetrizing effect (measured in L) due to the fast
rotation. The logarithmic factor (log ]a\)% is simply due to the regularity of f, and if f has

more regularity such as >, o [|Pn.fl|72(q) < oo for some s < 2 then the factor (log EDE
in (1.26) and (1.28) can be dropped. Moreover, the power \a]*% can be also improved by
assuming enough regularity of f. For example, if Qg f € Wol 2(2)? in addition, then ]a\*%
is replaced by \a]_%, though we do not go into the detail on this point. The new ingredient
of the proof of Theorems 1.2 and 1.3 is stated in Proposition 3.2 and consists in refined
estimates for the linearized problem (S, ). The nonlinear problem is handled exactly in the
same manner as in the proof of Theorem 1.1. For (S,) we observe that in polar coordinates
the angular mode n of the streamfunction satisfies the ODE in r € (1, 00)

2 1d n? 1 2 1d n?
St (- ) ) (e 2 S yy, = 0, 1.29
<d7°2 + rdr r? —i—zom( r2)>(dr2 + r dr V“Q)w (1.29)

8



with the boundary condition v, (1) = %(1) = 0 when |n| > 1. The thickness of the

boundary layer originating from the fast rotation is determined by the balance between (j‘l—;
2

and ian(1— %2) ~ 2ian(r—1) near r = 1 as long as the dissipation —Z—; ~ —n* is moder-
ate. This implies that the thickness is ]20471\_%. Then the regime of n where the dissipation
is relatively moderate is estimated from the condition n? < dd—; ~ O(|an| 5 ), which leads
to [n| < O(|a|%). From this observation we employ the boundary layer analysis when the
angular frequency n satisfies 1 < |n| < O(|a|%), while we just apply Proposition 3.1 in
the regime |n| > O(|a|%) where the boundary layer due to the fast rotation is no longer
present. In the regime 1 < |n| < O(|a|%) we first consider (S,) with f = P, f but under
the slip boundary condition v;.,, = rotv, = 0 on 9€). The estimate of this slip solution
is obtained by the energy method for the vorticity equations thanks to the boundary con-
dition rot v,, = 0 on 9S). The key point is that the term U-rot in the velocity equation
becomes U - V in the vorticity equation which is antisymmetric because of divU = 0, and
thus, it is easy to apply the energy method for the vorticity under the slip boundary condi-
tion. The noslip solution is then obtained by correcting the boundary condition. To this end
we construct the boundary layer solution called the fast mode. The leading profile of the
boundary layer is given by a suitable integr;l of the Airy function. In order to recover the

noslip boundary condition, the fact that / Ai(s)ds # 0 is crucial and it plays the role

of a nondegeneracy condition in our cons?ruction of the solution. This construction gives
a formula as in (1.27) for the solution to (S,). Compared with Proposition 3.1, which is
based only on an energy computation for the velocity field, the estimate of the n mode v,
is drastically improved for 1 < |n| < O(|¢/| %) thanks to the boundary layer analysis. On
the other hand, in the regime |n| > O(|«/| 2 ), Proposition 3.1 for the noslip solution already
gives the same decay estimates as in Proposition 3.4 for the slip solution, as expected.

This paper is organized as follows. In Section 2 we recall some basic facts on operators
and vector fields in polar coordinates. In Section 3 the linearized problem (S,) is studied.
This section is the core of the paper. In Subsection 3.1 we prove the linear estimates which
are valid for all &« € R\ {0}. These are summarized in Proposition 3.1. Subsection 3.2 is
devoted to the linear analysis for the case || > 1, and the main result of this section is
Proposition 3.2. The nonlinear problem is discussed in Section 4. Some basics on the Airy
function and the proof of the interpolation inequality (1.19) are given in the appendix.

2 Preliminaries

In this preliminary section we state basic results on some differential operators and vector
fields in polar coordinates.



2.1 Operators in polar coordinates

The following formulas will be used frequently:

1 1
dive = O1vy + Oevgy = =0, (rv,) + —0Opug ,
r r

1 1
rotv = dyvy — dovy = —0,(rvg) — =0y,
r r

1
Vol* = [0;0n + |0rv0l” + =5 (18007 = vl + [op + Bovol®)

and
1 1,9 2
—Av = (— 8r(;3r(7°vr)) — 20vr + 7259”9)97"
1 1 9 2
- (— Or (=0 (rvg)) — —9ve — p300r>99v

e, - Vv = (Ov.) e, + (Orvg) ey,

Ogy — Vg Ogg + v
ey Vv = - e, + Teg.
T T

In particular, we have

at Vo —ot = [z|(eg - Vv) — (vrey + vgey)
= ((%vr — vg) e, + (agvg + vr) ey — (vreﬂ‘ —+ vgeé‘)
= Ogvy €, + Ogvg ep .

2.1)
(2.2)

(2.3)

2.4)

(2.5)

From (2.3) and the definition of P,, in (1.4) it follows that for n € N U {0} and for v

in Wi2(Q)?,

IVollZ2) = D IVPavlZ2(0y
nez
1+ n?

]VP,ﬂ)]Q = ]&mr,n]Q + 2 \vr,nIQ

1+ n? 4n .
+ 10rv.n|* + 2 |vg.n|* — ﬁs(ve,nvr,n) :

In particular, we have

n| —1)2 n| —1)2
Pal? 2 vl + P2 19,024 P 2

and thus, from the definition of Q,, in (1.5),

v
IV QmolZ2iy = 18-(Qmo)rll72 0y + 10-(Qunv)all72 0y + WQHWH%%Q) :

10
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2.2 The Biot-Savart law in polar coordinates

For a given scalar field w in €2, the streamfunction ¢ is formally defined as the solution to
the Poisson equation: —A1) = win €, 1) = 0 on 9. Forn € Z and w € L?()) we set
1 2m

Prw = — w(rcos s, rsins)e” " dse™?
" 21 Jo ( ) 2.7)

Wn 1= (Pn )efme.
By using the Laplace operator in polar coordinates, the Poisson equation for the Fourier
mode n is given by

7 1 . n2
H, ), == =, — ;Q,Z)n + T—Qi/)n =wp, r>1, (1) =0. (2.8)

Let |n| > 1. Then the solution 1), = ), [wy,] to the ordinary differential equation (2.8)
decaying at spatial infinity is formally given as

Gnlenl(r) = = (—d"[“"H% /1T81+"|wn(8)ds+r”| [mslnlwn<s>ds>,

=S\ " o

dplwy] == /00 st (s) ds

1

The Biot-Savart law V},[w;,] is then written as

Vo [wn] = V;",n[wn] ein@ e, + %,n[wn] ein@ €p,
Vr,n[Wn] = 77,Z)n[wn]a Ve,n[wn] = _Elbn[wn] :

The velocity V;,[w,] is well defined at least when 7'~ 1"lw,, € L1((1, 00)), and it is straight-
forward to see that

divVy[wn] = 0,  rotV,[w,] = wp em? in Q,

(2.10)
e Vplwn] =0 ondfd.

The condition r'~I"lw,, € L1((1,00)) is automatically satisfied when w € L?(Q) and |n| >

2. When |n| = 1 the integral in the definition of v, [w;,] does not always converge absolutely

for general w € L%(Q2). However, it is well-defined if w = rot u for some u € W12(Q)2,
N

for one can apply the integration by parts that ensures the convergence of A}im wp dr
—00 Jp
even when |n| = 1. As a result, we can check that for any solenoidal vector field v

in L2(Q) N WH2(Q)2, the n mode v, = P,v is expressed in terms of its vorticity wy,
by the formula (2.9) when |n| > 1.

3 Analysis of the linearized system

The linearized system around aU for (ﬁga) is

—Av—a(zt - Vo—vt) +Vg+aUtrotv = f, x €N,
dive = 0, r € Q, (Sa)
v =20, x € 0f).

In this section we study (S,) for & € R\ {0}.

11



3.1 General estimate

In this subsection we establish estimates on solutions to (S,,) that are valid for all o # 0.
For convenience we set for scalar functions g, h : [1,00) — C,

(0: ey i= 2 [ gRErar, ol =27 [ lotnPrar.

Before going into details let us give a remark on the verification of the energy argument.
Let us assume that f € L?(Q)? and v € I/Vol’Q(Q)2 N VVif(ﬁ)Q is a solution to (S,) for
some q € VVl})c2 (€2). We have to be careful when applying the energy argument due to the
presence of the term = - Vo in the first equation of (S,), for this term involves a linearly
growing coefficient, and therefore it is not clear whether the inner product (z+- Vv, v) 2 )
makes sense or not. A similar difficulty appears in taking the inner product (Vq,v)12(q)

since we are assuming only ¢ € Wlf)f(Q) The most convenient way to overcome this
difficulty is to consider the equation for v, := P,v, which is identified with (v, ,, Ugm).
Note that v,.,,, vg.,, € Wy >((1,00);7dr) N Wlif([l, 00)) if v € Wy ()2 N Wlicz(ﬁ)Q
Let us denote by w,, = wy(r) the n mode of the vorticity of v in the polar coordinates,
ie., wy(r) = (rot Pyv)e”0. Similarly, we set ¢, = qn(r) = (Pnq)e™™, where the
projection P, for the scalar g is defined as

1 [27 4 4

Prnq := — q(rcos s, rsin s)e” ™ ds e

2 Jo

Then, from (2.4) and (2.5), v, and vy ,, obey the following equations:

2

1 n 2in ) w
_ar(_ar(rvr,n)) + 5 Urn + —5 Vg n — QN — a— + 0rqn = fr,n ) G.1)
r r2 rz r
1 n? 2in . ) 30
_[97(;87“ (Tve,n)) + T_ZUGJL 2 Urn — 1QN0g 5 + iNGn, = fon (3-2)

together with the divergence free condition 0, (7v;.,) + invg ,, = 0 and the noslip boundary
condition v, (1) = vy, (1) = 0. Then the key observation is that the factor —ian is now
regarded as a resolvent parameter, and by setting A := —ian, the above system is equivalent
to

(A=A, + VP,q+ aUrrotv, = fn, reN, (3.3)

with div v, = 0 and v,|pq = 0, where f,, = P,f € P,,L?(2)?. Indeed, system (3.3) in
polar coordinates is exactly (3.1) and (3.2). The key point is that there is no term involving
a linearly growing coefficient in (3.3), and therefore we can apply the standard regularity
theory of the Stokes resolvent system with a resolvent parameter A. Let us assume that n #
0. Then X # 0 since we are assuming that o # 0. If v,, € L2(Q) N I/Vol’z(Q)2 N VVﬁ)f(ﬁ)Q
and P,q € I/Vlif () is a solution to (3.3), then (v, P,q) is a weak solution to the Stokes
system with source term f,, — al/"rot v, which clearly belongs to L?(£2)?, and thus, the
regularity theory of the Stokes system implies that v, € W22(Q2)? and VP,q € L*(Q)2.
In this way we can recover the summability of V2v,,, VP,q € L?(2)2. Then, by going
back to the system (3.1) and (3.2), we also find that ¢, € L?((1,00); 7 dr) from (3.2), for
all the other terms in (3.2) belong to L?([1,00);7 dr). As a summary, for any solution v €

12



L2(Q) N W2 ()2 N W22(Q)2 and ¢ € WE(Q) to (Sa), we can rigorously verify the
energy computation for the system (3.1)-(3.2) in each n mode (vyn,vp,) With n # 0.
The estimate for the 0 mode is handled in a different way from the energy method, and is
discussed in Subsection 3.1.1 below.

Our main result in this subsection is stated as follows. Let us recall that the projection Qg
is defined as Qo := 3, o Pn.

Proposition 3.1 Let o € R\ {0}.

(1) For any external force fo € POLI( ) the system (Sa) admits a unique solution (vy, Vq)
with vg € PoL>®(2)? N WOI’OO(Q) V2uy € LL (Q)2%2, ¢ € WHI(Q). Moreover, vy =

loc loc
vg,0€g and

HUOHLOO(Q) + H\x’VUOHLoo(Q) < Cer,OHLl(Q) . (3.4)

Here fg o := fo - eg and C' is independent of .
(ii) For any external force f € QoL?(Q)? the system (S,) admits a unique solution (v, Vq)
with v € QoL2(2) N VV01’2(Q)2 N Wif(ﬁ)z and q € T/Vlf(ﬁ) Moreover, v, = Ppv
satisfies the following estimates: if 1 < |n| <1+ \/m then

c 1

[vnllL2@) < W(’n’ » ‘ )||anL2 (3.5)
VAL C 1 1 .1
Pl fonlFalt ol * o) Wl GO
C 1 1
vl Lo (@) < m(m + F)anHLQ(Q) ; (3.7)
1
IVl 22 (@) (| i ) fallz2 @) (3.8)
while if |n| > 1+ /2|« then
C
0|z C 1 1
H \x! HL2(Q) = W(‘n‘ ]oa\) anHL2 (3.10)
c ,1 1.3
[vnl e () < ol (| | m)f*anHp(m, (3.11)
C ,1 1.1
IVonll L2 () < E(W + H) 2| full 2 - (3.12)
Finally if || > 1 and |n| = O(|a|%) then
C
[vnllp2@) < m”anL?(Q), (3.13)
C
[vnll Lo @) < WanHLQ(Q)a (3.14)
(6%
C
[Von | p20) < m“fn”ﬂ(m- (3.15)
«

Here f,, .= P, f and C is independent of n and .

13



3.1.1 Structure and estimate of the 0 mode

Firstly we observe that if vg satisfies vy € PyL>(Q)%N VVO1 ">°(0)? then the divergence-free
condition in polar coordinates (2.1) implies that

d(rv.)
) — 0
dr ’
C
and thus, v, o = — with some constant C'. Then the noslip boundary condition leads

toC' =0, and therefore v, 0 = 0. So it suffices to consider the angular part vy g. From (2.5)
we have

L Vg —vg =0,

and we also note that the term U-rot vy in (S,) with U+ = is always written in a

aP?
gradient form, so can be absorbed in a pressure term.
Collecting these remarks, we see that any solution (vg, Vq) to (S,) with fo € PoL!(£2)?

satisfying vg € PoL>®(Q)2 N Wy ()% Vg € L .(Q)**2% ¢ € Wh(Q) must be
written as vy = vg g€y, Where vgy = vgo(r) obeys from (3.2) the ordinary differential
equation

d2’09 0 1 dvg 0

T2 dr = foo, r>1, vgo(1) = 0. (3.16)

The bounded solution to (3.16) is written as

v9,0(7) —(——/ foods + - /sQfg,Oderr/ fg,ods>. (3.17)
1 r

‘We note that

[ fo.0llLr @) = 277/1 |fo.0l sds.

Thus we see from (3.17) that

9,0
g0l oo () + II7 I 2o < Clifoollzr

which implies (3.4).

3.1.2 A priori estimate of the n mode with |n| > 1

Let v denote a solution to (S,) satisfying v € QL2(Q) N Wol’z(Q) N WZCQ( )2 for f €
QyL?(02)? with some g € W,-*(Q). Then, as we have already seen in the beginning of
Section 3.1, for each n # 0, the n mode v, = P,v belongs in addition to W22()?
and we also have that P,,q belongs to W12(Q2). Hence the energy computation below for
(Ur,n, Vg 5) to the system (3.1)-(3.2) is rigorously verified. With this important remark in
mind we multiply both sides of (3.1) by o, ,, and of (3.2) by rvy,,, and integrate over [1, c0),
which results in the following identities:

HanHig(Q) = —aR(Utrot v, sVn)22@) + R fn s vn) 2(q) 5 (3.18)
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—an(|lvral72) + ol 2 () + aS(U rot vy, va) 120y = S(fu s vn) 120 - (3.19)

Note that U+ (x) = thus we see from rot v, = —Au1), by definition of the stream-

x
' a?
function 1, for the n mode with n # 0,

1
%(ULrot Un , Un>L2(Q) = §R<mA¢n avr,n>L2(Q)

o 1 —d
= 27T’I’L%/ (55% + ;8r¢n T2 wn)¢n :
1
% q o
—4m [ Lo
1 T T
This gives the bound
1 Urn Vo.n
R(Urot ”"’U">L2(Q)‘ < 2|| ” HLQ(Q)HTHLQ(Q) : (3.20)

Therefore, (3.18) and (3.20) with the lower bound (2.6) imply

Urn Vo.n
18700 mll2a(0) + 18r0032q0y + (] = 1% ~lal) (122 20y + 122132(0))
< [R{fn avn>L2(Q)| .

(3.21)
Next we study identity (3.19). We see that
%<ULr0t Uy, Un>L2(Q) = < 2] Ay, U n>L2(Q)
> 1 S—
_ —27m§re/ (020 + ~0rtbn — 5 va) P
1 T T
Integrations by parts yield
o 1 n? ——dr
& dr 0 n2{h,|? dr
:_/ |ar¢n|2 +2§R/ - r¢n¢n__/ | 2 | T
1 1 T T
o dr V| dr
- - 87’ n2__ 2_2/ o —
| = =2y [T
Hence,
Vo.n 2 Urn
(UL r0t v, va) 20y = (122 32y + (1= I ) (3.22)
Hence, (3.19) and (3.22) give
2 v Vo
2 ,n ,n
on (s ey = 0= I By + Tonnln = 1200y ) 5

- _‘S<fn avn>L2(Q) )
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which in particular leads to

VST VST 1
vl 120y + |20l 12(q) < m\ (fnsvn)r2( (3.24)
UT‘?’L
12 ey < gl U o) @] 329
Then, from (3.23) and (3.25) we gather
(7 1
Hvr,nuiz(g) <|— HL2(Q + W|%<fnavn>L2(Q)|
n 1
< (‘ﬂ{ + W){S(fn,va(g){
<12 Sy vn) 1 In| > 3 (3.26)
=19, nyUn/L2(Q)] > Z 9y .
while for [n| = 1,2, a slightly finer estimate is available from (3.23):
1
[vrnll720) < W{sm,vnmm(, In|=1,2. (3.27)

To obtain the estimate of [|vy | 72(q) we first observe that the following interpolation in-
equality holds for any scalar function g € W12((1, 00); 7 dr):

1 VrzZ—1 2 VrZz—1
lgllz2@) < ClOrgll 2y =9l }2 () + Cl 9llr2(0) - (3.28)
See Appendix B for the proof of (3.28). From (3.28) and (3.24) we have
VrZ —1

ol (ol 2y + 106.0l122() < Clal? (|| -—— vnnHiQ(mH Vo J2(0y)

+ Z(Harvr,nHL?(Q) + HaTUG,nH%?(Q))

Vr2 —1 Vr =1
+ C’O“(HTUMHL?(Q) + Hiq}&”HL?(Q))
1
< c<'f" R TA PRSP

1 2 2
+ Z(H&"UT,NHLQ(Q) +10rva,nll72()) »
and thus,

‘a’(HUhnH%Q(Q) + HUG,nH%2(Q))

C 1 ) 1 5 5 (3.29)
< W(l + E)anHL%Q) + 5(”37"Ur,nHL2(Q) + 10rva,nll72(q)) -

Hence (3.21) and (3.29) imply

C 1
Harvr,nH%?(Q) + H&"Ut‘),nH%?(Q) < ﬁ(l + m)”fn”%%ﬂ) + 2‘%<fn7vn>L2(Q)’ - (3.30)

Then (3.29) and (3.30) yield
C

|on?

1 1
lornll 220y + lvomlZ2) < (1+ E)anH%?(Q) + mllfn\lm(m\lvnllm(m :
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that is,

1
2
[onllz2(q) < C(W

—) 1 fal 720 - 3.31)

IOéI2
This proves (3.5) and (3.13). Note that the factor W dominates é in the regime |n| <

O(|«f %) and || > 1. Once we have proved (3.31) the following estimates are immediately
obtained from (3.24) and (3.30):

vrz—1 vrz—1 9 C 1 1 9
Hif vr,nHLZ(Q) H r vev”HL2 < | |(‘ ’ ’ ’ m)”anLQ(Q)a (3-32)
HaTUT’JLH%Q(Q) + H&"U@,nH%Q(Q) ( )an”%%m- (3.33)

The constant C'in (3.31), (3.32), and (3.33) is independent of |n| > 1 and . Inequality in
(3.32) proves (3.6). Moreover, (3.31) and (3.21) prove (3.8) and (3.15) since

o[ iz 220y < lalllvnlZ2(q) -
Finally (3.7) and (3.14) are obtained from the interpolation inequality for functions in the
space WOI’Q((L 00); dr).
3.1.3 A priori estimate of the n mode with |n| > O(\/1 + |«|)

If [n| > 1+ /2| then (3.21) yields
2

n Urn Vo.n
Harvr,nH%?(Q) + HaTvG,NH%Q(Q) + ?(H ||L2 () || HL2 ) (334)
< |R( fn,vn>L2(Q)|-
Then (3.23) and (3.34) give
1
[on]72 Q) S H| |HL2(Q + W\\fn”ﬂ(ﬂ)”vn”ﬂ(n)
8 1
< (ﬁ + W)||fn\|L2(Q)HUn||L2(Q) ;
which shows
8 1 .9
o120y < (ﬁ + m) I fallZ20 - (3.35)

Note that (3.35) is better than (3.31) in the regime |n| > 1 + 1/2|a|, while both are of the
same order in the regime |n| = O(y/1 + |a). The estimates (3.34) and (3.35) yield

1 1
IVonllZe) < C(— + w)\\fnuiz(m : (3.36)

while (3.24) and (3.35) lead to

8
|| r UT,TLHLQ(Q) + vag,nHLg(Q) < |an|

n2 |om|

(2

Again, (3.36) and (3.37) are better than (3.33) and (3.32) in the regime |n| > 1+ /2|«
The estimates (3.35), (3.36), and (3.37) show (3.9), (3.12), and (3.10). Then (3.11) follows
by interpolation using (3.9) and (3.12)

M falZogy - (337)
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3.1.4 Proof of Proposition 3.1

The statement (i) of Proposition 3.1 is proved in Subsection 3.1.1. In particular, we have
that vg = vg geg and vy g is given by the formula (3.17). It remains to prove (ii) of Proposi-
tion 3.1.

(Estimates and Uniqueness) We have already proved the a priori estimates of solutions in
Subsections 3.1.2 and 3.1.3, which give (3.5)-(3.12). The uniqueness of solutions directly
follows from these a priori estimates.

(Existence) By considering the Helmholtz-Leray projection which is bounded in L? and
invariant under the action of P,, we may assume that f, belongs to QOL(%(Q), rather
than QyL?()2. To show the existence of solutions we consider the operator

A, :=PA — aPU " rot

in the L? framework, where P : L?(2)? — L2(€Q) is the Helmholtz-Leray projection and A
is the Dirichlet Laplacian in L?(£2). The operator PA is thus the standard Stokes operator
in L2 (). Let us consider the operator A, in the invariant space P,,L2(2), n # 0. Note that
the spectrum of the Stokes operator PA in P,, L2 () is included in the half real line R_ =
{\ < 0}, while the operator PUrot is relatively compact with respect to PA in P, L2(92),
for U is smooth and decays at infinity. Thus, the difference between the spectrum of A,
and the one of PA consists only of discrete eigenvalues with finite multiplicities. Then the

scalar \ := —ian must belong to the resolvent set of A, in P,,L2(2), otherwise —ian is
an eigenvalue of A, in P, L2(£2) but this cannot be true due to the a priori estimates on
solutions of (3.3) with A = —ian which we have shown above. Hence, when A = —ian,

for any f, = P,f € P,L2(f) there exists a unique solution v,, to (3.3) belonging to the
space P, L2 (Q)NW,2(2)2NW22(Q)2 with a suitable pressure field belonging to W,(Q).

loc
Then v = 3, v, belongs to QuL2(Q) N W, (Q2)% N W22(Q)2 and solves (S,) by
construction, for (3.3) with A = —ian is equivalent to (3.1) and (3.2) for each n # 0. The
proof of (ii) of Proposition 3.1 is complete. O

3.2 Analysis in the fast rotation case || > 1

In this subsection we focus on the behavior of solutions to (S,) in the case |«| > 1. Let us

define the parameter
[ (@on))
(2lan|)

IRCES
2
Our goal is to prove the following structure result on solutions to (S,).

c_ if an >0,

=

B = (—2ian) (3.38)

W= Wl

cy if an <0,

where

s (3.39)

Proposition 3.2 There is a constant k. € (0,1) such that as long as 1 < |n| < /@|a|%
and || large enough (implying |« large enough), the n mode of the velocity field v,, solv-
ing (Sq) may be decomposed into four parts

Un = U;hp + U;low + vn,BL + Up

where
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e the term v%lip satisfies the system (mS,,) and the estimates (3.46)-(3.48) of Proposi-
tion 3.4.

slow

o the stream function of v,

is given by
¢ZIOW(T) = an""_‘nl )

where .
lan| < Clan|7s|| fallp2 -

e the boundary layer term vy, By, is given by

inby,

Gn,a(‘ﬂ’(r - 1)) y  UnBL,Q = _’/B‘bnG/n,a(‘ﬂ’(r - 1))

Un,BL,r (T) =
with Gy, o a smooth function, decaying exponentially at infinity, uniformly in n and o,
and where

_5
[bn| < Clan|75 | fall2 -

o the term v,, is a remainder term in the sense that

~ _ ~ _5
[Tnllz2@) < Clanl M Ifallze s [nllze(@) < Clan| ™% | fall 2 , (340)
~ _2 :
and ||V 12 < Clon| ™3| fallz2 -
In particular, the following estimates hold for vy,:
_2 _1
[onllz2@) < Clan| "5 fullrz,  l[onllLe (@) < Clan|™2|[fallL2 3.41)

1
and ||Vupr2() < Clan|"5[| ful 12
The constant C' is independent of n, «, and fy,.

Remark 3.3 (1) The velocity fields v,ilip, v,ilow and v, g1, have the same decay order in
the spaces L?, L and H', although their structure is different. In particular contrary to
the other velocity fields, the term v, gr, is negligible away from the boundary due to its
rapid decay. The key point is that the boundary layer analysis enables us to improve the
decay order in the low and middle frequencies |n| < O(|oz|%), compared with the results
of Proposition 3.1 which are based only on energy computations. Indeed, it is not clear
whether (3.41) can be shown only from energy computations without using the boundary

layer analysis.

(2) The vorticity of v5°" vanishes in €, that is, v£°V is irrotational in Q. The function G,, ,

and its derivatives of finite order are uniformly bounded in n and « which satisfy |o| >

land 1 < |n| < \a]%. The uniform decay estimate of G, o(p) for p > 1 is stated
in (3.80) below. The smallness of « in Proposition 3.2 is required only in obtaining some

lower bound for the quantity ‘]ﬁ |G, (0) + ]n!Gna(O)\‘ which is essential to construct

the solution satisfying the noslip boundary condition and possessing the structure stated in
Proposition 3.2.

19



Proof of Proposition 3.2: We first consider a linearized problem similar to (S,) but with a
different boundary condition, such that the vorticity vanishes on the boundary:

—Av—a(ml-VU—UL)—i—Vq—FaULrotv:f, rEeN,
dive =0, x €N, (mS,)
v, =rotv =0, x € 0N).

Note that the vorticity field w then satisfies the following equations

—Aw—azt -Vwo+aU - -Vw=rotf, z€Q,
(3.42)

wlon =0.
Let us prove the following proposition.

Proposition 3.4 For any o € R with |a| > 1 and external force f € QoL?*(Q)? the system
(mS,) admits a unique solution (v,Vq) with v € QoL2(Q2) N W12(Q)2 N VVZZO’CQ(Q) and
q € W2(Q). Moreover, w = rotv € QOWOLQ(Q) satisfies for n # 0,

loc

C
[Prwlz2) < anl? I fallz2(@) s (3.43)
an
Viz)2 =1 1
HTPnWHLQ(Q) < anlh I fallz2(@) (3.44)
IVPrwlzz@) < [ fnllz2@) (3.45)
while v, = P,v satisfies for 1 < |n| < 2|« %
C
[vnllr2 @) < WHJCHHL%Q) : (3.46)
an
C
lvn |l oo () < | ’% I fullz2 ) > (3.47)
an
Vix)2 =1 C
HTUHHL2(Q) < m“anB(Q) : (3.48)

Here f,, .= P, f and C is independent of n and .

Remark 3.5 Note that

Venll iz < COPrslizy + 2 lia@) € — v lfallizy - (349
|| |an| 3
The decay order in each estimate of (3.49) and (3.46)-(3.48) is better than the order in (3.5)-
(3.8) for the solution subject to the noslip boundary condition. This faster decay is shown
below by an energy estimate thanks to the slip boundary condition in (mS,), which re-
duces the magnitude of the boundary layer arising from the fast rotation in low and middle
frequencies.

Proof of Proposition 3.4: For simplicity we set w,, = w,, (1) := (Ppw)e™™7,
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(A priori estimates) We first show the a priori estimates stated in (3.43)-(3.48). As in the
proof of Proposition 3.1, for each n mode the energy computation for v,, based on the in-
tegration by parts is verified for any solution (v, Vq) to (mS,) such that v € QgL2(2) N
wh2(Q)? n I/Vlicz(ﬁ) and ¢ € VV;OC2 (Q) (see the argument at the beginning of Subsec-
tion 3.1). We also note that the n mode of the vorticity w,, € W01’2((1, 00); rdr) satisfies
the following ordinary differential equations on (1, c0) in the weak sense:

d2 1 d n2 . 1 1 d
_<W+;§—T—2+W”(1—p)>wn=;—(rfen) Zfrm. (3.50)

with the Dirichlet boundary condition w,(1) = 0. We can multiply both sides by rw,, and
integrate over [1, 00), which gives the following identities:

[e'e] n 2 [e’e] d_n [e'e]
/ (|0rwy ? +n2@)rdr = —8%(/ fe,nirdwrm/ frnGn dr) . (3.51)
1 r 1 dr 1

00 1 00 da, ‘ 00
om/ (1-— —2)\wn]27"d7"=%</ f@nirdr—km/ frnwndr>. (3.52)
1 r 1 Todr 1 7

The first identity (3.51) gives the bound

[VPrwlr2@) < [ fallz2@)
and then the second identity (3.52) yields

H”

Thus (3.44) and (3.45) hold. The estimate (3.43) follows from (3.44) and (3.45) by the inter-
polation inequality (3.28) and || > 1. The estimates on the velocity v,, are obtained from
the estimates for the streamfunction ¢),, which is the solution to the P01sson equation (2.8).

2 and Y, We write ¢/, = w and ¢! = 1/}
dr? r2

* 1 " n o n
—l Zrdr:/ (w )w"rdr+/ 1/} Dl dr .
1T 1 1

A similar computation yields

[ = [ ()i [|(2)]
" et [

Hence we have from (2.8), by multiplying both sides by 71/ and by integrating over [1, o),

/1 [ ‘ZTdTJF%/ % ,TdTJF(“Q—l)/lOO‘(%)lrrdr:—%/loownwgrd%

and similarly, by multiplying by “ in (2.8) and integrating over [1, oo)

[y s "

rdr—i—(nQ—l)/ —

1

1
HL2(Q_’ ’anHLQ ) IVPrw| r2(0) < ‘n‘anHL%Q

Let us first estimate
‘We observe that

for simplicity.

rdr

and

2
rdr.

2
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Combining these two identities gives the following bounds: when |n| > 2,

n%

192N L2y + || HLQ(Q)+n2H%HL2(m < Cllwnll 2y (3.53)

while when |n| = 1,

(2

) HL2 Q) < [lwn|l 2 Q)H 2 HLQ Q) G5

\WHpm<CWMwmw%huwﬂwam)

where C'is independent of n. Next we observe that the identity (3.23) holds even under the
slip boundary condition, and thus, (3.24) and (3.25) are valid also for solutions to (mS,).
Hence, by recalling the relation v, , = %"zbn and using the interpolation inequality (3.28),
we obtain for |n| > 2, thanks to (3.53) and (3.24),

Vr2 —1 Vr2 —1
r r

1 2
HUT‘,H”LQ(Q) < CWr”nnHE(Q)H UTWHEQ(Q) + CH

1 1
< CllwnllF2 0y (T I fnllz2@) lvnll2(0)
3 an|

Ve[ 2 ()

=

1 1
C(m”anLQ ) llvnllz2@)?
while for [n| = 1 we use (3.54) and also (3.25), which give

V1 i

1
Hvr,nHLQ(Q) < CHarUr,nHEQ(Q H UrnHLQ + CH UrnHLQ

1 1 1
< CHwnHEQ(Q (‘ ’anHB(Q HUnHL2 Q)) i + C(’ ‘anHLQ Q)anHB(Q )

=

Similarly, we have from vp ,, = —1/,, (3.28), (3.53), and (3.24), for |n| > 2,

1

1 1
[vonllL2) < C”wnHz2(Q)(manHLQ(Q)HUnHLQ(Q))

+C(| |anHL2(Q Wvnllr2@) %

W=
N[

on the other hand, for |n| = 1, by applying (3.28), (3.54), (3.24) and (3.25),

ol

1 1
Hve,nHLQ(Q) < CHwnsz(Q)(m\\anm(Q)HUnHL2(Q))

1 1
+ CHWnHZQ(Q)(mnanL?(Q)anHL?(Q )12 + C(| |||fn||L2(Q onllz2)? -

NI

Hence we have from (3.43) for the estimate of ||wy, | 72(q) and |af > 1,

C
[vnllzz@) < 5 | full2 @) n| > 1. (3.55)

~ Janf?

The estimate (3.48) follows from (3.24) and (3.55). As for the L>° estimate in the case |n| >
2, we have from the interpolation inequality and (3.53),

Hvr,nH%OO(Q) < CHarvr,nHL?(Q)||Ur,n||L2(Q) < CHWnHL?(Q)||Ur,n||L2(Q)

c 2
< m”anLQ(Q),
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and similarly,

C

2 2

HUG,nHLw(Q) < o] anHL2(Q)'

The case [n| = 1 is handled in the same manner, and in this case we use (3.54) instead

of (3.53) to estimate ||0; vy, n| 12(2) and [|0rvp n[ £2(q2)- This modification does not produce
any change in the final estimate
C
vnllze @) < —< Il fnll2) -
o2

The details are omitted here. Thus (3.43)-(3.48) hold.

(Existence and uniqueness) The uniqueness follows from the a priori estimates. The exis-
tence is shown by the same argument as in the proof of Proposition 3.1 in Subsection 3.1.4
(the proof for the statement (ii)), so we omit the details here. The proof of Proposition 3.4
is complete. O

Let us return to the proof of Proposition 3.2. We denote by v*'"P the solution to (mS,,)
with the external force f in Proposition 3.4. Note that v*'"P satisfies the desired esti-
mate (3.41), while v*'"P is not necessarily subject to the noslip boundary condition. Hence,
starting from the perfect-slip solution v*", our next task is to recover the noslip boundary
condition by the boundary layer analysis. To this end we consider the following equations
related to the stream function:

2 1d n? 1 2 1d n?
e S ian(l- ) ) (= - Dy =0, 1
<d7°2 +7" dr r2 —i—zom( r2)>(dr2 +7" dr V"Q)SO "=

lon(1)] <1, lim ¢, =0.
T—>00

" (3.56)

Indeed, the first equation in (3.56) is nothing but the equation for the n mode of the stream
function in our problem (in polar coordinates), while here we do not need to impose the
exact boundary value on the boundary » = 1, and the key point is that there exists a solution
to (3.56) which possess a boundary layer structure due to |an| > 1. We shall decompose it
into a boundary layer part and a remainder:

Pn = Pn,BL + Pn (3.57)

where ¢,, gy, is a function on the boundary layer variable |3|(r—1) and ¢, vanishes at r = 1
and is smaller than ¢, gy, up to its derivatives. The precise construction of ¢, gr, and ¢,
will be stated later.

Once ¢, is constructed as in (3.57), the n mode of the noslip solution v,, to (3.56), or equiv-
alently its stream function ,,, is obtained by the following argument. Noticing that (3.56)
has an explicit solution given by r — r~ /"I (corresponding to a vorticity-free solution), we
look for the stream function ¢,, under the following form:

Un(r) = anr™ "™ 4 buon(r) + ¥3P(r) (3.58)
where w;l P is the n mode of the streamfunction for vjP, namely,
i Tl
Yt =t n#0, (3.59)
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and the coefficients a,, and b,, are determined from the prescription that 1),, and v/, vanish
at the boundary r = 1:

an + bppn(1) =0
den, dyn™®
(1) =

sli
—|n|a, + by, T —~a 1) (= 0975(1)) .
In other words there holds
b, (9971 1)) = o1 = —buon(l 3.60
n dr()"“n‘@n() —Ue,n()7 an = —bnipn(l). (3.60)

O (1)t Infen(1)

will be shown to be nonzero and actually large, due to a specific boundary layer structure
of ¢,,. Combining (3.57) with (3.58) gives the formula

1
The key point is that for [n| < k|«|2 for some small enough «, the term

Yo (1) = P (1) + a4 b0 BL() + D@ (r) .

Thus, with the notation of Proposition 3.2, the remainder velocity v,, is given in terms of
the stream function ),, defined as

{pvn(r) = bn&n(r) .

We now focus on the construction of ¢,, and its associate velocity field. To estimate a pos-
sible boundary layer thickness we observe from the first equation of (3.56) that there is a
d2

natural scale balance between — 4~ and —ian(1 — r%) ~ —2ian(r — 1) near the bound-

ary r = 1, which formally implies that the thickness of the boundary layer is |2om|7% =
|3]~! where 3 is defined in (3.38). Before stating the result leading to the construction of
the boundary layer term, let us recall the notation introduced in (2.8):

d? 1d n?

Hy=—— -~ %, 3.61
" drz  rdr + r2’ (3.61)
and let us denote 1
A, = H, — iom(l - —2) (3.62)
T

so that the first equation in (3.56) translates into A,, H,,©,, = 0. The next proposition is the
construction of ¢,, gy, in (3.57), which describes the leading part of the boundary layer.

Proposition 3.6 There exist k € (0,1) and C > 0 such that the following statement
holds. If |n| < I€|Oé|% and if |B| = (2|om|)% is large enough, then there exist smooth
functions ¢y, Br, and gy, g1, on [1,00) such that

1d

3
AnHppnBL = ;E(Tgn,BL), with ||gnBLlL2() < CIBI2 , [pnBL(1)] <1, (3.63)

and

e there holds

den BL

ar 81, (3.64)

K
(1) + ’n’@mBL(l) > 5
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e there is a smooth function G, . decaying exponentially at infinity uniformly in n
and o such that

Qpn,BL(T) = Gn,a(|5|(r - 1)) ) r>1. (3.65)

More precisely, G, o in (3.65) satisfies the estimate (3.80) stated below. Let us postpone
the proof of Proposition 3.6 and conclude the proof of Proposition 3.2. We construct a
couple (¢n, BL, gn,BL) as in Proposition 3.6, which produces a boundary layer vector field

inb

Ur,n,BL(T) = TnGn,a(|ﬁ|(T - 1)) s v@,n,BL(T) = _|ﬁ|bnG;L7a(|B|(T - 1)) . (3.66)

Next we fix ¢, (1) = ¢y, B1(1), so that the remainder ¢, as in (3.57) vanishes at the bound-
ary. Moreover, from the requirement A,, H,,,, = 0 and thanks to (3.63), ¢,, is obtained as
the solution to

~ 1d ~ ~
AanSOn = ___(rgn,BL) r> 17 (Hngpn)(l) = “Pn(l) =0.

rdr
More precisely, the construction of 3, is as follows: we first construct &, (e as the solu-
tion to (3.42) with right-hand side —rot (g, 5L.e"’eg). Then &, is obtained as the solution
to H,$, = w, under the boundary condition ¢, (1) = 0. Let us denote by w,, the velocity
field whose stream function is ©,. Then the estimates of w,, and w,, follow from Proposi-
tion 3.4 and the fact that [|gn BL||12(0) < C | B | 2 as stated in (3.63). In particular, (3.47) in

Proposition 3.4 produces from |5| = |20m| 5 that
dgn,
dr
Together with (3.57) and (3.64), we find that

~ _3
| < ol S 18 % lgnpLliz < C-

‘ den BL
dr

K
SJgl-c
K

“Is)

| d(;in(l)ﬂn\wn(l)‘ (1) + [nlnp(1)] - | d%u)(

(AVARRLY,

Vv

for |3] > k~!. Let us estimate the coefficients a,, and b, which are defined in (3.60).
Since )

11 11 _1

Vg (D] < Mgyl @) S lan| 2 (| fall 22

thanks to Proposition 3.4 we infer that the parameter b,, satisfies

vShp(l)
1) + [nlen(1)

_s
|bn| = | | S lan| 75 full 2o

while since |, (1)] < 1,

_5
|an| = bapn (D] S lan| 75 [ fall 20

Thus, the estimates of the boundary layer velocity v, gr, easily follow from its definition
in (3.66). The estimates of the remainder velocity v,, follow from Proposition 3.4 and the
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estimates of b,, since {bvn = b,, that implies v, = b,w,. This concludes the proof of
Proposition 3.2. O

Proof of Proposition 3.6: Without loss of generality we assume from now on that & > 0.
As already mentioned, we formally estimate the thickness of the boundary layer to be of the

order |3| = |2an| 3. One important remark here is the size of :f—; in the operators H,, and A,
defined in (3.61) and (3.62). Recall that we are interested in the regime |n| < O(a%).
If |n| = (a%) then we observe that |G| = \20471]% = O((a%)l) O(|n]), and thus, the

2
term 75 has the same size near the boundary as 02 and an(r—1). Hence in the construction
of the boundary layer we also need to take into account the term 2 T—Q, for this term is no longer

small in the regime [n| = O(«2). With this remark in mind let us rewrite H,, and A,, in
more convenient forms: we define

i 02 and A, = - 2ien(r— 1) = d2+ﬁ3( 1+m)
"= n? an n=H, 1on(r ~ 3,2 r
so that
_ 14 1
Hy = Hy— 4 = 1)

and by using 1 — r% =2(r—1)+ (r— 1)2%,

142
A, = H, — 2ian(r — 1) —ian(r — 1)? +2T
r
= 1d 51 , o1+ 2r
:Hn—me(r—l)—;E—i—n(ﬁ—l)—zom(r—l) 3

That is, f[n and ﬁn have the leading size of H,, and A, respectively, for the boundary layer
functions. Then we write A,, H,, as

A Hy, = AyHy + (A, — A H, + A, (H, — Hy) (3.67)
and we claim that
(A, — Ay)Hy + Ay (H, — Hy) = 10ty Ry, (3.68)

with a suitable operator R,,, where rot,, is defined in polar coordinates with the n mode
for the angular variable. Note that the leading operator A, H,, when applied to a boundary
layer function of the form h(|3|(r—1)), formally has size O(|8[*), the term (A4, —An) H,+

A, (H, — H,) has size O(|8|?), and then R,, is of size O(|3|?).

Let us look for the boundary layer ¢, g1, as a solution to

AnHypnpL =0, (3.69)

Since~fln is easily inverted for [n| > 1, we start by considering the homogeneous prob-
lem A,¢ = 0. By its very definition the operator A,, is nothing but the Airy operator with
a complex coefficient. Hence we introduce the Airy function Ai(z) which is a solution to

d2Ai

o2 zAi =0
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in C; for details, see Appendix A. Then we define

én,@é(ﬂ) = Ai(c—(p+ %L[m)) ) p>0,

which satisfies from 8 = —i,

d2 n ~
— 4g(p+ = Gna=0, 0.
(dp2 ilp 2(1‘5’)) ’ p=

Next we set

o0 ]
Ghna(p) ::—/ e_F(p_T)/ e ~fpi(o- G alo)dodr,
p T

which satisfies

_ ing’a + %Gma = én,a, p>0.
Finally we define
1
Con e = G0 Gl if |Gna(0)]>1,
1 otherwise
and we set

QOn,BL(T) = CO,n,aGn,a(’/B‘(r - 1)) 5

which satisfies from —i|3|> = 33,

gnﬁntmeL = 0, r > 1,
as desired. Notice also that
lonBL(1)] < 1.
The key quantity is
den BL
dr =1 =
© il Inl,
= CO,n,a‘ﬂ’(/ e 17 Gn oc( )dO’ ’,8‘ (0)>
0

~ Conaldl ([ ¢ nile o+ ) do - 60 00)

2c 18
L [ v, in|Ble- n|
—C <_ As A - —G 0
0,m,al0] C—/o e i(s + 90 )ds Bl n,a(0)
with | _ Inl
n nley
A=A = = :
M Bl B
We find from 33 = |3[3¢3 that
inlBle- _ n?Ble- _ n?Ble- _ n%8 _n’d _
20 —2ian 33 |B]3c2 |52
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SO

den BL
dr

1 o0
lr=1 = Con,all (c—_ /0 e M Ai(s + \?)ds — %GW(OD . (3.77)

Note that [\[? = 47! |n| sa 3 is small when |n| < a2. The proof of the following lemma
is postponed to Appendix A.

Lemma 3.7 There holds
Co = inf{ IComal | @>1,1<|n] ga%}>o, (3.78)
and there is a constant ¢ € (0, 1) such that defining
25:={u€C|arguz%,oﬁlulﬁe},

then

Ke := inf

/ e~ Ai(s + 1) ds‘ > 0. (3.79)
/‘LEEE 0

Moreover; the function G, ., defined in (3.72) satisfies for R large enough

d*Gy o
2 o) <oo, k=0,1,2,3. (3.80)

sup  sup  sup e’ | W

azl 1<|n|<al/2 pZR

Now let us return to the proof of Proposition 3.6. We define ¢, gy, as in (3.75). Note

that thanks to (3.77), (3.79) and (3.78) there holds as long as Iﬁ} =\ <e¢,
AL (1)) > Gyl (R — 211G 0)])
dr - 8]
~ €
> CylB| (ke — =) .
I~ )
Here we have also used (3.74). Hence
do, CoR
—EE )] = =8 (3.81)

dr

as long as 2z < 5()%5, which is possible since k. is nonincreasing in € > 0. This
proves (3.64) since

den dipn,
)+ nlenn (0] 2 | S| = nllwen (1)
Cor
> = 5|8l =Inl
>
> L9

with % := Co#./2, and the last inequality holds as long as |n| < min(e, #/2)|3]. It then
suffices to choose x < min(\/ie%, 72 /2) which ensures that

In| < Ka? = In| < min(e,

)18

[\')|$<
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The result (3.65) is an obvious consequence of the previous construction so it remains to
prove that (3.63) is satisfied for a suitable g, pr,. Let us recall (3.67). Then we define g, BL,

as
1 [ /~ . -
o) i= =3 [ s(Aa(H = o) + (A= D) )onpr ds, (G2

which then satisfies

- - _ 1d
<(An - An)Hn + An(Hn - Hn))@n,BL = ;E(Tgn,BL) .

Let us consider the estimate of g, gr,. We compute the highest order terms in A, (H,—H,)
and A, (H, — H,), which are of order O(|3|?) when n = O(a?):

2 4

1 ~ ~ 1 _,, n2r2—1 " n , n 9
WAn(Hn - Hn)‘pn,BL = ;Gn,a + m r2 n,a ’I“|5|2 n,a |ﬁ|37’2 (7" - 1)Gn,a
2iam 2ian3

(r—1)G .+ (r—1%*r +1)Gpa +lot

+ - J—
|B]?r |B]*r?

where all the G, , are computed at | 3|(r —1) and the lower order terms are to be understood

in terms of | 3| forn = O(a% ). Itis clear from this formula that as long as n? < « then there
is a function R,, o 1(r, p), uniformly bounded in 7 and exponentially decaying at infinity
in p, such that B B

An (Hn - Hn) ¥n,BL — ‘ﬂ’an,a,I (Ta ‘ﬂ’(?" - 1)) :

Similarly one has

1 ~ 1 n? 2tan
W(A” - A”)HnspnyBL = ;G/r;/,a - |ﬁ|’l“2 (1 - T2)G/ri,a + |ﬁ|’l“2 (T - 1)2(1 + 2T)G;;,o¢
n? _, 2ian3

TR e |B|—2T2(T —1)*(1+2r)Gpo + 1ot

S0 again _
(An — Ap) Hypon L = B> Rua11 (r, |8 (r — 1))

with some R, o 7(r, p) which is uniformly bounded in 7 and exponentially decaying as
p — oo. This implies that g,, g1, defined in (3.82) satisfies

lgnBLI L2(0) S 1812 -

The result (3.63) follows. Proposition 3.6 is proved. a

4 The nonlinear problem

In this section we construct the solution to the nonlinear problem (NS,,)

—Av—a(xl-VU—UL)—i—Vq—FaULrotv = —vlrotv + f, r e,
dive = 0, zeQ, (NS,)
v =20, x € 0N,
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in the class v = (Pov, Qov) € X = PoW, ()2 x QoW *()? with a suitable pres-
sure ¢ € Wl})cl (€2). As already noted in the introduction, for the solvability of (NS,), the
key observation is the decomposition of the nonlinear term v rot v: we have for v € X,

virotv = (Pov)trot Qov + (Qov)trot Pov 4 (Qov)trot Qou + (Pov)trot Pov
= Qp <(770?))Lr0t Qo + (Qov)trot 790?)> + (Qow)*rot Quu + (Pov)*rot Pov.

Here we have used Py ((Pov)Lrot Qov + (Qov)lrot 7301)) = 0. Furthermore, since the last

term on the right-hand side can be written in a gradient form, the problem (ﬁéa) is in fact
reduced to the next system

—Av —afzt Vv —vt) + Vi+ aUrrotv = G) + f, x€Q,

dive = 0, z e, (NS.)
v =20, x € 0N).
Here we have set
Gv) = —Q0<(P0v)Lrot Qov + (Qov)Lrot 7302}> — (Qov)Lrot Qov, 4.1)

and G := ¢+ Q, where Q = Q(|z]) is a radial function satisfying VQ = —(Pyv)~*rot Pyv.

Our aim is to prove the existence and uniqueness of solutions (v,q) for (1<T\Sa) in
a suitable subset of X, under some conditions on the external force f = (Pyf, Qof)
inY = PyLY(Q)? x Qo L*(Q)?. The proofs in Subsections 4.2 and 4.3 rely on the standard
Banach fixed point argument, where the estimate of the nonlinearity G (v) in the space Y is
important. Thanks to the identity

PoG(v) = =Py ((Qov)lrot Qov) ,

we see that PyG (v) belongs to L'(€)2, which is the same summability as the space Y. In
order to control the L2-norm of QyG (v) in the iteration scheme, we introduce the closed
subspace X of X equipped with the norm || - || x,:

Xy = {UGX‘ div Pov = div Qgv = 0 in €2,
vllx, = Povllree ) + [[VPovl Lo () (4.2)
100l 2oy + 1V Qovllizey + 3 1Pavlizeqe) < oo} .

In|>1

Indeed, we can easily establish an a priori estimate for
QoG (v) = —Qp ((Pov)Lrot Qov 4 (Qov)trot Pov + (Qov)*rot Qov)

in L2(€2)? for v € Xo; see (4.21) below for the estimate of || Qo ((Qov)*rot Qov) HLQ(Q).

After proving Theorem 1.1 and 1.2, we revisit Theorem 1.2 in order to study the qualita-
tive behavior of solutions. By fixing the external force f € Y, we consider the fast rotation
limit || — oo for the solution (v, q) = (v(®), ¢(®) to (NS,). The results are summarized
in Theorem 1.3, which will be proved in Subsection 4.4.
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4.1 Useful estimates on (S,)

Before we give the proofs of Theorems 1.1 and 1.2, let us restate the main estimates for the
linearized problem (S, ) for general a, which will be used throughout this section, as well
as some specific estimates corresponding to |ar| > 1.

4.1.1 The case of general o

Let « € R\ {0} and f € Y, and let (v,q) € X X Wlicl(ﬁ) be the unique solution
to (S,) given in Proposition 3.1. For notational simplicity, we denote by v'°% and vheh,
respectively, the low and high frequency parts of Qguv:

oV Z P, ohish . Z Pov. “3)
1<|n|<14+4/2|c| [n|>14+/2|c|
From the estimates (3.5) and (3.9) in Proposition 3.1, we have
C 1
10| L2y < —1 (1 + —) 1190l 220 » (4.4)
a2 a2
high C
[v™8 | 22y < mHQofHL2(Q)7 (4.5)
and from (3.8) and (3.12) in the same proposition, we have the estimates for the derivatives.
1
V0 20y < C(1+ | )10 Sl 20y » (4.6)
o2
high c
Vo | p2(q) < B 1Qofllz20) - (4.7)
o2

For the fixed point argument in the space X, the estimate of } -~ [[Ppv|[1(q) is also
needed. In the case 0 < |a| < 1, (3.7) and (3.11) in Proposition 3.1, and the Holder
inequality for sequences lead to

C 1
S Pl < —5 Y. —5IPaflre)
n|>1 ol o5t Inle
c 1 .2
= 3 ( Z ;)2 HQOJCHLQ(Q) )
o] 4 In|>1 In|2
which implies
C
> NPwvllzoe) < —5 1190 fll 20y (4.8)
nl>1 B
In the case |«| > 1 we have from (3.7),
C
nU|Le(Q) > T 0J 11L2(Q2) » .
[Pl < — Qo (4.9)
1<|n|<14+/2]a] Bk
and from (3.11) with the Holder inequality,
C
Y Pl € —1119Q0f 2 - (4.10)

1
[0 >1++/2la] o>
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4.1.2 The case of large ||

Now let us consider the special case when |a| > 1. Thanks to the boundary layer analysis in
Proposition 3.2, we have a better estimate for the linearized problem (S,,) in terms of decay
in the parameter |an|. Given the parameter  defined in Proposition 3.2 we assume that ||
is large enough, as required in Proposition 3.2, and let us truncate frequencies, similarly
to (4.3), as follows:

low,x .__ high,x ._
v = Z 173”?), v = Z 177”1). @.11)
1<|n|<k|al2 In|>k|al2
Then thanks to (3.41) we know that
C

[0 20y < —511Q0f L2y » (4.12)
|| 3
OW ., K C
V! ’\\Lz(mg‘ ’lHQomem, (4.13)
o3

and

C 1.2
Yo Pl <—<( Y, )21 e
Ik n

1 1
1<n|<xlal? 1<n|<xlal?

C(log |a])2

1
2

N

1Qofllz20) - (4.14)

|

Note that the constant C' depends on x, which is fixed. One can see that the decay in terms
of || compared with (4.4), (4.6) and (4.9) are improved.

Similarly thanks to (3.9), (3.12), (3.13) and (3.15) there holds

igh,x c
[ 0P| o ) < mHQofHL?(Q), (4.15)
igh,x c
vauh gh, HLQ(Q) < ’ ‘% ||Q0f||L2(Q) . (416)
«

Finally from (3.11), (3.14) and the Holder inequality, we derive

C
> APwvlre) < —<11Q0fllz2(0) (4.17)

a2

1
In|>k|al2

4.2 Proof for general o

In this subsection we prove Theorem 1.1, by means of a fixed point argument. The solutions
to (NS,,) will be found in the closed convex set B 5. of Xo defined as follows:

B = B(5,,62,63,00).¢

= {h e Xy HPOhHLoo(Q) + vaohHLOO(Q) < 6‘04’61 ,

190kl L2 < elal®, IV Qohllr2i) < elal™, Y [1Pahlliee() < elal‘s‘*},
In|>1
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where we have set § := (01, 02, 03, 04), and the numbers d1, . . ., 44 and the positive number €
will be chosen later. For any h € Bie’ let (vp, gn) be the unique solution constructed in
Proposition 3.1 to the linear system

—Avy, — ozt -V, —vib) + Vg, + aUrrotv, = G(h) + f, x e,
dive, = 0, e, (4.18)
v, = 0, S 89,
where the function G is defined in (4.1).

Let us start with the estimate of G(h) in the space Y. The first two terms in the right-
hand side of (4.1) with v replaced by h can be estimated as

1Q0 ((Poh) " rot Qoh) [l 12(q) + [1Q0 ((Qoh) "ot Poh) || 12(q)
= (D Pk rot Puhl[Faio))? + (Y I(Pah) rot PohllZzi)? (419

In|>1 [n|>1

< |[Pohll o) IV Qohllr2(q) + IVPoh| Lo ()| Qobll L2 (0 -

For the last term in the right-hand side of (4.1) with v replaced by h, we observe that

Pn((Qoh)trot Qoh) = Y (Pph) rot Py_ih.
kezZ\{0,n}

Then, applying the Holder inequality we have

1Po((Qoh) 1ot Qoh) iy < D IPebllr2@)IP-kVhll 20
kez\{0} (4.20)

< [|Qohll 2 IV Qohll 2 (q) -

and the Young inequality for sequences implies that

NI

1Q0 ((Qoh)* ot Qoh) |20y = ( Z [P (Qoh) ot QOhH%%Q))

[n|>1

< ( Z ( Z HpthLOO(Q)||V7Dn—kh”L2(Q))2>
|n|>1 kezZ\{0,n}

< (D IPahlle(e)) IVQohll 2o -

In[>1

SIS

4.21)

Next we estimate the difference G(h1)) — G(h()) for h(V 12 € X. Setting h =
(WD, k@) for simplicity, we define the function H (h) on B _ x By _as
H(h) == G(hY) - G(h?)
= Q0<(730h(1) — Poh®)trot Qoh™M + (Poh@)rot (QohY — Qo)
(4.22)
+(Qoh® — Qoh®) 1ot PohV 4 (Quh®) Lot (Poh® — Py h(2>)>

+ (Qoh™ — Qoh®)rot Qoh M + (Qoh™)rot (QohM) — Quh ) .
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The following estimates on H (h) are obtained in the same way as (4.19)-(4.21):

[PoH (D)1 < (IVQohM |l 120y + [1Q0h® || 20y ) B — hP) | x, (4.23)
1QoH (h)|r2(0) < (HVQOh(l)HL?(Q) + 1208 1120y + IVPohY || Lo @)

1Py + D2 IPah@llpey ) 1K = hDlx, . @24)

In|>1

From (4.19)-(4.21), (4.23)-(4.24), and the definition of Bé’e’ we obtain the following esti-
mates on G(h) and H(h) in Y.

[PoG (M)l 110y < €¥]al®T% (4.25)
1Q0G (1)l 120 < (|l %2 + |a|*1F5 4 o) 3+01) (4.26)
[PoH ()| 11 () < e(|af® + |af®) |n) = hP||x, | (4.27)
1QoH (h)||r2() < (o’ + |a|® + [’ + |a|*) [|h) — h?||x, . (4.28)

Now let us define the mapping ® : By — X by setting ®[h] := vj,, where vy, is the
unique solution to (4.18). Our aim is to show that
(i) @ is Lipschitz continuous on Bj _in the topology of Xo. Namely, there exists 7 € (0, 1)
such that [|®[h(M] — @[h®)]| x, < 7]|hY) — h?)| x, for any h), A € B;

(ii)) @ is a mapping from Bfis into Bfis’ if the pair (5, €) and the external force f =

(Pof, Qof) €Y satisfy a suitable condition.

For convenience in the following proof, let K} and K> denote the largest constant C' (larger
than 1 without loss of generality) appearing in (3.4), (4.4)-(4.8), and (3.4), (4.4)-(4.7), (4.9)-
(4.10), respectively.

We first show (i). Forany h = (b, h(?) € Bz x Bs_, we observe that the differ-
ences up, := ®[AM] — &[] and py, := q;,1) — g, solve the following system:

—Aup, — a(zt - Vup — up) + Vpp + aUtrotuy, = H(h), x €,
divup = 0, x €,
up = 0, x € 00,

where H (h) is defined in (4.22). We consider the case 0 < |a| < 1. Then for any h("), h(?)
in X, by (3.4) and (4.4)-(4.8) combined with (4.27)-(4.28), we see that

@[N] — ®[rP]||x,
= ||Poun|l £ (@) + VPounl roe(0) + | Qounll r2() + IV Qounllzzy + D Prunllz<(q)

In|>1
< K PO () 130y + o QW) 20
< 8Kie(ja| 7+ fal™ 7 4 ol o) R = h®
Hence, if we choose the pair (5, €) to satisfy
§;>1 for j=1...4, O<e<L when 0<|a| <1, (4.29)

32K’
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then the mapping @ is Lipschitz continuous on the set By . For the case |a| > 1, from the
estimates (3.4), (4.4)-(4.7), and (4.9)-(4.10) combined w1th (4.27)-(4.28), we have

|@[hM] = [AP]| x, < K2l|PoH(h)|| 1) + 8K QoH (h)] 12(0)
< 9K 1€ ([af’t + ol + [al® + ) IR — by, . (430)
Then we obtain the next condition

1
0; <0 for j=1...4, 0<6<TK2, when |a|>1, 4.31)

for the Lipschitz continuity of ® on By . We have shown (i) provided the pair (5’ , €) satisfies
the conditions (4.29) or (4.31).

Next we prove (ii). In the case 0 < |a| < 1, the estimates (3.4) and (4.25) imply
[Po®[h]l| oo () + IVPo@[A]| oo () < K1 ([[(PoG(h))all Ly + I1(Pof)oll L))
<K (€ 4+ [(Pofollr @), (432
for any h € Xg. From (4.4)-(4.5), (4.6)-(4.7), and (4.26) we have,
3K
1Q0®[R]l[12(0) < |—|1(||QoG( Mz + Qo fllz2 (@)
< 3K, (6 (‘a’61+62—1 + ‘a’51+63—1 + ’a‘53+64—1) + !06\_1HQofHL2(Q)> 7
3K1
Ial

< 3K, (62(|a|61+62—% + |a|61+63—% + |a|63+54—%) + |a|_%HQOfHL2(Q)) ,

IV Qo®[h]l| L2 (0 - (1Q0G (M)l r2(0) + 11Q0f Il 22(@))

and

Y IPa@lll (o) <

[n|>1 ’ ‘

SKl( (‘a’61+62 4+‘04’61+63 4+‘04’63+64 4)_|_’Oé‘ 4HQ0fHL2 )

(||Q0G( N2y + 190 fllr2@))

Hence, recalling the condition (4.29), if we choose the pair (5’ ,€)and f € Y to satisfy

1
0 = 0o =03 =04 =1, 0<6<32K1 when 0<|Oé|<1, (4.33)

and

[(PofollLre) < 2[(‘ al, [1Qofllrz@) < 6K

then ® defines a mapping from By _ into itself.

In the case || > 1, we have (4.32) with K replaced by K5, and moreover, from (4.4)-(4.5),
(4.6)-(4.7), and (4. 9)—(4 10), along with (4.26), we have

(HQOG( Mz + 1Q0fll2@))

—|af*, when 0<la| <1, (4.34)

1L @Al 12(0) <

al?
§3Kz( 2(af 149273 4 |01+ 3 4 o) H073) 4 o] 7| Qo f |l 2o ) (4.35)
IV Qo®[h]ll12(0) < 3K2(QuG (M)l 20 + Q01 12(0))
< 3K (A(|af™ 2 + a5 + [l + Qo f 20y ) (4.36)
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and
2
> Pr@[B) | o0 <
nl>1 ali

< 92K, (62(|a|61+62—i + |a|61+63—i + |a|63+54—i) + |a|_%HQOfHL2(Q)) . (4.37)

2

= (120G (M)l 120 + 190 Il 12(0))

Then recalling (4.31), if the pair (8, ¢) and f € Y satisfy

1
01 = 09 = 03 = 04 = 0, 0<6<TK2, when |a|>1, (4.38)
and
€
[(Pof)ollLra) < 2K 1Qofllz2(0) < 6K when o] > 1, (4.39)

then we see that ¢ defines a mapping ® : By = — By,

Now we have shown that the mapping (I) deﬁnes a contraction on By _under the condi-
tions (4.33) and (4.34) when 0 < |o| < 1, and under (4.38) and (4.39) when |a] > 1. Then
there is a unique fixed point of ® in the closed convex set Baﬁ. Hence we finally obtain a
unique solution to the nonlinear problem (N\SQ) in B 5

The estimates in Theorem 1.1 are obtained as follows. We consider only the case
0 < |a] < 1, in particular the estimates (1.9)-(1.12), since the case |o| > 1 can be
handled similarly. Let v denote the unique fixed point of ® in By . Applying the linear

estimates (4.4) and (4.5) to (N\Sa) along with (4.19)-(4.21) we see that

3K1

= Tol
<3K1

1Qov|l 2 (120G ()l 2y + Q0 f1 L2(0))

(IPovll 00 1V Qovllz2(0) + IV Povll e @) | Qovll 20y

+ (2 Pavlze) 1Qovllzz@) + 1 QoS )

In|>1

3K
< 3K1¢([|VQoull 20y + 2/ Qovll 20 )+‘—’1\|Qof\|L2

In the last inequality we have applied the bounds derived from the assumption v € By
with §; = 1 for all j. Since 0 < 6Ke < % under the choice of € in (4.33), we obtain

15K1
4 |af

On the other hand, if we apply (4.6) and (4.7) to (1@&), then we have by the same argument

15
[Qovllr2(0) < zKlfHVQOUHB(Q) 1Q0f 2 () - (4.40)

3K
IV Qov]l 12y < ’ ‘1(||Q0G( Mz + 1902 @)
o
1 1 3K
< 6K1elal?||Qovl|r2(q) + 3K1€lal 2|V Qoul|r2(q) + 11 190|220 -
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Inserting (4.40) in the above inequality, and by the smallness of K; € again, we see that
C
[VQovllr2) < —’ T 1Q0f 220 »
o2

which implies the estimate (1.12). We can obtain (1.10) by (4.40) combined with (1.12)
with the condition 0 < || < 1. For the estimate (1.11), by (4.8), (4.19) and (4.21), and the
condition v € By _with ; = 1 for all j we have

> APwvlipoeqy <

|n|>1 ’04\

(HQOG( )2 + 1Q0fllr2)

1
< Kiela] 1 ([VQoull 12 (0 + 2[1Qovll 12(q)) +

Ial

which combined with (1.10) and (1.12) leads to (1.11). The estimate (1.9) follows from
(3.4) and the nonlinear estimate (4.20) with A replaced by v. This completes the proof of
Theorem 1.1. O

4.3 Proof for large |«|

In this subsection we prove Theorem 1.2. We adopt the same notation as in the proof of
Theorem 1.1 of the previous subsection. Let K3 denote the largest constant of C' (larger
than 1 without loss of generality) appearing in (3.4) and (4.12)-(4.17) for convenience.

We show that the mapping @ is a contraction on the set B 5 For the Lipschitz continuity
of ® on B 5 We observe that the estimate (4.30) is improved in terms of the decay in |«
into

@[] = 2[h®]|lx, < K5l (PoH ()l 110 |6(f|(3 |QoH (B)[| 20
< TKze (|af 75 + o] + o] + [af75) [|A) = b,
Hence, if we choose the pair (5 , €) to satisfy
5§1 0 <0, 63<0, 54§1, O<€<L, (4.41)
37 3 28K3

then the mapping ® is Lipschitz continuous on By .
Next we check that @ is a mapping from By mto B 5 .- We have (4.32) with K replaced
by K3, and we see that (4.35)-(4.37) are 1mproved n terms of decay in |« respectively to

2K
1Qo® (Al 120 :(HQOG( Nirz@) + 190 l120))
«
< 2K3( (]a\51+52 3 4+ ’a‘51+53 34 ’a‘53+54 3) + ]a\ 3HQOJCHL2 Q))
2K3
IV Qo®@[h]l| 120 | g = (120G (M)l 120y + 190 12(02))
@

§2K3( (’a‘61+62 3+’a‘61+63 3+’a‘63+54 3)4_’04‘ SHQOfHLQ Q))
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and
1
2K3(log |al)2
S Pl ey < 2229812 100 A 2 gy + 1107 2000
n|>1 a2

< 2K3(e(10g a])F (Ja|F027F 4 o1 H0F 4 o for0d)
1 _1
+ (log al) o] 2| Qo f =) ) -

Then, under the condition (4.41), if we choose the pair (5 ,€)and f € Y to satisfy

1
1 4 30 %2 3 ; <6<28K3’

(4.42)

and

[(PofollLro) < 2[( R NER 1QofllL2(0) < 6K a3, (4.43)

then @ defines a mapping ® : By — B; . Now we have shown that ® is a contraction
on B 5. 1If we assume the condltlons 4. 42) and (4.43). Hence there exists a unique fixed
pomt v of ® in B = . The estimates (1.22)-(1.25) can be obtained in the same way as in the
proof of Theorem 1 1. This completes the proof of Theorem 1.2. O

4.4 Proof of Theorem 1.3

This subsection is devoted to the proof of Theorem 1.3. For a given f € Y, let us take
a € R large enough to satisfy both the condition (1.21) in Theorem 1.2 and the assumption
in Proposition 3.2. Then, from Theorem 1.2 we see that there exists a solution (v(®), ¢(®))
in X x VV1 1( ) to (NSQ) satisfying the estimates (1.22)-(1.25). Hence, the proof will be
completed as soon as we show all the estimates in Theorem 1.3 and the decomposition (1.27)
of v(®). Note that v(*) also solves the system (1<T\Sa), which is introduced in the beginning
of this section, with a suitable new pressure §(®) € I/Vi)c1 Q).

We deduce the estimate (1.26) from the triangle inequality

(a) hnear

HLOO(Q < HQOU )HLOO(Q) + H'Pov(a) hnearH Loo (@)

< Z HPNU(G)HLW(Q) + [[Pov® — U%)mearHLoo(Q)- (4.44)

In>1

lv

Since v := Pyu(®) — ylinear ¢ VVO1 *°(Q)? is a solution to the next system

—Av—a(zt - Vo—ovb) + Vg4 aUtrotv = =Py ((Qov)lrot Qm}) \ r €Q,

dive = 0, e,
v =20, x € 0N,

with some pressure ¢ € VV;OC1 (ﬁ), we have from (3.4) and (4.20) with h replaced by v(@),
[Pov® — o™ || oo () < CJ|Q0v ™ || 20 IV Qo0 || 12 - (4.45)

Then, by (4.44)-(4.45) along with (1.23)-(1.25) we obtain the estimate (1.26).
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The decomposition (1.27) and the related estimates iollow from the results in Proposi-
tion 3.2. Indeed, we know that (v(o‘), cj(o‘)) solves (NS,), and we have the next estimate
of HPnG(v(a))HLz(Q), which is uniform both in [n| > 1 and |a|, combined with esti-
mates (1.22)-(1.25):

1PnG )| L2y < 1Q0G® )] 120

< [|Qo((Pov @) 1ot Qo) || 12 g + [ Qo ((Quo ™) 1ot Pov @) || 2
+ ]| Qo ((Qov'™) Frot Qpv(™) HLQ(Q)

< [ Pov | oo (@) IV Qoo @ [l 2(2) + VP00 ™ || ooy | Qo0 | 2
+ (32 1P @ () 19 Q00 2y

In|>1
where the nonlinear estimates (4.19) and (4.21) with h replaced by v(@ are applied. The

proof of Theorem 1.3 is complete. O

A Solving the boundary layer equation: proof of Lemma 3.7

In this section we prove Lemma 3.7. All the results concerning the Airy function can be
found for instance in [1], Chapter 10. Let us first recall that a solution to the Airy equation

d*f(p)
dp?

—pf(p)=0 inR

is given by the Airy function Ai, which can be extended as an entire analytic function on C
satisfying
d*f ()
dz?
It is the inverse Fourier transform of

—2f(2)=0 inC. (A.1)

)
£ exp (%)

and satisfies

1 1
Ai(0) = 5——=—, AI'(0)=—— ,
33T (3) 35T (3)
where I is the Gamma function. Moreover
. _1 2 3
Ai(2) ~psyoe 2 T exp ((— 522) , largz| <m—¢€, €>0. (A.2)

The results (3.78) and (3.80) are easy consequences of (A.2). Indeed we can write

_nlg

o 2\71,\
|C0,n,a|_1 = ‘/ e 181 / e 18 A1 (c— 5+)\2) dsdt|,
0

where \ = IT‘L‘;'* with 3] = (2|an|)s and cy = @ (hence % = \?), and therefore

|Co.n.a| ™! is bounded uniformly in the set {(n,a) € Zx R ||a] > 1, 1 < |n| < |a|%}
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thanks to (A.2). The result (3.80) is obtained in the same way. As to (3.79), it is known (see
for instance [1] page 449) that
o
1
/ Ai(s)ds = =,
0 3

o0
so the result follows by continuity of the map p / e M5 Ai(s+ p?) ds. This concludes
0
the proof of Lemma 3.7. O
B Proof of the interpolation inequality (3.28)

We may assume that g € W12((1, 00); 7 dr) is nontrivial. Let § € (0, 1] be a fixed number
which will be determined later. Then we have

o0
9220 = 27 / g dr

1446 ) C 2 2 ) )
< C'/ rdr|gllTee (1,00)) g/ |g| rdr+C’/ |g| rdr
1 146
c \/— V2 —1
< CdllgllTeo (1,000 + 5 i — 9l 72y + CH79H%2(Q) : (B.1)
Let us take
_ |3 @)
HgHLoo((1,oo)) + Y= 9HL2(Q
Then
ViZ =1 ViZ=1
HQH%Q(Q) < CHTQHLQ(Q)HgHLOO((l,oo)) + CHTQH%Q(Q) : (B.2)

The estimate (B.2) combined with the standard interpolation inequality

1 1 1 1
||9HL°°((1,oo)) < C‘|ar9||z2((17oo))||9H22((17OO)) < C‘WTQHE%Q)HQHE%Q)

yields
Vr2—1 4 2 VrZ —1

1910y < CI=l1 32 011l a0 + CIE—"013 0 -

The proof of (3.28) is complete.
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