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PDE for joint law of the pair of a continuous
diffusion and its running maximum
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Abstract

Let X be a d-dimensional diffusion process and M the running supremum of
the first component. In this paper, in case of dimension d, we first show that
for any ¢ > 0, the law of the pair (M, X;) admits a density with respect to
Lebesgue measure. In uni-dimensional case, we compute this one. This allows
us to show that for any ¢ > 0, the pair formed by the random variable X; and
the running supremum M; of X at time ¢ can be characterized as a solution
of a weakly valued-measure partial differential equation.

Keywords: Partial differential equation, running supremum process, joint
law.

A.M.S. Classification: 60J60, 60H07, 60H10.

In this paper one was interested in the joint law of the pair (a continuous diffusion
process, its running maximum). In case of a Brownian motion the result is well
known, see for instance [9]. For general Gaussian processes, the law of the maximum
is studied in [1].

Concerning the maximum law, the main part of literature is devoted to maximum
of martingales, their terminal value, their maximum at terminal time. For instance
look at Rogers et al. [15, 7, 2]. Cox-Obloj [5] aim, given a price process S, is to
exhibit an hedging strategy of the so-called “no touch option”, meaning that the
payoff is the indicator of the set {S7 < b;S; > a}. They are not concerned with
the law of the pair (process, its running maximum). A lot of papers are mainly
interested in the hedging of barrier option, for instance |[2|.

*coutin@math.univ-toulouse.fr, IMT.
Tpontier@math.univ-toulouse.fr, IMT: Institut Mathématique de Toulouse, Université Paul
Sabatier, 31062 Toulouse, France.



The case of general Lévy processes is studied by Doney and Kyprianou [6]. In
particular cases driven by a Brownian motion and a compound Poisson process,
Roynette-Vallois-Volpi [16] provide the Laplace transform of undershot-overshot-
hitting time law. In [11, 4] a weak partial integro differential equation for the pair
(process-its running maximu) law density is done. Lagnoux-Mercier-Vallois [10]
provide the law density of such a pair, but in case of reflected Brownian motion.

Concerning the diffusion processes, for instance the Ornstein Uhlenbeck process,
the density of the running maximum law is given in [13]. Quote Yor et al. [9] for
the one dimensional diffusion process: a PDE is obtained for the law density of the
process stopped before hitting a moving barrier. In [8] a multi-dimensional diffusion
(whose corresponding diffusion vector fields are commutative) joint distribution is
studied at the time when a component attains its maximum on finite time interval;
under regularity and ellipticity conditions the smoothness of this joint distribution
is proved.

In [4] a Lévy process (X;,t > 0), starting from zero, right continuous left limited
is considered: X is the sum of a drifted Brownian motion and a compound Poisson
process, called a mixed diffusive-jump process, then the density function of the pair
formed by the random variable X; and its running supremum M; is provided. Fi-
nally we quote [3] which proves that the hitting time law admits a density and we
here use some of its basic ideas.

We here look for more general (but continuous) cases where this density exists.
We have results in d—dimensional case, but without closed expression. In uni-
dimensional case we get the existence and a closed expression for the joint law
density.

The model is as following: on a filtered probability space (Q, (F; = o(W,, u <
t))e>0,P) where W := (W,, u > 0) is a d-dimensional Brownian motion. Let a
diffusion process taking its values in R9, solution to

d
dX, = B(X,)dt + > Ay(X,)dW;, Xo=z€ R’ t>0,

i=1
where B: R? — R? and A: R? — R4 gatisfy
Aand B e C}. (1)

Let M; := sup,., X}. We first prove that the law of V; = (M, X;) is absolutely
continuous with respect to the Lebesgue measure in a general case with some stan-
dard assumptions on the coefficients A and B. Then in Section 2, we turn to the
uni-dimensional case. Here the density of the pair (process, running maximum)
is provided in a weak form. Section 3 is devoted to prove a PDE concerning this
density. Finally, an Appendix gives some tools and intermediate results.



1 The law of V; is absolutely continuous

Here it is proved that for any ¢ > 0, the joint law of V; := (M,, X;) admits a density
with respect to the Lebesgue measure. For this purpose, we use “Malliavin calculus”
specifically Nualart’s results [12].

Proposition 1.1. We assume that B and A satisfy Assumption (1) and there exists
a constant ¢ > 0 such that

clv|]* < VA(2)A(z) v, Vv,z R (2)

Then the joint law of Vi := (M, X;) admits a density with respect to the Lebesque
measure for all t > 0.

The next subsection recalls some useful definitions and results.

1.1  Short Malliavin calculus summary

The material of this subsection is taken in section 1.2 of [12]. Let H = L?([0, T],R¢)
endowed with the usual scalar product (., )m and the associated norm |||/
For all h, h € H,

W= [ " haw;

is a centered Gaussian variable with variance equal to ||2]|4. If (h, h)g = 0 then the

random variables W (h) and W (h) are independent.
Let & denote the class of smooth random variables F' defined as following:

F=f(W(h1), ..., W(hn)) (W (1), ..., W(hy)) (3)
where n € N, hy,...,h, € H and f belongs to C,(R").

Definition 1.2. The derivative of a smooth variable F' as (3) is the H valued random
variable given by

DF = iaif(W(hl), o W ().

Proposition 1.3. The operator D is closable from LP(Q) into LP(Q,H) for any
p=> 1

For any p > 1, we denote the domain of the operator D in LP(£2) by D' meaning
that DY? is the closure of the class of smooth random variables S with respect to

the norm
1
IF |1, = [E[|FI”] + E[|DF|[R]) .

Malliavin calculus is a powerful tool to prove the absolute continuity of random
variables law. Namely Theorem 2.1.2 page 97 [12] states:
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Theorem 1.4. Let F' = (F',...,F™) be a random vector satisfying the following
conditions

(i) F' belongs to D for p > 1 for alli=1,...,m,

(i) the Malliavin matriz yp = ((DF', DF7)u),; .o, is invertible.
Then the law of F' is absolutely continuous with respect to the Lebesque measure on
R™.

According to this theorem, the proof of Proposition 1.1 will be a consequence
of the following that we have to prove:

e X/, i=1,...,d and M, belongs to D'* p > 1, Lemma 1.5;
e the (d+ 1) x (d + 1) matrix yy(t) := ((DV}, DV/))1<ij<as1 is almost surely

invertible, Proposition 1.6.

1.2 Malliavin differentiability of the supremum

Lemma 1.5. We assume that B and A satisfy Assumption (1)
then X!, i=1,...,d and M, belongs to D ¥p > 1 for all t > 0.

Proof. Using Theorem 2.2.1 [12|, under Assumption (1),

e X! i=1,d belong to DY for all t > 0,

o Vi <T,Vp>0,Vi=1,---,d, there exists a constant C7. such that
sup E ( sup ’DTX;’p> =Cy < CF < o0, (4)
0<r<t r<s<T

e the Malliavin derivative D, X; satisfies D, X; = 0 for r > t almost surely and
for r <t almost surely, using Einstein’s convention:

t . t .
D,Xi = A(X,) + / A (5)D, (XHY W + / BL(s)D,(X )ds  (5)

where Ay o(5) := Oy Ao (X,) and By := 0, B(X,) are in R%.

In order to prove that M; belongs to D'? we follow the same lines as the proof of
Nualart’s Proposition 2.1.10 with index p instead of 2. Then, for any ¢ =1,...,d, we
establish that the H valued process (D X}, t € [0,T]) has a continuous modification
and satisfies E(|| D X} |[%,) < oo.

We now use Appendix (A.11) in Nualart [12], as a corollary of Kolmogorov’s conti-
nuity criterion. Namely if there exist positive real numbers o, 8, K such that

E(||IDX{., - DX{|%] < Kr'*F, vt >0,7>0



then DX admits a continuous modification. Moreover E(sup,c o 7 [|D-X:|[f) < oo.
Let 7 > 0, Equation (5) yields

ArDi(X]) 1 = Dy(Xi,,) — Dy(X)
max(t+7,r) — max(t+7,r) .
= [ B (s [ A D e
max(r,t) max(r,t)

Using the definition of H

max(t+7,r) — max(t+7,r)
IA.D.(X}) H]HI_/ / )Dr(Xf)der/ Ay, o(8) D (XE)aw e Pdr.

ax(r,t) max(r,t)

According to Jensen’s inequality for p > 2

max(t+7,r) ; max(t+7,r) .
|A-D (X)) < T / / R () Dy (XD)ds+ / Ay o($)D (XE) AW Pdr.

ax(r,t)

Using (a + b)? < 2P~ 1(a? + bP),

max(r,t)

T t+7 . t+1
A7 D (X[ < 2°7 1T_l/o {I t By(s)D (Xk)d5|p+| Ay, o () Dp (XE)AW 2P| dr.

The expectation of the first term is bounded using Jensen’s inequality and (4) for any
r € [0,7T):

t+17 . _
B[l [ BoD x| < 1Bl s £ swp D27 = Bl CE
t r<s<

Using once again (4), Burkholder-Davis Gundy’ and Jensen’s inequalities, the expectation
of the second term satisfies for any r € [0,T7:

T t+1 .
E [!/t ZZ,a(S)Dr(Xf)olWSO‘VD] < C,E [(/t (A}, o (5) Dy (X5)[2ds)P/?

o t+7 ) _
< Gyl A|[B 77! E( sup |Dn(X)[P)ds < Cp||A|5 7>~ Cpr,
t r<s<T

thus for any 7 € [0,1] there exists a constant D = TP/22P/2=1CL (| B| |5 1P/2 + C,[A||%)
such that for any ¢ = 1, ...d,
E[|D.(X{+7) = D.(X{)II}) < D7,

Kolmogorov’s lemma applied to the process {D (X;), t € [0,T]}, taking it values in the
Hilbert space H, proves the existence of a continuous version, meaning: there exist positive
real numbers «, 8, K such that

E[|D.(X{;) — D(XDIH] < K.

With a =p > 2, f=p/2—1, K = D, we get the existence of a continuous version of the
process t — D (X;) from [0,7] to the Hilbert space H. Finally, we conclude as Nualart’s
Proposition 2.1.10 proof with index p instead of 2. .



1.3 Invertibility of the Malliavin matrix

Proposition 1.6. Assume that B and A are in Cl} and there exists a constant ¢ > 0 such
that
cllv]|? < v A(z)A(z)v, VYveR? VeeR?

then for all t > 0 the matriz vy (t) = (<DVti,Dth>H)1§i,jgd+1 is almost surely invertible.
Proof. The key is to introduce a new matrix which will be invertible:
for all (s,t), 0<s<t, ~va(st):= ((DGi(s,t),DGj(s,t))H)1§i7j§2(d+1) (6)

where G¥(s,t) := X}, i=1,...,d and G(s,t) = X!, i=1,...,
On another hand we will prove, t > 0 being fixed, P(X} = M;) =
Step 1: We introduce

e Nii:={w,Is€0,t], DX!# DM, and X!= M},

d.
0.

o Ny :={w,3s€[0,t], det(ya(s,t)) =0},
o N3, :={w, X} =M},
o« Ni={w, det(y (1) =0}
Then,
N, C (N0 m?:lNic,t) U Nig.

Proof. Note that P(N; N ﬂg’leth) = 0. Indeed if w € Ny N ﬂf’le{it, since X! admits a
continuous modification there exists so such that X 810 = M. The fact that w € N3, implies
that so < t, and vy (t) = (FiG’j(so,t))(iyj)e{l,.,,,dﬂ}z is a sub matrix of yg(so,t). The fact
that vy () is not invertible contradicts the fact that vg(so,t) is invertible. Then, it remains
to prove that P(N;;) =0fori=1,--- ,d+ 1.

Step 2: Using the same lines as the proof of Proposition 2.1.11 [12], we prove that almost
surely

{s: X}=M}c{s: DM, =DX!}}

meaning P(N; ;) = 0. We skip the details for simplicity.
Step 3: For all t> 0, almost surely for all s < ¢, the 2d x 2d matrix yg(s,t) is invertible,
meaning that V¢, the event Na; is negligible.

Proof. This matrix vg(s,t) is symmetrical and using (2.59) and (2.60) in [12] yields:

Y)Y (1) Y(S)C(S)Y(t)’>

na(s 1) = < Y(£C(8)Y (s) ¥ (s)C(s)Y (s) (@)

where, using Einstein’s convention to avoid > ., Yy 2 -
t o
Chi(e) = [ Y wiAR )Y W AF (X)du
0

. t_ t_.
0 0



Let us denote o . .
C* (s,t) :== CY(t) — C*"(s).

According to (2.58) [12] there exists a process Z such that almost surely for all h € [0, T]
Z(h)Y (h) =1d

thus for all ¢ the matrices Y (¢) are invertible.
Actually for all ¢ and j

Vi =Y+ [ Dywdvi+ [ By

and multiplying this equality by Y (s)~! one deduces:
t t
Y(t)Y(s)™' =1Id +/ A (W)Y (W)Y (s) tdW! + / B(u)Y (u)Y(s) 'ds

so the (d,d) matrix Y (s,t) := Y ()Y (s)~! is invertible.
Then v¢(s,t) (7) can be rewritten as a matrix composed with four (d, d) blocks:

~o(s,t) i= ( Y (s,t)Y (5)[C(s) + C(s,0)]Y (s)Y (s,t) Y (s)C(5)Y ()Y (s,t) )
o Y(s,t)Y (s)C(s)Y (s) Y(s)C(s)Y(s)

The second line of blocks multiplied by Y(s,t)" and this one subtracted to the first line
yield:

| Y(s, )Y (s)C(s,t)Y (s)'Y (s,t) 0
det [ya(s, 1)) = ’ Y (s,8)Y(s)C(s)Y (s) Y (s)C(s)Y (s)

The properties of block trigonal matrix determinants prove that
det [ya(s,t)] = |Y(s,t)Y(s)C(s,t)Y(s)'Y(s,t)’Y(s)C(s)Y(s)"

The processes Z are Y are diffusion processes so each of them admits a continuous
modification satisfying Z(h)Y (k) = Id, Vh € [0,T]. Thus, almost surely the continuous
process Z is invertible so satisfies almost surely for all 0 < s <t < T

/t det(Z(h))%dh > 0.
Let o(x) = Y20, Ay(x)Ay(x)'. Formula (2.61) page 127 [12] shows
C(s) = /0 YL R (X)) (Y ()Y dh, C(s,t) = / Y o (X (Y ()Y dh

We now follow the proof of Theorem 2.3.1 page 127 [12]: for v € R%, using the uniform
ellipticity Assumption (2)

v'o(Xs)v > clvf?, Vs.



With v = (Y(h)™1)u we get
W'Y (h)Lo(Xp) (Y (h) ™Y u > e Y (h) LY ()™ u

and

/ _ Su/ —10 —1/u c Su/ -1 —llu :cu2 B e 2 )
W C(s)u = /0 Y (1) o (X ()Y ()Y udh > /0 Y ()Y () udh = el /0 det(Z(h))%dh

Similarly
u/'C(s,t)u = /t 'Y (h) Lo (X (h)(Y (h) ™Y udh > c|ul? /t det(Z(h))?dh.

Thus almost surely for all s €]0,¢[, C(s) and C(s,t) are invertible. As a consequence,
the matrix (s, t) is invertible.
The process t — D (X;) taking its values in H admits a continuous modification and the
sets of invertible matrix is an open set then,

P({w,3s € [0,t[, det(ya(s,t)) =0}) =P(Nay) =0.

[
Step 4: Under Assumptions (1) and (2), time ¢ being fixed, almost surely M; > X} meaning
the event N3 is negligible.

Proof. For sake of completeness we prove this result, more or less included in Proposition
18 [8] but stronger assumptions are used there.
The set {M; = X}'} is detailed as follows:

{w, My(w) = X{ (0)} (8)
={w,3s<t| Yue[st], X w) =X (w}Iu{w Vu<t, X(w) <X} (W)}

Using (1) and (2), A~!B is bounded, thus an equivalent change of equivalent probability
measure can be operated using Girsanov Theorem: the probability measure Py is defined
as

dPy

t ) ) 1 t
_ - _ —1\¢ i -1 2
B = e Lo exp( /O(BA V(X)W 2/0 I(BA~Y(X,)|| ds>.

Then X! is a (F,Py) martingale:

t
X! = x¢ +/ § AN (X ) dWY (9)
0 -
J

where W is a (F,P°) d-dimensional Brownian motion. The bracket of X!, actually inde-
pendent of the probability measure in continuous case, is

1 w1y ! 1, 2,44
<X,X>t—/0;<A J(X,))2ds.



Assumption (2) on A applied to v = (1,0, ..., 0) implies that for any z, > AYI(2)AYI (z) >
c > 0. This have two consequences:
e For all rational numbers ¢ < ¢’ in [0, T

(XL XY,y — (XL XY, > e(d —q) > 0.

According to Proposition 1.13 page 119 [14], for all rational numbers ¢ < ¢’ in [0,7] X1 is
not constant on the interval [g¢, ¢']. But

fw.3s >t ue s, Xhw@) = X}w)} C Upeyer, qrealel ue fo.q), X1w) = X @)
thus
Py ({w] 3s > t, Vu € [s,1], X,(w) =X} (w)}) =0.
The probability measures Py and P are equivalent so
P ({w,3s > t| Vu € [s,1], Xo(w) = X{(w)}) = 0. (10)

e Using Dambis-Dubins-Schwarz’ Theorem (cf.Theorem 1.6 Chapter V [14]), and once
again that z:j(Al’j(Xs))2 > ¢, then

ey, [T 1j 206 — 4o0.
<X,X>oo—/0 ;@4 (X,)2ds = +

So there exists a Pg Brownian motion B such that
X' (t) = Bix1 x1y,, Vt>0.

Here is followed step by step the proof of Theorem 2.7 Chapter I [14] (Lévy’s modulus of
continuity), but without absolute value: for all N € R

By, — B
Py | limsup sup % =1 =1
=0 | o<tp<N O
t1 —ta <e
where h(s) = /2slog(1/s), s € [0,1].
This is equivalent to
B, — B
Py | liminf sup % #1 =0.
o<t MO
t1 —ta<e



We remark that

{OJ, VS S [O,t],Xl(S) < Xl(t)} = {UJ, VS S [07t]7B<X1,X1>5 < B<X17X1>t}

B, — By,
C Un Up Nig>p sup W <0
0<t,ta<N
11 —ta < 1//€
C Uy lim inf sup By — B, #1
1/n—0 0<tits< N h(1/n)
t1 — 12 < 1/n

thus P ({w, Vs € [0,t], X} (w) < X}(w)}) = 0.
The probability measures P and Py are equivalent, so

P({w, Vse[0,#], X} (w) < X} (w)}) =0. (11)
Finally (8), (10), (11) prove that

P({M; = X}}) =P(N3,) = 0. (12)
As a conclusion, Proposition 1.1 proof is done.

1.4 Monotonous image of the Brownian motion

Before the study of the one-dimensional case, we start with a first simple example which
is completely solvable.

e Firstly one recalls the standard result concerning the Brownian motion. The density
of the law of (W, W;) is well known, cf. [9] Section 3.2, and is defined on R? by

2b—a) _(-a?
pw(b, a; t) =2 (\/ﬁ) e 2t 1] sup(O,a),oo[(b)- (13)

It could be checked that Theorem 3.1 provides for all ¢ > 0, a partial differentiable equation
and boundary conditions for the density of the law of V; := (W}, W}):

1
Opw (b, a;t) = §8§2pw(b, a;t), Vb>max(0,a), t>0
1
Opw=(b,t) + 5(31pw(b7 b, t) + opw (b, b,1)) = 0.

e Another case is easily deduced: the particular case of a 1—dimensional monotonous
image of the Brownian motion, as following:

dX; = O'(Xt)th+1/20/(Xt)U(Xt)dt, Xo = xg

10



with o € C! and inf,eg o(x) > ¢ > 0. Let ¢ be the solution to the differential equation

£ o(w) = olp(a)), 0(0) =9

then X = p(W). Moreover since ¢ is continuous and increasing, M = ¢@(W*) where W*
is the running maximum of the Brownian motion.
Thus, using py defined in (13), the law of the pair V; = (M, X¢) = (o(W"), p(W:)) admits

the density on R?: py (m,z;t) := U(mia(x)pv(gofl(m); o~ Y(x);t) and similarly pys(m;t) ==

s (pH(m)s ).
Standard change of variables, starting from the partial differentiable system (14), pro-
vides for all t > 0, a partial differentiable system for the density of the law of V; = (M, X;):

1 3 1
Opv (m, z;t) = 5[0'(@2 + o0’ (x)py (m, z;t) + §Ual(x)82p(m, x;t) + Qa(x)zaép(m, x;t),

30’ (m)py (m, m;t) + a(m)[0r + 202](py)(m, m;t) =0, ¥m >0, (15)
Oupat (M, ) + o (m)py (m, ms ) + %a(m)(al +00)(pv) (m, m: t) = 0.

Remark 1.7. This example is the “Example 4” in [8], but there only the law of M; is
studied instead of the pair as we do.

Remark 1.8. Note that if L is the infinitesimal generator of X then its adjoint is

L F(@) = 5[0 (@) + 00" @) () + 300" (2)F(2) + 50(a)F” (x).

The aim of the following section is to prove such results in case of one dimensional
Brownian diffusions. In Theorem 2.1 we compute the expectation of the It6 formula as [4]
Theorem 2.1 for Lévy processes. We derive the associated partial differential equations in
Section 3.

We stress that, in Proposition 2.11, we succeed to show the continuity of V' law density
closed to the diagonal and obtain useful bounds on py only in the one dimensional case.

2 Brownian diffusion model, one dimension
Let the following stochastic differential equation
dX; = B(Xpdt+ A(Xy)dW;, Xo==z, t €[0,T], (16)

where B € C}(R)) and A € CZ(R) satisfy (2), W is a Brownian motion. In particular,
Assumption (2) means that there exists ¢ > 0 such that

(*) Vz € R, A%*(z) > c.

Moreover this assumption with () above yield A~ B is bounded.
We denote V := (M, X) and we recall the notation

My =sup X,, teR.
s<t
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From Proposition 1.1, the law of the pair V; = (M, X;) admits a density. Below, a
weak PDE concerning this density is provided. The first step is the following expectation
of It6 formula.

Theorem 2.1. Let B € C}(R)) and A € CZ(R) which satisfies Assumption (2). Let be
® € CZ(R*,R),
t
1
Blow) o) = B[ [Bmem) + JAXFHeW) as
0

pV(MS7 Msv 3)
pM(MSa S)

where py(m,x,t) is the density of the law of the pair Vi and pp(.,t) is the one of M.

+ ;/OtE[alcb(MS,Ms))AQ(MS) Ids

Remark 2.2. This result is to be compared to Theorem 2.1 and Proposition 4.4 in [4].

2.1 Reduction to a Brownian plus drift

Since we are in an one dimensional setting, we use a Lamperti transformation in order
to reduce the problem to the case of a diffusion with additive noise. A priori dX; =
B(Xy)dt + A(X;)dW;. We look for an increasing function ¢ € C7 such that the coefficient
of dW would be 1. It6 formula yields

dp(Xe) = @' (X)BX)dt + 3" (X)AX(Xp)dt + ¢! (X0) ACX )W,

A sufficient condition is to choose ¢ such that ¢/ = %. As is A, ¢’ is bounded above and
below uniformly. Then Y = ¢(X) satisfies

B 1
dY; = | 7o oY) — 5A’ o NV | dt + dW;. (17)

Remark that B = % op~l— %A’ o~ € O} as a consequence of (2), A € Cf and B € C}.
Moreover ¢’ being positive, ¢ is increasing and Y;* = ¢(X;). From Proposition 1.1, the
law of the pair (Y;*,Y;) admits a density with respect to Lebesgue measure.

Lemma 2.3. We assume that B is C}(R) and A € CZ(R) satisfies (2). Then the density
law of (M, Xy) pv(.,.,t) satisfies

py+y(p(b), p(a);t)
A(b)A(a)

where ¢ is defined by ¢'(x) = % and py=y(.,.,t) is the pair (Y;*,Y:) law density.

pv(b,a;t) =

Proof. Tt is enough to identify the density law of the pair V; = (M, X;) using, for any
bounded measurable F', the following

BIF(M;, X)) = BF(¢™ (), /F (8,0 (@)py.y (5, 0 )dfda
We operate the change of variables b = ¢~1(8), a = ¢~ !(a), so dB = ¢'(b)db = ﬁdb and
da = ¢'(a)da = mda get the result. °
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Proposition 2.4. We assume that
Theorem 2.1 is proved in case A =

proved: for any ® € CZ(R*,R) :

"tU

B@(V)] = ®() + El /0 [BOGRBV) + A0

pV<M37 Ms; 3)
pM(MSa S)

where py(m,x,t) is the pair V; = (M, X;) law density and pys(.,t) is the one of M.

+ ;/OtE[é?l@(MS,MS))A2(MS) lds

Proof. We apply Theorem 2.1 to (Y*,Y;) and F(B,a) = ®(¢~1(8), » (a)); since ¢’ > 0,
then ¢ is increasing, ¢(X;) =Y and ®(V;) = F(Y, Yy).
Note that

0uF (5.) = B:B(e(8) 9™ ) i

(o) = 0:2((8) "1 ¢ (@) Alp™ (o)),
03, F (B, 0) = 05,2(0(8) ™", 0™ (@) A% (97 () + D22 (0(B) ™, ¢ () (AA) (¢ (),

Ba)OsF(5,0) + 503, F(8,0) = Blp™(@)0s2(p(8) o7 (0)) + 3 420 (0))0h(0(8) ", o7 ()

Then,

tor. 1 '
[ 8 | v+ pobrvs v ds = BL [ [ BOxoes(v) + Gax0B00%)| ds.
0 0
Note that

NE(B,a) = 01®(p(8) ", SO_I(Q))W =01 ®(0(B) 7, o M) A~ (B))

thus
py-y (Y, Y s)
Py (Y;*, 5)

/ E[0F(Y, YY) Jds = / n®(p(B) o () Al (B)py+y (B, B, s)dpds.
0 0 JRy

We perform the change of variable b = ¢~1(3)

pY*,Y(}/s*a }/5*) 8)
Dy~ (Y;*, S)

and we use Lemma 2.3 which tells us py+y (2(b), p(b), s) = pv (b, b, s) A%(b):

/ E[O\F(Y, YY) ]ds:/ot s 1 @(b, b)py~y (¢(b), p(b), s)dbds

t * * t
[ Eonr vy A PR g [ 010004 0 0,0, b
0 py= (Y, s) o Jr,
and finally
t * *
* * * pY* (Y Y / 2 pV(MSaMSaS)
B[ F(YX, Y ) A(Y: d— E[01®(M,, M)A PvAlis, M55y
[ B v P x(,. M)) 421 PO s
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2.2 Theorem 2.1 proof in case A =1, first step

Let ® be a C? function on R?. Before applying It6 formula to s — ®(V;), one remarks
that the component M; is a non decreasing continuous process, so it is a finite variation
process thus the brackets d(X, M); = 0, and d(M); = 0. Itd’s formula yields

o) - o) = [ S2onxaw.+ [ S2woar+ [ e

where £ is the infinitesimal generator B(z)d, + 302,.
The first term on the right hand side above is a martingale so its expectation is equal
to 0. So

E[®(V,) - ®(V) / LO(V,)ds] + B g;‘;st].
Now the deal is to look at ' oe
FE M
[ o (VL)

Namely, without losing in general, we look at E] fo Vs)dM;] where U € C}.
Proposition 2.5. Let A =1 and B be C’b on R, U a Borel bounded function, then the
application t — E| fo Vs)dMs] is absolutely continuous on all finite interval [0, T].

Proof. (i) Using Criterion 11.7 page 364 [17] since ‘E f U(Vy)dM, ]’ < || ||oo E[Mp — M),

it is enough to prove the result in case of ¥ = 1, meaning the study of t — E[M].
(ii) We operate an equivalent change of probability measure, Q = LrP, with

t 1 t
ALy = ~LiBOX)Ws, L= expl [ ~BOXW, - 5 [ B*(X.)ds
0 0

so that under @ the process X is a Brownian motion and
Ep[Mi] = Eq[Li ' X]].

Lemma 2.6. Let A=1 and B be Cl} on R. For all T > 0 there exists a constant Cp such
that for all a, b, 0 <a <b < T,

W(W;_7WS); 5)] ds}

b b
Ep[My,—M,] < Cr [/ Eq [c*cosh(cW)W] ds +/ Eg [cosh(cWS)p
a a gW(Ws; s

where py is introduced in (13) and gw (., s) is the density of the law of Wi.

Proof. Abusing of notation, under @), we here use W instead of X which is a Q-Brownian
motion. Moreover we denote the process L™! as Z.
Denoting B such that B = B, and B(0) =0, so B(W;) = fg B(W,)dW, + $B'(W,)ds,

Zt—exp[B(Wt)—;/O B/(W.)ds — /32 J)ds]. (19)

14



Firstly, B and B’ are bounded, so there exists a constant C such that for any T, Z; <
exp[B(W;)+CT), secondly B € C} is sub linear, there exists C' such that [B(W;)| < C|W4|
thus Z; < CeCT (exp(cWy) + exp(—cWy)) = Ce“Tcosh(cWy). So

Ep[My — M) = Eq|Zy(Wy — W;)] < Ce“ Eqleosh(cWa)(Wy — W) (20)
< CeT {Eglcosh(cWy) Wi — cosch(cW, )W + | Egl(cosh(cWy) — cosch(cW,)) W[} .

We introduce two sequences of Cg positive functions, fy and gy such that fy(z) 1
cosh(cx), gn(z) T, f7N(x) T Pcosh(cz), g)(z) 1 1, when N goes to infinity.
According to Theorem 2.1 [4] in case of a null drift,

e —— S
gW(Ws; 5)

(21)

Both hands are monotonous with respect to N, so using Lebesgue’s monotonous conver-

gence Theorem, we get

Ba (ow (V) (W) = ow O 0+ [ EIP n (W@ dst [ B oW ()

1 [t 1 [t + .

o (cosh(eWOW?) = 5 [ Bq [Feosh(eW W] ds+ 5 [ Bg {h(W)W} d
Sy

(22)

Using Itd formula and the fact that W* is an increasing process

2 C2

b b
| ql(cosh(clVy) — cosch(ciW))W;]| = Bql / cosh(cIV)dsW;] < Eql / cosh(cW,)W*ds].

(23)
Plugging estimations (22) and (23) into (20) yields (18). .

This lemma concludes the proof of Proposition 2.5 using Criterion 11.7 page 364 |17|
since forall0<a<b<T

Cr

b b + .-
1 Sy
Ep[My — M,] < 2/ E [CQCOSh(CWS)W:] ds + CT2/ E [cosh(cVVs)pW(VVS W 5)

dt.
gW(W87 8)

Corollary 2.7. Since the application Fy : t — E[fot U(Vs)dMs] is absolutely continuous,
there exists fy such that E[fot U(Vs)dM;] = fg fu(s)ds.

2.3 Computation of Fy derivative, case additive noise, sec-
ond step
Let now a drifted Brownian motion be defined as: dX; = B(X;)dt+dW, Xo =z, t € [0,T]

where B € C}. Let ¥ € C} and recall the function Fy : t — E (fot \II(VS)dMS> . Using

Corollary 2.7, this function Fy is absolutely continuous with respect to Lebesgue measure,
so almost differentiable with derivative that we denote fy. Actually fg = limy_,o Ty (h,.)
where

To(h.t) = %E < /t o \Il(Vs)dMS> . (24)
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Theorem 2.8. Let the process X be defined as dXy = B(Xy)dt + dWy, with B € Cl},,
My = supg<y<; X5 and O € CL. Then E[f; W(V,)dM,] = [} fo(s)ds where

Folt) = g e [wt ag PE I M)

PMm (Mt7 t)
The proof is a consequence of the three following propositions.

Proposition 2.9. Let A = 1, B be C}, ¥ be C} then for any t such that (Ty(h,t))p
converges when h — 0,

1 My — X
= lim T} T} = 2F [ W(M;, My)—=H | ——1
fw(t) lim o (h,t) where Tg(h,t) <\I/( ‘s t>\/ﬁ ( 7
where
H(B) = ——e % — Bog(—B)
= e — -
V2T “
and Pg is the Gaussian distribution function.
Proof. (i) Adding and subtracting \I'(Vt)w we get
M. — M 1 t+h
Tu(nt) =5 (w0 M=) o fe ([ w0 - wnlan,).
t
Since the function ¥ € C}, Cauchy-Schwartz inequality yields
1 t+h 1
e ([ s - vonan)| <y B( s e ilR) B - M7
h\J; t<u<t+h h

Using Lemmas 4.1 and 4.2 with p = 2 and the fact that M, — M, < sup;<.<, |Xs — Xy,

lim =0

h—0

Lp ( /t v - e dMs>

meaning, ¢ being fixed, that

Tu(h0) ~ 5 (wp M=),

h

(ii) We introduce the processes:

Xip = B(Xo)h + AX)[Wepn — Wi, Xio=0; My, = Su}})l Xtw, Myo=0.
u<

Then, according to Lemma 4.4
E{[Myyn — My — (Mg — X¢ + M) 4[] = o(h)

SO

T\p(h,t) ~TF <W(%) (Mt,h - X+ Mt)-‘r) )

h

16



(iii) Concerning the right hand above, we use the F; conditional expectation and Proposi-
tion 4.8 in case A = 1:

lim ’Tw(h,t) _9E <\1/(Mt, Mt)\}EH (Mt\}hXt» ’ 0.

We now provide a decomposition of py .

Proposition 2.10. Assuming A =1, B € C} and defining B such that: B(0) = 0 and
B =B, C:= —%B’—%BQ, for all t > 0, the density of the pair (M, Xy) satisfies

v(b,a,t) vabat

where
p‘I/ (b,a,t) = eB(“)pW(b, a,t)

t
pY(b,a,t) = / Ep {C’(XS)GB(“)_B(XS)1Ms<bpw(b— Xs,a— X, t — s)} ds
0

7(0.—::7)2 7(2b—a—z)2
2(t—s) — e 2(t—s)

t b
Py (b, a,t) = 1ysq / / C(2)eP@-B@py (b, 2, 5) dads,
0 — 00 27T(t — S)

and pw (13) denotes the density of the law of the pair Brownian motion-its running
mazimuim.

Proof. (i) Let F be a positive function, remark that
Ep[F(My, X1)] = Eq[ZiF(M;, Xy)]

and that under @, X is a Brownian motion. Recall that Z (19) could be expressed as

7, = exp (B(Xt) + /Ot C(Xs)ds> :

So Z could be expressed as

t
7 = exp B(Xy) <1+/ C(X,)elo C(Xu) d“ds>.
0
Then
Ep[F (M, X¢)] = Eq [expB(Xt <1+/ C(X,)elo C(X“)duds) (Mtht)):|‘

(ii) Using X; = X5 + Xy — X5 and My = sup(Ms, X + supp<y<t—s Xuts — Xs) and the
independence under @ of X ;¢ — X and Fg,

Es[F(My, X,)] = /R F(b,0) exp(B(a)pw (b, t)dbida (25)
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t
+ / Eqlexp(B(X+))C(Xy)elo € prsup( My, Xo+8), Xs+a)|pw (B8, a, t—s)dBdads.
0 R2

Recall that efo CXwdv — 7 exp(—B(X,)), the integrand of the second term is
Eqlexp(B(Xs + a) — B(X;))C(X,) ZoF(sup(Ms, X + ), Xs + o)lpw (8, . t — s).
Under the probability measure P = Z,.Q) this one is
Brlexp(B(X, + a) — B(X,))C(X,) Fsup(My, X, + B), X, + a)lpw (5, art — 5).

Thus the expectation Ep|F(M;, X};)| satisfies

Ep[F(M;, X,)] = /R F(b.a)exp(B(a))pw (b0, t)dbda+

t
/ Ep[eB Xt BXIC(X,) F (sup(Ms, X, + 8), Xs + a)lpw (B8, . t — s)dBdads.
0 JR2

(iii) We split the second term according to the subset { My < X+ 3} and its complement:

t
I1:// EIP[eB(Xera)—B(Xs)C(Xs)F(XS+5,Xs+a)1{Ms<Xs+ﬁ}]pW(ﬂ,a,t—s)dﬂdads,
0 JR2 hS
t

I = / BBt BE)O(X ) F(My, Xo + o)1, x4y )pw (B, .t — s)dBdads.
0 JR?
In the first term I;, we perform the change of variable b = X; + 8, a = X5 + «, so
t
I = / Ep[ePOBXIC(X)F (b, a)l{ar,<pypw (b — Xs,a — X, t — s)|dbdads.  (26)
0 JR2 N

(iv) Concerning I, we use the density of the law under P of the pair (Mg, X;) that we
denote as px(m,z, s), so

t
[2:// 65($+a)—5($)c($)F(m7;L‘—|—a)1{m>z+ﬂ}pv(m,:L‘,S)pw(ﬁ,a,t—s)dﬁdadmdl‘ds.
0o JRr4

We operate the change of variable b =m, a = x + «, so

t
12 = / / eB($+a)_B(I)C(l»)F(b’ a)l{b>1’+ﬂ}pv(b’ x, S)]")[/V(B7 a— T, t— S)dﬁdbdadxds
0 JR%

Using the expression of pyy, [9] Section 3.2 or (13),

28 —a _(28-a)?
oL 1i650,8>a}

pW(B: a, t) =2
we integrate with respect to 8 between max(0,a—xz) and b—z and note that (2 max(0,a)—
a)? = a? then

_ (a—z)2 _ (2b—a—z)2
2(t—s) — e 2(t—s)

t
[2:// es(a)*B(f’f)C(x)F(b,a)e Lipsaypv (b, z, s)dbdadxds. (27)
0 JR3

27(t — s)

18



Gathering Expressions (25), (26), (27) and using Tonelli Theorem, we get the result. e

The following proposition proves that the density py is continuous closed to the diag-
onal when X is a one dimensional diffusion with additive noise. We also provides a useful
estimation for using Lebesgue’s dominated convergence Theorem.

Proposition 2.11. Let A = 1 and B € C}, for all t, u, in RT — {0}, h € (0,1], then
almost surely in b € R

i b, b— h,t) = b.b,t).
h—>%)I,II}>OpV(’ uvh,t) = py(b,b,t)

and there exists a constant C' independent of t such that:

1 2
p%/(b, b— \/Hu, t) < CellBlles [u+0] \/We b o5)
22 (b, b — VI, t) < C3/2NBIRt+Bllocu )

t
Py (b, b — Vhu,t) < 4y|0||oo/ Ep[ellBlloclb=Xstul| pr, — b]mds. (30)
0 27 (t — s)

Proof. According to Proposition 2.10, we recall the decomposition of py (b, a;t) in the sum
of the three terms pj, (b,a;t),i =1,2,3:

p%/(b, a, t) = es(a)pW(b7 a, t)

t
p%/(b, a,t) = / Ep [C(XS)eB(“)_B(XS)1M5<bpw(b — X0 — X, t — s)] ds
0

e g oy
p%/(b,a,t) = 1{b>a}/ / C(x)es(a)_B(I)pv(b,m,s) € € daxds.
0 J—oo 27(t — s)

(i) Bound of p{;: Let b and t be fixed. Since B is ||B||s Lipschitz continuous and a
pw (b, a;t) defined in (13) is continuous on | — oo, b] then

li L (b, azt) = pi (b, b:t).
a—>}312<pr( , A3 ) pV( s Uy )

Moreover the Lipschitz property of B and the definition of a — py (b, a;t) (13), for u > 0,
he(0,1),b>0s500<b<2b—(b—uvh)=>b+uvh <b+u, yield

273
< elBlfut] 201 e sy 201 g
< Vot = 2t

N

x

using C1 = sup,gre 4.
(ii) Bound of p%/ : Let b, u in Ry and t be fixed. The integrand in p%,(b,b — u\/ﬁ; t) is
p%/(bv u, t, S, W, h) Where

p%/(ba u, t> S, W, h) = C(XS)eB(b_U\/E)_B(XS)1Ms<pr(b - XS: b— XS - U\/ﬁ, [ 8)'
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Once again the Lipschitz property of B is used and since a — pw (b, a;t) (13) is continuous
on | — 00, b] then
. 2 2
b,u,t h) = b,u,t 0).

h—}g}ll>0p‘/( y Uy Ty S, W, ) pV( y Uy Ty S, W, )
Recall that the function C is bounded, then the factor C(Xs)eB(b_“‘/E)_B(XS) is bounded
by [|C|lecellBleelb=Xstul on the set {w, My(w) < b} C {w, X (w) < b}.
Now using 2(b— X,) — (b— X, —uv/h) = b— X, +uv/h > 0 and C, = sup, z%*/4 Vh €
(0.1,

b—X h _(b=Xstuvh)®
pw(b— Xg,b— Xy —uvh,t —s) :2ﬂe 2= 1x,<p
om(t — s)°
1 _ (b=Xs+uvh)?

<2014 e i(t—s)

om(t — )25 (b — X + uvh)®

1 _(b-X4)?

<2014, e 1= 1x <p.

om(t — )25 (b — X,)°

We gather these both bounds to get:
1 _(b=Xs)?
2 (b, u,t,s,w,h)| <2||C soellBlleelb=Xstulcy e =9 1x .
1% + s<

\/2m(t — $)* 7 (b — X,)®

According to Lemma 4.10 for 0 < e < 1/2 and o = || B||oo there exists a constant C'(g) > 0
such that Vt >0, 0<s<t,b>0

1 _ (b=Xs)2 el Bll3, (t—s+t/2)
Ep | ellBllec[(0=X5)14 (t—s) - (32
P |€ {M,s<b} ot = 52 (b — Xs)se <C(e) sUA(t — 5)3/4 (32)
Then, the dominating function
1 _(b=Xs)?

(s,w) > 2||C||soel Blloel=Xs)+ul o

m(t — s)2¢(b— Xs)€€ 1= L, <y

is integrable with respect to ds.dP on [0, ] x 2 and from Lebesgue’s dominated convergence
Theorem

li v (b,b— Vhut) = pi(b, b t).

JJim pb(b,b— Vhuit) = pi (b, bi)

Integrating the bound (32) with respect to s we obtain for all ¢ > 0, b,u > 0, h € (0, 1]
and 0 < & < § and using B(1,2) = fot(t — )3/ 1/4gs

13
P (0,6 = Vhu, 1) < C(e)e™/ WPl tulBl= B, 2. (33)

(iii) Bound of pi)’, : Let b, uw in Ry and ¢ be fixed. The integrand in p%/(b, b — uvh; t) is
p:‘}/(b? u, t? S, T, h) Where

7(bfzfu\/ﬁ)2 7(b7z+u\/ﬁ)2
e 2(t—s) —e 2(t—s)

27 (t — s)

p%/(b, u,t,s,x,h) = C(m)eB(b*“‘/ﬁ)*B(’”)pv(b, x,s)
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Once again the Lipschitz property of B is used firstly to get

lim pV(b u,t,s,x,h) = py(b,u,t,s,x,0) =0
h—0,<

and secondly, with h € (0,1], u > 0, to dominate the function p{, (b, u,t, s, z, h) by

pv (b, x;5)

(b7u7tax78) — 2”0”0@€”B||°°[biz+u] .
27 (t — s)

Applying Lemma 4.11 with a = || B|o, for any s > 0,

/}R2 elBllsclbo=alyy (b, 2 s)dadb = Ep [exp | Bl|oo[Ms — Xs]] < 2expds| B|2,

/ [ o e, e dbds < 4] L HIPIE
R2 V2t —s) o

Then, almost surely in b,

SO

(s,2) > Hc||ooe\lBHoo[b—z+u}M
27(t —s)

is integrable with respect to dsdP on [0, t] X © and from Lebesgue’s dominated convergence

Theorem

1 v (b, b;t).
hag%>0pv( = Vhust) = p (b, b:1)

Moreover, integrating the dominating function (34) with respect to  and s yields for all
t>0,b>0,u>0andh e (0,1]

t
b
Py (b, — uvh, t) < 4]0l / Eglel Blelb-Xotul g, — ) PGS 50
0 2n(t —s)

Gathering these three cases we get the result °

2.4 Proof of Theorem 2.8, last step

The key of this proof is the uniform (with respect to b) bounds of p%/(b, b—uvh, t),i=2,3
which are obtained in Proposition 2.11. Thus, firstly we prove Theorem 2.8 for ¥ with
compact support. This proof is split in three parts according to pi/,i = 1,2, 3, Proposition
2.10. Then, using Lebesgue’s dominated convergence Theorem, we derive the case of
bounded V.

(i) According to Proposition 2.9, for any t such that (Ty(h,t))s—0 converges,

fu(t) = lim Ty (h,1) where Ty (h, t) = 2E <\1;(Mt, M,) \/EH (Mttht» '

Using the density of the law of the pair (M, Xy)

Th(h ) = [ W0.0) = H L v (0. tdbda
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We perform the change of variable u = IFT‘I, then
Ta(h,t) =2 / (b, b)H (u)py (b, b — uv/h, t)dbdu. (35)
52

7u2/2

Using Proposition 2.11, if ¥ is with compact support, using H (u) < em , we only need

to uniformly bound Vh
—u?/2

\%4
V2T P

e

(b, b) (b,b — uvh, )

by a function in L*(R%).
Using the decomposition of py in Proposition 2.10, T§ (h,t) is the sum of three terms

3
Th(hit) = 3 TL (1)
i=1

where

—u?/2

TL(h,t) < / U(b, b) —pl, (b, b — uV/h, t)dbdu.

R2 V2T
Now using the bound of each terms pi, i = 1,2,3 (cf. Proposition 2.11), we bound each
terms separately to use Lebesgue’s dominated convergence Theorem.
(ii) a) Using the bound (28), the integrand in T\Il,’l(h, t) is bounded by

Y reR T R
e hee e 1,
V2 V2rt?

Thus this dominating function is, up to a multiplicative constant, the product of

u2 2
two integrable functions on R*: u — elBl<te=% and b — elBlebe=3 . This allow
to apply Lebesgue’s dominated convergence Theorem and to obtain
lim Ty (h,t) = / (b, b)H (u)eP py (b, b; t)dbdu.
R

2
2
(ii) b) Using the bound (29), the integrand in Ty?(h,t) is bounded by

1L2

W(b,b Ce3/21 B2t Bllocu© 2
[W(b,b)] o

Lebesgue’s dominated Theorem yields for ¥ with compact support

lim 7% (h,t) = / (b, b)p?(b, b, t) H (u)dbdu.
hJ/O R?‘r

(i) ¢) Using the bound (30), the integrand in Ty (h,t) is bounded by
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—u2/2

€
¥ ][oellClloo

b, s
_ /(;EIP[ IBleclb-Xotad) . Ru(B8) o

27(t — s)
Note that

7u2/2 t
/ € / Ep[el Bl l—Xstul . — b]Mdsdudb
R2 27(t — s)

/ —u2/2+|\B||ooud tE [ Bl X]] 1 ;
ple! et TSl (s,
R, 0 \27(t — s)

According to Lemma 4.11 with a = || Bl|~

3
Ep [exp || Blloo[Ms — Xi]] < exp 5[ Blloos,

SO

t
/ Ep[e“B“w[Ms-XsHt—ds< expls | Bllwslds = 2/Texp[> | Bl
0 —S

[e=

Then, using that u — ¢———-elBll=* ig integrable on R*, the dominated function

is integrable with respect u thls allow to apply Lebesgue’s dominated convergence
Theorem for ¥ with compact support.
iii) We now can exchange limit and integral in (35) thus

fo(t) =2 /(R+)2 U(b,b)H (u)py(b,b,t)dbdu.

Multiplying and dividing by the density of M; and using [;° H(u)du = 1,

pV(Mta Mtv t)

Fult) = 5 Eelw (00 MY PO

(iv) Let (W,), an increasing sequence of continuous function with compact support
converging to 1 then ¢ — ]E(fot U, (Ms)dMs) is absolutely continuous with respect
to the Lebesgue measure, its derivative, namely t — %lfﬂh U, (b)pv (b, b, t)db, is inte-

grable
¢
IE(/\IJ( // (b)py (b, b, s)dbds.
0 Ry

Then letting n going to infinity with monotonous convergence theorem

1 t
= —/ / pv (b, b, s)dbds.
2Jo Jr,
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That means (s,b) — py (b, b, s) belongs to L*([0,¢] x R,).
Now let ¥ be a continuous bounded function then, (m,z) — ¥, (b)V, (x)V(b, z)
is continuous with support compact and

B[ V)aM.) = lim B[ V)0, (X0, (MM,

n—o0

= lim - / / U (b,b)py (b, b, s)dbds
n—o0 2 R,

— - / / U (b, b)py (b, b, s)dbds
2)o Jr,

since (s,0) — py(b,b,s) € L'([0,¢] x R,). This achieves the proof of Theorem 2.8. o

3 Integration by parts to go to a weak PDE

Let ® € CZ(R" x R); via Ito’s formula, since (M;, X;) law admits a density which
is denoted py(.,.,t) (Proposition 1.1), and using Theorem 2.8:

pv(Ms, Msa 5)

pM(M57 5)
(36)

t t
E(@(M:, X)) = 20,0+ [ [ La(m o)py (mzis)dodmds + 5 [ Ee {amcmMs,Ms) s
m>xt 0

where £ is the infinitesimal generator of the diffusion X

Xt = B(Xt) + M/ta Mt = Sust.

s<t

Theorem 3.1. Let B be Cf on R and A= 1. On the domain {(m,z),z < m}, py
satisfies the PDE

Opv(m,xz,s) = —B'(x)py(m, x,s) — B(x)0upy(m,x,s) + %(ﬁmpv(m, T, 8).
On the diagonal x = m there is two boundary conditions
(i) B(m)py (m,m:t) — %[am +20,](py ) (m, m: ) = 0.
(4) Oppar(m,t) = —%(&npv(m,m,t) + Ozpv(m,m, 1)),

Proof. split in four parts:

a) Firstly we consider ® € C?*(R™ x R) with compact support included in
{(m,z),m >z} \{(0,0)}. We use integration by part with respect to x to develop
the first integrand in the right hand side of (36)

/m>x+£cb<m,$)pv(m,x,s)dxdm - /q)(x7m)£*(pv)(m,x, s)dxdm
m)py (m,m;s) — 1 .pv(m,m;s) | ®(m,m) + lpv(m,m; )0, ®(m, m) | dm
L1 [(mtm i)
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with £* = —B'(z)py (m, z, s) — B(2)d.pv (m, x, s) + 302, pv(m, x, s). Then equation
(36) becomes

t
E[(®(M;, X)) = / / Lo py(m, 2 8)®(m, 2)dzdmds+
0 Jm>zt

/ R+[{B(m)pv(m, m;s) — % py(m, m; s)}®(m, m) + %pv(m,m; $)[0:®(m, m) + 0, ®(m, m)]dm

Using integration by part with respect to m in the right hand side last two terms
t
E[®(M;, X,)] = / / L py(m, x; $)®(m, x)dxdmds (37)
m>xt

/ /R m)py (m, m; s) — Wm + 20, ]py (m, m; 5)|B(m, m)dmds.

b) Now taking ® with compact support in {(m, z),m >z}, (37) yields that on
this domain x < m, py satisfies the PDE

1
atpV(mu Z, S) = —B/(l')pv(m7 T, S) - B(:L’)azpv(m, T, S) + §a§xpV(m7 Z, S)'

¢) Coming back to ® € C?(RT x R) but with compact support included in
{(m,z),m > x*}\ {(0,0)}, since the diagonal has null Lebesgue measure, (37)
becomes

0 —/ /}R+ m)py (m,m;s) — [8m + 20, |py (m, m; )| ®(m, m)dmds.

which leads to boundary condition (i).
d) Finally concerning the boundary condition (ii) we consider a regular function
® with compact support in R \ {0} so from Theorem 2.8

E(D(M,)) = %/Ot]E (@’(Ms)%) ds.

Actually we perform integration by part on R

/ pV(MsaM875> _/ /
e |0 PR [ ) o,
= —/ O (m)(Ompy (m,m, s) + Oupy (m,m, s))dm.
R+
So we get
E[( Mt - __/ / mpV m,m t) +axpV(m m t))d
R+

25



With py(m,t) = |,

e Pv(m, x, t)dx it yields a boundary condition on the diagonal

1
atpM<m7 t) = _—(am]?v (ma m, t) + asz<m7 m, t))
2

In case of A # 1, this proposition provides a PDE for the pair (Y*,Y) defined
in Section 2.1 and py is deduced from py~y via Lemma 2.3.

4 Appendix

4.1 Control in first step Euler scheme approximation

Here are provided some estimations controlling the processes X and M.
Lemma 4.1. Under assumption (1), Vh >0, Vt, Vs, Vp>1
E (Sup | Xips — Xt|p) < 207N + C,)[RP + hP?)2KP
s<h

where K = max(||A|c; | Blloo), and C, the constant in Burkholder Davis Gundy
inequality.

Proof. Using (a + b)P < 2071 [a? + bP]:
t+u p t+u p
sup | Xpps — Xo|P < 2071 [sup (/ B(Xs)ds> + sup (/ ZA(XS)dWS> ] .
s<h us<h \Jt ush \ Jt o

The expectation then Burkholder Davis Gundy inequality imply

(" imexos) ([ |A<Xs>r2ds>p/2] |

E(sup | Xips—X¢|P) < 2271 (1+C,)E

s<h

Jensen’s inequality yields
t+h t+h
E(sup | Xyss — Xo|P) < 2071 (14C)) [P~ +RP*1R {/ |B(X)[Pds + / HA(XS)des} :
s<t t t

Assumption (1) with K = max(||Al|o, || B|lsc) concludes the proof:

E(sup | Xess — Xof?) < 22711+ ) [1P + hP/?|2K”
s<t
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Lemma 4.2. Under Assumption (1), the following bound is satisfied, ¥Vt < T, Vp> 1:
E (| Misn — My|P) < 2P\/1+ Cop(RP + hP/2)KP, (38)
E (|[Myyn — MJ?) = O(hp/z)

where K = max(||Al|«, ||Blle) and C, the constant in Burkholder Davis Gundy
inequality.

Proof. One remarks that

My — My = (Xt — My + sup (Xypy — Xt)>
+

0<u<h
where (), = max(z,0). For any a > 0, (z — a)4 < |2]|1;>, thus

0< MtJrh - M, < | Suph(XtJru - Xt)‘1{sup0<u<h(Xt+u—Xt)>Mt—Xt}-
0<u< -

Cauchy-Schwartz inequality yields:

0 <E([Myn — M) < \/IE <\ sup (Xippy — Xt)|2p) P({ sup (Xiyu — X)) > My — X3 }).

0<u<h 0<u<h

Lemma 4.1 in case 2p proves the bound (38) and that the almost sure limit
limy, 0 SUPg< i (Xu — Xy) = 0.

According to Proposition 1.1 the pair (M, X;) law admits a density, and Step
4 of Proposition 1.6 proves (12), meaning P({0 = M; — X;}) = 0. So actually
E ([Myys, — M;)") is bounded by the product of h?/? and a factor going to zero, so it
is an o(hP/?). o

For any ¢ let the process (X;5, h € [t,T]) and its running maximum defined as

Xin=B(X)h + A(Xy) Wign — Wi, Myp := sup Xiu. (39)

0<u<h
Lemma 4.3. Under Assumption (1), the following bound is satisfied ¥Vt < T,:
: (Sup [Xore = X = Xtvs|p) <UL 4GP (W + WP
s<h

where K = max(||Alloo, || Blloos |4’||00, [| B||0) and C,, is the constant in Burkholder
Davis Gundy inequality.

Proof. By definition, with W, := Wy, — W,, u >0

X — Xy — X, — /0 B(Xusy) — B(X)] du + /0 A(Xonr) — A(X)] T,
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Using (a + b)P < 207 1(a? + bP)

sup | X — Xp — Xy ] <2071

s<h

[(/oh | B(Xy+t) — B(Xy)] du>p + sup /Oh [A(Xurs) — ACX)] IV,

p
s<h ] '
Expectation and Burkholder Davis Gundy inequality prove:

E <SUP | Xopt — Xy — Xt,s|p) <2 H1+ Cp)

s<h

£ ([ 180 - B0 du)p v | [ 1400 - Al

p/2]

h
E <sup | Xope — Xy — Xt,s|p) < 2p_1(1+Cp)(hp_1-|—hp/2_1)Kp {E </ | Xue — Xof? du)} )
0

s<h

A and B Lipschitz property and Jensen’s inequality imply

Then Lemma 4.1 allows to bound the last factor so

E (SUP [ Xore — X — Xt,s|p) <

s<h
N1 4+ Cp) (WP~ 1 + WP/ KPP~ (1 4 C,)[RP + RP/2)2KPh = 22771 (1 4 C,)2 (WP + h?/?)2 K.
[ ]

Lemma 4.4. Under Assumption (1)

(1) sup h'E (lMt+h — My — (M, — M, + Xt)+|) < 00,

0<t<T; 0<h<1
W;%VWWMerMM—M+M$=O
Proof. Considering that
Mt+h — Mt = ( Sup (Xu_;,_t — Xt) — Mt + Xt)
Jr

0<u<h

and that for all a € R

’(l’ - CL)+ - (y - a)+| < |$ - y| [1{x>a} + 1{y>a}} )

yields
|Mt+h — M, — (M, — M, + Xt)+| <

sup (Xu+t - Xt) - Mt,h

0<u<h

|:1{Sup0§u§h(Xu+t_Xt)>Mt—Xt} + 1{Mt,h>Mt_Xt}i| .
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If z and y are functions on [0, 7], Vs € [0,T],

z(s) —iggy(U) <a(s) —y(s) < x(s) —y(s)| < igglw( v) —y(v)l,

SO

sup z(s) — supy(u) < sup|r(v) —y(v)|.

s<T u<T v<T

Here the role of y and x are symmetrical so

iggy(s) —supz(u) < sup |z(v) — y(v)],

u<lT v<T

meaning that |sup,<; y(s) — sup,<r z(uw)| < sup,<r|z(v) — y(v)|.
This is applied to the functions ©v — X, 1+—X; and u — X, ,:

‘Mt—f—h - Mt - (Mt,h - Mt + Xt)+‘ S Slil})l ‘XU“Ft - Xt - Xt,u| |:1{Sup0§u§h(Xu+t*Xt)>Mt7Xt} + 1{Mt’h>Mt7Xt}:|
u<

Cauchy Schwartz inequality and (a + b0)? < 2(a® + b?) get
E (| Miyn — My — (Myyy — My + X0),|)

g\/QE (Sup | X — Xy — XMF) (IP ({ sup (Xusr — Xy) > M, — Xt}) +P({ My, > M; — Xt})).

u<lh 0<u<h

Lemma 4.3 with p = 2 insures that h — h_l\/QE (supugh | X1, — X — X}, 2)

is uniformly bounded in ¢.
Concerning the second factor,
e firstly the almost sure continuity with respect to h insures that the limits
limy, 0 SUpg<y<p (Xutt — X¢) and limy, o My, are equal to 0;
e secondly the pair (M, X;) law admits a density according to Proposition 1.1 and
P{0 = M; — X;} = 0. Thus the limit of the second factor is equal to 0.
This concludes the proof. °

4.2 Conditional expectation and approximation

Proposition 4.5. For A and B € C} and (2), meaning ||A|| > ¢ > 0,

M, = X, = BOORY
[ACX) VA ) -2

E[(Mu — (M, — X.)+I7] = 20 ACCIVAH (

where
) —/OOL( _B)eSdy = ——c% — Bb(—B)
- 5 GZ; Yy Yy = o G )
oo M, — X,  2:Bx0vE B(X,)Vh
R(s,h) := B(Xs)h z— e TAKI + dz,
(s, h):=BXh | | | HA(XS)H\/E) ot~z IA(X) ]l TaceT)

IA(Xs) VR
(40)

O¢ being the Gaussian distribution function.
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Remark 4.6. Let us remark that H’(b) = —Pg(— b) <0, H is decreasing, bounded
by \/77 e~'T when B > 0, where (u f 17re 2t dv s the Gausstan distribution

0o 271

function. Thus H is bounded on ]R+ Ve >0, H(xz) < H(0).
Proof. (i) Denoting
Z(m)y=mt+W,, Z(m); = sup Z(m)s,

0<s<t

cf. [9] p. 145 et seq. Corollary 3.2.1.2. By integration with respect to a we get the
density of Z(m);, cf. [11] (3.2.8):

b+ mt

Vit

1 (b=m)? 2mb
e 2t —meMOq(—
Vo (

pz-(bym,t) = 2150y

)| -
We now introduce

Yt:mt—l-JWt:a[%t—i-Wt] Y =supV, —UZ( )5

u<t

We remark that conditionally to Fs, (Ms, — (Ms; — X))+ law is the one of the
process Y with m = B(X;), 0 = A(X). In order to use the Markov property we
now deal with E[(Y;* — B)4].

(ii) For any B > 0
m B
E((Yy—B),)=0oE((2(=);-=) ). 41
(( )+) (( (—) )) (41)
We now deal with
E ((Z0m); = B),) = [ (= Bap-(sim. 0
- 2/00(2 S B) e g _om /Oo(z ~ B~ g o1+ 1),

B V2t \/g
z—mt

We operate the change of variable y = NG in the first integral:

2
e T dy,

o B 1
=Vt (y +mvt——)
%fm\/f \/E 27

developed as following

Wi (B — mt)* B B B
L = mexp(—T) + (mt — B)(I)G(—% +myt) = \/EH(% — mV/t).
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Finally, we operate the change of variable y = \/iz in the second integral:

B ((ZGn); -~ B),) = 2Vt (5~ ) = 2mt [y = 2o e (- -+ vy
Vi

(iii) Recalling (41)

E((Y;"—B),) =0E ((Z(T:)f — Jj>+> =20VtH (B - mt) —2mt /:(z - £)+e222”¢>(;(—(z + —))

oVt

that we apply to t = h, 0 = ||A(X,)||, m = B(X,), B = My, — X, and using the
Markov property we get the result:

E (M., — (M, — X,))+|Fs) = 2| A(X,)|VRhH (MS — X, — B(Xs)h)

AV
- 0 L M- X, | eeas o BOGWVR
I | e E oo T P g

Proposition 4.7. Let A and B € C} and (2), and let us denote for a bounded
function ¥

Ty(ht) =E [qf(vt) (Mo = J‘h4t + Xt)ﬂ

then

Ty(h,t) ~ 2E (‘I’(W)%IA(XMH (Mt |—A)<(;(—)|?/(5Xt)h)) ‘

Proof. Using Proposition 4.5 actually

Tolh,s) —E (wm%nmxsnm (MS n A)((X‘) ﬁ(?)h)) — 9B [W(V,)R(s, h).

Since V¥ is bounded, we only need to prove that

lim E (R(s,h)) = 0.

h—0

From equation (40) in Proposition 4.5, the integrand is the product of the bounded
|B(Xs)|| and the factor (where necessarily z > 0):

r(s,h,z):=(z—

M, — X, QZEIZ())((.Z)\/E B(XS)\/E
Tacove q’G( AR Tea )>
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Firstly, since P({M; — X,<0}) = 0, almost surely limy,_,o7(s, h, z) = 0.
Secondly two cases are now to be checked:
e On the set {B(X,) > 0}, =& XV > = Since B s increasing then

' A 2 TAl=
_ z+BXs)Vh oz
Co(—axor) < Pal—as

for > 0, since z > 0 and ¢ being the constant in Assumption (2):

) and using the standard formula z®¢(—x) < \/%e_ﬁﬂ

zlBlloo 2 | Alloo ozlBlles _ 22
— c

r(s,h,z) < ze* < 2T ATlo
sf) = T S

24B(Xs)Vh 2—||B|loo 24+B(Xs)Vh z2=||Blloo
* On the set { B(X )<0} TAXT 2 Tl a4 Pa(——a) < Pel=—p>):

2zB(Xs

22B(Xs)Vh
Note that e HA(Xs)H < 1and for z >0

2
z2 Ooe_yT z2
bo(—2x §e4/ d S\/ﬁe’T,
o(=2) L T

and since z > 0

— | Blo (z—|IBlloc)?

r(s,h,z) < ZCI)G( A ) < \/_ze_ PP + 1 BllooLo< B -

Thus we can apply Lebesgue’s dominated convergence Theorem:

lim E (/ (s, h,z)dz) = 0.
h—0 0

Proposition 4.8. For A and B € C} and (2), and V Lipschitz continuous bounded

a0 ~ 22 90 ) 4G (i)

Proof. (i) Since A is bounded from below by ¢, using Proposition 4.7, the deal is to
cancel B(X;) inside the function H, meaning to study the difference

1 Mi—Xy—BX)h) _ 1 Xy . . .
\/EH( A [Vh ) fH <||A(Xs)||f> when A — 0. Since the function H is

differentiable with negative derivative x — —®g(—2) where ®¢ is the Gaussian
distribution function, we apply the finite increments formula:

D= ‘H (* mx_nB\/(EX)h) - (& ﬁf)‘

<Aoo (- piion) oo () <
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so Dy, is uniformly bounded.
On the set { M, — X > 0} which satisfies P{M, — X, > 0} = 1, by Proposition 1.1

g Mo =X = BXID M X
0 AXIVE R AR |

then since lim, , ., ®¢(x) = 0, the almost sure limy,_,o Dj, = 0.
Since Dy, is bounded for any h by % on both subsets, Lebesgue’s dominated
convergence Theorem yields:

Ty (h 1) ~ lim 2E (@(V;)%\A(XMH (%)) |

(ii) The Lipschitz property of ¥ yields
|\II(V;) - \IJ(MSa MS)| < H\IjHlip (Ms - XS) .

x

Slnce H(z) = 6_; — 2P (—x), for z > 0 there exists C' > 0 such that 0 < zH (z) <

ﬂ

T i — < Ce” T Thus

ﬁ

[W(Vs) = (MS,M)I\/—HA( s)|1H (”X )ﬁi/—)SH‘I’HzipHA(XS)H?Ce_%

Once again for all s My— X, > 0 IP almost surely and A is bounded, so almost surely

1 M, — X,
o [P (V%) = (MS’M”'EH(M )Hf)

By hypotheses B, ||A|| and ¥ are bounded, and Remark 4.6 gives 0 < inf,~o H(z) <
sup,-o H(z) < H(0) < oo, so Lebesgue’s dominated convergence Theorem yields:

T@(h,s)~2E<\If(Ms,M) JplAce)a (”jf )ff))

4.3 Some more tools for Proposition 2.11 proof

Lemma 4.9. Let 0 < € < 1 and G be the standard Gaussian variable, there exists
a constant C'(g) such that for all T >0, b > 0

E[(b—G)“exp —(b_—G)21{b>G}] <CEVT
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Proof. Using the density of G,

J:=E[(b—G) “exp —Ml{b@] = /R(b —9)°° eXp[_M 9 1

We integrate by part

J = / 1_8 Tg) g]exp[_(b_g) _%]1

We share J = J; + Jy where:

(b—g)— b-9° ¢ dg
L= _ — — =11 -
1 /R T(1—¢) T > >y or’
e (b—g)'~ b—9)? ¢ d
—9) -9 9 g
P=— | — B | T —
J2 /]R T 7 >0 o

N

x

Using C, = sup,ox%e” 1

R WD / epl-0=9) b (VD

1—¢ 4T 27T 1—¢
Similarly
(VT)' / g dg _ (VI)°
S| < ———C_.C —= < C_.C1V2.
| Ja| < 1_2 ! 1 RGXP[ 4]\/%_ 1z ! 1\/_
The sum yields the result with C'(g) = 02 “f + Cl’f_(’;“/i. .

Lemma 4.10. Assume that d =1, A=1 and B is C}. Let € €]0, [ there exists a
constant C(g) such that for all0 < s <t, « € R and b € R then

t 1-2¢ 2
(= 5 g istie

sl/4

1 _(b=Xs)?
Ep {exp alb— Xs)1b>Xsm6 2(-9) } < COf(e)

Proof. Under the equivalent probablhty measure () = L,P, where
Ly =exp [[; —BW,)dW,+3 |5 B(W,)?du], the process X is a Q-Brownian motion
so, abusing the notation W 1nstead of X:

1 _(=w)?
CaTATEA

1 _(b=Xg)?

K :=FEp [exp alb— X )(b X)e 1y x.e 20-9) ] =Eg [L exp a(b — Wy)

Using Cauchy-Schwartz inequality

1 _ (=Ws)?
<,4/E Eq exp2a W)(b—W) lyow,e &9 |.
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Using the inequality 2zy = 24/2(t — s)x\/% < 2t —s)x* + 2&”—;) applied to
r =« and y = b — W, we obtain

b—W,)?

2|Oé<b — WS)| S 2(t — S)CM2 + ﬁ

SO

2(t—s) /— _ (b= W)2
K <e* EQ EQ b — Lysw,e 209 |. (42)

On the one hand
L= | [Camvan.-2 [ B e [ Bv
0 0 0

so for any s € [0, ]

2
tIBll5o

Eq(L;?]] < ¢ %™, (43)

On the other hand, G denoting a standard Gaussian random variable, the law of
_-we)?
mlbme 2(t=s) " is the one of

1 1 s
1 -
Va5 = G TR =)

Using Lemma 4.9 for 2¢ and 1" = = we obtain

1 _-wa)? t—s\ © 1 (t—s)
Er|l— 1 -5 | < =C(e)————.
\/ ¢ [@ —wgE } =6 ( s ) VR~

Plugging inequalities (43) and (44) into (42) achieves the proof of the lemma. e

[b/v/s = GP*.

Lemma 4.11. Assume that A =1 and B 1is C'bl. Foralla e R, s >0
Ep [exp a(M; — X;)] < V225 +IBl%)

Proof. Using once again the equivalent probability measure ) = LiP where L, =
exp | [7 —B(W,)dW,+3 [ B(W,)*du] , under which X is a Q-Brownian motion:

Ep [exp a(M, — X,)] = Eq [L; ' expa(W} — W,)].

Using Cauchy Schwartz inequality,

Ep [exp a( M, — X) \/EQ 2 Eq [exp 2a(Wy — Wy)].
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sl|BlIZ,

Firstly recall (43) /Eq [L7?]] <e 2
Secondly under @, the law of (W} — W) is the one of ||, then

2 > 12 2 > T—2a/S 2
EQ [exp QQ(W: - Ws))] = E/ €2a\/gx€_7dl‘: 640425\/?/ e_< 22\[) dr < 2exp(4a23)‘
0 0

Finally, multiplying both bounds

E]P: [eXpog(MS _ XS>] < \/EGS”BZHOQJFZQQS

which concludes the proof. )
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