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Convergence analysis of upwind type schemes for the aggregation
equation with pointy potential

F. Delarue! F. Lagoutiere! N. Vauchelet

September 21, 2017

Abstract

A numerical analysis of upwind type schemes for the nonlinear nonlocal aggregation equation
is provided. In this approach, the aggregation equation is interpreted as a conservative transport
equation driven by a nonlocal nonlinear velocity field with low regularity. In particular, we allow
the interacting potential to be pointy, in which case the velocity field may have discontinuities.
Based on recent results of existence and uniqueness of a Filippov flow for this type of equations,
we study an upwind finite volume numerical scheme and we prove that it is convergent at order
1/2 in Wasserstein distance. This result is illustrated by numerical simulations, which show the
optimality of the order of convergence.

Keywords: Aggregation equation, upwind finite volume scheme, convergence order, measure-
valued solution, Markov chains.
2010 AMS subject classifications: 35B40, 35D30, 35L60, 35Q92, 49K20.

1 Introduction

This paper is devoted to the numerical approximation of measure valued solutions to the so-called
aggregation equation in space dimension d. This equation reads

Op = div (VoW xp)p), t>0, xeR? (1.1)
with the initial condition p(0,-) = p™. Here, W plays the role of an interaction potential whose
gradient V,W (z — y) measures the relative force exerted by a unit mass localized at a point y onto
a unit mass located at a point x.

This system appears in many applications in physics and population dynamics. In the framework
of granular media, equation is used to describe the large time dynamics of inhomogeneous
kinetic models, see [3|, (17, 52]. Models of crowd motion with a nonlinear term of the form V,W % p
are also addressed in [I8, [20]. In population dynamics, provides a biologically meaningful
description of aggregative phenomena. For instance, the description of the collective migration
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of cells by swarming leads to such a kind of PDEs with non-local interaction, see e.g. [44], [45] 51].
Another example is the modelling of bacterial chemotaxis. In this framework, the quantity S = Wxp
is the chemoattractant concentration, which is a substance emitted by bacteria allowing them to
interact with one another. The dynamics can be macroscopically modelled by the Patlak-Keller-Segel
system [38,146]. In the kinetic framework, the most frequently used model is the Othmer-Dunbar-Alt
system, the hydrodynamic limit of which leads to the aggregation equation , see [25], 26] 35]. In
many of these examples, the potential W is usually mildly singular, i.e. W has a weak singularity
at the origin. Because of this low regularity, smooth solutions of such systems may blow-up in finite
time, see e.g. [41l [8, [5, 15]. In the latter case, finite time concentration may be regarded as a very
simple mathematical way to account for aggregation of individuals, as opposed to diffusion.

Since finite time blow-up of smooth solutions may occur and since equation conserves mass,
a natural framework to study the existence of global in time solutions is to work in the space of
probability measures. In this regard, two strategies have been proposed in the literature. In [I5],
the aggregation equation is seen as a gradient flow taking values in the Wasserstein space and
minimizing the interaction energy. In [35, 36, (16, 40], this system is considered as a conservative
transport equation with velocity field VW % p. Then a unique flow, say Z = (Z(t,-))t>0, can be
constructed, hence allowing to define the solution as a pushforward measure by the flow, namely
p=(p(t) = Z(t,")£p™)i>0. When the singularity of the potential is stronger than the mild form
described above, such a construction has been achieved in the radially symmetric case in [4], but
uniqueness is then lacking. Actually, the assumptions on the potential W that are needed to ensure
the well-posedness of the equation in the space of measure valued solutions require a certain convexity
property of the potential that allows only for a mild singularity at the origin. More precisely, we
assume that the interaction potential W : R? — R satisfies the following properties:

(A0) W(z)=W(—=z) and W(0) = 0;

(A1) W is A-convex for some A € R, i.e. W(x) — %|x|2 is convex;
(A2) W e CHR\ {0});

(A3) W is Lipschitz-continuous.

Such a potential will be referred to as a pointy potential. Typical examples are fully attractive
potentials W(z) = 1 — el which is —1-convex, and W (x) = |z|, which is 0-convex. Notice that
the Lipschitz-continuity of the potential allows to bound the velocity field: there exists a nonnegative
constant we, such that for all x # 0,

VIV (2)| < weo- (1.2)

Observe also that (A3) forces A in (A1) to be non-positive, as otherwise W would be at least of
quadratic growth, whilst (A3) forces it to be at most of linear growth. However, we shall sometimes
discard (A3), when the initial datum is compactly supported. In this case, as W — \|z|?/2 is convex,
it is locally Lipschitz-continuous, so that W is locally Lipschitz-continuous, what will be sufficient
for compactly supported initial data. In that case it perfectly makes sense to assume A > 0 in (A1).
For numerical analysis, we will assume in this case that the potential is radial, that is to say that
W is a function of the sole scalar |z|, W (z) = W(|z|).

Although very accurate numerical schemes have been developped to study the blow-up profile
for smooth solutions, see [33| [34], very few numerical schemes have been proposed to simulate
the behavior of solutions to the aggregation equation after blow-up. The so-called sticky particles
method was shown to be convergent in [I5] and used to obtain qualitative properties of the solutions
such as the time of total collapse. However, this method is not so practical to catch the behavior



of the solutions after blow-up in dimension d larger than one. In dimension d = 1, this question
has been addressed in [35]. In higher dimension, particle methods have been recently proposed and
studied in [19, [12], but only the convergence of smooth solutions, before the blowup time, has been
proved. Finite volume schemes have also been developed. In [37], the authors propose a finite volume
scheme to approximate the behavior of the solution to the aggregation equation after blow-up
and prove that it is convergent. A finite volume method for a large class of PDEs including in
particular has been also proposed in [I4], but no convergence result has been given. Finally, a
finite volume scheme of Lax-Friedrichs type for general measures as initial data has been introduced
and investigated in [16]. Numerical simulations of solutions in dimension greater than one have been
obtained, allowing to observe the behavior after blow-up. Moreover, convergence towards measure
valued solutions has been proved. However, no estimate on the order of convergence has been
established so far. In the current work, we provide a precise estimate of the order of convergence
in Wasserstein distance for an upwind type scheme. This scheme is based on an idea introduced in
[35] and used later on in [37, [16]. It consists in discretizing properly the macroscopic velocity so
that its product with the measure solution p is well-defined. In this paper, we introduce an upwind
scheme for which this product is treated accurately, and we prove its convergence at order 1/2 in
Wasserstein distance (the definition of which is recalled below).

For a given velocity field, the study of the order of convergence for the finite volume upwind
scheme for the transport equation has received a lot of attention. This scheme is known to be first
order convergent in L norm for any smooth initial data in C%(R?) and for well-suited meshes, pro-
vided a standard stability condition (Courant-Friedrichs-Lewy condition) holds, see [10]. However,
this order of convergence falls down to 1/2 in LP norm when considering non-smooth initial data or
more general meshes. This result has been first proved in the Cartesian framework by Kuznetsov
in [39]. In [23], a 1/2 order estimate in the L>([0,T], L?(R%)) norm for H?(R?) initial data has
been established. Finally in [43, 2], a 1/2 order estimate in L' has been proved for initial data in
LY(RY) N BV (RY), whilst, for Lipschitz-continuous initial data, an estimate of order 1/2 — ¢ in L*®
for any € > 0 has been obtained in [42] 21]. We emphasize that the techniques used in [42, [43] and
[21] are totally different. In the former, the strategy of proof is based on entropy estimates, whereas
in the latter, the proof relies on the construction and the analysis of stochastic characteristics for the
numerical scheme. Finally, when the velocity field is only L°° and one-sided Lipschtiz-continuous,
solutions of the conservative transport equation are defined only in the sense of measures. In this
regard, Poupaud and Rascle [47] have proved that solutions of the conservative transport equation
could be defined as the pushforward of the initial condition by a flow of characteristics. A stability
estimate for such solutions has been stated later in [6]. In dimension d = 1, these solutions, as
introduced in [47], are equivalent to duality solutions, as defined in [IT]. Numerical investigations
may be found in [29]. In such a framework with a low regularity, numerical analysis requires to
work with a sufficiently weak topology, which is precisely what has been done in [22]. Therein, the
convergence at order 1/2 of a finite volume upwind scheme has been shown in Wasserstein distance
by means of a stochastic characteristic method, as done in [21]. Observe also that, recently, such an
approach has been successfully used in [50] for the numerical analysis of the upwind scheme for the
transport equation with rough coefficients. In the current work, we are particularly interested in the
approach used in [22] since, as mentioned above, measure valued solutions of are constructed
as a pushforward of the initial condition by a flow. Precisely, our aim is to extend the strategy
developed in [22] to the aggregation equation when the velocity field depends on the solution in a
nonlinear nonlocal way.

The outline of the paper is the following. In the next section, we introduce the notations and
recall the theory for the existence of a measure solution to . Then we present the upwind
scheme and state the main result: the scheme is convergent at order 1/2. In case when the potential



W is strictly convex and radially symmetric and the initial condition has a bounded support, the
rate is claimed to be uniform in time. Section [3]is devoted to the properties of the scheme and its
probabilistic interpretation. In particular, we show how the stochastic characteristics accommodate
the gradient flow structure of the aggregation equation. The proof of the main result for a Cartesian
grid mesh is presented in Section[d] In Section 5], we explain briefly how to extend our result to more
general P, meshes. Finally, numerical illustrations are given in Section [6] In particular, we show
that the order of convergence is optimal and we provide several numerical simulations in which we
recover the behavior of the solutions after blow-up time.

2 Notations and main results

2.1 Notations

Throughout the paper, we will make use of the following notations. We denote by C'O(Rd) the space
of continuous functions from R? to R that tend to 0 at co. We denote by My(R?) the space of Borel
signed measures whose total variation is finite. For p € My(R?), we call |p|(R%) its total variation.
The space M;(R?) is equipped with the weak topology o(My(R?),Co(R%)). For T > 0, we let
Snm = C([0, T); Mp(RY) — a(My(R?), Co(R?))). For p a measure in My(R?) and Z a measurable
map, we denote Z4p the pushforward measure of p by Z; it satisfies, for any continuous function ¢,

/ o) Zyp(de) = / o(2()) plda).
R4 Rd

We call P(R?) the subset of M;(R?) of probability measures. For any probability space (£, A,P)
and any integrable random variable X from (2, .4) into (P, B(R)), we write E(X) for the expectation
of X. We define the space of probability measures with finite second order moment by

Po(RY) := {u € P(RY), /Rd 2|2 p(dz) < oo} )

Here and in the following, | - |? stands for the square Euclidean norm, and (-,-) for the Euclidean

inner product. The space Po(R?) is equipped with the Wasserstein distance dy; defined by (see e.g.
2, 53, 54, 49])
1/2
awp)i=_nt L 1y o s(ana (2.3
€L () (JRExRE

where T'(y, ) is the set of measures on R? x R? with marginals x4 and v, i.e.
D) = {y € Pal®? x BY; ¥e € oD, [ el do) = [ unntam),

[ wtam.dn) = [ etmtan .

By a minimization argument, we know that the infimum in the definition of dy is actually a mini-
mum. A measure that realizes the minimum in the definition (2.3|) of dyy is called an optimal plan,
the set of which is denoted by I'g(u,v). Then, for all 9 € Io(p, v), we have

duw (11, ) = / 1y — 22 yo(da, dy).
R xRd



We will make use of the following properties of the Wasserstein distance. Given p € P2(R%) and
two p-square integrable Borel measurable maps X,Y : R* — R?, we have the inequality

dw (X, Yoei) < || X = Y| L2y

It holds because ™ = (X, Y )up € T'(Xyp, Yyp) and [pa pa |z — yl> 7(dz, dy) = [| X — YH%%A)‘
More generally, for any probability space (€2, A, P) and any two random variables X,Y : Q — R?
such that E[|X|?] and E[|Y|?] are finite, it holds that

dw (X4P, Y4P) <E(X - Y|?)"/?, (2.4)

where X 4P and Y4 P denote the respective distributions of X and Y under PP. The proof follows from
the same argument as above: 7 = (X,Y )P € I'(X4P, Y4P) and [pa |z —y|* 7(dz, dy) = E[| X - Y *].
2.2 Existence of a unique flow

In this section, we recall the existence and uniqueness result for the aggregation equation ([1.1))
obtained in [I6] (and extend it a bit for non-globally Lipschitz-continuous potentials). For p €
C([0,T], P2(R%)), we define the velocity field @, by

glt,a) 2=~ | W (a—yp(t,dy). (2.5)
where we have used the notation

—— | VWV (2), for x # 0,
VW(z) := { 0, for x = 0.
Due to the A-convexity of W, see (A2), we deduce that, for all z, y in R?\ {0},
(VW (z) = VW (y),z —y) > Az — y* (2.6)

Moreover, since W is even, VI¥ is odd and by taking y = —x in (2.6), we deduce that inequality
(2.6)) still holds for VW, even when z or y vanishes:

Ve,yeRYE, (VW (z) = VW (y),z —y) > Az —y|> (2.7)

This latter inequality provides a one-sided Lipschitz-continuity (OSL) estimate for the velocity field
a, defined in (2.5)), i.e. we have

Vx,y € Rda 13 Z 07 <ap(tax) - ap(t,y),ac - y> S —)\|1’ - y|2
We recall that, for a velocity field b € L>([0, +00); L=(R%))? satisfying an OSL estimate, i.e.
Yo,y R 620, (b(t,x) —b(t,y), @ —y) < at)|z —yf,

for a € L},.([0,400)), it has been established in [27] that a Filippov characteristic flow could be
defined. For s > 0 and = € R? a Filippov characteristic starting from z at time s is defined as a
continuous function Z(-;s,x) € O([s, +00); R?) such that %Z(t; s, x) exists for a.e. t € [s,+00) and

satisfies Z(s; s, ) = x together with the differential inclusion

aatZ(t;s,x) € {Convess(a,) }(Z(t; s, z)), for a.e. t>s.



In this definition, Convess(E) denotes the essential convex hull of the set E. We remind briefly the
definition for the sake of completeness (see [27, [I] for more details). We denote by Conv(E) the
classical convex hull of FE, i.e., the smallest closed convex set containing E. Given the vector field
a,(t,-): R? — R, its essential convex hull at point z is defined as

{Convess(a,)(t,-)} (z) := m ﬂ Conv|a,(t, B(z,r) \ N)],

r>0 NeNy

where N is the set of zero Lebesgue measure sets.
Moreover, we have the semi-group property: for any t,7,s € [0,4+00) such that ¢t > 7 > s and
z € RY,

Z(t;s,x) = Z(7;8,x) +/ (0, Z(0; s,x)) do. (2.8)

From now on, we will make use of the notation Z(¢,z) = Z(t;0,z). Using this characteristic, it has
been established in [47] that solutions to the conservative transport equation with a given bounded
and one-sided Lipschitz-continuous velocity field could be defined as the pushforward of the initial
condition by the Filippov characteristic flow. Based on this approach, existence and uniqueness
of solutions to defined by a Filippov flow has been established in [I6]. More precisely the
statement reads:

Theorem 2.1 [16, Theorem 2.5 and 2.9] (i) Let W satisfy assumptions (A0)—(A3) and let p™
be given in Po(RY). Then, there exists a unique solution p € C([0,400); P2(RY)) satisfying, in the
sense of distributions, the aggregation equation

Oip +div(@,p) =0, p(0,) = p™, (2.9)

where a, is defined by .
This solution may be represented as the family of pushforward measures (p(t) := Z,(t,)%p"™ )t>0
where (Z,(t,-))e>0 is the unique Filippov characteristic flow associated to the velocity field @,,.
Moreover, the flow Z, is Lipschitz-continuous and we have

sup ‘Zp(tvx) - Zp(t7y)’ < e|)\|t’
z,y€RI, Ay ’1’ - y’

t>0. (2.10)

At last, if p and p' are the respective solutions of with p™ and p™' as initial conditions

in Po(RY), then
dw(p(t),p,(t)) < e|)\\tdW(pini7pini,/)’ t>0.

(i) Let W satisfy (A0)—(A2) and be radial, X be (strictly) positive and let p™ be given in Po(R?)
with compact support included in Boo(My, R), where My is the first moment of p'™ (i.e. its center
of mass) and Buso(My, R) the closed ball for the infinite norm on R centered at My with radius R.
Then, there exists a unique solution p € C(]0,+00); P2(R%)) with support included in Bs (M, R)
satisfying, in the sense of distributions, the aggregation equation where a, is defined by .

Moreover, the flow Z, is Lipschitz-continuous and we have

sup 1Zp(t,x) — Zp(L, y) < e
z,yERY, 2y |z =yl

, t>0. (2.11)

At last, if p"™ and p"™' have a bounded support, then,

dw (p(t), p' (1)) < dw (p™, p"™"), ¢ >0,



The stability estimates that are present in this result are Dobrushin type estimates in the
quadratic Wasserstein distance, in the case where the kernel is not Lipschitz-continuous but only
one-sided Lipschitz-continuous. See [24] and [2§].

We mention that the solution, which is here represented by the Filippov characteristic flow,
may be also constructed as a gradient flow solution in the Wasserstein space Pa(R%), see [15] and
Subsection Here it is also important to remark that is true under the sole assumptions
(A0)-(A2) whenever A > 0 (which is a mere consequence of and below). In that case,
it ensures that Ba(M;, R) (the closed Euclidean ball) is preserved by the flow without the assumption
that W is radial. As a result, it may be tempting to address the analysis below without requiring
the potential to be radial. Nevertheless, the problem is that the numerical scheme does not satisfy a
similar property. Indeed, the Euclidean ball By(Mj, R) is not convex from a numerical point of view,
that is to say, if we regard the mesh underpinning the scheme, then the union of the square cells
whose center is included in By(Mi, R) is not convex. Due to this drawback, the flow associated to
the scheme does not preserve the ball By(My, R). This is in contrast with Lemma below, which
shows that, in the radial setting, the ball B (M, R+ Ax) is kept stable by the scheme, where Ax
is the step of the spatial mesh. This latter fact is the reason why we here assume that the potential
is radial.

Proof. For the first two statements of the Theorem, existence of a unique solution and Lipschitz-
continuity of the flow, we refer to [16]. These statements remain true whenever the sole (A0)—(A2)
hold true, W is radial, A is (strictly) positive and the support of pi is bounded, provided that the
notion of solution is limited to collections (p(t,-)):>0 that have a compact support, uniformly in ¢ in
compact subsets. Indeed, if we denote by M (t) the center of mass of the solution at time ¢, namely
M (t) := [ga p(t,dx), then this center of mass is known to be preserved: M;(t) = M(0) = M (see
[16] or Lemma below for the discrete counterpart). Now, if A > 0 and if W is radial, VW (z — y)
is positively proportional to x —y, so that —VW (x —y) is parallel to  —y and directed from x to y.
Thus, if p(t) is zero outside the ball Bo (M, R), then, for any z € 0B (M1, R), the velocity a,(t, x)
is directed toward the interior of Boo (M, R). This shows that By (M1, R) is preserved by the flow
and guarantees that p(t) has its support included in By (Mj, R) for any time ¢ > 0, if it is the case
for t = 0. Given the fact that the support of p(¢) remains bounded in B (M, R), everything works
as if W was globally Lipschitz-continuous. Existence and uniqueness of a solution to the aggregation
equation can thus be proved by a straightforward localization argument. Indeed, observe that from
the very definition of the velocity a, the Lipschitz-continuity constant of W that is involved in the
existence and uniqueness theory is the local one of W on the compact subset By, (M1, R), provided
that the support of p™ is included in Boo (M, R).

Now it only remains to prove the two inequalities regarding the Wasserstein distance between
solutions starting from differents data. Under assumptions (A0)—(A3) on the potential, it was
proven in [16], but with a constant 2|A| instead of |A| in the exponential (as in [24] and [2§], in which
the convolution operator is however replaced with a slightly more general integral operator), thus
we here provide a proof of the present better estimate.

We consider the two Filippov flows (Z,(t,-))¢>0 and (Z,(t,-))i>0 as defined in the statement of
Theorem 2.2l We recall that

Zp(tv )#pmz = ,O(t, ')a Zp/(t7 ‘)#pim‘,/ = pl(t¢ ')7 t>0. (212)



To simplify, we just write Z(t,-) = Z,(t,) and Z'(t,-) = Z,(t,-). Then, for any z,y € R% and t > 0,
S12(6.0) - 2t )P
dt ) )
= ~2(Z(t,x) ~ Z'(t,y),
VW (Z(t,2) — Z(t,2)p"(da') — | SW(Z'(ty) = Z(t,9) P (dy)).
R4 R4
Call 7 € T'g(p™, p™¥') an optimal plan between p™ and p"*’. Then,

d
%’Z(tx) - Z/(tay)’2

= —2<Z(t,x) — 7Z'(t, @/)a/

N VW (Z(t,2) - Z(t,2) = VW (Z'(t,y) = Z'(t,y)))]m(da’, dy) ).

Integrating in (x,y) with respect to 7, we get

G [z - 2 ) Pa(as.ay)
dt Rd Rd

__Q/Rd /Rd<2(t,x)—Z’(t,y),

—

VW (Z(t,z) — Z(t,2')) = VW (Z'(t,y) — Z'(t,9))] > (dz, dy) m(dz’, dy').
Thanks to the fact that VIV is odd, see (A0), we can write, by a symmetry argument,
d ! 2
dt R JRdA

- /Rd /Rd<Z(t,x) - Z'(t,y) — (Z(t,2") = Z'(t,y)),

VW (Z(t,2) - Z(t,a')) — VW (Z'(t,y) — Z'(t,¢)))] > r(dz, dy) 7(dz, dy).
Using , we obtain

d
G |12t - 2t p)Pr(ds.dy)
dt Rd ]Rd

(2.13)
<o [ [ 20 - Z) - (2(a') - Z00) (i, dy) el ).
Rd JR4
Observe that the above right-hand side is equal to
/ ‘Z(tv ‘T) - Z/(tv y) - (Z(tv x/) - Zl(tv y/)) ‘2 7T(Cl.CC, dy) TI'(d.CC,, dy/)
Ra JRA
9 (2.14)

_ 2/ \Z(t,x) — Z/(t ) > w(de, dy) — 2
Rd JRd

R JRA
1st case. If A <0, we deduce from (2.13) and (2.14]) that

d
&L [z - 2Pty <2 [ [ 200 - 200 5@ dy),
dt Rd JRd R4 JRY



which suffices to complete the proof of the first claim by noting that

/ / |Z(0,l‘) — Z’(O7y)|27'r(d.r7dy) = / / |1. _ y|27r(dx,dy) _ dW(pi”i,pi”i”)Q,
Rd JRd Rd JRd
d

an

[, [1202) = Z )P ) = dw (o0, (0

see ([2.12)).
2nd case. If A > 0, we just use the fact that the right-hand side in (2.13|) is non-positive.
Proceeding as above, this permits to complete the proof of the second claim. 0

2.3 Main result

The aim of this paper is to prove the convergence at order 1/2 of an upwind type scheme in distance
dw for the aggregation equation. The numerical scheme is defined as follows. We denote by At the
time step and consider a Cartesian grid with step Az; in the ith direction, i = 1,...,d; we then let
Az := max; Ax;. We also introduce the following notations. For a multi-index J = (J,...,Jq) € Z%,
we call Cy == [(J1—3) Ay, (J1+3)Az1) ... [(Ja—5)Azg, (Ja+3)Azg) the corresponding elementary
cell. The center of the cell is denoted by z; := (J1Azy,. .., JgAxg). Also, welet e; ;== (0,...,1,...,0)
be the ith vector of the canonical basis, for i € {1,...,d}, and we expand the velocity field in the
canonical basis under the form a = (aq,...,aq).
For a given nonnegative measure p'™ € Py(R?), we put, for any J € Z¢,

P = / p™(dx) > 0. (2.15)
Cy

Since p™ is a probability measure, the total mass of the system is Jezd p?, = 1. We then construct
iteratively the collection ((p'7) jezd)nen, each p'j being intended to provide an approximation of the
value p(t", z), for J € Z%. Assuming that the approximating sequence (p%) ;cza is already given at

time " := nAt, we compute the approximation at time t"*! by:
4 At
o= 0y = D o (@) 5 = (@ ae) P, = (@e) P e, + @) p5). (216)
1 2

1=
The notation (a)* = max{0,a} stands for the positive part of the real a and respectively (a)™ =
max{0, —a} for the negative part. The macroscopic velocity is defined by
a;'y = — Z Y DZ-Wf(, where Din = W(Z‘J — xK). (2.17)
Kezd

Since W is even, we also have:
DWE = —DW}L. (2.18)

The main result of this paper is the proof of the convergence at order 1/2 of the above upwind
scheme. More precisely the statement reads:

Theorem 2.2 (i) Assume that W satisfies hypotheses (A0)—(A3) and that the so-called CFL con-
dition holds:

d
At
Woo Y Az S 1, (2.19)
=1



with weo as in (1.2)).

For p™ € Py(RY), let p = (p(t))i>0 be the unique measure solution to the aggregation equation
with initial data p™, as given by Theorem . Define ((p7) jeza)nen as in (2.15)—(2.16) —([2.17) and
let

PAg = Z P, mneN.
Jezd
Then, there exists a nonnegative constant C, only depending on A\, ws and d, such that, for all
n € N*,
dw (p(t"), pia,) < C eMOTADT (Vin Az 1+ Ax). (2.20)

(ii) Assume that W is radial and satisfies hypotheses (A0)—(A2) with \ (strictly) positive, that
P is compactly supported in Boo(My, R) where M is the center of mass of p™, and that the CFL
condition (2.19) holds, with wo, defined as

Woo = sup VW (x)|, (2.21)
2€Boo (0,2R+2A2)\ {0}

Assume also that At < 1/2 and 2AAt < 1. Then, there ezists a nonnegative constant C, only
depending on A\, Weo, d and R such that, for all n € N*, (2.20)) is valid, as well as

dw (p(t™), pR,) < C (VAz + Az), (2.22)

which proves that the error can be uniformly controlled in time.

We stress the fact that, under the setting defined in (i), is valid. In small time, it provides
a better estimate than . As indicated in the statement, the constant C' in may depend
on the value of R in the assumption Supp(p"™) C Boo(Mji, R).

We also point out that, although the computations below are performed for the sole upwind
scheme, the first part of the statement, which holds true under the full set of hypotheses (A0)—
(A3), can be straightforwardly adapted to other diffusive schemes, see for instance our previous
article [22]. As for (i7), the statement remains true provided that the supports of the approximating
measures (p"),>0 remain bounded as n grows up. It must be stressed that there are some schemes
for which the latter property fails (e.g. Lax-Friedrichs’ scheme).

Moreover, as already mentioned in Introduction, the convergence rate is optimal; this latter fact
will be illustrated by numerical examples in Section [6]

Example 2.3 In one dimension, the scheme (2.16)) reads

At
1 _ _
ot = g = (@) = () o = (@) iy + (@) o).

where i is just taken in Z. The scheme has then the following interpretation. Given pix, =
ZjeZ p?&xj, we construct the approzimation at time t" by implementing the following two steps:

e The Delta mass p} located at position x; moves with velocity aj' to the position x; + aj' At.
Under the CFL condition woo At < Az, the point x; + al' At belongs to the interval [z;, xit1] if
a >0, and to the interval [z;—1,z;] if al' <O0.

e Then the mass p}' is split into two parts; if al > 0, a fraction al At/Ax of it is transported
to the cell i + 1, while the remaining fraction is left in cell i; if a! < 0, the same fraction
lal|At/Ax of the mass is not transported to the cell i + 1 but to the cell i — 1. This procedure
may be regarded as a linear interpolation of the mass p;' between the points x; and x;y1 if
a; > 0 and between the points x; and x;—1 if a] <0.
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Finally, we emphasize that this scheme differs from the standard finite volume upwind scheme in
which the velocity is computed at the interface a?+1/2' This subtlety is due to the particular structure
of the equation, as the latter requires the product G,p to be defined properly. A convenient way to
make it proper is to compute, in the discretization, the velocity and the density at the same grid
points. This fact has already been noticed in [37, [31)] and is also illustrated numerically in Section

L0l

3 Numerical approximation

3.1 Properties of the scheme

The following lemma explains why we called CFL the condition on the ratios (At/Ax;)j=1,.. 4 that
we formulated in the statement of Theorem 2.2

Lemma 3.1 Assume that W satisfies hypotheses (A0)—(A3) and that the CFL condition
is in force. For p™ € Py(R?), define (p%) ez by @R.15). Then the sequences (p7),en, sezd and
(a:})nen.gezds i = 1,...,d, given by the scheme defined in [2.16)-[2.17), satisfy, for all J € Z* and
n €N,

Pl >0, la;it| < Weo, i=1,...,d,

doi=1

Jezd

and, for allm € N,

Proof. The total initial mass of the system is ) _; p(} = 1. By summing equation ([2.16) over J, we
can show that the mass is conservative, namely, for all n € N*, 3", p% =3, pOJ =1.
Also, we can rewrite equation ([2.16|) as

d
At
1
Pyt =0l [1 -3 Ay, il
i=1 g

We prove by induction on n that p; > 0 for all J € Z% and for all n € N. Indeed, if, for some
n € N, it holds p% > 0 for all J € Z¢, then, by definition (2.17) and assumption (1.2), we clearly
have

At +

d d
At _
+ Z p§+ei Aﬂ?l (ai7}+ei) + Z pg*eifxi(aiz}fei (323)
i=1 i=1

n T .
|a;7] < wso E P = Woo, i=1,...,d.
Kezd

Then, assuming that the condition (2.19)) holds, we deduce that, in the relationship (3.23)), all the

coefficients in front of p7, pj_, and p7, .., i =1,...,d, are nonnegative. Thus, using the induction

assumption, we deduce that p’}“ > 0 for all J € Z¢%. 0

In the following lemma, we collect two additional properties of the scheme: the conservation of
the center of mass and the finiteness of the second order moment.

Lemma 3.2 Let W satisfy (A0)—(A3) and condition ([2.19) be in force. For p™ € Po(R?), de-
fine (pY) jeza by [@.15). Then, the sequence (p7) jeza given by the numerical scheme (2.16)(2.17)

satisfies:
(i) Conservation of the center of mass. For all n € N*,

> @i =Y il

JezZ4 Jezd

11



We will denote the right-hand side (and thus the left-hand side as well) by M ay.
(ii) Bound on the second moment. There exists a constant C' > 0, independent of the parameters

of the mesh, such that, for all n € N*,
MQTI;Ax = Z ’$J’2p7} < eCt" (MQO,AJC + C)’
Jezd

where we recall that t" = n/At.

Proof. We recall from Lemma that, for all n € N, the sequence (p'}) ;¢za is nonnegative and
that its sum is equal to 1.
(7) Using ([2.16]) together with a discrete integration by parts, we have:

d
At

> agptt= > wpi =Y Y (@) o (ws = wae,) — (@) P (e, — 1))
Az

Jeza Jezd i=1 b Jezd

By definition of z;, we deduce

d
Sagpit = wpi ALY Y ailh ol

Jezd Jezd i=1 jezd
By definition of the macroscopic velocity (2.17]) and by (2.18)), we also have

Yoalipi==> > DiWfpkpi=Y > DWipkp;

Jezd JEZL Kezd JeZI Kezd

Jezd Kezd
where we exchanged the role of J and K in the latter sum. We deduce that it vanishes. Thus,
S = Y
Jezd Jezd

(73) For the second moment, still using (2.16)) and a similar discrete integration by parts, we get

D et =Y el

Jezd JeZd
At _
—Z (@)™ 05 (12 = fosses?) = @D 5 (1wel? = 2s) ]
' Jezd
By definition of x, 2> — |T1e;|? = —2Ji Az? — Ax? and |2)_,|? — |2/]? = —2J; Az? + Az?.

Therefore, we get

d d
Z vy 2t = Z \xJ\pr}—i—QAtZ Z JiAx; a/}p?—i—AtZAazi Z p'7lai’.

Jezd Jezd =1 Jezd =1 Jezd

As a consequence of Lemma we have ]aif}] < Ws-. Using moreover the mass conservation, we
deduce that the last term is bounded by ws, At 27:1 Ax;. Moreover, applying Young’s inequality
and using the mass conservation again, we get

1

‘ZGZJPJJsz _2(w +Z|JA$1| PJ) §<w +ZPJ|$J|>

Jezd Jezd JeZ4

12



We deduce then that there exists a nonnegative constant C only depending on d and ws such that

d
> lwaPoytt < <1 + CAt) > lsPply + CAt <Z A + 1) '

Jezd Jezd i=1

We conclude the proof using a discrete version of Gronwall’s lemma. 0

In case when W is radial and satisfies (A0)—(A2), ) is (strictly) positive and p has a bounded
support, Lemmas and become:

Lemma 3.3 Assume that W is radial and satisfies (A0)—(A2), X is (strictly positive) and p™ has
a bounded support, then the conclusions of Lemmas [3.1] and remain true provided that we, 1S
defined as in (2.21)).

Moreover, for any R > 0 such that Supp(p™) C Bso(My, R), it holds, for any n € N,

Supp(pre) C Boo(Mi Az, R+ Azx),

that is
VJ €Z% x5 ¢ Boo(Miag, R+ Ax) = p% = 0.

The meaning of Lemma [3.3] is pretty clear. For R as in the statement, the mass, as defined by
the numerical scheme, cannot leave the ball BOO(MLAI, R+ Az). We here recover the same idea as
in Theorem 2,11
Proof. As long as we can prove that the mass, as defined by the numerical scheme, cannot leave
the ball Boo (M1 a2, R + Ax), the proof is similar to that of Lemmas and So, we focus on
the second part of the statement.

We first recall that ,0?, = fCJ p"(x)dx, for J € Z. Hence, if 25 ¢ Boo(Mi Az, R + Az), we
have z; ¢ Boo(M1, R+ Az/2) and then Cj N Boo(Mi, R) = 0 and thus p% = 0. Below, we prove by
induction that the same holds true for any n € N. To do so, we assume that there exists an integer
n € N such that, for all J € Z¢, p’; = 0if

X ¢ BOO(MLAJ;, R+ Am) (324)

The goal is then to prove that, for any J satisfying (3.24)), p’}“ = 0. By (3.23)), it suffices to prove
that, for any coordinate i € {1,--- ,d} and any J as in (3.24]),

phe (a8,.)” =0, and P, (ay_.)" =0. (3.25)

Without any loss of generality, we can assume that there exists a coordinate ig € {1,---,d} such
that (z7)i, > R+ Az + (M az)i, (otherwise (z);y < —R— Az + (M az)i, and the argument below
is the same). Hence, (24, )iy > R+ Az + (M1,az)i, and, by the induction hypothesis, p3+ei0 =0,

which proves the first equality in (3.25) when i = i5. In order to prove the second equality when
i = ip, we notice from (2.17) that

n n 5 Ta n e
a”iOJ—eiO == Z PK amoW(l'J—eiO - l‘K) = - Z PK 8371'0W(:L‘J—ei0 — l‘K)
Kezd KeZd:(zg )iy <R+Az+(M1,az)ig

—_—

== Z :0?( a'riOW(xJ—eiO - $K)

KeZ(vx)ig<(z1)ig

n a1

== Z PK 8zi0W(xJ—ei0 - wK)

KeZ¥:(wK)ig<(T1-c; )i
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As W is radial and A > 0, VIW (z—y) is positively proportional to x—y. Hence, W(fl}']_eio —TK) >
0 when (zk )i, < (Tj—e,, )io- Therefore, (a;,’_ ei0)+ = 0, which proves the second equality in (3.25)).
It remains to prove (3.25) for i # do. Obviously, (27_, )i, = (27, .. )ic = (27])iy > R+ Az +

(M1,az)io- By the induction hypothesis, p7_,. = p, . = 0, which completes the proof. 0

Remark 3.4 Lemma is the main rationale for requiring W to be radial. Indeed, the counter-
exzample below shows that the growth of the support of p™ can be hardly controlled whenever A > 0
and W is just assumed to satisfy (A0)—(AZ2). Consider for instance the following potential in
dimension d = 2: )
1 2
W(‘Tl,ﬂ?'z) = 5(%1 - qu) + %1’%, (Il,ﬂ?g) € ]R27

where q is a free integer whose value will be fixed later on. It is well checked that

Ou W (1, 12) = 21 — qxo, O, W(x1,20) = qlqua — 1) + ¢*T2.

Standard computations show that the smallest eigenvalue of the Hessian matriz (which is independent

of (x1,x2)) is

(14 24¢°) — 2¢%\/1+ 1/(4¢%) 1
2 ~qg—00 2’
so that W is A-convex with A converging to 1/2 as q tends to cc.
Take now a centered probability measure p and compute the first coordinate of the velocity field
a,. By centering,
(ap)1($1,x2) =qxro — T1.

In particular, if vo = 1, then (a,)i1(x1,1) = q — x1, which is non-negative as long as x1 < q.
Therefore, if the numerical scheme is initialized with some centered pOAx supported by the unit square
[—1,1]2, it holds

(@y )1(1,1) >0,

if ¢ > 1. Hence, provided that the CFL condition holds true, p' charges the point (1 + Ax,1). Since
the numerical scheme preserves the centering, we also have

(Eplm)l(l + Az, 1) > 0,

if ¢ > 1+ Az, and then pA, also charges the point (1 +2Ax,1), and so on up until (Az|q/Az],1).
This says that there is no way to control the growth of the support of the numerical solution in terms
of the sole lower bound of the Hessian matrixz. Somehow, the growth of VW plays a key role. This
is in stark contrast with the support of the real solution, which may be bounded independently of q,
as emphasized in the proof of Theorem[2.]].

A possible way to overcome the fact that the numerical scheme does not preserve any ball con-
taining the initial support in the general case when W is not radial would be to truncate the scheme.
We feel more reasonable not to address this question in this paper, as it would require to revisit in
deep the arguments used to tackle the case A < 0.
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3.2 Probabilistic interpretation

In order to address the convergence of the numerical scheme 7, we adapt to our framework
the probabilistic interpretation proposed in [21),22]. It consists in associating random characteristics
with the scheme when the CFL condition defined in the statement of Theorem is in force (the
definition of w, depending on the sign of A as we already explained). In [21} 22], these character-
istics are constructed as the trajectories of a Markov chain admitting Z¢ as state space. Here the
representation is pretty similar, except for one major fact. In order to account for the aggregation
structure in , the transition matrix of the Markov chain involved in the representation of the
scheme must indeed depend on the current marginal law of the chain. Accordingly, the chain cannot
be a mere (or a standard) Markov chain; instead, it will be called a nonlinear Markov chain. The
word nonlinear will be used to indicate that the local dynamics of the chain at time n heavily depend
upon its marginal statistical distribution at the same time n. Equivalently, the chain could be also
said to be of the McKean-Viasov type. Alternatively, it could be regarded as a true Markov chain,
but on the enlarged state space Z¢ x P(Z%), where P(Z%) denotes the set of probability measures
on Z¢4.

Throughout the analysis, we will denote by Q = (Z%)N the canonical space for the nonlinear
Markov chain. The canonical process is denoted by (K™),en (namely K™ maps w = (w") € £ onto
the n'® coordinate w” of w): K™ must be understood as the n*® site occupied by a random process
taking values in Z¢.

We equip 2 with the Kolmogorov o-field A generated by sets of the form [ ], A", with A" C z-
for all n € N and, for some integer ng, A" = Z% for n > ng (in other words, A is the smallest o-field
that renders each K", n € N, measurable). Moreover, the canonical filtration generated by (K™),en
is denoted by F = (F" = o(K",--+ , K"))nen. In words, F™ can be interpreted as the information
that an observer would collect by observing the realizations of K, ..., K™ Given this setting, the
chain can be constructed as follows.

The first step is to recover the framework used in [21} 22]. In order to do so, we shall disentangle
the initial condition of the chain and the initial condition used to initialize the interaction in the
aggregation structure. It will be in a second time only that we identify the two of them. So, for
the time being, we fix an initial condition ¢ € P(Z?), which can be seen as a non-negative valued
sequence (07) jeze with sum 1. Letting p’ = o, we then implement to define the sequence
(p")nen. This permits to compute the corresponding velocities ((a”) jeza)nen by means of (2.17).
Once the velocities are given, we can follow [21] 22]. Namely, we can endow the pair (2,.4) with a
collection of probability measures (P, ) ,ep(z4), such that, for all u € P(Z4), (K™)pen is a Markov
chain under P, , with initial distribution x, namely K O#P[g]’u = u, and with transition matrix:

d
A
1-— 2 A;‘a/}’ when L = J,
AL my hen L=J+e;, fori=1,...,d
Prplp"] = Txi(au) when L =J +e;, fori=1,...,d, (3.26)
At ny\— .
TM(GU) when L =J —¢;, fori=1,...,d,
0 otherwise,

\

where we used the definition of a;} in terms of p”, see , under the prescription that (p™),en
starts from p? = g. We notice that K%4Py, , = p means that for all J € Z4, P u(K° = J) = pu(J),
that is, the initial starting cell is picked randomly according to the law p (sometimes it is denoted
K° ~ ). Of course, the rationale for the definition comes from the following observation:

15



the scheme (2.16)) may be rewritten as

d

P = 03Pl + Y (0 e, Prveos o]+ pl—e,Pr-c.,s[p"])- (3.27)
=1

This must be compared with the following Kolmogorov equation satisfied by the marginal law of the
chain:

P[QL# (KWrl = J) = P[@Lu (Kn = J)PJ,J[PH]

d
(3.28)
+ Z(P[QLN(K” =J+ ei)PJJrez-,J[Pn] + P[g],u(KnH =J - ei)PJ—ei,J[pn])-
i=1

For any p € P(Z%), we write E(,,, for the expectation under Py, ,. Also, for any p € P(Z%)
and any n € N, the conditional probability P, ,(:|F») is just denoted by Py H(-); similarly, the

conditional expectation E, ,(-|F,) is denoted by Ery #() Moreover, in statements that are true

independently of the initial distribution p € P(Z?), we often drop the index p in the symbols Pro.u
and/or Ef, ,. For instance, we may write:
Vn € N, VL € Zd, ]P)ﬁ)] (Kn+1 = L) = PKn7L[pn]
Whenever p is the Dirac mass at some J € Z%, namely p = 67, we write P, s instead of P, ,
and similarly for Ej,. Notice that, for any u € P(Z4), Py, is entirely determined by p and the
collection (Py s) jeza:

P () = Z 1P ()

JEeZ4

Then, it generally suffices to restrict the analysis of the Markov chain to the cases when u = 07, for
J e 74

So far, the Markov chain has been defined for a frozen value of the interaction kernel (p% ) xezd
used to define the discrete velocity field a;; in (2.17)). This is similar to the way we defined the
flow Z, in the statement of Theorem for a given solution p of . Anyhow, now that we
have constructed the Markov chain for a given initial condition p° of the scheme, we may define the
nonlinear Markov chain by letting

0

PQ = P[QLQ’ with o=p .

In other words, the nonlinear chain is obtained by identifying the initial distribution g (which is the
initial distribution of the chain when the interaction kernel is given) and the initial distribution used
to define the scheme. Of course, the crux is to notice, from (3.27)) and (3.28]), that

VneN, VJ ezl P,(K"=J)=p} (3.29)

where (p")nen is obtained by implementing (2.16) with p® = p as initial condition. As above, we
sometimes write P instead of P, in statements where the role of o is transparent.

We now have all the ingredients to define the corresponding random characteristics. The random
characteristics consist of a sequence of random variables (X™),ecn from (Q, A) into R%:

V’rl € N, Vw € Q7 Xn((A)) — xKn(w), (330)
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where we recall that x; = (J1Axy, ..., JjAxy) for J = (J1,...,J3) € Z%

The following proposition states that the sequence (p},)nen, as given by the upwind scheme
-, is defined as a pushforward of the initial condition p%x by the random characteristics
and that the mean velocity of the latter ones is a discretization of @,, as defined in .

Proposition 3.5 For any initial distribution p° € P(Z4), let (P&, )nen be defined as in Theorem
(with the appropriate definition of weo in the CFL condition) and (X™)nen be the sequence of random
variables defined by (3.30) through the nonlinear Markov chain (K" )nen admitting (P[o]) ,ep(zay in

(3.26]) as transition matrices.
(i) For all o € P(Z) and J € Z¢, we have, with probability one under P, s

P (XM — XM = —At Rdvfwxn—y)pzx(dw, (3.31)

when we use the initialization p° = o to compute (PR )nen. In particular, the same holds true under
P, with Ky in lieu ofIE (o],J"

(ii) We have, for all n € N, pr, = X" 4P,

Proof. (i) For o € P(Z%) and J € Z%, we compute the conditional expectation given the trajectory
of the chain up until time t™:

Rd

d
E[g},J(X +1_ Z (Aaz,ez a;lfn) " Az — Aziei(aign)” sz) AtZa,Kn e;.
=1
Using definition (2.17)), we have
d — —_—
dalei=— > VW(xs—zk)pk =— | VW(xs—y)ph.(dy),

Kezd

and we obtain (3.31)).
(ii) For any o € P(Z%), we have, for all n € N,

X"yPy= Y 04, Po(K" =L).

Lezd

We conclude by (3.29)). 0

3.3 The characteristics as a stochastic gradient flow

Formula (3.31)) may be rewritten as follows.
XM X" = _ALE[VW(X" — X™)] + AM,, (3.32)

where ()N(n)nzg is a sequence of random variables obtained by duplicating (X, ),en on a copy ((~2, A, @)
of the probability space (€2, A, P) (here we do not specify the initial condition of the chain (X5,),>0 as
it may be arbitrarily chosen) and E denotes the expectation on (§~2, ,Z(, ]TD) In the above formulation,
AM, is a martingale increment, namely it may be written as AM,, := My41 — M, where (M, )n>0
is a martingale on (€2, A, P) with 0 as initial condition. As a martingale, it satisfies:

E"[AM,] =0,

17



or, equivalently,
XnJrl _ X" — E" [Xn+1 . Xn] + AM™.

As explained in [2I], the sequence (M, )nen provides a probabilistic description of the numerical
diffusion induced by the scheme. In this regard, it is worth computing its local variance. We claim:

d
E"[[AM, ] <E"[|X" — X"] < At Y A aikal, (3.33)
=1

which shows that the numerical diffusion decays with the velocity.

In the specific framework of aggregation, equation suggests the following interpretation.
The sequence (X™),en forms a sort of stochastic gradient flow in L?(Q, A, P;R?). Indeed, in case
when W is a smooth functional, the function

L2(Q,A,P;RY) 5 X — %EE [(W(x - X)],

where, as above, the symbol ~ is used to denote copies of the various random variables in hand on
the space (€2, A, P), is Fréchet differentiable and its Fréchet derivative at point X € L?(2, A, P; R%)
can be represented through Riesz’ theorem by means of the random variable

E[VIWV(X - X)].

We refer for instance to Chapter 5 in [I3]. Of course, this observation is completely reminiscent of
the fact that the original solution of the aggregation equation can be interpreted as a gradient
flow in the Wasserstein space, see [15]. Following Lions’ approach to the differential calculus on the
Wasserstein space (see also Chapter 5 in [13]), we here feel more convenient to regard the gradient
flow structure in the space L?(, A, P;RY) above the Wasserstein space. This permits to distinguish
more properly the influence of the numerical diffusion.

It is then worth recalling that, along a deterministic gradient flow, the potential driving the flow
is non-increasing, namely for a solution p to , the function

0, +00) 3 £ % /R W@ = ett.deolt.y

is non-increasing, see [15] again. Because of the stochastic nature of the dynamics, or equivalently
because of the numerical diffusion, we cannot prove here a similar result in full generality for the
numerical scheme. Below, we just investigate several cases for which the question can be explicitly
addressed, including a counter-example showing that the result cannot be true in all cases.

First, it is pretty obvious to check that the potential is non-increasing whenever W is concave on
the whole space. Although this case is far from being the most interesting in practical applications,
we give the proof of it, as it makes clear the influence of the numerical diffusion.

Proposition 3.6 Assume that W is even, concave and continuously differentiable on the whole
space. Assume also that p"™ is compactly supported. Then, the potential

1= n vyl 1 Y n
<2EE[W(X - X")] = Q/Rd @ —y)pr(dfC)pr(dy))neN7

1S NON-INCcreasing.
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Observe that the assumption on the support of p™™ is for convenience only. In short, it permits

to work as if VW was bounded, which is the assumption we used before for defining the scheme
but which may be a bit restrictive here as W is also assumed to be concave, and thus to impose
an appropriate CFL condition. Indeed, since the scheme propagates at a finite rate (which may
depend on the discretization parameter), the random characteristics, when starting from a compact
support, stay in a compact support in finite time. We let the reader adapt properly the form of the
CFL condition.

Proof. It suffices to notice that, for any n € N,
WX — X7 < (X" — X7) 4 (X — X — (X - X, VI (X — X)),

which follows from the concavity of W. Taking the expectation and using the fact that VW is odd,
we get:

EE[W (X" — X"1)] < EE[W (X" — X")]
(E"[x"* — X7, TE[VW(X" - X")] >} (3.34)
(B[ - X E[VW (X" - X)),

where E" denotes the conditional expectation given the o-field F" obtained by duplicating F™.
Appealing to Proposition [3.5] we obtain:

- - ~ ~ 2
E[(E" X" - x"), E[VW(x" - X")])] = -E[[E[vw (x" - XM)][ ]| at,
and similarly for the last term in (3.34)). The result easily follows. 0

Whenever W is convex (instead of concave), the previous argument completely fails. In that
case, there is a competition between the gradient flow structure and the numerical diffusion, but, as
shown by the result right below, the result may remain true.

Proposition 3.7 Take W (z) = |z|? and assume that p'™ is compactly supported. Then, the poten-
tial

1~ wny 1 N
(QEE[IX - X" = 2/ / !fﬂ—yIQPAx(dm)pr(dy)> :
Rd JR4 neN

1§ NON-INcreasing.

It must be stressed that the left-hand side in the above equation may be rewritten as E[| X" —
E[X"]?] = E[IX"[?] - [E[X"]?,

Proof. For any n € N, we have
1~ n+1_~n+12_1~ n_ yn|2 N{ n+l  yn _ (yn+tl _ yn n_Nn]
2EE[|X X" ] = 2IE]EUX X" ] + EE <X X (X X ),X X >
+ %EEUAX” —AX"Y, (3.35)

where we have let
AX™ .= X"l xn,
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The second term in the right-hand side of can be treated as in the concave case. Namely,
EE (X" - X" — (X! - X7), X" - X7)]
= E[(E"(x" - x"),E(x" - X"))] + E[(E" (X" - X"),E(X" - x"))]
— —2E|[E(x" - X")[*] At - 2B [E(X" - X")[*] At
— —4E[[E(x" - X")*|at = —4E[|x" — E(xX") "] At
Now, the last term in can be handled as follows.
EE[|[AX" — AX"|?] = 2EE[|AX"?] — 2EE[(AX", AX™)]
= 2E[|AX"?] - 2[E[AX"]|".

As the last term right above is (together with the sign minus) non-positive (by the conservation of
the center of mass, it is in fact null), it suffices to upper bound the first one. By (3.33)), we know
that

E[[AX"[?] < At ZAwZ [aikn]]-

i=1
Now, keep in mind that a;j» = 2[(X"); — E[(X™);]]. Therefore, the only thing we have to prove is

IEUX” } > QZAa:z [ ) — E[(X™); ]u (3.36)

The trick is notice (as already emphasized above) that
2 || X" — E[X"]|*] = 2E[| X" "] - 2[EX"|* = BE[|x" - X"[].

Hence,

d d

E|[x" - E[x")[*] = SBE[|[(xX™): - (X):f*] = ZA@IEJEU(X”) (Xl

i=1 =1

where we used the fact that [(X"); — (X™);| > Aw; if (X™); # (X™);. By entering the expectation
E inside the absolute value, we complete the proof of (3.36]). 0

We now provide a counter example, which shows that the potential may increase in the convex
regime, as a consequence of the numerical diffusion.

Proposition 3.8 Choose d =2, W(x) = |z| and take Azy = Axg = 1. Let the initial condition of
the scheme, which we just denote by p°, charge the points 0 = (0,0), e; = (1,0) and es = (0,1) with
1—p, p/2 and p/2 as respective weights, where p € (0,1).

Then, denoting by p the distribution at time 1 obtained by implementing the upwind scheme, it
holds that:

//]w ylpt(dx)pt(dy) = //]m y|p°(dz)p° (dy) + (V2 — 1)p*(2p — 1) At + O(At?), (3.37)
R2

where the Landau symbol O(-) may depend upon p.
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Choosing p > 1/2 in the above statement, we see that the potential may increase at the same
rate as the time step.

Proof. We first compute the potential at time 0. To do so, we compute [po |z — y|p°(dy), for
x €{0,e1,e2}:

/RQ lyle"(dy) = p, /RQ ler = ylp°(dy) = /RQ le2 —ylp"(dy) = (1 —p) + %,

so that
2

/]1@2 /11&2 |z — y|p°(dz)p’(dy) = 2(1 — p)p + %

In order to compute the potential at time 1, we compute the velocity at each of the above points.

Observing that the velocity at point x is given by the formula:

o 0
a;d = / Yi — T P (dy), 1=1,2, with the convention — = 0,
Rr2 |y — 7| 0

we get:
“1(()0,0) = gv a2(()0,0) = ga
afoy = —(1-p)= 575 afig =55
al(()o,l) = %7 a2(()0,1) =—(1-p - %

We then compute the new masses at time 1. There is one additional point which is charged:
e1 +e2 = (1,1). We have:

b
2v/2
.

1 1 p
— _P_ P A
p(e1) = p (e2) RN

p'(0) = (1 —p) + —=At,

p2
pl(el +e9) = —=At.

2v/2

We now have all the required data to compute the potential at time 1.

2 2
p P

/ ot (dy) = p— Zar+ T A,
R2 2 2

7
2 2

—ylp'(d :/ —ylptdy) =1 —p)+ L+ ZAr - T Ay,
/RQ’€1 ylp™ (dy) R2|62 ylp (dy) = (1 —p) N ANG 5
1 3 p? p?

. dy) = (1 — p)V2 P At— LAz
/R2 ler +ea —ylp (dy) = (1 —p)V2+p+ 5 NG

Finally, the potential at time 1 is given by:
2

/IR? /}R2 |z — y|p*(dz)p* (dy) = ((1—p)+2]z26m) <p_ \%At-l-];At)
+(p—2At>((1—p)+\%+\%m_l’;m)

2 2 2

P p P
+ A= p)V2+p+ AL — Z=AE).
>3 (( p) P+ NG )
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We expand the above right-hand side in powers of At. The zero-order term is exactly equal to
Jr2 Jge |z = y|p°(dz)p®(dy). So, we just compute the terms in At. It is equal to

1-V2)(1—p)p*+ (V2 - 1p’ = (V2 - 1)p*(2p - 1),

which completes the proof. 0

3.4 Comparison with a potential non-increasing scheme

It must be stressed that the scheme could be defined differently in order to force the potential to be
non-increasing. Basically, this requires the velocity a to be defined as a discrete derivative.

For simplicity, we provide the construction of the scheme in dimension 1 only. For a probability
measure ¢ € P(Z) and a cell I € Z, we consider the following two discrete convolutions of finite
differences:

i ;Z[(W(Aﬂf(f F1=0)) = W(Ax(l = D)) ) o]
- [ 9 Wz + Az —Ay; - Wiz —y) QAx(dy)] i
wd g S| (W(aald =1 =0)) =W (8ald =) o
N [ R W(x —= _Ayi - W(x = gm(dy)] |a::IAx’

where, as before, pa; is obtained by pushing forward o by the mapping y — Axy. The two terms
above define velocities at the interfaces of the cell I. Namely, we call the first term —al+1 and

2
the second one a, 1. Of course, the sign — in the former term guarantees the consistency of the

is equal to a
(1+1)—3 1+1

Following ([2.16]), the scheme is defined by:

notation, that is a

At _ _
ot =0y = 1 ((a )05 = () 1) el (@ )) o ()

+ n
3.38
Tl Vo). (339)

N[

for n € N and J € Z. It is shown in [14] that the potential is non-increasing for the semi-discretized
version of this scheme, which is to say that, up to a remainder of order 2 in At (the value of Ax
being fixed), the potential of the fully discretized scheme does not increase from one step to another.
The proof of the latter claim follows from a direct expansion of the quantity

1 i T
3 / W (z —y)pxt! (da) okt (dy)
R2 JRE

by using the updating rule for p?” in terms of p7, p;_; and p'7 .

Of course, Proposition [3.8 shows that the same property does not hold true for the scheme
investigated in this paper, as the first order term in is positive if p > 1/2.

However, the same example, but in dimension 1, shows that the scheme may not be
convergent for certain forms of potential for which Theorem [2.2] applies, see Subsection [6.3]
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4 Order of convergence

This section is devoted to the proof of Theorem 2.2} which is divided into several steps. We start
with two lemmas in which we establish crucial estimates on the stability of the Filippov flow and on
the distance between the Filippov flow and the random characteristics.

4.1 Approximation by a random variable

Throughout this subsection, we use the same notations as in Subsections 3.2 and 3.3} In particular,
(Q, A, P) is defined as in Subsection and, similar to Subsection we call (2, A4,P) a copy of
(Q,AP).

For a given random variable Y} constructed on (2, A4, P), we let
Yi(w) = Z,(t, Yo(w)), t>0,
where p denotes the solution of (2.9) when initialized with the law of Y. It satisfies

d S ~
—Yi(w) = —E[VW(Yi(w) - Y3)],  t>0, (4.39)
where, as above, the notation }7,5 is used to denote a copy of the random variable Y; on (Q,JZ(, IF’)
Observe in particular that, whenever Yy = X° with X% as in (3.30), and P = P, with 0 a
distribution on Z%, then

Yi(w) = Z,(t, X (),

where (p(t))s>0 is the solution of (2.9)) with pQ , as initial condition, see Theoremfor the notations.
Then, the law of ¥; under P is equal to
YiuPo =p(t),  t>0.

Then we have the following estimate:

Lemma 4.1 (i) Let W satisfy assumptions (A0)—(A3).

Call pX, = > jcpa P96, for some p° € P(Z?). Under the CFL condition [2.19), consider the
random characteristics (X™)nen defined in (3.30). Then, with probability 1 under P, for alln € N
and all w € §,

n+1 _yn ™ NaTT n Y n
{ XO (wo) = X"(w) = AtE o [VW (X" (w) — X™)] 4+ h"(w), (4.40)
X"~ p,
where h™ is a F"'-measurable R*-valued random variable that satisfies
Elo(h™) =0, [p"(w)| <24z, EN[|h"?] < CAtAx, (4.41)

with a constant C' only depending on d and weo.

Moreover, if (Y:)i>o is defined as in ([£39) with Yy = XY, then
VneN, Epo[|X" - Y}n|2] Y2 < et VirArx,

for a constant C' only depending on \, ws, and the dimension d.

(ii) Let W be radial and satisfy (AO)—(A2) with X\ (strictly) positive, and p}, be compactly
supported.
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Then the result above remains true, provided that weo is defined as in (2.21) with p™ = pQ,.
Moreover,

VneN,  Ep[|X"-Yn]"? <CVAg,
provided that At < 1/2 and 2AAt < 1.

Proof. 1st step. The expansion (4.40)), with A" satisfying Ezo(h”) = 0 for each n € N, is a direct

consequence of (i) and (4i) in Proposition By construction, we can write A" = X"t — X" —
E% (X"l — X™). Since | X! — X"| < Az from the CFL condition, we deduce that |h"| < 2Az.
Moreover,

7[R 2] = B [| X" — X7 2) — BN (X" — X7]|* < B [IX™H - X2

Then, the bound for ]EZO[|h”|2] follows from the fact that:

d
B [ X7 = XM = B [|[ X" = X" P g ppeny] < 3 AafPp (K7 # K7)
=1

d
< Z Az} (Pgn genge; + Prn gn—e;) < Woo ATAL.
i1

2nd step. Starting from (4.39)—(4.40)), we have after an expansion

X~ Vi 2 < X" Yin? + 2(X" — Yin, ") + C(AtAz + [0]?) (442)

tn+1

- 2/ B0 [(X7 — Yo, VIV (X" — X7) — VW (Y, — V)] ds,
t

n

where we used the CFL condition (2.19)) together with the fact that VIV is bounded, see (1.2)). As
for the last term, we write

tn+1 _ - - /\ -
/tn Eo[(X™ = Y, VW (X" — X") — VW (Y, — ;)] ds
el - - _ ~
_ / Eo[(X" — Yo, VW (X" — X") — VW (Y, — Y4))] ds
tn
tn+1

+/ E o [(Y: — Yo, VT (X" — X7) — VIV (Y, — V)] ds.
t

n

From the bound (|1.2)) on the gradient of W, we know that |Ys — Yin| < weo|s —t™|. Then, we deduce
that the last term in the above right-hand side is bounded by w2 At?. Recalling the CFL condition,
see (219), (L12) yields
X" — Y [P < X" = Vin > + 2(X" = Yin , h") + C(AtAz + |h"?) (4.43)
tn+1 " o . - "
- z/t B0 [(X" Y., O (X" — X7) — VIV (Y, — V2))] ds,

n

where we just replaced Yi» by Yy in the last term.
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Since VIV is odd, see assumption (AO0), we deduce from a symmetry argument:

tn+1

2 / B o0 [(X7 — Yo, VW (X" — X7) - VIV (Y, - V,))] ds
t?’l

2tn-‘—l

_ / B0 [(X" — Yy — X"+ Y., VW (X" — X") — VIV (Vs — V)] ds (4.44)
tn

tn+1

> A/ EoEo[|[ X" - Y, — X" + Y;|?] ds,
t

n

where we used the A-convexity (2.7 for the last inequality.
3rd step. Now, due to the symmetry assumption in (A0) of the potential W, we have

EoEo[VW (X" = X")] =0, EoE0[VW (Y —-Y)] =0.
By (4.40) and by definition of (Y:)¢>0, we recover the fact that the center of mass is conserved, i.e.
Eo[X"] =Eo[X°] and Ej[Y]=E,[Yy).
Since the characteristics X0 and Y° have the same initial distribution, we deduce that

Epo (X" = Epo [Yin], n € N. (4.45)

Then, expending the term in the right hand side in (4.44]), we deduce, using (4.45|),

tn - o ~ _ ~
2 [ BBl -1 T - X)W - )
tn t t (4.46)
n+1 n+1
2o [ B vl = [ Ep X7 s
tn tn

4th step. Taking the expectation in equation (4.43)) and injecting (4.41)) and (4.46)), we deduce
t'rL+l

Eo[|[ X" = Yinr1 )] SEpo[|X" — Yin|?] — 2X Eo[|X™ = Yi|?]ds
tTL

+ 2B 0 [(X™ = Yin, h™)] + CAtAx.

Moreover, from the tower property Eo[-] = E [E;‘O []], we also have
EPO [(X’I’L - }/;57” hn>] - EPO [EZ() <Xn - }Gn, hn>]
=Epo (X" =Y, Ej(h"))] = 0.

Then,

tn+1
Eo[| X" = Vo1 [!] S Epo[| X" = Yin|?] — 2)\/ Eo[|X™ = Y,[?] ds + CAtAz. (4.47)
tn
Now, we must distinguish between the two cases A < 0 and A > 0. Start with the case when A < 0.
Using Young’s inequality, one has, for all € > 0,

1
Ep[[X" = Yo'l < (1+ ) [| X" = Yin "] + (1+ 2)Epo [|Vs — Yir ]

< (14 e)Ep[|X™ — V2] + (14 %)w@s — e,
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By (4.47) and by the CFL condition (2.19), we get
1
Eo [|X" = Vi1 ] < (14 2(1 4+ &) [MNAOE 0 [| X" — YVin ] + CAtAz (1 + At(1+ g))-
Applying a discrete Gronwall lemma, we get, for any n € N,

Epo[| X" = Yin[?] < 2(HeInae (]Epo [1X° — Yol?] + CnAtAz(1+ At(1 + é)))'

By choosing ¢ = At, we complete the proof of the first claim.
We now handle the case A > 0. We write

Eyo[| X" — Yin|?] < (1 +)Epo[|X" — V! + (1 + %)EPO (Y — Yin|?]
<A+e)Ep[|X" - Y!] + (14 é)wgo|s — "2,
which shows that
“Ep[IX" — Vi) S — B [IX7 — YinP?] + Zuifs — 7P
(1= OB X"~ Yiul?] + Tufs — ",

IA

provided that € € (0,1). Hence, by (4.47) and by the CFL condition (2.19)), we get
At
Epo [|[ X" = Va1 [?] < (1= 2(1 = e)AAOE 0 [| X" — Vin|*] + CAtAz(1 + ?).

Hence, if 2(1 — e)AAt < 1, we get by induction,

Eo[| X" = Yin|*] < (1—2(1 — e)AAt)"E 0 [|X° — Yp|?]
At n—1
+CARA(1+ =) D (1 -2(1 - e)AAL)"
k=
C At

A:):(l + —)

0
B B n 0 __ 2 e —
< (1200 A B [|X° = Yol | + 57— 3 e

Choosing € = At, we complete the proof,

4.2 Proof of Theorem [2.2]

Since pi™ € Py(R?), we first notice from Lemma that, for all n € N, p'k  belongs to Pa(R%).
The proof of Theorem is then a consequence of Theorem and Lemma Consider indeed
the collection (Y;);>0 defined in Lemma with Yy = X°, which has distribution p&z under ]P’po.
As it has been emphasized in Subsection and in the statement of Theorem we have p/(t") =
Zy (™, )epQ, = Y:, 4P 0, where p' is the solution of with pQ, as initial condition.

We also have from Proposition PRz = X" 4P0. By the triangle inequality, we have, as a
consequence of the above discussion, for n € N*,

dw (PAg P(")) < dw (X" 4P 0, Yin 4P o) + dw (o' ("), p(t")), (4.48)
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where p = (p(t,))¢>0 is the solution of (2.9) with p™ as initial condition.
We estimate each term of the right hand side separately.

1st term. Applying the inequality (2.4]),
dW(X”#IP’,JOv Ytn#]}DpO) < EPOA [|X” _ ytn|2}1/2'

Then, we apply Lemma [4.1] and obtain

dyw (X" 4P, Yin P o) < CeM"VinAg, (4.49)
when A < 0 and
dw(Xn#Ppo, Y;gn#]P)po) < Cv Aw, (450)

when A > 0 (under the appropriate assumption on W, see the statement of Theorem [2.1)).
2nd term. By Theorem (we apply (i) if A <0 and (¢7) if A > 0), we have

dw (9 (£7), p(t)) < €D iy (%, ™), (4.51)

where ()™ = max(—A,0) is the negative part of .
Let us define 7 : [0,1] x R — R? by 7(0,2) = oxy + (1 — o)z, for € C;. We have that
7(0,-) = id and 7(1,-)xp™ = pQ . Then

(P 9% < / & — yf? [(id x 7(1,)) ™ ] (dz, dy)

Rd xRd
. (4.52)
= Sy !
gezd UG
We deduce dyw (pQ,, p"™) < Az. Injecting this latter inequality into (4.51)), we obtain
dw (7' ("), p(t")) < CeN t A, (4.53)

We conclude the proof by injecting inequalities (4.49)), (4.50) and (4.53) into estimate (4.48|).

5 Unstructured mesh

Following [22], we can extend our convergence result to more general meshes. For the sake of
simplicity of the notation, we present the case of a triangular mesh in two dimensions. This approach
can be easily extended to P; mesh in any dimension.

5.1 Numerical algorithm

Let us consider a triangular mesh 7 = (Ty)rez with nodes (x;);cz. We assume this mesh to be
conformal: A summit cannot belong to an open edge of the grid. The triangles (T )iez are assumed
to satisfy Upey T = R? and T, NT; = 0 if k # | (in particular, the cells are here not assumed
to be closed nor open). For any triangle 7" with summits z, y, z, we will use also the notation
(z,y,z) =T. We denote by V(T') = V(z,y, z) the area of this triangle, and h(7T) its height (defined
as the minimum of the three heights of the triangle 7'). We make the assumption that the mesh
satisfies /i := infyez h(T)) > 0.
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For any node z;, i € Z, we denote by K (i) the set of indices indexing triangles that have z;
as a summit, and we denote by 7; the set of all triangles of 7 that have z; as a summit: thus
Ti = {Tk; k € K(i)}.

For any triangle T}, k € Z, we denote by

I(k) = {I1(k), I2(k), I3(k) } (5.54)

the set of indices indexing the summits of T} (for some arbitrary order, whose choice has no impor-
tance for the sequel).

We consider the following scheme, which is an extension to the triangular mesh of the scheme
proposed above:

e For an initial distribution p™ of the PDE ({.1]), define the probability weights (p);cz through
the following procedure: Consider the one-to-one mapping ¢ : Z 3 k — «(k) € Z such that, for
each k € Z, x,( is a node of the triangle Tj; ¢ is thus a way to associate a node with a cell;
then, for all i € Z, let /0(?) = 2 (k=i p"(T}). Observe from ([4.52) that pQ, = > ez p?dxj is
an approximation of p**.

e Assume that, for a given n € N, we already have probability weights (p}');cz such that p}X, =
> jez Pj0z; is an approximation of p(t", ), where p is the solution to (1.1 with P as initial
condition. For i € Z, we let

ay == — V/ﬁ/'(avZ — ) pPAL(dy), and Y= + al At. (5.55)
]Rd
Under the CFL-like condition
Weo At <, (5.56)

y" belongs to one (and only one) of the elements of 7;. We denote by k' the index of this
triangle, namely y;* € Typ.

e We use a linear splitting rule between the summits of the triangle Tj»: the mass p;' is sent to
the three points x LY Th(kr)> TIs(kr) according to the barycentric coordinates of y' in the
triangle.

LI3(k)

i = Ty (k) LI (ky)

Let us make more precise the latter point. Let T' = (z,y,2) € T, and £ € T. We define the
barycentric coordinates of ¢ with respect to z, y and z, AL, )\5 and A\

_ V(& 2) _ V(2 _ V()
A (€)= VI Ay (€)= VT ML) = V) (5.57)
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and then have £ = AL(&)z + Al'(&)y + AL (€)z. Note also that AL (&) + AL(€) + AL(¢) = 1. Therefore,
we have the following fundamental property, which will be used in the sequel:

A=+ M-+ (E)(—¢) =¢-¢, (5.58)

for any ¢ € R?. For y;" € Typ as above, we then use the barycentric coordinates of y;' with respect
to the summits (z;);crxn) of Tyn. So, if, for notational convenience, we denote

Al = Afj (yi") when T = Tyn,
then, the numerical scheme reads

Pt =" PPNy, jEZ, meEN, (5.59)
i€v(j)

where, for a given j € Z, we denote by 7(j) the set of all indices ¢ € Z indexing nodes z; such that
x; + a]' At belongs to a triangle that has x; as a summit :

v(j3) = {i € Z / there exists k € K(j) such that x; + a] At € T} }.

5.2 Probabilistic interpretation

As in Section we associate random characteristics with the sequence (p")nen defined in .
Letting Q = ZN and defining the canonical process (I"),en as we defined (K™),en above (the
definition is the same but we use the letter I instead of K), we equip Q with the Kolmogorov o-field
A and with a collection of probability measures (P, ), ucp(z), such that, for each o, € P(Z),
(I™)nen is a time-inhomogeneous Markov chain under Plg),.0> With g as initial distribution and with
transition matrix:

P = { Ai; when j € I(k}), (5.60)

bJ 0 otherwise,

where (p"),en in (5.59) has p° = o as initial condition and where we used the notation I(k!)
introduced in (5.54)), that is to say, more precisely,

Tyn .
P@'nj[pn] _ ) A (') when j € I(k}),
’ 0 otherwise,

with the same notation as in . Pay attention that the values of p™ in are needed to
compute the discrete velocity in . Observe also that the chain (I™),cy here takes values in the
set of indices indexing the nodes of the grid whilst the chain (K™),ecn used in the analysis of the
upwind scheme (see Section takes values in the set of indices indexing the cells of the grid. This
is the rationale for using different letters.

We then define the nonlinear Markov chain by letting

PQ = P[QLQ’ 0 € P(Z)

Then, we let the random characteristics be the sequence of random variables (X"),cn from (€, .4)
into R? defined by
VneN, Vwe Q, X"w) =, (5.61)

We check that the properties in Proposition |3.5|still holds true with this definition of the random
characteristics.
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Proposition 5.1 For any initial distribution p° € P(Z4), let (P&, )nen be defined as in Theorem
and (X™)nen be the sequence of random variables defined by through the nonlinear Markov
chain (I")nen admitting (P"[p"])nen in as transition matrices.

(i) We have, for alln € N, pX, = X" #P

(i4) For all o € P(Z) and all j € Z, we have, with probability one under P, ; := P16,

Py (X" = X" = —At [ VW(X™ - y)pA,(dy),
[e].j R

when we use the initialization p° = o to compute (PR, )nen. Above Er ; () is the conditional expec-

tation under Py, ; given o(lo, -, In).

Proof. (i) The proof of this result is similar to the proof of Proposition (ii) with the transition

matrix defined in (5.60)).

(ii) From a direct computation, we have

L X=X = > A (e — @),
eIk

Thanks to (5.58)), we get
E?g],j(Xn+l _ Xn) = y?’n —Tm = a?nAt,

which completes the proof. 0

5.3 Convergence result

By the same token as in Section [d] we can use Proposition and Theorem and the analogue
of Lemma [4.1] to prove that the numerical scheme (5.59)) is of order 1/2:

Theorem 5.2 Assume that W satisfies hypotheses (A0)—(A3). For p™ € Po(RY), let (p(t))i>0 be
the unique measure solution to the aggregation equation with initial data p™, as given by Theorem
. Let us also consider a triangular conformal mesh (Ty)rez with nodes (xj);jez such that h =
infrez h(T)) > 0 and the CFL condition holds true. We denote by Ax the longest edge in the
mesh.

Define ((p})jez)nen as in (5.59) and let

PAy = Zp?&xj, n € N.
JEL

Then, there exists a nonnegative constant C', independent of the discretization parameters, such that,
for all n € N*,
dw (p(t"), pa,) < CeNOHEOT (VAT 4 Ax).

Importantly, we do not claim that (ii) in the statement of Theorem remains true in the
framework of Theorem [5.2] Indeed, it would require to prove that the support of the numerical
solution remains included in a ball when the support of the initial condition is bounded. As made
clear by the proof of Lemma this latter fact depends on the geometry of the mesh.
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6 Numerical illustrations

We now address several numerical examples. In Subsection[6.2] we show that the rate of convergence
established in Theorem is optimal in a one-dimensional example. This prompts us to start with
a short reminder on the Wasserstein distance in dimension d = 1. In Subsection [6.3] we provide
several numerical examples in dimension d = 1 for the Newtonian potential, whilst examples in
dimension d = 2 are handled in Subsection [6.4]

6.1 Wasserstein distance in one dimension

The numerical computation of the Wasserstein distance between two probablity measures in any
dimension is generally quite difficult. However, in dimension d = 1, there is an explicit expression
of the Wasserstein distance and this allows for direct computations, including numerical purposes,
as shown in the pioneering work [30]. Indeed, any probability measure p on the real line R can
be described thanks to its cumulative distribution function F(x) = u((—o0,x]), which is a right-
continuous and non-decreasing function with F(—oco) = 0 and F(4+00) = 1. Then we can define
the generalized inverse @, of F' (or monotone rearrangement of ) by Q,(2) = F~1(z) := inf{x €
R : F(z) > z}; it is a right-continuous and non-decreasing function, defined on [0,1). For every
non-negative Borel-measurable map £ : R — R, we have

| e@mtan) = | E(Qu)) =

In particular, p € P2(R) if and only if Q, € L?((0,1)). Moreover, in the one-dimensional setting,
there exists a unique optimal transport plan realizing the minimum in . More precisely, if g and
v belong to Pp(R), with monotone rearrangements @, and @y, then To(u,v) = {(Qp, Qv)#L0,1)}
where L 1) is the restriction to (0,1) of the Lebesgue measure. Then we have the explicit expression
of the Wasserstein distance (see [48] [54])

dw (n,v) = (/01 |Qu(z) — Qu(2)]? d2>1/27 (6.62)

and the map p — @, is an isometry between P2(R) and the convex subset of (essentially) non-
decreasing functions of L?([0,1)).

We will take advantage of this expression of the Wasserstein distance in dimension 1 in
our numerical simulations to estimate the numerical error of the upwind scheme . This scheme
in dimension 1 on a Cartesian mesh reads, with time step At and cell size Ax:

At _ _
o = g = S (@) = (@) P — (@) A+ (@) R)) (6.63)

With this scheme, we define the probability measure pi , = ZjeZ ,0?5%. Then the generalized
inverse of pA ., denoted by Q1R ,, is given by

Qho(2) =i, forze [Dpf 3 o). (6.64)

k<j  k<j+l

6.2 Optimality of the order of convergence

Thanks to formula (6.62)) in dimension d = 1, we can verify numerically the optimality of our result.
Let us consider the potential W (z) = 222 for || < 1 and W (z) = 4|z|—2 for |z| > 1; such a potential
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verifies our assumptions (A0)—(A3) with A = 0. We choose the initial datum p™ = $6_,, + 304,
with z¢p = 0.25. Then the solution to the aggregation equation (|1.1)) is given by

1 T
p(t) = 50-ao() + F0a0ry  T0(t) =€, >0,

The generalized inverse Q,(t,-) = Q) of p(t) is given, for z € [ , ) by Qp(t,z) = —xo(t) if
z €[0,1/2), and Q,(t, 2) = wo(t) if 2 € [1/2,1). Therefore, letting uf pk for ] € Z, we can
easily compute the error at time t" = nAt by means of the two formulas

=dw(p(t"), PAz) Z/ |z, — Qp(t", 2)|dz.

kEZ ™ k-1

We then define the numerical error as e := max,<7/a; €n. We display in Figure the numerical error
with respect to the number of nodes in logarithmic scale, as computed with the above procedure
(the time steps being chosen in a such a way that the ratio in the CFL condition is kept
constant). We observe that the computed numerical error is of order 1/2.

-3

T
error dw
slope 1/2

a5}

Figure 1: Numerical error with respect to the number of nodes in logarithmic scale for the upwind
scheme in Wasserstein distance for the potential W defined by W (z) = 222 for |x| <1 and W (z) =
4|xz| — 2 for |z| > 1, and an initial data given by the sum of two Dirac deltas.

6.3 Newtonian potential in one dimension

An interesting and illustrative example is the Newtonian potential in dimension d = 1. Let us indeed
consider the case W (x) = |x| and an initial datum given by the sum of two masses located at points
r;, and x;, of the grid mesh, namely p™ = 15%1 + (5331 , with say x;, < Ti,. The solution of the

aggregation equation in Theorem l is given by p(t) = 6 oRa 59&2(,5), where

t
x1(t) =z + =

t
5 xa(t) = x4y ~ 5 for t < @i, —xy,.
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Indeed, recalling definition ({2.5)), we have, for ¢t < z;, — x;,:

1, if x < x1(t),

3, if v = x1(),
ap(t,r) = 0, if x1(t) <z < 22(t),

—%, if x :l'z(t),

-1, if x > xo(t).

At t = x;, — x;,, the two particles collapse, then for ¢t > z;, — x;,, we have p(t) = 5;(x_1+1,_2).
DA i
Standard finite volume upwind scheme. This simple example explains why we have chosen
the scheme (6.63]) instead of the standard finite volume upwind scheme introduced in Subsection
In dimension d = 1 and on a Cartesian grid, this latter one reads

At _ _
Y I (YR A I (T o NR G o RN CHIN o) I (X
where aj',; , = — > kez P Sign(Tip1 /0 — k).

Assume indeed that, at time ¢", for some n € N, we have obtained the approximation p}' = 0 for
i € Z\ {i1,i2}, and p}! = pi = 1/2. We then compute

1, for ¢ < 4y
a?+1/2 = 0, for i1 <i <9
-1, for i > 9.

So, when applying the upwind scheme for i € {i; — 1,431,411 + 1}, we get

At
1
P?lt1 = /)?1_1 T Ar (Pg—l - ,0?1—2) =0,
At
1
it =+ P =l

P?:é = Piy41=0.

Doing the same computation for i € {iy — 1,49, + 1}, we deduce that p"*! = p™. Thus the above
upwind scheme may be not able to capture the correct dynamics of Dirac deltas. The above compu-
tation is illustrated by the numerical results in Figure [2| where a comparison between the numerical
results obtained with (left) and with (6.63]) (right) is displayed. We observe that the Dirac
deltas are stationary when using the scheme , whereas the scheme ((6.63) permits to catch the
right dynamics. Another interesting numerical illustration of this phenomenon is provided by Figure
In this example, we choose the potential W (z) =1 — e~2l%l which is —4-convex, and a smooth
initial datum given by the sum of two Gaussian functions: p™(z) = ﬁ(e‘m(“’j_o":’)2 + e~ 20(@+0.5)
where M = |[p"||;1 is a normalization coefficient. With this choice, we observe that the solution
blows-up quickly. Dirac deltas appear in finite time and, as observed above, the scheme (6.65
(Fig. left) does not allow to capture the dynamics after blow-up time, whilst the scheme ((6.63
(Fig. right) succeeds to do so. For these numerical simulations, the numerical spatial domain is
[—1.25,1.25]; it is discretized with a uniform Cartesian grid of 800 nodes, and the ratio in the CFL
condition is 0.5.

Comparison with Burgers-Hopf equation. Considering the potential W (z) = %]az\, it has
been proved in [36] (see also [9]) that the following equivalence holds true: p is the solution in
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Figure 2: Numerical result for the one dimensional aggregation equation with W(z) = |z| and an
initial datum given by two Dirac deltas. Left: Result obtained with the standard upwind scheme
(16.65) with a velocity computed at the interfaces of the mesh. Right: Result with the scheme (6.63)).
As already emphasized in Example this shows once again that a great care must be paid to the
choice of the scheme in order to recover the correct dynamics of Dirac deltas.

o
o

~
IS

cell density (p)

cell density (p)

position (x) position (x)

Figure 3: Numerical result for the one dimensional aggregation equation with W(z) = 1 — e~ 2l
and an initial datum given by the sum of two Gaussian functions. Left: Result obtained with the
standard upwind scheme (6.65) with a velocity computed at the interfaces of the mesh. Right:

Result with the scheme (6.63). As in Fig. [2 the upwind scheme ([6.65)) does not capture the right
dynamics of the Dirac deltas after blow-up time.

Theorem if and only if uw = —W’ % p is the entropy solution of the Burgers-Hopf equation
Oyu + %Oqu =0.

Let (p}')icznen be given by the scheme (2.16)—(2.17). By conservation of the total mass, see
Lemma we have ), ., pi = 1. Introducing

1 .
u?::2—;p’,§, 1€7Z, neN,
<i
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we deduce, by summing (2.16) and by using the fact that pl' = —(ul’ — u]' ), that the family
(ul)ieznen satisfies:

At _
uptt = — (@) = wiy) = (i)™ (ufss — i), (6.66)
where, with (2.17)), we have
1 .
af = —5 D pisign (z; — ap).

ki
Then ) . .
=g (X)) =5 (o1 ot) =yl +ud)
k<i k> k<i k<i
Moreover, as p}' remains nonnegative under the CFL condition (see Lemma, ul —ul | =—pi <
0, so that
- 1 -
(o) (uf = wiy) = = (a7 (u —uily)) " = =5 (W) = (wiL1)?)
Similarly, we get
1
- + +
(a?—f—l) (ufﬂ - U?) = - (a?—&—l(u?—i—l - U?)) = ) ((U?+1)2 - (U?)2) )
so that the scheme for u finally rewrites
n+1 n At n 2 n\2\— n\2 n 2\+
up = = e () = (W)) = () = (1)) (6.67)

Then we may apply the main result of this paper and deduce the convergence at order 1/2 of
the above scheme:

Lemma 6.1 Let u™™ be given in BV (R) such that 0,u™ < 0 and TV (u™) = 1. Define the
family (u?)icznen by means of (6.67), with the initial data u) = % + 8$ui"i(—oo,xi+l), and let
2

1
uzx = iz U L[y, ;1) Let u be the entropy solution to the Burgers equation Oyu+ %BIUQ = 0 with
u"™ as initial condition. Then, there exists C > 0, independent of the discretization parameters,
such that if the CFL condition At < 2Ax is satisfied, one has

Ju(t™) — uk, |l < C(VirAz + Az).

Remark 6.2 We do not claim that the scheme converges for any initial datum for the Cauchy
problem for the Burgers equation (and actually it does not). The convergence result above only
applies to a non-increasing initial condition belonging to [—1/2,1/2].

Note that this scheme is not conservative, but, surprisingly (see [32]) this does not prevent it from
converging toward the right solution.

Proof. First remark that the CFL condition that is here required is woo At < Az, with we = 1/2
as W(z) = 3z|.

The entropy solution u of the Burgers equation with a nonincreasing BV initial datum is a nonin-
creasing BV function. By Cauchy-Schwarz inequality, we have

1
/0 Qe (2) — Qua_(2)]d < [Qpemy — Qo Ilzz01) = div (p(E), P,
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where (p(t))i>0 is the solution of (L)), with W (z) = 1|z| as before and p™ = —0,u™ as initial
condition, and (p},)n>0 is the numerical solution obtained by Scheme (2.16) with d = 1 together
with initial condition (2.15)) (numerical solution whose convergence at order 1/2 is stated in Theorem

2.2).
Observing that W is convex, we apply Theorem with A = 0. We obtain

1
/0 Qi (2) — Qua_(2)] dz < dyw (p(t"), k) < C(VETAT + Ax).

The claim follows provided we prove that

1
/ u(t”, x) — up, ()| da =/ |Qpemy (2) — Qg (2)] dz. (6.68)
R 0

In order to prove , we notice that, from a geometrical point of view, the left hand side of
equality corresponds to the area between the curves x — u(t",x) and x — uR,(x). Also, the
right hand side is a measure of the area between their generalized inverses. However, the graph of
the pseudo-inverse of a function may be obtained by flipping the graph of the function with respect
to the diagonal. Since this operation conserves the area, we deduce that both areas are equal, that

is (6.68)) holds.

Another way to prove the identity (6.68) is to observe that the solution u of the Burgers-Hopf
equation reads:

u(t,z) = %[p(t, (z, +oo)) — p(t, (—o0, a:))], t>0, z€R,

where p is the solution in Theorem In fact, as the number of points = for which p(¢, {z}) > 0 is
at most countable for any given ¢ > 0, we have the almost everywhere equality:

u(t, z) = p(t, (z,400)) — %

Similarly,
n n 1 n
qu(t, .’L') - Zul 1[Ii,xz‘+1)(x) - 5 - Z 1[I¢,Ii+1)(x) Zpk
i€z i€z k<i
1 n 1 n n 1
= 5 - Z 1[$i,xi+1)($)pAm(t’ (—OO, xl]) = 5 — PAx (t7 (_OO’ ‘T]) = PAx (t7 (‘T’ +OO)) - 5
€L

So, to complete the proof, it suffices to use the fact that, for any two probability measures p and
/
w on R,

1
(G 00) = (@) e = [ 1Qu() = Q2.
see [7, Theorems 2.9 and 2.10], noticing that the function (), we use here is the right continuous

version of the quantile function used in [7].
(|
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Figure 4: Time dynamics of the numerical solution of the aggregation equation (1.1)) with W(x) =
Wi(z)=1- e 17l and an initial datum given by the sum of three bumps. Time increases from top
left to bottom right.
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Initial density t=0.1

t=0.2 t=0.3

t=0.45 t=0.6

Figure 5: Time dynamics of the numerical solution of the aggregation equation (1.1)) with W(x) =
Ws(z) = 5|x| and an initial datum given by the sum of three bumps. Time increases from top left
to bottom right.

6.4 Numerical simulation in two dimensions

As an illustration, we propose now a numerical example in two dimensions. The spatial domain is
the square [0, 1] x [0, 1]; it is discretized with N, = 70 nodes in the z-direction and N, = 70 nodes
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Initial density t=0.1

t=0.2

Figure 6: Time dynamics of the numerical solution of the aggregation equation (1.1)) with W(x) =
Wi(z)=1- e 17l and an initial datum given by a square. Time increases from top left to bottom
right.

in the y-direction; we take a time step At = 1073. We consider two different initial data: the sum

39



Initial time t=0.1

t=0.3

t=0.4 t=0.5

Figure 7: Time dynamics of the numerical solution of the aggregation equation (1.1)) with W(x) =
Ws(z) = 5|z| and an initial datum given by a square. Time increases from top left to bottom right.

of three bumps (as in [16])
P (¢, )

_ 1 <67100((x170‘25)2+(x270.3)2) 1 e 100((21-0.77)2 4 (22-0.7)?) | 0.967100(($170.37)2+(I270.62)2)>

M

Y
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where M is a normalization constant such that ||p™||;1 = 1; and an initial density with a square
shape

Pmi(tw) =9 X 1[0.2,0.8]x[0.2,0.8]\[0.3,0.7]x[0.3,0.7]-

With these numerical data, we compare the numerical results between the two potentials Wi (z) =
1 — e 57l and Wy(z) = 5|z|. For |z| close to 0, we have that VW, ~ VW,. Then the short
range interaction is similar between both potentials, but the long range interaction is different. The
numerical results are displayed in Figures 4| and @ for the potential Wy (z) =1— e~ °1#l and in Figures
and [7] for the potential W(z) = 5|z|.

In each case, we observe, as expected, the aggregation in finite time of p towards a Dirac delta.
Indeed it has been proved in [I5] that when the initial data is compactly supported, solutions
converge towards a Dirac delta in finite time. We also observe that the time dynamics during this
step of concentration is different between potentials W7 and Ws.

The case with an initial datum with three bumps has been implemented in [I6] with a Lax-
Friedrichs scheme. We obtain here similar results but we observe a smaller numerical diffusion. Then
we can make similar comments for the comparison between the two potentials W7 and Ws. For the
potential Wi, we observe that each bump coalesces into a Dirac delta, then the three remaining
Dirac deltas merge into a single Dirac delta (see Fig . For the potential W5, the solution seems to
be more regular and Dirac deltas seems to appear for larger time (see Fig .

For the initial data with a square shape, the density p keeps, for both potentials, a shape similar
to the initial square shape which tightens as time increases. However with the potential W, (Fig @,
we notice a strong concentration at the corners of the square, whereas in the case of the potential
Wy (Fig|7) the density is homogeneous along the edges of the square with a slight concentration in
the middle of the edges.

Acknowledgements. The authors acknowledge partial support from the french “ANR blanche”
project Kibord : ANR-13-BS01-0004, as well as from the “BQR Acceuil EC 2017” grant from
Université Lyon 1.

References

[1] J.-P. Aubin, A. Cellina, Differential inclusions. Set-valued maps and viability theory.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences|, 264. Springer-Verlag, Berlin, 1984.

[2] L. Ambrosio, N. Gigli, G. Savaré, Gradient flows in metric space of probability measures,
Lectures in Mathematics, Birkauser, 2005

[3] D. Benedetto, E. Caglioti, M. Pulvirenti, A kinetic equation for granular media, RAIRO Model.
Math. Anal. Numer., 31 (1997), 615-641.

[4] A.L. Bertozzi, J.B. Garnett, T. Laurent, Characterization of radially symmetric finite time
blowup in multidimensional aggregation equations, SIAM J. Math. Anal. 44(2) (2012) 651-681.

[5] A.L. Bertozzi, T. Laurent, J. Rosado, LP theory for the multidimensional aggregation equation,
Comm. Pure Appl. Math., 64 (2011), no 1, 45-83.

[6] S. Bianchini, M. Gloyer, An estimate on the flow generated by monotone operators, Comm.
Partial Diff. Eq., 36 (2011), no 5, 777-796.

41



[7]

[8]

S. Bobkov, M. Ledoux, One-dimensional empirical measures, order statistics, and Kantorovich
transport distances, to appear in Memoirs of AMS.

M. Bodnar, J.J.L. Veldzquez, An integro-differential equation arising as a limit of individual
cell-based models, J. Differential Equations 222 (2006), no 2, 341-380.

G.A. Bonaschi, J.A. Carrillo, M. Di Francesco, M.A. Peletier, Fquivalence of gradient flows
and entropy solutions for singular nonlocal interaction equations in 1D, ESAIM Control Optim.
Calc. Var. 21 (2015), no 2, 414-441.

D. Bouche, J.-M. Ghidaglia, F. Pascal, Error estimate and the geometric corrector for the
upwind finite volume method applied to the linear advection equation, SIAM J. Numer. Anal.
43 (2005), no 2, 578-603.

F. Bouchut, F. James, One-dimensional transport equations with discontinuous coefficients,
Nonlinear Analysis TMA, 32 (1998), no 7, 891-933.

M. Campos Pinto, J.A. Carrillo, F. Charles, Y.-P. Choi, Convergence of
a linearly  transformed  particle method for aggregation  equations, preprint,
https://hal.archives-ouvertes.fr/hal-01180687.

R. Carmona, F. Delarue, Probabilistic Approach to Mean Field Games. Volume 1.
Springer, 2017.

J.A. Carrillo, A. Chertock, Y. Huang, A Finite- Volume Method for Nonlinear Nonlocal Equa-
tions with a Gradient Flow Structure, Comm. in Comp. Phys. 17 (2015), no 1, 233-258.

J.A. Carrillo, M. DiFrancesco, A. Figalli, T. Laurent, D. Slepcev, Global-in-time weak measure
solutions and finite-time aggregation for monlocal interaction equations, Duke Math. J. 156
(2011), 229-271.

J.A. Carrillo, F. James, F. Lagoutiere, N. Vauchelet, The Filippov characteristic flow for the
aggregation equation with mildly singular potentials, J. Differential Equations. 260 (2016), no
1, 304-338.

J.A. Carrillo, R.J. McCann, C. Villani, Contractions in the 2-Wasserstein length space and
thermalization of granular media, Arch. Rational Mech. Anal. 179 (2006), 217-263.

R.M. Colombo, M. Garavello, M. Lécureux-Mercier, A class of nonlocal models for pedestrian
traffic, Math. Models Methods Appl. Sci., 22 (2012), no 4:1150023, 34.

K. Craig, A.L. Bertozzi, A blob method for the aggregation equation, Math of Comp 85 (2016),
no 300, 1681-1717.

G. Crippa, M. Lécureux-Mercier, FExistence and uniqueness of measure solutions for a system of
continuity equations with non-local flow, NoDEA Nonlinear Differential Equations Appl., (2013)
20 (2013), no 3, 523-537.

F. Delarue, F. Lagoutiere, Probabilistic analysis of the upwind scheme for transport equations,
Arch. Rational Mech. Anal. 199 (2011), 229-268.

F. Delarue, F. Lagoutiere, N. Vauchelet, Analysis of finite volume upwind scheme for transport
equation with discontinuous coefficients. Accepted for publication in J. Math. Pures Appliquées.

42



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

B. Després, An explicit a priori estimate for a finite volume approzimation of linear advection
on non-Cartesian grid, STAM J. Numer. Anal. 42 (2004), no 2, 484-504.

R. Dobrushin, Vlasov equations, Funct. Anal. Appl. 13 (1979), 115123.

Y. Dolak, C. Schmeiser, Kinetic models for chemotazis: Hydrodynamic limits and spatio-
temporal mechanisms, J. Math. Biol., 51 (2005), 595-615.

F. Filbet, P. Laurencot, B. Perthame, Derivation of hyperbolic models for chemosensitive move-
ment, J. Math. Biol., 50 (2005), 189-207.

A F. Filippov, Differential Equations with Discontinuous Right-Hand Side, A.M.S. Transl. (2)
42 (1964), 199-231.

F. Golse, On the Dynamics of Large Particle Systems in the Mean Field Limit. In: A. Muntean,
J. Rademacher, A. Zagaris (eds), Macroscopic and Large Scale Phenomena: Coarse Graining,

Mean Field Limits and Ergodicity. Lecture Notes in Applied Mathematics and Mechanics, vol
3. Springer, Cham, 2016.

L. Gosse, F. James, Numerical approxzimations of one-dimensional linear conservation equations
with discontinuous coefficients, Math. Comput. 69 (2000) 987-1015.

L. Gosse, G. Toscani, Identification of Asymptotic Decay to Self-Similarity for One-Dimensional
Filtration Equations, SIAM J. Numer. Anal. 43 (2006) 2590-2606.

L. Gosse, N. Vauchelet, Numerical high-field limits in two-stream kinetic models and 1D aggre-
gation equations, STAM J. Sci. Comput. 38 (2016), no 1, A412-A434.

T.Y. Hou, P.G. LeFloch, Why nonconservative schemes converge to wrong solutions: error
analysis, Math. Comp. 62 (1994), no 206, 497-530.

Y. Huang, A.L. Bertozzi, Asymptotics of blowup solutions for the aggregation equation, Discrete
and Continuous Dynamical Systems - Series B, 17 (2012), 1309-1331.

Y. Huang, A.L. Bertozzi, Self-similar blowup solutions to an aggregation equation in R™, SIAM
Journal on Applied Mathematics, 70 (2010), 2582-2603.

F. James, N. Vauchelet, Chemotazis: from kinetic equations to aggregation dynamics, Nonlinear
Diff. Eq. and Appl. (NoDEA), 20 (2013), no 1, 101-127.

F. James, N. Vauchelet, Fquivalence between duality and gradient flow solutions for one-
dimensional aggregation equations, Disc. Cont. Dyn. Syst., 36 (2016), no 3, 1355-1382.

F. James, N. Vauchelet, Numerical method for one-dimensional aggregation equations, SIAM J.
Numer. Anal. 53 (2015), no 2, 895-916.

E.F. Keller, L.A. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theor.
Biol., 26 (1970), 399-415.

N.N. Kuznetsov, The accuracy of certain approrimate methods for the computation of weak
solutions of a first order quasilinear equation, 7. Vy¢isl. Mat. i Mat. Fiz. 16 (1976), no 6,
1489-1502.

43



[40]

[41]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

F. Lagoutiere, N. Vauchelet, Analysis and simulation of nonlinear and nonlocal transport equa-
tion, to appear in Innovative algorithms and analysis, Springer INdAAM Series 16, L. Gosse and
R. Natalini Ed, 2016.

H. Li, G. Toscani, Long time asymptotics of kinetic models of granular flows, Arch. Rat. Mech.
Anal., 172 (2004), 407-428.

B. Merlet, L>®- and L?-error estimates for a finite volume approzimation of linear advection,
SIAM J. Numer. Anal. 46 (2007), no 1, 124-150.

B. Merlet, J. Vovelle, Error estimate for finite volume scheme, Numer. Math. 106 (2007),
129-155.

D. Morale, V. Capasso, K. Oelschlager, An interacting particle system modelling aggregation
behavior: from individuals to populations, J. Math. Biol., 50 (2005), 49-66.

A. Okubo, S. Levin, Diffusion and Ecological Problems: Modern Perspectives, Springer,
Berlin, 2002.

C.S. Patlak, Random walk with persistence and external bias, Bull. Math. Biophys., 15 (1953),
311-338.

F. Poupaud, M. Rascle, Measure solutions to the linear multidimensional transport equation
with discontinuous coefficients, Comm. Partial Diff. Equ., 22 (1997), 337-358.

S.T. Rachev and L. Riischendorf, Mass Transportation Problems. Vol. I. Theory, Probab.
Appl. (N. Y.), Springer-Verlag, New York, 1998.

F. Santambrogio, Optimal transport for applied mathematicians. Calculus of varia-
tions, PDEs, and modeling. Progress in Nonlinear Differential Equations and their Appli-
cations, 87. Birkhduser/Springer, Cham, 2015.

A. Schlichting, C. Seis, Convergence rates for upwind schemes with rough coefficients, STAM J.
Numer. Anal. 55 (2017), no 2, 812-840.

C.M. Topaz, A.L. Bertozzi, Swarming patterns in a two-dimensional kinematic model for bio-
logical groups, SIAM J. Appl. Math. 65 (2004), 152-174.

G. Toscani, Kinetic and hydrodynamic models of nearly elastic granular flows, Monatsh. Math.
142 (2004), 179-192.

C. Villani, Optimal transport, old and new, Grundlehren der Mathematischen Wis-
senschaften 338, Springer, 2009.

C. Villani, Topics in optimal transportation, Graduate Studies in Mathematics 58, Amer.
Math. Soc, Providence, 2003.

44



	Introduction
	Notations and main results
	Notations
	Existence of a unique flow
	Main result

	Numerical approximation
	Properties of the scheme
	Probabilistic interpretation
	The characteristics as a stochastic gradient flow
	Comparison with a potential non-increasing scheme

	Order of convergence
	Approximation by a random variable
	Proof of Theorem 2.2

	Unstructured mesh
	Numerical algorithm
	Probabilistic interpretation
	Convergence result

	Numerical illustrations
	Wasserstein distance in one dimension
	Optimality of the order of convergence
	Newtonian potential in one dimension
	Numerical simulation in two dimensions


