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Abstract

We consider a class of linear-quadratic-Gaussian mean-field games with a major agent
and considerable heterogeneous minor agents in the presence of mean-field interactions. The
individual admissible controls are constrained in closed convex subsets 'y, of R™. The de-
centralized strategies for individual agents and consistency condition system are represented
in an unified manner through a class of mean-field forward-backward stochastic differential
equations involving projection operators on I'y,. The well-posedness of consistency system is
established in both the local and global cases by the contraction mapping and discounting
method respectively. Related e—Nash equilibrium property is also verified.

Key words: e-Nash equilibrium, Forward-backward stochastic differential equation, Input
constraint, Projection operator, Linear-quadratic mixed mean-field games.

AMS Subject Classification: 60H10, 60H30, 91A10, 91A23, 91A25, 93E20

1 Introduction

Mean-field games (MFGs) for stochastic large-population systems have been well-studied because
of their wide applications in various fields, such as economics, engineering, social sciences, and
operational research. Large-population systems are distinguished by a large number of agents
(or players), such that the individual influence of any single agent on the overall population is
negligible, but the effects of their statistical behaviors cannot be ignored at the population scale.
Mathematically, all agents are weakly-coupled in their dynamics or cost functionals through the
state-average (in a linear state case) or the general empirical measure (in a nonlinear state case),
which characterizes the statistical effect generated by the population from a macroscopic per-
spective. Because of these features, when the number of agents is sufficiently high, complicated
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coupling features arise and it is unrealistic for a given agent to obtain all other agents’ infor-
mation. Consequently, for an agent to design centralized strategies based on the information of
all peers in a large-population system is intractable. Alternatively, one reasonable and practical
direction is to transform a high-dimensional and weakly-coupled problem to a low-dimensional
and decoupled one, thus the complexity in both analysis and computation can be reduced. For
this purpose, one method is to investigate relevant decentralized strategies based only on local
information: that is, the relevant strategies are designed only upon the individual state of the
given agent, together with some mass-effect quantities, which are computed off-line.

In this context, motivated by the theory of the propagation of chaos, Lasry and Lion-
s [30, 31, 32] proposed distributed closed-loop strategies for each agent to solve the limiting
problem, which were formulated as a coupled nonlinear forward-backward system consisting of a
Hamilton-Jacobi-Bellman (HJB) equation and a Fokker-Planck equation. Moreover, the limiting
problem enabled the design of approximate Nash equilibrium strategies. Independently, Caines,
Huang and Malhamé [28] developed a similar program called the Nash certainty equivalence
(NCE) principle, which was motivated by the analysis of large communications networks. In
principle, the MFGs procedure consists of the following four main steps (see [5, 13, 25, 27, 32]):
(1) A limiting mass-effect term is introduced, which comes from the asymptotic mass-effect
behavior when the agent number N tends to infinity. This limiting term should be treated
as an exogenous and undetermined “frozen” term at this moment; (2) Through replacing the
mass-effect term with the frozen limiting term, related limiting optimization problem can be
introduced. Thus, the initial highly-coupled problem can be decoupled and only parameter-
ized by this generic frozen limit. Subsequently, using standard control techniques (see [44]),
an HJB equation can be obtained because of the dynamic programming principle (DPP), or
a Hamiltonian system can be obtained because of the stochastic maximum principle (SMP);
the obtained equations can characterize the decentralized optimal strategies; (3) A consistency
condition is established to guarantee that the set of decentralized optimal strategies collectively
replicates the mass-effect; (4) the derived decentralized strategies are shown to be e-Nash equi-
librium, which justifies the aforementioned scheme for finding the approximate Nash equilibrium.

For further analysis details of MFGs, readers are referred to [1, 5, 13, 19, 25, 42, 43]. That
substantial literatures exists studying linear-quadratic-Gaussian (LQG)-MFG is remarkable. For
example, [26] studied LQG MFGs using the common Riccati equation approach; [8] adopted SM-
P with the help of adjoint equations; [2] and [33] studied ergodic LQG MFGs; [27] studied LQG
MFGs with nonuniform agents through state-aggregation by empirical distribution. For further
research, readers are referred to [3, 7, 41] and the references therein.

All aforementioned mentioned works examine standard MFGs, which (except [28]) require
that all the agents be statistically identical and that the individual influence on the overall pop-
ulation of a single agent be negligible as the number of the agents tends to infinity. However,
in the real world, some models exist in which a major agent has a significant influence on other
agents (called minor agents) no matter how numerous the minor-agents may be. Such interac-
tions exists in numerous socio-economic problems (e.g., [29, 45]). This type of games involving
agents with different power levels is usually called a mixed type games. Compared with MFGs
with only minor agents, a distinctive feature of mixed type MFGs is that the mean field behavior
of the minor agents is affected by the major agent; thus, it is a random process, and the influence
of the major agent on the minor agents is not negligible in the limiting problem. To deal with
such new features, conditional distribution with respect to the major agent’s information flow
is introduced (see [37, 14]).



We now discuss some works on MFGs with a major agent and minor agents that are related
to our paper. To the best of our knowledge, the first LQG MFG with a major agent and minor
agents was studied by [24], in which the minor agents were from a total K classes. In the study of
[38], the authors examined mean-field LQG mixed games with continuum-parameterized minor
agents. [37] investigated nonlinear stochastic dynamic systems with major and minor agents.
[11] studied nonlinear stochastic differential games, involving a major agent and a large number
of collectively acting minor agents, as two-person zero-sum stochastic differential games of the
type feedback control against feedback control, the limiting behaviors of the saddle point control-
s were also studied. For further research, readers are referred to [4, 14] and the references therein.

In this study, we investigated a class of LQG MFGs with major agents and minor agents in
the presence of control constraints. In all of the aforementioned papers about linear quadratic
(LQ) control problems, the control was unconstrained, and the (feedback) control was construct-
ed from DPP or SMP, which is automatically admissible. Whereas, if we impose constraints on
the admissible control, the whole LQ approach fails to apply, (see e.g., [15, 23]). We empha-
sizes that the LQ control problems with control constraints have wide applications in finance
and economics. For example, the mean-variance problem with prohibiting short-selling can be
transferred to LQ control problems with positive control, (see e.g., [6, 23]). The optimal in-
vestment problems where the agents have relative performance, (i.e., their portfolio constraints
take different forms), can also be tackled through approach of LQ control problems with input
constraint, (see e.g, [20, 17]). Remark 3.1 of the current paper provides several other constraint
sets I' C R™ as well as their applications. For an investigation of LQ problems with positive
controls or a more general study where the control is constrained in a given convex cone, readers
are referred to [9] for a deterministic case and [15, 23, 34] for a stochastic case.

To the best of our knowledge, the current study is the first to examine constrained LQG M-
FGs with major agents and large numbers of minor agents. In addition to the control constraint
being fully new, our study also has other novel features when compared with other relevant
studies: in [24, 38], the diffusion term simply takes a constant; however, this study considers
the mean-field LQG mixed games in which the diffusion term depends on the major agent’s and
the minor agent’s states, as well as the individual control strategy. This creates additional diffi-
culties, especially when applying the general SMP; in [37, 11], a nonlinear stochastic differential
games was studied; however, in this study, we put ourselves in a LQ mean-field framework with
individual controls constrained in a closed convex set; thus, we can explicitly present the optimal
strategies through a projection operator. Moreover, we use SMP to obtain the optimal strategies
through Hamiltonian systems that are fully coupled forward-backward stochastic differential e-
quations (FBSDEs); this is different from [37], which used DPP and a verification theorem to
characterize the optimal strategies. Here, we connect the consistency condition to a new type of
conditional mean field forward-backward stochastic differential equations (MF-FBSDEs) involv-
ing projection operators. We establish its well-posedness under suitable conditions using a fixed
point theorem, both in local cases and global cases. Unlike our previous paper [21], we now focus
on the mixed game, which is more realistic and more difficult. In this situation, the consistency
condition is a conditional MF-FBSDE that does not satisfy the usual monotonicity condition of
[22]. Moreover, we require an additional subtle analysis to analyze the major agent’s influence
and establish the approximate Nash equilibrium. Finally, motivated by [17], we believe that our
results can be applied to solve the optimal investment problems caused by major agent and N
minor agents.

The reminder of this paper is structured as follows: In Section 2, we formulate the LQG
MFGs with a control constraint involving a major agent and minor agents. Decentralized strate-



gies are derived through a FBSDE with projection operators. A consistency condition is also
established using some fully coupled FBSDEs that come from the SMP. In Section 3, we prove
the well-posedness of fully coupled conditional MF-FBSDEs, which characterize the consistency
condition in the local time horizon case. In Section 4, we ascertain the wellposedness of the
global time case. In Section 5, we verify the e—Nash equilibrium of the decentralized strategies.

The main contributions of this paper can be summarized as follows:

e To introduce and analyze a new class of L.LQQ mixed MFGs using SMP. In our setting, both
the major agent and minor agents are constrained in their control inputs.

e The diffusion terms of major and minor agents are dependent on their states and control
variables.

e The consistency condition system or NCE is represented through a new type of conditional
mean-filed type FBSDE with projection operators.

e The existence and uniqueness of such an NCE system are established in a local case (i.e.,
small time horizon) using the contraction mapping method, and in a global case (i.e.,
arbitrary time horizon) using the discounting method.

2 Notations and terminology

Consider a finite time horizon [0,7] for fixed T' > 0. We assume (Q,F,{Fi}o<i<7,P) is a
complete, filtered probability space satisfying usual conditions and {W;(t), 0 <1i < N}o<i<7 is
a (N +1)-dimensional Brownian motion on this space. Let F; be the natural filtration generated
by {W;(s),0 < i < N,0 < s < t} and augmented by Np (the class of P-null sets of F). Let
FVo o FVi| Fi be respectively the augmentation of o{Wy(s),0 < s < t}, o{Wi(s),0 < s < t},
o{Wo(s), Wi(s),0 < s < t} by Np. Here, {FV*}o<i<r stands for the information of the major
agent, while {ftWi}ogtST represents the individual information of ¢-th minor agent.

Throughout the paper, 2’ denotes the transpose of a vector or a matrix x, S™ denotes the
set of symmetric n X n matrices with real elements. For a matrix M € R™*? we define the
norm |M| := /Tr(M'M). If M € S" is positive (semi) definite, we write M > (>)0. Let H
be a given Hilbert space, the set of H-valued continuous functions is denoted by C(0,7;#). If
N(-) € C(0,T;8™) and N(t) > (>)0 for every t € [0,T], we say that N(-) is positive (semi)
definite, which is denoted by N(-) > (>)0. Now, for a given Hilbert space H and a filtration
{G:t}o<t<T, we also introduce the following spaces which will be used in this paper:

LéT(Q;H) = {£:Q — H | £ is Gr-measurable such that E|£]? < 0o},
LE(0,T;H) = {x() :[0,T) x Q@ — H | z(-) is Gi-progressively measurable process such that

IE/OT |z (b)) 2dt < oo},

LE(C(0,T;H)) = {x() :[0,T] x 2 — H | (-) is G-adapted continuous process such that

E

sup m(t)]zl < oo}.

0<t<T



3 LQG mixed games with control constraint

We consider a linear-quadratic-Gaussian mixed mean-field game involving a major agent Ag and
a heterogeneous large-population with N individual minor agents {A4; : 1 < i < N}. Unlike
other works of LQG mixed games, our control domain is constrained in a closed convex set of
the full Euclidean space, and more details of constraints will be given later. The states zq for
major agent Ag and x; for each minor agent 4; are modeled by the following controlled linear
stochastic differential equations (SDEs) with mean-field coupling:

dzo(t) = [Ao(t)ao(t) + Bo(t)uo(t) + Fo ()™ (1) + bo(t)]dt

+ [C 2 (V) _ n (1)
0(t)wo(t) + Do(t)uo(t) + Fy(t)z' ) (t) + o0(t)|dWo(t), x0(0) =z € R",

and
dzi(t) = [Ag, ()xi(t) + B(t)us(t) + Fr(t)z™) () 4 b(t)]dt

N n (2)
+ [C(O)xi(t) + Do, (t)ui(t) + Fa(t)z ™ (t) + Haxo(t) + o(t)]|dWi(t), x:(0) =z € R,

where (M) () = + Ef\i L 7;(+) is the state-average of minor agents. Recalling that 7 is the indi-
vidual decentralized information while F; is the centralized information driven by all Brownian
motion components. We point out that the heterogeneous noise W; is specific for individual
agent A; whereas z;(t) is adapted to F; instead of F§ due to the coupling state-average (™).
The coefficients of (1) and (2) are deterministic matrix-valued functions with appropriate di-
mensions. The number 6; is a parameter of agent A; to model a heterogeneous population of
minor agents, for more explanations, see [24]. For sake of notations, in (2), we only set the
coefficients A(-) and D(-) (see also R(-) in (4)) to be dependent on ;. Similar analysis can be
proceeded in case that all other coefficients depend also on #;. In this paper, we assume that
0; takes values from a finite set © := {1,2,..., K'} which means that totally K types of minor
agents are considered. We call A; a k-type minor agent if §; = k € ©.

In this paper, we are interested in the asymptotic behavior as N tends to infinity which is
essentially to consider a family of games with an increasing number of minor agents. To describe
the related large population system, let us first define

To={i|0;=k1<i<N}, Ny=|T

where Nj is the cardinality of index set Zi,1 < k < K. Let W,EN) = % for k € {1,--- ,K}

then 7(V) = (7T§N), e ,77%\7)) is a probability vector to represent the empirical distribution of

01,--- ,0n. The following assumption gives some statistical properties for 6;. For more details,
the reader is referred to [24]:

(A1) There exists a probability mass vector m = (71,72, - - - , T ) such that limy_, 1o ) =g
and minj<p<g T > 0.

From (A1) we know that when N — +o0, the proportion of k-type agents becomes stable for
each k and that the number of each type agents tends to infinity. Otherwise, the agents in
given type with bounded size should be excluded from consideration when analyzing asymptotic
behavior as N — +o00. Throughout the paper we make the convention that IV is suitable large
such that minj<p<x N > 1.

Now let us specify the admissible control set and cost functionals of our linear-quadratic-
Gaussian mixed game with input control constraint. We call ug an admissible control for the
major agent if ug € U, where U0, := {u(-) | u(-) € L%(0,T;T)}. Here Iy C R™ is a nonempty
closed convex set. Moreover, for each 1 <1i < N, we also define decentralized admissible control
u; for the minor agent A; as u; € Ugd, where for a nonempty closed convex set I'g, C R™,

Upg = {ui() | wi(-) € L3:(0,T3Ty,)}-



Remark 3.1 We give the following typical examples for the closed convex constraint set T': T'! =
R’ represents that the control can only take positive values, it connects with the mean-variance
portfolio selection problem with no-shorting, see [6, 23]. The linear subspace I'2 = (Re;)* (where
(e1,€2,...,6em) is the canonical basis of R™) represents that the control can only take from a
hyperplane, it is used to deal with that in the investment theory, each manager has access to the
whole market except some fized firm who has private information. For more examples of linear
constraints and their economic meaning, the reader is referred to [17]. T’ can also be some closed
cone (i.e. T is closed and if u € T, then au €T, for alla > 0), e.g. I'* = {u € R™ : Yu = 0} or
rt = {u € R™: YTu < 0}, where Y € R"™™. For investigations on the stochastic LQ problems
with conic control constraint, the readers are refereed to [15, 23].

Let u = (ug,u1, - ,un) be the set of strategies of all N + 1 agents, u_g = (u1,ug, ..., un)
be the control strategies except Ay and u_; = (ug, w1, ,Uj—1,Ui+1, - ,un) be the set of
strategies except the i-th agent A;. We introduce the cost functional of the major agent as

T
Jo(uo,u—o) = ;E[/o <Q0(t)(1‘0(75) — pox ™ (), zo(t) — PofU(N)(t)>

(3)
+ (Ro(t)uo(t), uo(t) )dt + <Go (20(T) — pox™(T)), 20(T) — poz'™) (T)ﬂ

and the cost functional of the minor agent A; as
1 T
Ji(ui,u_y) :2E{/ <Q(wi—px(N)—(1—p)x0(t)),a:i—pa:(N)—(1—p):c0(t)>+<R91ui,ui> dt
0

(6@ pa D)~ (1= () (7)o D)~ (1= (1)) .
(@)

We mention that for notational brevity, the time argument is suppressed in above equation as
well as in the sequel when necessary.

We impose the following assumptions:

(A2) The coefficients of the states satisfy that, for 1 <i < N,

AO()7A91()7CO()7C()7F01()7F1()ﬂF02()7F2()7H() S LOO<O7T;Rn><n)a
BO(')7B(')7D0<')ﬂD9¢(') € LOO(OvT;Rnxm>7bO(')7b(')7JO('>7J(') € LOO(07T§RH)'

(A3) The coefficients of cost functionals satisfy that, for 1 <i < N,

QO())Q() € LOO(OvTvsn)7RO()7R91() € LOO(O7Ta Sm)¢G0a G e Sna
QO() > O,Q() > OvRO() > OaR(%() > OaGO > O,G > OaPO,P € [Oa 1]

Here L>°(0,T;H) denotes the space of uniformly bounded functions mapping from [0, 7] to H.
It follows that, under assumptions (A2) and (A3), the system (1) and (2) admits a unique solu-
tion @, z;(+) € L% (£ C(0,T;R™)) for given admissible control ug and u;. Now, let us formulate
the LQG mixed games with control constraint.

Problem (CC). Find a strategies set @ = (u, 41, -, uy) where 4;(-) € Ui, 0<i < N,
such that
T ai() = i F(us()as(), 0<i<N.
ui(~)€u;d
We call @ an optimal strategies set for Problem (CC).

For comparison, we present also the definition of e-Nash equilibrium.



Definition 3.1 A set of strategies u;(-) € L{’d, 0 <i <N, is called an e-Nash equilibrium with
respect to costs J¢, 0 < i < N, if there exists a ¢ = ¢(N) > 0, th e(N) = 0, such that for
—+00

any 0 <1 < N, we have
Ji(ti(-), u-i(-)) < Fi(ui(-), u-i(-)) + ¢,
when any alternative strategy u; € Z/léd is applied by Aj;.

Remark 3.2 Ife =0, Definition 3.1 reduces to the usual exact Nash equilibrium.

3.1 Stochastic optimal control problem of the major agent

As explained in introduction, the centralized optimization strategies to Problem (CC), are
rather complicate and infeasible to be applied when the number of the agents tends to infinity.
Alternatively, we investigate the decentralized strategies via the limiting problem with the help
of frozen limiting state-average. To this end, we first figure out the representation of limiting
process using heuristic arguments. Based on it, we can find the decentralized strategies by
consistency condition, and then rigorously verify the derived strategies satisfy the approximate
Nash equilibrium. We formalize the auxiliary limiting mixed game via the approximation of the

(N)

average state (V). Since 7, ~ my for large N and

NZZ% Zwk NZ%
k=11i€Zy 1€L

we may approximate z(V) by Zszl TEMy, where my, € R™ is used to approximate Nik > ez, Ti-
Denote m = (m/, mb, ... m, )", which is called the set of aggregate quantities. Replacing 2™ of
(1) and (3) by Zlf:l Trmy, the major agent’s dynamics is given by

dzo(t) = [Ao(t)z0(t) + Bo(t)uo(t) + Fy(t Z T (t) + bo(t)]dt

(5)
+ [Co(t)20(t) + Do(t)uo(t) + FE(t Zwkmk + 00(t)]dWo(t), 20(0) =z € R,
and the limiting cost functional is
1 K
Jo(ug) = §IE [/0 <Qo = po Z Trm(t)), zo(t) — po z:lﬂkmk(t)> o

K
+ <R0(t)u0(t), uO(t)>dt + <G0 20(T") — po Z memy (T (T) — po Z kak(T)>:| .
k=1

For simplicity, let ® be the Kronecker product of two matrix (see [18]) and we denote FO1 =
T ® Fy, Foz’7r =71 ® F3, p§ =7 ® polnxn. Then (5) and (6) become respectively to

dzo(t) = [Ao(t)20(t) + Bo(t)uo(t) + Fy™ (¢)m(t) + bo(t)]dt

7
+ [Colt)z0(t) + Do(t)uo(t) + F2™(E)m(t) + oo(t)]dWo(t), 20(0) = zo € R™, @)

and

T
o) = 52| [ {@ult)aa(t) = om(0) 2t) — e
+ (Ro(0)un(0).ua(®)dt + (Go(aalT) ~ o () () ~ (7).

7



We define the following auxiliary stochastic optimal control problem for major agent with
infinite population:

Problem (LCC-Major). For major agent Ay, find u(-) € U2, satisfying

Jo(ug(+)) = uo(%lefl/{o Jo(uo(+))-

Then ug(+) is called a decentralized optimal control for Problem (LCC-Major).

Now, similar to [21], we would like to apply SMP to above limiting LQG problem (LCC-
Major) with input constraint. We introduce the following first order adjoint equation:

{ dpo(t) = —[Ap(t)po(t) — Qo(t)(z0(t) — pgm(t)) + Co(t)qo(t)] dt + qo(t)dWo(t), ®

po(T) = —=Go(20(T) — pgm(T)),
as well as the Hamiltonian function
Ho(t,p,q,z,u) =(p, Aoz + Bou + FOI’Wm +bo) + (g, Coz + Dou + F02’7rm +00)
- %<Q0(ZE —pom), T — pgm> — %<R0u,u>.

Since I'g is a closed convex set, for optimal control ug, related optimal state zj and related
solution (pf, q) to (8), the SMP reads as the following local form

OH,
<8J(t,p8,q§,z§,u8),u—u8> <0, forallueTly, ae. t€[0,T], P—a.s. (9)

Similar to the argument in page 5 of [21], using the well-known results of convex analysis (see
Theorem 5.2 of [10] or Theorem 4.1 of [21]), we obtain that (9) is equivalent to

ug(t) = Pry[Ry () (By(O)ps(1) + Do(t)ap) ()], ae. t € [0,T],P — as. (10)

where Pr,[-] is the projection mapping from R™ to its closed convex subset I'g under the norm

1 1
g, (where ||z||% = ((z,z)) := (RZx, RZz)). Finally, by substituting (10) in (7) and (8), we
o Ry 0 0
get the following Hamiltonian system for the major agent:

dzp = (Aozo + BoPr, [Ry " (Bypo + Djyqo)] + Fy™m + bo> dt

+ (Cozo + DoPry [Ry ! (Bypo + Dygo)] + Fy™m + 00> dWo(t), (11)

dpo = —(Agpo — Qu(z0 — pym) + Cogo)dt + godWo(t),
20(0) = o, po(T) = —Go(20(T) — pym(T)).

3.2 Stochastic optimal control problem for minor agent

By denoting F'™ := 1 ® Fy, F?>™ := 1 ® Fy, p™ := 7 ® pl,xn, the limiting state of minor agent
.AZ' is

dz; = (A@izi + Bu; + F'™m + b) dt + (C’zi + Dg,u; + F*™m + Hzo + a> dWi(t),

zi(0) =zx.



The limiting cost functional is given by:

1 T K K
Ji(u;) = 2E[/0 <<Q(zi—p27rkmk—(1—p)zo),zi—pzTrkmk—(l—p)zo>+<R9iui,ui>>dt

k=1 k=1

K K
+ <G(zi(T) —p Y _memp(T) — (1= p)zo(T)), z(T) — p > merme(T) — (1 — p)zo(T)>] :
k=1 k=1 (12)
or equivalently by

Ji(u;) :%E {/OT <<Q(Zi —p™m —(1—p)z0),zi —p"m —(1—p)zo> + <R9iui, ul>> dt

+ (6T = () (1 p)20(T)) D) = () (1 p)2a(T)),

and the related limiting stochastic optimal control problem for the minor agents is:
Problem (LCC-Minor). For each minor agent A;, find u}(-) € U, satisfying

Ji(u; () = u(l)r;fu Ji(ui(+))-

Then u}(-) is called a decentralized optimal control for Problem (LCC-Minor).

Similar to the major agent, we obtain the following Hamiltonian system for minor agent A;,
(
dz; = (Agizi + BPr, [Ry'(B'pi+ Dj,qi)] + Frm + b) dt

+ <Cz@- + Dy, Pr,, (R (B'pi + Dp,gi)] + F5m + Hzo + a) dW;(t), (13)

dpi = — (A4, pi — Q(zi — p"m — (1 — p)zo) + C'qi) dt + q;dWi(t) + qi,0dWo(t),
z(0) =z,  pi(T) = =G (z(T) — p"m(T) — (1 = p)20(T)).

Here, Ppei [-] is the projection mapping from R™ to its closed convex subset I'y, under the norm
|- I zs,- We mention that the limiting minor agent’s state z; depends also on the limiting major

agent’s state zg, it makes that z; is F'-adapted, thus ¢i,0dWy(t) appears in the adjoint equation.

3.3 Consistency condition system for mixed game

Let us first focus on the k-type minor agent. When i € Zj, = {i | ; = k}, we denote Ay, = Ay,
Dy, = Dy, Ry, = Ry, and I'y, = I'y,. We would like to approximate z; by z; when N — +o0,
thus my, should satisfy the consistency condition (noticing that Assumption (A1) implies that
1
= 1 — ().
mk() N—1>I—Ii-100 Nk ZZZ()
’LEIk
Recall that for i, j € Zj, z; and z; are identically distributed, and conditional independent (under
E(- |F%0)). Thus by conditional strong law of large number, we have (the convergence is in the
sense of almost surely, see e.g. [36])

mi() = Jim < 37 () = E(=(1F), (14)

N—+oo N,
kicT,



where z; is given by (13) with Ay, = Ay, Dy, = Dy, Ry, = Ry,T'y, = I'y. By combining (11),
(13) and (14), we get the following consistency condition system or Nash certainty equivalence
principle of k-type minor agent, for 1 < k£ < K: (As mentioned before, for notational brevity,
the time argument is suppressed in following equations except E(ak(t)]ftwo) to emphasise its
dependence on conditional expectation under ]-"tW )

K
day, = (Akak+BPFk [R;,' (B'Br+Diyk) |+ F1 Zﬂz‘E(ai(tﬂﬂ%Hb) dt

=1

K
+ <CO&1€ + DyPr, [RI;I (B/ﬁk + D%’yk)] + Fy ZﬂiE(ai(t”}—F/O)—}—Hao-l-O') dWy(t),
=1

K
dBr =—(ApPr—Qar—p Y mil(ai (£)| ;") = (1= p) ) +C' ) di+1rd Wi () +71,0dWo (£),
i=1
K
a(0) =z,  B(T) = =G(a(T) = pd_ ml(i(T)|F7°) — (1 = p)ao(T)),
=1

(15)
where «q satisfies the following FBSDE which is coupled with all k-type minor agents:

K
dao = <A0a0+BgPFO [Ral (B(l),Bo—l-D(l)’}/o)] -l-Fol Z WiE(Oéi(t)|.FtW0)+bo> dt
=1

K
+ (Cooéo + DoPr, Ry (ByBo+Dyyo) |+ Fy Z WiE(Oéi(t)’fXVO)‘*‘UO)dWO(t)7

=1 (16)

K
dBo = —(AHBo — Qolao — po > mE(ci(t)| (")) + Chyyo) dt + yodWo(t),
=1

K
ao(0) =20, fo(T) = —Go(ao(T) — po Y mE(es(T)|F)).
=1

We consider together the major agent and all kinds of minor agents, i.e. (16) and (15) for all
1 < k < K, then there arise 2K +2 fully coupled equations including K +1 forward equations and
K +1 backward equations. Such fully coupled equations are called consistency condition system.
Once we can solve it, then my = E(ay(t)|F;"°) which depends on the conditional distribution
of ayg, this allows us, in (15), to use arbitrary Brownian motion W}, which is independent of Wj.
Finally, let us introduce the following notation which will be used in the following sections

K K
O(t) =Y mmi =y miE(ai(t)|F). (17)
i=1 i=1

4 Existence and uniqueness of consistency condition system: lo-
cal time horizon case

This section aims to establish the well-posedness of consistency condition system (15)-(16) in
small time duration using the method of contraction mapping. Similar to the classical results
on FBSDES, see for example Chapter 1 Section 5 of Ma and Yong [35], we need introduce the
following additional assumption:

(A4) We suppose Ry '(-), R;il(‘) € L>(0,T;8™) and My|D|? < 1, where | D| := maxo<g<x | Dk|
and My := max{]G0]2(1 +p3), |GI*(1+p* + (1 - p)Q)}.
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For simplicity, we denote

vo(p,q) := Pry [Ry (Bop + Dyg) |, o, (p,q) := Pr, [Ry ' (B'p+Dj,q)].
We have the following theorem:

Theorem 4.1 Assume (A1)-(A4), then there exists a Ty > 0, such that for any T € (0, Tp],
the system (15)-(16) has a unique solution (v, Bo, Y0, Qks Bks Vi Vk,0), 1 < k < K, satisfying

g, 60 S L]:Wo (Qv C<O7 T7 RTL>)7 L, Bk S L‘27_‘k (Qa C(Ov T7 Rn)):

18
Yo € L]:Wo (07T7Rn)a Vk> Vk,0 € L;k(OaT7Rn)7 1<k<K. ( )

Proof Let Ty € (0, 1] be undetermined and 0 < 7' < Tj. We denote

N0, T] :=L%w, (2, C(0,T;R™)) x L% (,C(0,T5R™)) x ... x L3k (Q;C(0, T;R™))
X Lo, (0, T5R™) x L5 (0, T;R™) x ... X L5« (0, T;R™)
L% (0, T;R™) x ... x L5 (0, T; R™).

For (Yo, Y1,...,. Yk, Zo,Z1,...,ZKk,Y10,..., YK o) € N|0,T], we introduce the following norm:

||(}/07Y13 e 7YK7 207 Zla ey ZK7 Tl,o; ey TK,O)H?\/’[(LT]
K K T K T (19)

T DILACEED 9 MEABIES S M B

k=0 k=070 k=10

te[0,7

Let N[0, T be the completion of N[0, T in L?:WO (0,T; R™)x L%, (0, T R™) x.. .. X L2fk (0, T; R™) x
L2

2o (0, T3 R™) X L3, (0, T3 R™) x ... X L2, (0, T35 R™) X L5, (0, T5R™) X . ... X L34 (0, T; R™) under
norm (19). Now for any

Y YY Y 20,20, 25 Y g, ) ENTOT], j=1,2,

we solve respectively the following system including K + 1 SDEs, for 1 < k < K:

,

dOéO = <A00(0+B0<p0 }/O,Zj Zﬂ'l ]:WO] +b0>d
+ (Cood + Dogo(Y§, 23) + Z miEod (t)| 7)) + 00 ) dWo 1)
| , (20)
do, = (Aved, + Bow(¥{, Z) + P Zm ()| F¥) +b) e
+ (CaiJers% +F227n |]'—W°]+H%+U)de()
aé(O) = o, ai(O) =uz.
Then (20) admits a unique solution for j = 1,2,
(ad o, ... ade) € L2y (R C(0, T;R™)) x L2, (2, C(0,T;R™)) x ... x L%, (Q;,C(0,T;R™).

Indeed, (20) is a n(K + 1)-dimensional SDE with the mean-field term Z {7(/7“ Eloi(t)| FY°]. We
can prove the well-posedness of such SDEs system by noticing E|E[a;(¢)|F; °]|? < E|a;(t)|? and

11



by constructing a fixed point using the classical contraction mapping method, we omit the proof
here. Now let us denote for 0 < k < K,

ap =y — o}, @k = on(Vs Zi) — on (Y, Z7)
YVi=Y! -Y: Zy=2Z -7 Yio:= Tllg,o - Ti,o

Applying It6’s formula, we obtain

d|éo® _2<a03 Aobo + Bogo + Fy Zm )|fWO]>

=1
K 2
+ ’00020 + Dogo + F§ Z miB[a; ()| F0)| dt
i=1
+ <040’ Codyy + Dopo + F¢ Z K IFW0]>dW0( )
=1

and

K
o ? =2 o, gy + By + Fy 3wl (0) '] e
=1

2
(CakJersOkJerZm & ()| 7, ]+H0é0‘
=1

+2<ak,0ak+Dk¢k+FQZm )\]:F/O]+H0éo>de( )-

Thus by using (A2)-(A3), E |E[d;(s)|FY°]| < Eldi(s)], E |E[ds(s |]-"W0H < E|&;(s)|? as well
as that ¢y is Lipschitz with Lipschitz constant 1(see Proposition 4.2 of [21]), we have

2
ds (21)

Elao(t)|? <2E / (140llof* + 1 Bollaoligol + |73 lldo| Z [Elaq(s)| 73] )ds
K
Codo + Dogo + F§ »_ miE[du(s)| F')

t
+E |
0 i=1

t K t
<C.E / " Jéifds + E / (IDof? + &) (Yol + | Zol?)ds
0 i 0

and

2

E|ay (1) 2 <2E / (144116412 + | Bllanl|@x] + | Fil S [Efas)F] )ds
K
Céy + Dy + Y FoR[i(s)| FY'°] + Heén| ds (22)

=1
t
+n«:/
0 i=1

t K t
<CE [ 3" [ailds + B [ (DuP + )5l + |Zuf)ds
0 5o 0

where C; is a constant independent of 7', which may vary line by line. Adding up (21) and (22)
for 1 <k < K, we have

K
EY lai)| <C]E/Z]az |ds+E/Z|D|2+e)(|Y|2—I—|Z)
=0

12



and the Gronwall’s inequality yields
K T K
Bl < cOTE [ S (UDI + (TP + |Z)ds. (23)
i=0 0 =0
Next, we solve the following BSDEs, for j = 1,2,

a8 = ~[Apxi - poZm (O)IFY)) + Co2Z8 |t + xawo (o),

5] = ~[447  Q(o] — 03 mEOIF) — (1 gy + 2

+ RAWi(1) + 7, o dWo (b), (24)
BHT) = —Go (h(T) = po Z mE[d (D) F7)),
BlT) = —G (o (T pZm T)IF] = (1= p)af(T)).

Since (A2)-(A3) hold and «;, 0 < i < K have been solved from (20), the classical result of
BSDE:s yields that (24) admits a unique solution

(667 {7"'75‘7}(77677{7' "7’}/‘7]{7’7{707' . 77‘;(70) EN[()?T] gﬁ[()?T]
Thus we have defined a mapping through (20) and (24)
T N[0, T] — N[0, T],
(Y0j7Y1j7"'7YI‘£7ZS7Z{7"'7Z£7T{’07"'7T§('70) H (/8875{7'"7/3%7’737’Y‘]7:7"'77%77{.707"'77£,0)'

Similarly, we denote
Bk = B,i — [3,%, Vg = 7,% — ’y,%, for 0 <k < K and A := 7,%,0 — 71%,07 for 1 <k <K.

Applying Itd’s formula to |5o(t)|?, and noticing E |E[@i(s)|f;’[/0]|2 < E|a;(s)|? , we obtain

E (I + | ' ol

A~ T A A K A
=E[Bo(T)* + 2IE/ <Bo, ApYo — Qo (ao — 00 Z TriE[ézi(s)\]:K/o]) + quo> ds

T
<|Go(1 4+ p2) EZ\% )2 4C. IE/ 60]2ds+1[43/ Z|di|2ds+5/ ([Fo[2+|Z0[2)ds
-0 t

=0

Substituting (23) into above inequality, we have

A~ T K T A A
E (Iﬁo(t)|2+/ I%IQdS) < (|Gol*(1 + p3)+T) BCETEZ/ (1Dif* +e)(|Ysl* + | Zil*)ds
‘ i=0 /0 (25)

T T
+CEIE/ 502d5+5/ (|Yol? + | Zo|?)ds
t t

13



Similarly, by applying Itd’s formula to ]Bk(t)|2, 1 <k < K, we have

. 2 T 5 T )
E‘ﬁk(t)‘ +E/ |Vl d5+]E/ Ak,0l” ds
t
. 2 T/, . .
—E |3,(T)| +2E / B AV~ Q e pzw, [:(5)| FIV0] — (1 p)dig | ~C"Z ) ds.
t

Noticing that p € [0, 1], we have

(26)

K
<IGP|ak(T) — p Y miEla(T)FRY] = (1= pao(T)

=1

E | 8r(T)

o :

K
<|GP(1+ 9"+ (1-p)) (Eakm — pEla(DF] S Edi(T)Q)
i=0,i#k
K

<IGPL+ 0"+ (1= p)E D lai(T)P,
1=0

where we have used the fact that

E | (T) — pE[an (1) F¥o)[

—E|x(T)[? + pBIE[G (T) | 7] 2 - 20E [ (T)Efan(T >|fW01]
—E| () + p*BIElax(T)\ ] — 20E (E [ (T)Elaw(T)| 7] | |77

=E|c(T)|” + (p* — 20)E|E[ax(T)|F7°]* < Elax(T )\

A'—‘

Thus, (26) yields that
R 2 T 9 T 9
Blae] +B [ Pultds+E [ ol ds
t
R 2 T/, . .
—E|3(T)| +2E / Br ALYi — Q aprm Gi(s)|FM] — (1= p)o | — C'Zy ) ds
<GP+ 22+ (1—p EZ\O@ \2+CIE/ 1Be? ds

T
+E/ Z\aiIst—i—eE/ (922 + | Z4l2)ds
t t

Substituting (23) into above inequality, we have

A 2 o, T 9
El5uo)] +E [ ufds+E [ Folds
t t

K
<(IGPA+p*+(1—pH)+T)e*"ED / T(\Di|2+e><|ﬁ|2+|2i12>ds (27)
. 0

T T
L OE / Bul?ds + <E / (VAP + 1 22)ds
t t
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Adding up (25) and (27) for 1 < k < K, we obtain (recall [D|* := maxo<k<x [Dy|* and
My := max {|Go|>(1 + p2), |GP2(1+ p* + (1 - p)2)})

K ) K T K .7
EY +EZ/ my?dHEZ/ 5i0l° ds
i=0 i=0 7 i=1 7t
K .7
<M+ T) TR [ (D) (F +1ZiP)ds
i=0 0
T K
+C€E/ >
v i=0

K .7

2 ~ N

ds + [(M0+T)eCET(|D|2+6)+5]IE§ / (13> + | Zi|*)ds.
i=0 70

bi

A (2 T K .
G dser [ S (TP +IZIs
0 =0

bi

T K
<C.E / >
t =0

The Gronwall’s inequality yields that

K K K
ES AL +ES [ pPds+ES [ ol ds
’ Yi \ 7Yi,0
=0 =0 =1

K T
<O [(My+T)T(DP +2) + ] EY [ (T +12P)ds
i=0 "0

bi

K
<e“IT [(Mo+T) e“T(ID]” + ) +¢] sup E) |Vi(t)?
o<t<T -0 28
K (28)
+ 9T [(Mo+T) e“T(IDJ? +¢) + €] EZ/ |22 ds
i=0 /0
<% T(T + 1) [(Mo+T) e“T(|D]> + ¢) +¢]
' ||(%7 ?Vla e 7}A/K7 207 Zl) ceey ZK’ YLO’ o YK’O)HN[QT]
=e“T(T + 1) [Moe“ " (ID]* + &) + e + Te“ T (|D|* + ¢)]
: H(%v Yl; B 7YK7 207 217 RN} ZK? TLO’ Tt TK70)||N[O’T]

Noticing that assumption (A4) holds, by first choosing € > 0 small enough such that Mq(|D|? +
) + e < 1, then choosing 7' > 0 small enough, we obtain from (28) that

H(/éOaBla cee 731(7:)/07’3/17 s 7’3/K7’?170? s 7;}/K,0)HN[O,T}
SCSH(}A/OuYAi) . 'aYKuz[)uZlv .. '7ZK7T1,07 v 7TK,O)HN[O7T]7

for some 0 < § < 1. This means that the mapping 7 : N[0, T] — N[0, T] is contractive. By the
contraction mapping theorem, there exists a unique fixed point

(507517"'75K,707717-~-a’YKa’Yl,Oa---aVK,O) EN[O?T]

Moreover, classical BSDE theory allows us to show that

(507617"'75](7707717'"a’YKa’Yl,Oa"'vﬂYK,O) GN[OaT]

Let ag, 0 < k < K, be the corresponding solution of (20). Then, one can obtain that the system
(15)-(16) has a unique solution (oo, B0, Y0, @k Bk, Vi, Vk,0), 1 < k < K, such that (18) holds. O
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5 Existence and uniqueness of consistency condition system-
global time horizon case

The section aims to establish the well-posedness of consistency condition system (15)-(16) for
arbitrary T', we first study one general kind of conditional mean-field forward-backward stochas-
tic differential equations (MF-FBSDE) by using the discounting method of Pardoux and Tang
[39].
Let (2, F,P) is a complete, filtered probability space satisfying usual conditions and {W;(t), 0 <

i < d}o<i<r is a d + 1-dimensional Brownian motion on this space. Let F; be the natural filtra-
tion generated by {W;(s),0 <1i < d,0 < s <t} and augmented by Np (the class of P-null sets
of F). Let F'* be the augmentation of o{Wy(s),0 < s <t} by Np. We consider the following
general conditional MF-FBSDE:

dX (s) = (s, X (5), E[X (s)|F30], Y (5), Z(s)))ds + o (s, X (), E[X (s)| L], Y (5), Z(s))dW (s),
—dY (s) = f(s,X(s),E[X(s)|F0],Y(s), Z(s))ds — Z(s)dW (s), s € [0,T],

X(0) =2 Y(T) = g(X(T), E[X(D)|F)),

(29)
where the adapted processes X,Y, Z take their values in R”, R} and R!*(d+1) respectively. The
coefficients b, o and f are defined on Qx [0, T]| x R™ x R x R/ x RX(@+1) "guch that b(-, -, x,m,y, z),
o+, x,m,y,z) and f(-,-,z,m,y,z) are {F;}-progressively measurable processes, for all fixed
(z,m,y, z) € R" x R™ x R! x R>(@+1)  The coefficient ¢ is defined on Q x R™ x R" and g(-,x,m)
is Fp-measurable, for all fixed (x,m) € R™ x R™. Moreover, the functions b, o, f and g are
continuous w.r.t. (z,m,y,z) € R" x R" x Rl x R/ *(d+1) and satisfy the following assumptions:

(Hp) There exist A1, A2 € R and positive constants ko, k;, i = 1,2,...,12 such that for all ¢, x,
Iy, 2, M, M1, M2, Y, Y1, Y2, 2, 21, 22 a.8.

(i) (b(t,z1,m,y,2) — b(t, w2, m,y,2), 21 — T2) < Ai|z1 — 2|2,
(43) [b(t,x,m1,y1,21) — b(t, T, ma,y2, 22)| < ki|ma — mal| + ka|y1 — y2| + k3|21 — 22,
(i5i) |b(t,z,m,y,2)| <|b(t,0,m,y,2)| + ko(1 + |z]),
(i) (f(t,z,m,y1,2) — f(t,2,m, 4, 2), 91 — y2) < Aalyr — v,
() |f(t 21, ma,y,21) — f(t, 21, ma,y, 22)| < kalzr — 22| + ks[mi — ma| + Ke[21 — 22,
(i) [f(t,z,m,y,2)| < |f(t,2,m,0,2)] + ko(L + |y|),
(vii) |o(t, @1, m1,y1,21) — o(t, z2, M2, Y2, 22)]?
< kflen — @2f® + KElma — mal® + kgly1 — yal® + kfolz1 — 22,
(viii) |g(x1,m1) — g(w2, m2)[* < k|1 — @] + kfomi — mal.

(H2) It holds that

T
E/ (I6(5,0,0,0,0)* + |o(s,0,0,0,0)[* + | £(s,0,0,0,0)[*) ds + E|g(0, 0)|* < +o0.
0

Remark 5.1 From the mean-field structure of (29), sometimes the following conditions holds:
(Hy1) — (') : There exist A\1,k1 € R, such that for all t, y, z and process X1, X2, a.s.

E(b(t, X1, B[X1(£)| F{"°), y, 2) — b(t, Xo, E[Xs(t)| "], 9, 2), X1 = X2)
< (M + k)E[X; — Xo|?
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For example, if b(t,x,m,y, z) = /\1x+E1m+b1 (y,z), then it obviously satisfies above assumption.
Indeed, our mean-filed FBSDE satisfies this assumption.

Let H be an Euclidean space. Recall that LQf(O,T ;H), denotes the Hilbert space of H-valued
{Fs}-progressively measurable processes {u(s), s € [0,T]} such that

1/2

lu == (E/0T|u(s)2ds> < .

For A € R, we define an equivalent norm on L2f(0, T:H):

= (& [ putoas)

Now let us consider MF-FBSDE (29), its fully-coupled structure arises difficulties for estab-
lishing its wellposedness. Similar to [39], when the coupling is weak enough, MF-FBSDE (29)
should be solvable. The following is the main results on MF-FBSDE (29) and the proof is give
in the appendix.

1/2

Theorem 5.1 Suppose that assumption (Hi) and (Hz) hold. Then there exists a 9 > 0, which
depends on ki, A1, Ao, T, fori=1,4,5,6,7,8,11,12 such that when ks, k3, kg, k19 € [0,00), there
exists a unique adapted solution (X,Y,Z) € L%(0,T;R") x L%(0,T;R™) x L%(O,T;Rmx(dﬂ))
to MF-FBSDE (29). Further, if 2(A1 + \2) < —2ky — k2 — k2 — k32, there ezists a &1 > 0,
which depends on ki, A1, Ao, fori=1,4,5,6,7,8,11,12 and is independent of T', such that when
ka, ks, kg, k1o € [0,01), there exists a unique adapted solution (X,Y,Z) to MF-FBSDE (29).

Remark 5.2 If in additional (Hy) — (i') holds (see Remark 5.1), by repeating the above dis-
cussion, one can show that if 2(A; + A2) < —2@1 - kg — k:% — k:g, there exists a 61 > 0, which
depends on El,ki,)\l,)\g, for i = 4,5,6,7,8,11,12 and is independent of T, such that when
ko, k3, ko, k1o € [0,01), there exists a unique adapted solution (X,Y,Z) to MF-FBSDE (29).

Now let us apply Theorem 5.1 to obtain the well-posedness of consistency condition system
(15)-(16) which is

K
day, = (Akak +BPr, R, (B Br+Diy) |+ F1 Y miE(ei (1) F™) +b> di
i=1

K
+ (Cak + DiPr, R, (B'Br + Djwi) |+ F2 > wiE(ai(t)\ftVVO)+Hao+a> AW (1),

=1

K
By =—(AjBr—Q(ar—p Y mB(i(t)|F"0) = (1=p)an) +C'yk) dt+1kd Wi () +yk.0dWo (1),

=1

K
ap(0) =z,  B(T) = ~G(an(T) = pY_ mE(ai(T)|Fp°) — (1= p)ao(T)),
1=1

17



where «q satisfies the following FBSDE which is coupled with all k-type minor agents:
K

dag = <A0a0+B0PFO [Ry ! (ByBo+Dyyo) | +F5 > wiE(ai(t)\ftVVO)+b0> dt
i=1

K
+ (CoOéo + DoPr, [Ry ' (ByBo+Dyyo) | +F5 Y WiE(ai(f)|fy/°)+00> dWo(t),
i=1

K
dBo = — (Ao — Qolao — po Yy mE(ei(t)|F")) + Cio) dt + vodWo (2),
=1

ag(0) = xo, Bo(T) = —Go(ao(T POZTFZ (oi(T fWO))

Recall that
vo(p,q) = Pry[Ry' (Bip + Dya)],  ¢r(p.q) = Pr, [R, ' (B'p+Djq)].

If we denote

’

W:(WO)Wla"'qu)> (0 7T17"‘77TK)7 a:(a67a/17"')a/[{)7 ﬁ (/Bé)ﬁia"°7ﬁ}()l7
X=(zp,,....2"), E(at )\fW°) = (E(ao(t)|F"°)  E(ar ()| F°), ... E(ax ()| F)),
®(8,7) = (©0(80,70), 21(B1s71)s - - - (B 1)) 5 P = T ® plysn, P i= T ® plysen,
Bpl=neFr, " ::H@Fg, Ul e r, PP =len,

Yo 0 0 ce 0 bo g O 0
Y0 Y0 .0 b 0 o 0 ...
7= : P ;o Bo=1 .|, Do=f. . . .,
Ydxko 0 0 ... 7k b 0 0 ... o
Ay 0 0 By 0 0 Ry 0 0
0 A 0 0 B 0 0 Ri 0
A = . . 5 B = . s R_l = . . R
0 0 Ag 0 0 ... B 0 0 Ry
Qo 0 0 Go 0 0 ... P Il
Q(l—-p) Q@ O Gl—p) G 0 ... FLI pnchtt
Q= h=n S .G = h=n e B = JFy =
Q(l—p) 0 ... Q G(l—p) 0 ... @G Fru F21
QOPI%) Gopg 0 0 0 0
Qp er H 0 Hag O
= ||, e = ||, m= ||, M= ’ ,
Q" Gp" H 0 0 Hag
o E(a (1) F) 0 0
0 F2IE@)|F) o
Fy (E(a(t)| 7)) = . : :
0 0 F2UE (a(t)| F7)
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C() 0 0 e C()Oé(] 0 0 N CO’}/()
o C 0 ... 0 Ca 0 ... C”’m
o o0 ... C 0 0 ... Cu«
Dy 0 0 ... Doo(Bo;70) 0
0 Dy 0 ... 0 D1<p1(51,’Y1) 0
D= : : . : ) D(/Bufy) = : : :
0 0 ... Dg 0 0 DKsOK(ﬁK,'m)

Using above notations, the system (15)-(16) can be written as
do = <Aa +B®(3,7) + FIE(a(t)|F7°) + Bo> dt

- <(C(a) +D(8,7) + FY (E(a()|F")) + H(a) + DO> AW (t), (30)

a8 = — ('8 — Qo+ QE(a()| 7)) + C(7) ) dt + vdW (¢),
La(0) =X,  B(T) = —Ga(T) + G"E(a(T)|F}°).

Now let A* be the largest eigenvalue of the symmetric matrix %(A + A'). Recalling that the
projection operator is Lipschitz continuous with Lipschitz constant 1, then by comparing (30)
with (29), one can check that the coefficients of Assumption (H;) can be chosen as following

M=Xe =N ko= Al k= FYL ke = ks = [RTYIIBICB) + D)),
ko =1Qll, ks =[Q", ke =ICl, Kk =4(ICIl+[H])? &§=4IF]?
ko = k1o = [RY[IDI(IB] + D), k) = 2G|, k%, =2|G"%

Thus by applying Theorem 5.1, we obtain the following global wellposedness of (30).
Theorem 5.2 Suppose that
Ax* < =2||F{)| = IC)1* = 4(IIC] + [[]])* — 4[|F3]1%,

then there exists a 61 > 0, which depends on X*, |F{|, |Q, QU] [T, | H, [F3, 1G], |G,
and is independent of T, such that when |R7L||, |B|, |D|| € [0,61), there exists a unique adapted
solution (a, 8,7) to consistency condition system (15)-(16).

Remark 5.3 Let )\;,11] be the largest eigenvalue of 3(FY' 4 (FI')). Noticing Remark 5.1, one can
check that (Hy) — (i) holds with ky = M- Thus, from Remark 5.2, we have that if
1

AN < =2Agn — |IC)1* = 4(|ICI| + [[H])? — 4[|F5]?,

then there exists a 61 > 0, which depends on X", A\in,[|Q], NQML I, [1H, RS, Gl |GH ],
1

and is independent of T, such that when |R7L||, | B, |D|| € [0,61), there exists a unique adapted
solution (a, 3,7) to consistency condition system (15)-(16).

6 e-Nash Equilibrium for Problem (CC)

In Section 2, we characterized the decentralized strategies {ii,0 < i < N} of Problem (CC)
through the auxiliary Problem (LCC) and consistency condition system. Now, we turn to
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verify the e-Nash equilibrium of these decentralized strategies. Here, we proceed our verification
based on the assumptions of local time horizon case (Section 4). Note that it can also be verified
based on global horizon case (Section 5) without essential difficulties. For major agent Ay and
minor agent A;, the decentralized states 7 and #! are given respectively by

dIo = [Aof()-i-BogD()(ﬁo,Q0)+F&.%(N)+b0] dt+ [Cofo—l—Do(po(ﬁm qb) + FOQJVZ(N)—FO'()} dWo(t),

di; = |:A92.:Z‘i+Bngi (ﬁz, qi)+F1iJ(N)+b:| dt+ [Ci’i—FDgigOgi (]51, (jz) + ng‘(N)—l—Hi‘o—l-O':| dWi(t),
Z0(0) =z, %;(0) = =,

(31)
where #(V) = % Zfil #* and the processes (Po, Go, Pi, Gi) are solved by
( K
dzg = <A0x0+30¢0(p0, Qo)+Fp Y wkE(ak(tNFtWO)—f—bo) dt
k=1

K
+ <Cowo + Doso(po, Go) + 55 Y FkE(Oék(t)|ftW°)+UO> dWo(t),

k=1
K
dpo = —(A'Po — Qu(To — po Y _ mE( ()| F"°)) + C'Go) dt + qodWo(t),
=1
K
dz; = <A9i£i+B¢9i (Pi» @)+ 11 ZWkE(ak(t)’ftWO)‘i‘b) dt
k=1

K
+ (Ci‘i + Do, o, (Di, @)+ F> ZﬂkE(ak(t)!]:tWOHHmeU) dWi(t),
k=1

K
dp; =—(Ap,pi—Q(@i—p Y _ mE(ag(t)|F"0) = (1—p)Zo) +C'Gi) dt+GdW;(t)+ G 0dWo (1),
k=1

7o(0) = o, po(T) = —Go(zo(T) — po ZME ax(T |IWO))

zi(0) ==z,  pi(T) =-G(@(T) - PZ (o (T)|Fp°) — (1= p)2o(T)).
k=1

Here we recall that

o(p, ) == Pry[Ry " (Bop+ Doa)], e, (p:q) :== Pr, [Ry" (B'p+Dpq)],

and ay, 1 < k < K are given by (15) and (16). We mention that (32) gives also the dynamics of
the limiting state (Zg, Z1,...,ZxN) and one can check easily that (Zg, po, o) = (a0, Bo,70)- Now,
we would like to show that for @y = ¢o(po, do) and @; = @y, (Di, i), 1 <i < N, (g, U1, ,UN)
is an e-Nash equilibrium of Problem (CC). Let us first present following several lemmas.

Lemma 6.1 Under (A1)-(A4), there exists a constant M independent of N, such that

sup E sup

. 2
f%(t)‘ < M.
0<i<N 0<Zt<T

Proof From Theorem 4.1, we know that on a small time interval the system of fully coupled
FBSDE (15)-(16) has a unique solution (for the global case, see Theorem 5.2 and Remark 5.3)

(@0, Bo,70) € L:w, (0, T3 R™ ) and (a, Br, ¥, W0) € L2 (0, T;R™Y), 1<k < K.

20



Then, the classical results on FBSDEs yields that (32) also has a unique solution
(Zo, Do, o) € L;Wo(07T§RnX3) and (Z;, Pi, Gi» Gi0) € L5 (0, T;R™Y), 1< < N.
(Indeed, FBSDEs (32) has a unique solution for arbitrary 7" by using the Theorem 2.1 of [21]
and the results of [22, 40]). Thus, SDEs system (31) has also a unique solution
(f0,%1...,2N) € LE(0,T;R"™) x L%(0, T;R") x ... x L%(0,T;R").

Moreover, since {W;}¥, is N-dimensional Brownian motion whose components are indepen-
dent identically distributed, we have that for the k-type minor agents, under the conditional
expectation E(:|F"0)), for each 1 < k < K, the processes (Z;,p;, @), i € Iy, are indepen-
dent identically distributed. We also note that for each 1 < k < K, &;, i € I}, are iden-
tically distributed. Noticing that (o, o) € L%, (0,T;R™) x L2, (0,T;R"), and (p;,q) €

FWo FWo

L2P~(O7 T;R™) x L2P-(O7 T;R™), 1 <i < N, then the Lipschitz property of the projection onto the
convex set yields that g, (Po,q0) := ¥o(Po, q) = Pr, (Ral (BTﬁo + Dcho)) € L]__W0 (0,7;T)
and g, (i, @) := Pr,, (R;il (BT@ + DT@-)) € L?_.i(O,T;ng), 1 <i < N. Moreover, there exists

a constant M independent of N which may very line by line in the following, such that for all
0<i<N,0<k<K,
E sup (Jag(t)* + |Bk() + |z:(t)]* + 15:(1)[)

0<t<T
(33)

T
+E/ (@)1 + 1@ () + |, (Bi(t), @(6)*) < M.
0
From (31), by using Burkholder-Davis-Gundy (BDG) inequality, it follows that for any ¢ € [0, T7,
t t 1 X
B sup [so(s) <M+ ME [ [l20(s) P2 (92 ]ds < 21 + ME [ [la(o)+5; 3 Jai(s)] s,
0<s<t 0 0 N i=1
and by Gronwall’s inequality, we obtain
t 1 N
B sup Jao(s)? < M+ ME [ 13 lai(s) s, (34)
0<s<t o V=
Similarly, from (31) again, we have
t
E sup |5:(s)[* <M+ ME [ [lao(s)* +[2:(s) Zm ] as
0<s<t 0
Then using (34), we get
t 1 N
E sup |#(s)2 §M+ME/ [l#:() P45 D faa(s) ] ds. (35)
0<s<t 0 N~

Thus

0<5<t

t N
E sup Z|xl <EZ Sup |:t:Z (5)]* < MN+2ME/ {Z|%i(s)|2]ds
1=1

By Gronwall’s inequality, it is easy to obtain E sup Zfil |#;(t)|> = O(N), for any 1 < i <
0<t<T
N. Then, substituting this estimate to (35) and using Gronwall’s inequality once again, we

2
have Esupg<;<r ’:f;z(t)’ < M, for any 1 < ¢ < N. By applying this estimate to (34), we get

2
E sup ‘:Eo(t)‘ < M. We complete the proof. O
0<t<T
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Now, we recall that

ZZ:& ZﬂkN) 1 le, and (¢ Zﬂk[[g ay(t )‘]_—WO)

k 1€y, lEIk k=1
then we have

Lemma 6.2 Under (A1)-(A4), there exists a constant M independent of N such that

E sup ‘:E(N)(t) - @(t)) < M( —|—€N> where eny = sup ‘W,(CN) — Tk
0<t<T N 1<k<K

Proof For each fixed 1 < k < K, we consider the k-type minor agents. We denote 7k =
N%C Ziezk Z;. Let us add up Ny, states of all k-type minor agents and then divide by N, we have

b Ny B - y
dzk) = Ak$(k)+ﬁk > en(pi, @)+ F# N +bo | dt

1€Ly (36)
1 v _ y o v
N Z [C’xi+Dkgpk(pi,qi) + Fod ™) 4 Hig+o0| dWi(t), #®)(0) = .
k 1€Ty
Recall my, = E(ay(t)|FY°), and taking conditional expectation E(-|F;"°) on the first equation

of (15) and noticing that E(or(Pi, @) F0) = E(or(Br, )| F°), for any i € T, and ay(s) is
FF-adapted, then we have

dmk = <Akmk+BE((pk(pi, qi)‘fy/o)—i-qu)-l-b) dt, mk(O) =x. (37)
From (36) and (37), by denoting Ay (t) := %) (t) — my(t), we have
dAp = |ApAp+Fy (20— E( > en(i @) —E(er(pi (i)\fwo)> dt
N 1y 411 1y 412 t
€Ty
1
+— > [C'ffi+Dk<Pk(]5¢, i) + F2fi’(N)+Hi”o+00] dWi(t), A(0) = 0.
Ne iz

The inequality (z + y)? < 222 + 2y? and Cauchy-Schwartz inequality yield that

E sup [Ax(s)[? < ME/O [184(5) + 2 (5) — @ (s) ] ds

0<s<t
2

+ ME / " i), 6i(9) — Elpr(pi(s), ai(s)| FIV0)| ds
zEI
2

2
+ 7 sup / Z C$1+Dk@k(pzan)+F2$( )+vao+ao] dWi(s)
ko Osr<t|JO o7,

From BDG inequality, we obtain

t
B sup |Au(s) < ME [ |84 + 50)(s) - 2(5) ] ds
0<s<t 0

~|—ME/
0

2
EZ/ C#i+ Dyor (B, @) + Fo(zWN) — <I>)+F2<I>+H:“co+ao‘ ds.
1€Ty

2

Nkzwk (5)) — Elon(pils), ai(s))| FV0)| ds 38)

22



Let us first focus on the second term of the right hand-side of (38). Since for each fixed
s € [0,7T], under the conditional expectation E(-|F0)), for each 1 < k < K, the process-
es (z;i(s),pi(s),qi(s)), i € Iy, are independent identically distributed, if we denote u(s) =
E(or(pi(s),@(s))|FN°)), then p does not depend on i and moreover we have

2 2

Z ©r (P (s)) —nu(s)| = %E > [ew(ils), @i(s)) — uls)]

ki, k liez,

(Z%pz ), @i(8)—n(s)+ Y <90k:(pi(5)a(h'(5))M(5)790k(pj(5)7Qj(5))N(S»)'

i€T,, i €Ty j#i

Since (pi(s),qi(s)), i € Iy, are independent under E(-|F/V0)), we have

E Y (on@i(s)au(s)—p(s), on(Bi(s), 4s(s)) — p(s))

i,_jGIk,j;éi
“E| Y E({ermi(s), ais) ~ ), o), () () [ FIF°)
| i,§ €Ty G
“E| > (E(onmi(),a(5) ~ ()| FI) B (sorp(5), qj<s>>u<s>f:V°)>] 0.
| §.€ Tk i #i
Then, due to the fact that (p;,G), 1 <i < N are identically distributed, we obtain
2
Z on(Pi(5), G (5)) — E(pr(Bi(s), ()| FIV0)| ds
zEI
/ EZIZ o (Bi(s), @ >>—u<s>|2ds=]$k /0 B lou(1 (). :(5) (o) ds<

where the last equality due to (33). Now we focus on the third term of the right hand-side of
(38), using (33), Lemma 6.1 and that (z;(s),pi(s),qi(s)), i € Iy, are identically distributed, it
follows

2
NQZ / )O:cwak(p“quFz( (N) — @)+ Fy®+ Hig+o0o| ds

kiczy,
2 LB [ (1B oulpd) P+ (5) = B+ 005+ o) o (o))
ZEIk
M M
Nk: ; E|J; )(s )7<I>(5)|2d5+m.

Therefore, from above analysis, we get from (38) that

t
) M
E sup |Ax(s)? < ME/ (18K + M) (s) — B(s)P] s + -
0<s<t 0 k

and Gronwall’s inequality yields that

t

M

E sup |Ax(s)]? < MIE/ 12N (s) — ®(s)[2ds + —. (39)
0<s<t 0 Ny
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K
>
k=1
K
=30 Y [ 3 als) — Blon()FM) | + (70— i) EBla(s) F0)
k=1
K
2

:5/\
2
b
&
+
g
—

) = ) E(an(s)| F),
k=1 k=1

by using (33),(39) and TI'I(CN) = % < 1 we obtain that for any ¢ € [0, 7],

K
E sup |2 (s) — ®(s)[? gEZ sup W](CN)|A]€(S)‘2 + Me%
0<s<t 1] 0<s<t

t
M
gME/O ) (5) — @(s)ds + 5 + MER

Finally, by using Gronwall’s inequality, we complete the proof. O

Lemma 6.3 Under the assumptions of (Al)-(A4), we have

2 1
sup E sup |z;(t) — il(t)‘ < M(— + 5?\,)
0<i<N  0<t<T N

Proof On the one hand, from both the first equation of (31) and (32), we have

The classical estimate for the SDE yields that

2 T 2
E sup ‘iﬂo(t)—iﬂo(t)‘ gME/ ;EUV)(S)—@(S)‘ ds,
0<t<T 0

where M is a constant independent of N. Noticing Lemma 6.2, we obtain

2 1
E sup ‘i:o(t) - io(t)‘ < M(5 +5%)- (40)
0<t<T N

On the other hand, from the second equation of (31) and the third equation of (32), we have
that for 1 <i < N,

d(F; — ;) = [Agi (& — 7))+ Fr () —q>)} di+ [C(:@- ~#)+ B (EN) —®) + H(z — gzo)} dWi(t),
JVZZ(O) — f:l(O) =0.

The classical estimate for the SDE yields that
9 T
Fi(t) — a’:i(t)‘ < MIE/ <
0

Noticing Lemma 6.2 and (40), we obtain E sup
0<t<T
also (40) we complete the proof. O

E sup
0<t<T

# M) (s) — @(s)f + |&o(s) — xo(s)\2> ds.

2
i“i(t)—i‘i(t)‘ < M(%—f—a?\,) Thus, considering
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Lemma 6.4 Under the assumptions of (Al)-(A4), for all 0 <i < N, we have

Tiis, Ts) — Jil@)| = o(i Fex).

VN

Proof Let us first consider the major agent. Recall (3), (6) and (17), we have

T
jo(ﬂo, T_L—O) - JO(@O) - %E |:/0 <<Q0 (io—po.’f‘(N)),f(]—po.f(N)>—<Qo (i‘o—po‘b),fo—po@>> dt

+{Go (#0(T) —por™(T)), 20(T) — po™ (1) )~ (G (xo<T>—po<1><T>),xo<T>—po<1><T>>} .
(41)
From (33), we have E sup |Zo(t)]> < M and E sup |oy(t)|* < M, for any 0 < i < N. Noticing
0<t<T 0<t<T

that ®(t) = S5, WkE(;t;(t)’fy/o), it is not hard to check that E sup |®(¢)|* < M. Now, from
0<t<T
such estimates and Lemma 6.2, Lemma 6.3 as well as

<Q0(a - b)va - b> - <QO(C_ d)vc_ d>
=(Qo(a—b—(c—d)),a—b—(c—d)) +2(Qo(a—b— (c—d)),c—d),

we have

E[/OT <<Qo(f0—Po56(N)),ﬂfo—pof(N)>—<Qo(fo—Po@),fo—Po(I’>>dt

T 9 T
SM/ E ’560 — poi ™) — (39 — Poq’)’ dt + M/ E ’560 — poi ™) — (39 — Po@)’ |Zo — po®| dt
0 0

T T 2
gM/ E]i:o—jzo\th+M/ Ei'(N)—i)‘ dt
0 0

T N 2\ 3 9 i
+M/ (E‘»’Eo—mi’( )—(ﬂfo—Poq’)‘> (E\i’o—/)o@\) dt
0

T T 2 T 2\ 2
gM/ E[jzo—x0|2dt+M/ ng<N>—<1>( dt+M/ <E|i0—xo2+E :z«<N>—<1>‘> dt
0 0 0

0 <\/1N+5N).

Similar argument allows us to show that

]E [<Go (i50(T) — o™ (7)), i20(T) — po ™ (T) ) — (G (ﬂfo(T)—PO@(T))aJio(T)—PO‘I’(T)ﬂ \

1
=0 —=+e¢ > .
(m "
Thus, the proof for the major agent is completed by noticing (41). Let us now focus on the
minor agents, for 1 < ¢ < N, recalling (4), (12) and (17), we have

1 T
Ji(t, 1) =2E[/0 <<Q(5€z — p2™) — (1= p)io), & — p2™) — (1 - P)i‘o>+<Raﬂi,ﬁi>) dt

H{GEAT) = pp ) (T) = (1= )aa(T)) 85(T) 5 (7) (1= p)ao(D))
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and
T
Ji(a;) —QE[ /0 ((Q@i = p® — (1= p)g) s — p® = (1 = p)o )t + (Ro,i, i) )
+ (G () = p2T) ~ (L= Pao(T)). (D) ~ p8(T) = (1= p)a())
From (33), we have E sup |z;(¢)|> < M. Using such estimate, E sup |®(¢)|> < M, Lemmas

0<t<T 0<t<T

6.2, 6.3, similar to the major agent, it follows that |7;(u;, u—;) — Ji(u;)| = O(ﬁ + €N>- O

6.1 Major agent’s perturbation
In this subsection, we will prove that the control strategies set (@, g, ...,uy) is an e-Nash

equilibrium of Problem (CC) for the major agent, i.e. 3 & =¢(N) >0, A}im e(N)=0s.t
— 00

Jo(tao(-), i0(-)) < Jo(uo(-),a—o(-)) +&, for any ug € Upy.

Let us consider that the major agent Ay uses an alternative strategy uo and each minor
agent A; uses the control 4; = @y, (pi, Gi), where (p;, ¢;) are solved from (32). Then the realized
state system with major agent’s perturbation is, for 1 <¢ < N,

dyo = [Aoyo-i-Bouo-i-Fol?/(N)-i-bo} dt+ {Coyo+Dou0 + F()Qy(N)"i‘UO} dWo(t),

dy; = | Ap,yi+Bee, (pi, )+ Fry™) +bo | dt
Y [ 0,Yi+Be, (Di, @)+ F1y o] (42)

+ [CZ/H-D@-SDGZ- (Pi, @) + F2y(N)+Hy0+0’o} awi(t),

L %0(0) = 20, ¥i(0) ==,

where y(V) = % Zf\il yi- The well-posedness of above SDEs system is easy to obtain. To prove
(g, uq,...,uy) is an e-Nash equilibrium for the major agent, we need to show that for possible
alternative control uyg, infuoeugd Jo(uo, a—g) > Jo(to,u—g) — . Then we only need to consider
the perturbation ug € U2, such that Jo(ug,u—o) < Jo(to,u—o). Thus, noticing Qp > 0 and
Gy > 0, from Lemma 6.4, we have

T
E /O (Rouo(t), uo(£))dt < Jo(uo, to) < Jo(tio, o) < Jo(io) + 0(\/% +en),

which implies that (noting (A4)), EfoT lug(t)|2dt < M, where M is a constant independent of
N. Then similar to Lemma 6.1, we can show that

sup B sup |yi(t)]> < M. (43)
0<i<N 0<t<T

Lemma 6.5 Under the assumptions of (A1l)-(A4), we have

2 1
E su M@y —dt) =0(—= +2).
b |y (t) ()‘ <N N>

Proof For each fixed 1 < k < K, we consider the k-type minor agents. We denote y*) :=
N%c ZieIk y;- As there are N minor agents of the k-type, let us add up their states and then

26



divided by Ny, it follows that
B
dy® = Aky(k)Jrﬁ > or(Pi @)+ Fry™ +bo | dt
1€Ty

1
+= E [CyﬁDWk(ﬁi,CYi) + F2y(N)+Hyo+Uo] dWi(t), y®)(0) = .
Ny, =
1€y,

Recall (37) and if we denote Ay (t) := y¥)(t) — my(t), it follows that

dA;, =

~ B
ApAg + N, > onlpi @) — Elow(0i, @)1 7°) | + Fuy™ — ‘1’)] di
ieT

1
+ = Z [Cyi‘f‘Dk(Pk(ﬁia @) + Fzy(N)—i-Hyo—I-Uo} dW;(t), A(0) =0.
Nk 1€Ty

Similar to the argument in the proof of Lemma 6.2, we can show that

t
E sup [Ay(s)? < ME/ [1B4(5)P + ™) (s) - 2(s)[?] s
0<s<t 0

t
+ME [
0

2
ds (44)

]\1,16 Y nlBi(s), @i(s)) — E(or(Di(s), Gils)|F2")
i€T,

M t 2
+ Z / ‘Cyi‘f‘Dk(sz(ﬁia @) + Fa(y™ — ‘I’)+F2(I>+Hyo+ffo‘ ds,
k €Ty 0
and )
t 1 B B B _ Wo M
E [ | Y er®i(s),@(s)) — Eler(pi(s), ()| FL°)| ds < .
o | Vi €Ty, Ny

Using (33), (43) and the fact that (y;(s),pi(s), @(s)), ¢ € Iy, are identically distributed, we have

t 2
ZE/ ’Cyi+Dk80k(ﬁi7(7i)+F2(y(N)_(I))+F2(I)+H?JO+UO‘ ds
1€Ty 0

M /t M
=—RF ElyN)(s) — ®(s 2ds + —.
E [ B ) - e)Pds + 5

Therefore, we get from (44) that

M
Ni

¢
N - M

B sup [B4()* < ME [ [IBu(s)P +1s(s) ~ @) s + 3
0<s<t 0 N,

and Gronwall’s inequality yields that

t
E sup [A(s)? < MIE/ (19 (5) — @ ()/?] .
0<s<t 0

Similar to the proof of Lemma 6.2 again, and using (A1), we have for any t € [0, 7],

K
E sup [y™(s) - @(s) <E Y sup mf"|Aw(s)? + Mek

0<s<t i 0<s<t
¢ M
gME/ [|y<N>(s) — ®(s)|?|ds + ~ Me?,.
0
Finally, Gronwall’s inequality allows us to complete the proof. O
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Now, we introduce the following system of the decentralized limiting state with the major’s
perturbation control, for 1 <i < N:

dyo = [A0g0+BQUQ+F()1(I)+bQ] dt+ [COgO+DOuO + F02(I)+O'0] dWo(t)
dy; = [Ag, i+ Bpe, (Di, Gi) + F1®+bo] dt

_ _ _ (45)
+[Ci+ Do, 0o, (Pi, Gi) + Fo®+ Hyo+00] dW;(t)
90(0) = zo, %i(0) ==.
Lemma 6.6 Under the assumptions of (A1l)-(A4), we have
2 1 )
sup E sup [yi(t) —5ilt)] = O(5 +%).
0<i<N  0<t<T N
Proof From both the first equation of (42) and (45), we obtain
dlyo = 50) = [Alyo = 50) + F (4™ = @) dt + [Clyo — o) + FE (™) = ©)] awio(0),
Y0(0) = 7o(0) = 0.
With the help of classical estimates of SDE and Lemma 6.5, it is easy to obtain
e 1 2
Esm)bdﬂ—ydﬂ =0<N+fw) (46)
0<t<T

Now, for any 1 <14 < N, from both the second equation of (42) and (45), we get
d(yi — ¥i) = [Aei (i — ) + Fa(y™) - ‘1’)} dt
+ [C(yi — i) + Fa(y"™ — @) + H(yo — ﬂo)} dWi(t),  5i(0) — %:(0) = 0.
The classical estimates of SDE, Lemma 6.5 and (46) allow us to complete the proof. O

Lemma 6.7 Under (A1)-(A4), for the major agent’s perturbation control ug, we have

‘jo(uo,ﬂ_o) _ Jo(uo)‘ _ 0(\/% n 5N).

Proof Recall (3), (6) and (17), we have
1 T
Jo(uo, t—0) — Jo(uo) = §IE [/ (<Qo (o — poy™), 90 — Poy(N)>—<Qo (Yo — po®), 5o — po‘l>>>dt
0

+{Go(uo(T) — poy™ (1)), 90(T) — poy ™ (T) ) ~{ Go (o(T) — po®(T)) 5o (T) —po<1><T>>} .
(47)
Similar to Lemma 6.4, by using Lemmas 6.5, 6.6 and E <|g0(t)\2 + \CIJ(t)]2> < M, we have

IE/OT (<Q0 (vo — poy™), o — poy(N)> B <Q0 (%0 — po®), go — p0®>)dt

T T 2 T 2\ 3
gM/ E|yo—go|2dt+M/ E‘y(N)—@‘ dt+M/ <E|yo—yo|2+E‘y(N)—<I>‘> dt
0 0 0

:O<\/1N+8N),
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and

E [<Go (yo(T) — poy™(T)), yo(T) — poy™ (T)>

- <G0(§0(T) — po®(T)), 5o(T) — PO‘I’(T)>] ‘ = 0(\/% + 5N>-

The proof is completed by noticing (47). O

Theorem 6.1 Under the assumptions of (A1l)-(A4), then the strategies set (g, U1, -+ ,Un)
is an e-Nash equilibrium of Problem (CC) for the major agent.

Proof Combining Lemma 6.4 and Lemma 6.7, we have

Jo(tio, 1) < JO(UO)+O<\/1N+5N> < Jo(uo)—i-O(\/lN + €N> SJO(UO,U—O)—FO(\;N—}—&N),

where the second inequality comes from the fact that Jy(ug) = infy, ey Jo(up). Consequently,

Theorem 6.1 holds with ¢ = O(\/% + 5N>. O

6.2 Minor agent’s perturbation

Now, let us consider the following case: a given minor agent A; uses an alternative strategy
u; € Ul,, the major agent uses @y = ©o(Po, o) while other minor agents A; use the control
u; = g, (Pj»qj), j # i, 1 <j < N, where (p;,q;), 0 < j < N, j # i, are solved from (32). Then
the realized state system with the minor agent’s perturbation is, for 1 < j < N, j # i,

dly = [Aolo-i-BosDo(ﬁo,q_0)+Foll(N)+bo} dt+ [Col0+Do<P0(]50,970) + F()QZ(N)+UO} dWo(t)

dls = [Ag,Li+ Bui+ Fyl ™) +bo| dt+ [ Clic+ Dous + Fol ™+ Hlg+0 ) dWih),

dlj = [Aejzj + By, (ﬁj,qj)+F1z<N>+bo] dt+ [czjw@jsoej (P}, @) + F2l<N>+Hlo+ao]dM(t),
lo(0) =9, [;(0)=1;(0) ==,

\

(48)
where (V) = % Zi\il I*. The well-posedness of above SDEs system is easily to obtain. Similar
to the argument of major agent, to prove (ug, @1, ..., uy) is an e-Nash equilibrium for the minor

agent, noticing @ > 0, G > 0, Ry, > 0 and Lemma 6.4, we only need to consider the perturbation
u; € Z/léd satisfying

T
E/ i (t)|2dt < M, (49)
0
where M is a constant independent of N. Similar to Lemma 6.1, we can show that

sup E sup |l;(t)]* < M. (50)
0<i<N  0<(<T

We first present the following lemma

Lemma 6.8 Under the assumptions of (A1l)-(A4), we have

2 1
E sup M) —d@t)| =0(= +£%).
s 1V 0| =o(5 +<k)
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Proof We know that for each fixed i, there exists a unique 1 < k < K, such that i € Z;. Let us
denote 1¥) .= N%c ZiGIk li; 1 <k < K. We first consider the k—tylze minor agents, where k # k.
Adding up their states and then divided by N, we have for k # k,

B
di®) = | A® + 2> 0 (pi, i)+ Pl +bo | dt
N i€,
1
+— Z [C’ll—i—Dkgok(ﬁz,(jz) + FQZ(N)+HZO+00:| dWi(t), l(k)(()) = .

N,
k 1€Ty

Similar to the proof of Lemma 6.2, for my, = E(ay(t)|F)"°), we have

t
E sup [I®)(s) —mu(s))? < M[E/ [mN)(s) — @(s)ﬂ ds + 2L, (51)
0<s<t 0 Ny

Now let us focus on the k-type minor agents, we have
() m, B, B S wliina (V)
AV = | A" + —ui+ 0D, @)+ F1l +bo | dt
N; Np  “—
JELR. 371

> [l + Bl™ 4 Hig 0] awi(t)

JETy

1 1 i

+—— DruidWi(t) +—— Z Dyi(pj: q;)dW;(1), 19(0) = .
Nk Ne €T j#i

+F]}

Recalling (37) and if we denote Z := (%) — mg, it follows that

- - 1 B o -
d= = |AE+F (1Y) - ‘I’)‘FFBUH'F Z P05, @) — E(or(pi @) F°) | |dt
JE€L 37
o O[Ol + Pt Hlg+ 0] aw (1),
k jer;
1 1
+—DpudWi(t)+~— > Dep(ps, 4)dW;(t),  TI(0) = 0.
Ni NE jetgm

By Cauchy-Schwartz inequality and BDG inequality, we obtain that for any ¢ € [0, T],

E sup |E(s)|? < ME/O <E(8)|2+1|u,~(s)\2+|l(N)(s) — CID(S)|2> ds

0<s<t N,—f
2
t
1 _ _
+MIE/ 2 905 @) — Eer(pi @)l 7)) }ds
0 k jetr i#i (52)
M t N 2
+N2EZ/ jFQ(z( )(3)—@(3))+F2<I>(s)+Clj(s)+Hlo(s)+a(s)‘ ds
koojer 0

> [ e eha )P

M t M
ko0 ko jeTy.j#i
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On the one hand, since for each fixed s € [0, 7], under the conditional expectation E(-|F0),
the processes (p;(s),qi(s)), @ € I, are independent identically distributed. If we denote pu(s) =
E(¢z(pi(s), Gi(s))|F0)), then p does not depend on i. Moreover,

2
1 —_ -
Bl Do #r@i(s).4(5) — n(s)
b jeTy.g#i
2 2
1 _ _ N —1 1
<IN Z Pr(Pi(): () = = nls) +2E‘]V]glu(s)
JELR,JFi
2
N; —1)2 1 - B 9
DBl L S 409, 05() — 5)| + g Ela(s)
N;; Np—-1. . N+
JETy, j#i 2

Then, due to (33) and the fact that (p;(s),qi(s)), ¢ € I, are independent identically distributed
under E(:|FV0), similar to the proof of Lemma 6.2, we can obtain

2
t
1 — _
/E N- Z 0 (Dj(s),q;(s)) — pu(s)| ds
0 ..
]EZ%J#z
2
N: — 1 2 t 1 ) i ) .
QMJW)/E -1 Y @r(Bi(5), () — ls) d8+N2/Em(s)|2d5
P Jo Pl 2,
JjE kv]?é
N L[ p q 2 2 [ 2 M
=2 N2 /OE\<Pk(pj(8),Qj(8))—u(s)| dS+N]-3/O E|u(s)] dsgﬁ}}'

On the other hand, due to (49) and (50), we get
N
M_ [ ) M t ™) 2
7 i |ui(s)|?ds + ﬁEZ i ‘FQ(z (5) — ®(s))+Fa®(s)+Cl;(s)+ Hlo(s)+o(s)| ds
k E =1

M /t M
<—E [ [IM™(s) = ®(s)|?ds+—.
Ng Jo Ny,
Moreover, since (p;(s),(s)), i € Ij, are identically distributed under E(-|FY0), we have
NM’%EJ'GZZJ';M f(f [ (D;(s),q;(s))?ds < NME Therefore, from above estimates, we get from (52)
k.
that, for any t € [0, T,

t
M
E sup [E(s)” < ME/ 12(s)|2 4 1M (s) — qn(s)y?] ds + —,
0<s<T 0 N;

which yields, by using Gronwall’s inequality, that

E sup [IF)(s) — my(s)]? < ME /t (1% ) — ()] ds + M (53)
0

0<s<t

Consequently, noticing (51) and (53), we have for each 1 <k < K,

E sup [I®)(s) — mu(s)2 < ME /t (1)) — ()] ds + M (54)
0

0<s<t
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K
1M () — B(s) :Z ) _—_ L Zz ) — meE(ay ()| FV0)

k=1 L ZEIk
-

=577 | 3 Ts) - Elan@IA) | + (7 - m) Ban(o)lF)
k=1 1€Zk
K i K

="M a®(s) - +Z( —m) E(an(s)|F2"),
k=1 k=1

then by (33), (54) and W]E:N) = % <1, we have for any ¢ € [0,T7],

E sup [IM)(s) — &(s)[? <EZ sup 710 (5) — my(s)[? + Me%,
0<s<t 1 0<s<t

t M
gME/ [W)(s) - @(s)ﬂ ds+ - + Me¥,.
0

Finally, by using Gronwall’s inequality, we complete the proof. O

Now, we introduce the following system of decentralized limiting state with the perturbation
strategy of minor agent A;: for 1 < j < N, j # i,

= [Aolo+Boo(Po, Go)+ Fy ©+bo] dt+ [Colo+Doo(Po, o) + F 2+00] dWy(t)
dl_z = [Agil_i—i-Bui—‘rFl(I)-f—bo] dt+ [Cl_l—i—Dgzul + FQCI)+HZ_0+UQ] dWi(t),

dlj = [Ag,lj+ By, (j, 3j)+F1@+bo| dt+[Clj+ Dy, e,(Dj, §;) + Fa®+Hlg+00] dWi(t),
h(0) = w0, 5,(0) = 1;(0) =
(55)

Lemma 6.9 Under the assumptions of (A1l)-(A4), we have

_ 2
E sup <’l0(t) —lo(t)’ +
0<t<T

2 1
-0 ) =o(y +¢). (56)
Proof From both the first equation of (48) and (55), we obtain

d(lo — lo) = [Ao(lo — lo) + Fy (1) — ‘I’)} dt + [C(lo —lo) + Fg (1) — ‘I’)} dWo(t),
1o(0) — Ip(0) = 0.

With the help of classical estimates of SDE and Lemma 6.8, we have

EOE?ET‘ZO(t)—ZO(t)‘ _0( +5N) (57)

Now, from both the second equation of (48) and (55), we obtain
Al = 1) = [Ao (b = 1) + RN - @) at
+ [C<li — L) + (1N = @) + H(lo — Zo)} dWo(t),  1:(0) —1;(0) = 0.

From the classical estimates of SDE, Lemma 6.8 and (57), it is easy to obtain (56). O
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Lemma 6.10 Under the assumptions of (A1)-(A4), for each 1 < i < N, for the minor agent
A;’s perturbation control u;, we have

Tlugs i) — Jous)| = o(i Fex).

VN

Proof Recall (4), (12) and (17), we have
Ji(ui, i—g) — Ji(u;)
T
55| [ (@~ o) = (1= pioti = pt™) — (1= p)
- <Q(ll—p<1>—(1—p)l_o),l}—p<1>— (1—P)l_o>)dt (58)
+{GU(T) = pN(T) = (1= p)lo(T)), L(T) = pl™(T) = (1 = p)io(T))

~{GUUT) = pB(T) = (1= (D)) JT) = pO(T) = (1= p)a(1)) .

Similar to the proof of Lemma 6.4, by using Lemma 6.8, 6.9 and E (%(t) ’2 + |li(t) ’2 + |<I>(t)|2) <
M, we have

E [ (@M= 1) = (1= o)1 o — (1= )

- <Q(l_1 —p®) — (1= p)lo, li — p® — (1 - p)l_o>>dt

T . T o T 9
gM/ E |l — I dt+M/ E |lo — Io| dt+M/ E[i™) — o at
0 0 0

+M/T (E\l-—l_-\2+E\l —7}2+E’5(N)_q>’2>édtzo(l+6 )
0 i % 0 0 \/N N

and

E [<G(zi<T> — PN = (1= p)o(T)). L(T) - pl ™ (T) = (1= p)io(T))

—(G(IA(T) ~ p2(T) ~ (1= p)Io(T)), IA(T) — p(T) — (1 - p>z‘o<T>>] |=o(1+eN).

The proof is completed by noticing (58). O

Theorem 6.2 Under the assumptions of (Al)-(A4), (uo,u1,- - ,un) is an e-Nash equilibrium
of Problem (CC) for minor agents.

Proof For each 1 < ¢ < N, combining Lemma 6.4 and Lemma 6.10, we have

Ji(tg, u—) < Ji(w;) + O(\/IN+5N> < Ji(u;) + O(\/lﬁ-i-&zv) < Jiui, u_y) + O(\/lﬁ—l-é‘N)»

where the second inequality comes from the fact that J;(u;) = infuieuid Ji(u;). Consequently,

Theorem 6.2 holds with ¢ = O(\/% + €N). O

By combining Theorems 6.1, 6.2, we obtain the following main result of this paper:

Theorem 6.3 Under the assumptions of (A1)-(A4), (uo, U1, - ,un) is an e-Nash equilibrium
of Problem (CC), where uy = o(po, o), i = e, (Di,qi), 1 <i <N for

(P, q) :=Pr, [Ry ' (Bop + Dyq)|, e, (p,q) := Pr, [R, " (B'p+Dj,q)].
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7 Appendix

We give this appendix to prove Theorem 5.1. The fully-coupled structure of MF-FBSDE (29)
arises difficulties for establishing its wellposedness. Motivated by Pardoux and Tang [39] The-
orem 3.1, we can establish the wellposedness of MF-FBSDE (29) for arbitrary time duration
when it is weakly coupled.

Let us first note that for a given (Y(-),Z(")) € L%(0,T;R™) x L%(0,T; R™ (1) the
forward equation in the MF-FBSDE (29) has a unique solution X(-) € L%(0,T;R"), thus we
introduce a map My : L%(0,T;R™) x L%(0,T; Rm*(d+1)y L%Z(0,T;R™), through

X(t) =z+ /b(s,X(S),E[X(SN.F;%],Y(s),Z(s)])dS
° (59)

t
+ / o (s, X (), E[X (5)|F"), Y (s), Z(s))dW (s).

0
We mention that the wellposedness of (59) can be established by using the contraction mapping

method under assumption (H;), (Hz), although it has the term E[X|F/"0]. We omit the proof.
Moreover, with the help of BDG inequality, it follows that E sup;¢cjo 77 |X (t)]? < oo.

Lemma 7.1 Let X; be the solution of (59) corresponding to (Y;(-),Zi(-)) € L%(0,T;R™) x
LQF(O,T;RmX(dH)), 1=1,2. Then for all \ € R, Ky, K3 > 0, we have

t
e ME| X1 (t) — Xo(t)|? —l—)\l/ e ME|X(s) — Xa(s)|?ds
0

(60)
t t
< (koKy + k‘g)/ e ME|Y)(s) — Ya(s)|2ds + (ksKo + k‘%o)/ e M| Z)(s) — Zo(s)|?ds,

0 0
where A\p == X — 2\ — k:gKl_l — k3K2_1 — 2k — k% — kg. Moreover,

t
e ME|X (1) — Xo(t)2 < (koK1 + k3) / e M=) TR Y (5) — Ya(s)[2ds
0
(61)

t _
(ks Ky + k2,) / e~ N=3) =N 7, (5) — Zo(s)ds.
0

Proof We denote X := X1 — X5, Y :=Y] — Ys, Z := 7y — Zo, b:= b(X1,E[X1|FW°], Y1, Z1) —
b( X2, E[Xo|FW0),Ys, Z5), & := o(X1, E[X1|FY°], Y1, Z1) — 0(Xo, E[X2| FV°], Y3, Z5). Applying
It6’s formula to e ME| X (t) — X»(¢)|? and taking expectation, we obtain

e~ ME[X(1)2 = —)\/ e~ ME[X (s )|2ds+2IE/0 e (X (), B(s )>ds+]E/0 N5 (s)2ds.  (62)
Noticing that
2(X(s),b
= 2(X(s),b(s, X1(s), E[X1(s)|F{0], Yi(s), Z1(s)) — b(X2(s), E[X1(s)|FL'°], Y1(s), Z1(s)))
+2(X (s), b(s, Xo(s), E[X1(s)| FL], Y1(s), Z1(s)) — b(Xa(s), E[Xa(s)|F{'0], Ya(s), Za(s)))
2M (X (s)[? + 2| X ()| (k1 [E[X (5) [ FY0)] + kol Y ()] + k3| Z(s)])
(21 + ko K+ kKo [ X (8)]2 + 2k E[| X ()2 FV0)| + ko K1Y (s)? + k3 Ka|Z(s))?,

(s))
)
(

S

IN

IN

and . . _
[T (s)[> < k2IX()]* + KZIE[X ()| FL0)? + K5IV (5)[? + kil Z(s)[?

k21X ()2 + KZE[| X (s) | F570] + KF1Y () + kol Z(s) 2.

IN
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Then, from (62) and E [E[|X (s)[?|F}'°]] = E|X(s)[?, we can obtain (60).
Now, we apply Itd’s formula to e M E=9)e=ME| X (s) — Xa(s)|? for s € [0,t] and taking
expectation, it follows that

t t
NEXM = —(A—N) / ¢ M(t=5) =M (5)[2ds + 2K / e M(=3) =33 (X (5), B(s))ds
0 0

t
—HE/ e M=) =23 |5(5) 2 ds.
0

(63)
From above estimates and (63), one can prove (61). O
Remark 7.1 By integrating both sides of (61) on [0,T] and using 176_?@_5) < 17’§X1T, Vs €
1 1
[0,T], we have
, _ 1—e ™7 2 2 2 2
X1 = Xo[} € —=—— [(kaK1 + k5)[[Y1 — Ya3 + (ks K2 + kig)| 21 — Z2[3] . (64)

1

Let t =T in (61) and noticing that eMT=3) < 1veMT s e [0,T], thus

TEIX(T) = Xo(T)2 < [1v ™7 [(haK + B)IVE = Val} + (ks Kz + k)1 21 — Zall3]
_ (65)
In particular, if \y > 0, we have

e MEIX1(T) = Xo(T)]? < (koK1 + k3)|[Y1 — Va3 + (ksKs + k7o) Z1 — Z2|3. (66)

Similarly, for a given X(-) € L%(0,T;R"), the backward equation in the MF-FBSDE (29)

has a unique solution (Y(+), Z(-)) € L%(0,T;R™) x LQF(O,T;RmX(dH)), thus we can introduce
another map My : L%(0, T;R") — L%(0, T;R™) x L%(O,T;Rmx(d“)), through

T T
Y (t) = g(X(T), E[X (T)| F]) + / £(5, X (3), ELX ()| F0), Y (s), Z(5)])ds — / Z()dWV (s).

(67)
The wellposedness of (67) under assumption (Hi), (Ha) is referred to Darling and Pardoux [16]
Theorem 3.4 or Buckdahn and Nie [12] Lemma 2.2. Moreover, we have Esupc(o 7 Y ()]? < o0.

Lemma 7.2 Let (Y;(-), Zi(-)) be the solution of (67) corresponding to X; € L%(0,T;R"), i =
1,2. Then for all A € R, K3, K4 > 0, we have

T
e"\tIE|Y1(t) — Yo (1) + )\2/ e*)‘SE|Y1(s) — Yg(S)]st
t

T
(1 = keK) / M| Zy(s) — Zo(s)2ds (68)
t
T
< (k%l + k%Z)e_ATE]Xl (T) — XQ(T)|2 + (k4 + k5)K3/ 67A5E|X1(8) — XQ(S)|2dS,
t
where Ay := —\ — 2\ — (ky + k5)K3_1 — k6K4_1. Moreover,
T _
e ME|Y (1) — Ya(t)]? + (1 — ke Ky) / e 2D ME| 7, (s) — Zo(s)|?ds
t

< (k3 + ke 2T\ X (T) — Xo(T)[? (69)

T _
+(ka + k5)K3/ e 2070 ME|X (5) — Xo(s)|*ds,
t
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Proof We denote Y = X1 — XQ, ? = Y1 — YQ, Z = Z1 — Zg, 7 = f(Xl,E[Xll.FWO], Yl, Zl) —
(X2, E[X3|FW0] Yy, Z5). Applying Ito’s formula to e ME|Y; () —Ya(t)|? and taking expectation,

we obtain
T

T
e ME|Y ()2 — )\/ e ME[Y (s)|?ds + E/ e M Z(s)|2ds

T
TETD) + 28 [ e T(5), F)ds
t
Noticing that

2(Y (s), f(s))

= 2(Y(s), f(s, X1(s), E[X1()|F370], Yi(5), Z1(s)) — fF(X1(5), E[Xq(s)|F0], Ya(s), Za(s)))
+2(Y (s), f(s, X1(s), E[X1(8)|F0], Ya(s), Z1(s)) — f(Xa(s), E[Xa(s)|FL0], Ya(s), Za(s)))

2X0[Y (5)[? + 2|V ()| (ka| X (5)| + ks[E[X ()| FL]| + k6| Z(5)1)

(200 + kB3 + ks B+ koK |Y () + ka K3 X (5)? + ks KE[[ X (5) [ F)| + ke Ka|Z(5) P,

) )
( 2(

IN

IN

and

V(T)? = 19(X2(T), E[X1(T)|F7"]) — 9(X2(T), ELX2(T)| Fr

< KL IX(T)P + KLE(IX (s) 27
Then, from (70) and E [E[|X (s)|?|F})°]] = E|X(s)[?, we can obtain (68).

Now, we apply Ito’s formula to e *2(5=Ye=E|Y](s) — Ya(s)|? for s € [t,T] and taking
expectation, it follows that

T _ T
e ME[Y (1)]? — ()\—l—)\g)/ e 22D~ ME Y (s))] ds—i—IE/ X250 =28\ Z(5) 2 ds
t
B _ (71)
= eI TE[Y (s)]2 + 2E / e e (Y (s), f(s))ds
¢
From above estimates and (71), one can prove (69). O

Remark 7.2 Now we choose Ky satisfying 0 < K4 < kgl, then by integrating both sides of (69)

—Xgs AT
1_% 2 < 1_'%2 2, Vs €[0,T], we have

on [0,T] and using

1-— e*XQT _
¥ =Y} <~ [k} + K)e M TEIXU(T) = Xo(T)? + (ks + ks) K X1 = Xel3] - (72)

2

Let t =0 in (69) and noticing that 1 A el < ehes < 1ve T Vs e [0,T7], thus

(k2 +k3)e 2T e TE| X (T) — Xo(T) >+ (ka+ks) K3(1 V e 227) || X1 — X2||)\

Z1 — 2|3 <
12— 23 < T
(73)
On the other hand, if Ay > 0, let t = 0 in (68), we have
k3 4+ E2)e MEIX(T) — Xo(T) |2 + (kg + ks) K3 X1 — Xa||?
‘|Zl_Z2||§\§ (k11 + kip)e [ X1(T) 2(T)|° + (ka + ks5) K3 X4 2H,\' (74)

1—keKy

Now, we present the proof of Theorem 5.1.

Proof of Theorem 5.1 We define M := My o My, recalling that M, is defined through (59)
and M is defined through (67). Thus M maps L% (0, T; R™) x L% (0, T; R™*(4+1)) into itself. To
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prove the theorem, it is only need to show that M is a contraction mapping for some equivalent
norm | - ||x. In fact, for (Y;, Z;) € L%(0,T;R™) x L2(0, T; R™* @) et X; := M;(Y;, Zi) and
(Yi,Z;) = M((Y, Z;)), from (64), (65), (72) and (73) based on Lemma 7.1, 7.2, we have
V1= Yo+ 121 - Z2%
1—e—22T 1ve—>2T
- X2 (1—kgK4)(1ne—>2T)

x [(k + k) e ME|X1(T) — Xo(T)|? + (ka + ks) Ka|| X1 — X2|13]

1—e— 22T 1ve— 2T
A2 (1—k6K4)(1/\6_>‘2T)

- [(k%1 + )1V e ) o+ (hy + k5)K3%]
x [kl + )Y = V3l + (ks + ) 121 = 23]

Recalling that A\; := X\ — 2\; — koK' — ks Ky ' — 2k — k2 — k2 and Xy := —\ — 2o — (ks +
k5)K&_ b kK N 17 Then by choosing suitable A (e.g. we can easily choose A big enough such
that Ay > 1 and Ay < 0), the first assertion is immediate.

Now let us prove the second assertion. Since 2(\; + \2) < —2k; — k3 — k% — k3, we can choose
ANER, 0< Ky < kﬁ_l and sufficient large K1, K5, K3 such that

X1>0, X2>0, 1 — K4kg > 0.
Then from (64), (66), (72) and (74),we have
IYV1 = Y23+ 121 - Z2|}

< L+ ] X () + BR)e M TEIXA(T) — Xo(T) P + (ks + ks) Kal| X1 — Xo 3]
< [E b xR+ R+ (k)L
X [(ka K1+ k§)|[Y1 = Ya[3 + (ks K2 + ko) Z1 — Z213] -
This completes the second assertion. O
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