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POLYTOPES OF MAXIMAL VOLUME PRODUCT
MATTHEW ALEXANDER, MATTHIEU FRADELIZI, AND ARTEM ZVAVITCH

ABSTRACT. For aconvex body K C R” let K = {y € R": (y—z,2—2) <1, for all z € K}
be the polar body of K with respect to the center of polarity z € R™. The goal of this paper
is to study the maximum of the volume product P(K) = min,¢iny(x [K || /K|, among convex
polytopes K C R™ with a number of vertices bounded by some fixed integer m > n + 1. In
particular, we prove that the supremum is reached at a simplicial polytope with exactly m
vertices and we provide a new proof of a result of Meyer and Reisner showing that, in the
plane, the regular polygon has maximal volume product among all polygons with at most
m vertices. Finally, we treat the case of polytopes with n + 2 vertices in R™.

1. INTRODUCTION

We denote the inner product of two vectors z,y € R” by (x,y) and the length of a vector
x € R by |z|. A convezr body is a compact convex subset of R" with non empty interior.
We say that a set K is symmetric if it is centrally symmetric with center at the origin, i.e.
K = —K. We write |A| for the k-dimensional Lebesgue measure (volume) of a measurable
set A C R", where k is the dimension of the minimal affine subspace containing A. We
denote by conv(A) the closed convex hull of a set A C R", by int(A) its interior and by
conv(A, B,C,...) the closed convex hull of AUBUC,.... For a,b € R", we denote [a, b] the
segment joining a to b: [a,b] = {(1 —t)a+tb:t € [0,1]}. We will frequently refer to [Gr],
[Sc] and [Z] for general references for convex bodies and polytopes and their properties.

The polar body K* of K with the center of polarity z is defined by

K={yeR":(y—z,x—z2) <1lforallx € K}.

If the center of polarity is taken to be the origin, we denote the polar body of K by K° .
Note that K* = (K — 2)° + z, and the bipolar theorem says that (K?)* = K, for z € int(K)
(see [Gr], p. 4T7).
A well known result of Santald [S] (see also [Sc], p. 546) states that in every convex body
K in R", there exists a unique point s(K), called the Santalé point of K, such that
|K*5)| = min : | K*|.

z€Int (K
The volume product of K is defined by
P(K) = inf{|K||K?| : z € int(K)} = |K| |K*").
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The volume product is affinely invariant, that is, P(A(K)) = P(K) for every affine iso-
morphism A : R” — R”. Observe that if we denote L = K*) then

P(I") = [L|L*P] < |L]| L8] = |[K*T||K| = P(K).

The set of all convex bodies in R™ is compact with respect to the Banach-Mazur distance
and K +— P(K) is continuous in Hausdorff distance (see, for example, [FMZ]), so that it is
natural to ask for maximal and minimal values of P(K’). The Blaschke-Santalé inequality
states that

P(K) < P(By),

where BY is the Euclidean unit ball. The equality in the above inequality is possible only
for ellipsoids ([S], [P], see [MP] or also [MR2] for a simple proof of both the inequality and
the case of equality).
The minimality of P(K) is an open question, often called Mahler’s conjecture [Mal, Ma2],
which states that, for every convex body K in R",
(TL + 1)n+1
1 P(K)>PA") = ———F—,
(1) () 2 P(an) =
where A™ is an n-dimensional simplex. It is also conjectured that equality in (1) is attained
only if K is a simplex. The symmetric case of Mahler conjecture states that for every
symmetric convex body K C R™:
477,

(2) P(K) = P(BY) = P(By) = .

where BT and B, are the cross-polytope and its dual, the cube, respectively.

The inequalities (1) and (2) for n = 2 were proved by Mahler [Mal] with the case of
equality proved by Meyer [Me2] in the general case and by Reisner [R1] in the symmetric
case. Other cases, such as bodies of revolution, were treated in [MR1]. Several special cases
of the conjecture, most of them for symmetric bodies, can be found in [BF, BMMR, SR,
R1, GMR, Mel, R2, FMZ, NPRZ, Ki, KiR, RSW, GM]. A special case of n dimensional
polytopes with at most n + 3 vertices (or facets) was treated in [MR2]. The proof of this
last result is based on the method of shadow systems which we shall elaborate on, applying
it to finding the maximum of the volume product.

Observe that an isomorphic version of reverse Santal6 inequality was proved by Bourgain
and Milman [BM]:

P(K) = ¢"P(B3),

where ¢ is a positive constant; Kuperberg [Ku] gave a new proof of this result with a better
constant (see also [Nal], [GPV] for different proofs of the inequality and [AGM], [RZ] for
more information).

The goal of this paper is to study the maximal value of the volume product when we
restrict ourselves to the class of polytopes with a bounded number of vertices. We start by
introducing the basic tools in section 2. We recall the definition and properties of shadow
systems introduced by Rogers and Shephard and state the propositions of Campi, Gronchi,
Meyer, and Reisner connecting shadow systems to the volume product. In Theorem 3.3 we
show that the maximum value of the volume product among all convex polytopes in R with

m vertices is increasing in m. Next, in Theorem 3.4 we prove that the polytopes of maximal
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volume product among polytopes with at most m vertices must satisfy some identities which
imply in particular that it is simplicial.

In Section 4 we give a new proof of the result of Meyer and Reisner [MR3]| showing that
the regular m-gon is the only m-gon with maximal volume product among polygons with at
most m vertices.

Then, in section 5, we consider the case of convex polytopes with n + 2 vertices in R™ and
in Theorem 5.3 we prove that the polytope with maximal volume product is the convex hull
of two simplices living in supplementary affine subspaces of dimensions [5] and [ ].

2. MAIN TOOLS

The main tool in the proof of our results is the technique of shadow systems of convex sets
introduced by Rogers and Shephard [RS] and generalized by Shephard [Sh] in the following
way. Let C be a closed convex set in R"*!. Let (ey,...,e,11) be an orthonormal basis of
R we write R"*! = R" @ Re,, 1, so that R" = e, ;. For every z € R" let P, be the
projection onto R™ parallel to e, — z: for z € R” and s € R,

P.(z + seni1) = z + sz.

We denote K, = P,(C) C R". Let I be a convex subset of R”. Then we say that the family
(K.)zer is a shadow system of convex sets. Rogers and Shephard [RS] proved that x +— | K, |
is convex on I. Campi and Gronchi [CG] proved that if moreover the convex bodies K, are
origin symmetric, for every z € I, then z — |K2|™! is convex on I. In [MR2], Meyer and
Reisner generalized this result to the non-symmetric case and studied the equality case. The
following proposition is one of our key tool:

Proposition 2.1 ([MR2]). Let I be a convex subset of R™ and (K,).er, be a shadow system
=

.. Ky )
of convex bodies in R™ then x — ‘Ki( 15 convex on I.

As a corollary, if the volume of K, is constant, then x — P(K,)"! is convex. Moreover

if the function z — |K,| is affine then = — P(K,) is the quotient of an affine function by a
convex one. As it was noticed in [MR1] Lemma 12 and in [FMZ] Corollary 2, it follows that
it is quasi-concave: i.e. {z € I : P(K,) > s} is convex, for every s > 0.

The following (classical) lemma is a useful observation for us to treat the maximal cases
of the volume product:

Lemma 2.2. Let K C R" be a convex body and F' : K — R be a concave continuous
function. Assume that K and F are invariant under linear isometries 11, ..., T,,. Then there
is xg € K such that T;(x¢) = xo, for alli=1,...,m and F(x¢) > F(x) for all x € K.

Proof: Let us first assume that the function F' is strictly concave, ie. F((x +y)/2) >
(F(z)+ F(y))/2, for x # y. Then by continuity of F' and compactness of K, the maximum
of F' is reached at xy € K, moreover this point is unique by strict concavity, indeed if
z,y € K are two distinct maximums, then F((x 4+ y)/2) > F(x) and (z +y)/2 € K.

Moreover the function F' is invariant under a map T; so then F(T;zo) = F(xo). But
because the maximum is reached at unique point we have T;zo = xo.

Now if F'is only concave and not necessary strictly concave, we may approximate F' by
a sequence of strictly concave functions Fj,(z) = F(x) — |z|*/k. The maps T; are isometries

and thus Fy(T;x) = Fy(x) for alli € 1,...,m and k € N. By the previous argument applied
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to F}, we deduce that for each k there is a unique z;, € K such that max,cx Fi(z) = Fi(zg)
and T;x, = xp for all ¢ € 1,...,m. Now since K is compact we may select a convergent
subsequence {z,} of {zx}. Let limxzy, = x, then o € K and by continuity of T;,we get
Tixg = xo for all i. Moreover, by continuity of F' we get lim F(z,,) = F(x¢), therefore
max,cx F(x) = F(xo).

(]

In a number of places throughout the paper we will often say that two bodies are “close
enough”, this is measured with respect to the Hausdorff distance: for two non-empty subsets
K,L C R" we define their Hausdorff distance dy (K, L) by

dy(K, L) = max{ sup inf |z — y|, sup inf |z — .
(K, L) {sup inf |z =y, sup inf = y[}

Finally, the following proposition is a combination of Propositions 1 and 2 of Kim and

Reisner [KiR] which will help us to estimate the behaviour of |L?| when z is close enough to
s(L).

Proposition 2.3 ([KiR|). Let K and L be two convex bodies in R™. Then there exists 6(K)
such that, if dy (K, L) < §(K) then

L8] = || + O(dn (K, L)?),

where O depends only on K. As a consequence, if the Santald point of K is at the origin
and dy (K, L) < §(K) then

P(L) = |L||IL°| + O(du(K, L)?).

3. PROPERTIES OF POLYTOPES OF MAXIMAL VOLUME PrRODUCT

Definition 3.1. Forn > 1 we denote by K™ the set of all convex bodies in R"™ endowed with
the Hausdorff distance. For m > n + 1, we denote by P} the subset of K" consisting of the
polytopes 1 R™ with non empty interior having at most m wvertices and by P* = U,enPr,,
the dense subset of K" consisting of all polytopes with non-empty interior. We denote by
M? the supremum of the volume product of polytopes with at most m vertices and non empty
intertor in R™
M = sup P(K).
KePn,

Recall that from Blaschke-Santalé inequality one has supgcxn P(K) = P(BY). By the
continuity of the function K — P(K) on K, (see for example Lemma 3 in [FMZ]) and the
density of P in K" we deduce that lim,, , 1. M? = P(BY). Our aim is now to establish
that the sequence M is strictly increasing. We start with a lemma that is of independent
interest and gives a better understanding on the behavior of the volume product functional.

Lemma 3.2. Letn,m € N withm >n+1 and K € P,. Let F be a facet of K with exterior
normal v € S"1, let xr be in the relative interior of F' and let K; = conv(K,xp + tu), for
t > 0. Then fort small enough the volume product of K, is strictly larger than the volume
product of K :
P(K;) > P(K).
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Notice that the polytope K; defined in the above proposition has exactly m + 1 vertices.
Proof: We may assume that the Santal6é point of K is at the origin. Let A > 0 such that
the affine hyperplane spanned by F'is H = {z : (x,u) = h} and K C H~, where H~ = {x :
(x,u) < h}. Let Fi,..., F} be the facets of K which are adjacent to F and for 1 < i < k,
denote by w; the exterior normal of F;. Let h; > 0 be such that H; = {x : (x,u;) = h;} is
the spanned affine hyperplane of F;. Thus

Kc () H .
1<i<k
We also denote by
R=A{x:{(z,u) > h, (x,u;) < h;, V1 <i<k}

the polyhedral region bounded by F' and the H;, « = 1,...,k. For every x € R, let K, =
conv(K, z) then (K,).er is a shadow system and

Kl = 1T+ F () — ).

Notice that x — |K,| is affine and thus (K, ).cr is an affine volume shadow system. Let zp
be an interior point of F' and let z; = zp + tu, then if ¢ > 0 and small enough we get x; € R.
Moreover, using that xp € F' and thus (zp,u) = h we get (x;,u) = h +t and

t
[ K| = | K]+ —[F].
n

By polarity, the point u/h is a vertex of K°, the points u;/h; are its adjacent vertices
and K = {y € K% (y,z) < 1} is the truncation of the polytope K° by the halfspace
{y : (y,x) < 1}. For every z in the interior of R this truncation cuts off the vertex u/h
of K°. It also cuts the edges [u/h;u;/h;] at some points v; = (1 — \;)u/h + A\u;/h;, where
Ai € [0,1] is determined by the fact that (v;, z) = 1. This gives

({z,u) — h)hi

Ai = (x, (hju — hu;))

Thus

u_ (v __(x,u)—h 9 h,u — hu;
- B h (x, hyu — hug)
Moreover one has

KO\KJC:):COHV(%7U17"-aUk> :%‘I‘COHV(OaUl_%)"'ka_%).

Hence
u u
Ko = KO—‘ 0,0 — L. ——>’
| K| |K°| — |conv (0, vy ; ve =y
(x,u) — h)n ( hiu — huy hyu — huy, ) ‘
= |K°|— | ——F——— ) |conv |0, ey )
K] < h (x, (hyu — huy)) (x, (hgu — huy,))

Applying this for z = x; and using that (x;,u) = h +t, we get

t\" hiuw — huy hipw — huy, )‘
K, |=|K°|— |- |conv (O, e )
e == () foome (0 i o o o)
5




Thus for ¢ small enough, we obtain
K3, = [K°[ 4+ O@").
Hence
[ Ko ||, = (K| + 2 F[/n) (|[K°] + O")) = [K[[K°[ + t{K°[[F| /n + o(t).

Moreover, one has dy (K, K,,) < ¢(K)t for some constant ¢(K') depending on K only. Hence
it follows from Proposition 2.3 that for ¢ > 0 small enough

P(Kz,) = | K, ||K;,| +O%).
We deduce that
P(K,,) =P(K)+t|K°||F|/n+ o(t) > P(K).
O

Remark: It is tempting to state Lemma 3.2 in a stronger form, saying that for any n-
dimensional polytope K C R"™ and a point z € R", such that conv(K,x) has more vertices
than K one has P(conv(K,z)) > P(K). But such a statement is wrong. This can be
seen by a direct computation, or from the following observation: consider K = B% and
z. = (10,1 — €). Then, the continuity of the volume product gives us

lin%??(conv{Bgo,xe}) = P(conv{(1,—1); (=1, —1); (=1,1); (10, 1)}) < P(B2),
€E—
where the last inequality follows from direct computation (see also Theorem 4.1, below).

Theorem 3.3. Let n > 1 and m > n+ 1. The supremum M. is achieved at some polytope
with exactly m vertices and the sequence M) is strictly increasing in m.

Proof: The fact that the supremum M} is achieved follows the proof of the corresponding
statement on the infimum established, for example, in Proposition 2 and Lemma 4 of [FMZ].
By the affine invariance of P and F. John’s theorem (see [Sc], page 588) one has
M := sup P(K)=sup{P(K): K € P! By C K CnBj}.
KePy,
Note that {K € P : BY C K C nBj}} is compact in Hausdorff distance. Moreover the
function K — P(K) is continuous on K, (see for example Lemma 3 in [FMZ]). Therefore as
the supremum of a continuous function P on a compact set, we conclude that the supremum
My, = supjepn P(K) is attained at some polytope K., with at most m vertices.

Now let us prove that any polytope K, achieving the supremum has exactly m vertices.
The proof goes by induction on m. For m = n-+ 1, the result is clear. Let m > n+1 be fixed
and assume that the result is known for K,,. So K,, has exactly m vertices. From Lemma
3.2 there exists x outside K,, such that K,,(x) = conv(K,,, z) has a volume product strictly
larger than K. Since K,,(z) € P, it follows that

w1 = P(Eny1) 2 P(Kp (1)) > P(Kn) = My,

We conclude that K,,;, has exactly m+1 vertices and that the sequence m — M is strictly
increasing.

|



Remark: Notice that since the Euclidean ball is known to be the maximum in volume
product among all bodies, then from this and the above theorem we can see that there is no
polytope which is a local maximum of the volume product among all convex bodies.

Recall that one says that a polytope is simplicial if all its facets are simplices.

Theorem 3.4. Letn > 1 and m > n+ 1. Let K be of mazimal volume product among
polytopes with at most m vertices. Then K is a simplicial polytope.

For the proof, we need to introduce some more notation concerning polytopes. For any
polytope K we denote by £(K) the set of its vertices and by F(K) the set of its facets.

Proof: Let K be a polytope with the origin in its interior. For any facet F' € F(K), we
denote up its exterior normal and by hpg its distance to the origin. Let x be a vertex of
K. Denote by F(x) the set of facets of K containing . We denote by F, the facet of K°
corresponding to x:

o o T 1
Fr={y € K% (y,x) = 1} {yGK ,<y, |x‘> m}-
Notice that F, has % as its exterior normal and its distance to the origin is 1/|x|. Now we
introduce a modification of K that was used by Meyer and Reisner in [MR3] in the plane:
we define K; = conv(K, (1 + t)z), for small values of t > 0, so we extend K in the direction

of z. Then,
K| = K[+ Y |eonv(F,(1+t)z)].
FeF(x)
For any F' € F(x), one has (up,z) = hp, thus

|conv(F, (1 +1t)x)| = %]F|(<up, (1+1t)x) —hp) = %|F‘h}? = t|conv(F,0)].

Hence
K| =|K|+t Y |conv(F,0)|.
FeF(z)
The result of this change of K is a cutting for K° parallel to the facet F:

1 T 1
K; = K*; < — 7 = K°; — )< .
= {remitn s mf = {re o) < o)

For sufficiently small ¢ > 0 the distance between the facet F), and the new parallel facet is

1 1 t t

o (1 1) = a0
Thus it is not difficult to see that we get
||
kd

K7 =K =t

+ o(t) = |K°| — nt|conv(F,, 0)| + o(t).
Together, we get
K| K| = K| Ko+t [ [K°] ) Jeonv(F, 0)] — n|K||conv(F,, 0)] | + oft).

FeF(z)
7



Now we assume that the Santalé point of K is at the origin. Then using Proposition 2.3
similarly to Lemma 3.2, since dg (K, K;) = O(t) we get P(K;) = |Ky||K7|+ O(t?). Thus, for
t >0,

(3) P(K;) =P(K)+t||K° Z lconv(F,0)| — n|K||conv(F,,0)| | + o(t).
FeF(x)

Now let us assume that K has maximal volume product among polytopes with at most m
vertices. Since K; has also m vertices, it follows that P(K;) < P(K) and thus using (3) for
any vertex x of K we have
(4) [K°| Y |eonv(F, 0)| < n|K||conv(F,,0)].

FeF(x)
Summing on all the vertices of K we get

S TIK Y Jeonv(F0)| < Y n|K|[conv(Fy, 0)] = n|K[|K°|.
z€€(K) FeF(z) ze€(K)
Simplifying by |K°| and inverting sums in the left hand side gives
> card(E(F))|conv(F,0)] < n|K].

FeF(K)

Since for any facet F', one has card(E(F')) > n, we get
n|K| < Z card(E(F))|conv(F,0)| < n|K].
FEF(K)

Thus we get equality in all previous inequalities, which implies that for any facet I’ one has
card(E(F')) = n. Therefore every facet F' is a simplex and so K is simplicial. We also get
the following consequence, for any vertex = € £(K) one has

(5) |K°| Z |conv(F,0)| = n|K||conv(F,,0)].
FeF(z)
O
Remark: Let us notice that if a polytope K minimizes the volume product among polytopes
with at most m vertices then the same argument shows that the inequality (4) is reversed:
for every vertex x of K one has

[K°] ) Jeonv(F,0)| > n|K||conv(F,0)].
FeF(x)
It’s easy to see that simplices and B satisfy the above inequality.

One may also establish the following lemma generalizing equation (5).

Lemma 3.5. Let n > 1 and m > n+ 1. Let K be of mazimal volume product among
polytopes with at most m vertices. Assume that the Santalo point of K is at the origin. Let
x € E(K) be a vertex of K and denote by F(x) the facets of K containing x. Then one has

(6) [K°| ) leonv(F,0)|yr = n|K]|conv(F;, 0)|g,

FeF(x)
8



where gr, denotes the center of gravity of the facet F, of K° corresponding to x and for every
F € F(z), yr denotes the vertex of K° corresponding to F'.

Proof: From Theorem 3.4, we know that K is simplicial. Using Lemma 5 of [FMZ], we
may apply a more general shadow system than the one used in the proof of Theorem 3.4.
Let @ = conv(E(K) \ {z}) and for z in a neighborhood of x define K(z) = conv(Q, z). Then
one has

1
[K(2)| = K]+~ > IF(z = z,up).
FeF(x)
Hence, using that yp = ur/hp,

1

\Y = = .

K(2)lema =~ D |Flup =) conv(F,0)[yr

FeF(x) FeF(z)
Next we notice that K(z)° = {y € Q°; (y,2) < 1} and, using formula (3) on page 347 of
IMR], we get

|
| ]

VIK(2)].=2 = gr, = —n|conv(Fy,0)|gr, .

Because all facets of K are simplices, z can move freely in a neighborhood of x and thus for
K maximizing the volume product, we get that VP(K(z)),—, = 0. Again, from Proposition
2.3 one has P(K(z2)) = |K(2)||K(2)°| + O(]z — z|*) thus

V(KK ) )s=e = VP(E(2))o= = 0 = [K[V[K(2)°[o=s + [K°[V[K(2)]:=2-
Hence we get that for every vertex z € £(K)

IK°| ) Jeonv(F,0)|yp = n|K||conv(F,,0)|gr, -
FeF(x)
]

Remark:

1) Notice that if K has maximal volume product among symmetric polytopes with at most
m vertices, then in the proof of Theorem 3.4 one can consider K; = conv(K, £(1 +¢)x) and
we get that K satisfies the inequality (4) and thus K must be simplicial.

2) We should note that a simple and simplicial polytope is either a polygon or a simplex (see,
for example, [Z], page 67). Thus if K has maximal volume product among the polytopes
with at most m > d + 1 vertices in dimension d > 2 then its polar is not of maximal volume
product in its class and doesn’t necessarily satisfy equation (6). Still, following [MR3] we
may claim that, in R?, K° will satisfy the combinatorial properties of (6).

Indeed, let K C R? be of maximal volume product among polygons with at most m
vertices and Santald point at the origin. Let L = K°, y be a vertex of L and define L(z) in
the same way we defined K (z) in the proof of Lemma 3.5, i.e. z is a small perturbation of
the vertex y. Using that K is a polygon we get that (L(z))° has the same number of vertices
as K.

We get that P((L(z))°) is maximal when z = y and that VP((L(2))°)|.=, = 0. Now,
again, as in the proof of Lemma 3.5 we use Proposition 2.3, and since

du((L(2))°, K) = dH(((L<Z))O)O>9KO) = du(L(2),L) = O(|z = y)



we have
[((L(2))°) O] = |((L(2))°)* )| + O(|z = 2]?) = |L(2)] + O]z — y*).
So then
IL(2)|L(2)°] = [(L(2))°) OV L(2)°] + O(|z — 2*) = P((L(2))°) + O(|z — 2]?).

Thus V(|L(2)||L(#)°]) .=y = 0 and we can conclude similarly as in proof of Lemma 3.5.

4. MAXIMALITY IN R?

Let us fix some notation. For 6 € [0, 27], we set Ry to be the rotation about the origin of
angle 6 in the oriented plane R?. We denote by e, e, the canonical basis of R?. For m > 3
we consider the regular polygon with m vertices and unit circumcircle:

P, ::COHV{R%J(Gl); kzO,...,m—l}.

A simple calculation shows that |P,| = msin(7/m) cos(m/m). Note that

1
P =—— R«(Ppn
™ cos(m/m) i (Fm)
is also a regular polytope (obtained by rotating and dilating P,,). We deduce that |P;| =
mtan(mw/m) and the volume product of P, is thus

(7) P(Pn) = (msin(r/m))™.

Notice that m +— P(P,,) is an increasing sequence. Indeed, the function z +— sin(x)/z is
positive and decreasing on [0, 7).
We shall give a new proof of the following result of Meyer and Reisner [MR3].

Theorem 4.1. Let m > 3 and let K be a polygon in R? with at most m vertices, then
P(K) < P(Pn),
with equality if and only if K is an affine image of P,,.

We start the proof of Theorem 4.1 with a lemma showing that if a polygon K achieves
the maximum of the volume product among polygons with a fixed number of vertices, then
each vertex of K must be on the line passing through the Santal6 point of K and the middle
of its two adjacent vertices.

Lemma 4.2. Let K € P2 have mazimal volume product among polytopes in P2, and Santald
point at the origin. Then for any vertex x of K there exists a real number A = \(x) such
that x = N1 + x3), where x1 and x5 are the vertices of K adjacent to x.

Proof: Let x be a vertex of K and denote by x; and x, its two adjacent vertices. Denote
by y; and y, the vertices of K° corresponding to the edges [z, 1] and [z,z5] of K. We
apply equation (6) of Lemma 3.5 to our situation, the center of gravity of the edge Ff of K°
corresponding to the x is the center of gravity of the edge [y1, 2], hence it is the middle of
the segment [y1,ys], thus gr: = (y1 + y2)/2. So equation (6) becomes:

| K|[conv (0, y1, y2)[(y1 + y2) = |K°|(lconv(0, z, z1)|y1 + |conv(0, x, z2)[y2).
10



Because these quantities are equal and y; and gy, are linearly independent, we may identify
and get
| K ||conv (0, y1, y2)| = |K°||conv(0, z, z1)| = | K°||conv(0, x, x2)|.
Choosing an orientation, we deduce that
det(z1, z) = |conv(0, z,x1)| = |conv(0, z, x9)| = det(x, x2) = — det(x2, ).
Thus det(z1+z2, ) = 0. Hence there exists a real number A = A(z) such that z = A\(x;+x5).
O

Hence we proved that for a polygon with maximal volume product and Santalé point at
the origin, each vertex must be a multiple of the sum of its two adjacent vertices. By the
second remark after Lemma 3.5 we can also conclude that this property holds in the dual
as well. Now we will show that for any polygon with m vertices that has the property of
Lemma 4.2 the constant A is independent of the triple of vertices:

Lemma 4.3. Let K be a convex polygon with m vertices and mazimal volume product with
its Santalé point at the origin. Then there exists a real number, X\ > 1/2 such that for any
vertices, v, v, and vy, with vy adjacent to both vy and vy one has vy = A(vy + v3).

Proof: Let us order the vertices of the polygon counterclockwise as x1,...,z, and the
vertices of the dual yi,...,y, with y; such that (z;,y;) = (x;11,y;) = 1. By Lemma 4.2
applied to P, there exists real numbers \; so that for all 1 <i<m —1

T = Ni(@io1 + Tig1).

Taking the scalar product with y; and y;_1, we get

1
(i1, i) = (Ti1, Yio1) = N L.
Now we can use the Remark after Lemma 3.5 to claim that P° will also satisfy the
combinatorial conditions of Lemma 4.2. Thus, there exists p; such that forall 1 << N —1

Yi = i (Yio1 + Yiv1)-
Taking the scalar product with x; and z;,1, we get

1
(i Yir1) = (Tig1,9i1) = — — L.
(]
Using the equations above, we deduce that \; = p; = A\j11.
O

Now using Lemma 4.3 and standard techniques to solve recurrence relations we can prove
Theorem 4.1.
Proof of Theorem 4.1: By an affine transform, we may assume that the Santalé point
of P is at the origin. Denote by vy, ..., v,, the vertices of P (counting clockwise). Again,
applying linear transformation we may assume vy = v,, = e1, where, as before, e; is the first
vector of the canonical basis (ej, e3) of R?. From Lemma 4.3 we have the recurrence relation
for the vertices: tvy = vgi1 + vg_1. Then the recurrence holds also for the coordinates x
and y, of vg. Since vy is a vertex of P, one has 0 < t < 2 thus the roots of the equation
yP—ty+1=0are a =" and 8 = e with cos(f) = t/2. Thus there exists 4,B € R
such that for every k

yr = Acos(kf) + Bsin(k0),
11



with initial conditions yy = ¥, = 0. Since yy = 0, we get A = 0. Notice that if B = 0 then
all y, are 0 and thus all vertices lie on the z-axis, so we discard this possibility. So by the
initial conditions we have Bsin(mf) = 0 hence sin(mf) = 0. Thus there exist j € N such
that 6 = % The first coordinate xz; of v; satisfies the same recurrence relation so there
exists C' and D such that for every k

xr = C cos <jﬂ> + Dsin (‘ﬂg—ﬁ) ,
m m

with the initial conditions z¢y = x,,, = 1. Since xg = 1, we get C' = 1. Since x,, = 1, we get
that 7 must be even. Taking in to account that K has exactly N vertices we get that j = 2.

Finally
2k 2k 2k
(Tr, Yx) = <COS (—W> + Dsin <—7T) , Bsin (_ﬂ>) :
m m m

and thus K is the linear image of the regular m-gon P,, by the map
1 D
T - ( LD ) |

5. CONVEX HULL OF n + 2 POINTS IN R"

For K C R" being a convex body, we define O(K) = {T € O,(R);TK = K} and
Fix(K) = {z € R Tz = x,YT € O(K)}. We shall consider convex bodies K such that
Fix (K) is one point, the origin. In this case, notice that all affine invariant points attached
to K coincide with this point. In particular the Santalé point of K satisfies s(K) = 0.

Theorem 5.1. Let 1 < k < n—1 be integers and let E and F be two supplementary subspaces
i R™ of dimensions k and n — k respectively. Let L C E and M C F' be convex bodies of
the appropriate dimensions such that Fix (L) = Fix (M) = {0}. Then for every x € L and
yeM

P(conv(L —z, M —y)) < P(conv(L, M)) =

with equality if and only if v =y = 0.

Proof: Using the invariance of the volume product under linear transformations we may
assume that £ and F' are perpendicular. Now consider the following shadow system (z,y) —
K, =conv(L —x, M —y), for (z,y) € K x L. Computing the volume, we get

L= ollM = y| _ |LIM]
(%) (%)
So (z,y) — K., is a volume constant shadow system. Thus, from Proposition 2.1, the
function (z,y) — P(K,,) "' is convex on L x M. Moreover, for any (S,T) € O(L) x O(M)
one has (S x T)(L x M) =L x M and for any (z,y) € L x M
Ks@)ry) = conv(L — S(z), M —T(y)) = conv(S(L — ), T(M —y)) = (S x T)(K,y).

Thus P(Ks@)r@) = P(Ksy). This means that the function (z,y) +— P(K,,) is invariant

under the action of O(L) x O(M). By Lemma 2.2, we deduce that its maximum occurs at a
12
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fixed point of O(L) x O(M), which is reduced to the origin by the hypotheses. The equality
case is clear.
O

Corollary 5.2. Let L C R™™! be a convex body such that Fix (L) is one point. Then among
all double pyramids K = conv(L,x,y) in R™ with base L separating aperes x and y, the
volume product P(K) is mazimal when x and y are symmetric with respect to the Santald
point of L.

Theorem 5.3. Let K be the convex hull of n+2 points. Let ¢ = [§] andp = [5] =n —q.
Then
(p+ 1" g+ D)™

n!plq!
with equality if and only if K is the convex hull of two simplices A, and A, living in supple-
mentary affine subspaces of dimensions q and p respectively.

Proof: Let K be a body in P, ,. Then by Radon’s theorem there exists 1 < k < n—1 such
that one may split the n + 2 vertices of K into two subset [ and J, with card(I) = k+1 and
card(J) =n + 1 — k in such a way that if L = conv(/) and M = conv(J) then L N M # (.
Since K = conv(/,J) = conv(L, M) is full dimensional in R", it follows that L and M are
non-degenerate simplices in supplementary affine subspaces E and F' of dimension k£ and
n — k. By affine invariance, we may assume that £ N F = {0}, E and F are orthogonal to
each other and L and M are standard simplices of their respective dimensions so that one
may write L = Ap+s(L), where s(L) is the Santal6 point of L and Ay, is a regular simplex of
dimension k with Santalé point at the origin. In the same way, one has M = A, + s(M).
Since Fix (Ay) = Fix (A,,—x) = 0, we may apply Theorem 5.1 to A, and A,,_;. We get that

P(AL)P(A, -

(%)
Recall that the volume product of a non-degenerate simplex A,, in R" is
(n + 1)n+1

(n!)?

P(K) <

P(K) <P (conv(Ay, Ay_y)) =

P(A,) =

Hence after simplification, we get
1 (k+DM (n—k+ 1) M g(k)g(n — k)

(k) = — X X = ,
Ja(k) n! k! (n—k)! n!
where g(x) = %83:)1, for z > 0. Then with the change of variable t = zu we get, for z > 0,
r 1 [t oo d
() = —/ e "t ldt :/ (ue‘“)x—u.
T z* Jo 0 U
Hence from Hélder’s inequality the function z +— % is log-convex on (0, +00). It follows

that ¢ is log-concave on R,. So f, is log-concave as well, and since it satisfies f,(k) =
fa(n —k), for all 0 < k < n, we deduce that

fuliy = 2Bstn=k)  s(L5Do(T5T)

n!

with equality if and only if K = conv(A |z, Any).
13
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Remark: One may conjecture that for £k < n, among polytopes with at most n + k

vertices, the convex hull of k simplices living in orthogonal subspaces of dimensions |7 |

or [#] have maximal volume product (see Gluskin-Litvak [GL]| where such bodies where
considered). Theorem 5.3 establishes this conjecture for k£ = 2.

REFERENCES

[AGM] S. ARTSTEIN-AVIDAN, A. GIANNOPOULOS, V. D. MILMAN, Asymptotic geometric analysis. Part
I, Mathematical Surveys and Monographs, 202. American Mathematical Society, Providence, RI, 2015.

[BF] F. BARTHE, M. FrRADELIZI, The volume product of convex bodies with many hyperplane symmetries,
Amer. J. Math. 135 (2013), 1-37.

[BMMR] K. J. BOROCZKY, E. MAKAI JR., M. MEYER, S. REISNER On the volume product of planar polar
convex bodieslower estimates with stability. Studia Sci. Math. Hungar. 50 (2013), no. 2, 159-198.

[BM] J. BOURGAIN, V. MILMAN, New volume ratio properties for conver symmetric bodies in R™, Invent.
Math. 88 (1987), 319-340.

[CG] S. Camp1, P. GRONCHI, On volume product inequalities for convex sets, Proc. Amer. Math. Soc. 134
(2006), no. 8, 2393-2402.

[FMZ] M. FRADELIZI, M. MEYER, A. ZVAVITCH, An application of shadow systems to Mahler’s conjecture,
Discrete & Computational Geometry, 48 (2012), no 3, 721-734.

[GPV] A. GianNopoOULOS, G. Paouris, B. VRITSIOU, The isotropic position and the reverse Santalo
inequality, Israel J. Math. 203 (2014), no. 1, 122.

[GL] E. D. GLUSKIN, A. E. LITVAK, On the asymmetry constant of a body with few vertices, Geometriae
Dedicate, 90 (2002), 45-48.

[GM] Y. GOrRDON, M. MEYER, On the Minima of the Functional Mahler Product, Houston J. Math. 40
(2014), no. 2, 385-393.

[GMR] Y. GORDON, M. MEYER, S. REISNER, Zonoids with minimal volume product - a new proof, Proc.
Amer. Math. Soc. 104 (1988), 273-276.

[Gr] B. GRUNBAUM, Convex Polytopes, Graduate Texts in mathematics, 221, Springer, 2003.

[Ki] J. KM, Minimal volume product near Hanner polytopes, J. Funct. Anal. 266 (2014), no. 4, 2360—-2402.

[KiR] J. KM, S. REISNER Local minimality of the volume-product at the simplex. Mathematika 57 (2011),
no. 1, 121-134.

[Ku] G. KUPERBERG, From the Mahler Conjecture to Gauss Linking Integrals, Geometric And Functional
Analysis, 18/ 3, (2008), 870-892.

[Mal] K. MAHLER, Fin Minimalproblem fiir konvexe Polygone, Mathematica (Zutphen) B7 (1939), 118-127.

[Ma2] K. MAHLER, Ein Ubertrigungsprinzip fir konveze Korper, Casopis Pést. Mat. Fys. 68 (1939), 93-102.

[Mel] M. MEYER, Une caractérisation volumique de certains espaces normés, Israel J. Math. 55 (1986),
317-326.

[Me2] M. MEYER, Convez bodies with minimal volume product in R?, Monatsh. Math. 112 (1991), 297-301.

[MP] M. MEYER, A. PAJOR, On Santald inequality, Geometric aspects of functional analysis (1987-88),
Lecture Notes in Math. 1376, Springer Ver. (1989), 261-263.

[MR] M. MEYER, S. REISNER, Characterizations of ellipsoids by section-centroid location. Geom. Dedicata
31 (1989), no. 3, 345-355.

[MR1] M. MEYER, S. REISNER, Inequalities involving integrals of polar-conjugate concave functions,
Monatsh. Math. 125 (1998), 219-227.

[MR2] M. MEYER, S. REISNER, Shadow systems and volumes of polar convex bodies, Mathematika 53
(2006), no. 1, 129-148 (2007)

[MR3] M. MEYER, S. REISNER, On the volume product of polygons, Abh. Math. Semin. Univ. Hambg. 81
(2011), no. 1, 93-100.

[MR4] M. MEYER, S. REISNER, Characterizations of affinely-rotation-invariant log-concave measures by
section-centroid location. Geometric aspects of functional analysis (198990), 145-152, Lecture Notes in
Math., 1469, Springer, Berlin, 1991.

14



[Na] F. NazAROvV, The Hormander proof of the Bourgain-Milman theorem, GAFA Seminar Notes, Lecture
Notes in Mathematics, Vol. 2050, (2012), 335-343.

[NPRZ] F. NazArov, F. PETROV, D. RYABOGIN, A. ZVAVITCH, A remark on the Mahler conjecture: local
minimality of the unit cube, Duke Math. J. 154 (2010), 419-430.

[P] C. M. PETTY, Affine isoperimetric problems, Ann. New York Acad. Sci. 440 (1985), 113-127.

[R1] S. REISNER, Zonoids with minimal volume—product, Math. Zeitschrift 192 (1986), 339-346.

[R2] S. REISNER, Minimal volume product in Banach spaces with a 1-unconditional basis, J. London Math.
Soc. 36 (1987), 126-136.

[R3] S. REISNER, Certain Banach spaces associated with graphs and CL-spaces with 1-unconditional bases,
J. London. Math. Soc. 43 (1991), 137-148.

[RSW] S. REISNER, C. SCHUTT, E. M. WERNER, Mahler’s conjecture and curvature, Int. Res. Not. 2012,
no. 1, 1-16.

[RS] C.A. ROGERS, G.C. SHEPHARD, Some extremal problems for convex bodies, Mathematika 5 (1958),
93-102.

[RZ] D. RYABOGIN, A. ZVAVITCH, Analytic methods in convex geometry, IM PAN Lecture Notes, Vol. 2,
Warsaw 2014.

[SR] J. SAINT RAYMOND, Sur le volume des corps convexes symétriques. Séminaire d’Initiation & 1’Analyse,
1980-81, Université Paris VI, 1981.

[S] L. A. SANTALO, Un invariante afin para los cuerpos convezos del espacio de n dimensiones, Portugal.
Math. 8 (1949), 155-161.

[Sc] R. SCHNEIDER, Convex bodies: the Brunn-Minkowski theory. Second expanded edition. Encyclopedia
of Mathematics and its Applications 151, Cambridge University Press, Cambridge, 2014.

[Sh] G. C. SHEPHARD, Shadow systems of convex sets, Israel J. Math. 2 (1964), 229-236.

[Z] G. M. ZIEGLER, Lectures on Polytopes, Graduate Texts in Mathematics 152, Springer-Verlag New York
Berlin Heidelberg, 1995.

DEPARTMENT OF MATHEMATICS, KENT STATE UNIVERSITY, KENT, OH 44242, USA
FE-mail address: malexan5@kent.edu

UNIVERSITE PARIS-EST MARNE-LA-VALLEE, LABORATOIRE D’ANALYSE ET DE MATHEMATIQUES AP-
PLIQUEES (UMR 8050) CITE DESCARTES - 5, BD DESCARTES, CHAMPS-SUR-MARNE 77454 MARNE-LA-
VALLEE CEDEX 2, FRANCE

E-mail address: matthieu.fradeliziQu-pem.fr

DEPARTMENT OF MATHEMATICS, KENT STATE UNIVERSITY, KENT, OH 44242 USA
E-mail address: zvavitch@math.kent.edu

15



