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MULTIPLE SOLUTIONS FOR A SELF-CONSISTENT
DIRAC EQUATION IN TWO DIMENSIONS

WILLIAM BORRELLI

ABSTRACT. This paper is devoted to the variational study of an ef-
fective model for the electron transport in a graphene sample. We
prove the existence of infinitely many stationary solutions for a nonlin-
ear Dirac equation which appears in the WKB limit for the Schrédinger
equation describing the semi-classical electron dynamics. The interac-
tion term is given by a mean field, self-consistent potential which is
the trace of the 3D Coulomb potential. Despite the nonlinearity be-
ing 4-homogeneous, compactness issues related to the limiting Sobolev
embedding H%(Q,(C) < L*(Q,C) are avoided thanks to the regular-
ization property of the operator (—A)fé. This also allows us to prove
smoothness of the solutions. Our proof follows by direct arguments.
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1. INTRODUCTION

New two-dimensional materials possessing Dirac fermions as low-energy
excitations have been discovered, the most famous being the graphene (see,
e.g. [9, 22] [10]), which can be described as a honeycomb lattice of carbon
atoms. Those Dirac materials possess unique electronic properties which are
consequence of the Dirac spectrum. The conical intersection of quasi-particle
dispersion relation at degeneracy points leads to the effective massless Dirac
equation. A rigorous proof of the existence of Dirac cones in honeycomb
structures can be found in [I3]. In this paper we are interested in the
mathematical analysis of a model for the quantum transport of electron in
a graphene sample, modeled as a bounded domain in the plane. In [3] the
authors gave a rigorous proof of the large, but finite, time-scale validity of
a cubic Dirac equation, as a good approximation for the dynamics of the
cubic nonlinear Schrédinger equation (NLS) with a honeycomb potential,
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2 W. BORRELLI

in the weakly nonlinear regime. Their analysis indicates that an analogous
result holds for the case of NLS with Hartree nonlinearity. We remark that
the linear dynamics has been studied by Fefferman and Weinstein in [14].

The (semi-classical) dynamics of electrons in a graphene layer can be
described by the following NLS, the interaction being described by a self-
consistent potential:

{%%E — —S2A0° 4V (£) 0% + e (4]0 2) 02

1
9°(0, ) = ®f(x) W

where V' is a honeycomb potential and x € R is a coupling constant.

One expects that, as ¢ — 0, the dynamics of WKB waves spectrally
concentrated around a vertex of the Brillouin zone of the lattice (where
the conical degeneracy occurs) can be effectively described by the following
Dirac-Hartree equation:

{i@tgo = (—ic-V)p+k (ﬁ * |<p|2> %

2
(0, 2) = po(2) ()

where ¢ : Ry x R2 — C2, 5 := (01,02) = (Ao, Aos), with o; being the
first two Pauli matrices

) e D) e

A= (g g) . (4)

Here ) is a constant depending on the potential V' (formula 4.1 in [13]).

In the above model, the particles can move in all the plane and the po-
tential is the trace on the plane {z = 0} of the 3D Coulomb potential.
We shall rather consider the case where the electrons are constrained to a
bounded domain 2 C R? modeling an electronic device. Following El-Hajj
and Mehats [I1], we define the self-consistent potential using the spectral

and

resolution of (—A)%, with zero boundary conditions. A formal justification
of this choice can be found in the same paper, where the authors prove local
well-posedness for two models of electron transport in graphene. The case
of a bounded domain is treated replacing Dirac by the operator 01(—A)%
with zero Dirichlet data.

From now on © C R? will denote a smooth bounded open set.

Let (en)nen € L2(2) be an orthonormal basis of eigenfunctions of the
Dirichlet laplacian (—A), with associated eigenvalues 0 < i, T +oc.

We define the potential V(y) as

V(o) =3 i 2 (ol enden (5)

n=0

Working on a bounded domain, we need to choose local (for physical reasons)
boundary conditions for the Dirac operator. We shall use infinite mass
boundary conditions, which have been employed in the Physics literature
to model quantum dots in graphene (see [2] and reference therein). In [20]



MULTIPLE SOLUTIONS FOR A SELF-CONSISTENT 2D DIRAC EQUATION 3

the Dirac operator with infinite mass conditions is proved to be the limit,
in the sense of spectral projections, of a Dirac operator with a mass term
supported outside €2, as the mass goes to infinity.

Formally, infinite mass boundary conditions are defined imposing

Py = %(]12 —o-t)y =0, on 0f) (6)

where t is the tangent to the boundary and 15 is the unit matrix. It can
be easily seen that such conditions make the Dirac operator
T :=(—ioc-V)

symmetric on L?($, C?).

They actually belong to a larger class of local boundary conditions for
the Dirac operator (see [2]) employed in the theory of graphene, and which
are related to M.I.T. and chiral boundary conditions.

Proposition 1. The unbounded operator D formally acting as T := (—ic-V)
on L?(Q,C?) is self-adjoint on the domain
Do = {tp € H'(,C?) : (P o)y = 0} (7)
where P is the matriz defined in (@ and 7y s the trace operator.
The theorem can be proved using the abstract results in [6] or following
the method of [4], which only requires C2-regularity of the boundary.
The model we are going to study thus is given by
i0ip = Dy + KV (), in RxQ
©(0,2) = ¢o(x)

Before stating our main theorem, we quickly review the spectral theory
for the Dirac operator with infinite-mass boundary conditions.

The compactness of the Sobolev embedding H!(Q2, C%) < L?(, C?) gives
that the spectrum of D is discrete. Moreover, the domain D, is invariant

(8)

with respect to the antiunitary transformation U := 1C, where C is the
complex conjugation on L?(£2,C?). Given ¢ € Dy, we have
UDp = —DlUp.

The above observations can be summarized in the following

Proposition 2. The spectrum o(D) C R of D is purely discrete, symmetric
and accumulates at £oo.

Let (¢)rez be a Hilbert basis of L2(€2, C?) composed of eigenspinors of
D, and (A\;)kez the associated eigenvalues, with limy_, 1.0 A\ = £00.

It has been noted in the Physics literature that Dirac operators with
infinite mass boundary condition are gaped. A rigorous proof has been
recently given in [5], where the following result is proved.

Proposition 3. For any k € Z we have
27
)

where || denotes the area of .
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Remark 4. In this case the zero-energy corresponds to the Fermi level.
Then the positive part of the spectrum corresponds to massive conduction
electrons, while the negative one to valence electrons.

We look for stationary solutions to the equation , that is, of the form
p(t,x) = e ().

Plugging it into the equation one gets
(D —w)p+rV()y =0 (9)
Our main result is the following:

Theorem 5. Fiz w ¢ o(D). Then equation (9) admits infinitely many
solutions in C>(Q, C?) satisfying the boundary condition

We remark that a variational proof of existence and multiplicity for 3D
Maxwell-Dirac and Dirac-Coulomb equations can be found in [12]. Those
results have been improved in [I]. The case of subritical Dirac equations
on compact spin manifolds has been treated in [I5], for nonlinearity with
polynomial growth, and using a Galerkin-type approximation. Our proof
is variational and based on direct arguments. The present work has been
inspired by the above mentioned articles and by the papers [3], [11].

For the sake of simplicity we will restrict ourselves to w € (—A1, A1).

Remark 6. Without loss of generality, we can choose k < 0. In particular,
we take k = —1. The case k > 0 follows considering the functional

L) = -1(¥)

(see below).

Solutions to @D will be obtained as critical points of the functional

1) = 5 [ (@-wpw) - [ V@) (10)

which is defined and of class C? on the Hilbert space

XH:{wEL%Qﬂ?%HM&sz:Mk—wW%¢HF<“} (11)

keZ
endowed with the scalar product
<80> ¢>X = (@7 w>L2 + Z ’)‘k - WKQD, ¢k>L2 <¢7 Qb/€>L2'
keZ

Remark 7. Using a simple interpolation argument, one can easily prove

that the X -norm above defined and the H3 -norm are equivalent on the space
X. This will be repeatedly used in the sequel in connection with Sobolev
embeddings.

We can thus split X as the direct sum of the positive and the negative
spectral subspaces of (D — w):

X=XtoX" (12)
Accordingly we will write ¢ = ™ + ™.
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The functional then takes the form

7) = 5 (1071 ~ 197 1%) - 7 [ vewloP (13)

Smoothness of the solutions will follow by standard bootstrap arguments.

Remark 8. Despite the term in (@ involving the potential being 4-homogeneous
we can take advantage of regularization property of (—A)_%, thus avoiding
compactness issues related to the limiting Sobolev embedding X — L*. This

is in constrast with [7], where we studied the case of a Kerr-like, cubic non-
linearity. We dealt with the lack of compactness through a suitable radial
ansatz, reducing the proof to dynamical systems arguments.

In the sequel, we will denote X-norm and the LP-norm of a spinor 1 by
|¥]] and [|9||,, respectively. Occasionally, we will also omit the domain of
definition of functions, denoting LP and Sobolev spaces.

2. THE VARIATIONAL ARGUMENT

This section is devoted to the proof of our main theorem.
The functional Z is even :

I(-y) =1I(¥), YVpeX

and this allows us to prove a multiplicity result using a straightforward
generalization of the fountain theorem, well-known for semi-definite func-
tionals (see, e.g. [23]). It in turn relies on the following infinite-dimensional
Borsuk-Ulam theorem [19].

Let H be an Hilbert space.

Definition 9. A map ® : H — H is called Leray-Schauder map (LS-map)
if it is of the form

dP=1+K (14)
where I is the identity and K is a compact operator.
Theorem 10. (Borsuk-Ulam in Hilbert spaces) LetY < H be a codimension
one subspace of H and U be a symmetric bounded neighborhood of the origin.

If & : OU — Y is an odd LS-map, then there exists x € U such that
O(z) =0.

The proof of the above theorem is achieved approximating the compact
map by finite rank operators and using the finite-dimensional Borsuk-Ulam
theorem, as shown in [19].

Consider an Hilbert basis (e)kez of H. For j € Z we define

() i= span{er}. S, Ha(j) = span{erh (15)
Given 0 < r; < p; we set
B(j) :==A{ e Hi(j) : |9l < pj}
S() ={¢Y e Hi(j) : [[¥[l = p;}
N(j) :=A{¢ € Ha(j) : [l =rj}
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Let £ € C'(H,R) be an even functional of the form

1
L) = (L, ¥) + F(¥) (16)
where
L: Hi(j) ® Ha(j) — H1(j) ® H2(j)
is linear, bounded and self-adjoint and dF' is a compact map.

It is a well-known result (see,e.g. ([17], Appendix) and [2I]) that such a
functional admits an odd pseudo-gradient flow of the form

n(t, %) = A(t, %) + K(t,%) = A1 (t, %) & Ao (¢, %) + K(t,%), (17)
where A; ;(t, %) : H;j(j) — H;(j) is an isomorphism (i = 1,2), and K(t, *)
is a compact map.

Theorem 11. (Fountain theorem) With the above notations, define the min-
maz level

;= _inf supL(y(1.B(7)) (18)

where T'(5) is the class of maps v € C°([0,1] x B(j), H) such that
V)=, V(EY) €0,1] x 5(j)

and which are homotopic to the identity through a family of odd maps of the

form .
If there holds

inf L =:b;, >a;:= sup L
VeNG) (1/’) j j weSI()j) (@b)

then c; = b; and there exists a Cerami sequence (@/J%)%N C H, that is
L) — c;
(1+ [WAlNdL(wi) < 0 as n— oo

where H* is the dual space of H.
Moreover, if Cerami sequences are pre-compact, then c; is a critical value.

Proof. The proof follows by a standard deformation argument (see [17, 21]).
We only need to prove the intersection property

(1L, B(j)) NN (j) # 0
for any v € T'(j). Since 7 is odd, v(1,0) = 0 and the set
U={ueB@j): vl <r} (19)
is a bounded neighborhood of the origin such that -~/ =U.

- k=i
Let P: H—Y := span{ek}foi " be the projection. Consider the map
(Pov)(1,%): 0U — Y. We have to prove that the equation

(Pov)(l,u)=0 (20)

admits a solution ug € JU.
Recall that (1, ) is of the form (17). Then is equivalent to

u+ (PoA™Y(1,%) o K)(1,u) =0

compact




MULTIPLE SOLUTIONS FOR A SELF-CONSISTENT 2D DIRAC EQUATION 7

and the claim follows by the Borsuk-Ulam theorem (Theorem [10). U
Our aim is to apply the fountain theorem to the functional Z.

Proposition 12. The functional

1(w) = 3 [ (@) - 5 [ VP

is of the form (@

Proof. The term involving the potential is 4-homogeneous, but we can avoid
1

compactness issues related to the critical Sobolev embedding H?2 (2, C?) <

L4(Q,C?) thanks to the regularizing properties of (—A)fé, as shown in
Proposition . O

For each j > 1, consider the splitting
. ‘ —j —F
X = X() @ Xa() = (span{intie_o) ® (span{inlS5) (1)
where (¢ )kez is an orthonormal basis of eigenspinors of D.

Lemma 13. Let j > 1, there exists p; > 0 such that Z(y)) < 0, for ¢ € X1(j)
and |[¢]| = p;.

Proof. Let 1 € X1(j) be such that ||| > p; > 0. Recall that
Y=y +YT Y =X 9 spcm{ek}?:l.
Suppose that

71 = 97l (22)
It is immediate from that Z(¢) < 0.
Now assume
[KZan (=N (K (23)
We claim that there exists C' = C(j) > 0 such that
o) = [ VIl > Clul (24)

for all ¢ € Y satisfying .

Suppose the claim is false. Then arguing by contradiction and by the
4-homogeneity of Q, there exists a sequence (1, )neny C Y satisfying ,
and such that |[¢,|| = 1 and

Q) — 0, as n — +oo.

Notice that implies that

1
[ || = /3 (25)
Up to subsequences, we can assume that there exists ¢, € Y such that
1, weakly converges to 15, while ¥, strongly converges to ¢1, the latter
sequence lying in a finite-dimensional space. Thus there holds

1
+ _
vl > (20)
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Since @ is continuous and convex it also is weakly lower semi-continuous,
and then

Q(woo) =0.
This implies that
Yoo =PI + 105y =0
and thus
=0 (27)
1, and 9L being orthogonal, contradicting .
Then , given , we have

Z(y) < ol = eIl = Cllell (28)
for all ¢» € Y such that holds. Thus Z(¢) < 0, for p; > 0 large enough.
O

Lemma 14. For 1 < p < 4 define
Bjp = sup{[[Ylp : ¥ € Xa(j), [[¥]] = 1}

Then Bj, — 0 as j — 0.

Proof. By definition, for each j > 1 there exists ¢; € Xs(j) such that
[l =1 and 38;, < [[¢jlp- The compactness of the Sobolev embedding
implies that, up to subsequences, 1); — v weakly in X and ¢; — 1 strongly
in LP(Q,C?). Tt is evident that 1) = 0. Then

1
iﬁj,p < ||¥jllp — 0.

The above result allows us to prove the following:
Lemma 15. There exists r; > 0 such that
bj == nf{Z(¥) : ¥ € Xa(j), ¥ = rj} — +o0
as j — 4o0.

Proof. By the Holder inequality, we get

[y < (/wr?’) ([ v ) <cloll @)

Recall that V(1) := (- )—*q¢4). Since ]2 € La(Q,cﬂ),and (~A)~2
sends L3 (€2, C?) into w3 (Q,C?) — L3(Q,C?), we easily get
Take 1) € Xa(j) such that ||¢|| = r. Then by (29) and Lemmauwe have

1) =5 [ (- @) - [ V)P

1
> Slwl* = Sl - Cllvlls

1

% . (30)
>3 =g B = Ol

1 2 4 4
> yiie CBjsr
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where we used the fact that 522 < 2
1

The function r 4r — Cﬂﬁgr‘l attains its maximum at r = (SCﬁ;{?))_L
Then taking r; := (SC’ﬁ;{?,)_% we get

b(j) = (64Cj3) " — +oo
and this concludes the proof. O

The above results allow us to apply the Fountain theorem (Theorem
to the functional Z. We thus get the existence of a sequence of min-max
values

¢j — +00, as j — +oo, (31)

and, for each j € N, of a Cerami sequence (T/J}I)neN € X:

I(@Z)}"”) —cj (32)
(L+ [9PNdZ(w) X550 as n—s o0
Lemma 16. Cerami sequences for I are pre-compact .
Proof. Let (¢,) C X be an arbitrary Cerami sequence for Z.
Then
() — ¢
X (33)
1L+ | Un]) (DY, — V() tby,) — 0 as 1 — 0o

for some ¢ > 0.
The second condition in implies that

| ®inin)— [ Vi)l 0. (34)
Q Q
Combining and the first line in one gets

V@I, = [ 18R = [Vl — e @)

By the Sobolev embedding (V(1,))nen is thus bounded in L*. Moreover,

since (—A)_% is positive-preserving (see Section, implies that (V(¢)|[¥n]?)nen
is bounded in L!.
By the above remarks, writing

1

V() a] = (Vo) [nl2)F V(1)) (36)

L2—bounded  L8—bounded

N

and by the Holder inequality, we easily get that (V (1, )¥n)nen is bounded
in L%. The second line of gives

U = 0k + 02 = (D —w) V(W) +0(1), i HI(Q,C%)  (37)

It is immediate to see that (¢}),en is bounded in whs < H%, and thus
(¥ )nen is bounded in Hs.

Up to subsequences, there exists ¥, € X such that i, — 1 weakly in
X and 9, = s strongly in LP for all 1 < p < 4.
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Since (¢ )nen is a Cerami sequence, there holds

ol1) = (dZ(n). v ~ ¥ = [ (DU, 0~ 02 — [ V() s — L)
Q Q

(38)
Moreover, the Holder inequality gives

+ ot
< /Q V() |nllg — w7

< IV@lallolef vkl (30)
< IV@n)lllnllsler — il
< Cllwt = Iz

where in the last line we used the fact that (¢,) is bounded in H 7 I3
and that (V(1n))nen is LO-bounded. Combining and we get

[ @t =) = o) (10)
On the other hand, for any 7 € X, there holds
L@y = 0+ e (a1)
as it can be easily checked. By and we thus obtain
i 0Ll < € [ (P —vhut = k)=o) ()
An analogous argument gives
[ = vsoll® = o(1) (43)
thus proving the pre-compactness of Cerami sequences. O

Our main theorem (Theorem [5)) is thus proved, as the regularity of solu-
tions follows by standard bootstrap techniques, exploiting the regularization

property of (—A)~z.

3. AUXILIARY RESULTS

This section contains some auxiliary results used in the proof of our main
theorem.
Compactness of dF.

Lemma 17. Let (Y, || - ||y) be a reflexzive Banach space and consider a se-
quence (Yn)nen C Y. Suppose that y, — y weakly in'Y and ||yn|ly — ||lylly-
Then y, — y strongly in 'Y, as n — —+oo.

See [§] for a proof. The above lemma allows us to prove the following

Proposition 18. Let (¢n)neny € X be a sequence such that ¥, — ¢ € X
strongly in LP, for all 1 < p < 4.
3
Then, up to a subsequence |1,|? — |¢|? strongly in L2, as n — +oo.
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Proof. We have
enl?lls = Il — 1215 = 101l (44)

as n — +00, since ¥, — 1) strongly in L3.
Moreover, it is easy to see that

lenl?lls = llenll < C (45)

and thus, up to a subsequence, |1,,|?> — |1|? weakly in Ls.

Then the claim follows by Lemma ((17)) . O
Proposition 19. The differential of the map F : X — R, defined as

1
=5 [y
Q

18 compact.

Proof. Let (¢¥n)neny € X be a bounded sequence. Then the compactness of
the Sobolev embedding H%(Q, C?) — LP(Q,C?), for 1 < p < 4, implies that
P — Y € X, strongly in LP.

Take ¢ € X with ||¢]| < 1. We then have

/ <v<¢n>wn—v<w>w>w\ < [ 10 -V
Q Q

(46)
+ [ 100 - v
We estimate the first term in the r.h.s. as follows.
Applying the Cauchy-Schwarz we get
2 : 2 :
[ 10 = Vi (/\vwnsor> (/m-wr)
° (47)

l@llallV () llalln =l

<
g CHwn - ¢H2 — 0

for n — +o00, using the fact that (—A)_% maps continuously L? to H' — L*,

_1
and V(¢) = (=A)72[y[%.
For the second term in , we use again the Cauchy-Schwarz inequality
and get

[ 10w - vl < ( [ WP) ([ ) - >2)

lellall¥llallV(¥n) = V()2
CIV(¢n) =V(@)2 — 0

as n — 400, since V(¢y,) = (—A)*%WJ”\Z € Wl’%(Q,(CQ) — L?(Q,C?) and
|¥n|? — |9|? strongly in L3, as shown in Prop..
Thus combining and we have

[ W - V)7 \Ho (49)

uniformly with respect to ¢, as n — +o0. U

(48)

NN




12 W. BORRELLI

(—A)_% is positive preserving. For the sake of brevity we will only sketch

the argument, referring to the mentioned references for more details.
Recall that —A is the Dirichlet laplacian on L?(£2), with domain H{ ().
The starting point is the following identity of L?-operators:

1 oo 2A
= \/77'/ eit dt. (50)
0

Indeed, let (e,)neny € L2(Q) be a Hilbert basis of eigenfunctions of —A, with
associated eigenvalues 0 < p, T +00.

For any n € N the operator on the r.h.s. of acts on each e, as the
multiplication operator by the function

[NIES

(=4)"

1 [T . 1
\/7?/0 eit ,U«ndt = 7 (51)

To prove the claim it is thus sufficient to prove that the heat kernel e 52

is positive-preserving. This follows from the

Theorem 20. (First Beurling-Deny criterion) Let L > 0 be a self-adjoint
operator on L?(). Estend (u,Lu)2 to all L? by setting it equal to +oo,
when u doesn’t belong to the form-domain of L. The following are equivalent:

o %L is positive-preserving for all s > 0;

o (Jul, Llul)p> < (u, Lu)ga, Ve L2(Q).

A proof of the above result can be found in ([I8], Theorem XIII.50).
Taking L = —A, the second condition in the above theorem corresponds
to the well-known fact that for any u € Hg () there holds

|V|u|| < |Vul a.e. in Q

and then
(. Lludyzz = [ 19hell < [ 190 = (. Ly
(see Theorem 6.1 in [16]). This concludes the proof.

REFERENCES

[1] S. ABENDA, Solitary waves for Mazwell-Dirac and Coulomb-Dirac models, Ann. Inst.
H. Poincaré Phys. Théor., 68 (1998), pp. 229-244.

[2] A. R. AKHMEROV AND C. W. J. BEENAKKER, Boundary conditions for dirac
fermions on a terminated honeycomb lattice, Phys. Rev. B, 77 (2008), p. 085423.

[3] J. ARBUNICH AND C. SPARBER, Rigorous derivation of nonlinear Dirac equations for
wave propagation in honeycomb structures, ArXiv e-prints, (2016).

[4] R. D. BENGURIA, S. R. FOURNAIS, E. STOCKMEYER, AND H. VAN DEN BOSCH, Self-
adjointness of two-dimensional Dirac operators on domains, Ann. Henri Poincaré, 18
(2017), pp. 1371-1383.

[5] ———, Spectral gaps of Dirac operators describing graphene quantum dots, Math.
Phys. Anal. Geom., 20 (2017), pp. Art. 11, 12.

[6] B. Booss BAVNBEK, M. LEscH, AND C. Zuu, The Calderén projection: new defini-
tion and applications, J. Geom. Phys., 59 (2009), pp. 784-826.

[7] W. BORRELLI, Stationary solutions for the 2d critical dirac equation with kerr non-
linearity, J. DIff. Eq., (2017). in press.

[8] H. BrEzISs, Functional analysis, Sobolev spaces and partial differential equations, Uni-
versitext, Springer, New York, 2011.



[9]
(10]
(11]

(12]

(13]

MULTIPLE SOLUTIONS FOR A SELF-CONSISTENT 2D DIRAC EQUATION 13

A. CasTrO NETO, F. GUINEA, N. PERES, K. NOVOSELOV, AND A. GEIM, The
electronic properties of graphene, Comptes Rendus Physique, 14 (2013), pp. 760-778.
J. CAYssoL, Introduction to dirac materials and topological insulators, Comptes Ren-
dus Physique, 14 (2013), pp. 760 — 778. Topological insulators / Isolants topologiques.
R. EL HAJJ AND F. MEHATS, Analysis of models for quantum transport of electrons
in graphene layers, Math. Models Methods Appl. Sci., 24 (2014), pp. 2287-2310.

M. J. ESTEBAN, V. GEORGIEV, AND E. SERE, Stationary solutions of the Mazwell-
Dirac and the Klein-Gordon-Dirac equations, Calc. Var. Partial Differential Equa-
tions, 4 (1996), pp. 265—281.

C. L. FEFFERMAN AND M. I. WEINSTEIN, Honeycomb lattice potentials and dirac
points, J. Amer. Math. Soc., 25 (2012), pp. 1169-1220.

[14] ———, Wave packets in honeycomb structures and two-dimensional Dirac equations,

(15]

(16]

(17]

(18]

(19]

20]

(21]

(22]

(23]

Comm. Math. Phys., 326 (2014), pp. 251-286.

T. ISOBE, Euxistence results for solutions to nonlinear Dirac equations on compact
spin manifolds, Manuscripta Math., 135 (2011), pp. 329-360.

E. H. LiIEB AND M. LosS, Analysis, vol. 14 of Graduate Studies in Mathematics,
American Mathematical Society, Providence, RI, second ed., 2001.

P. H. RABINOWITZ, Minimax methods in critical point theory with applications to
differential equations, vol. 65 of CBMS Regional Conference Series in Mathematics,
Published for the Conference Board of the Mathematical Sciences, Washington, DC;
by the American Mathematical Society, Providence, RI, 1986.

M. REED AND B. SIMON, Methods of modern mathematical physics. IV. Analysis
of operators, Academic Press [Harcourt Brace Jovanovich, Publishers], New York-
London, 1978.

E. H. ROTHE, Introduction to various aspects of degree theory in Banach spaces,
vol. 23 of Mathematical Surveys and Monographs, American Mathematical Society,
Providence, RI, 1986.

E. STOCKMEYER AND S. VUGALTER, Infinite mass boundary conditions for dirac
operators, arXiv preprint arXiv:1603.09657, (2016).

M. STRUWE, Variational methods, vol. 34 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math-
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics],
Springer-Verlag, Berlin, fourth ed., 2008. Applications to nonlinear partial differential
equations and Hamiltonian systems.

T. WEHLING, A. BLACK-SCHAFFER, AND A. BALATSKY, Dirac materials, Advances
in Physics, 63 (2014), pp. 1-76.

M. WILLEM, Minimax theorems, vol. 24 of Progress in Nonlinear Differential Equa-
tions and their Applications, Birkhduser Boston, Inc., Boston, MA, 1996.

UNIVERSITE PARIS-DAUPHINE, CEREMADE, PLACE DE LATTRE DE TASSIGNY, F-
75016 PARIS, FRANCE
FE-mail address: borrelli@ceremade.dauphine.fr



	1. Introduction
	2. The variational argument
	3. Auxiliary results
	References

