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Abstract

The main objective of the paper is to study the long-time behavior of general discrete dynamics
driven by an ergodic stationary Gaussian noise. In our main result, we prove existence and uniqueness
of the invariant distribution and exhibit some upper-bounds on the rate of convergence to equilibrium
in terms of the asymptotic behavior of the covariance function of the Gaussian noise (or equivalently
to its moving average representation). Then, we apply our general results to fractional dynamics
(including the Euler Scheme associated to fractional driven Stochastic Differential Equations). When
the Hurst parameter H belongs to (0,1/2) we retrieve, with a slightly more explicit approach due to
the discrete-time setting, the rate exhibited by Hairer in a continuous time setting [14]. In this frac-
tional setting, we also emphasize the significant dependence of the rate of convergence to equilibrium
on the local behaviour of the covariance function of the Gaussian noise.

Keywords: Discrete stochastic dynamics; Rate of convergence to equilibrium; Stationary Gaussian noise;
Total variation distance; Lyapunov function; Toeplitz operator.

1 Introduction

Convergence to equilibrium for Stochastic dynamics is one of the most natural and most studied problems
in probability theory. Regarding Markov processes, this topic has been deeply undertaken through various
approaches: spectral analysis, functional inequalities or coupling methods. However, in many applications
(Physics, Biology, Finance...) the future evolution of a quantity may depend on its own history, and thus,
noise with independent increments does not accurately reflect reality. A classical way to overcome this
problem is to consider dynamical systems driven by processes with stationary increments like fractional
Brownian motion for instance. In a continuous time framework, Stochastic Differential Equations (SDEs)
driven by Gaussian processes with stationary increments have been introduced to model random evolution
phenomena with long range dependence properties. Consider SDEs of the following form

where (Z;)>0 is a Gaussian process with ergodic stationary increments and o : R — M4(R), b : R4 — R4
are functions defined in a such a way that existence of a solution holds. As concerns long-time behavior,
different properties have been studied like approximation of stationary solution in [8] or the rate of
convergence to an equilibrium distribution. For this last property, the case where (Z;):>¢ is fractional
Brownian motion (fBm) has received significant attention from Hairer [14], Fontbona and Panloup [11],
Deya, Panloup and Tindel [9] over the last decade. They used coalescent coupling strategy to compute
the rate of convergence. In the additive noise setting, Hairer proved that the process converges in total
variation to the stationary regime with a rate upper-bounded by C.t~(®#~2) for any ¢ > 0, with
i} £ e (L) )
H(1-2H) if He(0,3).
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In the multiplicative noise setting, Fontbona and Panloup extended those results under selected assump-
tions on o to the case where H € (%, 1) and finally Deya, Panloup and Tindel obtained this type of results
in the rough setting H € (3, 3).

In this paper, we focus on a general class of recursive discrete dynamics which includes in particular
discretization of (1.1), more precisely we consider the R%-valued sequence (X,,),>0 satisfying

XnJrl == F(X’I’L7 An+1) <13)

where (A,)nez is an ergodic stationary Gaussian sequence. This type of stochastic dynamics, which
is not Markovian in general, has not been much discussed except in the linear case like Autoregressive
Moving-average (ARMA) models [5] whose main objective is the prediction of stationary processes. When
F is linear, dynamics like (1.3) are truely related to ARMA processes through the so-called Wold’s de-
composition theorem which implies that we can see (A,,),cz as a moving-average of infinite order (see
[5] to get more details).

Here, we investigate the problem of the long-time behavior of (1.3) for a general class of functions F'.
We first explain how it is possible to define invariant distributions in this non-Markovian setting and
to obtain existence results. Then, our main contribution is to state a general result about the rate of
convergence to equilibrium in terms of the covariance structure of the Gaussian process. To this end, we
use a coalescent coupling strategy.

Let us briefly explain how this coupling method is organized in this discrete-time framework. First, one
considers two processes (X}, (AL Jk<o)nz0 and (X2, (A2, )k<o)n>0 following (1.3) starting respectively
from po and py (the invariant distribution). As a preliminary step, one waits that the two paths get
close. Then, at each trial, the coupling attempt is divided in two steps. First, one tries in Step 1 to
stick the positions together at a given time. Then, in Step 2, one attempts to ensure that the paths
stay clustered until +o00. Actually, oppositely to the Markovian setting where the paths remain naturally
fastened together (by putting the same innovation on each marginal), the main difficulty here is that,
staying together has a cost. In other words, this property can be ensured only with a non trivial coupling
of the noises. Finally, if one of the two previous steps fails, one begins Step 3 by putting the same noise
on each coordinate until the “cost” to attempt Step 1 is not too big. More precisely, during this step one
waits for the memory of the coupling cost to decrease sufficiently and for the two trajectories to be in a
compact set with lower-bounded probability.

In the main theorem previously announced, as a result of this strategy, we are able to prove that the law
of the process (X,,+1)k>0 following (1.3) converges in total variation to the stationary regime with a rate
upper-bounded by Cn~". The quantity v is directly linked to the assumed exponential or polynomial
asymptotic decay of the sequence involved in the moving-average representation of (A, )nez, see (2.2) (or
equivalently in its covariance function, see Remark 2.1 and 2.3).

Then, we apply our main theorem to fractional memory (including the Euler Scheme associated to frac-
tional Stochastic Differential Equations). We first emphasize that with covariance structures with the
same order of memory but different local behavior, we can get distinct rates of convergence to equilib-
rium. Secondly, we highlight that the computation of the asymptotic decay of the sequence involved
in the inversion of the Toeplitz operator (related to the moving-average representation) can be a very
technical task (see proof of Proposition 2.3).

Now, let us discuss about specific contributions of this discrete-time approach. Above all, our result
is quite general since, for instance, it includes discretization of (1.1) for a large class of Gaussian noise
processes. Then, in several ways, we get a further understanding of arguments used in the coupling
procedure. We better target the impact of the memory through the sequence both appearing in the
moving-average representation and the covariance function of the Gaussian noise. Regarding Step 1 of
the coupling strategy, the “admissibility condition” (which means that we are able to attempt Step 1
with a controlled cost) is rather more explicit than in the continuous-time setting. Finally, this paper, by
deconstructing the coupling method through this explicit discrete-time framework, may weigh in favour
of the sharpness of Hairer’s approach.

The following section gives more details on the studied dynamics, describes the assumptions required to
get the main result, namely Theorem 2.1 and discuss about the application of our main result to the case



of fractional memory in Subsection 2.6. Then, the proof of Theorem 2.1 is achieved in Sections 3, 4, 5, 6
and 7, which are outlined at the end of Section 2.

2 Setting and main results

2.1 Setting

Let X := (X,),>0 denote an Re-valued sequence defined by: Xj is a random variable with distribution
denoted by pg and
Vn 2 0, Xn+1 = F(XT“ An+1)7 (21)

where F: RYxRY — R? is continuous and (A, ),cz is a stationary and purely non-deterministic Gaussian
sequence. Hence, by Wold’s decomposition theorem [5] it has a moving average representation

VneZ, An=> arbu (2.2)
with

“+oo
{ (ar)k>0 € RN such that ag #0 and ;5 ai < +oo (2.3)

(€x)kez an i.i.d sequence such that & ~ N(0, Iy).

Without loss of generality, we assume that ap = 1. Actually, if ag # 1, we can come back to this case by

setting
“+o0
An = Z &ké-n—k
k=0

with aj, := %

Remark 2.1. The asymptotic behavior of the sequence (ax)r>o certainly plays a key role to compute the
rate of convergence to equilibrium of the process (Xpn)n>o0. Actually, the memory induced by the noise
process is quantified by the sequence (ag)k>o through the identity

Vn € Z,Vk 20, c(k):=E[AAnik] = Zazagﬁ_l

In the sequel, the state space of the process X and the noise space associated to ((An+k)r<0)n>0 Will be
respectively denoted by X := R? and W := (R%)? . These notations will be clarified in Subsection 3.1.

2.2 Preliminary tool: a Toeplitz type operator

The moving-average representation of the Gaussian sequence (A, ),cz naturally leads us to define an
operator related to the coefficients (ay)r>0. First, set

+oo
Vk > 0, Zalw—k—l < +oo}

0,(Z7 ,RY) = {wE(Rd)
=0

and define T, on /,(Z~,R%) by

“+o0
= <Z alw_k_l> . (2.4)
=0 k>0

Due to the Cauchy-Schwarz inequality, we can check that for instance ¢2(Z~,R?) is included in £, (Z~,R%)
due to the assumption Zk>0 a? < +oc. This Toeplitz type operator T, links (A, )nez to (&n)nez. The
following proposition spells out the reverse operator.



Proposition 2.1. Let Ty, be the operator defined on ly(Z~,R%) in the same way as Ta but with the
following sequence (by)k>0

1 1
bo = ;0 and Vk>=1, b, = —;O Zalbk,l. (2.5)
Then,
Vw € £,(Z7,RY), Tp(Ta(w)) = and  NYw € £, (Z7,RY),  Ta(Tp(w)) =w
that is Tp = Ta * and ly(Z~,RY) = Ta(ly(Z~ Rd))

Proof. Let w € £,(Z~,R%). Then let n > 0,

+oo
(T (Ta(w))—n =Y b(Ta(w)) -t
k=0
= Zbkzalw—n k1
400 400
= Z bra;—gw_p—; (by setting ¢ = k + 1)
k=0 i=k
(Th(Ta(w))) <Z bra;_ k) W_pj = W_p
=0 k=0
=0 except
for i=0
We show in the same way that for w € £,(Z~,R?), we have T(Tp(w)) = w. O

Remark 2.2. The sequence (bk)r>o is of first importance in the sequel. The sketch of the proof of
Theorem 2.1 will use an important property linked to the sequence (by)k>o: if two sequences u and v are

such that
n—1
Yn>1, wu,= Zakvn—k
k=0

then
n—1
Yn>1, wv,= Z brty k.
k=0

This reverse identity and the asymptotic behavior of (by)k>o0 play a significant role in the computation of
the rate of convergence.

The following section is devoted to outline assumptions on (ay)r>o0 and (bg)k>o0 and then on F' to get the

main result.

2.3 Assumptions and general theorem

First of all, let us introduce assumptions on (ax)r>0 and (bx)r>0. All along the paper, we will switch
between two types of assumptions called respectively the polynomial case and the exponential case.

Hypothesis (Hpoly): The following conditions hold,

e there exist p, 8 > 1/2 and C,,Cs > 0 such that

VE >0, |ag] <C,(k+1)"7 and Vk>=0, |bp|<Cs(k+1)7°



e there exist kK > p+ 1 and C,; > 0 such that

Vk >0, |ag —aps1] < Co(k+1)7".

Hypothesis (Hexp): There exist A, u > 0 and Cy, C,, > 0 such that,
Vk >0, |ag| < Che ™  and Vk > 0, |bk| < C’ue*“k.

Remark 2.3. > (Hpoly) and (Hexp) are general parametric hypothesis which apply to a large class of
Gaussian driven dynamics. These assumptions implicitly involve the covariance function of the noise
process (c(k))ren (see Remark 2.1) : there exists Cy > 0 and for all € € [0, p] such that p + & > 1, there
exists C’p’g > 0 such that

Cpe(k+1)77%  under (Hpory)
< < “pe poly
vk = 07 |C(k)| = { Cke_kk under (Hexp)

> (Hpoly) and (Hexp) also involve the coefficients appearing in the reverse Toeplitz operator Ta b (see
Proposition 2.1). Even though (ar)k>0 and (br)k>o0 are related by (2.5), there is no general rule which
connects p and . This fact will be highlighted in Subsection 2.6.

> Due to the strategy of the proof (coalescent coupling in a non Markovian setting) we also need a bound
on the discrete derivative of (ak)r>0-

Let us now introduce some assumptions on the function F' which defines the dynamics (2.1). Throughout
this paper F' : X x R? — X is a continous function and the following hypothesis (H;) and (Hz) are
satisfied.

Hypothesis (H;): There exists a continous function V : X — R¥ satisfying lim V(z) = 400 and

|z|—+00

3y € (0,1) and C > 0 such that for all (z,w) € X x RY,
V(F(z,w)) <AV(x) + C(1 + |w]).

Remark 2.4. We will see in Subsection 3.2 that this condition on F ensures the existence of an invariant
distribution (in a sense made precise below).

We define F: X x R x R* - X by F(x,u,y) = F(z,u+ y). We assume that F' satisfies the following
conditions:

Hypothesis (Hz): Let K > 0. We assume that there exists K > 0 such that for every x := (z,2/,,y)
in B(0, K)*, there exist Ax : R? — R%, My > 0 and Cf such that the following holds

e A, is a measurable, invertible and almost everywhere differentiable function such that A ! is also
measurable.

o forall u € B(O,R),

F(xaua y) = F(xlvAx(u)ay/) (26)
|det(Ja, (u))] = Cx (2.7)

e for all u € R?,
[Ax(u) —u] < Mg (2.8)

Remark 2.5. Let us make a few precisions on the arguments of F: z is the position of the process, u
the increment of the innovation process and y is related to the past of the process (see (4.7) for more
details). The boundary C'z and Mg are independent from x, ',y andy'. This assumption can be viewed
as a kind of controlability assumption in the following sense: the existence of Ay leads to the coalescence
of the positions by (2.6). This is of first importance to achieve the first step of the coupling procedure
(see Subsection 4.2).



We are now in position to state our main result. Let £((X4°),,>0) denote the distribution of the process X
starting from an initial condition pg (see Subsection 3.1 below for detailed definitions of initial condition
and invariant distribution) and for an invariant distribution p, denote by Spu, the law of the stationary
solution. Finally, we denote by ||.||7v the classical total variation norm.

Theorem 2.1. Assume (Hy) and (Hz). Then,
(i) There exists an invariant distribution p, associated to (2.1).

(i1) Assume that (Hpely) s true with p, 8 > 1/2 and p+ 8 > 3/2. Then, uniqueness holds for the invari-
ant distribution ji.. Furthermore, for every initial distribution pg for which [, V(x)Il% po(dx) <
400 and for all € > 0, there exists C. > 0 such that

IL((XES ks0) = Spiallry < Ce nm BP9,
where the function v is defined by

v(B,p) = sup min{1,2(p — o) }(min{e, 5, a+ 8 —1} —1/2).
ae(3v(3-9))

(i11) Assume that (Hexp) is true, then uniqueness holds for the invariant distribution .. Furthermore,
for every initial distribution pg for which [, V(x)IT% po(dz) < 400 and for all
p > 0, there exists C, > 0 such that

1L 0)k=0) = Spiallry < Cp n7P.
Remark 2.6. Assumption (Hg) is only required to perform the first step of the coupling strategy to get
(i) and (i) (see Section 4 for more details).

In the following subsection, we test the assumptions of our main result Theorem 2.1 (especially (H7) and
(H2)) on the Euler scheme of SDEs like (1.1).

2.4 The Euler Scheme
Recall that X = R?. In this subsection, set

Fp: XxR'—>Xx
(z,w) — x + hb(x) + o(z)w. (2.9)
where h > 0, b: X — X is continuous and o : X — My4(R) is a continuous and bounded function on

X. For all z € X we suppose that o(z) is invertible and we denote by o~!(x) the inverse. Moreover, we
assume that o1 is a continuous function and that b satisfies a Lyapunov type assumption that is:

(L1) 3C > 0 such that
Vee X, [bx)] <CQA+|z|) (2.10)

(L2) 33 € R and & > 0 such that ~
Ve e X, (x,b(z)) < B — alz)?. (2.11)

Remark 2.7. This function Fj, corresponds to the Euler scheme associated to SDEs like (1.1). The
conditions on the function b are classical to get existence of invariant distribution.

In this setting the function FJ, (introduced in Hypothesis (Hz)) is given by

Fr: XxRIxRY > x
(z,u,y) = x4+ hb(z) + o(x)(u + y).



Theorem 2.2. Let h > 0. Let Fy, be the function defined above. Assume thatb: X — X is a continuous
function satisfying (L1) and (L2) and 0 : X — Mg(R) is a continous and bounded function such that
for all x € X, o(x) is invertible and x — o~(x) is a continuous function. Then, (H1) and (Hz) hold
for Fy, with h > 0 small enough.

Proof. Set V(x) = |z|. Let us begin by proving that (Hy) holds with V for F}, with A > 0 small enough.
We have:

|Fy (2, w)|* = |2* + h2|b(2)|* 4 2h{z, b(z)) + 2(z, o (x)w) + 2h(b(z), o(z)w) + |o(x)w|>.
Then, using the inequality |(a,b)| < %(g[a* + 1]b[?) for all € > 0, we get

(o (e)u)] < S(elel? + Zlo@ul?) et (), o)) <

: (clb(a)? + Loyl

DN | =

Moreover, assumptions (L1) and (L2) on b give
|(b(x),2)| < B —ala* et [b(a)* < C1+ |2]).

Hence, we finally have
. ~ 1
|Fn (2, w)]* < |z + Ch? (1 + |2]?) + 2h(B — Glzf*) + ela* + glU(ﬂJ)UJ\2

~ h
+Che(1+|2*) + g\of(af)wl2 +o(z)w]?

- - h+1
< |x\2 +2h(8 — d|x\2) +C(e+ he + h2)(1 + |ac|2) + <1 + i—) |U(x)w\2.

Now, set ¢ = h? and choose h small enough such that C(e + he + h?) < @h. Therefore,
. h+1
B < Jaf 3 = dlaf?) + (1475 ) ool

where 4 = 23 4 &. Then

3

h+1
| Fiu(z,w)|? < (1 — ah)|z)® + hy + (1 + + > o (z)w|?.

By assumption o is a bounded function on R?. Then, there exists C' > 0 depending on h and o such that
| (2, w)[* < (1 —ah)|z]* +C (1 + |w]?).

Using the classical inequality va + b < y/a+ Vb, we finally get the existence of € (0,1) and C > 0 such
that for all (z,w) € R? x R?
| Fh (@, w)] < vlz|+ C (1 + fwl) (2.12)

which achieves the proof of (Hy).
We now turn to the proof of (Hz). Let K > 0 and take x = (z,2',y,y') € B(0,K)* Here we take
K = K. Hence, let us now define A,. For all u € B(0, K), we set

M) = 0~ @) (@) + 07 (@) (& — 2 + h() — b)) + o oy —y (213)
which is equivalent to Fj, (z, u,y) = Fp(z, Ax(u),3/) for all u € B(0, K).

Hence, for all v € B(0, K),
Ia, (u) = o2 )o (). (2.14)



Since 0,0~ ! and b are continuous, there exist Cx > 0 and mx > 0 independent from x such that for all
u € B(0,K),

|det(Ja, (u))] = Ck
[Ax(u) —u] < mg.

Then, we extend Ay to a continuous and invertible function in such a way that there exists Mg > mg
such that for all u € RY,
[Ax(u) —u] < Mk.

Finally, the function Fj, satisfies (Hg). O

The two following subsections are devoted to outline examples of sequences wich satisfy hypothesis (Hexp)
or (Hpoly). In particular, Subsection 2.6 includes the case where the process (Ay)nez corresponds to
fractional Brownian motion increments.

2.5 An explicit case which satisfies (Hexp)

In this subsection, we investigate an explicit exponential case with the following definition for the sequence
(%)k)o

ap=1 and VkeN* ap=C,e (2.15)
with C, € R. Let us recall that by = 1 (since ag = 1) and for all k > 1, we can get the following general
expression of by (see Appendix A):

(-1 u
be=) " > ax, (2.16)
p=1 %0 Eiyeonkp>1 i=1
kit +kp=k

A classical combinatorial argument shows that #{(k1,...,k,) € N* | ky +---+ k, = k} = (2:}) As a

consequence, when the sequence (ax)i>o is defined by (2.15), we can easily compute the coefficients by,
for k > 1,

Il
B

b, (=Co)Pe ™ M{(k1,. .., ky) €EN* | ky 4+ --- + k, = k}
p=1
k
_ Z (k - 1) (—C)Pe
p=1 p-1
b = —Co(1 — Cy)Fte . (2.17)

Hence, to satisfy (Hexp), we only need C, to be such that g := A—1In|1—C,| > 0 and then for all k € N*,
we get
|br| < Cpe 1k (2.18)

with C, > 0 a constant depending on C,,.

Remark 2.8. > In this setting where everything is computable, it’s interisting to see that the asymptotic
decrease of the sequence (|b|) is not only related to the one of the sequence (|ay|). For instance, if we take
C, <0, the simple fact that ag > 0 and a, < 0 for all k > 0 makes (by) diverge to +00 and nevertheless,
(lak|) decreases to 0 at an exponential rate.

> If we take Cy = 1, we can reduce (Ay)nez to the following induction

VneZ, Apii=Enpip+e A, (2.19)



2.6 Stationary Gaussian sequence of fractional type

Let H € (0,1). In the sequel, we will speak about stationary Gaussian sequence of fractional type if the
sequence (ay) is such that

VE >0, lag| <Co(k+1)"" and |ag —app1| < C,(k+1)~P+D (2.20)

with p:=3/2 — H.

As we will see below, this condition includes the case where (A,,),ecz corresponds to the fractional Brow-
nian motion (fBm) increments. Unfortunately, computing the rate of convergence of the corresponding
sequence (by)r>0 is a hard task and strongly depends on the variations of (ay)r>0. Actually, in Proposi-
tion 2.2 and 2.3, dealing with the same order of memory, we will see that the orders of rate of convergence
are really different. Note that the first proposition corresponds to the case where ay := (k + 1)_(3/ 2—H)
for all £ € N whereas the second deals with fBm increments.

Proposition 2.2. Assume (Hy) and (Hz). Let H € (0,1) and set p:=3/2— H € (1,3/2).
If for all k >0, a, = (k+ 1)7", then (ay) is of fractional type and we have |bg| < (k4 1)~?. Moreover,
if p > 3/4 Theorem 2.1 (i) holds with the rate

1{ (1-H)? if He(0,1/2]

vipp) =v(B/2=H3/2=H) =5\ (s _ 42 i He(1)2,3/4).

Remark 2.9. This result follows from the proof of the inequality |bx| < (k4 1)~ for all k = 0 which is
outlined in Appendix B. The key argument in this proof is the property of log-convexity of the sequence
(ak)ken, which means that for all k € N, a, > 0 and for k > 1, ai — ag—1ax+1 < 0.

As mentioned before, the terminology “fractional type” refers to the fractional Brownian motion. Indeed,
in a continuous-time setting, a famous and classical example of non-Markovian dynamics is SDE driven
by fBm

Recall that a d-dimensional fBm with Hurst parameter H € (0,1) is a centered Gaussian process (B;):>0
with stationary increments satisfying

Vt,s >0, Vi,je{l,...,d}, E (Bg—B;‘)(Bg‘—Bg)} = 5;;]t — s[2H.

The study by a coupling argument of the rate of convergence to equilibrium for this kind of dynamics has
been undertaken by Hairer [14]|, Fontbona and Panloup [11], Deya, Panloup and Tindel [9], respectively
in the additive noise, multiplicative noise with H > 1/2 and multiplicative noise with H € (1/3,1/2).
Here in our discrete-time setting, we are thus concerned by the long time behavior of (2.1) if we take for
h>0

(An)nEZ = (Bnh - B(n—l)h)nEZ (2-22)

which is a stationary Gaussian sequence. It can be realized through a moving average representation
with coefficients (a)x>o defined by (see [19]):

1\ H-1/2 1\ H-1/2
all = W k(H)2Y2~ " andfor k>1, aff = hfk(H) ((k + 2) - (k; - 2) ) (2.23)

where

~ /sin(mH)T(2H + 1)
“H) = T+

One can easily check that aff Pet Ch.u(k+1)=®/2=H) and |aff — a{jﬂ‘ <Cp ok + 1)~ (5/2-H),

Hence (af)k>o is of fractional type in the sense of (2.20). Now, the question is: how does the corre-
sponding (bf1) behave ? When H belongs to (0,1/2), only af! is positive and then (af’) is not log-convex.
Therefore, we cannot use this property to get the asymptotic behavior of (ka ) as we did in Proposition
2.2. However, thanks to simulations (see Figure la and 1b), we conjectured and we proved (see Appendix
E) the following proposition.



Proposition 2.3. There exists C} i > 0 such that for all H € (0,1/2)

vk > 0,

Then, if we assume (Hy) and (Hg), Theorem 2.1 (ii) holds with the rate

v(p,2—p)=v(3/2—H,H+1/2)

slope =-0.5999276

(a) parameter: H = 0.1

slope =-1.0999661

(c) parameter: H = 0.6

Figure 1: (log |bf]) according to (log(k + 1)) with different Hurst parameters H.

As concerns the case where H belongs to (1/2,1), we conjecture that (see Figure 1c and 1d)

Conjecture: There exists C’;L”H > 0 and Sy > 1 such that

Yk > 0,

10

b | < CF gy (k + 1)~ FH2), (2.24)
_ L[ H1-2H) i He(0,1/4]
T2 % if  He(1/4,1/2).
:: slope =-0.7999998
(b) parameter: H = 0.3
1 slope =-1.1990703
(d) parameter: H = 0.9
0] < Cy g (k+1)77%. (2.25)



Remark 2.10. We do not have a precise idea of the expression of By with respect to H. But, we can

2
note that if p < 1 and > 1 in (Hpoly), then the rate of convergence in Theorem 2.1 is v(p, B) = %
and does not depend on 8. Hence, if H € (1/2,1), p =3/2— H and By > 1, we fall into this case and

then the dependence of By in terms of H does not matter.

If the previous conjecture is true we get the following rate of convergence for H € (1/2,1) in Theorem
2.1: L

oo, ) = 0(3/2 — H, ) = T
Now, let us briefly discuss about those results. First, Proposition 2.2 and 2.3 indeed confirm that the
fluctuations of the sequence (ax)ren have an impact on (b )ren and on the corresponding rate of conver-
gence. Then, let us focus on the specific statements on fBm increments (especially Proposition 2.3 and
the conjecture below) and compare with the continuous time setting. When H belongs to (0,1/2) Propo-
sition 2.3 gives exactly the same rate of convergence obtained in [14, 9]. However, when H > 1/2 if the
conjecture is true which seems to be confirmed by simulations, we get a smaller rate than in a continuous
time setting. The reason for this may be that Theorem 2.1 is a result with quite general hypothesis on
the Gaussian noise process (A, )nez. In the case of fBm increments, the moving average representation is
explicit. Hence, we may use a more specific approach and significantly closer to Hairer’s, especially with
regard to Step 2 in the coupling method (see Subsection 5.2.2) by not exploiting the technical lemma 5.3
for instance. This seems to be a right track in order to improve our results in this precise example.

We are now ready to begin the proof of Theorem 2.1. In Section 3, we establish a Markovian structure
to define invariant distribution and to get the first part of the theorem, i.e. (i). Then, in Section 4 we
explain the scheme of coupling before implementing this strategy in Sections 5 and 6. Finally, in Section
7, we achieve the proof of (ii) and (iii) of Theorem 2.1.

3 Existence of invariant distribution

The stochastic dynamics described in (2.1) is clearly non-Markovian. We will see in this section how is it
possible to introduce a Markovian structure and then the notion of invariant distribution. This method
is inspired by [15].

3.1 Markovian structure

The first idea is now to look at (X, (Antr)k<o)n>0 instead of (X,,)n>0. Let us introduce the following
concatenation operator

U:WxRI—s W (3.1)

(w,0') = wUw'
where (w U w')g = w’ and Vk < 0, (wUw')g = wrs1. Then (2.1) is equivalent to the system
(Xnt15 (Ang14r)k<o) = @((Xns (Anir)r<o), Angr) (3.2)
where
0 (X XW) xR 5 X xW
((z,w),w") — (F(x,w"),wUw).
Therefore, (X, (An+k)k<0)n>0 can be realized through the Feller Markov transition kernel Q defined by

/ﬂ%mgmmwmwb/gmmwmme. (3.3)
w

Rd
where P(w,dd) := L(Ap+1](Antr)kgo = w) does not depend on n since (A,,) is a stationary sequence,
and g : X x W — R is a measurable function.
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Definition 3.1. A measure p € M1(X x W) is said to be an invariant distribution for (3.2) and then
for (2.1) if it is invariant by Q, i.e.

Qu = p.
However, the concept of uniqueness will be slightly different from the classical setting. Indeed, denote
by Su the distribution of (X%),>0 when we realize (X#, (An+k)k<0)n>0 through the transition Q and

n?

with initial distribution p. Then, we will speak of uniqueness of the invariant distribution up to the
equivalence relation: y ~v <= Sp = Sv.

Moreover, here uniqueness will be deduced from the coupling procedure. There exist some results about
uniqueness using ergodic theory, like in [15], but they will be not outlined here.

3.2 Lyapunov condition

Denote by P, the law of (Ay)r<o- Since (A, )nez is stationary we immediately get the following property:
Property 3.1. If a measure j1 € M(X x W) is such that IIj,u = P, then 11}, Qu = P,,.

We can now define the notion of Lyapunov function.

Definition 3.2. A function ¢ : X — [0,+00) is called a Lyapunov function for Q if 1 is continuous and
if the following holds:

(i) ¥=1([0,a]) is compact for all a € [0, +00).

(i) 38 >0 and o € (0,1) such that:
/ () Quu(de, dw) < B+ o / () (I 1) (d2)
X XW X

for all € My(X x W) such that I, =Py, and [, ¢ (z)(ITyp)(dz) < +oo.
The following result ensures the existence of invariant distribution for Q.

Theorem 3.1. If there exists a Lyapunov function i for Q, then Q has at least one invariant distribution
L, i other words Qu, = fiy.

A detailed proof of this result is given in Appendix C. Finally, we get the first part (i) of Theorem 2.1
about the existence of an invariant distibution by setting ¢ := V (with V the function appearing in (Hjy))
and by saying that v is a Lyapunov function for Q.

4 General coupling procedure

We now turn to the proof of the main result of the paper, i.e. Theorem 2.1 (ii) and (iii) about the
convergence in total variation. This result is based on a coupling method first introduced in [14], but
also used in [11] and [9], in a continuous time framework. The coupling strategy is slightly different in
our discrete context, the following part is devoted to explain this procedure.

4.1 Scheme of coupling

Let (Al),ez and (A2),cz be two stationary and purely non-deterministic Gaussian sequences with the
following moving average representations

1 w 1
An = Z aké‘nfk:
k=0
+oo

A =3 arél_y
5=0
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with

(C_Lk)k?OE RY such that a9 =1 and Z:(:)E a; < o0 (4.1)
& = (& )rez an ii.d sequence such that & ~ N (0, 1) for i = 1,2.
We denote by (X', X2) the solution of the system:
{ Xr;wrl = F(Xém Aéﬂ) (4.2)
Xn+1 = F(er An—&-l)

with initial conditions (X{, (A})k<o) and (X&, (A%)r<o). We assume that (X3, (A%)k<0) ~ px where
s denotes a fixed invariant distribution associated to (2.1). The previous section ensures that such a
measure exists. We define the natural filtration associated to (4.2) by

(Fr)nen = (0((&0)kgns (€0 k<ns X5 X3))nz0-
To lower the “weight of the past” at the beginning of the coupling procedure, we assume that a.s,
(AR)k<o = (ARk<o

which is actually equivalent to assume that a.s (5,1);6@ = (fi)kgo since the invertible Toeplitz operator
defined in Subsection 2.2 links (A% )k<o to (£)r<o for i = 1,2. Lastly, we denote by (gn)nez and (fn)nez
the random variable sequences defined by

571L+1 = 572z+1 +9g, and Ai-ﬂ = AEL-H + fn. (4.3)

They respectively represent the “drift” between the underlying noises (£}) and the real noises (A%). By
assumption, we have g, = f, = 0 for n < 0.

Remark 4.1. From the moving average representations, we deduce immediately the following relation
for allm >0,

—+oo n
fn = Zakgnfk = Zakgnfk (4.4)
k=0 k=0

The aim is now to build (g, )n>0 and (f,)n>0 in order to stick X! and X?. We set
Too =inf{n > 0| X} = X7, Vk >n}.

In a purely Markovian setting, when the paths coincide at time n then they remain stuck for all £ > n by
putting the same innovation into both processes. Due to the memory this phenomenon cannot happen
here. Hence, this involves a new step in the coupling scheme: try to keep the paths fathened together
(see below).

Recall that £((X?)g>n) = Spix. The purpose of the coupling procedure is to bound the quantity P(7o, >
n) since by a classical result we have

IL((XiDkzn) = Shellrv < P(roe > ). (4.5)
Hence, we realize the coupling after a series of trials which follows three steps:

* Step 1: Try to stick the positions at a given time with a “controlled cost”.
*x Step 2: (specific to non-Markov processes) Try to keep the paths fastened together.

x Step 3: If Step 2 fails, we wait long enough so as to allow Step 1 to be realized with a “controlled
cost” and with a positive probability. During this step, we assume that g, = 0.

More precisely, let us introduce some notations,

13



o Let 79 > 0. We begin the first trial at time 79 + 1, in other words we try to stick X‘}(H-l and X30+1'
Hence, we assume that
Vn <719, gn=fn=0. (4.6)

e For j > 1, let 7; denote the end of trial j. More specifically,
> If 7; = 400 for some j > 1, it means that the coupling tentative has been successful.

> Else, 7; corresponds to the end of Step 3, that is 7; + 1 is the beginning of Step 1 of trial j + 1.

The real meaning of “controlled cost” will be clarified on Subsection 5.1. But the main idea is that at Step
1 of trial j, the “cost” is represented by the quantity g,,_, that we need to build to get Xi’—1+1 = ij—1+1

with positive probability. Here the cost does not only depend on the positions at time ;-j_l but also on

all the past of the underlying noises &' and £2. Hence, we must have a control on gr;_, in case of failure
and to this end we have to wait enough during Step 3 before beginning a new attempt of coupling.

4.2 Coupling lemmas to achieve Step 1 and 2
This section is devoted to establish coupling lemmas in order to build (£, &%) during Step 1 and Step 2.

4.2.1 Hitting step

If we want to stick X' and X? at time n+1, we need to build (£},4,£2, ) in order to get FI(X}, A} ;) =
F(X2,AZ_ ) with positive probability, that is to get

+o0 foo
E (Xrln aofrlwrl + Zakgrlwrlk) =F (X'?w aofiﬂ + Zakfgwrlk)
k=1 k=1

+o0 too

= (5 S adn) 7 (5 o Sugt) (1)
k=1 k=1

since ap = 1. The following lemma will be the main tool to achieve this goal.

Lemma 4.1. Let K > 0 and p := N(0,14). Under the controlability assumption (Hz), there exists
K >0 (given by (Hz)), such that for every x := (z,2,y,y') in B(0, K)*, we can build a random variable
(Zy, Zy) with values in (R?)? such that

(1) L(Z1) = L(Z2) = p,

(ii) there exists 5 > 0 depending only on K such that

P(F(x, Z1,y) = F(a', Za,y')) > P(Zy = M(Z1),|Z1| < K) 2 6 >0 (4.8)
where Ay is the function given by hypothesis (Ha),
(i) there exists Mg > 0 depending only on K such that

P(|Zy — Z1| < Mk) = 1. (4.9)

Proof. Let x := (z,2',y,y’) € B(0, K)*. First, let us denote by 7 (resp. m2) the projection from R¢ x R?
to R? of the first (resp. the second) coordinate. Introduce the two following functions defined on R?

A1 TUp > (ul,Ax(ul))
AQ U2 > (A;l(UQ),UQ)

where Ay is the function given by (Hz). Now, we set

1 * *
P, = §(A1N A A ).
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Let us find a simplest expression for P;. For every measurable function f: R? x R — R, , we have

N = [ Flun, M) () :‘/“ F (i, 426y (duiz) ()
R4 Rd xRd
and

Aéu(f)==}/ FAZ (), ) a(duz)

1 |us|®
271_)(1/2 /Rdf Ug) exp <— 5 dugy

U1 2 . _
@;p@fw xm<mﬁ”)mmummmlwwmmmaww
uy |? x(u1)[?
= [ st Antunesp (135~ BUEY qer(n () )
=:Dp, (u1)

:/]Rd i Ju1,u2)0n, (uy)(dug) Do, (1) p(duy).

By construction, we then have

Py (duy, dus) = %6Ax(ul)(du2)(DAx () A Dpa(duy). (4.10)
Write S(u1,uz2) = (uz,u1) and denote by P, the “symmetrized” non-negative measure induced by P,
P, =P, + S*P;. (4.11)
We then define (Z1, Z3) as follows:
L(Zy,Z) =P+ A*(u—miP) =Py + Py (4.12)

with A(u) = (u,u) and Py = S*P1 + A*(u — 7¥Py). It remains to prove that £(Z1, Z5) is well defined
and satisfies all the properties required by the lemma.

First step: Prove that P is the sum of two non-negative measures.
Using (4.10), we can check that for all non-negative function f,

RP(f) < )

and
1

mP1(f) = 7 (S"P1)(f) < Sulf).

By adding the two previous inequalities, we deduce that the measure y — 7} P, is non-negative. This
concludes the first step.

Second step: Prove that 7§ (P + P3) = 75 (P1 + P2) =
This fact is almost obvious. We just need to use the fact that

’/TloA:T('QOA:Id
and the symmetry property of Py,

i.e. 7TTP1 = W;Pl.
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Third step: Prove (4.8) and (4.9).
Let us first remark that the support of P 4+ P5 is included in

{(u,v) €RI xR | v = Ay(u)} U{(u,v) € RTx R? | v = A ()} U{(u,v) € R x R? | v = u}.
Therefore, by (2.8) in (Hz) and the fact that
(Vu € R, |Ax(u) —u| < Mg) <= (Vu R |AL (u) — u| < Mg)

since Ay is invertible on R?, we finally get (4.9).
Then, using again (Hg) where K is defined and the definition of the subprobability P; we get

P(F(z, Z1,y) = F(2', Z2,y)) > P1(B(0, K) x A(B(0,K))) (4.13)
=P(Zo=Ax(Z1),|Z1|<K)
and )
P(Ze = M2 |21 < K) =5 [ (Dy () A ().
B(0,K)
It just remains to use (2.7) and (2.8) in (Hz) to conclude. Indeed,
- 1 ul? Ay (u)?
P(Zy = Ax(Z1),|Z1| < K) = 5/ i (exp <2| - |(2)|> det(JAx(u))> A1 p(du)
B(0,K)
1 _ My + K)?
> §M(B(O,K)) l(exp <(K;)> Oi{) A 1] =0z >0
which concludes the proof. O

4.2.2 Sticking step

Now, if the positions X} 41 and X2 41 are stuck together, we want that they remain fastened together for
all £k > n + 1 which means that:

Vk>n+1, F(Xp,ALg)=FXP A0L)

+0o too
— Vk>=n+1, F(Xlivfli+l + Zal§i+1—l) = F(X117§,3+1 + Zazﬁﬁﬂ_z) (4.14)
=1 =1

since X} = X7 and a9 = 1. Recall that for all k € Z, g, = &} — &7, is the drift between the underlying
noises. Then, if we have

—+oo —+oo
VE=n+1, &g+ ZalgliJrlfl =&+ Zalfi+14
=1 =1

+oo
<~ Vkzn+4+1, gy=-— Zalgk_l (415)
=1

the identity (4.14) is automatically satisfied.

Remark 4.2. The successful gy, defined by relation (4.15) is Fi-measurable. This explains why we chose
to index it by k even if it represents the drift between fiﬂ and E%H.

Hence, we will try to get (4.15) on successive finite intervals to finally get a bound on the successful-
coupling probability. The size choice of those intervals will be important according to the hypothesis
(Hpoly) or (Hexp) that we made. The two next results will be our tools to get (4.15) on Subsection 5.2.
For the sake of simplicity we set out these results on R. On R? we just have to apply them on every
marginal. Lemma 4.2 is almost the statement of Lemma 5.13 of [14] or Lemma 3.2 of [11].
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Lemma 4.2. Let y:=N(0,1). Let a € R, b > |a| and M), := max(4b, —21og(b/8)).
(i) For allb > la|, there ewist &, and &; € (0,1), such that we can build a probability measure N7, on
R? with every marginal equal to v and such that:

Ny (@) ly=a+a}) 208, and NZ,({(z,9) | [y — 2| < Mp}) = 1.

(ii) Moreover, if b € (0,1), the previous statement holds with §; =1 — b.
The following corollary is an adapted version of Lemma 3.3 of [11] to our discrete context.

Corollary 4.1. Let T > 0 be an integer, b >0, g = (go, g1, - - -, g7) € RTT! such that ||g|| < b where ||.||
is the euclidian norm on RTT! and set My := max(4b, —21og(b/8)).

(i) Then, there exists 6} € (0,1), for which we can build a random variable ((£i+1)k€ﬂ0,Tﬂ7 (5,34_1);66[[0’7«]])
with values in (RTT1)2 with distribution N'(0, IT41) and satisfying:

P (5114-1 = 5134-1 +9gr Vk € [[O7T]]) > by

and
P(lle" — €l < My) = 1.

(ii) Moreover, if b € (0,1), the previous statement holds with §; =1 — b.

Proof. Let (ug)refo, ] be an orthonormal basis of R+ with ug = ﬁ. We denote by (Uy, Us) a random

variable which has distribution N7, (with a = [|g||) given in the lemma 4.2. Let (¢x)reqr,r] be an iid
random variable sequence with £; ~ N(0,1) and independent from (Uy,Us). Then, for ¢ = 1,2 we define
the isometry:
wi: RTH 5 WiRTHY) c L2(Q, F,P)
UuQ — U; (416)
Ug — e for ke[1,T].

And we set for all n € [0,T], &, := W(e,) where e, is the vector of RT™! for which every coordinate
is 0 except the n*® which is 1. Since (uk)kefo,r] is an orthonormal basis of RT+! we then have:

T

en = Z(en,uk>uk.

k=0
Hence,
T p T
:1—}-1 = W’L <Z<6n,Uk>Uk> == Uz@ + Z<en7uk>€k'
k=0 k=1

&l .1 is clearly centered and Gaussian as a linear combination of independent centered Gaussian random
variables and using that W' is an isometry, we get that (£} ,;)refo,r] has distribution N(0,Ir41) for
i = 1,2. Therefore, we built £! and ¢? as anounced. Indeed, by Lemma 4.2

P& =61+ gn Yne[0,T]) =P (Uy = U+ |gl) > 6

and
P(ll¢! = €| < My) = P(|Us — Us| < Mp) = 1.

(it) also follows immediately from Lemma 4.2.

5 Coupling under (Hpory) or (Hexp)
We can now move on the real coupling procedure to finally get a lower-bound for the successful-coupling

probability. In a first subsection, we explain exactly what we called “controlled cost” and in a second
subsection we spell out our bound.
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5.1 Admissibility condition
The “controlled cost” is called “admissibility” in [14]. Here, we will talk about (K, a)-admissibility, as in
[11], but in the following sense:

Definition 5.1. Let K > 0 and o > 0 be two constants and T a random variable with values in N. We
say that the system is (K, «)-admissible at time 7 if 7(w) < +00 and if
(X1 (w), X2(w), (€1 (), 2 (@))ner) satisfies

—+oo
Z Ak Grn—k(W)| < vp (5.1)
k=n-+1
and
| X (w Zaka_H LW <K fori=1,2 (5.2)
with
Uy = (n+1)7% under (Hpoty) and v, =e *" under (Hexp). (5.3)

Remark 5.1. On the one hand, condition (5.1) measures the distance between the past of the noises
(before time 7). On the other hand, condition (5.2) has two parts: the first one ensures that at time T
both processes are not far from each other and the second part is a constraint on the memory part of the
Gaussian noise A%,

The aim is to prove that under those two conditions, the coupling will be successful with a probability
lower-bounded by a positive constant. To this end, we will need to ensure that at every time 7;, the
system will be (K, a)-admissible with positive probability. We set:

Q}LT = {w,T < 400, Z argrin—k(W)| < vy VneN} (5.4)
k=n+1
and
Q%(’T = {w,T(w) T(w)‘ < K and Zak§;+17k(w) <K fori= 172} . (5.5)
k=1
We define
Qkar =5 NV . (5.6)

Ifw € QK o,r, we will try to couple at time 74 1. Otherwise, we say that Step 1 fails and one begins Step
3. Hence, Step 1 of trial j has two ways to fail: either w belongs to Q% s and one moves directly to

Step 3 or w belongs to Qg o r,_,, one tries to couple and it fails.

5.2 Lower-bound for the successful-coupling probability

The main purpose of this subsection is to get a positive lower-bound for the successful-coupling probability
which will be independent of j (the number of the tentative), in other words we want to prove the following
proposition
Proposition 5.1. Assume (Hy) and (Hz). Let K >0, a > 3V (2 — B) if we are under (Hpory) and
a > 0 different from p if we are under (Hexp). In both cases, there exists §g in (0,1) such that for all
Jj=z1

do < (AT = +OO|QK a,T;

j—1

) (5.7)

where At; :=T1; — 7j_1 and 7; is defined in Subsection 4.1 as the end of trial j.

Another result will appear in this subsection: a lower-bound (independent from j5) of the failure-coupling
probability, that is we can choose d; € (0, 1) such that

Vi>1, &1 <P(r; <oo|mjo1 < o0). (5.8)

This result may appear of weak interest but will be of first importance in Subsection 6.2 and we will get
this bound thanks to Step 1, that is why we talk about this here.
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5.2.1 Step 1 (hitting step)

Lemma 5.1. Let K > 0 and a > 0. Assume (Hy) and (Hgz). Let K > 0 be the constant appearing in
(Hz), 61 € (0,1) and T be a stopping time with respect to (Fy)nez such that P(Qk q.-) > 0.
We can build (&L, &2, ) with &1 ~ N(0,14) and &, ~ N(0,14) such that
(i) There exist K; € (0, K] and dg, € (0,1) such that
P(Xiﬂ = X3+1|QK,a,T) = P( 3+1 = Ax( i+1)a ‘§i+1| < K1 [Qkar) 20k, >0 (5.9)
and

P ( K.oY ({£3+1 # Ax(Ehy) or &5, > K1} Qk,a,r)) =61 (5.10)
where x 1= (Xﬁ7 X2, S ant g i ak§£+1_k> and Ax comes from (Hz).
(i) There exists Mg > 0 such that
l9-| = |f$+1 - §3+1| < Mg as.

Remark 5.2. The constant 61 is chosen independently from K and a.

Before proving this result, let us explain a bit why we add the lower-bound (5.10). As we already said,
we will see further (in Subsection 6.2) that we need a (uniform) bound on the failure-coupling probability
P(1; < oo|Tj—1 < 00) for every j > 1. Therefore, for every j > 1, we will consider that Step 1 of trial j

fails if and only if w € Q% , . U ({53J,_1+1 # Ax(fij_ﬁ_l) or |§ij_1+1| > KN QK7Q7TJ._1) and in this
case one immediatly begins Step 3. Hence, for all j > 1, thanks to Lemma 5.1 we get the existence of K;

such that:
]P(Tj <OO|Tj,1 < OO)
> P (Qar, U ({810 # A€ ) or 1Ll > K1} N @k, ) ) = 61

This construction may seem artificial but it is necessary to prove Proposition 6.2. Moreover, this has no
impact on the computation of the rate of convergence to equilibrium since it only affects Step 1. We can
now move on the proof of Lemma 5.1.

Proof. (i) Set x := (Xi7 X2, 350 anel e S0 ak§3+1_k). Conditionnally to Qf o, we have

x € B(0, K)* and we can build (Z1, Z3) as in Lemma 4.1. Let £ ~ N(0,1) be independent from (Z, Z5)
and set

(641, 8200) = Mogen . Zr+ Log & lag, Zo+1og  £). (5.11)
Therefore, we deduce by Lemma 4.1 and its proof that for all K; € (0, K],
P(Xti1 = X2 |Q%k.0,0) = P(Zo = Ax(Z1), |Z1] < K1 [Qk.a,r) = 0k, > 0. (5.12)

:P(E?—+1:AX(£}—+1)’ |§71—+1 ‘gKl |QK,a,‘r)

And the first part of (i) is proven. It remains to choose the good K; € (0, K’] to get the second part. Set
pr = P(Qk,a,-) and p:= N(0, I;), then
P( K.ar U ({€3+1 #Ax(Eyy) or [€h]> Kibn QK a,7))
=1-pr +prP ({534—1 # Ax( i+1) or |§i+1| > K1}|QK,a,7)
= 1—-pK +pK]P(|§71—+1‘ > K1|QK,a,T>
2 1—=pr +pep(B(0, K1)°) =1 —px +px (1 — p(B(0, K1)

where the last inequality is due to Lemma 4.1 one more time. Finally, it remains to choose K; € (0, K]
small enough in order to get 1 — px + pr (1 — pu(B(0, K1)) = 1.

(i) If w € QK o,r, by the previous construction and Lemma 4.1, we have |g, (w)| = | Z1(w) — Z2(w)| < M.
And if w € Q% , . then |g;(w)| = |{(w) — {(w)| = 0 which concludes the proof of (ii). O
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To fix the ideas let us recall what we mean by “success of Step 1”7 and “failure of Step 1” of trial j (j > 1) :

{success of Step 1} = Qx o7, N {§3j71+1 = Ax(gij71+1), |§ij71+1| < Ky} (5.13)

{failure of Step 1} = 5, . U ({gEHH # A€l 1) or €Ll > Kiyn QK,Q,TH) (5.14)
+oo +oo
where x := (Xij,la XTQJ.,N Ek:() akfij_lﬂ—ka Zk:() akgzj_1+1—k)'

5.2.2 Step 2 (sticking step)

Step 2 of trial j consists in trying to keep the paths fastened together on successive intervals I;,. More
precisely, during trial j, we set

L= {ijl +1}, L= [[T];l +2,7;_1 +2c2 — 1]
and V0>2, Ijg:= 71 +case, 7 g + casepr — 1] (5.15)

where ¢y > 2 will be chosen further and with

2 under (Hpoly)
S _ poly
VE22, s { ¢ under (Hexp). (5.16)
We denote
Gi=sup{l>1|Vn€ljii, gn1= gflsll} (5.17)
where gitsll is the successful-coupling drift defined by (4.15), i.e. 9521 = 72;;0{) a1gn—1—1- In other

words, I+ is the interval where the failure occurs. If {=21Vneljiyq, g1 = 955)21} = ), we adopt
the convention ¢; = 0, it corresponds to the case where the failure occurs at Step 1. When £ = +o0,
trial j is successful. For a given positive o and K > 0, we set

ijg = QK,Q’TJ,71 N {é; > f} Vi>1,0>0. (518)

which means that failure of Step 2 may occur at most after ¢ trials. With this notations we get
+oo
P(A7; = +00|Q%k a7, ) = P(success of Step 1 |Qx a7, ) [[ P(BjelBje-1) (5.19)
=1

where the event {success of Step 1} is defined by (5.13).

Remark 5.3. There is an infinite product in this expression of the successful-coupling probability. Hence,
the size choice of the intervals I, defined in (5.16) will play a significant role in the convergence of the
product to a positive limit.

In the following lemma, similarly to the above definitions, we consider for a stopping time 7 the intervals
(Ir.¢)r>1, the integer £% and the events B, ¢, replacing Ti_1 by 7.

Lemma 5.2. Let K > 0, assume (Hy) and (Hy). Let a > 3V (2 — B) under (Hpoly) or o > 0 different
from p under (Hexp). Let T be a stopping time with respect to (Fp)nez (defined in Subsection 4.1) and
assume that the system is (K, «)-admissible at time 7, then there exists Cx > 0 such that for co > 2 large
enough the successful drift ¢ satisfies

fore=1, |g¥|.., <Cx

and
1/2

T+caspp1—1 9 )
Ve > 2, ||g<s>||ff,e=< ) W%) <27

k=1+casy
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min{e, f,a+ 8 -1} —1/2—¢ foralle >0 under (Hpoly)

min(c, 1) under (Hexp)
Therefore, for all € > 1, we can build thanks to Corollary 4.1 ((§})ker, ., (§2)ker,.,) during Step 2 in such
a way that

where & :=

P(B;1|Bro) =0k and VL>=2, P(Bry|Brg 1) =1-2"%
where 6% € (0,1).
Moreover, if 2 < 0F < 400, there exists Co, > 0 independent from K such that

T+0255;+171 1/2

> gl <Caltz+1)

k=T-+cas,x*
x

and if £ =1, ||g||1,, < Ck for some constant Cy > 0.

Remark 5.4. > Under hypothesis (Hpory) the condition a > £V (3 — B8) will ensure that

min{a, f,a+ -1} —1/2 > 0.

> In the polynomial case, for technical reasons & depends on € > 0. This expression allows us to put
together different cases and simplify the lemma. Indeed, if (o, B) ¢ {1} x (0,1]U (0,1] x {1}, we can take
e=0.

To prove this lemma we will use in the polynomial case the following technical result which a more precise
statement and a proof are given in Appendix D.

Lemma 5.3 (Technical lemma). Let « > 0 and 8 > 0 such that a4+ > 1. Then, there exists C(a, 8) > 0
such that for every e > 0,

Vn>0, > (k+1)P(n+1-k) "< C(a,B) (n+1)" minlaforitite
k=0

When («, 8) ¢ {1} x (0,1] U (0,1] x {1}, we can take € = 0 in the previous inequality.
We can now move on the proof of Lemma 5.2.

Proof. Let us prove the first part of the lemma, namely the upper-bound of the £2 norm for the successful-
coupling drift term on the intervals I;. Indeed, the second part is just an application of corollary 4.1.
Since the system is (K, «)-admissible at time 7, we get by (5.1)

—+oo
§ Akgr+n—k
k=n-+1

Vn > 0, < vp,.

But, if Step 2 is successful, we recall that by (4.15) the successful drift satisfies
—+oo
Vn > 1, ggn == Z akYr+n—k
k=1
and then

n 400
Vn > 1, Zakgi“infk =— Z akGrin—k and we set  wg:= aogf) = gf).
k=0 k=n+1

=lUn

Therefore thanks to remark 2.2 this is equivalent to

n
Vn > 0, gis_zn = Z b Up—k-
k=0

21



By the admissibility assumption, we have Vk € {0,...,n — 1}, |up—k| < vp—k and by Lemma 5.1 (ii),
|ug] < Mg. Hence, we get

¥ >0, 950, < Mic > [belva—r. (5.20)
k=0

e Polynomial case: Assume (Hpoly). Then for all n > 0, v, = (n +1)~* with o > % Vv (% — B).
Here, (5.20) is equivalent to

V>0, |grl| < MGy Y (k+1) P (n+1-k)°
k=0
< M}( (n + 1)7 min{a,ﬁ,aJrﬁfl}Jrs.
for all € > 0 by applying the technical lemma 5.3 and setting M}, := C(a, B)MgCjs.
We then set & := min{«,S,a +8—1} —1/2 —¢.
Hence, for all £ > 2,

1/2
T2t 1 /
(s) _ ) \°
g ||If,e— E Ir-1
k=1T+cy2¢
1/2
o2ttt -1 /
/ —2a—1
< [Ty ke
k=cy2*
1/2

< M x (22" x (229729717 = Mpee; ¥279

It remains to choose cg > 2V (M) to get the desired bound.

e Exponential case: Assume (Hexp). Then for all n > 0, v, = e~ *" with o > 0 and o # p.
Here, (5.20) is equivalent to

Vn >0, |g7(_5+)n| < MKCM Z e-#ke—a(n—k)
k=0
< M}( e~ min{a,p,}n.

by setting M}, := MgC,,. We then set & := min(a, p).
Hence, for all £ > 2,

T4co(0+1)—1 9 1/2
(s) _ (s) )
oo ={ > (a2
k=T+CgZ
ca(f41)—1 1/2

g M}( Z 672&(]671)

k:cﬂ

e—2d(c2t—2) ) 1/2
< My x (2~ [1- e_QO‘CZ]) (by integral upper-bound)

Q

< e % (by choosing ¢ > 2 large enough)
<9t

For ¢ =1, in both polynomial and exponential cases, the same approach gives us the existence of Cx > 0
such that

||g(5) ||I7',1 < CK

By combining Lemma 5.1, Lemma 5.2 and the expression (5.19) we finally get Proposition 5.1.
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6 (K, a)-admissibility
6.1 On condition (5.1)

Let Atéj ) be the duration of Step 3 of trial j for j > 1. The purpose of the next proposition is to prove
that thanks to a calibration of Atgj ), one satisfies almost surely condition (5.1) at time 7;.

Proposition 6.1. Assume (Hy) and (Hz). Let a € (3V (2 —8),p) if we are under (Hpoly) and

a € (0,A) different from p if we are under (Hexp). Assume that for all j > 1,

AL — t*§j26€; with 8 > (2(p — )™ under (Hpoly)
3 te+¢7 + 00 with 0 >0 under (Hexp)

where L5 is defined in (5.17) and with ¢ > 1 arbitrary. Then for every K > 0, there exists a choice of t.
such that, for all j > 0, condition (5.1) is a.s. true at time 7; on the event {T; < +oco}. In other words,
forall j >0,

B(QL, |{7; < +oc}) = 1.

Proof. Let us begin by the first coupling trial, in other words for j = 0. We recall that g = 0 for all
k < 7o (see (4.6)), therefore
Vn = 0,

—+oo
Z Ak Gro+n—k| = 0< v,

k=n-+1

and then condition (5.1) is a.s. true at time 7,. Now, we assume j > 1 and we work on the event
{r; <+oo} (D {7, <+oo}forall 0 <m<j—1).
Let us prove that on this event we have

1 =
- § akgr.+n—k
ag 7
k=n+1

Vn >0, < vp,.

Set u,, := Z;ZOZH kYT, +n—k- Since g = 0 for all k < 79, we get

n+‘rj—7'g

Up = § ak?gTjJr’ﬂfk?'

k=n-+1

Let us now separate the right term into the contributions of the different coupling trials. We get

J n+Tj_T'm,71 7 Tm—l
Up = § E ag gTj—&-n—k, = § § an+7'j—k gk
m=1 k:n+'rjf‘rm+1 m=1 \k=7, _,

(¥)m

and ()., corresponds to the contribution of trial m, divided into two parts: success and failure. We have
now to distinguish two cases:

First case: ¢, > 1, in other words the failure occurs during Step 2. We recall that in this case the system
was automatically (K, a)-admissible at time 7,,,_1, which will allow us to use Lemma 5.2 on 7, 1.
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Then, since g, = 0 on [7,,—1 + c28¢x 11, T — 1] by definition of Step 3 of the coupling procedure,

Tm—1tC28ex 411

(*)m = Z a‘TL-‘rT]-—k} gk

k:Tan71
caspx —1 c2sep, #1771
= § an+7'j77'7n_17]€ 9. | +k + E anJr'rjf’rm_lfk 7,1 +k
k=0

k):cz S[';(n

success failure
We have now to make the distinction between the polynomial and the exponential case.
> Under (Hpory): s¢ = 2°, |ax| < Cy(k+1)7 and then af < C2(k+1)"2°

Using Cauchy-Schwarz inequality, the domination assumption on (ay), and the fact that

n+7j—Tm71—k+1>n+Tm—Tm71—k—i—l:Atgm)—i—cﬂéT"H—i—n—k

we get,
. 1/2 . 1/2
c22fm —1 / c22fm —1 /
2 2
|success| < E Upgr 7~k E [2S—
k=0 k=0
. 1/2 . 1/2
c22fm —1 / c22fm —1 /
_92 2
<G, § (n"‘Tj T —k+1)77 § |g'rm_1+k|
k=0 k=0
. 1/2 . 1/2
CzZem —1 / C22e7” -1 /
(m) 2841 —2 2
<G, (At5™ + 2 4 — k)% > |gr ikl
k=0 k=0
. 1/2
AtS™ a2t 4n 228 —1 1/2
— —2p 2
= Op E k E ‘g‘l'm71+/€‘
k=At™ +¢225m 4n+1 k=0
. 1/2
Lo —
. (m) o 1/2 c22 1 )
<Gy (022 m(n+ Aty™) ) E ‘g'f'?nfl'i‘k‘
k=0
By the same arguments, we obtain
. 1/2
12 a2t 1 ) /
. £y, (m) —2p
[failure| < C, <022 (n+ Aty™) Gr, _ +k
k=c22%m
Hence, by the triangular inequality, we have
. 1/2
. 1/2
6221{777'71 5 / ce'm‘*’lil 5
o /2 (m)y—
(Wl < Cov@2 24 M) [ () | 4 [ (0mek)
k=0 k:cz2[:n
@ @
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Since £; > 1, by Lemma 5.1 (ii) and Lemma 5.2, we have

£, —1 +00
(1) < Mg + Z g1, < Mk + Ck + 22_O‘e =:Ck
=1 =2
and
(2) < max(C,, Cy)(L:, +1).
Therefore

(ml < CR 257265, +1) (n+ A8) (6.1)

where Cg) := max(C,, Ct, Ck).
Moreover, recall that under (Hpoly)

Atém) = t,™2%m with 6> (2(p — ) and ¢ > 1. (6.2)
Plugging the definition of Atém) into (6.1) and using that for all 2,y >0, (z+4y) » <z~ P~y
[l < CR22(E, + Dt AK) 7
< OR (5, +1)20/2700= b (1 m)=(0=0) (5 4 1)~ (6.3)
Since 0 > (2(p — a))~! we have

Co,x = sup C}?)(g* + 1)2(1/2—0(1)—(1))@* < +o00,
£*>0

and (6.3) yields
|| < Ca ke (t:6™) "= (0 +1)"  under (Hpory)- (6.4)

> Under (Hexp): s¢ = £, |ax| < Cre ™ ** and then ai < C3e 2N

Since the proof is almost the same in the exponential case, we will go faster and skip some details.
Using again Cauchy-Schwarz inequality, the domination assumption on (ay), and the fact that

nN+T =Ty —k=2n+71, —T 1—k:At§,m)+C2(£:1+1)+”_k_1

m—

we get

o 1/2
Che? iy [P 2
—A(n+Aty™
|success| < me (ntat) Z [——
k=0
and by the same arguments,
Cyre? (m) e2bpt D=1 2 2
: A —A(n+Aty™
|failure| < \/ﬁe (nt+At3™) E ng71+k‘
k:CQZ,Tn

As in the polynomial case, by using Lemma 5.1 and 5.2 we get the existence of C’g’) > 0 such that

()] < CD (05, + 1)e A HAE™), (6.5)

25



Moreover, recall that under (Hexp)

AE™ =, 4™ 4007, with 0> 0and ¢ > 1. (6.6)

(m)

Plugging the definition of Aty into (6.5), we get

[(m| < O (€, + 1) Al
< OS) (E:n + l)ef(/\foz)Atém)efan

_ CE?)(E:;L + 1)67()\7a)(t*+§m+06fn)efom'

We set
Cl, x = sup C’S) (0F +1)e A= « 4o,
>0
And this gives us
[(%)m| < &Ke*()‘*a)(t*“ e~ ynder (Hexp)- (6.7)

Second case: ¢}, = 0, in other words, failure occurs during Step 1. This includes the case when the
system is not (K, «)-admissible at time 7,,_1.

We have

($)m = Antr,—7 gr

m—1 m—1

By Lemma 5.1 (ii), |g- _ | < Mk.

Moreover, since n+ 7, — 7, >n+7,—T,_1 =1+ Atém), we obtain by using the same method as in

i m—1
the first case,

My (tos™)~ =) (n + 1)  under (Hpory)

< m .
|(%)m| < { Mpce~ A=) (tats™) g—an under (Heyxp) (6.8)

By putting (6.4), (6.7) and (6.8) together, we finally get

()l < max(MK,CQ,K)(t*cm)_(P_a?(n+ 1)~  under (Hpoty)
S max(Mg, O, g )em Aot gman under (Hexp)

Set Sy = Y. ¢(P=)m and Sy = Y71 e~(A-a)™ | By choosing t, large enough, we obtain for all
1<m< g

L= (pma)my —a
S n+1) under (Hpoly)
<K 9 Py :
|6l < { S%e_@_a)g e—an under (Hexp) (6.9)
Finally, by adding (6.9) for m = 1,..,j we have
(n+1)"* under (Hpoly)
Vn = 0, "Um| < { e—omn under (Hexp)
which concludes the proof.
O
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6.2 Compact return condition (5.2)

In the sequel, we set
& ={r; <oo}(={m < o0,...,7; < 0}). (6.10)

The aim of this subsection is to prove the following proposition:

Proposition 6.2. Assume (Hy) and (Hz). For all e > 0, there exists K. > 0 such that
P(Q%. ., 1€) > 1—e. (6.11)

At this stage, we assume that (Hpoly) is true. Indeed, the exponential case will immediately follow from
the polynomial one since (Hexp) implies (Hpoty)-

Since for every events Ay, As, A3 and Ay, we have P(A1 N Ay NA3NAy) 2> E?:l P(A;) — 3, it is enough
to prove that for all € > 0, there exists K. > 0 such that

—+o0

E i
akgTj—&-l—k

k=1

to get (6.11). Let us first focus on the first part of (6.12) concerning | X | for i = 1,2. Recall that the
function V' : RY — R appearing in (Hy) is such that lim V(2) = +oo. For K > 0 large enough we
—>+00

||

P(X | < K. |&)>1—e and IP’( < K.

5j> >1—¢ fori=1,2 (6.12)

then have: |z| > K = V(x) > K. Therefore, for i = 1,2 and K, large enough, using Markov inequality
we get

E(V(X7) &)

e (6.13)

B(XL| > K.|&;) < B(V(XL) > K.IE) <

Hence, the first part of (6.12) is true if there exists a constant C such that for every j € N and for every
K >0, _
IE(V(X%_) I€,) < C fori=1,2. (6.14)

Indeed, plugging (6.14) into (6.13) and taking K. > g yield the desired inequality. We see here that the
independence of C' with respect to K is essential.
For the sake of simplicity, we we will first use the following hypothesis to prove (6.14):

(H}): Let v € (0,1). There exists C,, > 0 such that for all j € N, for every K > 0 and for ¢ = 1,2,

AT
E Y A7 7NAL ol 6] <G,
=1

where A7; :=7; — 7;_1 and A’ is the stationary Gaussian sequence defined by (2.2).

Proposition 6.3. Assume (Hy), (H2) and (H}). Let (X}, X2)nen be a solution of (4.2) with initial
condition (X§, X3) satisfying E(V(X{)) < oo fori =1,2. Moreover, assume that 7o = 0 and that (1;)j>1
is built in such a way that for all j > 1, P(§;|€j-1) = 61 > 0 (where 01 is not depending on j) and

ATj 2 105)(3‘;;(17/)2), Then, there esists a constant C' such that for all j € N and for every K > 0,

E(V(X1) [£)<C  fori=1,2.
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Remark 6.1. > Actually, hypothesis (H}) is true under (Hpory) and will be proven in Subsection 6.3.
> The existence of §1 > 0 independent from j is proven in Subsection 5.2.

> To get At; > 101%)(;5(17/)2), it is sufficient to choose t, large enough in the expression of At (see Propo-
sition 6.1).

> Since in Theorem 2.1 we made the assumption fX )H}uo(dx) < 400 and since an invariant
distribution (extracted thanks to Theorem 3.1) also satisfies [, V(z)ITyp.(dz) < +oco, we get that
E(V(X§)) < oo fori=1,2. Hence, we can set 19 = 0.

Proof. By (Hz1), there exist v € (0,1) and C > 0 such that for all n > 0 and for ¢ = 1,2 we have
V(X541) SAV(X,) + C(L+ AL ).

By applying this inequality at time n = 7; — 1, and by induction, we immediately get:

A’Tj
V(Xi) <AAWV(XE ) +CS AT+ [AL ). (6.15)
1=1
By assumption A7; > % then v27 < %1. Moreover, since £ C £;_1 and P(E;|E;-1) > 01, we get
1 . P(g'_l) i
E[V E; E[V (X! 1e.] < J E[V(XL Ei_
V(X:_,) I&]= P& V(X7 )1e] FE) [V(X7,,) 1€
———
=P(&;|E;-1) !

<OEV(XY, ) [€-1]

therefore 5 )
EyA7V(X;, ) €] < 15 EV(X7,_)) [&-1] = SEIV(XZ, ) €],
Hence, by taking (6.15), we have
1 AT
E[V(X7,) €] < SEV(X7,_) 1€ +CZV +COE|Y A7 AL Ll g
1=0 =1
1 c AT
= §E[V( i ) €]+ T—~ +CE ZVAT’_”A ot €
=1
Hypothesis (H}) allows us to say
1 1
E[V(X7,) 1&] < SEIV(X7,_,) [€]+ C 77+C

By induction, we get the existence of a constant C~'ﬂ, > 0 such that

BV (X, I < (5) BVOeS,) 16+,

since P(&) = 1, we get ‘

BV I < (5) BV +
Since 79 = 0 and we assumed that E[V (X{)] < oo, the proof is over. O
It remains now to prove (H}) to get the first part of (6.12). The second part will be deduced from the
proof of (H}) thanks to Remark 6.2.
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6.3 Proof of hypothesis (H})
We recall that we want to prove that under (Hpoly), the following hypothesis is true:
(H}): Let v € (0,1). There exists C,, > 0 such that for all j € N, for every K > 0 and for i = 1,2,

AT
AT —
ZW ’ I|AJ1+1‘ &i| <Oy

where Atj :=7; — 7;_1 and A" is the stationary Gaussian sequence defined by (2.2).

Remark 6.2. Since the proof of this assumption will exclusively use the domination assumption on
(ak)k>0 and since (ak)r>o0 := (ar+1)k>0 satisfies the same domination assumption, we will also get that
fori=1,2,

ATj

Zyﬁfa—lm] & <oy

where Aij_ﬁ_l = sz) ak+1£3_j_1+l_k_. Hence, we will get that fori=1,2

} Z ak+1§TJ

Then, by the Markov inequality we finally get the second part of (6.12).
We now turn to the proof of (H}). We work on the set £ = {7; < +00}. We have

B[15]

<C,.

ATj

j
Arj— i— i
Zv AL al= ) AT TALL

u=7;_1+1

But,
AL =D auréi| = | D Al(w)
—00 m=0
where
Al (u) = Z au_r€r pourm e {1,...,5—1}, (6.16)
k=Tpm_1+1
k=19 u
=Y aung et A= D auié. (6.17)
—00 k=7j_1+1

With these notations, we get the following upper-bound
AT

J T
ZWATJ NAL <Y DY AT THAL). (6.18)

m=0u=7;_1+1

The goal of the following lemmas is to get an upper-bound of the quantity E| sup |AL, (u)] €]
u€lrj—1+1,75]
when m € {0,...,5 — 1}.

Lemma 6.1. Assume (Hpoly). Let to,t1 € Z and u € N such that to < t1 < u. Let ({x)kez be a sequence
with values in R®. Then,

ty t1—to t1
Zaufkgk <Cplu+1—ty)” Z&c +Cy Z Z Gllut+tl—to—k)™"
k=to k=to k=1 li=k+to
t1—to t1
<O,(u+1—1tg)” Z&k +Ce > | DY Glut1—tg— k)"t
k=to k=1 li=k+to
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Remark 6.3. The last inequality just follows from the fact that k > p+ 1 by assumption.

Proof. The proof is essentially based on a summation by parts argument. We set

t1—to

Zau K€k = Z Gutok k§t0+k

k=t
° e

and
t1—to

Bp:=Y_ & forke [0, —to].

We then have

t1—to t1—to—1

1 ! (T ® / /
§ apél = § ay(Br — Bry1) + Aty 1o Str—to
k=0 k=0
tl—to tl_tO
} : ! 2 : / ®,
== akBk - ak_lBk
k=0 k=1
t1—to
= aOBo + g —aj_q) Bk

t1—to t1—to t1
S e — o (z gk> s ( 3 gl) ot — ot
k=0 k=to k=1 Ni=k+to

Finally, by using triangular inequality and (Hpoly) we deduce that

t1 t1—to t1
Zau—kgk <C (U,—Fl—to ng + Ck Z Z & (u—l—l—to—k)_K
k=to k=to k=1 |l=k+to

O

In the next lemma we adopt the convention ), = 1. Moreover, recall that by Proposition 6.1, we have
for every j € N*, Ar; > ¢7 for an arbitrary ¢ > 1.

Lemma 6.2. Assume (Hpory). We suppose that 7o = 0 and that there exists 61 € (0,1) such that for all
m > 1and K > 0, P(E|Em—1) = 61. Then, for i = 1,2, for allp > 1 and for every e € (0,p — 1/2),
there exists C > 0 such that for all j > 1, m € {0,...,5 — 1} and K > 0,

1/2—pte
i (Zl mt1 S )
E[  sup  [A,(u)] |€5] <C = (6.19)
we[rj—1+1,75] 51 P
Consequently, there exist n € (0,1) and C > 0 such that for all j > 1 and m € {0,. — 1},
E[  sup  [AL,(u)] [E] < Cpi™™ (6.20)

w€lrj—1+1,75]

Proof. First of all, let us prove that (6.19) induces (6.20). Let a; € (0,+00) such that ¢ = 67 **. One
just have to remark that for j > 2 and m € {1,...,5 — 2},

j—1 1/2—p+e )
m—j .
( Z Cl> 5,7 < 5§a1(p—1/2—6)—1/p)(1—m)

l=m+1
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We choose for instance e = (p — 1/2) and p > in such a way that

2
a1(p—1/2)
ar(p—1/2—¢)—1/p>0.

We then deduce (6.20).
Now, it remains to show (6.19). For clarity, we set

Ej = [rj_1 +1,75].

Using that for m > 1, &,, C En—1 and P(&,,1Em-1) = 01 € (0,1) and Holder inequality we deduce the
following inequalities,

1/p
E[sup |A, (u)] €] < [Sup A ()] [E;]1P = (E[Sup IAfn(U)I”]ls-]1)>

J
u€E; u€E; uek; P(EJ

1/p 1/p
< (rappserteciz) - (Raphior o)

<oy “’E[sup AL, ()P [Ej-1]"/P
u€E;

E[sup |AL (u)[P |E,]YP  (by induction).
uck;

j—m

< (6

It remains to prove the existence of C' such that for all j > 1, m € {0,...,j — 1} and K > 0,

j—1 1/2—p+e
E[sup [AL, (u)]? |€4]"/7 < C ( > <l>

UGE]‘ I=m+1

with again the convention ), = 1. We separate the end of the proof into three cases.

Case 1: j >3 and me {1,...,5 —2}.
By Lemma 6.1, applied with to =Tm-1+1land t; =7,

Tm Tm—Tm—1—1 Tm
AL, (u)] < Colu—T—1)"" Z &+ Cy Z Z El(u—Tm_1 — k)—(p-s-l).
k=Tm_1+1 k=1 I=k+Tm—_1+1

But,u—Tm,1>Tj,1—Tm,122{;;“& and u—Tpo1 —kZ>2Tj 1 — Ty +12 Zz m+1<-
Let € € (0, p — 1/2), we then have

Tm

j—1 1/2—p+e
|Ai”(u)| S < Z §l> Cp(u_Tm—l)i(l/2+€) Z glli)

l=m+1 k=Tpm_1+1

Tm—Tm—1—1 Tm

+Cy Z Z & (u— Ty — k)~ G/2

k=1 I=k+Tym—1+1
We denote by A? (u) the above quantity between brackets. Hence
i1 1/2—p+e
E[sup |A;, (w)|” [€4]'7 < ( > <l> E[sup AL (@) |Em]P.
u€E; [t uEE;
We now have to prove the existence of C' such that

E[sup |Al (u)[P [E,]YP < C for all p e (1,+00).

uck;
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We write &, = Ug)o.Am,g with
Ame =By, o N Bme—1 (6.21)

where B,, ¢ is defined in (5.18). In other words, A,, ¢ is the failure of Step 1 of tentative m and for £ > 1,
Ap e is the event “Step 2 of trial m fails after exactly ¢ attempts”.
Let £ € N, we begin by studying E[sup |A%, (u)[P |Am.¢]'/P. Since u > 7y,

uck;
- Tm—1+ATm AT —1| Tm—1+ATH,
R @) < Cparm) 2| ST gl Ce Y| Y ] (A — k)@,
k=Tm_1+1 k=1 |l=k+Tm_1+1

By Minkowski inequality and the fact that A7, =: A(m, {) is constant on A,, ¢, we get

T+ A(me) [P L/p
E[sup [A}, (u)[? [Am,]"/? < Cp(A(m, €)=/ Do Gl A
u€L; k=Tm—_1+1
A(m,0)—1 Tm—1+A(m,£) P Y
+Cx Z (A(m, £) — k)7(3/2+6)]E Z & [Ame
k=1 I=k4Tp 141
(6.22)
Moreover, using Cauchy-Schwarz inequality,
Tm_1+A(m,e)  |P 1/p [rm—1+Ame) [P Y
E Z 33 |-Am,€ =E Z & ]lAm,z |Em—1 P(Am,ﬁ‘gm—l)il/p
k=Tm_1+1 L k=Tm_1+1
- 1/2
o1+ A(me) 2P /2
<E oG] & P(AmelEmn)V
k=Tm_1+1
< o /A, £) P(Ap | Em_1) "L/ (6.23)

In the last inequality we use the fact that Z;’;;;t?fln’e)

N(0,A(m,£)). In the same way, we obtain

&l is independent from &,,_1 and that its law is

Tm—1+A(m,L) p 1/p
E S Gl Ame| < epV/AM ) =k P(Ap gl Em1) P (6.24)
l=k+Tm_1+1

We deduce from (6.23) and (6.24) that in (6.22)
A(m,0)—1
E[sup [A}, (WP A" ? < | pCp(Am, 0)° +,Cc Y (Alm, ) = k)~ | P( Ay ol €))7
UGEj k=1

< Cp (At Em—1) /. (6.25)
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Then by using the inequality (a 4 b)'/? < a'/P + b*/? for p > 1 and (6.25) for ¢ from 0 to +oo, we get

1/p
[Sup AL, ()P [En]" P = [ D E[sup |AL, ()" |Am.JP(Am |Em)
uek; >0 UEE;
ZE sup |[AL (u)|P | Am o] PP(A o|Em) /P
>0 vEE;
<G Y P(A >—1/QP(P<Am,e|sm_1>)”p
X Upe m—1 e e\
= P(EnlEm-1)
< Cp,a(S;l/Z) ZP(A7n,€|5m—1)l/2p-
220

But A, ¢ C &, C Ern—1 hence for £ > 0,
]P)(Anz,dg’rn—l) - ]P)(BWL,Z—IIgm—l)P(BSmABm,Z—I) < P(Bfn7e‘6m,€—l)7

Therefore, for all € € (0,p —1/2) and p € (1, +00), by applying Lemma 5.2, this gives us the existence of
C such that

[ sup AL ()P |En]P < Cpedy VP24 Y 270%) <

u€kE; >2

The first case is now achieved.

Case 2: Let j >2and m=j—1.
The proof is almost exactly the same as in case 1. We simply use the following controls

U—Tj_2>ATj_1 and U—Tj_g—k‘>ATj_1—k‘

and we do not introduce ¢ which is useless here since Zl a1 = 2

Case 3: Let j > 1 and m = 0. By assumption 79 = 0, then

k=0
= Z au—kglly
—o0

By Lemma 6.1, for all M > 0,

= 0
1> aurkéhl < Cplu+ 14 M)~ +OK D & (w14 M k)t
—-M —-M k=1 |l=k—M
M 0
<Cp(1+M)~* Z Gl+C D1 D Gl(M+1—k)~0H)
k=—M k=1 |l=k—M
M—-1
=Co(L+ M) 3" & +Ce > | Y & (k+ 1)~
k=—M k=0 |l=—k
M M-1| k
=C,(1+ M) > ¢, | +C > oeh| (k4 1)ty
k= k=0 |1=0

Since p > 1/2, by means of Borel-Cantelli Lemma and the fact that Zi\io &, ~N(0,M + 1), we can
show that lim (1+M)=" (ZQ/[:O §i_k) =0 a.s.

M —+o0

We then get

k + 1 (P‘H)'

IAG(u)] < Ci Z

k=0

S

=0
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Set Wi = Z;:Ol ¢, for k> 0 and W = &. Using Minkowski inequality, we have for all p € (1, +o00) and

for all e € (0,p —1/2)
. 1
wial 1"
(k + 1)L/2+=
[Wiga| TS —(p+1/2—¢
(Zlio (k + 1)1/2+ >k 1)mtrei/zme

k=0
1
. P ?
iy
sup ———
>0 (k + 1)1/2+e

because p+ 1/2 — e > 1. It remains to prove that for e € (0,p — 1/2) and for p € (1, +00)

1
Wil '
E [(ig% (k+ 1)1/2+€ < +00.

Thanks to a summation by parts, we can show that

“+o0
E{sup [A§(u)|” [€0]/7 = E[ sup [Aj (w)|"]/7 < € 30 (k + 1)+ IR
uckE; uck; k—0

< CLE

< CE

Wiy : : 1 1
(k._|_1)1/2+5 - Z (l+1 1/2+s +ZWZ < l_|_1 1/2+4e ll/2+s)'

Hence, using that (l+1)11/2+5 — 1 | < (1/2 + &) =, we get

Wil : S
(k1 1)1/2te S ; l+1 1/2+a (1/2+€); 13/2+e"
Therefore i
(Wil 3 = W}
e <[ |+ (/29 2 g

We use again Minkowski inequality, which gives

k

Z l+1 1/2+5

l:O

Wi
sup | k+1‘

Wl Wil
k>0 (k+ 1)1/2+5 +(1/2+¢ Z 13/2+¢

sup
k>0

\

On the one hand, we have W/, < cpV1 because Wi ~ N(0,1). On the other hand, set Ny :=
S 0 (l+1 1/2+5. This is a martingale with distribution A (0 Zl ol +1)~ (1+25)> therefore || Ni|l, < ¢
with ¢, independent from k. Hence, (Ng)ren converges a.s. and in LP into Ny, € LP. We then deduce
by Doob’s inequality that
p—1
Isup Il 1y < (222 ) 1l
k>0 p

Finalement,

Wz'
sup | k+1‘

— < .
k>0 (k+1)1/2+5 +00

p

which achieves the third case. O

Proposition 6.4. Assume (Hpoy). We suppose that 7o = 0 and that for all m > 1 and K > 0,
P(Em|Em—1) = 61 € (0,1). Then (HY) holds true.
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Proof. First, thanks to (6.18), we have

AT]‘

J T
DoAY D AT AL @)L
=1

m=0u=7;_1+1

The aim is to bound every term in the right-hand side. For m € {0,...,j — 1} and for all u € E; :=
[[Tj*1+177jﬂ7 ) )
|A (w)] < sup [A7, (u)].
u€E;

Since the right-hand side does not depend on u anymore, we deduce that for all m € {0,...,j — 1}

Ti +oo
Tj—U| AT 7 w 7 1
D AT TAL ()] < sup AL (w)] Yy = sup A, (u)| ——.
u€E; u€E; 1—x
u=7;_1+1 7 w=0 7
Hence, Lemma 6.2, gives that for all m € {0,...,5 — 1}
ki ‘ C ,
E| Y v AL & < m=n i
-7
u:Tj_l—i-l
where n € (0,1). Consequently,
Jj—1 7j ) C
E NYITUAL (W] | €| € ————. 6.26
Z Z | ( )| J (1 _ ’y)(l _ n) ( )

m=0u=7;_1+1

In inequality (6.18), it then remains to bound the term with A;(u) By substitution, we obtain for m = j

Tj AT]‘
Do AT )] = Y AR AL (v 7))
u=T1j_1+1 v=1

As in the proof of Lemma 6.2, we use the decomposition of £; through the events A; , and that Ar; =:
A(3,£) is constant on A; ,:

j A(4,6)
E[ > 7A@ €] =) Y yPUITE(IA (0 +750)| A P(A; lE)). (6.27)
u=T;_1+1 £>20 v=1

Using that A;, C & C &1 and Cauchy-Schwarz inequality, one notes that

E[|AS (v + - 1)| A5, JP(A|€5) < B[ AL (v + 75-1)[? |12 P(A; 0| €5)M?
E[|AL (v + 75 -1)|* & -1)'/*
h P(&;|Ej-1)1/*
sup (AL (v + 75 -1)* €]/
< e P(A; |E:)Y2. 6.28
P& 1E,1) (Aselés) (6:28)
But P(&;|€;-1) > 61 > 0 and by Lemma 5.2, we have for all £ > 2,

P(A;el€5-1)

P(A; 0| E;)/

P(Ajl€;) = < 07 'P(Bje—1|€j-1)P(BS 1| Bje—1) < 67 127 2
(AM“SJ) P(5j|5j71) 1 (BM 1|53 1) (BJ,ABJ,Z 1) 1 (6.29)
We now use (6.28) and (6.29) into (6.27) and this gives the existence of Cs, , such that
E[ > AN (u)] €] < Cs, o sup E[JA% (v +75-1)[* [€-4]%. (6.30)
u:Tj_1+1 veEN®
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It only remains to show that

SUp B[4 (0 -+ 75-1)|" €]/ < +oc.
veN*

By Lemma 6.1 and the definition of A% in (6.17),

vFTj-1
|A§'(U+Tj*1)‘ = Z aUJrijl*kg;c
k=7j_1+1
v+Tj -1 v—1 v+Ti-1
SCu| Y g+ | Y Elw—k)Trh.
k=7;_1+1 k=1 |l=k+7j_1+1
We again apply Minkowski inequality
E[|A} (v+7i-1)]* |€j-1]"/*
- 4 1/4 A 1/4
VT -1 v—1 v+T -1
SCUE|| Y. & |&1| +CD(w=kEN Y gl &
k=1;_1+1 k=1 I=k+7j_1+1
M 47174 . ) 47 1/4
=CvE [|> ¢ +C Y (w—k)PTUE | Y g
| k=1 k=1 I=k+1

v—1
<y (C'pva/Q + O, Z(v — k)(”ﬂ/z))

k=1

where ¢, is related to the 4** moment of a centered and reduced Gaussian random variable. Since
p+1/2 > 1, we immediately deduce that

sup E[|A% (v + 1) [* |€;-1]"* < +oo. (6.31)
veEN*
We put together (6.26),(6.30) and (6.31) to conclude the proof of (HY). O

7 Proof of Theorem 2.1

Now we have all the necessary elements to prove the second part of the main theorem 2.1 concerning the
convergence in total variation to the unique invariant distribution (where the uniqueness will immediately
follow from this convergence).

We recall that A7; denotes the duration of coupling trial j and we set
§*) = inf{j > 0, A7; = +00}. (7.1)

§©) corresponds to the trial where the coupling procedure is successful. The aim of this section is to
bound P(7,, > n), where
7. =inf{n >0 | X} = X7, Vk > n},

since
LX) ksn) — Stellry < P(1o > n).

But, we have

+o00
P(r,,>n)=P (Z AT Lo sk > n)

k=1
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where j(*) is defined in (7.1). It remains to bound the right term. Let p € (0, 4+00).
If p € (0,1), then by the Markov inequality and the simple inequality |a + b|P < |a|? + |b|P, we get

+oo too
1
P ( E ATkﬂ{j(s)>k}} > TL) é E E EHATk|pﬂ{j(s)>k}}
k=1 k=1

1

< nfp;E[E[|ATk|p1{A7k<+oo} | {1 < +00}]]l{7k_1<+oo}]~ (7.2)
=1

Else, if p > 1, by Markov inequality and Minkowsi inequality, we have

+o0 400 p
1
]P) <Z ATkﬂ{J(b)>k} > n) < EE (Z A'Tk]l{j(s)>k-}> ]

k=1 k=1

+00 P
1
< E (Z E[|A7'k|pﬂ{j(s)>k}]l/p>

k=1

+00 p

1

< (Z EE[ AT, [Pliar, <tooy | {Th-1 < +00}]1l{rk1<+oo}]1/p> - (7.3)
k=1

We recall that the event Ay o defined in (6.21) corresponds to the failure of Step 2 after ¢ attempts at
trial k. Both in (7.2) and (7.3), we separate the term E[|A7; [PL{a; <100 | {73,—; < +00}] through the
events Ay ¢ which gives

—+oo

E[JATPLAr, <400} | {71 < +o0}] = Z]E[]]'Ak,e|ATk|p]l{ATk<+00} | {Th—1 < +oo}]. (7.4)
=1

Moreover, thanks to Lemma 5.2 and the definition of the events Ay ¢, we deduce that for ¢ > 2,
P(Age | {m,—y < +o0}) <27 (7.5)

min{e, f,a+ -1} —1/2—¢ foralle >0 under (Hpoly)

where & := { min(a, ) under (Hexp)-

We have now to distinguish the polynomial case from the exponantial one.
> Under (Hpoly):

We have a bound of type A7, < Cyckatt (due to the value of Aték), see Proposition 6.1) on the event
Ao where ¢ > 1 is arbitrary. Indeed, on Ay ¢, we have
ATy =T, — Ty <2701 4 Atz())k)

< C1cF20VDE (for Oy large enough.)

Hence, in (7.4) we get

+oo
E[| AT P {ar, <4o0) | {Tioy < +00}] < CT<H? (Z 20V Py | {ryy < +oo}>>
/=1

+o00
< CPehr <2(9V1>P +y° 2<<9V1>P—d>‘> using (7.5)
(=2

<CMP ifpe <0, &)
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Then for p € (O, 9%‘1),
E[E[|A7—k‘p]l{ATk<+OO} | {Tk:—l < +Oo}]]1{7'k,71<+oo}] g CngIP(j(S) > k — 1) (76)

and it remains to control P(j(*) > k —1). We have

PG > k—1) = H (&1€j-1) P(&51€5-1))

H::]|

where &; is defined in (6.10). By Proposition 5.1 and 6.2 applied for ¢ = 1/2, we get for every j > 2,

do
(E |EJ 1) (ATJ - +OO|QK1/2)(X7T]'71)]P)(QKI/27Q7Tj*1|gj_1) > 5
where dg > 0 depends on K /. Therefore,
5o\ 1
P >k —1) < (1 - 2°>
and by (7.6)
5o\ P
BEIATI L ar, <o) | (s < +o0lLin, o] <O (1-2) (17)
Finally, by choosing 1 < ¢ < (1 — %0)71/17, we get using (7.2) or (7.3) that for all p € (0, 52;), there
exists Cp, > 0 such that
+oo
P(teo >n) <P <Z AT L5y > n) < Cpn™P. (7.8)
k=1

It remains to optimize the upper-bound 575 for p. Since & := min{a, 8, a+ -1} —1/2—¢ with e > 0
as small as necessary and since by Proposition 6.1

1
0>2(p—a)tandac (2\/ (g —B) 7p) ,
we finally get (7.8) for all p € (0,v(8, p)) where

v(B,p) = sup min{1, 2(p — &) }(min{e, B, a+ 5 -1} —1/2)
ae(3v(3-8).0)

which concludes the proof of Theorem 2.1 in the polynomial case.
> Under (Hexp):

The proof is almost the same. The only differences are that we use the following bound
ATk‘ =T — Te—1 X 02(6 + 1) + At(k)
=co(l+1) +t. +* + 00
< C15"0¢ (for C; large enough)

on the events Ay ¢ and the upperbound P(Ag ¢ | {7, < +00}) < 27% given in (7.5). And then we get
for all p > 0 the existence of C, > 0 such that

+oo
P(7oo >n) <P <Z AT LSy > n) < Cpn™P. (7.9)
k=1

by choosing 1 < ¢ < (1 — 570)71/1) and the proof of Theorem 2.1 is over.
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A Explicit formula for the sequence (b;)>0

Theorem A.1. Let (up)nen and (vy)nen be two sequences such that for n € N,

n
Up = E AkUn—k
k=0

then we have:

where

k p
bo 1= ai and Yk >1, by := Z (_p}_)lp Z Haki

0 =1 % i, kp>1 i=1
kit tky=k

Proof. Tt sufficies to reverse a triangular Toeplitz matrix. Indeed, equation (A.1) is equivalent to:

fO an 0 0 90

fi el g1
vmeN, [ |=[“ ' :

: 0

f” ap—-1 ... a1 Qg 9n

Denote by A the matrix asociated to the system. Denote by IV the following nilpotent matrix:

o ... ... 0
N = 1
(0) 1 0

Then, A = agl,, + a1 N + -+ + a,—1 N"~ ! and we are looking for B such that
B=byl,+b1 N+ - +b,_1N" ' and AB = I,,. Denote by

S(z) = Zakzk and S71(2) = Zbkzk,
k>0 k>0

we are interested in the (n — 1) first coefficients of S~1(2).
And formally,

1 1 1
S~ (z) = S S —
(2) S(z) ap <1—|—Zk>1 ‘;’;zk>

1 (=1)P
_aoz(ag) 3 a2t

p=0 k=1

1 3 (=1)P $ 3 k
= ;0 + ap+1 Aky Ay - - - Ak, | 2

p>1 Y0 kep ki k>1
kit tky=k

Ly Z’“ (-1r 3 i

:;O+ aerl A1 kg - - - Ak, | 27+
k>1p=1 0 k1,....kp>1
kytetky=k

Finally, we identify the desired coefficients.



B Particular case: when (a;);>o is log-convex

This section is based on a work made by N.Ford, D.V.Savostyanov et N.L.Zamarashkin in [12].

Lemma B.1. Let (an)nen be a log-convex sequence in the following sense
an =20 forn>=0 and ai < ap-10p41 forn = 1.

If ag > 0, then the sequence (by)nen defined by
1 1<
bo=— et Vn>1 by=——> abn_s
ao
k=1
satisfies

Vn>1, b,<0 et |by|<boan (B.1)

Remark B.1. The sequence a, = (n+ 1)7? is log-convex for all p > 0, then the corresponding (by,)neN
is such thatVn € N,  |b,| < (n+1)7".

Proof. Without loss of generality, we assume that ag = 1.
e We first prove by strong induction on n > 1 the following property:

(Pn): b, <0
- For n = 1: We have
b= -2 <0
ao

- Heredity: Let n > 1 and assume that Py is true for k € [1,n].
For all n > 1:

bn = - Z akbn—k, - Z akbn_k =0
k=1 k=0

n
- Z Ap—rbr =0
k=0

n
— a, = — Zan,kbk
k=1

We divide the last equality by a,_1 and we deduce the two following equalities:

(np—1 1 Gp—1
a sy a
n+1 n+1—k
- = E br (B.3)
Qp =1 n

We make (B.3) — (B.2) and we get

n
an A1 Apt1—k Up—k b +1
_onTl ) § _ b + n
Qn an a

An—1 1 Ap—1 n
then
n

bn+1 ( [e7% an+l) (an+1—k an—k) b

= — — P A L
Qnp Gp—1 Qp — GQp Up—1 /)~~~
k=1
<0
<0 by (%)

log-convexity of (ay)
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But, (%) have the same sign as

Ap41—k an (an+1—k an+2—k> n (an+2—k an+3—k‘> + + (an—l Qp ) <0
_ — _ — - _ <
Ap—k Ap—1 Ap—k Ap+1—k Ap+1—Fk Ap+2—k Ap—2 Ap—1

where every term is negative by log-convexity of (a,).
We finally deduce that
b1 < 0.

- Conclusion: Property P, is shown for all n > 1.

e The second property satisfied by (b,,) directly follows from the first one. Let n > 1, as we just saw
by, < 0 therefore |b,| = —b,. But,

n—1
—b, = ar(bp—r) + anb
;; k(Dn—k) 0
— '\{0

< boan

and the lemma is proven. O

C Proof of Theorem 3.1
Let z9 € X and p = 6y, x P,. We have II},,u = P, therefore by property 3.1 we get Vk € N,

I3, (Q* ) = P,,. Moreover, we clearly have [, ¢(z)(ITyu)(dz) = ¢(zo) < +oo.
We now set for all n € N*,

1 n—1

The aim is to prove that the sequence (Rpp)nen~ is tight. First, let us prove that (IT% Ry pt)nen~ is tight.
By (ii) of Definition 3.2, we have Yk > 0:

[ w0 e dw) ~ a [ wl) 110 (e) < 5.
X XW x
By adding for k from 0 to n — 1, dividing by n and reordering the terms, we get:

(1-a) /X (@) (Il Ropr) (de)

+;§ (/Xxwzp(x)gku(dx,dw) —/Xw(x)(ﬂ*xQ’“u)(dx))

br | @@ e dw) - - [ vl L)) <5 (Y
XxW X

n

Since we are in a Polish space (here X x W) we can “disintegrate” Q% for all k € {0,...,n — 1} (see [1]
for background):
Q* p(da, dw) = (Q"p)* (dw)(ITy Q") (dw).

By integrating first with respect to w and then with respect to x, we get:

/ ()@ p(de, dw) — / () (I @ 1) (d) = .
X xXW X
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Let us return to (C.1),
(1= 0) [ v n) < 5+ ( [ @ - [ w@er s

=55 [ ) yn— (@ 10)) (o).
X

Set Ay = [ ¥(z)(IT% Q" p)(dx). By (ii) of Definition 3.2 and by induction, we have
n ﬂ n+1 B 1— an+1 an+1
0< = L = :
Z 1o T o ¥(o)
Hence we deduce that 11111 Ajl“ = 0. Then, there exists C' > 0 such that Yn € N*:
n—-+oo
(1=0) | w(a)TxRup)(do) < €
and then o
sup/ Y(z) (M5 Rpp)(da) < T—a
n>lJx —
Let § > 0 and K5 := {z € X | ¥(z) < §} = ¥~1([0,6]). By (ii) of Definition 3.2, Ks is a compact set.
For all x € X, we have 1 x¢() < (@ ),
Vn e N*, (II% R )(KC)<L
P AR S S "oy

By setting § = 5(170700, we deduce that (IT% R, pt)nen- 1S tight.

Let us now go back to the tightness of (R, p)nen+. Let K be a compact set of W such that P, (K°) < §,
this is possible since W is Polish. We then get

Rnﬂ((K5 X K)c) <R, pu(K§ ¥ W) + RnU(X x K°)
= (Iy Rnp) (K5) + (I Ry i) (K°)
Ty R p) (K5) + (Puw) (K°)

e
-

I
—

VA
N ™

Finally, (R, ut)nen+ is tight. Let u, be one of its accumulation points. By the Krylov-Bogoliubov criterium
we deduce that u, is an invariant distribution for Q.

D Proof of Lemma 5.3

Recall that we want to prove that for all o, 8 > 0 such that o+ 5 > 1, there exists C(«, 8) > 0 such that
for all n > 0,

n (n+1)"%1In(n) if a=1land 8 <1
Z n+1-k)~*<C(e, ) (n+1)"%In(n) if B=landa<1l . (D.1)
k=0 (n + 1)~ min{afatb-1}  elge
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For the sake of simplicity, we will prove this result when n is odd. If n is even, the proof is almost the

same. Set N := ”T'H Then, we get
n n+1
S+ ) Pn+1-k) =3 kP n+2-k)"
k=0 k=1
N n+1
=> kPm+2-k)""+ > kPn+2-k)"
k=1 k=N+1

I
M=

N
EP(n+2-k)""+> k*n+2-k)~"
k=1

>
Il
—

(k+1)Pn+1-k)">=5Sy(6,a) + Sx(a,B) (D.2)

NE

ol
Il

0
by setting Sy (a, B) == S p_ k™*(n 42— k)% =0 k~*(2N — (k — 1))~

> If a €(0,1), we have a+ 8 —1 < 8 and Sy(«, ) < é(a,ﬁ)(n—&— 1)~ (ath=1),

Indeed,
N
Sn(a,B)=> k"N = (k—1))~°
k=1
N —« -8
1 k k—1
— N (a+B-1) o — ke _r -
“w 2w TN
k=1
N —« -y
1 k k
< N(e+B8-1) o — i 9_ =
w2\ w N
k=1
and N 5
1 AN A !
. = " N~ _ —afg _ .\ B
NlirfooN“(N> (2 N> /0 T2~ a) da
where the integral is well defined since « € (0,1). Therefore, since N = %H, we deduce that there exists

C’(a, B) > 0 such that Sy(a, 8) < C’(a,ﬂ)(n + 1)7(04%3,1).
> If o > 1, we have o+ 5 — 1> § and Sy (0, 6) < Cla, )(n +1)~".
Indeed,

N
Sn(a,8) =D k(2N = (k—1))7"
k=1
N

SEN-(N=-1)"Y k™
k=1

+oo
SN+ ke
k=1

Therefore, as before we deduce that there exists C(«, 3) > 0 such that Sy (e, 8) < C(a, 8)(n +1)75.
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> If @ = 1, in the same way as in the case a > 1, we get

N
Sn(a, B) < (N +1)~ Z
f1n

Therefore, there exists C(a, 8) > 0 such that Sy (a, 8) < C(a, 8)(n+ 1)~7 In(n).

Finally, we get that for all « > 0 and 8 > 0 such that o+ 8 > 1,

~ — min{a,3,a+8-1} :
Sn (e, B) < C(a,ﬂ){ EZiB*ﬂm(n) ﬁ 371 (D.3)

Putting this inequality into (D.2) we finally get the desired inequality and the proof is finished.

E Proof of Proposition 2.3

We recall that p = 3/2 — H where H € (0,1/2) is the Hurst parameter and (b, )nen is defined by

1 1<
bo=— etpourn>1, =7 Z (E.1)
ag ay =
and forall k > 1
(LH 1— 1—
L = ((2k+1) (2K — 1) ”).
ag

We want to show that |b,| < Cy(n +1)~~#) by induction. To this end we only need to prove that for n
large enough,

S, = zn: ((Qk )" — 2k + 1)1—')) (n4+1—k)~CP < (n+1)~C ), (E.2)
k=1

For the sake of simplicity we assume that n is even.

n/2

Sn:Z((2]{7—1)1*11_(2]64-1)1*/’) (’I’L-‘rl —(2— p)+ Z ( 2k—1 (2k+1)17p) (n+1—k)_(2_P)
k=1 k=n/2+1

Sp =1 SV +8P. (£3)

> We begin with S,gl). Summation by parts:

n/2—1
—(2-p)
o_ (" _ 1) _ 1-p —(2-p) _ _ )20
S (2+1> 1-(n+1) ;; (1= @k +1)'7) ((n k) (n+1— k)~
_(n —(2-p) 1 0 n —(2—9) —(2-p)
f(§+1) (1—(n+1) ((2+1 —n
n/2—1
+ 3 @) (= k) — (n 1 k)@
k=1
n —(2—p) n/2—1
— @0 (5 + 1) 1)+ 3 (2k+ 1) ((n k)" (1 k)—<2—p>)
k=1
ny - (2-p) n/2
SW = =C=p) _ (5) (4 1)+ 3 (2 4 1) ((n k)" _(n 41— k)—@—m) . (E.4)
k=1
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We set S, := Zﬁ(?k + 1) ((n—k)=3") — (n+1—k)~(=9). Then,
n/2 1-p —-(2-p) —(2-p)
~ 1 2k +1 k k-1
et 12 (1=
e I (G I S N

n/2

1-p 1-p ~(2-p) 1\ -G
S I (R R (s R |

Moreover,

n/2

,; (’f +n1/2>1_p ((1 _ fL)—(?—p) ) (1 ok - 1>—<z—p)>

n/2 Lk

1/2 1\1" 5o A
= (2- = 1 2)- G- dp
e[ (e4g) a0 O ;/

and

((I N 21n>1‘p B <k +n1/2)1_”> (1- x)(3p)dx)

(E.5)

S

Il
[N
B
S
/N
[t
+
iy
N—
i)

Hence by putting together (E.5) and (E.6) we get

_ 21—p 1 -1 1 2—p 1 2—p
T ((”zn> (+3) ()
n/2

2 —p);/}cil <<x+ 21n>1_,, - <k+n1/2>1_p> (1 —x)_(S_p)dx) . (®T)

We deduce from (E.4) and (E.7) that

~(2-p) 1-p -1
S < p==p) (ﬁ) i 4 2’ <1 + 1)
n

2 2n

> Now, we look after S,(LQ):

As before, using the fact that

— 1\1-p _ 1/2 1 1—
v e ) (=P gy = (L-otg,) "o S P A
T+ T T i + +
0 2n (p—1)(1+5) o p—1 2n n

(E.9)

we get
sp -2 ((H e O (zw - (g)”) (1-2+ ;)de)
o (E.10)
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Now, for all k € {1,...,n/2}, we set

£ A G 1\
Iy, = / = (2=r) <> (1 —x+ ) dx.
ko1 n 2n

Thanks to the substitution ¢t = z — =1 we have

n

1/n -1 —(2-p) —(2-p) 1 —1\ "
Ik:/ ((t—i—k) —(k) )(1+—t—k ) dt
0 n n 2n n

Taylor-Lagrange expansion:

)T (o) G e

with & €]t + (k —1)/n, k/n].

1 E—1\"" 1 k—1\"" 1 —pl
o (14+——t- =(14+———) +tp(l+——-c
2n n 2n n 2n

with ¢ €](k — 1)/n,t + (k — 1)/n].

Therefore, we deduce that

1/n 1 k —(3-p) 1 k—1 -p 92 _ p k —(3-p) 1 k-1 -P
I > ——t)@e-p (= 1+ ————=) dt= = 1+ — — .
s G)en() (e s) =0 (e )

Then we add the inequality for k from 1 to n/2,

n/2 n/2 —(3=p) —p
2—p 1 k 1 k—1
Iy > —— x — — 14+ ——-— . E.11
Z b 2n % n Z (n) ( + 2n n ) ( )
k=1 k=1
Un
We easily show that
1/2 1 _(3_P) 3 —-p
Un 2 / (y + ) <1 + — - y) dy =: Jp. (E.12)
0 n 2n
By integration by parts on J,, we get:
—(2=p) —p /2 1/2 —(2-p) —p—1
—(y+2 3 g / 1 g 3 g
A kU3 E R S + L Y+~ 14+ ——y dy
2—p 2n 0 2—pJo n 2n
_ L l —(2-p) - i -P 1+ l —(2-p) 1+ 3 -P
S 2—p|\n 2n 2 n 2 2n
~ n2-e
n—-+oo

1/2 1 —(2—-p) 3 —p—1
+ 2 (y+> (1+—y> dy .
2—pJo n 2n

— [o/ Py (1—y)~ 1y

n—-+4oo
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Hence, for n large enough, we have
1
2(2-p)

By combining (E.11) and (E.13) we get for n large enough

Up > Jn > n?=, (E.13)

n/2

ka >
k=1

n'=r.

N

Finally we get for S,(LQ) the following upper-bound for n large enough,

21-p 1\ ! """ p-1
S < =— ((1 + 2) (1 + ) — p4n1—f’> : (E.14)
n n n

By putting together (E.8) and (E.14) and when factoring by (n + 1)~?=*) we get for S,

1 —(2—p)

S, < (n+1)~=» <1 - > X Up (E.15)
n

with

Up =1—-22"P(n+1)'°

(o) (o)) e loe) (o) e

Lastly, we have the following asymptotic expansion:

—(2-p) 1—
1 217, (p—1 1
(1_) xunzl_@)n2—2p+o()

n 4 n

4 2l=Ppl=r

Since p € (1,3/2) we have 2 — 2p € (—1,0) therefore for n large enough we conclude that

S, < (n+1)"C0),
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