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Abstract
The main objective of the paper is to study the long-time behavior of general discrete dynamics
driven by ergodic stationary Gaussian noise. To this end, we first explain how is it possible to define
invariant distributions in this generally non-Markovian setting and to get existence results under
appropriate conditions. Then, we get a uniqueness result and a rate of convergence to the invariant
distribution in total variation thanks to a coupling procedure (with a step specific to non-Markovian
framework).
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1 Introduction

Convergence to equilibrium for Stochastic dynamics is one of the most natural and most studied problems
in probability theory. Regarding Markov processes, this topic has been deeply undertaken through various
approaches: spectral analysis, functional inequalities or coupling methods. However, in many applications
(Physics, Biology, Finance...) the future evolution of a quantity may depend on its own history, and thus,
noise with independent increments does not accurately reflect reality. A classical way to overcome this
problem is to consider dynamical systems driven by processes with stationary increments like fractional
Brownian motion for instance. In a continuous time framework, Stochastic Differential Equations (SDEs)
driven by Gaussian processes with stationary increments have been introduced to model random evolution
phenomena with long range dependence properties. Consider SDEs of the following form

where (Z;);>0 is a Gaussian process with ergodic stationary increments and o : RY — My(R), b: R? — R?
are functions defined in a such a way that existence of a solution holds. As concerns long-time behavior,
different properties have been studied like approximation of stationary solution in [8] or the rate of
convergence to an equilibrium distribution. For this last property, the case when (Z;):>o is fractional
Brownian motion (fBm) has received significant attention from Hairer [14], Fontbona and Panloup [11],
Deya, Panloup and Tindel [9] over the last decade. They used coalescent coupling strategy to compute
the rate of convergence. In the additive noise setting, Hairer proved that the process converges in total
variation to the stationary regime with a rate upper-bounded by C.t=(®#~%) for any ¢ > 0, with

3 it H € (3,1)\
O‘H:{ H(—2H) it He(0,1). e (12)

In the multiplicative noise setting, Fontbona and Panloup extended those results under selected assump-
tions on ¢ to the case where H € (%, 1) and finally Deya, Panloup and Tindel obtained this type of results
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in the rough setting H € (%, 1/2). Here, we focus on a general class of recursive discrete dynamics driven
by a stationary sequence which includes in particular discretization of (1.1), that is

Xnt1 = F(Xna Api) (1-3)

where (A, )nez is an ergodic stationary Gaussian sequence. This type of discrete stochastic dynamics,
which is not Markovian in general, has not been much discussed except in the linear case like Autoregres-
sive Moving-average (ARMA) models [5] whose main objective is the prediction of stationary processes.
When F is linear, dynamics like (1.3) are truely related to ARMA processes through the so-called Wold’s
decomposition theorem which implies that we can see (A, )necz as a moving-average of infinite order (see
[5] to get more details).

Here, we investigate the problem of the long-time behavior of (1.3) for a general class of functions F.
To this end, we first explain how is it possible to define invariant distributions in this non-Markovian
setting and to obtain existence results, and then we use a coalescent coupling strategy to get the rate of
convergence to equilibrium of processes following (1.3) under selected assumptions. This discrete time
framework has several advantages. First, it allows us to better target the impact of the memory thanks
to the moving average (MA) representation of the noise process (see (2.2)). The deterministic sequence
defined by the coefficients involved in this representation measures, in a sense, the weight of the past
since the covariance function of (A, )nez is entirely determined by those coefficients (see Remark 2.1).
Then, one of our motivations to work in this discrete context is to see if the speed of convergence to
equilibrium is affected by the difficulty of the coupling strategy which is a priori greater in a continuous
time setting.

Now, let us briefly recall how this coupling method is organized. First, one takes two processes (X}, (AL +1)ES0)n>0
and (X7, (A2, )k<0)n>0 following (1.3) starting respectively from o and p, (the invariant distribution).
As a preliminary step, one waits that the two paths get close. Then, at each trial, the coupling attempt
is divided in two steps. First, one tries in Step 1 to stick the positions together at a given time. Then, in
Step 2, one tries to ensure that the paths stay clustered until +o00. Actually, oppositely to the Markovian
setting where the paths remain naturally fastened together (by putting the same innovation on each
path), the main difficulty here is that, staying together has a cost. In other words, this property can be
ensured only with a non trivial coupling of the noises. Finally, if one of the two previous steps fails, one
begins Step 3 by putting the same noise on each coordinate until the “cost” to attempt Step 1 is not too
big. In other words, during this step one waits again for the paths to get close but also for the memory
of the coupling cost to decrease sufficiently.

Thanks to this strategy, we are able to prove that the law of the process (X,4x)r>0 following (1.3)
converges in total variation to the stationary regime with a rate upper-bounded by Cn~" where v is a
quantity which is directly linked to the asymptotic behavior of the sequence of coefficients appearing in
the MA representation of the noise process. In particular, we focus on Gaussian noise with exponential
and polynomial memory (see Section 2 for more details). For the polynomial case, a more precise example
is also studied, namely noise with fractional memory (see Subsection 2.6). This example coupled with
the fact that we apply our result to the discretization of (1.1) (see Subsection 2.4) allows us to contrast
with the continuous time results [14, 11, 9].

The following section gives more details on the studied dynamics and describes the assumptions required
to get the main result, namely Theorem 2.1. Then, the proof of Theorem 2.1 is achieved in Sections 3,
4,5, 6 and 7, which are outlined at the end of Section 2.

2 Setting and main results

2.1 Setting

Let X := (X,)n>0 denote an R%-valued sequence defined by: Xy is a random variable with distribution
denoted by po and
Vn 2 0, Xn+1 = F(Xn, An+1), (21)



where F : RYxR? — R is continuous and (A,,),cz is a stationary and purely non-deterministic Gaussian
sequence. Hence, by Wold’s decomposition theorem [5] it has a moving average representation

VnezZ, A, = Z arbn_n (2.2)
with

{ (ar)r=0 € RY such that ag #0 and >/ a} < +o0 (2.3)

(&k)kez an ii.d sequence such that & ~ N(0, I,).

Without loss of generality, we assume that ag = 1. Actually, if ag # 1, we can come back to this case by

setting
+oo
An = Z dk&n—k
k=0

with dk = Z—S.

Remark 2.1. The asymptotic behavior of the sequence (ax)k>o certainly plays a key role to compute the
rate of convergence to equilibrium of the process (Xp)n>o0. Actually, the memory induced by the noise
process is quantified by the sequence (ak)r>o0 through the identity

Vn e Z,Vk >0, c(k):=E[AnApir] = Zalakﬂ

In the sequel, the state space of the process X and the noise space associated to ((Antr)k<0)n>0 Will be
respectively denoted by X := R% and W := (R%)% . These notations will be clarified in Subsection 3.1.

2.2 Preliminary tool: a Toeplitz type operator

The moving-average representation of the Gaussian sequence (A ),cz naturally leads us to define an
operator related to the coefficients (ag)r>o. First, set

+oo
k>0, Y aw_p < +oo}

0o(Z7 ,RY) := {w € (RHZ
=0

and define T, on /,(Z~,R%) by

+oo
= <Z alw—k—l> . (24)
=0 k>0

Due to the Cauchy-Schwarz inequality, we can check that for instance £2(Z~,R?) is included in £,(Z~, R%)
due to the assumption Z,@O ai < +oo. This Toeplitz type operator Ty links (Ay)nez to (§n)nez. The
following proposition spells out the reverse operator.

Proposition 2.1. Let Ty, be the operator defined on {y(Z~,R%) in the same way as Ta but with the
following sequence (bg)k>0

k
1 1
bo = - and Vk>1, by = o > abi. (2.5)
Then,
Vw € ,(Z7,RY), Tp(Ta(w)) = and  Yw € ,(Z7,RY), Ta(Tp(w)) =w
that is Ty = Ta ' and £y(Z~,R?) = Ta(lo(Z~ Rd))



Proof. Let w € £,(Z~,R%). Then let n > 0,

+oo
(Tb(Ta(w)))fn = Z bk(Ta(w))fnfk
k=0

—+o0 “+oo

= Z by, Z AW _p—f—]

k=0 =0
+o0o +0oo

= Z Z bra;—kw_p—; (by setting i = k +1)
k=0 i=k
+oo

(To(Ta(w)))—n = Z <Z bkaz‘—k) Wop—j = W_p
k=0

=0 except
for t=0

We show in the same way that for w € £,(Z~,R?), we have Ta(Tp(w)) = w. O

Remark 2.2. The sequence (by)r>o is of first importance in the sequel. The sketch of the proof of
Theorem 2.1 will use an important property linked to the sequence (by)k>o0: if two sequences u and v are
such that

n—1
Yn>1, wu,= g ALVn—k
k=0

then

n—1
Yn>1, v, = Zbkun_k.
k=0

This reverse identity and the asymptotic behavior of (by)k>0 play a significant role in the computation of
the rate of convergence.

The following section is devoted to outline assumptions on (ax)r>0 and (bg)k>0 and then on F' to get the
main result.

2.3 Assumptions and general theorem

First of all, let us introduce assumptions on (ay)r>0 and (bg)r>0. All along the paper, we will switch
between two types of assumptions called respectively the polynomial case and the exponential case.

Hypothesis (Hpoly): The following conditions hold,
e there exist p, 3 > 0 and C,,C3 > 0 such that

VE >0, |ax| <Co(k+1)77 and Vk=0, |bg <Cs(k+1)77.

e there exist kK > p+ 1 and Cy > 0 such that

Vk > 0, |ak — ak+1| < C,g(k’ + 1)7'{.

Hypothesis (Hexp): There exist A, > 0 and Cy,C), > 0 such that,
Vk >0, |ag] <Oxe™ and VE>=0, |b|<Cuer

Remark 2.3. > (Hpoly) and (Hexp) are general parametric hypothesis which apply to a large class
of Gaussian driven dynamics. These assumptions involve the memory of the noise process through the
sequence (ar)rk>0 but also through the coefficients appearing in the reverse Toeplitz operator T, ! (see



Proposition 2.1). Due to the strategy of the proof (coalescent coupling in a non Markovian setting) we
also need a bound on the discrete derivative of (ax)k>o0-

> Ewven though (ax)k>o0 and (b)r>o0 are related by (2.5), there is no general rule which connects p and
B. This fact will be highlighted in Subsection 2.6.

Let us now introduce some assumptions on the function F' which defines the dynamics (2.1). Throughout
this paper F' : X x R? — X is a continous function and the following hypothesis (H;) and (Hz) are
satisfied.

Hypothesis (Hy): There exists a continous function V : X — R satisfying lim V(z) = 400 and

|z|—+o00

3y € (0,1) and C > 0 such that for all (z,w) € X x R%,
V(F(z,w)) <AV(x) + C(1 + |w]).

Remark 2.4. We will see in Subsection 3.2 that this condition on F ensures the existence of an invariant
distribution (in a sense made precise below).

We define F: X x R* x R* - X by F(x,u,y) = F(z,u+ y). We assume that F' satisfies the following
conditions:

Hypothesis (Hz): Let K > 0. We assume that there exists K > 0 such that for every x := (z,2’,y,v)
in B(0, K)*, there exist Ay : R — R? My > 0 and C such that the following holds

e Ay is a measurable, invertible and almost everywhere differentiable function such that A_! is also
measurable.

e for all u € B(0, K),

F(z,u,y) = F(2', Ax(u),y) (2.6)
| det(Ja, (u))] = Cx (2.7)

e for all u € RY,
[Ax(u) —u] < Mg (2.8)

Remark 2.5. Let us make a few precisions on the arguments of F: z is the position of the process, u
the increment of the innovation process and y is related to the past of the process (see (4.7) for more
details). The boundary Cg and Mk are independent from x, ',y and y'. This assumption can be viewed
as a kind of controlability assumption in the following sense: the existence of Ax leads to the coalescence
of the positions by (2.6). This is of first importance to achieve the first step of the coupling procedure
(see Subsection 4.2).

We are now in position to state our main result. Let £((X4°),,>0) denote the distribution of the process X
starting from an initial condition o (see Subsection 3.1 below for detailed definitions of initial condition
and invariant distribution) and for an invariant distribution u, denote by Spu, the law of the stationary
solution. Finally, we denote by ||.||rv the classical total variation norm.

Theorem 2.1. Assume (Hy) and (Hz). Then,
(i) There exists an invariant distribution p, associated to (2.1).

(i1) Assume that (Hpoly) is true with p, 8 > 1/2 and p+ 5 > 3/2. Then, uniqueness holds for the invari-
ant distribution ji.. Furthermore, for every initial distribution po for which [, V(x)ITypo(dx) <
400 and for all € > 0, there exists Cc > 0 such that

IL((XES ) ks0) — Spsllrv < Ce ™ @B0)=2),

where the function v is defined by

W)= e mind1,2 - a)}min{o, 5 061 =12



(i11) Assume that (Hexp) is true, then unigueness holds for the invariant distribution p.. Furthermore,
or every initial distribution ug for which V()% po(dz) < 400 and for all
M X x M
p > 0, there exists C, > 0 such that

IL((X 030 k=0) = Spsllry < Cp n7P.

Remark 2.6. Assumption (Ha) is only required to perform the first step of the coupling strategy to get
(ii) and (i) (see Section 4 for more details).

In the following subsection, we test the assumptions of our main result Theorem 2.1 (especially (H7) and
(Hz2)) on the Euler scheme of SDEs like (1.1).

2.4 The Euler Scheme
Recall that X = R?. In this subsection, set

Fp: XxR'=x
(x,w) = x + hb(z) + o(z)w. (2.9)

where h > 0, b : X — X is continuous and o : X — M (R) is a continuous and bounded function on
X. For all z € X we suppose that o(z) is invertible and we denote by o~ !(z) the inverse. Moreover, we
assume that o~! is a continuous function and that b satisfies a Lyapunov type assumption that is:

(L1) 3C > 0 such that
Ve e X, |b(x)] <O+ |z]) (2.10)

(L2) 33 € R and & > 0 such that B
Ve e X, (z,b(x)) <B—alz|? (2.11)

Remark 2.7. This function F}, corresponds to the Euler scheme associated to SDFEs like (1.1). The
conditions on the function b are classical to get existence of invariant distribution.

In this setting the function F}, (introduced in Hypothesis (Hg)) is given by

Fr: XxRIxRY > x
(z,u,y) =z + hb(z) + o(z)(u+y).

Theorem 2.2. Let h > 0. Let Fy, be the function defined above. Assume thatb: X — X is a continuous
function satisfying (L1) and (L2) and 0 : X — Mg(R) is a continous and bounded function such that
for all z € X, o(x) is invertible and x + o~ *(z) is a continuous function. Then, (Hy) and (Hz) hold
for Fy, with h > 0 small enough.

Proof. Set V(z) = |z|. Let us begin by proving that (H;) holds with V' for F}, with h > 0 small enough.
We have:

| B (2, w)[* = |2f* + h?[b(x)|* + 2 (x, b(@)) + 2(z, o (x)w) + 2h{b(@), o (x)w) + |o()w]*.
Then, using the inequality [(a,b)| < 3 (e|al> + 1]b]?) for all € > 0, we get

(o)) < 5elal? + Slo@ul) et (o), 0wy <

. (elb(a)P? + Llo(ayuP).

N | —

Moreover, assumptions (L1) and (L2) on b give

|(b(x),2)| < B~ ala* et [b(a)* < C(1+ |2]?).



Hence, we finally have
- ~ 1
|Fh(z, w)* < [af” + CR*(1 + [af*) + 2h(8 = alz|*) + elaf* + Z|o(z)w]*
~ h
+ Che(1+[af*) + Z|o(@)w]* +|o(z)w]®

< |z? 4+ 2h(6 — alz|?) + Cle + he + BH)(1 + |z[*) + <1 + —) lo(z)wl|?.

Now, set ¢ = h? and choose h small enough such that C(e + he + h?) < @h. Therefore,
Bl ) < [of? 4 405 = o) + (14 75 ) oo
where 4 = 28 4 . Then
Bl < (1= aal? + o+ (14552 otyut

By assumption o is a bounded function on R?%. Then, there exists C' > 0 depending on h and o such that
[En(,w)? < (1 ah)|aef + C (1 -+ [w]?).

Using the classical inequality v/a + b < /a+V/b, we finally get the existence of v € (0,1) and C' > 0 such
that for all (z,w) € R% x R4
|Fh(z, w)| < vlz|+ C 1+ [w]) (2.12)

which achieves the proof of (Hy).
We now turn to the proof of (Hz). Let K > 0 and take x = (z,2',y,') € B(0,K)*. Here we take
K = K. Hence, let us now define Ax. For all u € B(0, K), we set

Ax(u) = 07 (@' )o(@)u + o (@) (@ — 2" + h(b(x) = b(a"))) + o~ (z")o()y — (2.13)

which is equivalent to Fj, (z, u,y) = Fj (2, Ax(u),y’) for all u € B(0, K).
Hence, for all uw € B(0, K),
I, (u) = o7 (2 )o(x). (2.14)

Since o,0~! and b are continuous, there exist Cx > 0 and mg > 0 independent from x such that for all
u € B(0,K),

Then, we extend Ay to a continuous and invertible function in such a way that there exists Mg > mg
such that for all u € RY,
[Ax(u) —u| < Mk.

Finally, the function F}, satisfies (Ha). |

The two following subsections are devoted to outline examples of sequences wich satisfy hypothesis (Hexp)
or (Hpoly). In particular, Subsection 2.6 includes the case where the process (A, )nez corresponds to
fractional Brownian motion increments.



2.5 An explicit case which satisfies (Hexp)

In this subsection, we investigate an explicit exponential case with the following definition for the sequence
(ar)r=0

ao=1 and VkeN* ap=Che *F (2.15)
with C, € R. Let us recall that by = 1 (since ag = 1) and for all k > 1, we can get the following general
expression of by (see Appendix A):

5L (-1 4
b= =54 > [Tox |- (2.16)
p=1 % Ei,.kp>1 i=1
kit tkp=k

A classical combinatorial argument shows that #{(k1,...,kp) € N* | k1 + -+ k, = k} = (f}j) As a

consequence, when the sequence (ax)g>o is defined by (2.15), we can easily compute the coefficients by,
for k > 1,

k
b= (=Ca)Pe M 4{(k, ... kp) €N" | ky+ -+ ky =k}
p=1
k
—1
p=1 P
b = —Cu(1 — Cp)F e 2k, (2.17)

Hence, to satisfy (Hexp), we only need C, to be such that 4 := A—In|1—C,| > 0 and then for all k£ € N*,
we get
|br| < Cre™H* (2.18)

with Cp, > 0 a constant depending on C,,.

Remark 2.8. > In this setting where everything is computable, it’s interisting to see that the asymptotic
decrease of the sequence (|bg|) is not only related to the one of the sequence (|ag|). For instance, if we take
C, <0, the simple fact that ag > 0 and ar, < 0 for all k > 0 makes (by) diverge to +00 and nevertheless,
(lax|) decreases to 0 at an exponential rate.

> If we take C, = 1, we can reduce (Ap)nez to the following induction

Vn€Z, Api1 =&k +e M. (2.19)

2.6 Stationary Gaussian sequence of fractional type

Let H € (0,1). In the sequel, we will speak about stationary Gaussian sequence of fractional type if the
sequence (ay) is such that

Vk >0, lag| <Co(k+1)"" and |ag —app1| < Cp(k+1)~P+Y (2.20)

with p:=3/2— H.

As we will see below, this condition includes the case where (A,),ez corresponds to the fractional Brow-
nian motion (fBm) increments. Unfortunately, computing the rate of convergence of the corresponding
sequence (bx)r>o0 is a hard task and strongly depends on the variations of (ax)r>0. Actually, in Proposi-
tion 2.2 and 2.3, dealing with the same order of memory, we will see that the orders of rate of convergence
are really different. Note that the first corresponds to the case where ay, := (k +1)~G/2=H) for all k € N
whereas the second deals with fBm increments.



Proposition 2.2. Assume (Hy) and (Hz). Let H € (0,1) and set p:=3/2— H € (1,3/2).
If for all k > 0, ar, = (k+ 1)77, then (ax) is of fractional type and we have |bg| < (k + 1)~P. Moreover,
if p > 3/4 Theorem 2.1 (i) holds with the rate

vipp) =v(B/2=H3/2=H) =5\ (s _ 42 i He(1/2,3/4).

1 { (1-H)* if He(0,1/2]
Remark 2.9. This result follows from the proof of the inequality |bx| < (k+1)~" for all k > 0 which is
outlined in Appendix B. The key argument in this proof is the property of log-convexity of the sequence
(ak)ken, which means that for all k € N, ar, >0 and for k > 1, aj — ax_1ax+1 < 0.

As mentioned before, the terminology “fractional type” refers to the fractional Brownian motion. Indeed,
in a continuous-time setting, a famous and classical example of non-Markovian dynamics is SDE driven
by fBm

Recall that a d-dimensional fBm with Hurst parameter H € (0, 1) is a centered Gaussian process (B¢)i>0
with stationary increments satisfying

Vt,s >0, Vi,je{l,...,d}, E [(B;‘ — BiY(BJ fBg)} = bi;]t — 2.

The study by a coupling argument of the rate of convergence to equilibrium for this kind of dynamics has
been undertaken by Hairer [14], Fontbona and Panloup [11], Deya, Panloup and Tindel [9], respectively
in the additive noise, multiplicative noise with H > 1/2 and multiplicative noise with H € (1/3,1/2).
Here in our discrete-time setting, we are thus concerned by the long time behavior of (2.1) if we take for
h>0

(An)nez = (Bnh — Bn—1)n)nez (2.22)

which is a stationary Gaussian sequence. It can be realized through a moving average representation
with coefficients (aff )= defined by (see [19]):

1\ H-1/2 1\ H-1/2
all =W k(H)2Y2~H  andfor k>1, aff =hfk(H) ((k + 5) - (k: - 5) ) (2.23)

where

_ /sin(rH)L(2H + 1)
B ['(H+1/2)

One can easily check that a}! it Ch,u(k+1)=C2=H) and |afl —afl, || < Chom(k+ 1)~ 6/2-H),

r(H)

Hence (af )i is of fractional type in the sense of (2.20). Now, the question is: how does the correspond-
ing (bf1) behave ? When H belongs to (0,1/2), only a! is non-negative and then (al) is not log-convex.
Therefore, we cannot use this property to get the asymptotic behavior of (ka ) as we did in Proposition
2.2. However, thanks to simulations (see Figure 1a and 1b), we conjectured and we proved (see Appendix
E) the following proposition.

Proposition 2.3. There exists Cj ; > 0 such that for all H € (0,1/2)
Yk >0, [bf| < Cf gk +1)~HT/2), (2.24)
Then, if we assume (Hi) and (Hz), Theorem 2.1 (ii) holds with the rate

(0,2 — p) = v(3/2 — H, H +1/2) — % { 5(1 ) Zj p c 5(1)/11/;1]/2)



slope =-0.5999276 slope =-0.7999998

(a) parameter: H = 0.1 (b) parameter: H = 0.3

slope =-1.0999661

21 slope =-1.1990703

(c) parameter: H = 0.6 (d) parameter: H = 0.9

Figure 1: (log |bH|) according to (log(k + 1)) with different Hurst parameters H.

As concerns the case where H belongs to (1/2,1), we conjecture that (see Figure 1c and 1d)
Conjecture: There exists C’,’;H > 0 and Sy > 1 such that

VE >0, [bf| <Oy p(k+1)"Pm. (2.25)

Remark 2.10. We do not have a precise idea of the expression of By with respect to H. But, we can
note that if p < 1 and 8 > 1 in (Hpoty), then the rate of convergence in Theorem 2.1 is v(p, B) = %
and does not depend on 3. Hence, if H € (1/2,1), p =3/2— H and Bg > 1, we fall into this case and

then the dependence of By in terms of H does not matter.

If the previous conjecture is true we get the following rate of convergence for H € (1/2,1) in Theorem
2.1:

1—-H)?
o(p,Bir) = o032~ H, ) = LI
Now, let us briefly discuss about those results. First, Proposition 2.2 and 2.3 indeed confirm that the
fluctuations of the sequence (ax)ren have an impact on (by)ren and on the corresponding rate of conver-
gence. Then, let us focus on the specific statements on fBm increments (especially Proposition 2.3 and the

10



conjecture below) and compare with the continuous time setting. When H belongs to (0,1/2) Proposition
2.3 gives exactly the same rate of convergence obtained in [14, 11, 9]. However, when H > 1/2 if the
conjecture is true which seems to be confirmed by simulations, we get a smaller rate than in a continuous
time setting. The reason for this may be that Theorem 2.1 is a result with quite general hypothesis on
the Gaussian noise process (A, )nez. In the case of fBm increments, the moving average representation is
explicit. Hence, we may use a more specific approach and significantly closer to Hairer’s, especially with
regard to Step 2 in the coupling method (see Subsection 5.2.2) by not exploiting the technical lemma 5.3
for instance. This seems to be a right track in order to improve our results in this precise example.

We are now ready to begin the proof of Theorem 2.1. In Section 3, we establish a Markovian structure
to define invariant distribution and to get the first part of the theorem, i.e. (i). Then, in Section 4 we
explain the scheme of coupling before implementing this strategy in Sections 5 and 6. Finally, in Section
7, we achieve the proof of (ii) and (iii) of Theorem 2.1.

3 Existence of invariant distribution

The stochastic dynamics described in (2.1) is clearly non-Markovian. We will see in this section how is it
possible to introduce a Markovian structure and then the notion of invariant distribution. This method
is inspired by [15].

3.1 Markovian structure

The first idea is now to look at (X, (Antr)k<o)n>0 instead of (X, )n>0. Let us introduce the following
concatenation operator
U:W xRS W (3.1)

(w,w") — w U w
where (wUw')g = w’ and Vk < 0, (wUw')g = wgy1. Then (2.1) is equivalent to the system

(Xnt1, (Angix)i<o) = (X, (Anyr)r<0), Ang1) (3.2)

where

P (X XW) xR - X xW
(z,w),w) = (F(z,w"),wUw).

Therefore, (X, (An+k)k<o)n>0 can be realized through the Feller Markov transition kernel Q@ defined by

/g(z’,w’)Q((LUJ%(dx’vdvf)):/ 9(p((x, w), 8))P(w, dd). (3-3)
w

Rd

where P(w,dd) := L(An+1|(Antk)k<o = w) does not depend on n since (4,,) is a stationary sequence,
and g : X x W — R is a measurable function.

Definition 3.1. A measure p € M1 (X x W) is said to be an invariant distribution for (3.2) and then
for (2.1) if it is invariant by Q, i.e.
Qp = p.

However, the concept of uniqueness will be slightly different from the classical setting. Indeed, denote
by Su the distribution of (X#),>0 when we realize (X, (Aptk)k<0)n>0 through the transition Q and
with initial distribution p. Then, we will speak of uniqueness of the invariant distribution up to the
equivalence relation: yu ~v <= Spu = Sv.

Moreover, here uniqueness will be deduced from the coupling procedure. There exist some results about

uniqueness using ergodic theory, like in [15], but they will be not outlined here.
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3.2 Lyapunov condition

Denote by P, the law of (Ag)r<o. Since (Ay)nez is stationary we immediately get the following property:
Property 3.1. If a measure pp € M1(X x W) is such that IIj,,u = Py, then I3, Qu = P,,.

We can now define the notion of Lyapunov function.

Definition 3.2. A function ¢ : X — [0,400) is called a Lyapunov function for Q if v is continuous and
if the following holds:

(i) ¥=1([0,a]) is compact for all a € [0, +o0).
(i1) 38 >0 and « € (0,1) such that:
| vl Quidr.du) <5+ a [ v L) (o)
X XW X

Jor all jp € My(X x W) such that I, u = Py, and [, i (x)(ITp)(dz) < 400.
The following result ensures the existence of invariant distribution for Q.

Theorem 3.1. If there exists a Lyapunov function ¢ for Q, then Q has at least one invariant distribution
Ly, 10 other words Qs = .

A detailed proof of this result is given in Appendix C. Finally, we get the first part (i) of Theorem 2.1
about the existence of an invariant distibution by setting ¢ := V (with V the function appearing in (Hy))
and by saying that v is a Lyapunov function for Q.

4 General coupling procedure

We now turn to the proof of the main result of the paper, i.e. Theorem 2.1 (ii) and (iii) about the
convergence in total variation. This result is based on a coupling method first introduced in [14], but
also used in [11] and [9], in a continuous time framework. The coupling strategy is slightly different in
our discrete context, the following part is devoted to explain this procedure.

4.1 Scheme of coupling

Let (Al)nez and (A2),cz be two stationary and purely non-deterministic Gaussian sequences with the
following moving average representations

+oo
A}z = akgrllfk
k=0
+oo
A =3 alhy,
k=0
with
(ar)k=o0 € RN such that ag =1 and ZZES ai < o0 (4.1)
& = (& )kez an ii.d sequence such that & ~ N(0,1,) for i = 1,2. ’
We denote by (X!, X?) the solution of the system:
{ Xéﬂrl = F(Xé’AélJrl) (42)
Xn+1 = F(Xn’ An-i—l)

with initial conditions (XJ, (A} )k<o) and (X&, (A%)r<o). We assume that (X3, (A%)k<o) ~ px where
s denotes a fixed invariant distribution associated to (2.1). The previous section ensures that such a
measure exists. We define the natural filtration associated to (4.2) by

(Fa)nen = (0((&4)k<n, (€ k<n, X0, X§))nz0-
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To lower the “weight of the past” at the beginning of the coupling procedure, we assume that a.s,
(A)r<o = (Af)k<o

which is actually equivalent to assume that a.s (£} )r<o = (£3)r<o since the invertible Toeplitz operator
defined in Subsection 2.2 links (A% )r<o to (&} )k<o for i = 1,2. Lastly, we denote by (g5 )nez and (fn)nez
the random variable sequences defined by

571l+1 = 5721+1 +9gn and A}Hrl = Aiﬂ + fn- (4.3)

They respectively represent the “drift” between the underlying noises (£}) and the real noises (A}). By
assumption, we have g, = f, =0 for n < 0.

Remark 4.1. From the moving average representations, we deduce immediately the following relation
for allm >0,

—+o0 n
fn = Zakgn—k = Z Apdn—k (44)
k=0 k=0

The aim is now to build (g, )n>0 and (f,)n>0 in order to stick X! and X?2. We set
Too = inf{n >0 | X} = X7, Vk > n}.

In a purely Markovian setting, when the paths coincide at time n then they remain stuck for all £ > n by
putting the same innovation into both processes. Due to the memory this phenomenon cannot happen
here. Hence, this involves a new step in the coupling scheme: try to keep the paths fathened together
(see below).

Recall that £((X?)k>n) = Spx. The purpose of the coupling procedure is to bound the quantity P(7o >
n) since by a classical result we have

IL(Xi)kzn) = Stellry < P(ros > n). (4.5)
Hence, we realize the coupling after a series of trials which follows three steps:

* Step 1: Try to stick the positions at a given time with a “controlled cost”.
*x Step 2: (specific to non-Markov processes) Try to keep the paths fastened together.

x Step 3: If Step 2 fails, we wait long enough so as to allow Step 1 to be realized with a “controlled
cost” and with a non-negative probability. During this step, we assume that g, = 0.

More precisely, let us introduce some notations,

o Let 79 > 0. We begin the first trial at time 79 + 1, in other words we try to stick XT10+1 and X‘I2'o+1'
Hence, we assume that
Vn <19, gn=fn=0. (46)

e For j > 1, let 7; denote the end of trial j. More specifically,

> If 7; = +o0 for some j > 1, it means that the coupling tentative has been successful.

> Else, 7; corresponds to the end of Step 3, that is 7; + 1 is the beginning of Step 1 of trial j+ 1.

The real meaning of “controlled cost” will be clarified on Subsection 5.1. But the main idea is that at Step
1 of trial j, the “cost” is represented by the quantity g,,_, that we need to build to get XleAH = XTQJ,AJr1
with non-negative probability. Here the cost does not only depend on the positions at time 7;_; but also
on all the past of the underlying noises ¢! and £2. Hence, we must have a control on gr;_, in case of
failure and to this end we have to wait enough during Step 3 before beginning a new attempt of coupling.
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4.2 Coupling lemmas to achieve Step 1 and 2
This section is devoted to establish coupling lemmas in order to build (¢!, £2) during Step 1 and Step 2.

4.2.1 Hitting step

If we want to stick X' and X? at time n+ 1, we need to build (£},,£2, ;) in order to get FI(X}, A}, ;) =
F(X2,AZ_ ) with non-negative probability, that is to get

—+o0 —+o0
F <X7117 aogrlwrl + Z akgrlwrlk) =F <X7215 ‘105721+1 =+ Z ak§721+1k>

k=1 k=1
+o0 too
Flx}, ¢ ; =F (X2 & . 47
— n Entts ZakgnJrlfk = n Snt s ZakgnJrlfk (4.7)
k=1 k=1

since ag = 1. The following lemma will be the main tool to achieve this goal.

Lemma 4.1. Let K > 0 and p := N(0,14). Under the controlability assumption (Hz), there exists
K >0 (given by (Hz)), such that for every x := (z,2’,y,y') in B(0, K)*, we can build a random variable
(Z1, Z) with values in (R?)? such that

(1) L(Z1) = L(Z2) = p,
(ii) there exists 5z > 0 depending only on K such that
P(F(z, Z1,y) = F(2', Z2,)) 2 P(Zs = Ax(Z1), 21| < K) 2 65 > 0 (4.8)
where Ax is the function given by hypothesis (Hz),
(iii) there exists Mg > 0 depending only on K such that

P(|Zy — Z1| < M) = 1. (4.9)

Proof. Let x := (z,2',y,y’) € B(0, K)*. First, let us denote by 7 (resp. 72) the projection from R? x R?
to R? of the first (resp. the second) coordinate. Introduce the two following functions defined on R?

A1 TU (ul,Ax(ul))

A2 U > (A;l(UQ),UQ)

where Ay is the function given by (Hz). Now, we set
1 * *
P, = §(A1M ANAsp).
Let us find a simplest expression for P;. For every measurable function f : R? x R? — R, , we have

N = [ Sl Aclnutdin) = [ ), o (i) ()

dyRd
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and

Aju(f) = / FAS (uz), )l dus)

1 |us|”
27r)d/2 /Rdf )exp( 5 dugy

- oy, S >exp< W)demwnndul (by setting uy = A5 (u2))
]Rd

/ Flun, x<u1>>exp<'“;' = BIDY den(n, ) )

=:Dp, (u1)

= / f(ul,u2)6Ax(ul)(du2)DAx (ul)u(dul).
Rd xR4

By construction, we then have

Py (duy, dus) = %5Ax(ul)(duQ)(DAx () A Dpa(dur). (4.10)
Write S(u1,uz2) = (uz,u1) and denote by f’l the “symmetrized” non-negative measure induced by Py,
P, =P, +5*P;. (4.11)
We then define (Z1, Z3) as follows:
L(Z1,Z9) =Py + A*(u—7{P1) =Py + Py (4.12)

with A(u) = (u,u) and Py = S*Py + A*(u — 7¥Py). It remains to prove that £(Z1, Z5) is well defined
and satisfies all the properties required by the lemma.

First step: Prove that P is the sum of two positive measures.
Using (4.10), we can check that for all non-negative function f,

mP(f) < ()

and
mP(f) = T (SP(S) < 5000,

By adding the two previous inequalities, we deduce that the measure p— ﬂ'ff’l is positive. This concludes
the first step.

Second step: Prove that 7} (P1 + P2) = 75 (P1 + P2) = .
This fact is almost obvious. We just need to use the fact that

moA=moA=1Id

and the symmetry property of P, 5 5
i.e. 7TTP1 = W;Pl.

Third step: Prove (4.8) and (4.9).
Let us first remark that the support of Py + P> is included in

{(u,v) €REX R | v = Ax(u)} U{(u,v) € REX R | v = AL (u)} U {(u,v) € R x R | v = u}.
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Therefore, by (2.8) in (Hg) and the fact that
(Vu € RY, [Ax(u) —u| < Mg) <= (Vu e R AL (u) —u| < Mk)

since Ay is invertible on R¢, we finally get (4.9).
Then, using again (Hz) where K is defined and the definition of the subprobability P; we get

P(F(z, Zy,y) = F(z', Za,y'")) = P1(B(0, K) x A(B(0, K))) (4.13)

=P(Z2=Ax(Z1),|Z1|<K)

and
1

P(Zy = Ax(Z1),|21] < K) = B /B(O R)(DAX(U) A1) p(du).

It just remains to use (2.7) and (2.8) in (Hz) to conclude. Indeed,

Pz = M) 2] <Ry = 5 [ . (e (% - %) det((u)] ) A1 ()

> %M(B(O,f{)) Kexp <M> cf(> A 1] — 5 >0

which concludes the proof. [l

4.2.2 Sticking step

Now, if the positions X} 41 and X2 11 are stuck together, we want that they remain fastened together for
all £ > n + 1 which means that:

Vk = n+1, F(XliaAlch,-l) = F(X%,A%_,’_l)

—+o0 —+o0
= Vk>=n-+1, F(Xlivgli—i-l + Z alfli—i—l—l) = F(Xi,&fﬂ + Z al&lg-kl—l) (4.14)
=1 =1

since X} = X? and ag = 1. Recall that for all k € Z, g, = f;_ﬂ —E,%H is the drift between the underlying
noises. Then, if we have

+oo +oo
Vk>n+1, 51%4—1 + Zalgli—i-l—l = 513-1—1 + Zal&g-’,—l—l
=1 =1

“+oo
<~ Vken+1, gp.=-— Zalgk,l (4.15)
=1

the identity (4.14) is automatically satisfied.

Remark 4.2. The successful gy, defined by relation (4.15) is Fi-measurable. This explains why we chose
to index it by k even if it represents the drift between 51%4—1 and ‘EI%H'

Hence, we will try to get (4.15) on successive finite intervals to finally get a bound on the successful-
coupling probability. The size choice of those intervals will be important according to the hypothesis
(Hpoty) or (Hexp) that we made. The two next results will be our tools to get (4.15) on Subsection 5.2.
For the sake of simplicity we set out these results on R. On R? we just have to apply them on every
marginal. Lemma 4.2 is almost the statement of Lemma 5.13 of [14] or Lemma 3.2 of [11].
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Lemma 4.2. Let j:=N(0,1). Let a € R, b > |a| and My, := max(4b, —21og(b/8)).
(i) For all b > la|, there exist 6; and 6; € (0,1), such that we can build a probability measure N7, on
R? with every marginal equal to v and such that:

Noy{(@y) ly=a+a}) =6  and  NG({(z,9) | ly — 2] <Mp}) =1.

(ii) Moreover, if b € (0,1), the previous statement holds with 6} =1 —b.
The following corollary is an adapted version of Lemma 3.3 of [11] to our discrete context.

Corollary 4.1. Let T > 0 be an integer, b >0, g = (go, 91, - - - ,gT) € RT+L such that ||g|| < b where ||.||
is the euclidian norm on RTT! and set M, := max(4b, —2log(b/8)).

(i) Then, there exists 6, € (0,1), for which we can build a random variable ((§} 1) kefo,r]: (§pst ) kefo,])
with values in (RTT1)2 with distribution N'(0, ITy1) and satisfying:

P (& =&y1+or YEE[0,T]) 26,

and

P(llg' - €l < M) = 1.
(ii) Moreover, if b € (0,1), the previous statement holds with §; =1 — b.

Proof. Let (ug)refo,r] be an orthonormal basis of RT+! with ug = ﬁ. We denote by (Uy,Us) a random

variable which has distribution N7, (with a = ||g||) given in the lemma 4.2. Let (ex)req1,ry be an iid
random variable sequence with €1 ~ N(0, 1) and independent from (Uy,Us). Then, for i = 1,2 we define
the isometry:
wi: RTHL — WHRTHY) C L2(Q, F,P)
Uk — ¢ for ke[1,T].

And we set for all n € [0,T], & 41 :=W'(en) where e, is the vector of R”*! for which every coordinate
is 0 except the n'" which is 1. Since (uk)kefo,r] is an orthonormal basis of RT*!, we then have:

T

en = Z(en,uk>uk.

k=0
Hence,
T T
6:1-1-1 =W <Z<enauk>uk> H || + Z en;uk
k=0 =1

&, is clearly centered and Gaussian as a linear combination of independent centered Gaussian random
variables and using that W' is an isometry, we get that (£} ,)refo,r) has distribution N(0, I741) for
i = 1,2. Therefore, we built £ and £2? as anounced. Indeed, by Lemma 4.2

P ( mi1 =&+ gn Vne [0,T]) =P (Uy = Uz + |lgl|) > 8y

and
P (¢! - &l < My) = B(UL - Us| < My) = 1.

(i) also follows immediately from Lemma 4.2.

5 Coupling under (Hpo1y) or (Hexp)
We can now move on the real coupling procedure to finally get a lower-bound for the successful-coupling

probability. In a first subsection, we explain exactly what we called “controlled cost” and in a second
subsection we spell out our bound.
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5.1 Admissibility condition
The “controlled cost” is called “admissibility” in [14]. Here, we will talk about (K, «)-admissibility, as in
[L1], but in the following sense:

Definition 5.1. Let K > 0 and o« > 0 be two constants and 7 a random wvariable with values in N. We
say that the system is (K, a)-admissible at time 7 if T(w) < 400 and if

(X7 (w), XZ(w), (& (w), &7 (@))n<r) satisfies

+oo
V>0, Y argrin-rw)| < vn (5.1)
k=n+1
and
. +m .
(X2 <K, Y aliy W) <K fori=1,2 (5.2)
k=1
with
Up =+ 1) under (Hpoly) and v, = e " under (Hexp). (5.3)

Remark 5.1. On the one hand, condition (5.1) measures the distance between the past of the noises
(before time 7). On the other hand, condition (5.2) has two parts: the first one ensures that at time T
both processes are not far from each other and the second part is a constraint on the memory part of the
Gaussian noise AL ;.

The aim is to prove that under those two conditions, the coupling will be successful with a probability
lower-bounded by a non-negative constant. To this end, we will need to ensure that at every time 7, the
system will be (K, «)-admissible with non-negative probability. We set:

+oo
QL= {w,T(w) < 400, Z akgrin—k(w)| <v, Vne€ N} (5.4)
k=n+1
and
. +m .
Ok, = {w,T(w) < +00, | Xi(w)| < K and Zak§;+1_k(w) <K fori= 1,2} . (5.5)
k=1

We define

QK par = Q4 N 1 (5.6)

If w € Qk o,r, we will try to couple at time 7+ 1. Otherwise, we say that Step 1 fails and one begins Step
3. Hence, Step 1 of trial j has two ways to fail: either w belongs to Q% , . . and one moves directly to
T

Step 3 or w belongs to {1 o r,_,, one tries to couple and it fails.

5.2 Lower-bound for the successful-coupling probability

The main purpose of this subsection is to get a non-negative lower-bound for the successful-coupling
probability which will be independent of j (the number of the tentative), in other words we want to prove
the following proposition
Proposition 5.1. Assume (Hy) and (Hz). Let K >0, a > 3V (3 — B) if we are under (Hpoly) and
a > 0 different from p if we are under (Hexp). In both cases, there exists §o in (0,1) such that for all
Jj=z1

do <P(AT; = +oo|QK7a17j71) (5.7)

where A7, :=7; — 71 and 7; 1s defined in Subsection 4.1 as the end of trial j.

Another result will appear in this subsection: a lower-bound (independent from j) of the failure-coupling
probability, that is we can choose d; € (0,1) such that

Vi>1, 61 <P(ry < oo|mjm1 < 00). (5.8)

This result may appear of weak interest but will be of first importance in Subsection 6.2 and we will get
this bound thanks to Step 1, that is why we talk about this here.
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5.2.1 Step 1 (hitting step)

Lemma 5.1. Let K > 0 and o > 0. Assume (Hy) and (Hg). Let K > 0 be the constant appearing in
(Hz), 61 € (0,1) and T be a stopping time with respect to (Fp)nez such that P(Qg o) > 0.
We can build (&1, &2, ) with &1 ~ N(0,14) and €2, ~ N(0,14) such that

(i) There exist K1 € (0, K] and 6k, € (0,1) such that
P(X7 11 = X2k a,r) 2 P41 = Ax(Erpn)s &1l S K1 [Qka,7) 2 0K, >0 (5.9)
and
P (Qi(,a,r U ({534-1 # Ax( i+1) or |§i+1| > Kipn QK,a,T)) > 01 (5.10)
where X 1= (XTl, X2, ;;'OO ak§$+1ik, Z;;'OO ak§$+1ik) and Ax comes from (Ha).
(i) There exists Mg > 0 such that
g7l = €10, — €, < My s

Remark 5.2. The constant §1 is chosen independently from K and o.

Before proving this result, let us explain a bit why we add the lower-bound (5.10). As we already said,
we will see further (in Subsection 6.2) that we need a (uniform) bound on the failure-coupling probability

P(1; < o00|Tj—1 < 00) for every j > 1. Therefore, for every j > 1, we will consider that Step 1 of trial j
fails if and only if w € Qf , - U ({5%;1-1-1 # Ax(£$j71+1) or |£ij71+1| > K1} N QK,a,qu) and in this
case one immediatly begins Step 3. Hence, for all j > 1, thanks to Lemma 5.1 we get the existence of K3
such that:

P(71; <oo|Tj—1 < 00)
2 P (Q;(,oz,rj,1 U ({5727,1—1-1 7é Ax(g‘zl-j,l—i-l) or |£71-j,1+1| > Kl} N QK,&,T]‘—I)) 2 61'

This construction may seem artificial but it is necessary to prove Proposition 6.2. Moreover, this has no
impact on the computation of the rate of convergence to equilibrium since it only affects Step 1. We can
now move on the proof of Lemma 5.1.

Proof. (i) Set x := (X}, X2, o ar€l g S ak§72—+1—k)' Conditionnally to Qk o, we have

x € B(0, K)* and we can build (Z1, Z3) as in Lemma 4.1. Let & ~ A(0,1) be independent from (Z;, Z5)
and set

(671—-',-1’572—-{-1) = (HQK,a,rzl + ]IQ%WQYTE’ ]lQK,a,TZQ + ]lei(Yang)' (5'11)
Therefore, we deduce by Lemma 4.1 and its proof that for all K; € (0, K 1,
P(X}, 1 = X2 1 |Qka,r) = P(Z2 = A(Z1), |Z1] < K1 [Qk,a,r) = 6k, > 0. (5.12)

:P(£72—+1:Ax(£71-+1)1 ‘571—+1‘<K1 |QK,CV77')

And the first part of (i) is proven. It remains to choose the good K; € (0, K] to get the second part. Set
pr = P(Qk o) and p:= N(0, 1), then
P (Q(;(,a,‘r U ({572—-',-1 # Ax(§71-+1) or |§i+1| >Ki}nN QK,a,r))
=1—-px +prP ({572—4-1 # AX(&-H) or |§i+1| > K1}|QK,a,T)
2 1-pK +pK]P)(|§i+1| > K1|QK,a,T)
> 1—px +pr(B(0,K1)°) =1 —pr +px(l—p(B(0,Kr))

where the last inequality is due to Lemma 4.1 one more time. Finally, it remains to choose K; € (0, K]
small enough in order to get 1 — px + pxr (1 — w(B(0, K1)) = 6.

(ii) If w € QK qa,r, by the previous construction and Lemma 4.1, we have |g, (w)| = |Z1(w) — Z2(w)| < Mk.
And if w € Q% , . then |g;(w)| = [{(w) — {(w)[ = 0 which concludes the proof of (ii). O
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To fix the ideas let us recall what we mean by “success of Step 17 and “failure of Step 17 of trial j (j > 1) :

{success of Step 1} = Qx a7, N {«EEFIH = Ax(§$j71+1), |§$J_71+1| < Ky} (5.13)

{failure of Step 1} = 5, ., U ({gEHH #Ax(€l 1)) or €1 > KN QK@,TH) (5.14)
where x := (X'll'j,la X72’j—1’ :;X(DJ aké“zl-j,l-i-l—ka Zz:()) ak§72'j71+1—k)'

5.2.2 Step 2 (sticking step)

Step 2 of trial j consists in trying to keep the paths fastened together on successive intervals I . More
precisely, during trial j, we set

Lo = {ijl +1}, ;1= [[Tj,l + 2,Tj,1 + 2¢ — 1]
and Vl>=2, Ijp:= [[Tj;l + 280, Tj_q + CaSet1 — 1]] (5.15)

where ¢y > 2 will be chosen further and with

[ 2° under (Hpoly)
V22, = { ¢ under (Hexp). (5.16)
We denote
C=sup{{=>1|Vn€ 1, gn1 = 951531 (5.17)
where g,(f_)l is the successful-coupling drift defined by (4.15), i.e. 97(15—)1 = — El—iolo a1gn—1—1- In other

words, I ¢+ is the interval where the failure occurs. If {€ > 1|Vn € Ij 1, gn—1 = g,(f_)l} = (), we adopt
the convention £ = 0, it corresponds to the case where the failure occurs at Step 1. When £ = +oo0,
trial j is successful. For a given positive o and K > 0, we set

Bjr=Qkar  N{;>0 Vji>10>0 (5.18)

which means that failure of Step 2 may occur at most after ¢ trials. With this notations we get
+oo
P(A7; = +00|Qk a,r, ) = P(success of Step 1 [Qxa,r ) H P(B,.¢|Bji-1) (5.19)
(=1

where the event {success of Step 1} is defined by (5.13).

Remark 5.3. There is an infinite product in this expression of the successful-coupling probability. Hence,
the size choice of the intervals I, defined in (5.16) will play a significant role in the convergence of the
product to a non-negative limit.

In the following lemma, similarly to the above definitions, we consider for a stopping time 7 the intervals
(I7.0)e>1, the integer £ and the events By, replacing 7;_; by 7.

Lemma 5.2. Let K > 0, assume (Hy) and (Hz). Let o > 3V (2 — B) under (Hpory) or a > 0 different
from p under (Hexp). Let T be a stopping time with respect to (Fp)nez (defined in Subsection 4.1) and
assume that the system is (K, a)-admissible at time T, then there exists Cx > 0 such that for co > 2 large
enough the successful drift ¢ satisfies

fort=1, [lg®r,, < Cx

and
1/2

THcaspy1—1 9 )
Ve 2, ||g<s>||z,,e=< > Mfﬁ) <2

k=74cs2sp
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min{e, f,a+ 8 -1} —1/2—¢ foralle >0 under (Hpoly)

min(a, 1) under (Hexp)
Therefore, for all £ > 1, we can build thanks to Corollary 4.1 ((éi)kelﬂg, (5,3);66[77[) during Step 2 in such
a way that

where & 1=

P(B,1|Bro) =6k and VL=2, P(Brg|Bre1)=1-27%
where §}; € (0,1).
Moreover, if 2 < 05 < 400, there exists Co, > 0 independent from K such that

1/2
'r+¢:25@;f_+171 /

S gl | <Callr+1)

k:‘r—i—czs[i
and if 3 =1, ||g||1., < Ck for some constant Cp > 0.

Remark 5.4. > Under hypothesis (Hpoty) the condition o > % \% (% — ﬂ) will ensure that

min{«, ,a+ -1} —1/2 > 0.

> In the polynomial case, for techmical reasons & depends on € > 0. This expression allows us to put
together different cases and simplify the lemma. Indeed, if (o, 8) ¢ {1} x (0,1]U(0,1] x {1}, we can take
e=0.

To prove this lemma we will use in the polynomial case the following technical result which a more precise
statement and a proof are given in Appendix D.

Lemma 5.3 (Technical lemma). Let o > 0 and 8 > 0 such that a4+ > 1. Then, there exists C(a, ) > 0
such that for every e > 0,

V=0, Y (k+1)P(n+1-k) "< Cla,f) (n+ 1) mintefotfziite
k=0

When (o, 8) ¢ {1} x (0,1] U (0,1] x {1}, we can take ¢ = 0 in the previous inequality.
We can now move on the proof of Lemma 5.2.

Proof. Let us prove the first part of the lemma, namely the upper-bound of the £2 norm for the successful-
coupling drift term on the intervals I7. Indeed, the second part is just an application of corollary 4.1.
Since the system is (K, a)-admissible at time 7, we get by (5.1)

“+oo
§ Ak Gr+n—k

k=n+1

Vn > 0, < Uy

But, if Step 2 is successful, we recall that by (4.15) the successful drift satisfies
—+o0
Vn > 1, 97(_5_2" = - Z Akgr4+n—k
k=1
and then

n oo
Vn > 1, Zakgiizn_k = - Z argrin—r and we set  ug = aggl® = ¢g{*).
k=0 k=n+1

=iUnp

Therefore thanks to remark 2.2 this is equivalent to

Vn = 0, gii)n = Zbkun_k.
k=0
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By the admissibility assumption, we have Vk € {0,...,n — 1}, |up—k| < vp—k and by Lemma 5.1 (ii),
|ug] < M. Hence, we get

¥ >0, (g%, < Mic > belvn—r. (5.20)
k=0

e Polynomial case: Assume (Hpoly). Then for all n > 0, v, = (n +1)~* with o > % Y, (% - ﬁ).
Here, (5.20) is equivalent to

¥n >0, g8, < MiCs Y (k+1) P (n+1— k)~
k=0
< M;( (n+1)—miﬂ{a,57a+ﬂ—1}+8.
for all € > 0 by applying the technical lemma 5.3 and setting M := C(«, 8) Mk Cp.
We then set & := min{a, S, + 5 —1} —1/2 — €.
Hence, for all £ > 2,

1/2
‘r+022€+1—1 2 /
(s) (s)
9N, ={ > (9l
k=T4cp2¢
1/2
o2t 1 /
/ —2a-1
A
k:cz2[
1/2

< M x (22" x (229729717 = Myeey @279

It remains to choose ¢ > 2V (M) to get the desired bound.

e Exponential case: Assume (Hexp). Then for all n > 0, v, = e™*" with a > 0 and o # p.
Here, (5.20) is equivalent to

Vn >0, |g‘(rizn < MKCH Z e~ hkg—a(n—k)
k=0
< M}( e~ min{a,,u}n-
by setting My := MgC,,. We then set & := min(a, p).
Hence, for all £ > 2,

T+ca(0+1)—1 1/2

2

(s) _ (s))

gl =1 > (a2
k=1+4caf

ca(f41)—1 1/2

< M Z o—2a(k—1)
k:(ﬁge
1/2

< , 6725((02272) 72&62 .
< M % o [1 —e } (by integral upper-bound)

(by choosing ¢o > 2 large enough)

For ¢ = 1, in both polynomial and exponential cases, the same approach gives us the existence of Cx > 0
such that

g, , < Ck.

By combining Lemma 5.1, Lemma 5.2 and the expression (5.19) we finally get Proposition 5.1.
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6 (K, a)-admissibility
6.1 On condition (5.1)

Let Atgj) be the duration of Step 3 of trial j for j > 1. The purpose of the next proposition is to prove
that thanks to a calibration of Atgj ), one satisfies almost surely condition (5.1) at time 7;.

Proposition 6.1. Assume (Hy) and (Hz). Let o € (% V (% —ﬁ) ,p) if we are under (Hpoly) and
a € (0,\) different from p if we are under (Hexp). Assume that for all j > 1,

A _ [ 2% with § > (2(p—a))™" under (Hpoly)
3 te + 7+ (%;f with 6 > 0 under (Hexp)

where €5 1s defined in (5.17) and with ¢ > 1 arbitrary. Then for every K > 0, there exists a choice of t.
such that, for all j > 0, condition (5.1) is a.s. true at time 7; on the event {1; < +oo}. In other words,
for all 7 >0,

IP’(Q;TJ{T]- < 4o0}) =1.

Proof. Let us begin by the first coupling trial, in other words for j = 0. We recall that g = 0 for all
k < 10 (see (4.6)), therefore
Vn >0,

—+o0
Z Ak Gro+n—k| = 0 S

k=n+1

and then condition (5.1) is a.s. true at time To- Now, we assume j > 1 and we work on the event
{r; <+oc} (O{r, <too}forall0<m<j—1).

Let us prove that on this event we have

Vn > 0, < vp.

—+o0
1
— E kdr. +n—k
ag 7
k=n-+1

Set u,, := Z;:;LH AkGr,+n—k- Since g = 0 for all k < 79, we get

n+‘rj —T0

Up = § akg'r].Jrnfk-

k=n-+1

Let us now separate the right term into the contributions of the different coupling trials. We get

j nAT; T j Tm—1
Up = Z Z ag g‘rj-l-n—k = Z Z an-i—Tj—k 9k
m=1 k:n-{-'rj—‘rm—i-l m=1 k:‘rm71

(*)m

and ()., corresponds to the contribution of trial m, divided into two parts: success and failure. We have
now to distinguish two cases:

First case: ¢, > 1, in other words the failure occurs during Step 2. We recall that in this case the system
was automatically (K, a)-admissible at time 7,,,_1, which will allow us to use Lemma 5.2 on 7y, 1.
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Then, since g, = 0 on [T, —1 + ca8¢x 11, T — 1] by definition of Step 3 of the coupling procedure,

Tmil"rCQS[;kn‘Fl—l C‘ZS[;kn+1—1
(*)m = E anJr‘rjfk gk = § anJr'rjmeilfk 9r,, _,+k
k:'rjm71 k=0
CQSg;knfl
g an+7jfrm717k grm71+k
k=0

success

0252%+1—1

+ E anJr'rjf'rm717k g‘rmilJrk .

k:CQS@;ﬂ

failure

We have now to make the distinction between the polynomial and the exponential case.
> Under (Hpoly): s = 2%, |ar| < Cp(k +1)77 and then af < C2(k+1)"%

Using Cauchy-Schwarz inequality, the domination assumption on (ay), and the fact that

n+7;—T,1—k+tl2n+7, -7 _1—k:—l—letém)—i—cQQe:nH—i—n—k:

m
we get,
. 1/2 . 1/2
c22%m —1 / c22m —1 /
2 2
|success| < Z a/n+Tj—Tm71—k Z ’g'rm,—l"l‘k’
k=0 k=0
. 1/2 . 1/2
co2fm —1 / ca2fm —1 /
—92 2
<C, (n+7’j — Ty —k+1)77 Z |g7m71+k|
k=0 k=0
. 1/2 . 1/2
c22fm —1 / c22m —1 /
. _ 2
<G| Y (A o2t - ) D [gr e
k=0 k=0
" 1/2
AL 4ep28m T pn a2fm —1 ) Yz
—2
=Cp Z k==r Z ‘gTWL—lJFk‘
k=A™ +cp2%n 4n+1 k=0
. 1/2
o\ V2 [ N\
o -2
< Cp (a2 (n+ AE™) %) > grarsl
k=0
By the same arguments, we obtain
, 1/2
. 12 (2t 2 !
|failure| < C,, (cﬂem (n + Atém))ﬂp) ng71+k‘
k=cqo2%m
Hence, by the triangular inequality, we have
. 1/2 ) 1/2
6226"1'—1 ) / anL+1_1 )
0 /2 -
()l < Cp/2 P+ A ST (g, ea) || (0n,0)
k=0 k=co2%m
(1) (2)
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Since £; > 1, by Lemma 5.1 (ii) and Lemma 5.2, we have

£, =1 o0
(1) < Mg + Z l9'9|lr, < Mk + Cr + 2270‘6 =:Ck
=1 =2
and
(2) < max(C,, Ck)(Lr, +1).
Therefore

()| < O 250205, +1) (n - 2t5™) (6.1)

where C’g) := max(Cy, %, Ck).
Moreover, recall that under (Hpoly)

Atém) = t,¢™2%n with 0 > (2(p—a))"! and ¢ > 1. (6.2)
Plugging the definition of Atgm) into (6.1) and using that for all z,y > 0, (z4y) » <z~ (P-Vy~@
|()ml < 2 (5, + 1) (n+ AL5™) 77
< CQ (5, + 1)20/2=0=aDb (¢ oy =(0=o) (4 1), (6.3)
Since 6 > (2(p — «))~! we have

Co,x = sup Cg)(é* + 1)2(1/276(/3—0[))@* < to0,
£*>0

and (6.3) yields
|| < Ca ke (t:6™) """ (0 +1)"  under (Hpoly)- (6.4)

> Under (Hexp): s¢ = £, |ag| < Cre™** and then ai < C3e M

Since the proof is almost the same in the exponential case, we will go faster and skip some details.
Using again Cauchy-Schwarz inequality, the domination assumption on (ax), and the fact that

n+T =Ty —kZ=2n+71, -1, 1—/€:At§,m)+02(€fn+1)+n—k:—1

—
we get
CQZ;kn’*l 1/2 Cze:nfl 5 1/2
Z 2 Z
success| < a’nJr'rjf'rm717k |g7—7n—1+k|
k=0 k=0
1/2 i 1/9
AtS™ oo (05, +1)+n—1 c22%m —1 /
—2)k 2
< Oy g e E [Z——
k=At{™ +cotn k=0
. 1/2
028m —1
Ci “A(n+At™ 4oy —1) “ 2 : 1
< \/ﬁe 8 g 2— (by integral bound)
k=0
. 1/2
O ( c22fm —1 /
] I ST
V2X .
k=0
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and by the same arguments,

1/2
ea (0, +1)—1 /

Che? m
|failure| < e Z
2>\ kzczé,fn

2
gTWL—lJ’_k }

As in the polynomial case, by using Lemma 5.1 and 5.2 we get the existence of C’S) > 0 such that
(| < CR (€, + e NHas™), (6.5)
Moreover, recall that under (Hexp)
At =t, +¢™ 4607, with 6> 0and ¢ > 1. (6.6)
Plugging the definition of At(m) into (6.5), we get

)
|( m| 0(3)( * +1) “A(n+ati™)

23 ( ) —(A—a)Atém) —an
C;?)(f* +1) —(A—a)(tats™ 400, )e—an.

We set
Cl, j = sup OS2 (0" + 1)e 0O < fo0,
£2>0
And this gives us
()| < Cf o™ A7 Eteemen ynder (Hexp). (6.7)

Second case: ¢}, = 0, in other words, failure occurs during Step 1. This includes the case when the

system is not (K, «)-admissible at time 7,,—1.

We have

(*)m = an-‘rTj—T gr

m—1 m—1"

By Lemma 5.1 (i), |g- | < Mk.

Moreover, since n+7; =7,y Z2n+7, =7, =n+ Atgm), we obtain by using the same method as in

m
the first case,

(™) (p—a)(n—i—l)_o‘ under (Hpoly)

< m .
|(*)m| = { Mye~ A=) (tatc™) g—an under (Hexp) (6 8)

By putting (6.4), (6.7) and (6.8) together, we finally get

(%) < max(MK,CmK)(t*gm)_(”_a) (n+1)"* under (Hpoly)
m max(Mg, C}, o )e” A tAc) g —an under (Hexp)

Set Sy = S5 ¢ (P=)m and Sy = Y7FF e~ (A—)™ | By choosing t, large enough, we obtain for all
1<m< g

1 ~(p—a)ym ~a
Y (n+1) under (Hpoly)
|l < { 1: e~ (A—a)s™ g—an under (Hexp) (6.9
Finally, by adding (6.9) for m = 1,..,j we have
(n+1)"* under (Hpoly)
Vn 2 0; |Un| < { e—an under (Hexp>
which concludes the proof.
O
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6.2 Compact return condition (5.2)

In the sequel, we set
& ={r <oo}(={n <oo,...,T; <o0}). (6.10)

The aim of this subsection is to prove the following proposition:

Proposition 6.2. Assume (Hy) and (Hz). For all e > 0, there exists K. > 0 such that

P(Q3% . |E)=>1—e. (6.11)

e Tj

At this stage, we assume that (Hpoly) is true. Indeed, the exponential case will immediately follow from
the polynomial one since (Hexp) implies (Hpoty).

Since for every events Aj, As, A3 and Ay, we have P(A41 N A2 N AsNAy) > 2?21
to prove that for all £ > 0, there exists K. > 0 such that

+oo

i
E aké—‘rj—i-l—k
k=1

to get (6.11). Let us first focus on the first part of (6.12) concerning |ij| for ¢ = 1,2. Recall that the
function V' : R4 — R* appearing in (Hy) is such that | |1im V(z) = 4o00. For K > 0 large enough we
x| ——+o0

P(A;) — 3, it is enough

P(IX! | < K |&)>1—¢ and IP( < K.

5j> >1—¢ fori=1,2 (6.12)

then have: |z| > K = V(x) > K. Therefore, for i = 1,2 and K. large enough, using Markov inequality
we get

E(V(X7) I€)

e (6.13)

P(|X7 | > K.|&) <P(V(XL) > K.[&) <

Hence, the first part of (6.12) is true if there exists a constant C' such that for every j € N and for every
K >0, ,
]E(V(X;j) I€;) < C fori=1,2. (6.14)

Indeed, plugging (6.14) into (6.13) and taking K. > % yield the desired inequality. We see here that the
independence of C' with respect to K is essential.
For the sake of simplicity, we we will first use the following hypothesis to prove (6.14):

(Hj): Let v € (0,1). There exists C,, > 0 such that for all j € N, for every K > 0 and for i = 1,2,

ATJ'
B> Anal Ll (8] <o
=1

where A1j :=7; — 7j_1 and A’ is the stationary Gaussian sequence defined by (2.2).

Proposition 6.3. Assume (Hy), (H2) and (H}). Let (X}, X2)nen be a solution of (4.2) with initial
condition (X§, X2) satisfying E(V (X§)) < oo fori =1,2. Moreover, assume that 7o = 0 and that (7;)j>1
is built in such a way that for all j > 1, P(§;|€j21) = 61 > 0 (where 01 is not depending on j) and

ATy > loi(;(lv/f)' Then, there esists a constant C' such that for all j € N and for every K > 0,

E(V(X1) |€)<C  fori=1,2.
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Remark 6.1. > Actually, hypothesis (H}) is true under (Hpoly) and will be proven in Subsection 6.3.
> The existence of 61 > 0 independent from j is proven in Subsection 5.2.

> To get Aty > loi(gé(l,y/f)
sition 6.1).

> Since in Theorem 2.1 we made the assumption [, V(x)ITyuo(dz) < 4oo and since an invariant
distribution (extracted thanks to Theorem 3.1) also satisfies [, V(2)ITyps(dz) < 400, we get that
E(V(X})) < oo fori=1,2. Hence, we can set 1o = 0.

, it is sufficient to choose t. large enough in the expression of Atgj) (see Propo-

Proof. By (Hz1), there exist v € (0,1) and C > 0 such that for all n > 0 and for ¢ = 1,2 we have
V(X5p1) SAV(XG) + O+ AL )

By applying this inequality at time n = 7; — 1, and by induction, we immediately get:

AT]'
VXE) < ATV(XE )+ O 7270 4 (AL L), (6.15)
=1
By assumption At; > % then WATJ' < %1. Moreover, since £; C &;_1 and P(&;|E;_1) > 01, we get
1 X P(E;-1)
E[V E; E[V(X: gl ——LI—2 E[V E;
[ ( 'r,1> | ] P(g]) [ ( Tj,l) 5]] P(g]) [ ( Ti— 1) | J— 1]
——
=P(&;|€j-1)7"
< 6171E[V(X’f']71) |5]_1]
therefore
AT i 51 i 1
EAT V(XL ) €] < 5 E[V(X7,_,) 1€-1] = FEV (X7, ) 1€l
Hence, by taking (6.15), we have
1 AT
E[V(XZ) 1&] < GEIV(XZ, ) 16— +CZV +CE (Y AA7HAL 1
1=0 1=1

AT

1 C 2 A

SEVXE ) €]+ = + OB | S 7AL il |8
=1

Hypothesis (H}) allows us to say

E[V(X7) 1&] <

l\’)l»—t

E[V(X7,_ ) 1E- 1]+C<%+C>

By induction, we get the existence of a constant CN'V > 0 such that

BV(X,) 6] < (3 ) BIVIX) f6l + C

since P(&y) = 1, we get

i 1’ i A
BV(X,) 6] < (3 ) BV +C,
Since 7 = 0 and we assumed that E[V (X})] < oo, the proof is over. O

It remains now to prove (H}) to get the first part of (6.12). The second part will be deduced from the
proof of (H}) thanks to Remark 6.2.
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6.3 Proof of hypothesis (H))
We recall that we want to prove that under (Hpoly ), the following hypothesis is true:
(H}): Let v € (0,1). There exists C,, > 0 such that for all j € N, for every K > 0 and for i = 1,2,

ATj

ZVATJ_lmJ il |6 <Oy

where A1j :=7; — 7j_1 and A’ is the stationary Gaussian sequence defined by (2.2).

Remark 6.2. Since the proof of this assumption will exclusively use the domination assumption on
(ar)k>0 and since (ag)k>o0 ‘= (ak+1)k>0 Satisfies the same domination assumption, we will also get that
fori=1,2,

AT

Ari—l|Ad
DATTIAL Ll (& <G

where A%,ﬁ-l =y ag+1&), 4y, Hence, we will get that for i=1,2

] Z ak+1frfk

Then, by the Markov inequality we finally get the second part of (6.12).

=[5

&l <,

We now turn to the proof of (H}). We work on the set £ = {7; < +00}. We have

ATy

&
ZVMJ—”AJ = D0 AmTHALL

u=T1j_1+1

But,
AL =D auiéi| = | Y Al(w)
—00 m=0
where
Al (u) = Z au_r&l pourm e {1,...,5—1}, (6.16)
k=Tm_1+1
k=719 . . u .
=Y aukbh et A= > au i (6.17)
—o00 k=7j_1+1

With these notations, we get the following upper-bound
ATy

J T
Zv“ﬂ NAL Ll >0 DD AT AL ()l (6.18)

m=0u=7;_1+1
The goal of the following lemmas is to get an upper-bound of the quantity E[  sup |AS, (u)] €]
u€lrj—141,7;]
when m € {0,...,5 —1}.
Lemma 6.1. Assume (Hpoly). Let to,t1 € Z and u € N such that to < t1 < u. Let ({x)rez be a sequence
with values in R?. Then,

t1—to t1

Zau k| < Colu+1—to)~ ng +C D Y. Glluti—to—k)"
k=to k=to k=1 |l=k+to
ti—to t1
<Cplu+1—1to)~ ng +Ce > | D Gl ut1—tg— k)"t
k=to k=1 |l=k+to

29



Remark 6.3. The last inequality just follows from the fact that k = p+ 1 by assumption.

Proof. The proof is essentially based on a summation by parts argument. We set

t1— to
E ay—k&k = E Qu—to—k Sto+k
A,—/
k; t[) _ ’ _ 5
=iay k
and
t1—to

Bk = Z El/ for k € [[O,tl — toﬂ.

We then have

t1—to t1—to—1
Z a’;cgllv = Z a’;c(Bk - Bk+1) + 0’1/51—150&1/51—150
k=0 k=0
t1—to t1—to
DI S
k=0 k=1
t1—to
= aOBO + Z —ay_q) By,
t1—to t1—to t1
S = o (z ATS S V) [
k=0 k=to k=1 \i=k+to
Finally, by using triangular inequality and (Hpoly) we deduce that
t1 ti1—to t1
D au—kér| < Coplu+1—t0)~ Z§k+c S alwt+1—tg—k)"
k=to k=to k=1 |l=k+to

O

In the next lemma we adopt the convention Z@ = 1. Moreover, recall that by Proposition 6.1, we have
for every j € N*, Ar; > ¢J for an arbitrary ¢ > 1.

Lemma 6.2. Assume (Hpoly). We suppose that 7o = 0 and that there exists 1 € (0,1) such that for all
m>1and K > 0, P(€,,|Em-1) = 01. Then, fori = 1,2, for all p > 1 and for every e € (0,p — 1/2),
there exists C' > 0 such that for all j =21, m € {0,...,5—1} and K >0,

1/2—p+e
i (Zl m+1° )
E[  sup  [AL(u)] [&]<C == (6.19)
u€[rj—14+1,75] 61 P
Consequently, there exist n € (0,1) and C > 0 such that for all j > 1 and m € {0, .. -1},
E[  sup AL (u)] [E] < CpiTm (6.20)

u€[rj—1+1,75]

Proof. First of all, let us prove that (6.19) induces (6.20). Let oy € (0,400) such that ¢ = §;“'. One
just have to remark that for j > 2 and m € {1,...,j — 2},

j—1 1/2—p+e .
< Z §z> 517 < 5§a1(p71/278)71/p)(j7m)
l=m+1
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We choose for instance ¢ = %(p —1/2) and p > m in such a way that
ar(p—1/2—¢e)—1/p> 0.

We then deduce (6.20).
Now, it remains to show (6.19). For clarity, we set

E]‘ = [[Tj,1 + 1,Tj]].

Using that for m > 1, &, C Epn—1 and P(E,|Em—1) = 01 € (0,1) and Holder inequality we deduce the
following inequalities,

1/p
E[sup [Al, (u)] |€;] < E[sup |AL, (u)[P |€;]/7 = < [sup |A, (u )Ipﬂs-]%>

J
uEE; u€E; u€EE; P(gj

1/p 1/p
< (E[sup IAi’Au)IPﬂsﬂlﬁ@) - (E[sup AL ()P |5j_11p<5j‘1)>

uek; uck; P(EJ)

< 67 PR sup [AL, (u)[P |€;-1]"/

uck;

< (51_1)]‘TE[S€11£‘|A;(U)|’D 1Em]YP (by induction).

It remains to prove the existence of C' such that for all j > 1, m € {0,...,5 — 1} and K > 0,

j—1 1/2—p+e
E[sup [A}, (u)]? €n]7 < € ( > 4)

u€E; l=m+1

with again the convention ), = 1. We separate the end of the proof into three cases.

Case 1: j >3 and me {1,...,5 —2}.
By Lemma 6.1, applied with to =Tm—1+1and t; =7,

Tm Tm—Tm—1—1 Tm
Mm@ € Cplu=mn—0)™| 3 G+Ce 3 | D0 &= =k,
k=Tm_1+1 k=1 l=k+7m_1+1
But, u — 71 2 751 — Ti—1 22{;;+1 ¢ and u—Tp_1 k> a-—tm+12 Zl m+1§

Let € € (0,p — 1/2), we then have

j—1 1/2—p+e _
|A:'n<u>|<(z ) Colu ) 250 | 32 g

I=m+1 k=7Tpm_1+1
Tm—Tm—1—1 Tm
i —(3/2
+Co Y Y G| (= — k7GR
k=1 I=k+7Tm—1+1

We denote by A% (u) the above quantity between brackets. Hence

j—1 1/2—p+e
E[ sup AL ()P €] VP < ( > <l> E[sup [A7, (u)|” [Em]"/7.
uck;

u€E; l=m+1

We now have to prove the existence of C such that

E[sup |AL (u)[P [En]YP < C for all p € (1, +00).
uck;
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We write &, = Up>0Am ¢ with
Ame =By, ¢ N B -1 (6.21)

where By, ¢ is defined in (5.18). In other words, A, o is the failure of Step 1 of tentative m and for £ > 1
A ¢ is the event “Step 2 of trial m fails after exactly ¢ attempts”.
Let ¢ € N, we begin by studying E[sup |AL, (W) [P | Am.e]/P. Since u > 7o,

uek j
Tm—1+ATm AT —1| Tm—1+ATm

R, (0)] € Cp(Arm) V29 | ST gl Y| S g (A — )2,
k=Tpm_1+1 k=1 I=k+7Tm_1+1

By Minkowski inequality and the fact that A7, =: A(m, ) is constant on A,, ¢, we get

ot AGme) [P Y/
E[ sup AL (WP [ A, "? < Cp(A(m, €)= /2HIE Yo &l [Ane
uek; k=Tm—-1+1
A(m,0)— Tm—1+A(m,£) P Y
+Cy Z — k)~G/2HOR S Gl A
I=k+Tm_1+1
(6.22)
Moreover, using Cauchy-Schwarz inequality,
Tm—1+A(m,0) [P 1p [|rm-1+a(me P e
E Z 3 |Am,€ =E Z 3 L4, |Em—1 P(Am,élgm—l)_l/p
k=Tm_1+1 L k=Tm_1+1
_ 1/2
Tt Am P o
<E Z ‘Ellc |gm—1 P(Am,€|5m—1)_1/2p
k=Tm—-1+1
< cp/A(m, 0) (A g|Emr) V. (6.23)
In the last inequality we use the fact that Z;’"Jiiﬁn ) ¢! is independent from &,,_1 and that its law is

N(0,A(m,£)). In the same way, we obtain

1
oA AmY [P /p

E S Gl A < ep /A, ) — k P(Ap | Em_1) /. (6.24)
I=k+Tm-1+1

We deduce from (6.23) and (6.24) that in (6.22)
A(m,0)—1

[sup AL ()P | A )P < | cpCo(A(m, £) 7 + ¢, C Z (A(m, 0) — k)~ | P(Ap, o Enr) Y2

ueE; k=1

< CpeP(Amye| €)1/ (6.25)
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Then by using the inequality (a 4 b)'/? < a'/P + b/P for p > 1 and (6.25) for £ from 0 to +oo, we get

1/p
[Sup AL ()P |En)P = | D E[sup [A}, ()| | A o P(Am.e|Em)
u€E; >0 uckE;
<) E[ sup |AL ()P | At PP( A g|Em) /P
>0 UE
1/p
mé 5m
>0 m—1)
< Cp ooy tP ZIP’(Am,AEm_l)l/QP.
>0

But Ay, ¢ C En C Em—1 hence for £ > 0,
IED(-/47n,€|57n—1) = P(Bm,é—l|gm—1)P(B:;17e|Bm,é—l) < P(B%7e|8m,€—l);

Therefore, for all € € (0,p—1/2) and p € (1,+00), by applying Lemma 5.2, this gives us the existence of
C such that _ i
E[sup [Ab, ()]” ]/ < Cpety P2+ 2704) < C.

uek; >2

The first case is now achieved.

Case 2: Let j >2and m=j—1.
The proof is almost exactly the same as in case 1. We simply use the following controls

U7Tj72>ATj,1 and U*Tj,Q*k>ATj,17k

and we do not introduce € which is useless here since Zl 1 = 20

Case 3: Let j > 1 and m = 0. By assumption 79 = 0, then

k=0
= Z au—ké-;c-
—00

By Lemma 6.1, for all M > 0,

M 0
IZau Kkl < Cplu+ 1+ M)~ Ced | D &lut1+M—k)~FY
—M —M k=1 |l=k—M
0 M 0
SC+M)™| >0 Gl+CY | D &M +1-k)~ Pt
k=—M k=1 |l=k—M
0 M—-1
=C,+ M) Y G+ > |1 gl (k+ 1)t
k=—M k=0 [l=—k
M M—-1 k
=C,(1+ M) > ¢, +C €1 (k+ 1)~ tD),
k=0 k=0 |1=0

Since p > 1/2, by means of Borel-Cantelli Lemma and the fact that 224:0 & ~N(0,M +1), we can
show that lim (1+ M)~* (224:0 fik) =0 a.s.

M —+o00

We then get

+oo
Ap(w)] < Cr ) (k + 1)~ (D).
k=0

k
2 &4
1=0
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Set Wi = Zf;ol ¢, for k > 0 and Wi = &). Using Minkowski inequality, we have for all p € (1, +00) and
for all e € (0,p—1/2)

+00 Wi | pl/p
E AL ()P |EV/P = AL (u)[P1YP < O, k4 1)"pt1/2=op | [ k1l
[sup AL ()P [Eo]"” = E{ sup [A5 ()] kZ:O( ) ESiEs

< C.E Wil s (s + 1)~ (+1/2-2)
DR A AR -

k=0
i P
L]
w0 (k + 1)1/2+e

because p +1/2 — e > 1. It remains to prove that for ¢ € (0,p — 1/2) and for p € (1, +00)

- p
Wil ’
2| (i) | <o

Thanks to a summation by parts, we can show that

7 k 7
Mt = e+ W (e -
(k+1)1/2+5 - (l—|— 1) 1/2+g l l—|— 1) 1/2+4¢ j1/2+e |-

< CE

Hence, using that

1 1 1
DT e | S (1/2+ ¢€) fa7z=, we get

Wil : = ||
(k+ 1)1/2+e = lz I+ 1 1/2+5 (1/2+€)lz 13/2+e
=0 =1
Therefore i
Wi 3

W}
sup < sup +(1/2+¢) Zl|3/2l+a'

k>0 (k+ 1)1/2+e = 150

Z l+1 1/2+a

=

We use again Minkowski inequality, which gives

’L

k
Z l+1 1/2+5

=

Wi

P Gy |

sup
k>0

S 13/2+€

Jr

‘ p

On the one hand, we have Wi, < cpV1 because Wi ~ N(0,1). On the other hand, set Nj :=
S (l+1 @ro7zre- This is a martingale with distribution A (0 S+ 1) (1”5)) therefore || Ni|l, < ¢

with ¢, independent from k. Hence, (Ng)ren converges a.s. and in LP into Ny, € LP. We then deduce
by Doob’s inequality that

p—1
sup [Nl [ < (—) Nl
k>0 p
Finalement,

Wi
up (Wil < oo,

vs0 (k4 1)1/25

p
which achieves the third case. O

Proposition 6.4. Assume (Hpoly). We suppose that 7o = 0 and that for all m > 1 and K > 0,
P(EnlEm—1) = 61 € (0,1). Then (HY) holds true.
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Proof. First, thanks to (6.18), we have

ATy

J Tj
SATTHAL 1< >0 Y AL ().
=1

m=0u=7;_1+1

The aim is to bound every term in the right-hand side. For m € {0,...,j — 1} and for all u € E; :=
[7j-1+ 1,75, , ,
|5 (w)] < sup A7, (u)].

uEEj
Since the right-hand side does not depend on u anymore, we deduce that for all m € {0,...,j — 1}

1
77-

7']‘ +OO
Do VAL )] < sup AL ()] D07 = sup A, (u)l1
u=T;j_1+1 uek; w=0 et

Hence, Lemma 6.2, gives that for all m € {0,...,j5 — 1}
Tj . .
iju K3 . - Jj—m
Bl 3 vl &) < 1

u=7;_1+1

where 7 € (0,1). Consequently,

: Ti—U 7 C
E Z Z YA ()] | €5 gm. (6.26)

m=0u=7;_1+1
In inequality (6.18), it then remains to bound the term with A; (u). By substitution, we obtain for m = j

ATJ'

Do AT = Y AR A (v A+ 7))
v=1

u=7;_1+1

As in the proof of Lemma 6.2, we use the decomposition of £; through the events A, and that Ar; =:
A(j,¢) is constant on A; 4

i A(G:4)
E[ Y a7 TUA ) IE] =) Y0 vAUOTEA (0 + 7im1)| [As e P(AjelE))- (6.27)
u=7j_1+1 £20 v=l

Using that A;, C & C £j—1 and Cauchy-Schwarz inequality, one notes that

E[|A% (v + 75-1)] |A;P(Aj|€5) S E[AL (v +7,-1) 7 ;] P(A; 0|€)/
E[| A (v +75-0)|* |€;1]*

b P(&;1Ej-1)1/*
SSRR]EHAé-(U + 1) €

P(A;el€5)"?

< P(&,1E;, 1)1/ P(Ajl€5)'% (6.28)
VA ¥
But P(&;|€;-1) > 61 > 0 and by Lemma 5.2, we have for all £ > 2,
P A)é Ej— — c —log—a
P(A;|€5) = 715(5]%'5_] 1;) < 07 'P(Bjo-11E5-1)P(BS 4|Bje-1) < 65 127 (6.29)
J1%7—

We now use (6.28) and (6.29) into (6.27) and this gives the existence of Cj, ., such that

E[ Y 7AW IE] < Cory s:£E[|A§(v+Tj,1)|4 -], (6.30)

u=7;_1+1
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It only remains to show that

sup B4 (0 + 75-1)|* |-1)!/ < oo,
veEN*

By Lemma 6.1 and the definition of A;'- in (6.17),

v+Ti—1
Nt =] Y e kL
k:‘l’j71+1
v+Ti—1 v—1 v+Ti—1
<SCu ™| > Gl+ed | DD Elw—k)Tet,
k:‘l‘]‘71+1 k=1 l:k+7']‘71+1
We again apply Minkowski inequality
E[|A} (v+7i-1)|* |€j-1]"/*
- 4 1/4 4 1/4
v+Ti—1 v—1 V4T 1
< C,v*E Y&l &1 +C) (v—k)PTUE gl &
k=7j_1+1 k=1 I=k+T1j_1+1
M 47 1/4 ot ) 41 1/4
=C,u "E Zg;c +C, Z(v — k)~ DR Z &
| k=1 k=1 I=k+1

v—1
<y (va_p+1/2 + C, Z(’U — k)_(”+1/2)>
k=1

where ¢, is related to the 4" moment of a centered and reduced Gaussian random variable. Since
p+1/2 > 1, we immediately deduce that

sup B[|A% (v + 7-1)[* 1Ei_1]Y* < +o0. (6.31)
vEN*
We put together (6.26),(6.30) and (6.31) to conclude the proof of (HY). O

7 Proof of Theorem 2.1

Now we have all the necessary elements to prove the second part of the main theorem 2.1 concerning the
convergence in total variation to the unique invariant distribution (where the uniqueness will immediately
follow from this convergence).

We recall that AT]- denotes the duration of coupling trial j and we set
7 = inf{j > 0, Ar; = +oo}. (7.1)

j(8) corresponds to the trial where the coupling procedure is successful. The aim of this section is to
bound P(7,, > n), where
7o =inf{n>0| X{ = X7, Vk > n},

since
[L((X0)kzn) — Spsllry < P(ry > n).

But, we have

—+o0
P(r, >n)=P (Z A lgiosgy > n)

k=1
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where j() is defined in (7.1). It remains to bound the right term. Let p € (0, +00).
If p € (0,1), then by the Markov inequality and the simple inequality |a + b|P < |a|P + |b|P, we get

+o00 too

1
P ( E ATk]l{j(S)>k} > 7’L> < ﬁ E E[|ATk|p]1{j(s)>k}]
k=1

k=1

1 X
<= > EEIATG s <hony | {Timr < +00)Lpr,_chot] (72)

k=1

Else, if p > 1, by Markov inequality and Minkowsi inequality, we have

+00 +o0 p
1
P <Z AT L 58y > ”) St (Z ATkﬂ{ﬂsbk}) ]

k=1 k=1

+00 p
1
<= (Z E[|A7k|1)]1{j<s>>k}]1/p>

k=1

+o0 P

1

< P (Z E[E[|A7k|p11{ATk<+oo} | {71 < +OO}]]1{Tk1<+oo}]1/p> . (7.3)
k=1

We recall that the event A ¢ defined in (6.21) corresponds to the failure of Step 2 after £ attempts at
trial k. Both in (7.2) and (7.3), we separate the term E[|A7; [P1{a; <100y | {7,_; < +00}] through the
events Ay ¢ which gives

+oo
E[ AT Liar, <o) | {Teoy < +00}] = Y B[, JATPLiar, <hooy | {7y < +00}]. (74)
(=1

Moreover, thanks to Lemma 5.2 and the definition of the events Ay ¢, we deduce that for ¢ > 2,
P(Age | {Tp_1 < +o0}) < 9ot (7.5)

min{e, f,a+ -1} —1/2—¢ foralle >0 under (Hpoly)

where & := { min(a, 1) under (Hexp)-

We have now to distinguish the polynomial case from the exponantial one.
> Under (Hpoly):

We have a bound of type A7, < C15¥2% (due to the value of Atgk), see Proposition 6.1) on the event
Ay, o where ¢ > 1 is arbitrary. Indeed, on Ay ¢, we have

Ary =7, — Ty <21 4 Atgk)
= 2 4 2%

< Opckave (for C4 large enough.)

Hence, in (7.4) we get

—+o0
E[| AT, PL{Ar, <400y | {741 < +00}] < CPsHP (Z 20VIPE P( A o | {7y < +oo})>

=1
+oo
< Cfgkp (2(9\/1)1) + Z 2((9\/1)17_&)€> using (75)
(=2

SO ifpe (Oﬁ)
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Then for p € (0, ﬁl),
E[E[|ATk|p]l{ATk<+oo} | {kal < +OO}]]1{7-k71<+00}] < Cgka(J(s) > I{/’ — 1) (76)

and it remains to control P(5(*) > k —1). We have

k—1 k—1
PG > k—1) = [[ P& lE-1) = [T —P(EIE 1))
j=1 j=1
where &; is defined in (6.10). By Proposition 5.1 and 6.2 applied for ¢ = 1/2, we get for every j > 2,
)
P(E5|Ej-1) > B(AT) = +00lQk, o 0m, 1 )P o m, 1 [€5-1) > 5
where Jp > 0 depends on K /5. Therefore,
5o\ FL

PG > k—1) < (1 - 50)

and by (7.6)
o\ L
BIEIATPL(ar, <o | {7 < 406l cam] <O (1-2) (1)

. . 5o\ —1/p
Finally, by choosing 1 < ¢ < (1 — 50)

exists Cp, > 0 such that

, we get using (7.2) or (7.3) that for all p € (0, %), there

—+oo

P(Too >n) <P (Z AT Lo sk > n) < Cpn™P. (7.8)
k=1

It remains to optimize the upper-bound % for p. Since & := min{c, B, a+8—1}—1/2—¢ withe > 0

as small as necessary and since by Proposition 6.1
1 1 3
0>2(p—a)  and a € 5\/ Efﬂ P
we finally get (7.8) for all p € (0,v(8, p)) where

W)= e min{l, 20— a))min{o, 8 0+6-1}-1/2)

which concludes the proof of Theorem 2.1 in the polynomial case.
> Under (Hexp):

The proof is almost the same. The only differences are that we use the following bound

A, =7, — T <ca(f+1)+ Aték)
=co(l+ 1)+t +"+ 00
< Cickor (for Cy large enough)
on the events Ay ¢ and the upperbound P(Ay ¢ | {7,_, < +00}) < 27%¢ given in (7.5). And then we get
for all p > 0 the existence of C, > 0 such that

—+oo
P(Teo >n) <P (Z AT Lo sy > n) < Cpn™P. (7.9)
k=1

do

X )71/}’ and the proof of Theorem 2.1 is over.

by choosing 1 < ¢ < (1 —
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A Explicit formula for the sequence (b;)r>o

Theorem A.1l. Let (up)nen and (vn)nen be two sequences such that for n € N,

n
Up = § ApUn—k
k=0
then we have:

n
Up = E bkunfk
k=0

where

k

P
by := aio and Vk =1, by = Z (a_p}r)lp Z Haki
0

p=1 ki, kp>1 i=1
kit kp =k

Proof. Tt sufficies to reverse a triangular Toeplitz matrix. Indeed, equation (A.1) is equivalent to:

fO ap 0 0 90

J1 e g1
vneN, | =] ' .

: 0

f" an—-1 ... Qa1 Qo 9n

Denote by A the matrix asociated to the system. Denote by N the following nilpotent matrix:

0 ... ... 0
N=|1
(0) 1 0

Then, A = aol, +a1N + -+ a,—1 N ! and we are looking for B such that
B =bol, +byN + - +b,_1N" 1 and AB = I,,. Denote by

S(z) = Zakzk and S7(z) = Zbkzk,
k>0 k>0

we are interested in the (n — 1) first coefficients of S71(2).
And formally,

I
S |
o
i
&=
S
x>
N
x>

1 Z (=1 Z Z k
:a—0+ ap'H Ak, Ay - - - A, | 2

p=1 70 kzp \ ki,...kp2>1
ki+-tkp=k

Ly Zk Uy ‘

:a—OJr aerl Ak Qky - - - Ak, | 27
k>1p=1 0 kiyenskp>1
ki+--+kp=k

Finally, we identify the desired coefficients.



B Particular case: when (a;)i>o is log-convex

This section is based on a work made by N.Ford, D.V.Savostyanov et N.L.Zamarashkin in [12].

Lemma B.1. Let (an)nen be a log-convex sequence in the following sense
an =0 form>0 and ai < Ap-10n+1  forn = 1.

If ag > 0, then the sequence (b )nen defined by

1 1 &
bo=— et VYn>=1, bn:f—Zakbn,k
ao ao 3
satisfies
Vnz=1l, b, <0 et |by <boan (B.1)

Remark B.1. The sequence a, = (n+ 1)"7 is log-convex for all p > 0, then the corresponding (by)nen
is such that Vn € N, |b,] < (n+1)~*.

Proof. Without loss of generality, we assume that ag = 1.
e We first prove by strong induction on n > 1 the following property:

(Pn):b,<0
- For n = 1: We have
b= -2 <o
aop

- Heredity: Let n > 1 and assume that Py is true for k € [1,n].
For all n > 1:

b, = — i arbp_p = i arbp_r =0
k=1 k=0

— i An—1br =0
k=0

n
—— Ay = — E Ap—1bL
k=1

We divide the last equality by a,_1 and we deduce the two following equalities:

n
Qnp Ap—k
_ _ b B.2
Gn—1 I; an—1 ( )
+1
n =1 On

We make (B.3) — (B.2) and we get

n
Qan Ap+41 Up+1—k Ap—k b +1

— T ) = E _ bk + n

(079 an, a a

Gp—1 1 n—1 n
then
n
bn+1 ( (79} an-l—l) Z (an-l—l—k an—k) b
= — — _ k
Qn an—1 an, 1 an, Up—1 /)~~~
- <0
<X
<0 by (%)

log-convexity of (an)
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But, (*) have the same sign as

Ap+1—k (079 Ap+1—Fk An+2—k Ap+2—k Ap+3—k ap—1 (07
- = ( - + - +oo - <0

Anp—k ap—1 An—fk An4+1—k Anp+4+1—k An42—k Ap—2 ap—1

where every term is negative by log-convexity of (ay,).
We finally deduce that
bn+1 < 0.

- Conclusion: Property P, is shown for all n > 1.

e The second property satisfied by (b,) directly follows from the first one. Let n > 1, as we just saw
by, < 0 therefore |b,| = —b,. But,

n—1
*bn = Z ak(bnfk) + anbO
k=1 <0
< bOan
and the lemma is proven. [l

C Proof of Theorem 3.1

Let 29 € X and p = 0z, x P,. We have II},,u = P, therefore by property 3.1 we get Vk € N,
I3, (Q* ) = Py. Moreover, we clearly have [, ¢(z)(Il% 1) (dz) = ¢(x0) < +o0.
We now set for all n € N*|

n—1
1
Ry = — .
I n};)QM

The aim is to prove that the sequence (R, p)nen~ is tight. First, let us prove that (IT% Ry pt)nen= is tight.
By (ii) of Definition 3.2, we have Vk > 0:

[ @@ (e du) ~ o [ ()34 () < 6.
A xW x
By adding for k from 0 to n — 1, dividing by n and reordering the terms, we get:

(1-a) /X ()T Rypo) (d)

ln71 . X v dw) — . % k .
+”kzo(/“ww( )Q" u(da, dw) /Xw )3 Q%)(d >)
S1 [ s - 1 [ v <5 (C.1)

Since we are in a Polish space (here X x W) we can “disintegrate” Q% for all k € {0,...,n — 1} (see [1]
for background):
Q* u(dz, dw) = (Q* )" (dw)(ITy Q* ) (dx).

By integrating first with respect to w and then with respect to z, we get:

/ ()@ de, du) — / ()T Q% p)(dz) = 0.
X XW X
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Let us return to (C.1),

(- 0) [ v@enp@n < 54 2 ([ @@ - [ s i)

xXW

=55 [ )i~ Q")) (o).
X

Set Apy1 = [ (x)(I1% Q" p)(dx). By (ii) of Definition 3.2 and by induction, we have

n+1 ﬂ 1 _ an+1 an+1

AnJrl ﬂ = k a
0< <= —A .
n n kzzoa + n 0 n 11—« + n 1/1(960)

Hence we deduce that lim A’;jl = 0. Then, there exists C > 0 such that Vn € N*:

n—-+oo

(1-a) /X () (I Rup)(de) < C

and then

sup [ () (I Rup) () <
nzlJx
Let 0 > 0 and K5 := {z € X | ¢(x) < 0} = ¢71([0,8]). By (ii) of Definition 3.2, K; is a compact set.

For all z € X, we have 1x¢(z) < £ so

1—a’

C

* * cy <« )
Vn €N ) (HXRTIM)(K(S) = 5(1—0()

By setting 5 = 6(1—(1(1), we deduce that (IT% R, p)nen- is tight.
Let us now go back to the tightness of (R, p)nen+. Let K be a compact set of W such that P, (K°) < §,
this is possible since W is Polish. We then get

Rnp((Ks x K)°) SRop(K§5 X W) + Ropu(X x K°)
= (ITy R ) (K5) + (T Ry ) (K°)
= (ITy R ) (K5) + (P ) (K°)

g e
§§+§:€.

Finally, (R, ut)nen~ is tight. Let u, be one of its accumulation points. By the Krylov-Bogoliubov criterium
we deduce that p, is an invariant distribution for Q.

D Proof of Lemma 5.3

Recall that we want to prove that for all o, 8 > 0 such that «+ 8 > 1, there exists C(«, 8) > 0 such that
for all n > 0,

n (n+1)"%1n(n) if a=1land <1
D k+1)Pn+1-k) " <C(a,B) { (n+1)"In(n) if f=1landa<1 . (D.1)
k=0 (n + 1) min{afatbf=1}  elge
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For the sake of simplicity, we will prove this result when n is odd. If n is even, the proof is almost the

same. Set N := ”T“ Then, we get
n n+1
SE+1)P+1-k) =Y kP n+2-k°
k=0 k=1
N n+1
=> kPm+2-k)"+ > kPn+2-k)"
k=1 k=N+1
N N
=> k42K +> kn+2-k)"
k=1 k=1
S (k+1)Pn+1-k) " =Sn(B,a) + Sn(a, B) (D.2)
k=0

by setting Sy (a, 8) := ZkN:1 E=(n+2—k)F = Z,ivzl E=*(2N — (k —1))7%.

> If a € (0,1), we have o + 8 — 1 < 8 and Sy(a, 8) < C(a, B)(n + 1)~ (e+f=1),
Indeed,

N

Sn(a, ) =Y k *(2N = (k—1))”

and N 5
1 3 kN~ AN !
1 — —_— = -« — _B
NLHEOO N 1 (IV ) (2 N ) /0 v (2 -T) da

where the integral is well defined since a € (0,1). Therefore, since N = "TH7 we deduce that there exists
C(a, ) > 0 such that Sy(a, ) < C(a, f)(n + 1)~ (@A=L,

> If @ > 1, we have a + 8 —1> 8 and Sy (e, ) < Cla, B)(n +1)75.
Indeed,

Sn(a,B) =Y k™ *(2N — (k—1))~"
k=1
N

SEN—-(N-1)?> k™
k=1

+oo
SN+ ke
k=1

Therefore, as before we deduce that there exists C'(a, B) > 0 such that Sy(«, 8) < C‘(a, B)(n+1)75.
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> If « = 1, in the same way as in the case a > 1, we get

N
1
Sn(a,B) < (N + 1) Z :
<C(N+1)PIn(N

Therefore, there exists C(a, ) > 0 such that Sy (a, ) < C'(a,ﬁ)(n +1)"?In(n).

Finally, we get that for all « > 0 and 8 > 0 such that a4+ 3 > 1,

. — min{a,8,a+8-1} :
Sn(a, B) < C(a,ﬁ){ EZi 3_;; in(n) w7 (D.3)

Putting this inequality into (D.2) we finally get the desired inequality and the proof is finished.

E Proof of Proposition 2.3
We recall that p = 3/2 — H where H € (0,1/2) is the Hurst parameter and (b, )nen is defined by

1

1 n
bo=—5 etpourn>1, =7 Z (E.1)
0 Qg fo—

Qa

and for all k > 1
H
% _ I=p _ _\i-r
% = ((2k:+ 1) (2k — 1) )

0
We want to show that |b,| < Cy(n +1)~=?) by induction. To this end we only need to prove that for n
large enough,

n

Spi=> ((Zk )P — 2k + 1)1*’3) (n4+1-k)~C P < (n+1)~C», (E.2)
k=1

For the sake of simplicity we assume that n is even.

n/2

Sn = Z ((Qk — 1)1*/) _ (2]€ + 1)1*/)) (TL +1-— —(2—p) + Z ( 2]€ o 1 (2]€ + 1)17;;) (n +1— k)i(gfp)
k=1 k=n/2+1

Sp =1 SV + 8P (E3)

> We begin with S,Sl). Summation by parts:

n/2—1
~2-)
S = (g + 1) A (1)) - > (- @k+1)') ((n — k)2 —(n41-— k)‘(2‘P))
k=1
_(n —(2-p) 1-p n —(2=p) —(2—p)
=(5+1) T O-er)- <(§+1) o
n/2—1
+ 3 @kt ((n k)T (1 k)—<2-ﬂ>)
k=1
n —(2=p) n/2—1
=0~ _ (5 n 1) 1)+ 3 2k 1) ((n B (g1 k)‘(Q‘P))
k=1
ny—(2=p) n/2
S = p=C2=p) _ (5) (n+ 1)+ 3 (2k 4 1)1 ((n B (i1 k)*@*ﬂ)) . (E4)
k=1

44



We set S, := 302 (2k + 1)1 ((n — k)= — (n 41— k)=(2#)). Then,

() () )

_ 21n—ﬂ "Z/Q (k +n1/2)1ﬂ ((1 B S)@p) B (1 - %)@p)) |

k=1
Moreover,
”Z/Q(k+1/2)1” ((1 k:)<“> (1 k;—1)<2p>>
n n n
k=1
1/2 1\ n/2 .k 1\ 1" k4 1/2 1—p
- (9 — — ) B=0) 3y — — _(xrt=/= _ )~ 3B=p)
(2—p) /0 (Jc—i— 2n) (1—-2) dz ;/kl (x—i— 2n) ( - ) (1-2x) dz
(E.5)
and
1/2 1- —2 1\2-p71/2
/ / ($+i) p(l—x)f(gfp)dxz bl ($+21_n)
0 2n 2-p) (1+5) .

I
[N}
|-
s
7 N
—_
+
Sl
N—
L

Hence by putting together (E.5) and (E.6) we get

. ol-r 1\ !
S, = <<1 + —>
n 2n

—(2- nf/ <(x + —)1p — (k +n1/2)1p> (1-2)"CPdz | . (E.7)

We deduce from (E.4) and (E.7) that

-(2-p) 1=p -t
S < =) _ (ﬁ) Py 2L <1 + i)
2 n 2n

> Now, we look after 5(2)

As before, using the fact that

_ /2
1/2 —p 1— 1\1=r -1 1 -1 1—p
o) e[S ] )
0 on (p—l)(l—i—%) o p—1 on n
(E.9)
we get
9l—p 1\! 1—p n/2 .k B\~ 1\ ~°
(2) — il - —(p— —(2—p) b _ il
sr= 22 (00 ) () oo B L (e (8)7) (e )
(E.10)
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Now, for all k € {1,...,n/2}, we set

n *(2*#) —-pP
I, = / (:L'(2p) — <E> ) (1 —x+ i) dz.
k=1 n 2n

Thanks to the substitution t = = — k—;l, we have

1/n kL—1 —(2—p) k —(2-p) 1 k—1\""
0 n n 2n n

Taylor-Lagrange expansion:

()G ()T e

with € €]t + (k — 1)/n, k/n].

1 E—1\"" 1 k—1\"" 1 —pl
o (14+—-t- =(14+——"—) +tp(l+——c
2n n 2n n 2n

with ¢ €](k —1)/n,t + (k — 1) /n].

Therefore, we deduce that

1/n 1 k —(3—p) 1 k—1 —p 9 _ p k —(3—p) 1 k—1 -pP
> S ) e-p (L 14— - 270) @ = il 14— — .
I > /0 (n t> (2=0) <n) ( + 2n n ) 2n? <n> ( + 2n n >

Then we add the inequality for k from 1 to n/2,

n/2 n/2 —(3—p) —p
2— 1 k 1 k—1
PP A S I+ ——-— . (E.11)
2n n n 2n n
k=1 k=1
Un
We easily show that
1/2 1\ ~6G-n) 3 —p
U, > / <y+—> <1+—y) dy =: Jp. (E.12)
0 n 2n
By integration by parts on J,, we get:
—(2—p) ' 1/2 —(2—p) —p—1
(g4 L 3 p 1 ? 3 g
oo |2t T8 + L y+ - <1+—y> dy
2—p 2n 0 2—pJo n 2n
B 1 1 —(2-p) 1+ 3 -P 1 N 1 —(2—p) 1 N 3 -P
2—p|\n 2n 2 n 2 2n
~ n2-r
n—-4oo

1/2 1\ @~ 3 —p—1
+ L <y+—> <1+—y) dy .
2—pJo n 2n

— [Py (1—y) PNy

n—+oo

Hence, for n large enough, we have

n?=r (E.13)



By combining (E.11) and (E.13) we get for n large enough

Finally we get for S,(f) the following upper-bound for n large enough,

21-p 1\ N p-1
S < — ((1 + 2—) (1 + —) —~ anl—P> : (E.14)
n n n

By putting together (E.8) and (E.14) and when factoring by (n + 1)=(=#), we get for S,

1 —(2-p)

S, < (n+1)"=» <1 - —) X Uy (E.15)
n

with

Up =1—22"P(n+1)7

(o8 () (8)7) ) o]

Lastly, we have the following asymptotic expansion:

—(2-p) 1—
1 277 P(p—1 1
(1__) xunzl_wnwﬂ(_)

+2l=Ppl-r

n 4 n

Since p € (1,3/2) we have 2 — 2p € (—1,0) therefore for n large enough we conclude that

S, < (n+1)~C=n),
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