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L2-STABILITY OF A FINITE ELEMENT - FINITE VOLUME DISCRETIZATION
OF CONVECTION-DIFFUSION-REACTION EQUATIONS
WITH NONHOMOGENEOUS MIXED BOUNDARY CONDITIONS

PAUL DEURING' AND ROBERT EYMARD?

Abstract. We consider a time-dependent and a steady linear convection-diffusion-reaction equation
whose coefficients are nonconstant. Boundary conditions are mixed (Dirichlet and Robin—Neumann)
and nonhomogeneous. Both the unsteady and the steady problem are approximately solved by a com-
bined finite element — finite volume method: the diffusion term is discretized by Crouzeix—Raviart
piecewise linear finite elements on a triangular grid, and the convection term by upwind barycentric
finite volumes. In the unsteady case, the implicit Euler method is used as time discretization. This
scheme is shown to be unconditionally L?-stable, uniformly with respect to diffusion, except if the
Robin—Neumann boundary condition is inhomogeneous and the convective velocity is tangential at
some points of the Robin—Neumann boundary. In that case, a negative power of the diffusion coeffi-
cient arises. As is shown by a counterexample, this exception cannot be avoided.
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1. INTRODUCTION
We consider the convection-diffusion-reaction equation
Oyw — divy(a Vyw) + divg(wb) + mw =g in 2 x (0,7, (1.1)
with the boundary conditions
w|Ipx(0,T)= fp, —min{b-n, 0} w+n-aVyw= fy onIy x (0,T), (1.2)
and with the initial conditions
w(z,0) = w® (z) for z e 2, (1.3)

where 2 C R? is a connected, bounded, open polygon with Lipschitz boundary 9£2. In condition (1.2), this

boundary is split into a part I'p where Dirichlet boundary conditions are prescribed, and a part I'y where
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elements, barycentric finite volumes, upwind method, stability.
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Robin—Neumann conditions are imposed. We suppose that I'p and I'y are open in 962, 02 =Ip Uy, I'pN
I'v=0, I'p # 0, and I'p and I'y each consist of the union of a finite number of open segments. The letter n
stands for the outward unit normal to 2.

We assume T' € (0,00), that is, we consider (1.1)—(1.3) for a finite time interval, although all our estimates
yield upper bounds independent of 7. The convective velocity b : [0, T] — H'(£2)? N C°(£2)? is supposed to be
bounded with respect to the norm of H'(£2), with |b| as a function on §2 x [0,7] being bounded as well. We
further require there is p € (2, oo] with

sup |[|divb(t)|| Lr(0) < 0. (1.4)
o<t<T

Moreover, we suppose there is some real § > 0 and some Lipschitz continuous function ([29], Sect. 1.2.7)

¢: 2% [0,T] — R such that ¢(-,t) € Wh(£2) for t € (0,T) and

loc

divyb(z,t)/24+ m(z,t) >0 and —b(z,t) - Vy((z,t) >3 for z €2, t€[0,T] (1.5)

Actually the Lipschitz continuity of ¢ implies that ¢( - ,t) € I/Vli)c1 (£2) for t € [0, T]. But since we do not know a
direct reference for this result and do not want to enter into its proof here, we introduced it as an assumption.
In the case of constant b # 0, a suitable function ( is given by ((z,t) := —b- x.

Concerning the matrix-valued function a (diffusion coefficient), we suppose that a(t) : £2 — R?*? is symmetric

and measurable for ¢ € [0, 7], and there are constants v, 7 € (0, 00) with
T a(z, ) E>v|€)?, €7 alz, t)n| < T|E||n| for &, neR? ze R, tel0,T). (1.6)

We further assume that g : [0, 7] + L?(§2) is bounded, w®) belongs to H'(£2), m is bounded as a function
from [0, 7] into LP(£2), and fx : [0,T] — L?(I'y) is bounded, too. Concerning fp, we require there is a function
fD S Wl’l(O,T, H1/2(8Q)) with fD\FD x (0,T) = fp. This assumption that fp(¢) may be extended to a
function in H/2(982) for any t € (0,T) allows us to avoid technical difficulties when we further extend fp to a
function f: (0,7) — H'(£2); compare ([32], Thm. 1.5.2.3) or ([36], p. 84/85) in this respect.

We will also consider the steady variant of problem (1.1)—(1.3), that is,

—div(AVW) +div(WB) + MW =G in 0, (1.7)
W |I'p=Fp, —min{B~n, 0}W+TLAVW:FN on Iy, (18)

under analogous assumptions on coefficients and data, that is, B € H'(£2)2 N C°(02)2, divB € LP(2), M €
Lr(9),

divB/2+M >0 and —B-V¢>p (1.9)
for some Lipschitz continuous function ¢ € Wlicl (2), A: 2+ R?*2 symmetric and measurable, with
&h-Al) e 2 vIgf?, €7 Alx)n| <TIElIN] for & neR? €0, (1.10)

G € L2(), Fy € L*(I'y) and Fp = Fp|I'p for some function Fp € HY/2(982). Concerning the assumption
o€ T/Vlf)cl(()), an analogous remark is valid as the one with respect to ¢ in the passage following (1.5).

A remark is perhaps in order with respect to conditions (1.5)3 and (1.9)s. In ([15], Sect. 5), we presented a
heuristic argument indicating that assumption (1.9)s is necessary for obtaining an L2-stability estimate indepen-
dent of v. The condition in (1.9)s may be interpreted geometrically in the sense that the convective velocity B
does not exhibit closed curves or stationary points (points z € {2 with B(z) = 0). In fact, it is shown in [16]
that if B is smooth and presents these geometrical properties, there exists a function ¢ with (1.9). This result

was generalized to the case B € W°°(£2)? in [3]. The problem of existence of a function ¢ with (1.9)s is closely
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related to the question as to whether the vector field B admits a potential, that is, whether there is a function Z
with VZ = B (see ([31], Thm. 1.2.9) for example). If such a potential exists and |B| is bounded away from zero,
then there is a function ¢ such that (1.9)2 holds. These remarks carry over to (1.5)2 in an obvious way.

Both problem (1.1)—(1.3) and (1.7), (1.8) are of particular interest in the convection-dominated regime, that
is, if ¥ < |b] in the evolutionary and v < |B| in the steady case, an interest that seems to be due to the belief
that the preceding problems in the convection-dominated case show some affinity (although distant) with the
Navier—Stokes system in the same regime. In this spirit, numerical schemes working well for that latter system
are sometimes reduced to problem (1.1)—(1.3) or (1.7), (1.8) so that they may be accessible to theoretical studies
regarding stability or accuracy.

In the work at hand, we consider a discretization of (1.1)—(1.3) and (1.7), (1.8), respectively, that is mo-
tivated in this way. This scheme may be characterized by the fact that the diffusion term in (1.1) and (1.7)
is approximated by piecewise linear Crouzeix—Raviart finite elements, and the convective term by an upwind
finite volume method based on barycentric finite volumes on a triangular grid. Choosing an explicit time dis-
cretization, Feistauer e.a. ([18], Sect. 7, [26], Chap. 4.4) tested this FE-FV method in the case of high-speed
compressible Navier—Stokes flows in complex geometries and obtained very satisfactory results.

In [15], we applied this FE-FV method to problem (1.1)—(1.3), using the implicit Euler method as time
discretization. Under the assumptions I'p = 9§2, fp = 0 (homogeneous Dirichlet boundary conditions), m = 0
(no reaction term) and b and ¢ independent of ¢ (autonomous differential equation), and with (1.5); replaced
by the equation div,b = 0 (solenoidal convective velocity), we showed for a shape-regular grid (minimum
angle condition) that the approximate solution provided by this approach may be estimated in the L°>°(L?)-
norm against the data, with the constant in this estimate being independent of the diffusion parameter v, and
depending polynomially on 71, [16]]1,2 and on pointwise upper bounds of ¢ and |V({]. An analogous result was
established with respect to problem (1.7), (1.8). The results in [15] improve an earlier theory in [14], where the
case of constant b was considered under a restrictive assumption ([14], (3.9)) on the grid.

In the work at hand, we extend the theory from [15] to the more general framework set up above. The elliptic
operator considered in [15] consists of the Laplace operator multiplied by a constant diffusion coefficient v. The
role of this coefficient will be played here by the ellipticity constant v of the matrices a and A, respectively;
see (1.6) and (1.10). The condition div;b( - ,¢) = 0 = m in [15] is replaced by the condition div,b/2 +m > 0
(see (1.5)1; in the steady case: div B/2+ M > 0 instead of div B=0=M; see (1.9);). But we need an additional
assumption in this context: in the unsteady case, the maximal diameter of the triangles of the grid must be
small with respect to the quantities 3 and supy_; 7 ||div.b(t)| zr(2), and with respect to an upper bound on ¢
and the Lipschitz constant of ¢. This situation is expressed by the requirement h < hg in Theorem 2.14. A
corresponding condition is imposed in the steady case.

A surprising feature appears in the context of the inhomogeneous boundary conditions in (1.2) and (1.8). If the
Robin—Neumann boundary data are non-vanishing and the convective velocity does not keep a minimum angle
with respect to I'y, at least in a suitable averaged sense, then a factor v~ with K > 1/4 arises in our stability
estimates (2.17) (evolutionary case) and (2.20) (steady case); also see the remarks following Theorem 2.14. The
appearance of this factor is not due to our method of proof. Indeed, a counterexample in Section 5 (Thm. 5.1)
shows that the factor in question cannot be removed. Since it refers to the continuous problem (1.7), (1.8), this
counterexample implies that stability estimates analogous to ours for any discretization of (1.7), (1.8) necessarily
involve such a factor in the circumstances just described, if the constants in these estimates are independent of
the mesh size. Thus the interest of our theory extends beyond FE-FV schemes for (1.7), (1.8).

Except for these special features related to inhomogeneous Robin—Neumann boundary data, the stability
estimates from [15] carry over to the more general situation considered in the work at hand. More specifically,
it will turn out the L>(L?)-norm and v'/2 times the L?(H")-norm of the solution to the discrete evolutionary
problem (2.11), (2.12) are bounded by a product involving certain norms of the data and of ¢, the factor
L+supgy.yeq ||b(t)|| 11 (2), the quantities 7/v, T/v'/? and €'/2, with € from the condition on the minimum angle
between the convective velocity and Iy, as well as a constant independent of v. This constant depends on the
minimum angle of our grid, and polynomially on Qil, (diam £2)'/? and an upper bound of ¢ and the Lipschitz
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constant of (. Moreover, there are some parameters entering linearly into this constant, namely the constants
from certain Sobolev, interpolation and trace estimates on {2. A precise list of these linear dependencies is given
in Section 2 (see the passage preceding (2.4)). The factors 7/v and 7/v'/? do not reduce the quality of our
estimates because if the elliptic operator in (1.1) reduces to —v A, (the benchmark case), we may take 7 = v, so
that 7/v = 1 and 7/v'/? = v/2 | with positive powers of v being irrelevant in the critical case v < 1. Analogous
remarks are valid in the stationary case. For a detailed statement of our results, we refer to Theorem 2.14
(evolutionary problem) and 2.15 (steady case). Our results should be expected to hold in the 3D case as well,
although their proof would become more technical.

When we adapted the discretization from [15] to the inhomogeneous boundary conditions considered in the
work at hand, it was not so clear how to take account of the Robin—Neumann condition in (1.2) and (1.8).
We opted for a boundary term in our discrete convection operator which is easy to implement and fits in
well with our stability proof. Of course, one might ask whether this term degrades accuracy. These doubts,
however, are lifted by a companion paper [12], where we show that optimal error estimates hold with respect
to the L2(H')- and the L*°(L?)-norm (in the steady case: with respect to the H!-norm). Thus our scheme
does allow to maintain accuracy. Reference [12] generalizes earlier results from [13], where the case b constant,
m=0, I'p=01, fp =0, a=—v(0r)i1<j k<2 is considered.

There is an vast literature dealing with stability estimates of various discretizations of (1.1)—(1.3)
or (1.7), (1.8). As examples, we cite the monographs ([42], Chaps. 8 and 12, [19], Sects. 5.2.3, 5.4.4), [44],
and the articles [2—4, 8-10, 18, 20-22, 24, 25, 27, 28, 30, 33, 34, 38-41, 43, 48-50]. However, the stability bounds
derived in these references depend on 7' or exponentially on some quantity related to b or B, or the assump-
tion I'p = 082, fp = 0 is essential, or condition (1.5); or (1.9); is replaced by the stronger assumption
div,b/2 +m > ¢ and divB/2 + M > 0, respectively, for some § > 0, or special types of grids are used, like
Shishkin meshes, or the diffusion parameter v enters in some way into the stability bound even if no inhomo-
geneous Robin—Neumann boundary conditions are imposed. Here we are able to avoid all these features.

Our study was inspired by Feistauer e.a. [2,18], who considered a scalar time-dependent nonlinear conser-
vation law with a diffusion term. Discretizing this equation by the combined FE-FV scheme described above,
with a rather general numerical flux adapted to the nonlinearity, and with a semi-implicit Euler method as
time discretization, they derived L?(H')- and L°°(L?)-error estimates. References [5,24,25,28] present results
analogous to those in [2, 18], but for a combined FE-FV method involving piecewise linear conforming finite
elements and dual finite volumes (triangular finite volumes in the case of [5]). Similar L?(H?!)- and L>°(L?)-error
estimates as in [18] are shown in [27,50], but with respect to various discontinuous Galerkin schemes.

The article most closely related to our work here and in [15] is reference [3], in which Ayuso and Marini study
stability and accuracy of various discontinuous Galerkin approximations of (1.7), (1.8), with discrete convection
terms similar to ours. These authors base their theory on condition (1.9)2 — to our knowledge the only ones doing
so previous to [15] in the context of convection-diffusion equations. However, their stability constant depends
exponentially on max ¢ — min ¢ ([3], Lem. 4.1), and they impose additional technical conditions on B and M
([3], (H2), (H3)) we do not need. But the theory in [3] is remarkable because its assumptions are sufficient for
deriving not only v-independent stability estimates, but also error bounds which are uniform in v, with the
usual caveat that the bound in questions also depends on certain norms of the exact solution, and may thus
depend on v implicitly.

2. NoTATION. FE-FV DISCRETIZATION OF (1.1)-(1.3) AND (1.7), (1.8), RESPECTIVELY.
STATEMENT OF MAIN RESULTS.

For any function ¢ : A — R with domain A # (), we put [¢)|so := sup{|t)(z)|z € A}. Define K := {z € (0,1)? :
21+ < 1}. The Euclidean norm of R? is designated by | |. For A C R?, we set diam (A) := sup{|z—y| : z,y €
A}, and denote by Py (A) the space of all polynomials on A of degree at most k, where k € N. If A is measurable,
we write |A| for the measure of A. The usual Lebesgue space on A with exponent ¢ € [1,00] is designated by
L1(A), and its usual norm by || || La(4). It will be convenient to use the notation || || 24 also for the L*-norm
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1/2 in that case. Put

of (vector-valuded) functions v = (v1,v2) € L?(A)?, so ||[v]|p2(a) := (Hv1||2L2(A) + ”1)2”%2(,4))
(u,v) 204y = [yuvdz for u,v € L*(A) and (u,v)r2(a) := [, u-vdz for u,v € L?(A)? (L*-inner product).
We define a norm || ||r2(g) for the Lebesgue space L?(S) on measurable subsets S of the manifold 052 by
setting ||hllp2(s) == [q h* do, for h € L*(S). This means we choose a norm which is independent of the choice
of local charts. Let U C R? be an open set, and let ¢ € [1,00], k € N. Then the term W¥*4(U) stands for

the standard Sobolev space of order k and of exponent ¢, and the term || |[yyk.q() for its usual norm, that
is, ||vllww.awy = (ZaeNg’aﬁasz ||8av\|g)1/q for v € WH*4(U). We will use the notation H*(U) instead of
WHh2(U), and || || s 17y instead of || [lyyr.a(zry- The symbol T/Vlf)cl(U) stands for the set of all functions v : U — R
such that v|V € WH1(V) for any open bounded set V' C R? with V C U. For s € (0, 1), the Sobolev space
H*(U) and its norm || ||+ is to be defined as in ([29], Sect. 6.8.2). For the definition of the space H*(942)
and its norm || ||+ (a5), we refer to ([29], Sect. 6.8.6).

Let a,b € R with a < b, p € [1,00], and H a Hilbert space. Then we will use the Lebesgue space LP(a,b, H)
and its norm || ||Le(a,p,m), defined as in ([52], Def. 24.4). The space Wh!(a,b, H) is to consist of all functions
v € L*(a,b, H) such that the distributional derivative v’ of v ([52], Def. 25.2)) is represented by a function, also
denoted by ', belonging to L'(a,b, H).

If I c Rand u: U x I — R is a function with suitable smoothness, the index x in the expressions div,u, Vi u
and A,u means that the differential operators in question only act on the variable z € U. Otherwise the
operators div, V and A are used without index.

We recall that the bounded, open polygon 2 C R? with Lipschitz boundary 042 was introduced in Section 1,
as were the sets I'p, I'y, the positive reals T', p, 8, v, 7, as well as the functions n, a, b, m, g, fp, fp, fn,
w, ¢, A, B, M, G, Fp, Fx and ¢. These sets, real numbers and functions will be kept fixed throughout.

By adding a suitable constant to ¢ and ¢, we may suppose without loss of generality that ((z,t) > diam {2
and ¢(r) > diam 2 (x € 2, t € [0,T]). For example, if b # 0 is constant, we may choose ((z,t) := 2 diam £2 —
|b| 71 b (x — xg), where g is some arbitrary but fixed point in §2. Thus, since ¢ and ¢ are Lipschitz continuous,
there is ¢ > 0 with

|<(l‘,t)—<($/,t/)‘ S@l (‘.T—l‘/|—|—|t—t/|), dlamQSC(Z‘,t) S(plv (21)
|p(z) — d(2")| < 1 |z — 2|, diam§2 < ¢(z) <1 for x,2" € 2, t,.¢' €0, 7).
The Lipschitz continuity of ¢ further implies that ¢ € C°(£2 x [0,77), as well as

Lemma 2.1. For x € 2, the function ((z, - ) is differentiable at a. e. t € (0,T). Put 03((z,t) :=
lim suphlo(((:r,t + h) — ((z,t) )/h for v € 2, t € (0,T). Then 93¢ is bounded, in particular 93¢ €
LY(0,T, L>(£2)), and ((z,b) — ((z,a) = fj@g((x,t) dt for a,b € 1[0,T].

For a proof of this lemma, we refer to ([45], Problem 5.16a, pp. 104—108).

A technical problem we will have to take into account in the following is that no trace estimate of the form

[v1082]|L2(2) < C ||v]| g1/2 (50 holds for v € H'2(2). In view of this situation, we fix a parameter 6 € (0,1/2),
and we will use the ensuing trace theorem, for which we refer to [35].

Theorem 2.2. There is a constant C1(8) > 0 such that |[v|002] s 90y < C1(6) [[v]| gs+1/2(y for v e H(£2).

Moreover we will need a standard interpolation inequality for fractional order Sobolev norms. For the convenience
of the reader, we state this inequality in

Theorem 2.3. There is a constant C2(0) > 0 such that [|v[| g1/2+5 (o) < C2(0) ||UH}1/12(J?§) ||v\|i/22(5§ forv e HY(9).

Proof. The theorem follows from ([47], inequality (1.3.3.5)) with Ay = L?(2), A; = H'(2), § = 1/2+ 6, in
view of ([47], Rem. 4.4.1.2, 4.4.2.2, Def. 4.2.3, 4.2.1.1, Thm. 4.3.1.2, Eq. (2.4.2.16), Thm. 2.3.3 (b)). O

We will refer to the following result on Bochner integrals.
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Theorem 2.4 ([46], Lem. 3.1.1). Let H be a Hilbert space, a,b € R with a < b, and v € W (a,b, H). Then,
possibly after a modification on set with measure zero in |a,b], the function v belongs to C°([a,b], H), and

u(t) = fst V'(r)dr —v(s) for r,s € [a,b], where the preceding integral is to be understood as a Bochner integral
wn H.

Due to Theorem 2.4, we may suppose without loss of generality that fD belongs to the space
C°([0,T], H/*(012)) as well as to WH(0,T, H/2(612)).

Let E : HY?(002) — H'(£2) be a linear, bounded extension operator ([29], Thm. 6.9.2). This means in
particular that E(b)|0£2 = b for b € H'/?(00). We put

ft):=E(fp(t)) for t e (0,T), (2.2)
so that f: (0,T) — H'(£2) and f(t)|002 = fp(t) for t € (0,T).

Lemma 2.5. The function f belongs to W1 (0,T, H'(£2)) and to C°([0,T], H*(£2)), and f'(t) = E(fl’j(t))
fort € (0,T).

Proof. Since fD belongs to Wl’l((),T, H1/2(8Q)), and by the choice of E, we have f(t) € H'(£2) and
E(f,’j(t)) € HY() for t € (0,T), as well as fOTfD(t) (t) dt = —fo FL) () dt for ¢ € CF° ((0,7)),
with the preceding integrals being Bochner integrals in H'/?(9£2). But E : Hl/z(&()) — HY($2) is linear
and bounded SO a Well known result on Bochner integrals allows to deduce from the preceding equation that

fOT ( f ) fo ( ) ©(t) dt for ¢ as before, where these integrals are to be understood as
Bochner mtegrals in H ((Z ]

Let 09 € (0,1), and let ¥ be a triangulation of 2 with the following properties. The set T consists of a finite
numberif open triangles K C R? with 2 = U{K : K € }. If K1, Ky € T with K1 N Ky # () and K1 # Ko,
the set K1 N K> is either a common vertex or a common side of K; and K5. The relation

By () C K holds for any K € ¥ and some z € K, (2.3)

where B,.(z) .= {y € R? : |z —y| <r} for r >0, z € R?, and hx = diam K for K € T. The parameter oy will
be the only grid-related quantity entering into the constants in our estimates. In other words, we only impose
a minimum angle condition on our grid (shape regularity). Set h := max{hx : K € T}.

We write ¢ for constants that are numerical or only depend on o, and c(v) if they are influenced by an
additional parameter v > 0. The symbol € stands for constants that may depend on oy and polynomially
on 71, 1 and (diam 2)'/2, as well as linearly on the constant C}(8) from the trace estimate in Theorem 2.2,
on the constant C3(9) from the interpolation inequality in Theorem 2.3, on the operator norm of the extension
operator F, and on the constant from the Sobolev imbedding of H!({2) into L/2=1/p7" (£2). We recall that the
parameter p was introduced in (1.4), 1 in (2.1), and § in (1.5) and (1.9). As a consequence of (2.3), we have

h3 < c|K| for K €%. (2.4)

Let & be the set of the sides — without their endpoints — of the triangles K € €. Put J := {1, ..., #6}, where
#6 denotes the number of elements of &. Let (S;);c; be an enumeration of &. We write @; for the midpoint
of S;, and I; for the length of S; (i € J). Put J°:={ie J : Q; € 2}.

Since it is Lipschitz bounded, the set §2 is locally located on one side of 92, so by our assumptions on ¥,
we have S; C 2 for ¢ € J°, and S; C 912 for i € J\J°. It further follows that for i € J°, there are exactly two
triangles K € T, which we denote by K} and K?, such that S; C K_Z1 N K_Z?, and for i € J\J?, there is a single
triangle K € T, denoted by K;, with S; C K;. It will be convenient to put K} := K? := K, for i € J\J°.
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We further put Jp :={i € J : Q; € I'p}, JN :={i € J : Q; € I'v}, and we require — this is another
assumption on ¥ — that either S; C I'p or S; C I'y for any i € J\J°. Thus each boundary edge is a subset of
either I'p or I'y, and J\J° = Jp U Jy.

Next we introduce a barycentric mesh (D;);cs on the triangular grid ¥. If ¢ € J°, we join the barycenters
of K} and K? with the endpoints of S;. The open quadrilateral containing S; and obtained in this way is
denoted by D;. If i € J\J° (hence Q; € 912), let D; be the open triangle whose sides are the edge S; and the
segments joining the endpoints of S; with the barycenter of the (unique) triangle K € T with S; C K. (This
latter triangle was denoted by K;.) If i, € J with i # j are such that the intersection D; N Ej contains more
than one point, this intersection is a common side of D; and Dj;. In this case, the sets D; and D; are called
“adjacent”, and their common side — without its endpoints — is denoted I5;. For i € J, we set

s(t) :=={j € J\{i} : D; and D; are adjacent.}.

If i € J and j € s(i), let n;; denote the outward unit normal to D; on I5j, so that n;; points from D; into D;.
We find with (2.4) and the relation |K! N D;| = |K!|/3 that hy < ¢|K!|Y/? < c¢|K! N D;|Y/? < ¢|D;|/? for
1€ J,le{l,2}. Since 1 —2/p > 0, we thus see there is a constant ¢y > 0, only depending on oy, such that

max{hy : 1€ {1, 2}}|Di|Y?" < o |Di| h17HP for i€ J, (2.5)
where p’ := (1 — 1/p)~!, with p from (1.4). We introduce two finite element spaces by setting

n={veL*(2) : v|K € P/(K) for K €%, v continuous at Q; fori € J},
Vh = {Uh = Xh : 'Uh(Qi) =0 for ¢ S JD}

The spaces X; and V}, are nonconforming finite element spaces of piecewise linear functions based on the
Crouzeix—Raviart finite element. For ¢ € J, let w; be the function from X} that is uniquely determined by the
requirement that w;(Q;) = 6;; for j € J. The family (w;)ics is a basis of X}, and

vp = th(Qi)wi for v, € X, (2.6)
ieJ

For v, € X5, ® H(£2), we define the function Vv, on 2 by setting (Vyvp)|K := V(v,|K) for K € . A discrete
Poincaré’s inequality is valid on Vj,:

Theorem 2.6 ([7], Thm. 4.1, Rem. 4.4). For any v, € Vj, the relation ||vn||12(0) < ¢||Vivnl L2(o) holds.

Similar inequalities were discussed in [17,37,51]. The one in [7] fits our situation best because in that latter
reference, a Dirichlet boundary condition needs to hold only on part of the boundary of the domain in question.
From ([2], (3.30)) and (2.6), we obtain a formula for the L?-scalar product of vy, wy, € X, that is,

(vp, wp) L2(0) = Z’Uh Ywp(Q;) | Dy, for vp,wp € Xp,. (2.7)
i€J

Next we state a Sobolev inequality on the triangles K € <.

Lemma 2.7. Let r € (1,00). Then the inequality

2 r—1
oll ey < e(r) (T ol ooy + 190 2xc))

holds for ve HY(K) and K € %.
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Proof. Let K € T, and let c( ). ¢® | ¢® e R? be the vertex points of K. Put C := (M) —cB) D) —c(3)) ¢ R2X2)
where ¢V — ¢®) and 2 — 6(3) are to be considered as columns. Put T(A x) =C-x+ 6(3) for x € R% Then
[ vde =2|K| [ v(T(z))dx for v e L*(K), with the reference triangle K introduced at the beginning of this

section. This equation, the Sobolev inequality [|0],, gy < ¢(r) [|0]| 15 for © € H'(K), and inequality (2.4)
imply Lemma 2.7. O

We further need a trace inequality on triangles, and an inverse inequality.
Lemma 2.8. The estimate ||[v|0K || 20K) < c(hl_(l/2 vl L2 (k) +h}(/2 Vol L2(x)) holds for K € T, v € HY(K).

Proof. Well known: by using a scaling argument as in the proof of Lemma 2.7, we may reduce Lemma 2.8 to a
trace estimate on the reference triangle K; see ([12], proof of Lem. 2.1) for details. O

Lemma 2.9 ([6], Lem. 4.5.3). We have hx ||[Vv|2(x) < cl|v]|z2(k) for v € Po(K) and K € T.

Put Wy, := {v € C%) : v|K € P(K) for K € T} (P2 Lagrangian finite element space). Note that
Wy, C HY(£2). Functions from X, may be approximated by functions from W}, in the following way.

Lemma 2.10. There is a linear operator &y : Xy — W), such that for v, € Xy,
> b 1(€nwn) = vn )IK (12000 < € > hic IV (0nl K)l|72 k09

Ke¥% Ke¥%
[€n(wn)llmr(2) < cllvnllzz@) + IVrvnllizze))s 1€ (vn)ll2(2) < cllvnllLz(a)-

Proof. The second and third estimate in Lemma 2.10 hold according to ([7], Cor. 3.3). As for the first, we
observe that the maximal number of triangles sharing a common vertex is bounded by some number n € N
only depending on the constant ¢y in (2.3), or in other words, on the minimum angle of the triangles K € ¥.
Also by (2.3), if K,L € ¥ share a common vertex or midpoint, then hx < chp; compare ([7], (3.8)). These
observations and the estimate in ([7], (3.7)) imply the first inequality in Lemma 2.10. O

Let Ih Hl(()) — X}, be the interpolation operator introduced in ([23], Eq. (8.9.79)), that is, I;(v) =
Sies it Js, v(x)doy w; for v e H'(£2). Note that a function v € Hl( ) admitb a trace on S; for any i € J,

so the operator Iy, is well defined. For v € L1(I'p), we put I, p(¢) := zeJD l; ~1 fS x) do, w;. This operator
is well defined because S; C I'p for i € Jp. Note that since w;(Q;) =0 for i,5 € J Wlth 1 # j, we have

Lh(0)(Qi) = Inp(v|Tp)(Qs) for i€ Jp, ve HY(Q). (2.8)

We will need the following interpolation property of Ij,.
Theorem 2.11. Forv € H'(2), K € T, we have

hig lv = In(0) | K || 250y + [V (0 = Tn(0)| K ) | 2(x) < €[Vl K |2 (x0),
in particular || I, (v)||L20) + IVl (v)| 220) < Cllvllar o)

Proof. See ([23], Lem. 8.9.81) and its proof. Alternatively, this theorem may be deduced from ([11], Thm. 3.1.4);
see ([12], proof of Thm. 2.2). O

Corollary 2.12. Letr € (1,00), v € H'(£2). Then the inequality
1n(v) = vl Lr() < e(r) (1 + diam 2)* [ Vo]| 120

18 valid.
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Proof. By Lemma 2.7, Theorems 2.11 and (2.4), we get

1/r
() = vllr) = | D 1n(®) = 0K |5
Ke¥
1/r
<elr) | 3 (B 10 ) — ol K e + 1219 (1) = ol K ) 220 )
Ke¥
1/r 1/r
<o) | S0 LIV o) | <) Vel | 3 b
Ke% Ke%
1/r
<e(r) [Vollzzgey | Y IK] = () [|Vol|L2() 1217 < e(r) (1 + diam 2) | Vo] 20

Ke¥
O

It will be useful to introduce another interpolation operator besides Ij,. In fact, for v € L?(§2) with v|K €

C°(K) for K € T, v continuous at Q; for i € J, we set g5, (v) := >, ; v(Q;) w;. Abbreviate

19+ / max{b(x,t) - n;j, 0} doy, M,(t) ::/D m(z,t) dx (2.9)

for i € J, j € s(i), t € (0,T). We define a discrete convection term dj, by setting

dp(t,on,wn) = wi(Qi) | D (95 (0)on(Qi) — 95 (6)on(Qy)) + () va(Q:)

ieJ j€s(i)
+ Z v (Q:) wr(Q:) / max{b(z,t) - n(x), 0} do, for vp,wy € Xp, t € (0,T).  (2.10)
i€JN Si

This definition means that our numerical flux is based on an upwind finite volume method on the barycentric
grid (D;)ie -

In order discretize the time variable, we fix Z € N and choose t1, ..., tz € (0,T) with t; < ... < tz. Put
to:=0,tzy1: =T, 7 =1t —tg_1 for 1 <k < Z+1.

Now we are in a position to introduce the finite element — finite volume discretization of problem (1.1)—(1.3)
we want to study in the work at hand. This problem consists in finding w,(ll), e w}(LZH) € Xj with

Tht (w2k+1) w;(«bk)’ vn)r2(0) + (a(thrl) Vhw;(lkﬂ), Vion )m(o) + dh(tkﬂ,w,(l )

= (g(trs1), vn)r2e) + Y vn(Qi) / In(z,tgr1) dog (2.11)

i€JN
0) ._ (0)
for v, € Vi, k €{0, ..., Z}, w;’ := In(w'®),

wi Qi) = Inp (fo(tii1))(Qi) for i€ Jp, 0<k < Z. (2:12)

This scheme is implicit because both the diffusion and the convection term are discretized on the same time
level. In (2.11), (2.12), our discrete problem is stated in a way which is suited for implementation. However,
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for our theoretical studies, a variant of (2.11), (2.12) with homogeneous Dirichlet boundary conditions on I'p
is more appropriate. To this end, we put

fu(t) :=In( f(t)) for t€(0,T), (2.13)

with f from (2.2).

Lemma 2.13. The relations f, € WHY(0,T, X) and fr, € C°([0,T), X1) hold, where X}, is considered as a
space equipped with the L?-norm. We further have f(t) = Ih(f’(t)) fort € (0,7T).

Proof. By the second inequality in Theorem 2.11, the operator I, : H'(§2) + X}, is bounded. Thus Lemma 2.5

follows by a reasoning as in the proof of Lemma 2.5. O
The variant of (2.11), (2.12) we have in mind may now be stated as follows: Find ugll), ce (Z+1) €V}, such
that
71;+11 (“Elkﬂ) - uﬁl’“) Uh)L2(Q) + (a(thrl) th(k+1) A\ )Lz(m + dh(tkﬂyuékﬂ),vh)
= (g(trs1), vn)r2() + D va(@Q / In (@, trga) dog — (altirr) Vafa(tesr), thh)L2(m
icJ
—dp(tre1, fultir), vf:; — Ty (fn(trgr) = fu(te), vn)r2co), (2.14)

with vy, € Vp, 0< k < Z, uglo) = Ih(w(o) — f(0) ) The relation ugll), .. uglzﬂ) € Vj, means that the functions
(1) (Z+1)

Up e, Uy satisfy homogeneous Dirichlet boundary conditions on I'p. Due to (2.8), problem (2.11), (2.12)
on the one hand and (2.14) on the other are equivalent: if w - ,w,(lZH) € X, and u(l) . ,uElZ'H) € Vp, with

(Z) = ugf) + fn(t;) for 1 < i < Z + 1, then the family (w,&l), e w,(lZ'H)) solves (2.11), (2.12) if and only if
(ug), e uElZ'H)) is a solution to (2.14). We state our stability estimate for our finite element — finite volume

discretization of (1.1)—(1.3) in terms of solutions to (2.11), (2.12). To this end, we introduce the abbreviations

Z+1 1/2
1 Z+1 l
Q‘(U}(L)7".’U’(L )) = (Z T ||’U}(L)|%2(Q)> +1<rln<aZX+1HU()HL2
=1

241 1/2 741 1/2
+v!/? (Z Tl|VhU;(1l)|%2(rz)> (Z Yy, V(@ / |b(z,t) dOm) (2.15)

=1 i€JN
for v}(Ll), cee U(Z+1) € Xp,
»/(p—2)
ho := min ( {400 o1 (1—1— sup |dinb(t)||L:n(Q)):|) , (diam £2)/¢1 ¢, (2.16)
0<t<T
with ¢g from (2.5), B from (1.5), ¢1 from (2.1) and p from (1.4). Then our theory with respect to discrete
solutions to (1.1)—(1.3) reads as follows.

Theorem 2.14. Problem (2.11), (2.12) admits a unique solution w( ) o w,(lZH) € Xy.
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Let € € (0,00) and put JJ(\;) ={iedy It fS [b(x,t) - n(x)|do, > € for any t € [0,T]}. Then, if h < ho,

1 Z+1 —
Q‘(’wz )’ ey w’(l + )) <c¢ <1 + I//V —+ |83C|L1(0,T,L°°(Q)> (1 -+ 1§Iln§azx+1 ||b(tl)|H1(Q)>

Z+1 1/2
(Z u ||g(tl)||2L2(Q)> + w1 () + oA fo @) 17200
=1 ==

Z41 1/2
“‘”fll)”Ll(o,T’ H1/2(002)) +B(v,v,b,m) (Z Tl |fD(tl)|§—11/2(8_Q)>

=1
1/2 1/2
Z+1 Z+1
re P Do D ISl | v D m L W )ISilas, || H(210)
=1 e g© =1 gean\J

with & from Theorem 2.2, v, U from (1.6), ¢ from (1.5), 93¢ from Lemma 2.1, and with the term B(v,7,b,m)
defined by

B 7,bm) = max (14 [b(t)]oc + [divab(ts) +m(t) | o) + 7/,

where p was introduced in (1.4).

The constant € in (2.17) is to be understood as a generic constant of the type introduced further above,
depending on parameters as described there.
We draw the attention of the reader to the factor v~/47%/2 which is a surprising feature of (2.17). This

is the factor v~ with K > 1/4 mentioned in Section 1. Note that it comes to bear only if f, # 0 (non-
vanishing Robin—Neumann boundary data) and if the index set JN\JI(;) is not empty. But an index ¢ € J
belongs to JJ(\;) if, for example, |b(z,t) - n(z)| > € for any « € S; and ¢ € [0,T]. Then max,es, |b(z,t)] >
0, 0 < ¢/ maxges; |b(z,t)] < 1 for ¢t € [0,T], and the angle between b(y,t) and S; is bounded from below by
/2 — arccos(e/ maxyes; |b(z,t)|), for any y € S; and ¢t € [0,T]. Therefore the case JN\JJ(\;) # () for any € > 0
may be interpreted in the sense that the convective velocity does not keep a minimum angle with I'y. On the
other hand, if such an angle exists, it enters into the stability bound via the parameter e.

As concerns the steady problem (1.7), (1.8), we define a discrete convection term Dp, (vp,, wy) in an analogous
way as in the evolutionary case. Then we consider an approximate solution W}, € X, of (1.7), (1.8) satisfying
the equations

(AV Wy, Vh’Uh)L2(Q) + Dp,(Wh,vn) = (G, ’Uh)L2(Q) + Z Uh(QZ)/ Fy(x)dog, for vy € Vp, (2.18)

ieJn Si

Wh(Qz) = Ih,D(FD)(Qi) for i e Jp. (219)

Then the ensuing stability result for W}, holds.

Theorem 2.15. There is a unique solution Wy, € X}, to (2.18), (2.19).
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Put by :=min{(8/[2co 1 (1 + ||div B[ Le(2)) ] )p/(pﬁ), (diam 2) /1 }, with co, B, 1, and p as in (2.16).
Suppose that h < hy. Let € € (0,00). Then

1/2
IWhllL2(2) + v IVaWhl L2(e) + (Z Wi(Q / |B(z |d0x>

icJn

<C€1+7/v) 1+ |Blm ()
HG||L2(_Q) + (1 + ‘B‘oo + HdiVB + MHLp(_Q) +7/V1/2> ”ﬁDHHl/?(BQ)

1/2 1/2
- —1/4-5
e 2 IENISillGagsy | TR YD BN, ; (2.20)
ey’ i€ IN\T)
with J\ == {i € Jn + 7[5 |B(z) - n(z)|do, > €}.
We will give a proof only of Theorem 2.14. The same argument, but with considerable simplifications, may
be used to establish Theorem 2.15.
3. COERCIVITY OF THE DISCRETE CONVECTION TERM

In this section, we derive a coercivity relation for dp(t, -, - ). We begin by fixing ¢ € (0,7) and abbreviating
B:=0(-,t), by :=dn(t, -, ), 9+ = 19+ fr max{3( ) n(zx), 0} do, for i € J, j € s(i); see (2.10), (2.9)
for the deﬁnition of dj, and 19;( )7 rebpectlvely Moreover we set p:=m(-,t), p:=((-,t), with ¢ from (1.5),

= [p, w(x)dz = m;(t) for i € J, with m;(t) defined in (2.9). Note that by (2.10),

n(nswn) =Y wn(Qi) | D (650n(Qi) = 05;0n(Q)) ) + T 0n(Qi)

ieJ j€s(i)
+ Z vp (Q;) wp (Q / max{ (8- n)(z), 0} do, for vp, wp € Xp.
i€JN

We further observe that by our assumptions in Section 1, we have 3 € H'(£2)2, div 3 € LP(£2), pu € LP(£2) with
p from (1.4),

div B(z)/2 + p(z) >0, —Ve(z) B(z) > for € 2. (3.1)
Since n;; = —nj; for i € J, j € s(i), we get 9;9 = fF z)do, for i € J, j € s(i), so
Z (Hjj - 0;;) = /D div 8(z) dz — 5J\Jo(i)/s (B-n)(x)do, (i€J), (3.2)

j€s(i)
with 6\ jo (i) = 1if i € J\J?, and § \ jo (i) = O else. Moreover, by (2.1),

lo(x) — (@) < 1|z — 2|, diam2 < p(z) < ¢ for z,2" € Q. (3.3)
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Lemma 3.1. Let v, wp, € Xp,. Then, with @1 from (3.3),

1/2 1/2
(vh, on(wn ) < (vns on(on))"" (wn, on(wne))"?,
(vn, on(vn)) < erlvnll3,  and if v € Vi o [[Vion(vn@)llr2(2) < co1l|Vavallrz(o).-

Proof. The first two estimates in the lemma are an immediate consequence of (2.7), (3.3)2 and the Cauchy—
Schwarz inequality for sums. As for the third, it follows by modifying the proof of ([15], Lem. 3.2). In fact, let
K € %, and let i1, i9, i3 € J be such that the points Q;,, Qi,, @i, are the midpoints of the edges of K. Then
by (2.6) and the definition of o (vs ¢),

3 2
\|V(Qh(vh<ﬁ)|K)HL2(K)=/ > (0n 9)(@i,) V(wi, |K)| dz <A+ 20(Qi,)* [V (vnl K)I|72x), (3.4)
r=1
with 2 == 2 [ |20 (0(Qi) — ©(Qi))on(Qs,) V(w, |K)|*dz. But |9(Qi,) — ¢(Qi)| < ¢ihx

by (3.3), and |[V(w; |K)|r2x) < chyt |wi | K| 2(x) by Lemma 2.9. Moreover the inequality
|wi, | K| r2(xy < [K|=3|D;, N K| holds for 1 < r < 3. These relations put together yield that
A< cor Yics 0,ex vn(Qi)? | K N D;|. Thus, taking the sum with respect to K € ¥ in (3.4), we obtain that
[V hon(vh )| L2(0) is bounded by the term c 1 Y. vi(Q:i)* [Dil +2¢1 ||thh\|%2(m. The third inequality in
Lemma 3.1 now follows with (2.7). O

The next lemma shows in particular that by (vy,vy) is non-negative.

Lemma 3.2. Let v, € V). Then

br(vn,vn) > Rn/2+ Y 'Uh(Qi)2/S 8- n|(z)dos / 2,

i€Jn

where Ry, == Rp(vn) ==Y ;e Zjes(i) 9;» (vh(Qi) —up(Q;) )2. In particular by, (v, vy) > Kr/2 > 0.
Proof. As in ([12], proof of Lem. 3.1), we obtain

bn(vn,vn) = 8a/2+ Y on(Q0) | D0 (08 —05)/2 4+ | + Y vn(Qi)? /S max{(3 - n)(x), 0} dos. (3.5)
ieJ j€s(i) i€Jn i

Recalling (3.2), (3.1); and the relations v, (Q;) = 0 for i € Jp, J\J° = Jy U Jp, we may deduce from (3.5)
that

bp(vp, vn) > Ri/2 — Z q;h(Qi)Q/ (B-n)(x)do, /2 + Z v (Q;) / max{ (3 -n)(z), 0} do,

i€JN Si i€JN
—R/2+ 3 w(@) / (8 n)(@)] dow /2. w
i€eJn

Lemma 3.3. Let v, € V. Then bh(vh, gh(vmp)) > Ay, /2 4+ Ry, where
A, = An(on) =D _on(Q)® D (65;0(Qi) —650(Q;)),
jeJ j€s(4)
and Ry, := Ry (vy) is an abbreviation for the expression

th(Qi)2 np(Qi)/ div 8(z) dz/2 — Z v (Qi)? / min{ (3 - n)(z), 0} do,.

ieJ D; =
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Proof. We modify the proof of ([15], Lem. 3.4), starting with the equation bh(vh, on(vn cp)) = Ay + Ay + As,
where

A= on(Q)e(Qi) D (vn(Q:) — va(Q))) 0,

icJ J€s(4)

A2 —th z ( Z(9$_0;)+ﬁz)a
ieJ j€Es(i)

Avi= Y 00(Q0* ¢(Q) | max{(5-n)(a), 0} do.
icJn S

Proceeding as in the proof of ([15], Lem. 3.4), we find that A; > 2. On the other hand, by (3.2), (3.1); and
the equations v, (Q;) = 0 for i € Jp, J\J° = Jy U Jp, we obtain

Az 3@ elQi) [ divp@)de/2= 3 @ elQ) [ (8- n)(z)dos.
ieJ D; iedn Si
Now the lemma follows from the relation bh(vh, on(vn cp)) = A+ Ay + As. O
Lemma 3.4. Let vy, € Vy, and put
Bai=Balon) =~ Y (@) X [ o@)s@) i do.
i€J jes(i) i
Then
B2 BllonlFaiey ~ S vnlQi? [ divsie) pl)de+ 3 @) [ (8- m)@) pla) dos.
it D; i€JIN Si
Proof. For i € J, we find
- Z / 905 N5 do; = — / ﬁvwdf—/ dlvﬁ@dw'i_(sJ\J‘)(l)/ (5”)90d0ma
j€s(4) Di Di Si

where 07\ jo (i) is defined as in (3.2). But —fD B-Veodr > Dy for i € J by (3.1)2, so Lemma 3.4 follows
with (2.7) and the equations v (Q;) =0 for i € Jp, J\J° = Jp U Jn. O

Lemma 3.5. The estimate [Ap, — Bp| < cpr ||5H}{/12(Q) lvnllL2(o) R,llm holds for vy, € Vj, with By from
Lemma 3.4, Ay, from Lemma 3.3, and Ry, from Lemma 3.2.

Proof. We refer to the proof of ([15], Lem. 3.6). O

The term ), ;. vn(Q:) wn(Q:) fs max{b(z,t) - n(z), 0} do, in the definition of d (¢, vy, wn), a term which
is linked to the Robin—Neumann boundary condition (1.2)s, causes most of the difficulties in the proof of the
next theorem. Actually this term was inserted into the definition of the term dj, (¢, vy, wy) because otherwise we
could not see how to carry through this proof. Since this term was not present in [15], we elaborate this proof
in more detail.

Theorem 3.6. Suppose that h < hg, with hg introduced in (2.16). Let vy, € Vi,. Then

[onlZ20) < €1+ 1Bl a1 (2)) br(vn, va) + (4/8) br(vn, on(vn @) )-
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Proof. Lemma 3.4 yields 3 ||vh\|%2(m < B, + A, with
A=Y @) [ divp@)et) de— 3 un(Q? [ (9:n)(@) (o) dos.
icd D; i€ N Si
Therefore
BllonlZz(0) < [2h — Ba| +An + A < [A, — Br| +2bn(vh, on(vae) ) —2Rn + A,

where we used Lemma 3.3 in the last inequality. We may conclude with Lemmas 3.5 and 3.2 that

Q”'UhH%'z(Q) <c¢ ||ﬁ\|}1/12(9) lvnll L2 () br(vn, vr) Y% + 2 by (v, on(vr ) ) — 2R, + A. (3.6)
But
a9+ A= un(Q)) / div B() (o(2) — $(Q) ) da (3.7)
ieJ

+ 30 @) [ (26(Q0) min{(5-n)(@), 0) ~ ¢l@) (5 m)(@)) dos.

i€Jn Si
Fori € Jy, © € S;, we find
2(Qi) min{(8-n)(z), 0} — p(z) (B-n)(x) = (2¢(Q:) — ¢(z)) min{(3-n)(z), 0} — p(z) max{(3-n)(x), 0}
< (2¢(Qi) — p(x) ) min{(8-n)(z), 0},

where the preceding inequality holds because —p(x) max{(5 - n)(z), 0} < 0. Taking account of (3.3) and the
relation min{ (3 - n)(x), 0} <0 for any = € 92, we may thus conclude that

2 ¢(Q:) min{(8 - n)(z), 0} = p(z) (8- n)(z) < (diam 2 — |p(Q:) — ¢(z)| ) min{(8 - n)(z), 0}
< (diam 2 — o1 |Q; — 2| ) min{(3 - n)(z), 0} < (diam 2 — ¢1 h) min{(8-n)(z), 0} <0

for i € Jy, x € S;, where we used the relation h < hy < (diam §2)/p; (see (2.16)) in the last inequality
Therefore from (3.7),

2+ A< Y 0@ [ divA) (w(o) (@) da. (33)
icJ i

Using (3.3), we further observe that |¢(z) — ¢(Q;)| < max{hzi : | € {1,2}} for i € J, x € S;. Therefore
with (2.5),

/ div B(z) (@(z) — 0(Q;) ) dz| < ¢ max{h,q el 2}}/ |div 8(z)| dz
D; D;

< gy max{hg 1 L€ {1, 23} |Di|V/"||div Bl 1) < copr [Dil B 27 |div B 1o ()

where ¢¢ was introduced in (2.5) and p in (1.4). It follows with (3.8) and (2.7) that

2Ry, + A < coor B P ||div Bll o) Y vn(Qi)? [Di] < copr kP |[div Bl Lo 0nll72(0)-
i€J

On the other hand, due to the assumptions h < hg and p > 2, and by the choice of hy in (2.16), we find
co1 K =P ||div B 1oy < B/4, s0 —2Rp, + A < B ||vn | 12(2)/4- Hence by (3.6),

Bllonlzo) < QH/BH}—I/E(Q) ol 22y b (vn, )% + 2 bi(vn, on(vn @) + BllvalZ2(2)/4-
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As a consequence,
BllonlZz0y < €8N (@) ba(vn, vn) + 2ba(vn, 0n(vn @) ) + Bllonll7z(m)/2-
Theorem 3.6 follows from this inequality. U

Corollary 3.7. Suppose that h < hg, and let vy, € Vi,. Then

th||2L2(Q) + Z vp (@ / |(8 z)|doy < €1+ [|Bllmr(0)) bu(vh, va) + (4/8) br(vn, on(vs @) ).
i€JN
Proof. Lemma 3.2 yields that ZieJN vR(Q fs (B x)| do, < 2bp(vp,vp). Thus Corollary 3.7 follows with
Theorem 3.6. O

4. PROOF OF THEOREM 2.14.

The proof of the next theorem is based on the argument in ([15], p. 521-522). However, since the function ¢
(see (1.5)2) is time-dependent, the reasoning becomes more complicated, so we present it some detail.

Theorem 4.1. Let (« E”)ZGJ €R’ forle{1,..., Z+1}. Suppose that h < hg, with ho defined in (2.16), and
(0) (Z+1

let uy,”, ..., € Vi, satisfy
k k k k k
Tt (g™ = on) 2 00) + (altirn) Vaug™, Vion) o)+ dnltisns w0 o) = 3" e un(@i) (41)
ieJ
for 0 <k < Z, vy, € Vi, Then, with A(u™), ..., u§12+1)) introduced in (2.15), ¢ in (1.5) and 05¢ in Lemma 2.1,

Z —
Ql(u%l), S ,U;l +1))2 <c (1 +7/v+ ||83CHLI(O7T7LOO(_Q))) (1 + 1<Iln<aZX ) ||b(tl)|H1(Q)>

Z+1 Z+1
l l l l
-(ZnZaPu?(@) 1> n> ol o () ) (@) +|u£f”|iz<m). (42)
=1 ieJ =1 i€J

Proof. Choosing v, = ug i (4.1), we get with (1.6) and (4.1) that
(k+1 k1

v|IVa “h )HL2 @) T Tk+1 ||U( )HL2(_Q) + dn (tk+1vu

< (a(tk_H) thh +1), thglk-H) )

<3 o™V Q) + @) T TV R + @ign) Tl 3y for 0<k < Z.
ieJ

(k+1) uglk+1)>

(k+1) k+1 k+1
+7 k+1H“ H%?(Q)*‘dh (tk+1a“51 : EL )>

2(Q)

From this we may conclude as in the proof of ([15], (4.1), (4.2)) that

Z+1 Z+1
> nds (tut ) 0 D V0 ey + a0y
=1
Z+1
<4 ( S nd o uP (@) + |uz°>||%2(m/2> : (4.3)
=1 eJ
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In the following, we use the abbreviation ﬂgk) = Qh(ugk) C(ty)) for 0 < k < Z 4+ 1, with ¢ from (1.5)2. Referring

to (4.1) again, this time with v, = ugH we find that

e (st o )

+ Tht1dp (tk+1,u2k+1), ﬂglk+1)) T (uzkﬂ), agkﬂ))

L2(02)
k1) ~(k+1 k 1/2 k1) ~(k41)71/2
< Tkt Za( ) Eer )(Qz) + (Ug), Oh ( . )C(tk“)))m(m (u Eer )’UZJF ))L/Q(Q)
iceJ
< 7en 2oV EIQ) + @ ) /24 () on (<)) L 2 (44)
it

for 0 < k < Z, where we used Lemma 3.1 in the first inequality. But by (2.7) and Lemma 2.1,

(0 n (i ttr) = €01)) | < D20l (Q02]6Qustin) = (@1 ) [ 114
k trt1 ZEth ! (k
<> Qi [ 0@ at Dl < [ 100yt 3 0l Q0 D
ey th tr e

41
:/ 105¢ (1) | o= ) At [[uf ) |22y for 1<k < Z+1.

tr

As a consequence

(. on (2 ) —CCt0)] ))

(ng)’ on (ng) C(tk+1)))L2(Q) <

tht1
(k) ~(k) ()2 (k) ~(k)
+ (uh Uy, )L2(Q) < /tk 105C(8)[| o= (02 dt R lup, 220y + (Uh s Up, )LQ(Q) (4.5)
Thus, by applying (4.5) on the right-hand side of (4.4), taking the sum with respect to k € {0, ..., Z} on both

sides of the resulting inequality, then subtracting the term

Z
Z ( (k+1) ~Elk?+1))L2(Q /2 + Z uh aah ))Lz(Q)/Q’

k=0 k=1

Z ~(Z
(W a7

and taking account of the fact that r2(2) > 0 (Lem. 3.1), we arrive at the estimate

Y AR WS Py (SRR
k=0

< ZTk+1 Za(kﬂ kH) (Q:) + (uio)ﬂio))m(m )/2

iceJ

T
()2
[ 10560yt g [
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Note that (ug))7 ug ))L2(Q) < o1 Ju® H%Q(Q) by Lemma 3.1. Thus we may conclude that

Z+1 Z+1

ZTldh (tlauh ) ( ) < ZTZ ‘ (a(tl)vhug)a Vhﬂ( LQ(Q) ‘ +

=1

€ (110Gl 1 ) ) g, o o

Z+1

Z 7Y ol (Q

= icJ

On the other hand, Corollary 3.7 with v, = ug) yields

I g + 3 (@0 [ 1b(e, ) i) do.

ZEJN

C (14 [|b(t) | () din (1, 0l ul?) + (4 8) dn (t, wl? @) for 1 <1< Z+1.
We may deduce from (4.3), (4.6) and the preceding inequality that

Z+1 Z+1

Zn ul! 13200 + Zn Z )(Q)) / b(2, 1)) - n(z)| doy < € (1 +, max 16(t)|| £ m) R,
i€JN
with
Z+1
(l) +Z’Tl‘( tl thgl),Vul))’
= iceJ
Z+1
0 l l
+ (1 + 195¢ll 1 (0,1, L (92))) <|“§1 )Hi'zm) + Z Tl Z%(‘ Sup Qi) > :
=1 ieJ

(4.7)

Proceeding as in the proof of ([15], (4.5)), we add the left- and right-hand side of (4.3) to respectively the
left- and right-hand side of (4.7). On taking account of the fact that dp (¢, v, vs) > 0 for t € (0,T), vy, € V},

(Lem. 3.2), we get
Q‘(ug)’ ey uElZ+1))2 <c (1 + <rlnax Hb(tl)”Hl _Q)) R.

Moreover, as a consequence of (1.6) and Lemma 3.1,

Z+1 Z+1

l - l ~(1
ZTZ| ( tz)th th()) | U ZTl”vhu%)HL2(Q)thu;l)HL2(9)
1=1 1=1

Z+1

S Yol uf(Q

=1 iceJ

Z+1
< Y | Viuy |32 < €@/v) (

=1

0
)|+ [lu “||2)

where the last inequality follows from (4.3). Theorem 4.1 follows from (4.8) and (4.9).

Due to (2.7) and (2.6), problem (4.1) corresponds to (2.14) if we put
o[z(,l) = (g(tl)7 wj )L"’(Q) — (a(tl) vhfh(tl), Vhwi )LQ(Q) - dh(tla fh(tl)a wi)

4 /S e tr) oy () = i (fultr) = fulti1) ) (@0) D4

(4.8)

(4.10)
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forie J, 1 <1< Z+1, where dy, (i) :=0fori e J\Jn, d;4(¢) :=1for i € Jy. The function f was introduced
n (2.2), and f5 in (2.13). In the ensuing lemmas, we will estimate terms which may be written in the form

O]

ZZ_+11 T Y e ﬁ(l) (l)(Qi) , with certain coefficients ﬁz@ and given functions v, € V},, and which are relevant

if the coefficients a( ) are chosen as in (4.10). At the end of this section (Proof of Thm. 2.14), we will then show
how Theorem 2.14 may be deduced from (4.10), Theorem 4.1 and the ensuing lemmas. We begin by an obvious
result.

(1) (Z+1)

Lemma 4.2. For functions v, ..., v, € W, the following inequality holds:
Z+1 Z4+1 2 sz 1/2
l 1
> (o) Lol < (Z m ||g(tl)||2L2(Q)> (Z m ||v£)||%2<m> :
=1 =1 =1

In Lemmas 4.3, 4.5 and Theorem 4.4, we deal with the terms generated by the nonhomogeneous Dirichlet
boundary conditions (1.2);. We recall that f was fixed in (2.2) and f;, in (2.13).

Lemma 4.3. Let v( ) e v,(IZ'H) € Vy. Then
Z+1
>0 (4000 = it ) o 1= €T oo 1225, I D
Proof. Obviously
Z+1 " Z+1 o
; (fh(tz)—fh(tH), v, )L2 e ;Hfh t) = fultin)lleae) | max oS L2
But by Theorem 2.4 and Lemma 2.13,
Z+1 Z4+1 ., T
> i) = el = S0 [ 5i(6) iz < i as.

On the other hand, f;/(s) = In( f'(s) ) = In( E[f}(5)] ) for s € (0,T) according to Lemmas 2.13 and 2.5, with the
extension operator E' and the interpolation operator I, introduced in Section 2. Thus we get || f, (s)| z2(0) <

€||E[f/3(s)]||H1(m < €\|f,’3(s)\|H1/z(8Q) by the second inequality in Theorem 2.11 and the boundedness of
E: H'Y?(092) — H'(£2). Lemma 4.3 follows from the preceding estimates. O

In the ensuing theorem, we estimate the term dy (¢;, fn(t1), vp), with dp, defined in (2.10).

Theorem 4.4. For v,(ll), ceey v,(lZ'H) € Vi, with fp, from (2.13) and p from (1.4), we have

Z+1

ZTz dp(t1, fr(tr), U;(zl))

=1

Z41 1/2
<¢  Jnax (|b(tz)|oo + |b(t) |12 + || divgb(t;) +m(tl)HLP(Q)> (; gl |fD(tz)|§11/2(3Q)>

Z+1 ' V2 sz 0
(S ntlien) + (30 X @ [

=1 = i€Jn

i

1/2
| min{b(z, ;) - n(x), 0}] doz>
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Proof. Let t € (0,T), vy, € Vi,. Then dy (¢, fr(t), vn) = A1 + Ag, with

A=Y on(@i) Y (fa®)(@Qi) = fu()(Qy)) 05 (1),

ieJ j€s(i)
2= 3" 0@ A @)( X (950~ 950)) + (1))
icJ JEs(i)
+ 30 (@) 51(0(@) [ max(b(z.0)- n(z), 0} dos.
icJn Si

We find

Al <D o@D IV(RMOIER) Y 1@ — Qil195(1)]

icJ ke{l,2} jEs(i),QjE?f
<Y on@) Y V(O B o),
icJ ke{1,2}

where the last inequality follows from the definition of 19;- (t) (see (2.9)) and the fact that the length of I}; is
bounded by diam KF, for i € J, j € s(i), k € {1, 2} with Q; € K_Zk Note that for each index j € s(i), we have
either Q; € K} or Q; € K?. Fori € J, k € {1, 2}, we use (2.4) and the relation |K¥|/3 = |KF N D;| to obtain
h2.. < c|KF| <c|KFnD;| <c|Dj|. Thus we get

A1l < eb®)loe Y lon(@) D2 Y7 IKEY2 |V (IS )

icJ k€{172}
1/2 1/2
< c|b(t)]oo (th(Qi)QIDA) Yo > KV (@K )
icJ i€J ke{l1,2}

hence with (2.7), the second estimate in Theorem 2.11 and the choice of f; and f (see (2.13) and (2.2),
respectively),

A1) < €1b(1)|os [onll L2y IV fr ()l 2202y < €10 oo 0nll22) IS0 1117200 (4.11)
Moreover, by (3.2) and the equation v, (Q;) = 0 for i € Jp, we have Ay = Az 1 + Az 2, where
Aoy = S 0n(Q0) 1 (H(Q2) / (div,b(z, t) + m(x,t)) de,
ieJ D;

Moo= — 3 on(@0) Fu(D(@1) /S min{b(z, 1) - n(), 0} do,.

i€JN

But [Az,1] < e [0n(Qs) fa()(Qa)| [Di| /7" ||divab(t) +m(t)[ Dil Lo (), with p from (1.4) and p’ := (1—-1/p)~".
Since p > 2, hence 1 > 1/2 — 1/p > 0, we may conclude that

1/2 1/2—1/p 1/p
|Az,1] < (Z on(Qi)? Dz-) (Z | F()(Qi)| /2P |Di> : (Z Idiv;b(t) +m<t>|Di|ip(m> :

ieJ ieJ ieJ
(4.12)
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Referring to (2.7), we observe that (3, va(Q:)? \Di\)l/Q = ||lonllL2(2) and

1/2—1/p
_ -1 _ -1
(an@wﬂw>@> = || fa ()| V2D 220 = | () 1),

ieJ
with 7 := (1/2 — 1/p)~L. The preceding equation, Corollary 2.12, (2.13) and the Sobolev imbedding of H!(2)
into L™(£2) imply

1/2—1/p
<Z|fh( )(Q:)| /207 |y I> < @O =FOll e +HIf Ol r@< CNF Ol ) < €Nfo @) /200,
=

where the last inequality follows from (2.2) and the boundedness of the extension operator E. Since D; N D; is

a set of measure zero for 4,7 € J with i # j, and because of the relation 2 = U{D; : i € J}, we obtain the
equation ), [|div,b(t) +m(t)|D; HLP @) = = ||div,b(t) + m(t)Hip(m. Now we may conclude from (4.12) that

| A2,1] < €llonllz (o) 1D (Ol 122 00) 1divab(t) +m(t)] Lo (o). (4.13)

1/2
In addition we have |As 2| < By By, with By, := (ZieJN Vri [g, [min{b(z,t) - n(z), 0} d0w> for k € {1, 2},
where 1 ; := v5(Q;)? and 7o, == fi(t )(Q ) for ¢ € JN By (2.13), the definition of the operator I}, and the

choice of the functions w;, we get fu(t)(Q:) = I;* fs (x,t)do, for i € J. But f(t)|S; = fD(t)|Si for i € J\J°
by (2.2), so
1/2 /2
By < |b(t) Vz(le(/watdox)) < |b(t) 1/2<Z/fpxt doz>
icJn icJn

< |b(t)[X2 1 fp(t Mz200)-

Thus we have shown that
| Az,2| < By [b(@®)22 1 fp (1)l 2(052)- (4.14)

Recalling that dp(t, fn(t), vn) = A1 + Aa, Ay = A1 + A2 and |As 2| < By Bs, and referring to (4.11), (4.13)
and (4.14), we obtain the estimate stated in Theorem 4.4. O
Lemma 4.5. For v,(ll), cee ,sZH) € Vi, the term ’Zl 1T (a(tl)Vhfh(tl), vhU}(Ll))L2(_Q)‘ admits the upper

bound

Z41 V2 I v
¢@/v'/?) (Z 7l Fo ) 3200 ) (’/ > |vhv’(l)|%2(”)> ’

=1 =1
Proof. Let t € (0,T), vy, € Vi. Then with (1.6), (2.13) and Theorem 2.11,

[ (alt) Vafalt), Dun)zaqe | =| 3 [ ¥ CAOIK) -ale.t) Vion|K) da

<> v / IV (fa(®)|K )|V (vp] K) |dw—1// IV fr()] [Vhon| da
Ke¥
ST Vafu®)llzzc) IVavnllezo) < €T ar ) Vil 2o

Since || f(t)[|m1(0) < € HfD(t)HHl/Q(a_Q) by (2.2) and the boundedness of the extension operator E, Lemma 4.5
follows. 0
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The term fsl fn(x,t;)doy 67y (1) in (4.10) is induced by the nonhomogeneous Robin—Neumann boundary
conditions (1.2)2, and gives rise to a sum |ZZZ=+11 T D icy ug)(Qi) fs fn(x,t;) doy| on the right-hand side
of (4.2) if the coefficients agl) are chosen as in (4.10). The aim of the two ensuing lemmas consists in estimating
this sum against the data times the expression Ql(ugl), R uElZH)) (see (2.15)), which coincides with the left-
hand side of our stability result (2.17). Such an estimate inevitably gives rise to a factor v =% for some K > 1/4,
as is shown by a counterexample in Section 5. The challenge then is to arrive at an exponent K > 1/4 as close
to 1/4 as possible. We will obtain K = 1/4 + /2, for some ¢ > 0 which may be chosen as small as we wish,
but must be kept fixed. A key role in our proof is played by the trace estimate in Theorem 2.2, which we use
instead of the standard estimate of the H'/Z-norm on 02 against the H'-norm on §2. On the basis of that
latter estimate, we would end up with K = 1/2 instead of K = 1/4 + 6/2. We further have to deal with the
difficulty that we cannot see why for v, € Xp,, the relation v,|0£2 € H'Y/?+%/2(982) should hold. For this reason,
we approximate functions from X by functions from Wy, using Lemma 2.10 for that purpose. The space W},
is a subspace of H'(£2) so that the trace estimate from Theorem 2.2 may be applied to functions from Wy,.

Lemma 4.6. Recall the parameter § introduced in Theorem 2.2. Let ) € L*(I'y), vy, € Vi, and J C Jx. Then
1/2

Z/S popdog| < v A2 NGz 6 (lonllz2coy + v | Vhvnll 2(2))-
ieg "7t ieJ

Proof. We use the operator €& introduced in Lemma 2.10. Applying Lemma 2.8, we get

1/2
1/2 1/2
SolenlSilliesy | < (X lon - En@lSilZas,)  + (D0 Ienn)ISillias,)
icJ €N i€JN
1/2
<c (Z [h;(} ||’Uh - eh(vh)‘Ki”%Q(Ki) + hKi V(Uh — th(vh)\Ki) H%"’(Ki) ]>
i€JN
+ [|€n(vn)|0£2]| L2 (802
1/2
<c| > [h; lon — €n(on)| K |22 () + b IV (vn] K) |72 (xc) + B ”veh(vh)‘K”%Q(K)}
Ke¥%
+ | €n(vr)|092|| s (0.02)- (4.15)

It follows with the first inequality in Lemma 2.10 that

1/2 1/2

Z on] Sill72(s,) <c Z (hie IV (n K125y + i [V ER(0n) K |72k ) + 1€ (vn)[092| 5 (02) -
ied Ke%

Due to the inverse inequality from Lemma 2.9, we may now conclude that (3>, 5 [lvn|S; H%Q(Si)) "2 is bounded by

1/2
¢ Z (Nlvnl K1l L2y IV (0n [ ) | p20x) + €1 ()| K (| L2(50) IV ER(08) K L2(k) ) + | €1 (vn) |02 5 (9.2)
Ke¥
and so by

1/2
¢ (llvnllz@) IVRonll22) + 1€n(on) 22y IVRER(r)] L2(0) ) 24 1€ (vr)1092] s (9.2)-



STABILITY OF A FINITE ELEMENT — FINITE VOLUME DISCRETIZATION 941

Hence by the second and third inequality in Lemma 2.10, and by Theorems 2.2, 2.3 and 2.6,
1/2
1/2 1/2
S lonlSillRecoy | < €Ulonll o IVavnll gy + lonllzac) + 1€0n) [ms1/2(0)
ieJ

1/2
<€ (Jlonll 5o IVaonlls

1/2—6 6+1/2
o+ €@ len )55
1/2—6
< (HUhHLz ) ||vhvh\|L2 ot ||vh\|L/2 (2 Ulvnllz2c) + \|vhvh||L2m))1/z+s>
1/2—46 1/2+446
< € [onll (e IV avnllh -

By Young’s inequality for real numbers as in ([1], p. 23, (4)), we may conclude for x > 0 that

1/2
—1
> llvalSill s, < € (|[vnll 2y + v T [V hnl| L2(2)-
icJ
Choosing £ = 1/4 4 §/2, we now obtain
1/2 1/2
Z/ Yopdog| < Cvm VAN 1,172 o) VA2 N o Sill7 2 s,
i€J icJ icJ
1/2
< Cu A N 181 2 s (Ionllz2c2) + v 2 I Vhonl L2 (@) o
icJ
Lemma 4.7. Let ¢ € L?>(I'n), vy, € Vi and J C Jy. Then
1/2
S un(@0) [ vdos| < @5 (S sy | (onlzaie + 2 IVonlcn)

ied ieJ
Proof. We find with Lemma 4.6 that

th(czi)/si«ﬁdox < /wvhdox Z/ (@) (0n(Qi) — vn(x) ) do,

ieJ
1/2

<y VAT N 918122 (lonllL2(2) + V72 I VhonllL2(2) + 24, (4.16)
ied

where 2 := 37,5 [o [¥(2)] |V (vn| K;)||Q; — 2| do,. But with (2.4) and since I; < h,,

 (on | K)| B3

2{<Z/ 2)| o, |V (oK) b, <3

ey ” i ieJ

1/2 ,1/2 1/2
<o > ISl o (1Kl [V (alK)2) 7 h2 < e > )il (on | K3) | L2,y P,
ieJ ied
1/2 1/2

<c [ D IvlSilieg, > IVl )y B

ieJ Ke¥
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Using Lemma 2.9 (inverse inequality), we thus see that

1/2 1/2
S l1Sil3acs,y > lonl K L2 11V nl B 22y
ieJ Ke¥
1/2
1/2 1/2
S lSillas,y | lonlltsg) IVavsl g

ied
On the other hand, as in the proof of Lemma 4.6, we observe that by Poincaré’s inequality (Thm. 2.6) and
Young’s inequality for real numbers,

1/2 1/2—6 1/2+06
VO Jlon | gy IV nen gy < v 2 onl gy IV monll 255y < e (lonllzaqe) + 1 [ Vaonllz2a).

This estimate and the preceding one yield that

1/2
A< ev TS IS sy | (lonlliae) + 02 [ Vavnlizea) )
ied
so Lemma 4.7 follows from (4.16). O
Corollary 4.8. Let v}(Ll), ceey v}(LZH) eV, and J C Jy. Then
1/2

Z+1 Z+1

Soad @ z’)/ (@, tr) dog| < €um VAN N | f (81861725,

=1 eJ 5 =1 4eJ

Z41 1/2 Z41 1/2
!
(Z T |’U,(7)|%2(Q)> "|-l/1/2 (Z T |Vh'l1h||%2(9)>
=1 =1
Proof. Lemma 4.7. d
emma et € >0 and let v, 7, ... € en, wit efined in Theorem

L 4.9. L 0 and let v(", ..., 0"V € V. Th hJ defined in Th 2.14,

Z+1

> > (@) [ ixtao,

i Si
1/2
Z41 Z+1 l 1/2
<Y m Y @IS, (Zn > o (@) /S b, 1) -n<w>|dox> .
= i€eJn i

=1 eg
Proof. Let vy, € Vi, t € (0,T). Then by the definition of Jj(\f),

2

1/
@) [ Intetyaos| < p» ([ 1R do,) 1 @)
J<> g S

1/2
<l ( f <x,t>2dox) ( ba, ) - Idw) [on(Q0)
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1/2

1/2
<2 S 1N ®)ISilRas, ( on(Q)) /\bxt dox> .
i€JN

iy

This proves the lemma. O

Now we are in a position to carry out the

Proof of Theorem 2.14. Due to Lemma 3.2 and (1.6), it follows as in the proof of ([15], (4.1), (4.2)) that
problem (2.14), and thus also problem (2.11), (2.12), admits a unique solution.

Suppose that h < hg, with hg from (2.16). Let ug), . (ZH € V;, be a solution of (2.14), and let € > 0.
Recall that JJ(\;) was defined in Theorem 2.14. Choose the coefﬁaents ag ), forie J, 1 <1< Z+1,asin (4.10).
Then by (2.6) and (2.7), for vy, € V3, 0 < k < Z, the sum ZieJozZ(»kH) vp(Q;) coincides with the right-

hand side of (2.14). Thus the family (ug L, uElZJrl)) solves (4.1). Recall the definition of 91(11,(11), e U}(LZ+1))
n (2.15), for v}(Ll), cee v}(LZH) € V. Let R denote the expression appearing inside brackets on the right-hand

side of (2.17), but with the term [[w® g1 (o) + maxo<i<z41 ||fD(tl)||H1/2(aQ) omitted. Then equation (4.1),
Theorem 4.1 and 4.4, Lemma 4.2, 4.3 and 4.5, Corollary 4.8 with J = JN\J](\;), and Lemma 4.9 yield

Wl ufOR <y [(A, ) A @D, ) ) R 0@ = )| (417)

where u( ) = Q(ug) C(ty)) for 1 <1< Z+1, and where we used the abbreviation

= (1+7/v+105Cll1 (0,1, 1=(02))) <1 T ||b(tz)|H1(9)> :

Note that ugo) = Ih(w(o) — £(0)) by (2.14), and || 15 (0@ = £(0) ) || p2(2) < €[|w @ = £(0)| 1 (2) by Theorem 2.11.
By (2.1) and (2.7) we have ||a§Ll)HL2(_Q) < ¢ Hu;ll)HL2(_Q) for 1 <1< Z+1, with ¢; from (2.1). Obviously

ﬂg)(Q )2 < pu ”(Qz)z (1€ J, 1 <1< Z+1). These relations and Lemma 3.1 yield Ql(ﬂ;ll), cee ﬂElZ'H)) <
Gﬂ(ug), . uElZ+ )) so we may deduce from (4.17)

Aup, w0 < ey (A, a7 ) R+ w® = £ 0))-
Hence QI(uh sy uzz+1))2 <C?RI 4 Cyjw® — f(O)qul(m. As a consequence
A (Ug) + faltr), o P +fh(tz+1)) <€y (R4 [0 = FO) (o) + A(fultr)s -y fultz4r)). (4.18)

In order to estimate the term A( fn(t1), ..., fa(tz+1) ), we first observe that by (2.13), (2.2), Theorem 2.11 and
the continuity of the extension operator E,

IVhfn@)llz2) + 1 fa®)ll22) < Q:”J?D(t)HHl/?(BQ) for t € (0,7). (4.19)
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Moreover, for ¢t € (0,7),

1/2 1/2
(th (@) /|bwt |dox> < |b(t |1/2<th )
icJn

icJn

1/2
<[b(t)[/? (Z /S (AD(@) - fult)(@)) dogg)

i€JN

1/2 1/2
+<Z [, (o) = ) dox> +<Z |f<t>|si||%2(sf,)> . (420)

icIn
But for t € (0,T), i € Ju, by (2.4),
/ (fr(6)(Q) = fa(t)(@))? do, < |V (ful(t) i) \2/3_ Qi — «f* dox < |V( fu(t)| K )I* ik,
<€ [ V(I do < €IV,
where the last inequality follows from (2.13) and Theorem 2.11, and where we estimated a factor hg, by diam (2.

Moreover, for i, ¢ as before, we find with (2.13) and Lemma 2.8 that the integral fo (fr(t)(z) = f(z,t) )2 do, is
bounded by '
c [h;C

Vf(t)|Ki||2L2(Ki) according to Theorem 2.11. Again estimating a factor hg, by diam (2, we

(t) — f(t)

V() = FOIKD 3o, |

may thus conclude from (4.20) that

1/2
A < €[b(t)[3? (Z IV FOIKillF2 (e, + £ )FN||L2(FN))

i€JN
< I (IV IOz + 1 F 01022 02)) < I @)l 2112 (00,

where the last inequality follows from (2.2) and the continuity of the extension operator E. From (4.19) and

the preceding estimate we may deduce that Ql( frlty), ..., fh(tz+1)) is bounded by
241 1/2
12 3
1+ max [b(tr)]oc (; o ()12 8Q)> + € max | fo()llazo0)-
Inequality (4.18) now implies inequality (2.17). O

5. A COUNTEREXAMPLE

We want to show that the factor »~1/479/2 in Theorem 2.15 cannot be replaced by v~ with some K < 1/4.
Of course, this means such a modification should not be possible in Theorem 2.14 either. We consider the
case that (2 is a square, with two sides corresponding to I'y, and the other two to I'p. We choose G = 0,
Fp =0, A = v(dx)i<jr<2, B = (0,—1). This convective velocity B is orthogonal to one edge — denoted
by I’I(Vl) — constituting I'y, and parallel to the other one — denoted by FI(V2)’ In this situation, for any € €

(0,1), the index set jj(\f) defined in Theorem 2.15 is such that Uiejf\f) S; = I’](Vl) and UieJN\j,(j) S; = FJ(VZ).



STABILITY OF A FINITE ELEMENT — FINITE VOLUME DISCRETIZATION 945

(Recall that S; C I'y fori € Jy, S; C I'p fori € Jp, and J\J° = Jy U Jp.) Thus the term ||FN\F1(V1)HL2(F(1))
N
in Theorem 5.1 coincides with the term (3. _sc |FN‘Si||%2(Si))1/2 in Theorem 2.15, and ”FN‘FI(\?)HL?(FI(\,?))
equals (Zz’eJN\~ . )12, Tt it true that Theorem 5.1 relates to the continuous problem (1.7), (1.8)
§ ;

and not to the discrete one (2.18), (2.19). But since the right-hand side of (2.20) is uniform in h € (0, ko], and
in view of the preceding remarks as to which terms in Theorem 5.1 and 2.15 coincide, the negative result in

Theorem 5.1 should carry over to (2.20) in the sense specified above, that is, the factor v~/479/2 cannot be
replaced by v~ with some K < 1/4.
Theorem 5.1. Suppose that 2 = (0, = ((0,1) x {0}) U ({0} x (0,1)), I'v = I'Y UL with

FI(VI) = (0,1) x {1}, FI(\?) = {1} x (0, ) Let K€ (0 1). Then there is no constant Co > 0 such that
1 —1/d+k 2
IWllz2c2) < Co (IENITR | ooy + v 4 IEN TR | o pior) (5.1)

for each v € (0,00), W € C>(2) satisfying (1.7) in the case B = (0,—1), M =0, A = v (§jx)1<jk<2, G =0,
and (1.8) with Fp =0, B = (0,—1),

Fy(z) = —min{B(z) - n(z), 0} W(z) + vOW (z)/On(x) for x € I'y.

Proof. Let 11 € (0,1] be so small that 41~* <1 for v € (0,11]. Let v € (0,11] and put

v (t) = R L (tE€R), z%y) — (20)"! (_1 /11— 41/1_5) :
A = (20)7! (—1 V1o 41/1%) L w(f) = et — et (1 eR),
W, (z) == v, (z1) w,(x2) for z € 2. Then W, € C=(R2), —v AW,, —W,, = 0 and W,,|I'p = 0. Let us determine

a lower bound of ||W, |12 in terms of ||v, | 12(,1). To this end we observe that z(y) + zéy) =—v 1 <
é”)g —(2v)~! and Zg)——QI/_K/(l—i—\/l—ZlZ/l ), S0 —21/‘”§z£)§ v~". Thus

ol = (247 1) (24) (5 1) (29 2 (1 7757) (494 9)
> -1/ (22%”) —ezziy)/ (2 |z§y)|) —3u >V /a—vie 2 T /2 -3y

We may choose v, € (0,11] so small that v*/4 — v e 2" /2 — 3v > % /8 for v € (0,v]. Thus, for such v, we
have |lwy||r2(0,1) > v*/2871/2, hence |[W, | r2(0) = v/ |Jvy || £2(0,1) 87 /2.

Put B(z) := (0,—1) for x € £, F](V”)(x) = v oW, (x)/on(x) — min{B(z) - n(z), 0} W,(x) for € I'y. Let
vs € (0,12] with 2v < v" for v € (0,v3]. Then, for x € FI(VI), v € (0,vs], we find

IFO ()] < oy (a0)] (v |w, ()] + [w, (D)), [w, (1)] < et e <2670,

and v |wl, (1) < zx(|z£l')\eziy) + |z£y)| ezéy)) <3e ¥ ", sothat |FJ(\;') (x)] <5e7¥ " |v,(x1)|. Therefore

—K

IERIN ooy < 567 onllaony < 582 ™ w2 [ W[y for v e (0,m], (5.2)

where we used the lower bound of [|W,||12(o) determined above. For z € FJ(VZ), we have B(x) - n(xz) = 0, so

F () = vl (1) wy (z2). But [vo),(1)] < 200-9/2e "% ence

_ K v K = (+r)/2
N ERROIO ooy < 20742 w201y (v € (0,11]). (5.3)
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—(4R)/2 g, (d)/2
= y(1+r)/2 (g2 —e72¥ )/2—2. We choose v4 €

and p(11#)/2 ¢2 ”7(1“)/2/8 > 2 for v € (0, v4]. For such v, we
—(1+r)/2 1/2

On the other hand, for v € (0, 14], we get ||v, ||
(0, v3] so small that (1/2) Qv S
may conclude that ||v,,\|%2(0 > y(1+5)/2 o2 V—(1+ﬁ-,>/z/8’ hence [Wy gy = v/ e
With this estimate we return to (5.3), to obtain

2
12(0,1)
oy —(+r)/2

lwy || 20,1y 87

S EROIT ooy < 2VBUH [Wollpagg) for v e (0,val.
This estimate and (5.2) imply

v 1 — K v 2 ~ A —— K
VEIT o oy + v NEITD o iy < C (€777 072 004 W, 1200

2
)

for v € (0,v4). Here and in the following, we write C' for numerical constants. There is v5 € (0,14] such that
v="/2e " < v for v € (0,v5]. Therefore

v 1 — K v 2 K
IER I o iy + v NE IR o piny < CV /4 W12y for v € (0,v5). (5.4)
Now suppose there is Cy > 0 such that inequality (5.1) holds. It follows with (5.4) that [[W, |2 <
Co C /4 [Wollz2(0) for v € (0, 5], hence 1 < Cy C v*/* for such v, which is impossible. O
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