N
N

N

HAL

open science

POLYAKOV’S FORMULATION OF 2d BOSONIC
STRING THEORY

Colin Guillarmou, Rémi Rhodes, Vincent Vargas

» To cite this version:

Colin Guillarmou, Rémi Rhodes, Vincent Vargas. POLYAKOV’S FORMULATION OF 2d BOSONIC
STRING THEORY. Publications mathematiques de I’ THES, 2019, 130 (1), pp.111-185. hal-01587093

HAL Id: hal-01587093
https://hal.science/hal-01587093
Submitted on 13 Sep 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01587093
https://hal.archives-ouvertes.fr

POLYAKOV’S FORMULATION OF 2d BOSONIC STRING THEORY

COLIN GUILLARMOU, REMI RHODES, AND VINCENT VARGAS

ABSTRACT. Using probabilistic methods, we first define Liouville quantum field theory on
Riemann surfaces of genus g > 2 and show that it is a conformal field theory. We use the
partition function of Liouville quantum field theory to give a mathematical sense to Polyakov’s
partition function of noncritical bosonic string theory [Po] (also called 2d bosonic string theory)
and to Liouville quantum gravity. More specifically, we show the convergence of Polyakov’s
partition function over the moduli space of Riemann surfaces in genus g > 2 in the case of
D < 1 boson. This is done by performing a careful analysis of the behaviour of the partition
function at the boundary of moduli space. An essential feature of our approach is that it is
probabilistic and non perturbative. The interest of our result is twofold. First, to the best of our
knowledge, this is the first mathematical result about convergence of string theories. Second,
our construction describes conjecturally the scaling limit of higher genus random planar maps
weighted by Conformal Field Theories: we make precise conjectures about this statement at
the end of the paper.

1. INTRODUCTION

In physics, string theory or more generally Euclidean 2d Quantum Gravity (LQG) is an
attempt to quantize the Einstein-Hilbert functional coupled to matter fields (matter is re-
placed by the free bosonic string in the case of string theory). The problematic can be briefly
summarized as follows.

First of all, a quantum field theory on a surface M can be viewed as a way to define a
measure e~ %9(%) D¢ over an infinite dimensional space E of fields ¢ living over M (typically ¢
are sections of some bundles over M), where D¢ is a “uniform measure” and Sy : E — R is
a functional on E called the action, depending on a background Riemannian metric g on M.
The total mass of the measure

Z(g) := /Ee—59<¢>D¢ (1.1)

is called the partition function. Defining the n-points correlation functions amounts to taking
n points x1,...,r, € M and weights a1,...,a, € R and to defining

Z(97 (xlyal)v"'v(xnyan)) ::/ 62?:10i¢($i)e—sg(¢)D¢’
E

at least if the fields ¢ are functions on M.

A conformal field theory (CFT in short) on a surface is a quantum field theory which
possesses certain conformal symmetries. More specifically, the partition function Z(g) of a

CFT satisfies the diffeormorphism invariance Z(¢*g) = Z(g) for all smooth diffeomorphism
1
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¥ : M — M and a so-called conformal anomaly of the following form: for all w € C*°(M)

Z(e¥g) = Z(g) exp (96% /M(ydwyg + 2ng)dvg> (1.2)

where ¢ € R is called the central charge of the theory, K, is the scalar curvature of g and dv,
the volume form. The n-points correlation functions should also satisfy similar types of con-
formal anomalies and diffeormorphism invariance (see (4.2) and (4.4)). Usually, it is difficult
to give a mathematical sense to (1.1) because the measure D¢, which is formally the Lebesgue
measure on an infinite dimensional space, does not exist mathematically. Hence, CF'T’s are
mostly studied using axiomatic and algebraic methods, or perturbative methods (formal sta-
tionary phase type expansions): see for example [FMS, Gal.

Liouville Quantum Field Theory. The first part of our work is to construct Liouville
quantum field theory (LQFT in short) on Riemann surface of genus g > 2 and to show that
this is a CF'T. We use probabilistic methods to give a mathematical sense to the path integral
(1.1), when Sy(¢) = Sr(g,¢) is the classical Liouville action, a natural convex functional
coming from the theory of uniformisation of Riemann surfaces that we describe now. Given a
two dimensional connected compact Riemannian manifold (M, g) without boundary, we define
the Liouville functional on C! maps ¢ : M — R by

1
Sr(g,¢) := i /M (|d<,0|£2, + QKyp + 47T,uew) dvy (1.3)

where @, p,y > 0 are parameters to be discussed later. If Q) = %, finding the minimizer u
of this functional allows one to uniformize (M, g). Indeed, the metric ¢’ = e’ g has constant
scalar curvature K, = —27uy? and it is the unique such metric in the conformal class of g.
The quantization of the Liouville action is precisey LQFT: one wants to make sense of the
following finite measure on some appropriate functional space 3 (to be defined later) made up
of (generalized) functions ¢ : M — R

FHHW@széFww*WWDw (1.4)

where Dy stands for the “formal uniform measure” on . Up to renormalizing this measure
by its total mass, this formalism describes the law of some random (generalized) function ¢ on
Y, which stands for the (log-)conformal factor of a random metric of the form ¢’¥g on M. In
physics, LQFT is known to be CFT with central charge cp, := 1 + 6Q? continuously ranging
in [25, 00) for the particular values

_2,7
702, Q=+ (1:5)

Of course, this description is purely formal and giving a mathematical description of this
picture is a longstanding problem, which goes back to the work of Polyakov [Po]. The rigorous
construction of such an object has been carried out recently in [DKRV] in genus 0, [DRV]
in genus 1 (see also [HRV] for the case of the disk). Let us also mention that Duplantier-
Miller-Sheffield have developed in [DMS] a theory that lies at the “boundary” of LQFT: with
the help of the Gaussian Free Field, their approach gives sense in the case of the sphere,
disk or plane to some form of 2-point correlation function of LQFT and the corresponding
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equivalence class of random measures (defined up to a non trivial subgroup of biholomorphic
transformations of the domain). Yet, another approach by Takhtajan-Teo [TaTe] was to develop
a perturbative approach (a semiclassical Liouville theory in the so-called background field
formalism approach): in this non-probabilistic approach, LQFT is expanded as a formal power
series in vy around the minimum of the action (1.3) and the parameter @ in the action is given

by its value in classical Liouville theory @ = %

We consider the genus g > 2 case and give a mathematical (and non perturbative) definition
o (1.4). To explain the result, we need to summarize the construction. On a compact surface
M with genus g > 2, we fix a smooth metric ¢ on M and define for s € R the Sobolev space
H*(M) := (1+A,)~%/2(L?(M)) of order s with scalar product defined using the metric g. Using
the theory of Gaussian free field (GFF in short), we show that for each s > 0 there is a measure
P’ on H*(M) which is independent of the choice of metric g in the conformal class [g], and
which represents the following Gaussian formal measure defined for each F € L'(H~%(M),P")
by

/ F(p)e™ i Ju 1Yo Dy — / F(g)dP'(9) (1.6)

1
Vdet'(Ay)
where det’(A,) is the regularized determinant of the Laplacian, defined as in [RaSi]. The

method to do this is to consider a probability space (2, F,P) and a sequence (a;); of i.i.d. real
Gaussians N (0,1) and to consider the random variable (called GFF)

i
Xy =V2rm Z a;—7= (1.7)
i1V Aj

with values in H=*(M), if (¢;); >0 is an orthonormal basis of eigenfunctions of A, with
eigenvalues ()\;); > ¢ (and with A\g = 0). The covariance of X, is the Green function of ;=A,
and there is a probability mesure P on H; *(M) := {u € H *(M); (u,1) = 0} so that the law
of X, is given by P and for each ¢ € Hj(M), (Xg4, ¢) is a random variable on § with zero mean
and variance 2m(A_1¢, ¢). Then H™5(M) = H;*(M)@®R and we define P’ as the pushforward
of the measure P®dc under the mapping (X, ¢) € H;, *(M)xR — c¢+X, where dc is the uniform
Lebesgue measure in R. The formal equality (1.6) is an analogy with the finite dimensional
setting. The next tool needed to the construction is Gaussian multiplicative chaos theory
introduced by Kahane [Ka], which allows us to define the random measure G := ¢¥Xsdv, on
M for 0 < v < 2 when X is the GFF. This is done by using a renormalisation procedure. We
can then define the quantity which plays the role of the formal integral (1.4) as follows: for
F:H*M) — R (with s > 0) a bounded continuous functional, we set

Iy (g, F) =(det! (Ag) /Voly(M)) =1/ (1.8)
X /RIE[F(c+ X,y)exp < - % /M Ky(c+ Xg)dvg — Mchgg(M)ﬂ dc

and call it the functional integral of LQFT (when F' = 1 this is the partition function). Our
first result is that this quantity is finite and satisfies diffeomorphism invariance and a certain
conformal anomaly when @ = 3 + %

Theorem 1.1 (LQFT is a CFT). Let Q = 3 + % with v < 2 and g be a smooth metric on M.
For each bounded continuous functional F': H=*(M) — R (with s > 0) and each w € C*°(M),
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IL, . (e¥g, F) is finite and satisfies the following conformal anomaly:

w Q 1+ 6Q2 2
IL, (g, F) =1Ly (g, F(- — $w))exp (7 (Jdwly + 2ng)dvg).
967 M
Let g be any metric on M and v : M — M be an orientation preserving diffeomorphism, then
we have for each bounded measurable F': H=*(M) — R with s > 0

Iy u ("9, F) = 1Ly (g, F (- 09)).

As a quantum field theory, the other objects of importance for LQFT are the correlation
functions. In Section 4.3, we define the n-points correlation functions with vertex operators
e®X9(i) where o; are weights and x; € M some points, and we show their conformal anomaly
required to be a CFT. This amounts somehow to taking F(¢) = [/, e*#®) in (1.8), but it
again requires renormalisation since ¢ lives in H ~*(M) with s > 0. At this level, the construc-
tion follows the method initiated by [DKRV] on the sphere. We notice that for the sphere, only
the n-points correlation functions for n > 3 are well defined, while here the partition function

is already well-defined.

Liouville Quantum Gravity and Polyakov partition function. Our next result is the
main part of the paper and consists in giving a sense to the Liouville quantum gravity (LQG in
short) partition function following the work of Polyakov [Po]. We stress that, even though the
objects comes from theoretical physics, our result and proof is purely mathematical and can
be viewed, from the perspective of a mathematician, as a a way to understand the behaviour
of some natural interesting function near the boundary of moduli space, namely the LQFT
partition function.

Given a connected closed surface M with genus g > 2, quantizing the coupling of the
gravitational field with matter fields amounts to making sense of the formal integral (partition
function),

Z:/ e—SEH(g)(/e—Sm(g,¢>m)D9¢m>D9 (1.9)
R

where the measure Dg runs over the space of Riemannian structures R on M (the space of
metrics g modulo diffeomorphisms), the functional integral for matter fields [ e~ Smly 7¢m)Dg¢m
stands for the quantization of an action ¢, — Sm(g, @) over an infinite dimensional space of
fields describing matter, and Sgp is the Einstein-Hilbert action

1
Sonl9) = 5 /M K, dvy + Vol (M), (1.10)

where £ is the Einstein constant, pg € R is the cosmological constant. The measure Dg repre-
sents the formal Riemannian measure associated to the L? metric on the space of Riemannian
metrics (its reduction to R). There are several possible choices for the matter fields and we
shall focus on the choice described in Polyakov [Po]. Giving a mathematical definition to the
functional integral (1.9) has been a real challenge, and Polyakov [Po] suggested a decompo-
sition of this integral in the case of bosonic string theory with D free bosons. In that case,
Zu(g) == [ 6_5“1(9’¢W)Dg¢m is the partition function of a CFT with central charge cyy = D,
and is mathematically given by a certain power of the determinant of the Laplacian. The ar-
gument of Polyakov [Po] (see also D’Hoker-Phong [DhPh]) for defining (1.9) was based on the
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observation that each metric g on M can be decomposed as

g=1"(e"gr) (1.11)

where w € C*°(M), 1 is a diffeomorphism and (g;)ream, is a family of hyperbolic metrics on
M parameterizing the moduli space M, of genus-g surfaces. We recall that M, is the space of
equivalence classes of conformal structures: it is a 6g — 6 dimensional orbifold equipped with
a natural metric, called the Weil-Petersson metric, whose volume form denoted dr has finite
volume. In this way, the space of Riemannian structures R is identified to the product of moduli
space M, with the Weyl group C'°°(M) acting on metrics by (¢, g) — e¥g. Applying the change
of variables (1.11) in the formal integral (1.9) produces a Jacobian (called Ghost determinant)
taking into account the quotient of the space of metrics by the space of diffeomorphisms of M.
The Ghost determinant turns out to be the partition function of a CFT with central charge
Cghost = —26 and Polyakov noticed that at the specific value D = 26 the conformal anomaly
of Zyr cancels out that of the Ghost term, giving rise to a Weyl invariant partition function

7z - / Zu1(92) Zanoss(9:)+/det Ty dr. (1.12)
M

called critical string theory'. Concretely, this was further discussed by D’Hoker-Phong [DhPh]
who wrote

det(P} P, et/ -2
Zonmale) = (S5 )" nta) = (el (113)

for some constant C, where the determinants are defined by zeta regularizations, P, is a first-
order elliptic operator mapping 1-forms to trace-free symmetric 2-tensors, and J, is the Gram
matrix of a fixed basis of ker Py (see Section 5.1 further details). Then Belavin-Knizhnik [BeKn]
and Wolpert [Wo2] proved that the integral (1.12) with D = 26 diverges at the boundary of
(the compactification of) moduli space, a problematic fact in order to establish well-posedness
of the partition function for critical D = 26 (bosonic) strings.

Noncritical string theories are not formulated within the critical dimension D = 26, yet they
are Weyl invariant. The idea, emerging once again from the paper [Po], is that for D # 26 the
integral (1.9) possesses one further degree of freedom to be integrated over corresponding to
the Weyl factor e in (1.11). For D < 1, hence ¢y < 1, Polyakov argued that integrating this
factor requires using Liouville quantum field theory. In other words, applying once again the
change of variables (1.11) to (1.9) yields

7z - /M Za1(92) Zanoss (901, (g7 1)/det T, dr. (1.14)
g

where IL, (g7, 1) is the partition function of LQFT in the background metric g,. As explained
above, the partition function IL, ,,(g-, 1) depends on two parameters  and x (some of which are
related in some specific way to cyp). Later, Polyakov’s argument was generalized by David and
Distler-Kawai [Da, DiKa] to CFT type matter field theories with central charge ey < 1 (thus
including the case D = 1). In that CFT context, the integral (1.14) is often called partition
function of Liouville quantum gravity. This approach has an important consequence related to

IThe term critical” refers in fact to the critical dimension D = 26 needed to get a Weyl invariant theory
without quantizing the Weyl factor e* in (1.11).
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string theory as it paves the way to a rigorous construction of noncritical bosonic string theory >
provided one can make sense of (1.14). This is the main purpose of this paper. The importance
of this theory is discussed in great details in [Polch, section 5.1] or [Kleb] for instance.

Once having defined the partition function II, ,(g,1) of LQFT, we introduce the partition
function for LQG

ZLQG = /M ZM(QT)ZGhost(gT)H'y,u(gﬂ 1)\/det JgTdT (1.15)
g
where we choose for the matter partition function
det’A, -
Znlg) = <7g , 1.16
u® = (wrag) (1.16)

the ghost determinant Zgpest(g-) being defined by (1.13) and dr the Weil-Petersson measure.
Notice that (1.16) is nothing but the partition function (1.13) for D = ¢y free bosons extended
to all possible values D < 1. The parameters in (1.8) are tuned in such a way that the global
conformal anomaly of the product

ZM (gT)ZGhost (gT)H%N(gTa 1)

vanishes, hence ensuring Weyl invariance of the whole theory (1.15). In view of Theorem 1.1,
this gives the relation

o —26+1+6Q%=0,
hence determining the value of v (encoded by @) in terms of the central charge of the matter
fields. We refer to Section 5.1 for more explanations.

The main result of this paper is the following:

Theorem 1.2 (Convergence of the partition function). For surfaces of genus g > 2, the integral
defining the partition function Zy,qg of (1.15) converges for v €]0,2], that is for cp < 1.

The integral defining Z1,qg in the case ¢y = 0 corresponds to the case of pure gravity (i.e.
no matter), ¢y = —2 to uniform spanning trees and ¢y = 1 (equivalently D = 1) to noncritical
strings (or D = 2 string theory). As far as we know, this is the first proof of convergence of
string theory on hyperbolic surfaces with fixed genus.

Using this Theorem, we can now see the metric ¢ on M as a random variable with law
ruled by the partition function (1.15). The Riemannian volume and modulus of this random
metric are called the quantum gravity volume form (LQG volume form) and quantum gravity
modulus, see Theorem 5.1. Furthermore we formulate conjectures relating the LQG volume
form to the scaling limit of random planar maps in the case of pure gravity cyr = 0, hence
providing the scaling limit of the model studied in [Mi], or to the scaling limit of random planar
maps weighted by the discrete Gaussian free field in the case ¢y = 1, see Section 5.5. Though
we do not explicitly write a conjecture, we further mention here that the limit of random planar
maps with fixed topology weighted by uniform spanning trees corresponds to ¢y = —2.

2Noncritical bosonic string theory is sometimes referred to as critical D = 2 string theory, by opposition to
the critical D = 26 string theory. The two dimensions correspond to one dimension for the embedding into R
and one dimension for the Weyl factor: in other words the Weyl factor w in (1.11) plays the role of a hidden
dimension, see the explanations in [Polch] page 121.
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The main input of our paper is the proof of Theorem 1.2. We need to analyse the integrands
in (1.15) near the boundary of moduli space and show that we can control them. The moduli
space Mg can be viewed as a 6g — 6 dimensional non-compact orbifold of hyperbolic metrics
on M, that can be compactified in such a way that its boundary corresponds to pinching
closed geodesics. Hyperbolic metrics on M corresponding to points in Mg are complete
hyperbolic surfaces with cusps and finite volume. The estimates of Wolpert [Wo2] describe
the parts involving the ghost and matter terms. The heart of our work is to analyse the
behaviour of Gaussian multiplicative chaos under degeneracies of the hyperbolic surfaces: this
is rather involved since there are in general small eigenvalues of Laplacian tending to 0 and
the covariance of the GFF (i.e. the Green function) is thus diverging. There is yet a huge

conceptual gap between the cases ¢y < 1 and ¢y = 1. Roughly, the reason is the following:
2 oM

_rt =M

the product Zy(gr)Zchost(9-) is at leading order comparable to Hj e i (1772 ), where the
product runs over pinched geodesics with lengths ¢; — 0 when approaching the boundary

of the (compactification of) moduli space — see subsection 2.3 for more precise statements—

)% F(GJ(M)) where F(G, (M)) is an explicit
functional expectation of the Gaussian multiplicative chaos G (M). Hence, for ¢y < 1, we
prove soft estimates on the functional F(Gg(M)) that are enough to get an exponential decay
of the product Zum(g-)Zchost (97 )11y, (g7, 1) at the boundary of Mg and thus integrability with
respect to the Weil-Petersson measure. In the case cy; = 1, the leading exponential behaviors
cancel out exactly so that the analysis must determine the polynomial corrections behind

2,1
whereas IL, (g, 1) is comparable to []; e 3 (72

the leading exponential behavior, rendering the computations more much intricate. In order to
analyse the mass of the Gaussian multiplicative chaos measure in these degenerating regions, we
need to prove very sharp estimates (that, as far as we know, are new) on the Green function and
on the eigenfunctions associated to the small eigenvalues in the pinched necks of the surface, as
functions of the moduli space parameters 7 when 7 approaches the boundary O Mg. Roughly
speaking, the crucial observation is that the GFF behaves like two independent Brownian
motions in the variable transverse to the closed geodesic being pinched, and this allows us
to translate the problem in terms of explicit functionals of Brownian motion. For (and only
for) em = 1, we show that the pinching produces an extra rate of decay of II, ,(g-,1) as we
approach Mg, implying the convergence.

To conclude this introduction, we point out that an interesting different approach to de-
fine path integrals for random Ké&hler metrics on surfaces was introduced recently by Ferrari-
Klevtsov-Zelditch [FKZ, KlZe], but the link with our work is not established rigorously.

Acknowledgements: C.G. is partially funded by grants ANR-13-BS01-0007-01 and ANR-13-
JS01-0006. R.R. and V.V. are partially funded by grants ANR-JCJC-Liouville. We would like
to thank A. Bilal, I. Klebanov, F. Rochon, L. Takhtajan for useful conversations. We finally
wish to thank B. Bluy.

2. GEOMETRIC BACKGROUND AND GREEN FUNCTIONS

2.1. Uniformisation of compact surfaces of genus g > 2. Let M be a compact surface
of genus g > 2 and let g be a smooth Riemannian metric. Recall that Gauss-Bonnet tells us
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that
/ Kydvy = 4nx(M) (2.1)
M

where x(M) = (2 — 2g) is the Euler characteristic, K, the scalar curvature of g and dv, the
Riemannian measure. The uniformisation theorem says that in the conformal class

l9] == {ePg;p € C(M)}

of g, there exists a unique metric gg = €¥°g of scalar curvature Ky, = —2. For a metric § = e¥g,
one has the relation

K;=e?(Agp + Ky)
where A, = d*d is the non-negative Laplacian (here d is exterior derivative and d* its adjoint).
Finding ¢ is achieved by minimizing the following functional

F:C®(M)— R, F(p) ::/ (%|dgp|§+Kggp+2e%°)dvg
M

and taking ¢ to be the function where F(¢) is minimum at ¢ = ¢o. We will embed this
functional into a more general one, depending on three parameters, called Liouville functional:
let v, Q, n > 0 and define

1
Sul0:9) = 3 | (gl + Qg+ d4mue™?) dv,, (2.2

1
22

When Q = 2/ and muy? = 1, we can write S1.(g,¢) =
©, the functional S, satisfies the relation

1 1 2
St <§,90 - %) = Sr(g,0) + I /M ((? - %)|dw|§ - %ng + (Q - 5)@Agw>dvg

—F'(7¢). In fact, if g = e¥g for some

and in particular if Q = 2/ it satisfies

St <§/,90 - %) = SL(g,¢) —

1
42

which is sometimes called conformal anomaly: changing the conformal factor of the metric

/ (ldwf? + 2K yeo)dv,, (2.3)
M

entails a variation of the functional proportional to the Liouville functional. Similar properties
will be shared by the quantum version of the Liouville theory, which fall under the scope of
Conformal Field Theory (CFT for short, more later). At this stage let us just mention that we
will show that the value of ) for the quantum Liouville theory to possess a conformal anomaly
has to be adjusted to take into account quantum effects. More precisely we will have in the
quantum theory

Q="+

o2

(2.4)

2

2.2. Hyperbolic surfaces, Teichmiiller space and Moduli space. Let M be a surface of
genus g > 2. The set of smooth metrics on M is a Fréchet manifold denoted by Met(M) and
contained in the Fréchet space of smooth symmetric tensors C*°(M, S?M) of order 2. This
space has a natural L? metric given by

(hi,hg) == /M<h1, ha)gdvg (2.5)
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where hi,hy € T,Met(M) = C>®°(M,S*M) and (-,-), is the usual scalar product on endo-
morphisms of T'M when we identify symmetric 2-tensors with endomorphisms of T'M through
the metric g. A metric with Gaussian curvature —1 will be called hyperbolic, we denote by
Met_1 (M) the set of such metrics on M. The group D(M) of smooth diffeomorphisms acts
smoothly and properly on Met(M) and on Met_;(M) by pull-back ¢.g := ¢*g, moreover it
acts by isometries with respect to the metric (2.5). The subgroup Dy(M) C D(M) of elements
contained in the connected component of the Identity also acts properly and smoothly and
Mod (M) :=D(M)/Dy(M) is a discrete subgroup called mapping class group or moduli group.
The Fréchet space C°°(M) acts on Met (M) by conformal multiplication (¢, g) — e¥g. The or-
bits of this action are called conformal classes and the conformal class of a metric g is denoted

by [g].
The Teichmailler space of M is defined by

T(M) = Met_l(M)/Do(M).

By taking slices transverse to the action of Dy(M ), we can put a structure of smooth manifold
with real dimension 6g — 6, it is topologically a ball, and its tangent space at a metric g
(representing a class in 7 (M)) can be identified naturally with the space of divergence-free
trace-free tensors with respect to g by choosing appropriately the slice. Teichmiiller space has
a complex structure and is equipped with a natural Kéhler metric called the Weil-Petersson
metric, which is defined by
(h1, ha)wp = /M<htf W) gdv,

if hy,hy € T,T(M) and hf = h; — %Trg(hi) g denotes the trace-free part. The Weil-Petersson
metric is not the metric induced by (2.5) after quotienting by Dy(M) but it is rather induced by
the L? metric on almost complex structures, when we identify almost complex structures with
metrics of constant curvature. We refer for to the book of Tromba [Tr] for more details about
this approach of Teichmiiller theory, the Weil-Petersson metric is discussed in Section 2.6 there.

The group Mod(M) acts properly discontinuously on 7 (M) by isometries of the Weil-
Petersson metric, but the action is not free and there are elements of finite order. The quotient
M(M) :=T(M)/Mod(M) is a Riemannian orbifold called the moduli space of M, its orbifold
singularities corresponding to hyperbolic metrics admitting isometries. Since 7 (M), Mod(M)
and M(M) actually depend only on the genus g of M, we shall denote them 7g, Modg and
M. The manifold Mg is open but can be compactified into M—g, the locus of the compactifi-
cation is a divisor D C Mg and the Weil-Petersson distance is complete on that space. Since
we will need to understand the behavior of certain quantities on the moduli space, we now
recall its geometry near the divisor D and we shall follow the description given by Wolpert
([Wol, Wo2, Wo3]) for this compactification. On a surface M of genus g, there is a unique
geodesic in each free homotopy class, and we call a partition of M a collection of 3g — 3 sim-
ple closed curves {v1,...,73g—3} which are not null-homotopic and not mutually homotopic.
If g € Met_1(M), there is a unique simple geodesic homotopic to each v; and we obtain a
decomposition of (M, g) into 2g — 2 hyperbolic pants (a pant is a topological sphere with 3
disk removed, equipped with a hyperbolic metric and with totally geodesic boundary). A sub-
partition of M is a collection of n, simple curves {71,...,7n,} which are not null-homotopic
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and not mutually homotopic, with n, < 3g — 3; they disconnect the surface into surfaces with
boundary. A surface (M, go) in 8./\/1—g is a surface with nodes: Mj is the interior of a compact
surface M with n,, simple curves ~1,...,7,, removed and go is a complete hyperbolic metric
with finite volume on Mj, the metric in a collar neighborhood [—1,1], x (R/Z)y of each ~;
(with v; = {p = 0}) being
2
go = d% + p?db>.
P

Notice that these corresponds to a pair of hyperbolic cusps, each one isometric to (]R;r X
(R/Z)g,dt* + e~ ?1dh?) by setting # = £e~*. Now there is a neighborhood Uy, of gy in Mg
represented by hyperbolic metrics g > on My for some parameter (s,7) € C3973=m x C™ near
0, with g, » which are smooth metrics on M when 7 # 0 and complete smooth metrics with
hyperbolic cusps on My when 7 = 0, and go,0 = go. Moreover, the metrics g, » are continuous
with respect to (s,7) on compact sets of My for (s,7) near 0 (in the C*° topology), they are
given in the fixed collar neighborhood [-1,1], x (R/Z)y of v; by

2

dp 2 | 2\ 92
gs;r = €707 5—— + (e + p7)df (2.6)
<5j +p >

with g; := 272 /|log |7}|| and @5, € C>(M) satisfies
e’ —1—0as (s,7) =0

in C° norm (and in fact in C° on compact sets of My). Here we notice that the metric

2
Ef%pz + (E? + p?)d6? has curvature —1 in the collar and is isometric to
i

[—tj, tile x (R/Z)g, dt* + € cosh(t)*d6? (2.7)

by setting ¢; sinh(¢) = p and ¢; sinh(¢;) = 1. The geodesic 7;(gs¢) for gs+ homotopic to v, has
length
tj(9s7) = (1 +0(1)) as [(s,7)] = 0

and is contained in a neighborhood [—cej, ce;] x R/Z of the collar near ~; for some ¢ > 0
independent of €; (or equivalently in t € [—c,¢]). Using |e¥*™ — 1| < ¢ for some small 6 > 0, the
set B;j = {m € M;dg(v;(gs),m) > |log¥;(gs-)|} is contained in a compact set of My uniform
in (s,7) where the metrics depend continously on (s,7). We can then use geodesic normal
coordinates with respect to g around +;(gs,~) and the collar C;(gs ) = M \ Bj is isometric to

[—log ¢;(gsr),1og i (gs )]t x (R/Z)g, dt* + Ej(gs,T)2 cosh(t)2d92. (2.8)

To summarize, the geometry is uniformly bounded outside U;Zle (g) for metrics g in a small
neighborhood Uy, of go in M.

The loops (7;); define a subpartition. The open strata of D correspond to subpartitions up
to equivalence by elements in Modg. For each § > 0, the set of metrics in Mg such that all
geodesics have length larger than [ is a compact subset of Mg called the B-thick part. The
p-thin part of Mg is the complement of the -thick part. By Lemma 6.1 of [Wo2], there exists
a constant 3 > 0 so that the S-thin part of Mg is covered by a finite set of neighborhoods
U(SP;), j =1,...,n, where SP; denote some subpartitions of M and U(SP;) denote the set of
surfaces in Teichmiiller space (up to Modg equivalence) for which the geodesics in the homotopy
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class of curves of SP; have length less than 3 and the other ones have length bounded below
by 3/2. Each U(SP;) is a neighborhood of a strata of D.

For each pants decomposition of the surface (with genus g), one has associated coordinates
7= (l1,...,035-3,01,...,035_3) where {; are the lengths of the simple closed geodesics bound-
ing the pair of pants and ; € [0,27) are the twist angles (see [Wol]). The Weil-Petersson
volume form is given in these coordinates by

3g—3
dr = Cg [[ ¢;d0;dt; (2.9)

j=1

for some constant Cg > 0 depending only on the genus.

2.3. Determinant of Laplacians. For a Riemannian metric g on a connected oriented com-
pact surface M, the non-negative Laplacian A, = d*d has discrete spectrum Sp(A,) = (\j)jen,
with A\g = 0 and A\; — +00. We can define the determinant of A, by

det’(Ag) = exp(—95((8)]s=0)

where ((s) := > 72, A\;® is the spectral zeta function of Ay, which admits a meromorphic
continuation from Re(s) > 1 to s € C and is holomorphic at s = 0. We recall that if § = e®g
for some ¢ € C°°(M), one has the so-called Polyakov formula (see [OPS, eq. (1.13)])
det’(Ay) det’(A,) 1 9

log Vol, (M) log Vol, (M)~ I7 M(\dcp]g + 2K p)dv, (2.10)
where K, is the scalar curvature of g as above. It is interesting to compare with the conformal
anomaly (2.3) of the Liouville action Sp,. To compute det’(A,), it thus suffices to know it for
an element in the conformal class, and by the uniformisation theorem we can choose a metric
g of scalar curvature —2 (or equivalently Gaussian curvature —1) if M has genus g > 2. Such
hyperbolic surface can be realized as a quotient I'\H? of the hyperbolic half-plane

|dz[?

H? = {z € CiIm(2) > 0} with metric g = 7 o5

by a discrete co-compact subgroup I' C PSLy(R) with no torsion. In each free homotopy class
on M = I'\H?, there is a unique closed geodesic, and we can form the Selberg zeta function

Zy(s) =] ﬁu — e (FREOY - Re(s) > 1

yEP k=0

where P denotes the set of primitive closed geodesics of (M, g) ~ TI'\H? and £(v) are their
lengths (recall that primitive closed geodesics are oriented closed geodesics that are not iterates
of another closed geodesic). By the work of Selberg, The function Z,(s) admits an analytic
continuation to s € C and it is proved by D’Hoker-Phong [DhPh] that

det' Ay = Z}(1)e*872¢ (2.11)

where C' is an explicit universal constant (see also Sarnak [Sa]). The behavior of Z (1) near
the boundary of Mg is studied by Wolpert [Wo2]: there exists Cg > 0 a constant depending
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only on the genus such that for all g € Mg

2 2
stz 3 (9) 32 32;(9)

H Ak(g) < gH

g)<1/4

1H I o (2.12)

g) Ar(g)<1/4

i)
where A\ (g) are the eigenvalues of A, and £;(g) are the lengths of closed geodesics with length
less than € > 0 for some small fixed € > 0.

There is another operator which appears in the work of Polyakov [Po] and whose determinant
is important in 2D quantum gravity. Let P, be the differential operator mapping differential
1-forms on M to symmetric trace-free 2-tensors, defined by

Pyw :=25V9w — Try(SVIw)g.

If V9 is Levi-Civita connection for g, Tr, denotes the trace with respect to g and S denotes
the orthogonal projection on symmetric 2-tensors. The kernel of P, is the space of conformal
Killing vector fields, which is thus trivial in genus g > 2. Its adjoint P; is given by Pju :=
dg(u) = —Try(V9u) and called the divergence operator on symmetric trace-free 2-tensors. Its
kernel has real dimension 6g — 6 and is conformally invariant. We denote by (¢1,. .., dpsg—6) a
fixed basis of ker Py and by J; the matrix (Jy)i; = (¢4, ¢;), The operator Py P, is an elliptic
positive self—adjomt second order differential operator acting on 1-forms, and we can define its
determinant by

det(P; P,) = exp(~sCi(s)]so) Zﬂy

where ; > 0 are the non-zero eigenvalues of Py F;. The conformal anomaly for this operator
is proved by Alvarez [Al, Eq. 4.27] and reads

det(PZ P;) det(PrP,) 13
log — 997 799——/ do|? + 2K ,p)d 2.13

if § = e®g. By [DhPh], one has for (M, g) a hyperbolic surface realized as I'\H?
1 ,
det(P;Py)2 = Z,(2)e?872C (2.14)

for some universal constant C’, and Z4(s) is again the Selberg zeta function. The behavior
of Z4(2) near the boundary of Mg is also studied by Wolpert [Wo2]: there exists Cg > 0 a
constant depending only on the genus such that for all g € Mg

2 <2
RER) P T3 (e)

1H g < %@ <Gl (2.15)
5 o Gl

where the ;(g) are the lengths of closed geodesics with length less than ¢ > 0 for some small
fixed € > 0.
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2.4. Green function and resolvent of Laplacian. Each compact Riemannian surface
(M, g) has a (non-negative) Laplace operator Ay = d*d and a Green function G4 defined to be
the integral kernel of the resolvent operator R, : L?(M) — L?(M) satisfying A, R, = Id — Il
where Iy is the orthogonal projection in L?(M,dv,) on ker A, (the constants). By integral
kernel, we mean that for each f € L?(M)

x) = /M Gy(z,2") f(2)dvy(z").

It is well-known (see for example [Pa]) that the hyperbolic space H? also has a family of Green
functions (here dyz(z, ') denotes the hyperbolic distance between z, 2’)

Gu2(\; 2, 2') = Fx(dge(z,2")), M€ D(0,1/4) c C (2.16)
so that F(r) is a holomorphic function of A for r € (0, 00) satisfying
1 1
F\(r) ~ —=—log(r) as r — 0, Fy(r) = —=—log(r) + m(r?) (2.17)
2 2
with m being a smooth functions on [0, 00), and Gpz(s) satisfies
(Apz = N)Gr2(A; -, 2') = 6

where 0,/ denotes the Dirac mass at 2’; in other words, Gpz()) is the Schwartz kernel of the
operator (Agz — A)~! on L?(H?). To obtain the Green function G,(x,2’), it suffices to know
it for g hyperbolic (ie. g has constant Gaussian curvature —1) since for any other conformal
metric § = e¥g, we have that

Gota ) = o) + ) -
. 1
Wlth o = W<GQ, 1 ® 1>g, U(LU . Vol / G LU Y dVg )

This follows from an easy computation and the identity A; = e PA,.

(2.18)

Let us then assume that g is hyperbolic. We have

Lemma 2.1. If g is a hyperbolic metric on the surface M, the Green function Gg(x,z") for
Ay has the following form near the diagonal
1
Gy(z,2") = “on log(dy(,2")) +my(z,2") (2.19)
for some smooth function mg on M x M. Near each point xy € M, there are isothermal
coordinates z so that g = |dz|?/Im(2)? and near zq
1
Gy(z,2) = 5 log |z — 2'| + F(z,2')
i
with F' smooth. Finally, if g is any metric conformal to g, (2.19) holds with § replacing g but

with mg continuous.

Proof. Near each point xy € M, there is an isometry from a geodesic ball By(xg,¢) for g to
the hyperbolic ball By2(0,¢) in H? (0 denotes the center of H? viewed as the unit disk), which
provides in particular some local complex coordinates z near g so that g = e¥|dz|? in the ball
By(xo,¢€) for some function ¢. In these coordinates,

log dy(z,z") =logdyz(z,2") = log |z — 2'| + L(z, 2) with L smooth (2.20)
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where d, denote the distance for the metric g. Near any given point 2’ € M, one has
(Ay — NFx(dy(,2)) — 60 € C®(By(a, ) (2.21)

where By(z/,¢) is a geodesic ball of center 2’/ and radius £ > 0 small. Denote by R,(\) =
(Ay — A\)7! the resolvent of A, for A ¢ Sp(A,). By the spectral theorem, at A = X\ with
Ao € Sp(Ay) we have the Laurent expansion

T
Ry(A) = 375 + Ry(M) + O((A = X0)). A= A
— Ao
for some bounded operator R,(\g) and II, being the orthogonal projector on ker(A, — Ag).
Thus we obtain

(Ag — Ao)Rg(Ao) =1d — 1T,

and by elliptic regularity and (2.21), the Schwartz kernel Gy4(\; x, z") of Ry(\) for X ¢ Sp(A,)
satisfies for dy(z,2’) < & with € > 0 small enough

Gy(\z,2') = F(dy(z,2") + E;(\; 2, 2) (2.22)

with E, some smooth function on M x M depending meromorphically of A. At A = 0 we deduce
(2.19). The part about § just follows from (2.18) and the fact that dy(z, ') = e#®)/2d (2, 2") +
O(dy(z,2")?) as 2’ — = O

The function = — mgy(x, z) is often called the Robin constant at x. Notice that if we view
the hyperbolic metric g as an element representing a point of 7z and if 1) € Modg, then we
have the modular invariance

GyrgNz,2') = Gy (2), ¥(2)),  mysg(z,2") = mg((x),¥(2)). (2.23)

We shall need to describe the Green function Gy when the metric g approaches the boundary
of the compactification of Mg. It turns out that positive small eigenvalues of A, appear
sometime when g approaches a point in 8@: Schoen-Wolpert-Yau [SWY] proved that there
exist two positive constants aq, s depending only on the genus g so that the n-th positive
eigenvalue \,(g) of A, satisfy

a1l (M, g) < Ai(9) < a2ln(M,g) if n<2g—2, and a; <A1 <o

where L, (M, g) is the minimum (over subpartitions) of the sums of lengths of simple geodesics
in subpartitions of M disconnecting M into n+1 connected components. Each metric gy € Mg
is in a stratum corresponding to a subpartition SP containing n, curves, with n, < n, of these
simple curves 71, . . ., ¥, in the subpartition that disconnect the surface M into m+1 connected
components. There is ¢y > 0 depending on gy such that for all § > 0 small enough, there is a
neighborhood Ugo C M—g of go such that for all g in the interior Uy, := Ugo N Mg, there is at
most m positive eigenvalues less than ¢ and all other eigenvalues are bigger than ¢y. We call
these eigenvalues the small eigenvalues of g near go.

Proposition 2.2. Let (Mo, go) € OMg where My is a surface with nodes. For 6 > 0 arbitrarily
small, take g in a sufficiently small open meighborhood Ugo of go in Mg so that the small
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eigenvalues of g in Ugy = Ugy N Mg satisfy M\1(9) < ... < An(g) < 6. The Green function G,
restricted to Mg can be written for g € Uy, as

Iy (o (2, 2’
Gylz,2) = > %—i—flg(aﬂ,x') (2.24)
Aj(g) <6 g

where 11 (4) is the orthogonal projector on the corresponding eigenspace. In each compact set
Q of Mo, the map (g,z,2") — Ag(z, ") is continuous on U g4, x (Qfliag) if Q3 = (2xQ)\diag
and, near the diagonal of € x 0, one has

iag :

1
Ay(z,2') = 5 log(dy(z,2")) + By(x,2")

with (g, z,2') — By(z,2') € CO(Uy, x Q x Q). The Schwartz kernel > Iy gy (2, 2") extends
continuously to (g,z,x') € Ugo x Q x Q with value at g = ¢’ € OUQO the orthogonal projector
Ho(g';x,2") onto kerpz Ay

Proof. After possibly splitting €2 in smaller pieces, we can assume that the radius of injectivity
of all g € Uy, on €2 is bounded below by some uniform o > 0. Using the residue formula applied
to Ry(A)/A in a disk D(0, ) of radius 0 centered at A = 0, one has

e _ 1 Ry(N)
R,(0) — 2 = —/ —I2d. (2.25)
! Ajg):g s Ailg) 2w Jopos) A

and we denote by Ay(z,2’) the Schwartz kernel of 51 faD(o 5) R"T()‘)d)\. Let ' C My be a small
neighborhood €’ of Q so that the radius of injectivity of each g € Uy, is bounded below by
a/2. Let Ly(X\) be the operator on € with Schwartz kernel

Fx(dg(,2))

where F) is the function of (2.16). Take x,x € C°(Mp) equal to 1 on € but with support
contained in €, and such that Yy = x. Then on Q' and on M, we have

(Ag = MXLg(N)x = x + [Ag, X]Lg(N)x (2.26)
Then multiplying (2.26) by xRg4(\) on the left, we get

XRy(N)x = xLg(A)x — xRg(A)[Ag, X]Lg(N)x.

The operators [Ag, X]Lg(A)x have smooth kernel (we use that [Ag, x] = 0 on supp(y)), and
extends continuously to g € Ugo since g extends continuously as a smooth metric to 2 and d,
on 2xQ as well. Now we use the fact that for A € 9D(0,6), g — R4()) extends continuously to

Uy, as bounded operators HE (My) — HE (Mp) for all k > 0 by a result of Schulze [Sc]: this

comp

implies that xRy (A)[Ay, X]Lg(A)x extend continuously in g € Uy, as a family of bounded op-
erators H"(My) — HE (M) for all k > 0, since [Ag, X]Lg(A)x maps H*(My) — H*(My)

uniformly in g € Ug,. Thus the Schwartz kernels of the operators [Ag, X]Ly(A)x extend as a
uniform family of continuous Schwartz kernels (when g € Uy, ). We then deduce that

;/ Mdh;/ MdHB;
2mi Jop(0,5) A 27t Jap(0,5)
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where B; is a family of operators, with Schwartz kernel B; (z,2') continuous as a function of
(g,z,2') € Ugyy x 2 x . Next, since by Cauchy formula ﬁ faD(o 5) FXT(Z)d/\ = Fy(z), we deduce
that

1 xL (/\)X no__ / /
(357 gy 5 ) @) = XX Ful(2)

and this Schwartz kernel has the desired property by using (2.17). This ends the proof of
(2.24). The proof of the fact that Z;nzl Iy, (g) (z,2") converge to the projector onto the kernel
of g asg— g € E?Ugo is essentially the same as what we did (and even simpler) by applying
the residue formula to Ry(\) in D(0,6) instead of Ry(A)/A. The convergence in CY norm
is clear since convergence in L? of Z;nzl HAj(g) implies convergence in C° on ) by elliptic
regularity:. O

2.5. Small eigenvalues and associated eigenvectors. In this section, we recall the asymp-
totics of the small positive eigenvalues A\i(g) < ... < Ap(g) as g € Mg approaches an element
go € Mg by following Burger [Bul, Bu2] and we will see that the proof of [Bu2] also gives
an approximation of the projectors II, ;). Let (Mo, go) be a surface with nodes, with corre-
sponding subpartition of the closed Riemann surface M given by simple curves 1, ..., v,, and
Y15 - Yns (With ng < ny) are disconnecting M into m+1 connected components S, ..., Sy41.
For all 6 > 0 small enough, there is a small neighborhood Ugo C M—g of g in ./\/l—g so that for
each g € Uy, = U,y N Mg there are m small eigenvalues 0 < A\1(g) < ... < Ap(g) < 6 and
all others are larger than a constant ¢y > 0 depending only on gy. Each metric g € Uy, has a
unique simple closed geodesic homotopic to v; for j < r, with length £;(g) < ¢10, while all other
primitive closed geodesics have length bigger than ca > 0, where c1, co are constants depending
only on go. Define the length L;;(g) := ZkeEij Ui (g) where Ejj = {1 < k < ng;y, € 05;N0S;}.
Let || - || be the norm on R™! given by

m+1
lally = > Volg(S)a3,  with a = (a1,...,ams1) (2.27)
j=1

and let Q4 be the quadratic form on R™*! given by
Qq(a) = Z (ai — a;)*Lij(g). (2.28)
1<4,5 <m+1
Notice that Vol,(S;) are positive constants depending only on the topology of S; (and not on
g) by Gauss-Bonnet theorem. Then Burger [Bu2| showed the following estimate:

Theorem 2.3 (Burger 1990). If v1(g) < ... < vy,(g) are the positive eigenvalues of Qg with
respect to the norm || - ||, on R™T1 then there is C > 0 such that for all g € U,, and each
I<j<m

vil9) (1 os3) < Aj(g) < 9 1 1 cslog o).

s m

Each simple small geodesic ~;(g) of g (homotopic to 7;) has a collar neighborhood

Ci(9) = {x € M; sinh(dy(x,7;(g))) < 1/sinh(£;(g))} (2.29)
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and these collars are disjoints one from the other. The set M \U; < ,,C;(g) has m+1 connected

components S, ..., 5], ; that identify naturally with Si,...,Sp41. One can define a map

a € R™ s f, € H' (M) (2.30)

by setting f,(z) = a; if x € S;- and f, being the unique harmonic function in C;(g) so that f,
is continuous on M. In [Bu2], Burger proved the following

Lemma 2.4 (Burger 90). There is C > 0 such that for all a € R™" and all g € Uy,
1 1
—Qq(a) < ldfallf2(arg) < ~Qu(@)(1+CO), lallg(1 = Cd]log o)) < |l fallZ2(arg) < llallg:

An estimate for A;(g) in terms of the pinched geodesics ¢ (g) is given by Schoen-Wolpert-Yau
[SWY]: let D be an n-disconnect, i.e a collection of closed simple geodesics v1(9g), - ., Yn.(9)
with respective lenghts ¢1(g),...,¢,.(g) disconnecting M into n connected components, and
define L, (D, g) == >, £;(g). We set

L,(M,g) = tnin L,(D,g)

n

where D,, is the set of all n-disconnects of M. Then, ordering the eigenavlues by increasing
order, it is proved in [SWY] that there is C' > 1 depending only on the genus of M such that
for each n < 2g — 2

C™'Ln(M,9) < Malg) < CLn(M, g).

As a consequence, in a neighborhood Uy, C Mg of a metric gg € 0 Mg, we have the rough
estimate for all 7 < m and g € Uy,

Ai(g) = C7Y(g) (2.31)

where m + 1 is the number of connected components of the surface with cusps (Mo, go), ns is
the number of pinched geodesics disconnecting the surface and ¢1(g) < l2(g) < ... < £y, (9)
are the lengths of these separating geodesics ranked by increasing order.

Below, we take the convention that we repeat each eigenvalue according to its multiplicity,
thus \;(g) can be equal to \j11(g), and similarly for the v;(g).

Lemma 2.5. For each g € Uy, let vo = (4n(g — 1))7! and v1,...,v, € R™ so that
(Vi)i=0,....m 1s an orthonormal basis of eigenvectors for Q4 with v; associated to v;(g). There is
C > 0 and L € N such that for all g € U, there exists an orthonormal basis ¢1,...,¢m of
®FLy ker(Ag — \j(g)) satisfying

1
[ fo; = ®illz,g) < COT, and Z
Ajlg) <6

) " foy (@ fvj ) ot
;gj( Z vi(g O<V1(9))

J=1

where the error term is in L norm on compact sets disjoints from U;C;(g).

Proof. To simplify notation we denote by f; the function f,;. We construct the basis ¢; by an
inductive process. Let (¢;);en, be an orthonormal basis of L?(M, g) of eigenvectors for A, ie.



18 COLIN GUILLARMOU, REMI RHODES, AND VINCENT VARGAS

Agpj = Nj(g)¢;. By Lemma 2.4, we have for k£ < m
ldfill72 = ZA )(fr 05)° = Qq(0) (1 + O3] log 8])) = v (g)|| fil |72 (1 + O(3] log ]))

and by Theorem 2.3, this gives for each £k =1,...,m

/iy 1
S (A9 1) (fi))? = 003l 2. (232)
= Ak(9)
If\%—l] > §1, weset ¢y := ¢y and iy = 1. By (2.32) with k = 1, we get Z;i2<fk7¢j>2 = (’)((5%)
and thus f; = £¢1 + OLz(dé). Since (fi, fj)r2 = O(d]logd|) for ¢ # j by Lemma 2.4, we get
(fi,o1) = (9(55) for all ¢ > 1. If |)‘2 1] < 5%, we let i1 > 2 be the smallest integer such that
1
for each i < iy, |>\— —1| < 5% and | == ”H —1| > §2117T | clearly i; < m since there are m small
eigenvalues. We define

g01: Z <f17¢>¢ nd&Z: Z <f27¢>¢ I‘lglgll
1225 (f1, 6051 | 3251 (i )95
Then we construct ¢a, .. ., ¢;; by the Gram-Schmidt orthonormalization process from s, ..., @;,.

1 1
Since | =~ ”H — 1] > 20+t = O(021), (2.32) tells us that for each i < iy,

i L
fi = (fir )y + Op2(62777)
j=1
and thus ¢; = f; + 0L2(52i11+2) for i =1,...,41. Since (fi, fj) 2 = dij + O(0]log d|) by Lemma
2.4, we deduce that for i =1,...,14;

1 _
@i = fi + Op2(627172).
Now we prove the induction process in a way similar to the first step. Suppose we have con-
structed an orthornormal basis ¢1,...,¢; of @?leqﬁj so that ¢; = f; + Ope (5%) for some
L € N and ¢ < m. Notice that (fx, ¢;) = (9(5%) for all k > ¢+ 1 and j < ¢ by the induction

assumption. Then if \)‘”1 1| > 5L, (2.32) with k = £+ 1 gives Z‘?i£+2<f[+1,¢j>2 = (9(5%),
thus if we set ip11 = ¢+ 1 and

bor1 — Y51 (Des1, 05) @5

T e - S el
we get o1 = fra1+O0r2(0 2L) and we have increased the induction step by 1. If | =+ )‘”1 -1 <
we let ig11 < m be the smallest integer such that for all i = ¢+1,...,ip41, |/\i 1| 5W
and |% —1] > 5W, and we will construct ¢gi1,...,¢;, . Let L' = L2w+1~t and
define
s = Ziz_%rl(ful, b;)P; 43— Z§Z+zl+1<fz, b;)b; for (41 <i < insn.

, an o
I Zzlfg1+1<f£+17¢j>¢j\’ 122201 fis 65) 95
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Then we construct ¢gyo,...,¢;,,, by the Gram-Schmidt orthonormalization process from
@4_2,...,%”1 By induction assumption and ]1“71“ 1] > 5%, (2.32) tells us that for
41

each i =0+41,... %41,

Lot )

fi= > {fidj)e; + Op2(8207)

j=f+1
and thus ¢; = f; + 0L2(5ﬁ) for i = £+ 1,... ig41. Since (fs, fi)r2 = dij + O(]logé|) b
Lemma 2.4, we deduce that for i = ¢+ 1,... i1

©; = fi + OLZ(CSZ_i’)

and we have increased the induction step by ip1q — (¢ + 1) > 1. This inductive construction
produces a sequence of integers jo = 1,j1 = i1,j2 = %i,+1,--.,J8 = m and N associated
blocks E,... En, with By = {¢j,,..., gpjkﬂ} where the span of elements in £}, is the span of
{®jy> -+ ®j..1 - By construction we have

I N Jk+1
> ) 5y alal) o
Ai(gy<o Y k=0 j=jk
N Jk+1 90] 90] 5%
= @
kZOJEJ:k + (Vl(g))

m

N L@ | o 5t
=X )

1
for some L € N large. Here we notice that the (’)(V‘Sl—(Lg)> can be taken in L> norm since L2

norms on eigenfunctions give directly uniform L norms on compact sets outside the collars
Ci(9)- O

2.6. Example: the case of genus 2. For pedagogical purposes only, let us discuss more
particularly the case of genus g = 2. In this case there can be only 3 simple curves in a
partition and the maximal number of connected components separated by these curves is 2:
either 1 curve separates M into two surfaces of genus 1 with 1 boundary component (Case
1) or two hyperbolic pants with 3 boundary components (Case 2). Consequently, the number
of eigenvalues approaching 0 when we approach OMs is m € {1,2} (including the eigenvalue
A =0), we call them \g =0 and A\;(g) > 0 when m = 2.

In Case 1, take any partition SPy by v1, 2,73 with 4 being the only separating curve, and
denote by £;(g) the length of the geodesic for g freely homotopic to ;. We have

M(g) ~ c1t1(g), as l1(g) — 0 with g € U(SPy) (2.33)

where ¢; > 0 depending only on g = 2.

In Case 2, take SP9 any partition where 71, 72,73 are separating simple curves and, if ¢;(g)
is the length of the geodesic for g homotopic to v;, then by [Bul],

A1(g) ~ c2(l1(g) + L2(g) + £3(g)), as (1(g),L2(g),£3(g)) — 0 with g € U(SP») (2.34)
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F1GURE 1. On the left: Case 1. On the right: Case 2

for some ¢5 > 0 depending only on g = 2.

In both cases, if ¢ — go with (My, gp) a surface with nodes, (M, go) decomposes into
two finite volume hyperbolic surfaces S; and Ss, with volume 27 (by Gauss-Bonnet), and by
Proposition 2.2

Iy g (2, 2") = ﬁ(ﬂsl (z) — s, (2)) (s, () — 15, (2")) as g = go (2.35)

uniformly in (z,2") on compact sets of My x M.

2.7. Green’s function near pinched geodesics. For later purpose, we will need a more
detailed description of the Green’s function G, than Proposition 2.2, in particular we shall
need to know the behaviour of Gy near the pinched geodesics. A recent work of Albin-Rochon-
Sher [ARS] gives a parametrix for A, — X when A is outside the spectrum and when there is one
pinched geodesic (or the geodesics are pinched at the same speed). Here we need to know the
behaviour in all possible directions of approach of the boundary of Mg. Our estimates are done
in a way to be applied later for the study of the Gaussian multiplicative chaos measure in the
cusp. The work of Melrose-Zhu [MeZh] gives a parametrix for some different Green function.

Let (M, go) be a surface with nodes viewed as a surface with pairs of hyperbolic cusps, and
let Ugo be a local neighborhood of gy in ./\/l—g made of hyperbolic metrics gs; as explained in
Section 2.2, and denote U,y = Mg N U,,,. For convenience, we remove the parameters (s,t)
and just write g for gs . As in Proposition 2.2, we set

" Ty (2, 2") 1 Ry(\;x,2")

Az, o) =Gz, 2)) — ]7:—,/ I LN 2.36
o) i= Gand) =3 == o | (2.36)
where \; = \j(g) are the small eigenvalues tending to 0 as g approaches the boundary of
moduli space, D(0,¢) is a small disk containing these eigenvalues (and only these ones) and

Ry(X;z,2') is the integral kernel of the resolvent of A,.

The hyperbolic surface (M, g) decomposes into M = S(g) U;?, Cj(g) where Cj(g) are the
collars isometric to [—1,1], x (R/Z)g close to a given curve ~;, where the metric g is given (in
geodesic normal coordinates to the geodesic 7v;(g) homotopic to 7;) by

dp?

9= g + (p* + £3)do?, (2.37)
J
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where ¢; = {;(g) is the length of the geodesic v;(g) and S(g) is a compact manifold with
boundary contained in a fixed (independent of g) compact set of M. This is also isometric to
(by the coordinates change p = /; sinh(t))

[—dj,djl: x (R/Z)g, g; = dt* +(; cosh®(t)d6”, sinh(d;) = 1/¢;.

The complete hyperbolic cylinder (z ~ €% z)\H? is isometric to

2
Fi = (Rp x (R/Z)g, g; = % + (o +e§)d92).
P+ €j

Notice that as ¢; — 0, the Riemannian manifold F; \ {p = 0} converges smoothly to two
disconnected surfaces (0, 00), x (R/Z)y with metric dp?/p? + p?df?, which are isometric to two
disjoint elementary quotients H?/(z + z+1). The Laplacian Ay, is self-adjoint with spectrum
[1/4,00) (its self-adjoint realisation is through Friedrichs extension on C£°(F;)). It is invertible
on L*(F;) and we can consider its resolvent Ry, () : L?(F;) — L*(F;) which is holomorphic
for A ¢ [1/4,00). This is studied in details for example in [Bo, Prop. 5.2] or [GuZw, Appendix|:
writing A = s(1 — s) for s close to 1, we have

jo ()‘; p, 0, pla 9/) = Z uk(s; 0, p/)e2m'k(9—9’)
keZ

for some explicit functions uy analytic in s for s close to 1. We denote by G, the Green
function corresponding to A = 0 (i.e. s = 1). We give a more explicit bound at A = 0 in the
following

Lemma 2.6. For {; < min(|pl, |p']) < max(|p|,|p’|) <1 with pp’ >0, the Green function Gy,
for the cylinder satisfies

2 £ —arctan p_/ wi(60—6'
ng(pvevp,79,) = - ilog 1 —E_Tj‘amtan(zi) ¢ (Zj)‘+2 (6-6")
7 1 (2.38)
+ g win(F(E), FUED) — - FOEHF (gD + o)

where F(z) := [ 111;2 and the remainder is uniform. If ; < min(|p|,|p’|) < max(|p|,|p]) <1

with p'p < 0, then
1 / T
Gy, (p.0.0,0") = —F(EH P2 + 0(e7). (2.39)
7Tfj J J
If Ipl € [1/2,1], |p'| <1 and |p — p'| > & for some 6 > 0, then there is C' depending only on &
so that

‘8PGQJ' (pvoyplvel)‘ < C. (240)
If x € C°(—1,1) and X € [0,1), then we have the pointwise estimate
1 B - - _ 1
(p,0,0,0")x(p)p " dp'de < 2| x| (L & 2.41
/R/Z/_ngJ(p, 0)x (e " dp [IxIlz (1_A+ 5 ) (2.41)
Y

where by convention /\_1 = |log |p|| when A = 0. Finally, the Robin mass of G, satisfies

1/ 1
‘mgj (p,0) — 7T_€j<T - arctan(%f) ~ 5 log(4/p? +€?)‘ <C. (2.42)




22 COLIN GUILLARMOU, REMI RHODES, AND VINCENT VARGAS

Proof. Let L be the operator L = (p? + E?)Agj acting on T := R, x (R/Z)y with the measure
(p* + K?)_ldde, it is symmetric on C2°(7T). Changing coordinates to t = €j_1 arctan(p/(;), L
becomes the operator

L= —0F — 8 on (~F0 5 )i % (R/Z)g

with the measure dtdf. It is not self-adjoint but we can we consider the Friedrichs self-adjoint
extension, which amounts to set Dirichlet conditions at t = 47/2¢;. It is clearly invertible
for each ¢; > 0 and the inverse can be computed using Fourier decomposition in 6. If L~ 1is
written under the form

(L7'f)(t,0) = /_ Z Gr(t,0,t,0)f(t',0")do' dt'

R/Z

for some Green kernel G, then Gy, can be written as

arctan () arctan(f—/_)
Ioan J J !
ng(p,e,p,e)—GL< Ej ’9’ fj ’9>

This is clear since the left-hand side maps CZ°(F;) to L?(F;) and is a right inverse for Ay on
C(F;). Now, computing G, is quite simple: using the Fourier decomposition

1ft9 Ze2mk6 lfk()

keZ

where f(t,0) = >, 2™ f;.(t) and Ly, is the operator on I; := (—%, ﬁ) given by Ly = —0? +
47%k? with Dirichlet condition at 0I;. For k # 0, straightforward Sturm-Liouville argument
gives the expression of the Green function for Lj: with k = 27k,

1

n _ _ —kt _ _k(t—m/t))\  kt' k(' +m/l;) ,
Gr, (t,t) 2]}(1—6_2’”/@)((6 e 7)(e e N1y >y
+ (e—l_ct’ B el_c(t’—w/éj))(el_ct _ e—l_c(t+7r/éj)) 1y > t>
_e_’at_t/‘ n e~ 2T/t cosh(k(t —t')) — e—km/t; cosh(k(t +t'))
-2 k(1 — e=2mk/4) '
If max(|p|, |¢']) < 1, we have [t| < - — 1+ O({3) and same for ¢’ thus for ¢; small,
‘ e F/ cosh(k(t + 1)) ‘ e"—“/2 e~ 27k /4 cosh(k(t — t')) ‘ e~ R/
]%(1 _ e—27rl_€/fj) =Sk ]}(1 _ e—27r]_€/fj) h k
We then get
- , e—klt—t'|+ik(0-0") 1 L ,
Z GLk(t,t’)e”“(@‘e ) _ Z o +O(1) = - log ‘1 _ e 2m(it=t1=i0-0)| | o(1)
k0 k40 g

when ¢; is small. Notice also that if [p| € [¢;,1] and |p’| € [¢;,1] with p and p’ having different
sign, then

> G tp) ()| < ce 7 (2.43)

k0
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if t(p) = Ej_l arctan(p/¢;) and similarly for ¢/(p’). Next for k = 0, the Green function is given
by the expression

1 l;
N _ _ — Y ] o
Gro(t,t) = 2yt t'] — tt +4€
thus we get
1 / 1 7_‘_2 /
Gr,(t(p), t'(p)) = — 5 arctan(e—z) - arctan(l’f—ﬂ) + 0 (T - arctan(e—z) arctan(f—j)).
If F(z):= [ %, this can be rewritten as
Grolps) == 3 |F(£) = FUD)| + 5 (F(R) + F(£)) - L F(£)F(E)
_{ AP P = PR, ifp>0.7 >0 (2.44)
M F([)F( 5—1) if p>0,p<0

from which (2.38) and (2.39) follow.

Now, we also see from the expressions of G, above that if |p| € [1/2,1] and |p — p'| > ¢ for
some fixed constant § > 0, then

‘8PGQJ' (p7 67 pla 9/)‘ < C
for some constant C' depending only on § but not on /;.

Next we prove (2.41). Let F(z) = [*° %, and let ¢ := ||x||p~. For p > 0, we write

z T+u?
/ng(p,G,p’,G’)/E )dJE Z—Fﬁ / F—g—J ” d +/00ng(p,0,p’,9’)%/i\/)dp’
< —1F(_57 pid + /_+ /ldl—p+A
<261p:)\/\+2c 3

where we used (2. 44) in the second line and

—p
ar- , _p__p m 1-)
[lrepin [ et [repi< gty

for the third line. The same estimate works in the case p < 0.

(&)

Using the estimates and expressions above, we also get as |(p/,0") — (p, 0)| is small

Gr(t,0,t,0") = —% log(v/(t —t/)2 + (0 — 0")2) — fitz +—+0M)+0O(t—t|+0-16

40

where O(1) is independent of all variables. We also have

log(dg, (p, 0, 0/, 0")) = log(v/(t = /)2 + (0 — 0)2) +log(y/p? + £3) + O(|t = ¢'| + |0 — ¢'])

thus the Robin mass of G, satisfies (2.42). O

Next we express faD(o 0 Ry(AN)dA/A in terms of G,. Let x;,x; € C°°(M) which are sup-
ported in C;(g), depending only on the variable p associated to the metric g, are equal to 1 in
|p| < 1/4 and such that X; = 1 on a neighborhood of supp(x;). We will use the diffeomorphisms
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between C;(g) and the subset |p| < 1 of F; to identify these sets (for notational simplicity we
won’t input these diffeos below). Using that Ay, = A, in C;(g), we have, with x := Zj Xj

Ag =2 XjRg,(Nx; = x+ Y _[Ag, X)1Ry, (Mx;
j j
and thus
D XiRg, (Nx; = Ry(N)x + Ry(N) Y _[Ag, X1 Ry, (A)x;-

J
Similarly, we also have

D xRy, (X = xRg(N) + Z Xi Ry, (N, Ag]Rg(N)
J
and therefore (using also x}xj, = 0 if i # k)
X = XiRg;(Nxj — ng 0, (XA g, X1 Ry, (V)X
J

+ 2 X8, g,xj]Rng[x“A Ry (M)

7

= Z XiRg; (Mg — Ki(A) + Ka(A) Ry (M) K3(X)

where K7(\), Ka(A), K3(X) are defined by the equation. Remark that, in the right hand side,
only the last term has poles (first order) in D(0,¢). Therefore, using Cauchy formula

A)X
=2 dA = x; — K Ky(0)A, K.
. >R 00 = Ki(0) + Ka(0) A, K0

- Kz(O)H0K3(0) — K>(0)Io K3(0)

T (Ko (M) — Ka(0 K3(\) — K3(0
_Z( 2( k) 2( ))H)\kK3()\k)_K2(O)H)\k( 3( k) 3( )
)\k )\k
k=1
where K/(0) := O\K;(\)|x=0 and A, := faD(0€ gfr(l))‘\) d\. Let us analyse those terms more
carefully.

Proposition 2.7. Let gy € Mg be a hyperbolic surface with cusps in the boundary of moduli
space. Then there is a neighborhood Uy, of gy in Mg and C > 0 such that for all g € Uy, and
x, 2’ € UjC'(g)

x(z)x(z) Z Xj(7)Gy, (z, 2 )X]( ")+ Qg(ﬂj,ﬂf/) — Ho(x)Jo(2") — Jo(x)Ho (")

+Z <Hk )‘ka( )><Hk($/)\;)\_>]\€k<7k($’)>

with Qg € C*(M x M), Hy, = x5, Jx € C(M) satisfying
Qglze < C, [Holre < C,  |Hi(p,0)] < Clp| =),

|p| (7o) —1)

< C|1 < ~0=ew)
o(p,0)| < Cliog oll, [ k(p,6)] < C (1ol o)
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with si(1 — si) = A(g) > 0 the small eigenvalues of A, converging to 0 as g approaches OMg
and s, =1 — A(g9) + O(\i(9)?). Here p = £;sinh(t) in Cj(g) with t the signed distance to the

geodesic v;(g).
Proof. The integral kernel of 3_ . x;Ry;(0)x; is x;(z)x;(2")Gy, (z,2") in Cj(g) with respect to
the measure dv,. This term has an explicit bound by using Lemma 2.6. The function Qq(x, )

will be chosen to be the integral kernel of —K7(0) 4+ K2(0)A4K3(0), let us show this is smooth
and uniformly bounded. The integral kernel of K;(0) is of the form

10052, 2 Zx] /Gg] 2, y)X; (W) Pi(y) Gy, (y, 2" )dvy, (y)x; (2)

in C;(g) with respect to the measure dvg,, where P; is a smooth differential operator of order 1
supported in supp(Vy;) (thus far from the v;(g) = {p = 0} curve). Thus by (2.40) and (2.39),
we directly get that for all z,2’ € C;(g) with |p(x)| > ¢; and |p(z')| > ¢;

|K1(0;2,2")] < C, and if p(x)p(x’) <0, |K1(0;2,2")| < CY;.
By Proposition 2.2, the norm [[Agl| 2wy 2wy is uniformly bounded if W := supp(Vx}),

and by the same argument as for K;(0), K2(0) and K3(0) have smooth integral kernels that
are uniformly bounded with respect to ¢;, thus there is C' > 0 uniform so that for all z,2’ € M

|(K2(0)AgK3(0)) (2, 2")] < C.
We can rewrite Ké(O)Hng(O) by using that IIy = ¢ with ¢ = 1/Vol,(M):
(K4 (0)IgK3(0))(z, 2") —cz X (%\jo )AQX;)(x)X(a:')

ZCZ X () (Ry,; (0)x)(z)x(2") = Ho(a")Jo(x)
J

where we used 0\Ry;(0)Ay; = Ry;(0), Jo(x) == Ve, xj( fc g; (@, 2")x;(z")dv,, (') and
Hy := \/cx are smooth functions on M. Similarly, we get
(K2(0)Io K3(0)) (2, 2") = Ho(x)Jo(2').

Now the bound (2.41) gives that |Jo(p,8)| < C|log|p|| and |Ho(z)| < C for some uniform
C>0.

Using that (Ag — /\k)H)\k = 1I,, (Ag — M) =0, we get

(K2()‘k))\; K2(0))H K3(0) ZXJ g; (0)X 1Ty, Z:[ngAg]Rgi()‘k)Xi

:ZXJ' gj XjH)\kX’
Similarly, we also get

Ks(\k)
K2(0)ka( ol k ZXJ 0 (0)[Ag, XTIy, D xRy, (0)xs

:XH)q Z Xi gg 0 Xi — Ak Z Xjjo (O)X;HAk Z X;Rgi(o)x
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Write [Ty, (z,2") =y, (¥)@n, (2') for some @), € ker(A, — \) with L? norm 1, then we get

U200 = KsO 1 1) 4 o, SO =E50)
k

Ak

where Hy = Xx¢x,, Ji(z) = 32 x;(2) fcj(g) Gy, (z,2")x;(x)pn, (2')dvg, (2'). To conclude, we
need some estimates on the eigenfunction ¢, associated to the small positive eigenvalue Aj of
Ay on M

Lemma 2.8. Let go € OMy be a surface with node with m + 1 connected components and
denote by Ai,... Ay, the positive small eigenvalues. For each € > 0, there is a neighborhood Uy,
of go and C > 0 such that for each g € Uy, the following holds: if vy, is an eigenfunction for
i which satisfies |y, |p=+1 — a;§| < & for some constants a;-'; € R in the collar C;(g), then it
satisfies

oxi(0:0) = (0 Lpso +az; Loco)lp* 11+ O(e)) + O(e)

in the region {|p| > Cl;} of the collar C;(g), where s;(1 —s;) = N\; and s; = 1 — \; + O(A?)
when X; ts small. In the region |p| < Cl;, there is C' > 0 such that

lox, (p,0)] < C'|p|* 1.

+

Proof. To simplify notations, we remove the i, j indices from a;;, A; and s;. We decompose ¢y

in Fourier modes in 6: there are by € C*°([—1,1]) so that

oa(p,0) = Y bi(p)e’™*

k=—o00

and the series converges uniformly. Since ) can be supposed real-valued, by is real and b_j, =
b.. Moreover ay(t) := bg(¢; sinh(t)) satisfies the ODE

(—82—tanh(t)8 +ﬂ—/\)a (t) =0, ap(£t;) =a’
K ! 63 cosh(t)? A
if ¢; is defined by ¢;sinh(t;) = 1. We write a,f = agli=+1; = br|p=+1. First we make the
following observation for each k # 0 :
ax(®)] < max(laf |, ;) < e. (2.45)

Indeed, assume that aj, achieves its maximum at T € (—t;, ¢;) with ay(T) > max(a}, a; ), then
if ap(T) >0

472k
63 cosh(T)? ) a(T) <0

~a(T) = (A~
when ¢; is smaller than a uniform constant. This contradicts that ay(7") is a local maximum,
thus aj, achieves its maximum at £t; or its maximum is non-positive, in which case az' <0
and a;, < 0. In both cases, |a;x(T)| < max(|a; |,|a; |). The same argument works with the
minimum and this shows (2.45). Next we analyze ug(t), and it is convenient for that to use

s € (0,1) so that s(1 —s) = A (then s = 1 — A 4+ O())?). There are 2 independent solutions of



LQG AND BOSONIC 2d STRING THEORY 27

the ODE with k£ = 0 (and no bounday condition), the first one vy is odd in ¢, the other one ug
is even, they are given by [Bo, Chapter 5.1]

_ D(3 — s)I(H2)? 1+s s 1 -1
= h(t)["°F 55
vo(t) Slgn(t)l“(s — (- §)2|Sln )]~ ( 5 '3 g T8 s1nh(t)2)
2—s 1—s5 3 -1
h s—lF P
+ sign(t)| sinh(¢)| 5 5 1y S ' Sinh(0)? >,
L' —s)r(s)? s s+1 1 -1
= 2 2 h t _SF ~ 5
0 = e O (G 3 )

+ | sinh(¢)]*™ 1F<1 i 53 ! )

1____ o
2 1T 272 ¥ sinh(1)?

where F'(a, b, ¢; z) is the hypergeometric function, holomorphic in the variables a, b, ¢ for a, b, ¢ €
C in the half-plane C; := {c € C,Re(c) > 0} if z € (—00,0), it is smooth in z and for z < 0
small

F(a,b,2) = 1+ O(|z])

where the remainder is uniform for a, b, ¢ in compact sets of C,.. In particular, there is C' > 0
uniform in g so that for [t| > C,

vo(t) = sign(t)| sinh(¢)|*~ + O(|sinht|7%), wg(t) = |sinh(t)[*~' + O(|sinh t|~*)
where the remainder is uniform with respect to A for A > 0 small. We obtain

(ag +ag) uo(t) n (ag —ag) wvo(t)

ao(t) - 2 uo(tj) 2 ’U(](tj)

and we deduce that
ao(t) =(ag Lo +ag Li<o)|¢; sinh(t)]" " + O(¢5~" | sinh(t)| )
We now use /; sinh(t) = p and Ej-_l\ sinh(t)|™% = 635_1\/)\_5 <elpls~tif |p| > C¢; with C large

enough (depending on ¢).

Next, consider the case |p| < C¢;. We can also write ug and vy under the form (see [Bo,
Chapter 5.5])

1+s s 3
t) = htF(—,l——,—;—'ht2>,
UO( ) 1—‘(%)1—\ s — %) S ( ) 2 2 2 S ( )
I(3)? s 1—s 1 ) 9
t) = F<— - — sinh(¢
uO() F(%)F(%—S) 2" 9 9’ Sm () >
and this easily yields the desired estimate. O

The proof is complete by noticing that the estimates on Hy, Ji follow fom this Lemma and
(2.41), together with the fact that each ¢, is bounded uniformly in M \ U;C;(g) for g € Uy,
by Lemma 2.5. O
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3. GAUSSIAN FREE FIELD AND (GAUSSIAN MULTIPLICATIVE CHAOS

In this section, we shall explain how to give a mathematical sense to the formal measure
F s / F(p)e 199 Dy, (3.1)

where S7,(g, ) is the Liouville functional defined in (2.2), g is a fixed metric on the surface M
and ¢ varies among a certain space of functions so that €7%¢g is parametrizing the conformal
class [g] of g. This will allow us to define the partition function of Liouville Quantum Field
Theory, and in fact ¢ will be a field, i.e. a random function or random distribution, that we
will denote by X,. The first step is to make sense of the part corresponding to the squared
gradient term in S (g, ), i.e. the formal Gaussian measure

F s / F(p)e ax199li2 p oy, (3.2)

Classically, we interpret the above field ¢ as a Gaussian Free Field (GFF in short): this is a
Gaussian random variable taking values in some space of distributions in the sense of Schwartz.
In particular, the field ¢ is not a fairly defined function and giving sense to the term €% in (2.2)
is thus not straightforward, but it can be done through the theory of Gaussian Multiplicative
Chaos (GMC in short), which goes back to [Kal.

3.1. Gaussian Free Field. We describe the Gaussian Free Field (GFF) on a compact Rie-
mannian surface (M, g) by using our previous description of the Green function. The definition
of the GFF, as well as the definition of its partition function, can be carried out in a direct
way ([Dul, She]). Yet, this path is maybe not as pedagogical as following the threads of ideas
that have led physicists to our current knowledge of this object, which we try to summarize
below in a rather heuristic way to end up with a mathematically sounded definition.

As a warm up, let us quickly recall that the Gaussian measure
1
(2m) "2 /det(A)e™ 24" 4y

on R™ when A is a positive definite symmetric operator is the law of the random variable
X =371 ajpj/\/Aj where (a;); are independent Gaussian random variables in A/(0, 1) (zero
mean and variance 1), and (y;); is an orthonormal basis of eigenvectors for A with eigenvalues
)‘j > 0.

As the GFF is an infinite dimensional Gaussian, it is natural to expect a construction through
its projections onto finite dimensional subspaces, on which one can apply the construction
described just above. For this, recall that the Laplacian A, has an orthonormal basis of real
valued eigenfunctions (¢;);en, in L?(M, g) with associated eigenvalues Aj = 0. We set \g =0
and g to be constant. The Laplacian can thus be seen as a symmetric operator on an infinite
dimensional space. Denote H,, the finite dimensional space spanned by the first n eigenfunctions
(¢7)1 < j <n of the Laplacian. Notice that for ¢ = >, a;jp; we have |do|2, = PR azh;.
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Therefore the projection to H,, of the formal measure (3.2) is naturally understood as

F(¢)e#148l32 pgy — F(Z&M)H<e = (@))? ]da)
j=1 j=1

Hn Rn

n 2

_ (277)”/2<le1)_1/2/ \/_ZO‘J 2] H <€_%daj)

j=1

for appropriate bounded measurable functionals F'. The total mass of this measure is easily

~1/2
computed and equals (27)" ( H?:l /\j) . Furthermore, when renormalized by its total mass,

this measure becomes thus a probability measure describing the law of the random function

Xn:\/% a-&

where (o;); are independent Gaussian random variables with law A/(0,1).

(3.3)

To obtain the description of the GFF, one has to take the limit n — oc. It can be seen

[Dul] that the sum (3.3) converges almost surely in the Sobolev space H*(M) for s > 0. The
-1/2

total mass (27?)"(]_[?:1 /\j> diverges as n — oo but this is not that much troublesome as

it is customary in physics (and mathematics) to remove the diverging terms provided they are

"universal enough” (this procedure is called renormalization). Removing the diverging terms

should give a limiting total mass equal to (det/(%Ag) /Voly (M )) 1/2. So far, this is the picture
the reader should have in mind to understand the construction of the GFF. Yet, for readers
who want to have more details, we stress that renormalizing the product H?:l Aj turns out
to be very troublesome and slight adaptations are necessary to recover the phenomenology
explained above. The reader may consult the paper [BiFe] where these renormalization issues
are discussed in further details.

The above formal discussion thus motivates the forthcoming definitions. The Green function
Gy(x, ") (with vanishing mean) is a distribution on M x M which can be written as the series
(converging in the sense of distributions)

/ - (x)cp(a;’)
) = ¥ J

Let (aj); be a sequence of i.i.d. real Gaussians N(0,1), defined on some probability space
(Q, F,P), and define the Gaussian Free Field (GFF) with vanishing mean in the metric g by

P
Xg =21 aj—2 (3.4)
i1V Aj
as a random variable with values in distributions on M, i.e. almost surely X, € D'(M) (see
[Dul] section 4.2 for instance). Notice that for each ¢ € C°°(M), almost surely, we have

(Xg.0) = V21 322, a; f/’ﬁ which is a converging series of random variables as E((X,, ¢)?) <
oo. In fact, if Hy®(M) is the kernel of the map X — (X,1)72(qy,) on the L?-based Sobolev
space H~%(M) of order —s € R*, it is easy to see (see [Dul] again) that X, makes sense as a
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random variable with values in L?*(Q; Hy *(M)) for all s > 0 by using the asymptotic counting
function on the eigenvalues \; (i.e. Weyl law). If ¢1,¢o € C°(M), we have the covariance
value

> j 5 qb B qb
E[(Xy, 60) (X, 0)] = 2n Y PO 02) o 4, 04,
j=1 !
The covariance is the Green’s function when viewed as a distribution: if ¢1 — J, and ¢o — §,
for x # 2/ we have E((Xy, $1).(Xy, ¢2)) — 2nGy(x,2’) and we write the formal equality for
the covariance of the GFF

E[X,(z).X,(2")] = 27 Gy(z,2").

Notice that the extra 27 factor serves to make the field X, have exact logarithmic correlations
in view of Lemma 2.1. As in [She, Theorem 2.3], there is a probability mesure P on H, *(M)
(for some natural o-algebra) so that the law of X, is given by P and for each ¢ € H*(M),
(Xg, ) is a random variable on 2 with zero mean and variance 27(R4(0)¢, ). The mesure
P represents the Gaussian mesure (3.2) (times the y/det(A,) term) on the space of functions
orthogonal to constants, thus to define (3.2) on the whole H~*(M) space, we shall consider
the tensor product P ® dc where dc is the Lebesgue mesure on R viewed as the 1-dimensional
vector space of constant functions on M: in other words, we use the isomorphism

H7S(M) xR — H5(M), (X,c)— X +ec.

to define the mesure P’ on H~¥(M) as the image of P ® dc by this map. This mesure gives a
proper sense to the Gaussian mesure (3.2). We have

Lemma 3.1. The mesure P’ on H= (M) obtained by tensorizing the GFF mesure P by dc is
conformally invariant in the sense that it does not depend on the conformal representative in
a conformal class [g].

Proof. Let g = e“g for some w € C>°(M). Notice that H;*(M) depends on g, we thus denote
it Hy*(M,g) and we denote (-,-), the distribution pairing on M or M x M induced by the
measure dv,. First we claim that the probability law obtained from Xg = Xy —c5(Xy) is the
same as that of Xy, if ¢;(X,) = (X, 1)5/Voly(M) = (Xg4,e¥)y/Voly(M). The random field
X, satisfies (X,,1); = 0 and is thus in the space Hy *(M, §), moreover E[(X,, ¢);] = 0 for all
¢ € C°(M). The covariance of Xg is given by

E[(Xy, ¢1)3(Xg, $2)5] =(Gy, 61 @ 2)g + (Volg(M)) Gy, 1 ® 1)g{e1,1)g (2, 1)

- (VOlﬁ(M))_1(<va 1® ¢2>§]< 7¢1>§] < gv¢1 ® 1>§]<17¢2>§])
=(Gy +01®1—U®1—1®U,¢1®¢2>g

where o = (Volg(M)) 3Gy, 1 ® 1 = [y Gg(x,y)dvy(y)/Voly(M). We recognize that
this kernel is just the Green functlon for g (this is easily checked) against ¢1 ® ¢o, showing
that the correlation of Xg is that of Xj. Since both random fields are Gaussian, we deduce
that the law of X, and X are the same and thus for F € L'(H~*(M),P’),

/ E[F(X, + o))dc = / E[F(X, — ¢y(X,) + ¢)]de = / E[F(X, + ¢)]de
R

R R
by making a change of variables in c. O
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Finally, in view of the discussion above, the measure F' +— E(F) on H *(M) represents the
formal measure

det’(%Ag) e‘ﬁ Ju ‘dSD‘gdnggp (3.5)

X(M))

1
and using (2.10), we can write y/det’(5=4,) = (2m)2(1=75 det’(Ay).

3.2. Gaussian multiplicative chaos. To define quantities like e?X for some v € R we will use
a renormalization procedure after regularization of the field X,. We describe the construction
for g hyperbolic and we shall remark that in fact the construction works as well for any
conformal metric § = e“¢ by using Lemma 2.1.

First, when € > 0 is very small, we define a regularization X,. of X, by averaging on
geodesic circles of radius € > 0. Let x € M and let C(x,¢) be the geodesic circle of center
r and radius € > 0, and let (f}'.)nen € C°(M) be a sequence with |[f}'.[[z1 = 1 which is
given by f'. = 0"(dy(w,-)/e) where 0"(r) € C°((0,2)) non-negative supported near r = 1
such that f;’_dv, is converging in D'(M) to the uniform probability measure ji, . on Cy(x,¢)
as n — oo (for e small enough, the geodesic circles form a ld-manifold and the trace of g along
this manifold gives rise to a finite measure, which corresponds to the uniform measure after
renormalization so as to have mass 1, it can also be defined in terms of 1-dimensional Hausdorff
measure constructed with the volume form on M and restricted to this geodesic circle). Then

we have the standard

Lemma 3.2. The random variable (Xg, f'.) converges to a random variable as n — oo, which
has a modification X, .(x) with continuous sample paths with respect to (x,e) € M x (0,¢ep),
with covariance

BLX,.o(0)X, o) = 2 [ Gyl Mt (o)
and we have as € — 0
E[Xge(2)?] = —log(e) + Wy(z) + o(1) (3.6)
where W, is the smooth function on M given by Wy(z) = 2mmg(z, x) + & log(2) if my is the

smooth function of Lemma 2.1.

Proof. Let us fix z,¢, then if Y, := (X, f;'.), it suffices to show that E(Y,,Y,) has a limit
as (n,n') — oo to prove that Y,, is a Cauchy sequence in L?(Q). Using Lemma 2.1 (and its
notation):

E(Y,Y,) =2 /MxM G, ) 2o () £y ) vy (y)dv (o)

= /MxM(—log(dg(y,y’)) + 21y (y, ¥') 0 (dy (2, 9)) 07 (dyg (2, y'))dv g (y)dv, ().
(3.7)

Clearly the term

[ )02 )02 vy ()b )
M x M
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is uniformly bounded in (n,n’,¢) and, as (n,n’) — oo, it converges, to

/“ /c(“ o8 )yt = (9)dpio (4

which in turn is smooth in 2 and converges, as € — 0, to my(x,x) uniformly in z. For ¢ > 0
small enough, we can use an isometry 1) between a small geodesic ball B,(z, 3¢) of radius 3¢
and the ball Bz (0, 3¢) in H? viewed as the disk model, so that the integral (3.7) above reduces
to an integral in By(z,3¢) in both y,y’. Using the coordinates z € H? induced by 1 and (2.20),
we get

/ log(dy (y, y"))02 (dy (, )02 (dy (2, y/))dv(y)dvy(y') =

MxM

/ (tog | tanh(5)e @) — tanh()] + L)6™(2)0" (< )dada’ sinh(r) sinh(r')drdr’
[0,1]2x[0,27]2

where L = L(r,r’, €', e'®) is continuous and L(0,0,-,-) = 0. The term involving L is clearly
uniformly bounded in (n,n’) and € and converges just like for m, above, and its limit as e — 0
is 0. The part with the log term is also straightforward to deal with and is also uniformly
bounded in (n,n’) for fixed £ > 0 and we get

/ log | tanh(%)e eila=a) _ tanh(%’)wn(g)@",(%)dada' sinh(r) sinh(r")drdr’
0,1]2x[0,27]2

(n’n,—);oo log | tanh(§)| + 4—; /[07%]2 log [¢'@=*) — 1| dada’ = log | tanh()|.
We then have shown the convergence of (X, f;.) towards a random variable X ge(m) in L2(9).
To show it has a modification X, .(x) that is Sample continuous in (z,e) € M x (0,¢eq), it
suffices to apply Kolmogorov multi-parameter continuity theorem exactly like in the proof of
[DuSh, Prop. 3.1], we do not repeat the argument. The variance E(X,-(z)?) is smooth in z
and behaves like —log(e) + 1 log(2) + 2mmy(z, ) + o(1) as € — 0, uniformly in z. O

Next from Lemma 3.2, we will be able to define the Gaussian Multiplicative Chaos (GMC)
first considered by Kahane [Ka] in the eighties. The reader may also consult [DuSh, RhVal,
RoVa, Sha] on the topic (in particular, we recommend [Be] for the simplicity of the approach).

Proposition 3.3. 1) Let v > 0, the random measures G, . := &?ge”’XW(m)dvg(m) converge in
probability and weakly in the space of Radon measures towards a random measure Gg (dx). The
measure Gy (dzx) is non zero if and only if v € (0,2).

2) One obtains a non trivial random measure that we will denote Q; i the case v = 2 by
considering the limit in probability and in the sens of weak convergence of measures of the

2
family of random measures Gy . := (—In 6)1/2€%€7X9’5(w)dvg($).

Proof. The proof is standard for convolution based regularizations of log-correlated Gaussian
fields (first considered in [RoVal, see [Sha] for latest results) in the case v < 2. The case v = 2 is
treated in [DRV, section 5] in the case of tori, relying on the result proved in [DRSV1, DRSV?2]
for GFF with Dirichlet boundary conditions. The same argument applies for general compact
2d-surfaces up to cosmetic modifications.
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Here we give a simple argument in the case v < /2 for convenience of readers who are
not familiar with GMC. Using the expression (3.6), it suffices to study the convergence of the
measures

R P 0 4 )

2
Then by Fubini we directly get for each Borel set A C M, with do = e%Wg(I)dvg(az)
2
B(G.(4)) = [ Bl s 5o (c) = o(4),
A
Using that there is C' > 1 such that for all z € C,|z| < 1 and £ > 0 small

27
1/C + log(|2] + )] < /
0

then the arguments in the proof of Lemma 3.2 and the expression (2.20) imply that there is
C' such that

1/C" + [log(dy(z', 2) + £)| < E[Xge(2) Xy (2)] < C' + [log(dy(a’, 2) +€)|. (3.8)
for all &’ < e, and all z,2" € M. In particular we get by using Fubini and the fact that X, is a
Gaussian free field

Blgy. (47 =E[( [

A
:E[ / / ewxg,s(x>+Xg,s<x'>>—é(E[Xg,s(:c>21+E[Xg,s(x')?})da(m)da(xf)]
AJA

_ / / B X0 (0) X020 o () dor ()
AJA

which converges to [, [, ¢1°2mGo (@) (5 (2)do () < 0o as € — 0 by using (3.8) and Lebesgue
theorem - the condition 42 < 2 appear here due to the log divergence of 2rGy(z,2') at x = 2/,
see Lemma 2.1. A similar argument and (3.8) also show that E[(G]-(A4) — g;e,(A)F] — 0 if
(,¢') — 0, thus GJ -(A) is a Cauchy sequence, which therefore converges in L?(f2) to a random
variable Z(A), of mean o(A). By standard arguments, G, -(dz) converges to a random measure
Gy satisfying E[Gg (A)] = o(A). The case v € [V/2,2) is more complicated and several methods
have been proposed in the literature. We refer to [Be| for a simple argument. O

log |2 + ee'®||da < C + |log(|2] + €)|

ewxg,sm—%E[Xg»s@ﬂda(x)) 2}

In fact, the whole construction above is not so particular to choosing the hyperbolic metric:
indeed it uses only the fact that the covariance of X, is the Green function, the fact that near
the diagonal 27Gy(x,2") = —logdy(x,2’) + F(x,2’) with F' continuous, and finally the fact
that in local isothermal coordinates z so that g = €2/(2)|dz|?

log dy(z,2") =log |z — 2’| + O(1).

This allows to define a random measure Qg just as above for any other metric § = e“ ¢ conformal
to the hyperbolic metric g. For later purpose we will need to make the following observation.
If g = e¥g, define

Xg@(x) = gi_%<Xg7 f£a>§ (3.9)

for each z € M where f;‘e = 0"(dy(x,-)/e) with 6" like above, so that f;ﬁadVg converge as
n — oo to the uniform probability measure fi, . on the geodesic circle Cy(z,€) of center x and
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radius € with respect to ¢. In isothermal coordinates at = so that z = 0 correspond to the point
z and the metric is g = |dz|?/Im(2)?, the circle C4(x, €) is parametrized by

1 .
Ee_iw(z)-i-ehs(a)eu)’ [ RS [07 27T]

for some continuous function h.(«) uniformly bounded in . Then one has

A~ A~

E(Xg,e(x)Xg,s(x,)) = 277/Gg(y,y,)dlam,e(y)dﬂx’,s(y,)
and by the arguments in the proof of Lemma 3.2, we have as ¢ — 0

E(Xy:(2)%) = —log(e) + Wy(x) + sw(z) + o(1). (3.10)
Then by the arguments of Proposition 3.3, the random measure (add an extra push (— In 6)1/ 2

when v = 2)
. 2
Gl = e %@ vy (a) (3.11)

converges weakly as ¢ — 0 to some measure G) which satisfies

dg) (z) = e<1+§)w(x>dgg(a;). (3.12)

4. LIOUVILLE QUANTUM FIELD THEORY WITH FIXED MODULUS

In this section we define Liouville Quantum Field Theory (LQFT) with fixed conformal
class (also called modulus) and describe its main properties. It follows the approach of [DKRV]
in the case of the Riemann sphere. Liouville Quantum Gravity (LQG) with fixed genus is
a sum (“partition function”) over all possible metrics on a surface with fixed genus. The
space of metrics splits into conformal classes and we want to decompose the partition function
accordingly. Each conformal class has a unique hyperbolic metric, which plays the role of a
background metric.

4.1. Axiomatic of CFT. Here we give a brief account of the axiomatic of Conformal Field
Theories in order to motivate the forthcoming results. Our purpose will then be to construct
the quantum Liouville theory and show that it satisfies this axiomatic. The reader is referred
to [Ga] for more details related to this formalism.

A CFT (on the surface (M, g)) is described by its partition function Z(g) as well as the
correlation functions of the (spinless) primary fields (6;);c; denoted by

Z(g, 9@'1 (:El), PN ,Gln(xn))

where n > 1, {i1,...,i,} € [ and z1,...,x, are arbitrary points on M. Let us just roughly
say that a CF'T is supposed to give sense to "random fields” defined on M, here the primary
fields (6;);, and the correlation functions can be thought of as the cumulants of these random
fields. These correlation functions are supposed to satisfy the following conditions:
e Diffeomorphism covariance: for any orientation preserving diffeomorphism

Z(9) = Z("g) (4.1)
Z(9,0i, (Y(21))5 - - -, i, (Y(x0))) = Z (P79, 05y (21), - - -, 0, (20))



LQG AND BOSONIC 2d STRING THEORY 35

e Conformal anomaly: for any smooth function ¢ on M

Z(iw? o [ ol + 20,0, 13
Z(e‘ﬁg,eil(l‘l),. . ) )
Y2090, (), -, ( ) ZAW () /(!dgw\g+2Kggo)dvolg (4.4)

where the constant c is the so-called central charge of the CFT and the scalars (A;);e; are
called the conformal weights of the primary fields.

One of the interesting feature of CF'Ts is their strong algebraic structure, which make them
fall under the scope of techniques for integrable systems, leading to the possibility of obtaining
exact expressions for the correlation functions, which is the main goal of a Quantum Field
Theory.

4.2. The partition function of LQFT. The first step is to describe LQFT with fixed mod-

ulus. LQFT will describe the probability law of some random conformal factor, that is we

consider the random metrics e7X ¢ if ¢ is a fixed metric and X is a random function. The law

of X will be mathematically described by the Feynmann type measure (3.1). So, let g € Met (M)

be a fixed metric on M. The mathematical definition of the measure of LQFT (i.e. (3.1)) is

the following. For F' : H 5(M) — R (with s > 0) a bounded continuous functional, set for
€ (0,2]

I, (g, F) :=(det' (Ag)/Voly(M))~1/? (4.5)
X / E[F(c + Xg) exp < - Q/ Ky(c+ Xg)dvg — ,ue“’cg“’(M))} de.
R A Jm 7
This quantity, if it is finite, gives a mathematical sense to the formal integral

/F(go)e—SL(g#P)D(p

where Sr.(g,¢) is the Liouville action (2.2). The partition function is the total mass of this
measure, i.e IL, ,(g,1).

Proposition 4.1. For g € Met(M) and v € (0,2], we have 0 < IL, ,(g,1) < 400 and the
mapping

Fe Cy(H*(M),R) — Iy (g, F)
defines a positive finite measure. When renormalized by its total mass, it describes the law

of a random variable living in H=*(M) called the Liouville field. When g € Met_1(M) is
hyperbolic, we further have

det’(Ag)>—1/2 . QX(M)F(_Q (46)

I (g, 1) = (VOlg(M) h

where T'(z) is the standard Euler Gamma function.

QX(M)]

DE|G; (M)

Proof. The proof of this proposition follows the same lines as in [DKRV, section 3.1]. We
consider the case of a metric g € Met_1 (M), since the general case follows from that case, as
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is explained below in Proposition 4.4 for the correlations functions. In constant curvature, the
Gauss-Bonnet theorem entails

% /M Ky(c+ Xg)dvy = Qex (M)

where x (M) is the Euler characteristic of M and we get

H%“(g’ ) - <%)—1/2/RG—QCX(M)E[GXP ( _ ,ueﬁfcg;(M))} de.

After inverting expectation and integration, and using the change of variables y = ue'ycgg(M ),
we get (4.6). Finiteness of this quantity is ensured by the fact that GMC has finite moments of
negative orders as x(M) < 0 - finiteness of negative moments is proved for example in [RoVa,
Proposition 3.6] for v < 2 and in [DRSV2, | in the case v = 2. O

4.2.1. Conformal anomaly and diffeomorphism invariance. Here we investigate the symme-
tries of the measure (4.5) and in particular how the partition function reacts to changes of
background metrics. The following proposition is the quantum counterpart of (2.3).

Proposition 4.2. (Conformal anomaly) Let Q = 3 + % with v € (0,2] and g € Met_1(M)
be a hyperbolic metric on M. The partition function satisfies the following conformal anomaly:
if g =¢e“g for some w € C*°(M), we have

H%u(f]a F)= H%H(gv F(- — %W)) exp

14 6Q? 9
(R /M(|dw|g—|—2ng)dvg).

Proof. We focus on the integral part in (4.5) (and hence let the determinant of Laplacian apart
as its contribution is clear from (2.10)). First, by Lemma 3.1, we can replace X by X, in the
expression defining I1, ,(g, ) and are thus left with considering the following quantity (with
G; is the measure defined by (3.11))

A = /RE[F(C—I— Xg)exp ( - % /M Ki(c+ Xg)dvy — ,ueVCQAJ(M))} de.

By (2.1), the term —% A Kgdvg can be written as —Qcx(M) where x(M) is the Euler

characteristic. Define the Gaussian random variable

Q Q w
Y = _E MKng dVg = —E<X9,Kg€ >g.

Let R,4(0) be the resolvent operator whose Schwartz kernel is G, with respect to dv,. Since
Kze* = Ayw + K4, we compute, using that Ry(0)Ky =0 (as K, = —2),

E[(Xg, ng“>§] =2m(Gg, (Agw + Ky) ® (Agw + Ky))g

w,1
o — (b, Ay —2), = 2n /M dof2dv,

and similarly we have
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if cg(w) = Vilg (3\/1) Thus we get

IE[Y?) = /\dw\gdvg, E[Y X,] = %(w—cg(w)). (4.7)

Therefore by applying Girsanov transform to the random variable Y, we can rewrite

1 ~
A= / e§E[Y2}—QCX(M)E|:F(C+Xg+E(YXg))eXp(_Iue'y(c—i-gcg(w))/ e_§w dgg)] de
R

M

With the help of the relation (3.12) and Q = 3 + %, we see that [, e dG) = GJ(M). Using
(4.7), A can be written as

Q2 2
157 1ol 2, = Qex(M) e+ Geg(w
A= /Rew £y X E[F(c + X, — Yw+ Leg(w))) exp (— e (g el ”g;(M)H de.
It remains to make the change of variable ¢ — ¢ — %cg(w) and we deduce that

Q2 2 12
o7 dwl[2 5 —Qex (M) +5 Q% x(M)cg(w) c
A:/ew L3 2 ! E[F(C—FXQ—%W)eXp(—/LEW gg(M)ﬂ de.

Since Ky = —2 and Voly (M) = —2mx(M) we have

——/ K (c+ Xg)dvg = —Qex (M), cq(w)x(M) = %/M K wdvy

2
which shows that A =11, ,(g, F'(- — §w )/ det'(Ay)/Vol, (M )e% Ju(lawl5+2Kow)dvy - Combin-
ing with (2.10), the proof is complete. O

The constant ¢z, := 1+ 6Q? describing the conformal anomaly is called the central charge of
the Liouville Theory. Since all the objects in the construction of the Gaussian Free Field and
the Gaussian multiplicative chaos are geometric (defined in a natural way from the metric), it
is direct to get the following Diffeomorphism invariance:

Proposition 4.3. (Diffeomorphism invariance) Let g € Met(M) be a metric on M and
let ¥ : M — M be an orientation preserving diffeomorphism. Then we have for each bounded
measurable F' : H=5(M) — R with s > 0

I, (W79, F) =1L, (g, F'(- o 9)).

Proof. This follows directly from the fact that all the object considered in the construction
of the measure are natural with respect to the metric g, thus invariant by isometries: more
precisely, it follows from the identities

law
Gyrgl@,y) = Go(d(@), ¥(y)),  Kyg(2) = Ko(4(2)), Xyrg = Xgot.
which are obvious. O
The two above results show that the axioms (4.1)+(4.3) are satisfied with central charge

cr = 1+ 6Q?. Yet we still have to define the primary fields and their correlation functions.
This is the purpose of the next subsection.
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4.3. The correlation functions. The correlation functions of LQFT can be thought of as
the exponential moments e®?(*) of the random function ¢, the law of which is ruled by the
path integral (3.1), evaluated at some location x € M with weight «. Yet, the field ¢ is not a
fairly defined function (it belongs to H (M )) so that the construction requires some care.

As before let g € Met(M). We fix n points z1,...,z, (n = 0) on M with respective
associated weights aq,...,a, € R. We denote x = (x1,...,2,) and @ = (a1,...,a;,). The
rigorous definition of the primary fields will require a regularization scheme. We introduce the
following e-regularized functional

1% (g, F,e) i= (det/(Ag)/volg( ))‘1/2 (4.8)
/[R [ (c+ Xy) HVO” exp /K (c+ Xg)dvy — pe™Gy (M ))]dc

where we have set, for fixed a € R and x € M,

Voe(x) = e’ /2go(cH X (2)

Here the regularization is the one described in Lemma 3.2. Such quantities are called vertex
operators. Notice that V', also depends on the variable ¢ but we have dropped this dependence
in the notations.

Then, the point is to determine whether the limit
H'\x/:g(ga F) - hm Hxa(ga F E)
exists and defines a non trivial functional on those mappings F' : H (M) — R. If it does, the
quantity 11377 (g) := 11377 (g, 1) stands for the n-point correlation function of the primary fields

(e*®)1 < < n, respectively evaluated at (x;)1 < i < n. Furthermore, another quantity of interest
is the probability law on H~*(M) defined by the measure

Fe Cy(H™(M)) — 1157 (g, F) /T (9),
which describes the law of some formal "random function” (it is in fact a distribution).

We obtain a result similar to [DKRV] (done for the sphere).

Proposition 4.4. Let x = (z1,...,2,) € M" and a = (aq,...,a,) € R™. Then for all
bounded continuous functionals F : h € H=*(M) — F(h) € R with s > 0, the limit

05 (g, F) = lim TR0 (g, F €),
ezists and is finite with 1137, (g,1) > 0, if and only if:
D ai+2Q(g 1) >0, (4.9)

Vi, < Q. (4.10)

In the case g € Met_1(M), we have the following expression

2 o +2Q(g—1)
v

€000 i X 0= 20E DI, 04 + 2Q(g — 1) E[Ghxa (M)~
\/det )/ Volg (M)

5kle) =
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where I' is Euler gamma function and, if Wy is the function appearing in Lemma 3.2,

G () i= €1 e Galei0l g (o),
o? 4.11)
O(x) := Zgwg(xz) +27TZa,~ang(a;,~,xj). (
i i<j

Proof. The argument goes essentially as in the proof of [DKRV, Theorems 3.2 & 3.4], while
having in mind that the Gauss-Bonnet theorem is (2.1) on general compact Riemann surfaces.
We recall the main steps. It suffices to prove the claim for ¥ = 1. By Lemma 3.1, we can
replace X; by X, in the expression defining (4.8) - in particular V;‘; (x;) becomes Vg‘?‘g (x;) =

£0?/2¢ai(c+Xo.e(2:) | First we notice by (3.10) that

a? a? . a? .
‘A/'gc:‘g (i) = eai0+%¢(xi)+%wg(l‘i)eang,s(xi)—%E[Xg,s(l‘z‘)z](1 +0(1))

as € — 0, with the remainder being deterministic. Here we have used the notation Xg,a (x;) =
(Xg, fiz;.e) as before, where fi,, . is the uniform probability measure on the Riemannian circle
C4(xi,€). Then applying Girsanov transform to

Ae :/E[(HV;‘;( i) exp / Kyi(c+ Xg)dvg — eVCQ;E(M))] de
R i
we get
L0 [ el ai—Qx()) _Q N e
Ae =e /Re X E[exp ( pp (Xg, Kg)g — pe Z€>] de(1+ o(1))

where

2 .
X
Z. =¢€2 / 67(X975+Hg,6)dvg
M

2277042/ ( 7$)dﬂxi,e(y)y

Cg(fE“€)
_27rZa,a] (xi,xj) _Q / K, Hgadvg—i—z (i) + 2Wy(x;)).
i#]
Notice that, since K;dvy = (Agp — 2)dv,, we have as € = 0

a2
x) — 27?2 a;ajGy(x;, ) + Z Qal Yo(x;) + % Zaicg(go) +3 ZO&?WQ($Z').

i#j
By applying Girsanov transform just like in the proof of Proposition 4.2, we can get rid of the
(Xg, Kg)g term and this shifts the field X, . in Z. by F(z) = —%(90(:17) —¢cq(p)):

Ce(x Q2 del |2 ~
A —e )+ 5z Nl / ec(ziai—QX(M))E{eXp(_Ne’chE)] de (1 + o(1))
R

R 2 .
where Z, 1= e% [y € FoetHoct ) qy e here we have denoted cgy(y (¢,1)4/Voly(M). By

) =
Lemma 3.2, ||Hy ;|| < oo thus by Prop051t10n 3.3, we get that E[Z.] < oo thus we can find
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B > 0 such that P(Z. < B) > 0. We therefore get
0
A > B / (T 0= Qx(M) 1B 7. < B de
— 0o

for some . x > 0, and this is infinite if ), a; — Qx(M) < 0. Then we assume (4.9). We also
have as in (3.12) the relation

“ 2
Z. = e§09(%0)Z€(1 +o(1), Z.:= T / 67(X9,5+Hg,s)dgg‘
M

Making the change of variables ¢ — ¢ — %cg(gp), we obtain that A is equal to

2 ) 2 2
60(x>+zi<%—Q§z)w(mi>+%7||dw||§5+%x(M>cg(eo) /

PRE0DF ai—QX(M))]E[eXp < _ Iue“/czaﬂ de
R
times 1+ o(1) as e — 0, where C(x) is given by (4.11). In particular this implies (4.13) if we
can show that for the case p = 0 the limit of A. is finite. We now assume ¢ = 0, or equivalently
we consider ¢ = ¢ the hyperbolic metric. We make the change of variable ¢ = ue’“Z, in the

c-integral defining A. (recall that Z. > 0 almost surely), and we get

— >0 a;+Qx(M) oy — M i —Qx(M)
A, = 4 1eC) F(Zza @x( )>E[ZE T
Y
It remains to show that if o; < @ for all 7 and s < 0, then
lim E[Z] = E[Z§] € (0,00), Zj:= / eVHa dGY (4.12)
e—0 M 9

with Hy := lim.,0 Hy e = 21 ), 0;G4(x;,-) in the H™*(M) topology, and that if a; > @ for
some i, then E[ZZ] — 0. But this part is only a local argument and therefore Lemma 3.3.
of [DKRV] applies directly. The argument goes essentially as follows. We need to determine
whether the measure Gg (dx) integrates the singularity W in the neighborhood of x;.
Standard multifractal analysis shows that for any ¢ > 0 one can find a constant Cj such that
supr 9 MGY (B, (2;)) < Cs
r<l
where B,(x;) stands for the geodesic ball of radius r centered at x;. This gives the condition
a; < Q. Finally it remains to determines whether the quantity

/ ¢o( i 0i=200-8)) o176 x.0 (D) 4
R

is finite. As we have seen that GJ x (M) is a well defined non trivial random variable under the
condition (4.10), one may think of it as a macroscopic quantity and replace it by a constant
quantity, say 1, so as to be left with the integral

/ ec( 2 ai_2Q(1_g)) —He™ e
R

)

which is straightforwardly seen to be converging if and only if (4.9) holds. O

In fact the proof of the previous Proposition (adding a functional F' does not change any-
thing) also shows the
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Proposition 4.5. (Conformal anomaly and diffeomorphism invariance) Let x = (z1,...,2,) €
M"™ and o = (aq,...,a,) € R". Let g € Met_1(M) be a hyperbolic metric and § = e¢“g for
some w € C®(M). Then

(g, F)  1+6Q7
(g, F(-— %) 967

a2 (674
/M(]dwlg + 2K w)dv, + zl:(z’ — Q2 Jw(x;) (4.13)

Let v : M — M be an orientation preserving diffeomorphism. Then

5% (*g, F) = L0 (g, F(- 04p)).

5. LIOUVILLE QUANTUM GRAVITY

5.1. The full partition function. The partition function of Liouville quantum gravity is a
weighted integral over the moduli space of the Liouville quantum field theory coupled to a
Conformal Field Theory (sometimes called matter field in physics in this context). The weight
of each modulus is given by some explicit functional Zgpest(g) (this weight depends on the
underlying surface (M, g)), called the ghost system in physics. This takes into account the
factorization of the space of metrics by the action of the group of diffeomorphisms of the
surface (as explained for example in [DhPh]).

Let us first recall the physics heuristics that leads to the partition function, by following
[Po, DhPh, DiKa, Dal; the following discussion is not mathematically rigorous but is rather a
“state of the art” in physics literature. The partition function for (Euclidean) quantum gravity
in 2D, coupled with matter, is

Z:/ G_SEH(g)</C_SM(Q’@H)Dngm)Dg
R

where R = Met(M)/Diff (M) is the space of Riemannian structures, the action Sgp(g) =
poVolg(M) is the Einstein-Hilbert action (or gravity action) with py € R the cosmological
constant and ¢,, are matter fields with Syi(g, ¢,,) being the action for matter which depends
in ¢ in a conformally invariant way. Notice that, in comparison with (1.10), we got rid of the
term |’ v Kgdvg as it is a topological invariant in 2d because of the Gauss-Bonnet theorem:
this is an important feature of 2d-quantum gravity. The quantity

ZM(g) = /e_SM(gv(bm)Dg(bm

is supposed to be a CFT with central charge cyi, Dy, a formal measure depending on g and
Dy is the formal Riemannian measure induced by the L? Riemannian metric on Met(M) given
by (2.5) (the group Diff(M) acts by isometries on Met(M) thus the L?-metric on Met(M)
descends to R). Each metric can be decomposed as g = ¥*(e¥g,) where 7 is a parameter on
moduli space Mg, g- is a family of metrics representing moduli space and ¢ € Diff (M), and
the formal measure Dg can be accordingly decomposed as

Dg = ZGhost(espgT)De‘qu—(pDT
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where Zcnost is the ghost determinant which comes from the Jacobian of the quotient of
Met (M) by the group of diffeomorphism Diff (M) (see for example [DhPh]), and given by

det( Py Py)\1/2
det J, )

where P, J, are defined in Section 2.3. The ghost determinant satisfies the conformal anomaly
formula (4.3) with central charge

Zchost(9) = (

Cghost = —26. (5.1)

Here D7 is a measure on the slice of metrics g, chosen to represent moduli space, whose value
is D7 := (det J,,)'/2dr with dr being the Weil-Petersson volume form on the moduli space Mg
(somehow Zgpest (€9 gr) DT is the quantity that makes invariant sense, as it does not depend on
the matrix J,). The formal measure Dee, ¢ should be induced by the L? Riemannian metric
on metrics, which on the tangent space to the conformal orbit [g.] = {e¥gr;p € C*(M)} is
given by

1£120,, = /M WPePdv,,  f = wePgs € Tuvg lgr].

This measure depends non-linearly on ¢ and it is difficult to “do the functionnal integral” for
this measure, as written in [DiKa]. Therefore David and Distler-Kawai [Da, DiKa] made the
“well-motivated” assumption that

e_SEH(g) ZM(g)Dg = ZM(QT)ZGhost (QT)G_SL(QT’p)DTDHTQD

where S1.(g, @) is the Liouville action defined by (2.2) for some parameter @, ~, i to be chosen.
A formal justification of this fact was written down later in [MaMi] and [DhKu]. Invariance
of the theory by choice of slice g, representing moduli space forces the partition function
i e_SL(QT*”)Dngp to be a CFT with central charge cr, = 14 6Q? such that the total conformal
anomaly vanishes:
Cghost T CM + CL = 0

and @, need to be related by Q = /2 + 2/~.

Now we stop the physics parenthesis and come back to mathematics. For the matter field,
we take the particular case the most studied in the physics literature, namely

det’(A,)\ —cm/2
s = ()
m(g) Vol, (M)

where cpp is a constant in (—oo, 1]. Note that this has the central charge cy by (2.10). Fur-

(5.2)

thermore, there are at least two important particular cases: pure gravity where ¢y = 0 and
the 2d bosonic string in the case ¢y = 1. Because it is the critical situation os this approach,
the latter case is especially interesting and raises serious additional difficulties. One could con-
sider also other CF'T partition functions provided that we get an expression explicit enough to
determine how it behaves at the boundary of the moduli space. For each modulus 7 € Mg, we
can associate a hyperbolic metric g, and we will denote by (g, ), the family of hyperbolic met-
rics representing the moduli space. By definition, the partition function of Liouville quantum
gravity is given by the following formula:

7= /M Zanos(92) % Zai(gr) ¥ Ty u(g7) D (5.3)
g
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where D7 := (det JgT)l/ 2dr with dr the Weil-Petersson volume form on the moduli space Mg,
and I1, ,(g) is the partition function of the Liouville quantum field theory. This can be reduced
to

Z = Cq /M det(Py Py )2 x det'(Ay,)™M/? x 11, ,,(g,) dT (5.4)
g

with Cg a constant depending only on the genus of M. Furthermore, as we have defined LQFT
only for v €]0, 2], this shows that the central charge cyp of the matter field must satisfy ey < 1
2

and, combining with the expression Q = % + 5, we obtain another KPZ relation [KPZ]

_\/25—CM—\/1—CM
v NG )

(5.5)

which fixes the value of v in terms of cp.

Now, the main result of this section is the following

Theorem 5.1. If v €]0,2] and cy satisfies relation (5.5), the partition function Z given by
(5.3) s finite. Hence it gives rise to a finite measure v on Rad(M) x Mg defined as follows:
if (9+)r ts a family of hyperbolic metrics parametrizing the moduli space Mg, then

det(PY Py) \3 . (M e
)= [ (Gerasgeaer) EIFC G @), mpem @O0 00 e
for all continuous functionals F' : Rad(M) x Mg — R. When renormalized by its total mass
Z = v(1), it becomes a probability measure which we call Py ), (with expectation B,y ) and
the couple (€7°Gy (dz),T) becomes a random variable on Rad(M) x Mg, which we denote by
(L4, R) and stands for the volume form of the space (called Liouville quantum gravity measure)
and its modulus (called quantum modulus).

Furthermore, for all continuous functionals F' : Rad(M) x Mg — R

2Q(g—1) * 1
_ F( ~ ) / < det(PgTPg-r) )2E |:F <£ ggT(dZ) 7_> g (M)%X(M):| dr
2T gy Nt By, T G007 %
29(e-1) 2Q(g—1)
where &, is a random variable with Gamma law of density #T;%e_“xaz v _llx >0 and
s

the random modulus R has density

)% (det’(AgT) — oM+l

* 2 ¥ 2x(M)
det(P* P, VoL 0 E [ggf( M)3

gr = gr

with respect to the dr measure.

Let us make some comment on the above result. The LQG measure depends on the family
of hyperbolic metrics (g,), but this is not an issue since it enjoys the following invariance by
reparametrization: if (¢;), is a family of orientation preserving diffeomorphisms, we get the
following equality for all T

E(prg), [F'(Lyor)|R= 1] =E), [F(L,)|R = 7] (5.7)
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5.2. Proof of Theorem 5.1 in the case v = 2. Our purpose is to determine the behaviour
of the partition function (5.3) of LQFT (for v = 2) at the boundary of the moduli space with
Z\(g) defined by (5.2) and ey = 1. According to the relation (4.6), this amounts to showing
that the integral

det(Py Py.) N3 [y 2 @y (a)
/Mg <W) E[%JM)W dr (5.8)

is finite. The singularities in this integral appear at the boundary of the moduli space, namely

when the surface (M, g) gets close to a surface with nodes (Mo, go) by pinching n, geodesics

with respective lengths (¢;); on (M, g) (see section 2.5). According to the explicit bounds
1

det(P;_ Py,
(2.12) and (2.15) for the product (@%’(A;]%

measure (2.9), we can give an upper bound

) % and the expression for the Weyl-Petersson

3g—3

o ﬁ G2 I A7) (I & aeasy) (5.9)
j=1

=1 A<1/4

det (Pg*T Py.)

m) 2 dr in the coordinate system (¢;,6;) =1, 3g—3 associated to a
gr

Qx(M)
pant decomposition. Hence it suffices to check the integrability of the expectation | [Qg (M)~ ]

with respect to the measure (5.9) near (M, go). It turns out that the mass of the measure

Gg (M) will become very large when g gets close to go in the pinched region of the surface
Qx(M)

(M, g), making the expectation E[g;’ (M)~ ] very small. We have to quantify the rate of
decay of this expectation to show integrability. Proposition 2.7 describes how the Green func-
tion behaves near the pinched geodesics. The purpose of what follows is to explain how these
estimates transfer to the above expectation.

for the quantity (

We assume (M, go) possesses m+ 1 connected components, and we consider a neighborhood
of (Mo, go); there is a subpartition {v1,...,7vy,} of M corresponding to the pinched geodesics.
Let us denote by (S})=1,....m+1 the connected components of M\(U;L,p:ﬂj/). Each «; has a collar
neighborhood denoted Cjs (see (2.29), for simplicity of notation we remove the g dependance
in Cj/(g)). We denote by S} the set obtained by removing from S; all the collars

p
S =S\ Cp)
=1
in such a way that M = U;n;llS;- U;L,pzl Cjr. Furthermore, for each j = 1,...,m + 1, we define

Ii={j €{1,....np};S;NCjs # 0} the set of indices j" such that the collar C;; encounters ;.
We define the following quantities for z > 0 and 1 < j' < n,

C;.C =Cyn{p=0} Cy==Cypn{p<0}

Ciyi(z)t :==Cjn{z < p} Ci(z)” :==Cypn{p< —a},

here p : UjCjy — [—1,1] is the function in the collars so that the metric is given by (2.37).
Let us denote by (¢;)1 < i < m the eigenfunctions associated to the small (non zero) eigenvalues
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(Ai)1 < i < m and write the Green function G'as 7, o ; <, )\%HAZ. +A4,. Consider X, the Gaussian
field with covariance 2w A,, which is nothing but

172 (X, i)
Xp=X,— > (r/x)Y (2;)1/2 05 (5.10)
1<i<m

(Xg7$0i>
(27r)1/2

namely with law A(0, 1), which we denote (a;)1 < i < m- Furthermore, (a;)1 < i <m and X are
independent. In case the surface (M, go) is not disconnected, write A, = G and X ; = X,. We
introduce the random measure: VA C M Borel set

The finite sequence ( )1 <i<m is asequence of i.i.d. standard Gaussian random variables,

G'(A) :=lim(—1In 5)1/252/ e2Xo.s dv,,
e—0 A

where X| _ is the regularization of X as in Lemma 3.2. Notice that the convergence in probabil-

ity of this measure is ensured by the convergence in probability of the same measure involving

the field X, instead of X (both field coincide up to an additive continuous field so that con-

vergence of one measure is equivalent to convergence of the other one). The main technical

estimate we need in the proof is the following

Lemma 5.2. Let Uy C Mg be a neighborhood of some metric with nodes go. For any j', 6 > 0,
q >0, A €[0,1] there exists some constant C' such that for all g € Uy, V¢, 0" > £; and A,B >0
and 1 : R — R of class C1 such that ¢ o Fy(—1) = o Fj(1) =0

- 1
E[( [ ¢evfirag’) "] < c,am B0 )z exp (© / . We)Pdr).
Cj/ 1< |r] < WZ’)HS
where the function ¢ is defined on the collar Cj by ¢(p) = Alcj,(g)+ +Blc, )~ and Fy (p) =

0 . .
gj—farctan(%). The constant C, depends on q and the mapping q € [0,+o00[— Cy is locally

bounded.

The proof of this lemma, is postponed to the end of this subsection. As a direct consequence
we claim

Corollary 5.3. For any j', 6 > 0 q > 0, there exists some constant C' such that for all g € Uy
and £,0' > 0; and A,B >0

1) E[g,(cj'(€)+)_q] +E[Q’(Cj,(£)—)—fq < 051/2_6,
2) E[(Ag/(cjl(g)"’_) + Bg/(Cj/(E/)—))—q} < C(AB)—q/2(€€/)1/2_5'

Now we complete the proof while considering two main situations: either the surface (M, go)
is disconnected or not.

e Case (M, go) is not disconnected: In that case the measure (5.9) can be estimated

from above by the measure
3g—3

o f[le;l) H1 dt;do;. (5.11)
Jj'= Jj=
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Obviously we have

E[Gy(M) ¥ Z ')

J'=1

Now we observe that the cross covariances of the field X ; in the various regions C; are bounded
e IEIX ()X ()] < C (see Propo-
sition (2.2)). Kahane’s inequality [Ka, Lemma 1] then tells us that, considering independent
copies ( ; )1 < j’ <n, of G', the latter expectation is less than (for some irrelevant constant C)

by some uniform constant, i.e. SUPgery, SUPj;j; SUPzec,,

Qx(M)

=I(3 gyc) ™

Then, we use the following elementary inequality valid for by,...,b, > 0 and wy,...,w, =0
with >°% jw; =1 and ¢ >0

(Zn: b))~ < ﬁb;w” (5.12)
=1 =1

Qx(M)

to deduce that the above expectation is less than H?f’: 1 E[(Q\;,(Cj/)) vnp ] Combining with
Corollary 5.3, we obtain

Qx(M)
Elgy M)~ | <C [ 67
for some arbitrary § > 0. This is enough to show integrability with respect to (5.11).

e Case (My,qo) is disconnected: Recall that the eigenfunctions (¢;)i=1,.. m converge
uniformly on the compact subsets of each S; respectively towards some fixed value denoted
v;;. From Lemma 2.8, we have the estimate in the region |p| > C¢;: of the cusp Cjy NS}

v < ¢i < @ (5.13)
where we have set
W L))\ 2
i =i;(1 = S(vij)Ce) | p| MDA — Ce (5.14)
i =g (1 + S(vy)Ce) |p| }=CSuX 4 Ce (5.15)

for some constant C' > 0; here we have denoted by S the function z € R — S(x) := sign(z).
Restricting the integral to the cusp regions and then using (5.13), we have the estimate condi-
tionally on the (a;)1 <i<m

E[G (M)

Qx (M)

[(ai)1 <i<m] <E[G)(U /C) )1 <i<m)]

=E [( Z . i 2(27T/>\i)1/2ai%dg/)

Qx(M)

[(ai)1 <i < m)
j/
NI

S(a;)
Z/ e 2272 P aiwi 4G TR ()1 < < ).
C /ﬂS
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Slas) Slas) _ = if a; < 0. Once again we can use Kahane’s

where ¢ = 90;; if a; =2 0 and ¢; Pi;
convexity inequality to show that there exists a collection of mutually independent random
measure (Qé ))1 < j’ <n, (and independent of the (a;)1 <i<m) such that, for some irrelevant

constant C' > 0

Z/ o520/ ) P ai)
C /ﬂS
Qx(M)

) . S(ay) Qx(M)
gCE[(Z/C N ezi2(27r/)\z)1/2al%‘j dgé],)) ] ‘(ai)lgigm]-

34"

S(a;) QX(M)
d

G (a1 <i<m)

Now we choose a collection of real-valued random variables (7)1 < j < m+1 that are non neg-
ative with ) ;7; = 1 and measurable with respect to the family (a;)1 < i < m- The precise choice
of the family (7)1 < j < m41 Will be made later when appropriate. Given those (7)1 < j < m+1,

we construct new weights (wj/)1 < jo < n, as follows. For each j = 1,...,m + 1, we define
I;r ={j e {1,....,n,};5; N C;-C # (0} the set of indices j' such that the collar C;.C encounters
S; and we define similarly I Also, for each j' =1,...,n,, there exists a unique j such that
C;.C C S; and we denote by j/ that index. Similarly for j” . Finally for j' = 1,...,n,, we define
wh = T w;, = S and  wjy =wh +w;, (5.16)
e e e— =W e .
[ 1+ 11 | 17 [+ 11 |
The first observation is that
dowp=1. (5.17)
j’:l,_..,np
Indeed
m—+1 m—+1
JDIRE 35 3R 25 3P o7
=1,....n J= 1]61+ J= 1]’6]
m+1 m+1 .
J
RPN e R ey
m+1
=2 =1
j=1

Relation (5.17) allows us to use inequality (5.12). Together with independence of the measures
(ggj,))l < j/ < n, conditionally on the (a;)1 < i < m, this yields

Qx(M)
E[QV(M) 5 [(@i)1 < i< m)
Qx(M)

CHE Z/ 2 20m A R 4G B ) )

C 'NS;

Notice that the sum over j in the latter expression contains at most two non trivial terms as
a cusp Cj possesses at most two non trivial intersections with the S;’s. More precisely
S(az)

w - 1/24, 5(%) - 1/2¢,
Z/ ezi2(2ﬂ/)\i)1/2a“&i( z)dg, :/ Z 2(2 /)‘) 90 r dg/ + Z 2(2 /)\) gp + dg/
c.nS y cj+
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Now introduce t;r, = FJ?l(l) and t, = FJ?l(—l) and rewrite the above integrals as

¢ewon/ dg/
Cj/

in view of applying Lemma 5.2, with £ = ¢/ = {;

X2/ a0 ) 50200/ 3 2aie ) (t)
qb _ s (732 j 1C+ + e 1 a;p 7 1

a; — S(a; S(a; — S(a;
P = Z 277/)‘ 1/2612 (( ( ) © F ng )(tj,))lc; + ((’Dij(; ) o Fjll - Qpij(ﬂr )(t;_’))lcf)‘

+
Notice that ¢ o Fji(1) = ¢ o Fj;(—1) = 0. Then Lemma 5.2 with A = w— gives the estimate

) N1/2, . S(ag) , Qx(M)
E[(Z/ e2i 2O/ R agh) S  (a)1 < i <)
; C.iNS;
i 7Y
Qx(M) ~ S(ay) S(al)
<cfe 7 s 202w/ i (w0 ) ”))é}féeczixia%.

To estimate the quantity [, << _2n |¢’ (r)|? dr appearing in the conclusion of Lemma 5.2,

we have used the chain rule formula for derivatives combined with the following elementary

0.
estimates for 7, Y(r) = —Z— wvalid for all r € [1, ;—’fé] and for some irrelevant constant ¢ > 0
tan -2 i
27 J
e 1 c c v ¢!

Combining with the expressions (5.14)4+(5.15) we obtain the estimate
/ 7’)’2 < C(Z )\3/204,‘74’)\1'—1)27
i
yielding in turn, after integrating (and recalling that 0 < \; < 1/4),

/ [0 (r)|? dr < CZaZaZ)\)\ 1/2<CZ)\a
1< ||

< 5
j/
for some global constant C' (which may change along lines). Let us make a remark here. In the
statement of Lemma 5.2, the exponent ¢ is deterministic whereas here it is here random as a

measurable function of the w;/ (hence of the a;’s), namely g = wjr Qxf/M)

. Yet conditionally on
the a;’s the exponent can be seen as deterministic. We can thus apply Lemma 5.2. The resulting
constant Cj is therefore a measurable function of the a;’s. Yet, because Cy is locally bounded
as a function of ¢ and because w; € [0,1] for all j/, we can obtain an overall deterministic
constant C' in the above inequality by taking C' = Sque[QM | Cy.

So far, we have established that

QX(M) [ CZ~>\1‘¢12€QX’(YM) S, 227 /) 2a (w]os(‘“)(t Yw l@s(al)( Jl))}

E[G) (M) | <CEle

Hé;.,“?

5!

J
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We can convert the sums over j' in the above expectation into sums of the type zj > et
J

and use the relation gpi(fl)(tj?) = v + O(N\;) + O(e) for j/ € I Ji (the O entering this relation
are uniform w.r.t. the a;’s as easily seen from the expressions (5.14) and (5.15)) to get for some
>0

QX(M)

E[Gy(M) ] (5.18)
w2 O% Llo@+om)) LD & oom/3 )1 2a0m0;) -
< CE [eczi )\'Laie i N e 7 i,j i iTjVij ] HK;/ 5'

jl

To complete the proof we use the structure of the coefficients (v;;);;. Recall that the vec-
tors v; € R™! with components (v;;); form an orthonormal family for the inner product
(u,v) = >, u;jv;Volg, (S;) and the orthogonal complement of span(v;); is the vector 1 with
all components equal to 1. Now we define the precise values of the coefficients r; involved in
(5.18). Set V' = max;; |v;;| and define

rj = R(l + ﬁ ZS(ai)Uij)VOIQO (S]) (519)

where R is a normalizing constant such that . r; = 1. Observe that 0 < r; <1 for all j and
with this choice R

Vi, zj:rjvij = WS(CLZ)
Now we plug this relation into the estimate (5.18) to get for some C > 0

Qx(M) —0s, 195l (140 +OMN+C S Aja2] -2
E[G) (M)~ ] <OE[6 Zi i IFOEOFTORNFOL, } e

=1

We can choose the neighborhood of (M, go) in such a way that the term |O(e) + O()\;)]| is
less than 1/2 uniformly with respect to 4, (a;);, in which case taking expectation of the above
expression yields

[QV( )QX(]W)] < C’E[E_CZ \al\ +CZ Aza (H El 5) < C’ﬁ/\;h ﬁ 4/—5‘
i=1 j'=1

This establishes integrability with respect to the measure (5.9) by using the rough estimate
(2.31) on the eigenvalues A;(g) in terms of the lengths £1(g). O

5.3. Proof of Theorem 5.1 in the case v < 2. The proof of the case v < 2 is much simpler
det(Py_ Pg,)
(dot,AQT)CM+1
the integral (5.8) presents a more gentle behaviour at the boundary of the moduli space due
to the lower central charge cyp < 1. More precisely (2.12) and (2.15) now gives the following

estimate for this term
3g—3 "o 5 eptl
C< H 6]) < H ej’ 2 e H )\ 2 > Hdﬁjdej, (520)
j=1 j'=1 J

Ai<1/4

than the case v = 2. The main reason is that the quantity ( 2 dr appearing in

hence an additional exponential decay in comparison with the case ey = 1.
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We stick to the notations introduced in section 2.4 and in the proof of Theorem 5.1 in the
case 7 = 2. We introduce (a;)1 < ; < m 1.i.d. standard Gaussian random variables and consider
the following Gaussian field:

=3 fula) 2
=1

where the v;’s are defined in Theorem 2.3 and f,, in (2.30), with v; = (vij)1 < j <m+1 € R™H1
from Lemma 2 5. Now, recall that on each S;- the field Y (x) is the constant random variable
Yy =20 vi \/172

By combining Proposition 2.2 and Lemma 2.5, the Green function Gy is such that for all
x,x’ € Up <j< m+15§-

m ! 1/L
/ < val($)fvl($) +Ag(1’7.’1’/)+ Oil

where C, L > 0 are global constants. Hence, if we introduce a standard normalized Gaussian
variable Z and an independent Gaussian field X (living in the space of distributions) with
covariance Ag, we get that for all 2,2’ € {J; o j<m+l S’

Gy(z,2') SE[Y(2)Y(2')] + E[X] ()X, (2)] + CsY v EZ?
in such a way that Kahane’s convexity inequality [Ka| ensures that for all ¢ > 0

E [gg(Ul <j<m+1595) 79

m+1 2 —q
Z / 1% o(@) =5 ELXy(@)°] ¢y, () ]
m+1 —
<E [ 3 / Y (@)= BEY (2)2)4 X} () - B E[X} ()21 41(C8Y /1 V22— 25 C8VE fn o W (o v, (x )) q]
j=1"5
2/2)2% cal/L mtl / P RIX (2)2] 2 -4
(a0 /2) Z / 7Y (@)= FEY (2)? }+ng<w>—7E[Xg<w>}eTWfi(w’dvg(a:)) ]

Now, by Proposition 2.2 and Lemma 2.5, there is some global constant C' > 0 such that for all
j and = € S} we have

W,(z) > E[Y (2)?] - C (5.21)
so that for some other global constant C' > 0

cal/L m+1

E[gg(U1<j<m+IS})_q] <Ce = Z/, Y (z)+ 'yX'(x)——E[X/( )? ]dv( )) q].

Notice that

Zvolg(sj)yj :ZVOIQ(S]-)(ZUM%) _ Z a; Zvol 7)vij)
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since the vectors (v;); are orthogonal to 1 in the ||.||; norm (2.27). Hence there exists almost
surely some j such that Y; > 0. Therefore, gathering the above considerations, we have

061/L

m~+1
E[gg(ugl:-iil 5;,)—«1] < Ce m E[(i / ,evY(x)JrVXé(x)—ﬁE[Xé(x)zldvg(x))_q]
j=1 J

cal/L

e Syl f v T )

< Cecayll/L [</ e’YX’ (z)— "/ ]E[Xé(xﬂdvg(x)) —Q]

C61/L

<Ce n

where in the last inequality we have used the fact that the covariance of X ;] can be controlled
independently of the size of the small eigenvalues (this is a consequence of Proposition 2.2
and Lemma 2.5). Combining with (5.20), this estimate shows integrability with respect to the
measure (5.20) by recalling that 14 > C¢; for some some constant C' > 0 and by choosing &
such that C6Y/% < %.

Finally, it remains to identify the relation (5.6). Starting from the definition of v, we have

E(g)e ulF(L4(d2), R)] = v(F)/v(1)

det(P; Py,) % .
—— Ycoy _QX(M)C—/J/E’Y g -;-(M)
/ / (det/ Ay, CM+1> £ [F(e gg, (dz),T)e g } drde.

It suffices to make the change of variables y = €7°GJ (M) to get
E(g, ) ulF'(£4(dz), R)]

1 det(Py Py,) \3 Go(d2) ., %6y wn_,
_’Y_Z/Mg (W) E[F( ggT(M) T)ggT(M) 7 ]y g e "dy,

from which our claim follows. O

5.4. Proof of Lemma 5.2. We will use the results in Lemma 2.42 and Proposition 2.7. So it
is convenient to introduce the notations

_ I
C;? =Cp(O)T Uy, Fi(p) = ?—” arctan(-2"),

> )
) = Z |72 (14 1n(1/|p])).

We further denote by F ;1 the inverse of the function Fj/. Finally, in what follows, C stands
for a generic irrelevant positive constant, the value of which may change along lines.

Proposition 2.7 ensures that the Green function A, (which is the covariance of the field X

defined in (5.10)) satisfies for z = pe? and 2’ = p/ ele in the collar C;

Ay(z,2) < Gy (z.2') + C*h(p)h(s). (5.22)

Otherwise stated, we have bounded the errors terms in Proposition 2.7 with the help of the
function h. We stress that the function y in Proposition 2.7 is worth 1 only for |p| < 1/4 so
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that the above bound is rigorously valid only for |p| < 1/4. Yet in the following we assume
that it is valid for |p| < 1 for notational convenience because it does not change the validity of
the argument.

Then we need to decompose the Gaussian field with covariance function ng, according to
its radial/angular parts. So we consider two independent centered Gaussian fields X" and X“

defined on the collar Cjy = [-1,1], x (R \ Z)s with respective covariance kernels G" and G*
defined by
. [ .
G (p.0,7.0) ::{ min(Ey (|pl), Fy () = gz Ey (1) Ey (1) + C*h(p)h(e) i o’ > 0
222 Fy (| F (1)) + C*h(p)h(p') if pp <0
(5.23)
Gp,0,p,0") :=—1n (1 — e F = Fp 2w . (5.24)

The two quantities G" and G® are positive definite, hence the existence of such fields (pointwise
for X” and distributional for X¢). Combining the above two relations we get that for 2 = pe®
and 2’ = p'e? in the collar Cjs

E[Xg(2)Xg(2")] < EIX" (2)X (")) + E[X(2) X ()] + E[(6Vh(p)) (6P h(p)))]  (5.25)

where 6 is a standard Gaussian random variable independent of everything. Hence we can
use Kahane’s inequality [Ka, Lemma 1] to get the estimate (recall that mg,, is the Robin
constant defined in Lemma 2.42) for ¢ > 0

E[( / peloFy dg’) - (5.26)

< GE[( b eV o206 h—2h? 2X"—2B[(X")?] AT, dge) _q}
q ot o
j/

where C; is an explicit constant such that In Cy is quadratic in ¢q. Here we have defined the
random measure Gg as the limit in law as € — 0 (eventually up to some subsequence) of the
family of random measures (— In 6)1/2€2Xg_2E[(Xg)2] dvy. From (2.42)+Proposition 2.7, we get
that 4mwm,, — 2E[X?] > 2In|p| — 2C?h(p)? for |p| > ¢; for some constant C' > 0. Hence,

0) h—2h2 _ 21 4 )
for [p| > ¢;, the measure 2080 h—2h? +2X" —2E[(X")?] AT My

e2X"e9(p) p=2 dgg where we have set

dgg is greater than the measure

g(p) =205 nh(p) + 41n |p| — 4C%h(p)>. (5.27)

Now that we have simplified the deterministic part of the measure we analyze the random
part. For this, we write a path decomposition result for the process X"

Lemma 5.4. Let us consider two standard Gaussian r.v. 61, 5§@) ~ N(0,1) and two standard
Brownian bridges (Br}),cio1) (Br,)eo,1) » all of them mutually independent. We have the
following equality in law in the sense of processes for p € [—1,1]

r / / — \/5-1/2
P AN =z e
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Proof. Recall the covariance structure of the Brownian bridge E[Br;rBr;,] =pAp —pp'. Hence
for arbitrary constants a,c > 0 and p < 1/c

E[(aBrjp)(aBrjp,)] =a’cp A p —ad®Ppp.
L.y
Adjusting the constants a,c to fit with the covariance function min(p, p’) — ﬁpp’ leads to

a=m/\/ljy and c = ff—;. One completes easily the proof of the claim by time changing with
Fj and adding the covariance structure of the term Y 67’:/2 Fi(|p]) 60 + Ch(p)s®. O

Now, observe that if we restrict to those £; < [p| < 1 then %Fj/(]p]) € [0, 3] and the law of
the Brownian bridge Br on [0, %] is absolutely continuous with respect to the law of Brownian
motion B with density 2e~1B1/2l’, Using this relation with Br™ and Br~ together with the
scaling relation for Brownian motion aB, .2 law B, for fixed a > 0, we deduce using (5.26) and
Lemma 5.4 that

E[( / pevoF dg') N (5.28)

2B, S © -
< CqE [(A/ ed’on/e Fj/(p)+ (p)p—2 dgg 4 B/ e¢on/ /(p)+ () —2 dgg) q}7
C.r(0) C.r ()

where B*, B~ are two independent Brownian niotions independent of everything, and the
function © is defined by ©(p) := /20 /7 Fj (p ) +2Ch(|p))6® + g(p). Now we would like
to get rid of the drift term @ The point is that the behaviour of © is rather tricky for those |p|
that are very close to (or less than) ¢;; whereas the contribution of the ©(p), say for |p| > 6;_5
for any § > 0, turns out to be easily controlled. So we fix an arbitrary ¢ €]0, 1[ and remark
that the expectation in the r.h.s. of (5.28) is less than the same expectation with integration
restricted to Cj:(¢17%)~ and C;/(£'~°)*. Furthermore, we introduce the (random) function Y,
through the relation

Fj’(P)

p 0,1, O(p) = 2/ Yy du+ O(1). (5.29)

j’(l)

We set k(£) := Fj(£179) = é T arctan(£;¢°~1). Then the Girsanov theorem tells us that, under

the probability measure

f”i(l) Y, dB++f"€(l ) Y, dB; — f”i(l) Y2 dr— 3 f"i(f ) Y2 dT

RdP, with R :=¢e’~® ¢S ) €]

the processes p € [1,0'79] 2B2§_,( ) and p € [1,0179] 2BF () have respectively the same
J

laws as the processes p € [1,£' 7] QB;;J_(p) +0(p)—0O(1) and p € [1,0°] — ZBI; ) +0(p)—

©(1) under P. Therefore, using the Girsanov transform in the expectation (5.28), we get

E|:(/¢e¢opj/ dg/>_q:|
2B+ 2B~ _
<4E[Re_q9(1) <A/ eotie W pTRage + B | etfie 0 dgg) q]
Cyr (01=9) Ci(t; )~

2B, 2B —pq1 +
<A, (Q)E[<A/C - cVoFjr ¢ Fj’(p)p_2 dgg +B cVoFj o Fj/(p)p—2 dgg) }p.

Cpr(U'1=9)=
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where we have used the Holder inequality to get the last inequality with p,m,r > 1 and
%+%+%:1andset

k() +, relh — 1 rk(0) 1 el 1
Ep ¢ (q) ‘:E[<ef“<1> YudBi+ [y YudBy =3 [ q) Vi du=3 [ Y“Zdu)m} /mE[e_qT@(l)]l/r

2_ 2_ ’
—E [em 3 o f:((f)) Y2 dr+ 2 = f:((f)) Y2 dr 1/qE[e—qT@(1)]1/T_
So we have got rid of the drift term O(p) with the Girsanov trick. The cost is the constant
Ey¢(g) but an easy computation shows that supy - ¢, Eve(q) < 400 for any ¢ > 1. This
computation is left to the reader but we give a brief convincing heuristic argument. The process
Y, is defined by (5.29). We have already explained in the proof of Theorem 5.1 that for small
lj and for |p| = £, Fjy(p) behaves like 1/p. Hence Y (p) is with good approximation given
by —©'(1/p)p~2. Then it is readily seen that —©'(1/p)p~2 is a sum of terms of the type
1/p, |p|= (n|p))™ (for n = 0,1,2) or E;,/z. It is then obvious to see that the square of
every possible linear combination of such terms has its f&ge))—intergal bounded by constant
independently of £ > £;.

We can use the same argument to explicitly determine the effect of the drift term v o Fj.
The variance of the Girsanov transform to get rid of this term is less than

C ¢! (r)PPdr
1 < |r| < 27/ min(£1=9 ¢'1-5)

(here we have used the fact that x(1) > 1 and x(¢) < 27/¢'=%). All in all, this entails that for
arbitrary p > 1 there exists some constant C), such that

E[( / bevoFy dg’) < Cpexp ( /0 e W(T)\?dr) (5.30)

1/p

xE|(4 / &0 p2age 4 B e p=2 ag; ) _pq]
Cj(er=0)+ ! ! ,

Ci(e'1=9)=

which in turn less than

. 27 max (¢,0/)5 1 , )
Cy(AB) Fesp / [/ (r) Pdr) (5.31)
0

287 —pgA 2B —pg(1-X)7 2
E Fii0) 2 gga / Firo) -2 gga p
X [(/ij(éléﬁe "p gg> ( Cj/(g,H)ie 7 p Qg) ]

after using the elementary inequality (a + b)~" < a= b~ 0=Y™ for a,b > 0, A € [0,1] and
m > 0.

It remains to evaluate the latter expectation. So we introduce the sets for n,k > 0 and £ > 0

Ar(0)={ sup Bp ) —Bp ) €nn+1]}
weppms g Fr@ T TF()

AL () ={ sup ngl(u) — BEJ.,(U €k, k+1]}
uell'1-91]

as well as the stopping times

o + _pt  _ - - _p-
Lo =0 By~ Br,o =nb T =ik B ) = By €+ 1
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Partitioning the probability space according to the events A (¢) and A, (¢') and using sub-
additivity of the mapping z € Ry +— 2!/ for p > 1, we get the estimate

2Bf —pgX 2B, —pg(1=X\)71/p
B[([ L eeragy) ([ eag) ) < Y
j/(f ) Cj/(f ) kn
where we have set

= 2Bi(p) _9 50 PO 2B1 0 o o\ PUI-NT}
Bk ._E[lA’t(Z)lAk(él)(/cjr(m6)+e T dgg) X< Cj/(z’l,é)fe ol dgg) } '

The idea is now the following: the fluctuations of the Brownian motion B over an interval of
length 1 are of order 1. Hence over the interval Z,7 := [F}/(T,7), Fj/ (T;,)+1], BT is approximately
equal to n. Put in other words, the process B;S_l(u) is worth n on the interval [F] 71(Fj/(T;r )+

J

1),T,f]. Same remark for B~. Hence E,, j should be estimated by

Q=

o i < e M4t P(Ay)

X sup EK/{peu(x)}p_Q dg‘;) —pgA " </{p61(x/)}p_2 dgg)_pq(l‘”}% (5.32)

x,x' €]l 1]

where for x €]0,1], we denote It (z) := [Fj_l(Fj(x) +1),z] and for 2’ € [-1,0[, I~ (a) :=

[—2, —Fj_l(Fj (') + 1)]. We will conclude with the two following lemmas

Lemma 5.5. For any q > 0, we have

£, 20 g ) T

The same property for I (x') and 2" € [—1, —;].

Lemma 5.6. There is some constant C > 0 such that for any 6 >0, n,k >0 and £, > £}

1 1
P(Af(0) < Cne2 0 P(A; () < Ck'2079),

Indeed, using Holder inequality and Lemma 5.5 we see that the expectation involved in the
r.h.s. of (5.32) is less than some constant independent of everything. Hence we get the bound
B, < Ce(HRPP(AFP(A;). Lemma 5.6 and summability of the series D k>0 kne~ (ntk)ap
complete the argument.

The only remaining detail to fix is to show (5.32). This is an easy task as, using the inde-
pendence of BT, B, Gg as well as the strong Markov property of the Brownian motion, we
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have

—2XpgB —2(1-\)pgB .

Fir(1) Fir(1)

Bk < E[lAmamA; (€

2BY 2Bt —pgA 2BT . —2B7 —pg(1-2)7 2
x (/ e My Ty dgg) x </ e My Ty dgf;) ]p
iy I,

(e

2)\qu+ —2(1-\)pgB+

. T )5 e PaHR) (P AT (0))P(AT ()7

<E|

—pgAming,czs Bt pq(1—A)min,czs By

+
Fy P g £y~ rs w1

Ele

_ o) P _ o\ PN 5
x,x'se%gquK/{peﬁ(x)}p ngg) g </{p61(x’)}p 2dg9> ]

Standard estimates about the Supremum of the Brownian motion over an interval of size 1 show

that the Efe PN, et B Fj(1>]1/5” and E[e_pq(l_)\)min - Pr BFj(l)]l/p are bounded

Fy (u)
by some constant independent of £, ¢'. Hence our claim. O

Proof of Lemma 5.5. Recall that Gaussian multiplicative chaos at criticality (i.e. 7 = 2) pos-

sesses moments of negative order (see [DRSV1, Prop. 5]). This entails that for any x > 0,
—q

E[(f{x <p<1} p~2 dgg) ] < +4o00. Then we observe that we have the relation F]71(Fj/(a;) +

1) > Ctj for some irrelevant constant C' and for all x > ¢;. Therefore, for some C' and all

x> Ly
E[(/ﬁ(m) p2agy) | < CE[(/IW(&+e§/)‘1dg;)_q].

To conclude, observe that the measure (p? + K?,)_l dgy is the pushforward of the measure

a -1 _ a -1
25 (Fy () =2ELXE(E, (o V7] dp (implicitly understood as the limit of a regularized sequence)

under the mapping p — Fj/(p). The Gaussian random distribution p — X “(Ffl(p)) is sta-

tionary and its law does not depend on /; in such a way that the process v € Ry
a -1 a

fgCJrl 2X(F (o) =2 (F p)? ]dp is stationary (and its law does not depend on ¢;: either)

and has the same law as f I(x) (p% + Ez )t dGg, hence our claim. O

Proof of Lemma 5.6. Recall the standard computation related to Brownian motion

P(sup B, < f) < pt /2
rel0,t]

Therefore

P(A} () <P( sup BF,(U) oy SnH1) < () (FE () — Fj(1))~Y2.
u€er=91] !

We conclude by noticing that Ej_,l arctan(; /x) > C/x for some constant C' and all > £;.
Same argument for A (). O
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5.5. Relation with random planar maps. The purpose of this subsection is to write a pre-
cise mathematical conjecture relating LQG to the scaling limit of large planar maps. Following
Polyakov’s work [Po], it was soon acknowledged by physicists that LQG should describe the
scaling limit of discretized 2d quantum gravity given by finite triangulations of a given surface,
eventually coupled with a model of statistical physics (often called matter field in the physics
language), see for example the classical textbook from physics [ADJ] for a review on this prob-
lem. We will describe two situations in what follows: pure gravity (no matter) or the bosonic
string embedded in D = 1 dimension.

We consider a fixed family (g;), of hyperbolic metrics on a compact surface M (without
boundary) with genus g as previously and the associated Liouville measure £, under E, y_ ,[-].
Let Tn,g be the set of triangulations with N faces with the topology of a surface of genus g.
Since these triangulations are seen up to orientation preserving homeorphisms, there are only
a finite number of such triangulations. We equip T' € Ty g with a standard metric structure hp
where each triangle is given volume a®. The metric structure consists in gluing flat equilateral
triangles: the exact definition of the metric structure is given in Les Houches lecture notes
[RhVa2] in the case of the sphere and the case we consider here does not present additional
difficulties for the definition. The uniformization theorem tells us that there exists a unique
T € Mg along with an orientation preserving diffeomorphism 7 : T' — M and a conformal
factor pp (with logarithmic singularities at the images of the vertices of the triangles) such
that

hr = Y7 (€97 grp). (5.33)
Recall that in the decomposition (5.33), the functions ¢ and 7 are unique except if the
metric g, possesses non trivial isometries. In that case, the isometry group is finite of the
form (V)1 < <, and starting with a decomposition (5.33) all the other decompositions of
hy are ((p®)~1 o wT)*(ewTow(i)gTT). Therefore, in the following discussion, we will suppose
that the functions ¢ and ¢ are uniquely determined by the triangulation 7" and if this is
not the case (i.e. there exists a non trivial isometry group), we replace e#7 g, in what follows

1

by the average - Sy ey grp: these special metrics should play no role anyway as their

equivalence classes are of measure 0 with respect to the Weil-Petersson volume form.

Pure gravity. It is proved in [BeCa] that the following asymptotic holds:

Tvgl ~ CreteVN3ED—1 (5.34)
N—oo

—
where C'r > 0 and pu. > 0 are constants. The constants C7, u. are non universal in the
sense that one can consider quadrangulations say in the place of triangulations: in this set-
ting, the number of quadrangulations Qy g of size N will satisfy the asymptotic |Qn g| N
—
CoeleN N 2(8=D=1 where Cg is different from C1 and pi. > 0 is different from p.
We set

fi = pic + a’p, (5.35)
where p > 0 is fixed, and we consider the following random volume form on the surface M,
defined in terms of its functional expectation
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1 —aN
E'[F(va)l =5 D> e > F(eT dvy,,), (5.36)
CN>1 T€TN g
for positive bounded functions F' where Z, is a normalization constant ensuring that E*[-] is
the expectation of a probability measure. We denote by P® the probability law associated to
E®.

We can now state a precise mathematical conjecture:

Conjecture 1. Under P, the random measure v, converges in law as a — 0 with i1 given by

(5.35) in the space of Radon measures equipped with the topology of weak convergence towards

the Liouville measure L, under B, y_ ,[-] with parameter v = \/g.

The fact that v = \/g can be read of the total volume of space; indeed, thanks to (5.34), it
is easy to show that in the above asymptotic the total volume v, (M) converges to the Gamma

3e-1)
law with density #g_l))
2

&y of £, in Theorem 5.1 for ? = %, ie y= \/g.

Finally, let us mention that conjectures similar to 1 have appeared in other topologies:
the sphere [DKRV], the disk [HRV] and the torus [DRV]. However, in these other topologies,
the corresponding conjectures are still completely open. Let us nevertheless mention some

partial progress by Curien in [Cu| where appealing convergence results are proven assuming a
reasonable condition that has unfortunately not been proven yet.

e_’“:z:g(g_l)_llm > 0. This law matches the law of the total volume

Bosonic string. Given a triangulation 7', let us denote by Vr the vertex set of the dual
lattice. We consider the partition function of the bosonic string on T' by

1
Z(T) = /6_5 ZUNU’(ZBU_‘TU’)2 H dxv
’l)eV

where ~ denotes adjacent vertices of the dual lattice. It is expected that

> Z(T) ~ CheteNNemb-l (5.37)
N—00
TETN,g
where C/- > 0 and pf, > 0 are (non universal) constants. We set
=+ alp, (5.38)

where p > 0 is fixed, and we consider the following random volume form on the surface M,
defined in terms of its functional expectation

1 .
E*[F(va)] = - S e NN F(e?T dvy, )Z(T), (5.39)
TN>1 TeTN g
for positive bounded functions F' where Z, is a normalization constant ensuring that E*[-] is
the expectation of a probability measure. We denote by P* the probability law associated to
E®.
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Conjecture 2. Assume g = 2. Under P%, the random measure v, converges in law as a — 0
with i given by (5.38) in the space of Radon measures equipped with the topology of weak
convergence towards the Liouville measure L., under By, [-] with parameter v = 2.

The reader can find much more material on 2d-string theory in the review [Kleb] or the
lecture notes [Polch].
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