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INTEGRABILITY OF LIOUVILLE THEORY: PROOF OF THE DOZZ FORMULA

ANTTI KUPIAINEN!, REMI RHODES2, AND VINCENT VARGAS?

ABSTRACT. Dorn and Otto (1994) and independently Zamolodchikov and Zamolodchikov (1996) proposed a
remarkable explicit expression, the so-called DOZZ formula, for the 3 point structure constants of Liouville
Conformal Field Theory (LCFT), which is expected to describe the scaling limit of large planar maps
properly embedded into the Riemann sphere. In this paper we give a proof of the DOZZ formula based
on a rigorous probabilistic construction of LCFT in terms of Gaussian Multiplicative Chaos given earlier
by F. David and the authors. This result is a fundamental step in the path to prove integrability of
LCFT, i.e. to mathematically justify the methods of Conformal Bootstrap used by physicists. From the
purely probabilistic point of view, our proof constitutes the first rigorous integrability result on Gaussian
Multiplicative Chaos measures.
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1. INTRODUCTION

A. Polyakov introduced Liouville Conformal Field theory (LCFT hereafter) in his 1981 seminal paper
[43] where he proposed a path integral theory of random two dimensional Riemannian metrics. Motivated
by an attempt to solve LCFT Belavin, Polyakov and Zamolodchikov (BPZ hereafter) formulated in their
1984 paper [3] the general structure of Conformal Field Theory (CFT hereafter). In the BPZ approach the
basic objects of CFT are correlation functions of random fields and solving CFT consists in deriving explicit
expressions for them. BPZ proposed to construct the correlation functions of a CFT recursively from two
inputs: the spectrum and the three point structure constants. The former summarizes the representation
content of the CFT (under the Virasoro algebra) and the latter determine the three point correlation func-
tions, see Section 1.1. The recursive procedure to find higher point correlation functions is called Conformal
Bootsrap. Though BPZ were able to find spectra and structure constants for a large class of CFT’s (e.g. the
Ising model) LCFT was not one of them'. The spectrum of LCFT was soon conjectured in [12, 8, 26] but
the structure constants remained a puzzle.

A decade later, Dorn and Otto [15] and independently Zamolodchikov and Zamolodchikov [59] (DOZZ
hereafter) proposed a remarkable formula for the structure constants of LCFT the so-called DOZZ formula.
Even by the physicists’ standards the derivation was lacking rigor. To quote [59]: “It should be stressed
that the arguments of this section have nothing to do with a derivation. These are rather some motivations
and we consider the expression proposed as a guess which we try to support in the subsequent sections.”
Ever since these papers the derivation of the DOZZ formula from the original (heuristic) functional integral
definition of LCFT given by Polyakov has remained a controversial open problem, even on the physical level
of rigor.

Recently the present authors together with F. David gave a rigorous probabilistic construction of Polyakov’s
LCFT functional integral [13]. This was done using the probabilistic theory of Gaussian Multiplicative Chaos
(GMC). Subsequently in [36] we proved identities for these correlation functions postulated in the work of
BPZ (conformal Ward identities and BPZ equations). This provided a probabilistic setup to address the
conformal bootstrap and in particular the DOZZ formula. In this paper we address the second problem:
we prove that the probabilistic expression given in [13] for the structure constants is indeed given by the
DOZZ formula. This result should be considered as an integrability result for LCFT and in particular for
GMC. As such it constitutes the first rigorous proof of integrability in GMC theory. Integrability of GMC
theory was also conjectured in statistical physics in the study of disordered systems. In this context, a
remarkable formula for GMC on the circle has been proposed by Fyodorov and Bouchaud [23], based on

1Following their work [3], Polyakov qualified CFT as an “unsuccesful attempt to solve the Liouville model” and did not at
first want to publish his work, see [44].
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arguments similar to [15, 59] (soon after, numerous integrability results for GMC on different 1d geometries
appeared in the physics literature: see [24] for instance in the case of the unit interval). It turns out that
the Fyodorov-Bouchaud formula is a particular case of the conjectured one point bulk structure constant
for LCFT on the unit disk with boundary (these formula can be found in Nakayama’s review [39]). We
believe that our approach can be adapted to this situation and hence will provide a rigorous derivation of
the Fyodorov-Bouchaud formula (work in progress [46]).

It should be noted that the LCFT structure constants and the DOZZ formula have a wider relevance
than the scaling limits of planar maps. It has been argued in Ribault’s review [47] that LCFT seems to be
a universal CFT: e.g. the minimal model structure constants (e.g. Ising model, tri-critical Ising model, 3
states Potts model, etc...) originally found by BPZ may be recovered from the DOZZ formula by analytic
continuation. In another spectacular development the LCFT structure constants show up in a seemingly
completely different setup of four dimensional gauge theories via the so-called AGT correspondence [1] (see
the work by Maulik-Okounkov [38] for the mathematical implications of these ideas).

In the remaining part of this introduction we briefly review LCFT in the path integral and in the
conformal bootstrap approach and state the DOZZ formula.

1.1. LCFT in the path integral. In the Feynman path integral formulation, LCFT on the Riemann
sphere C is the study of conformal metrics on C of the form e'V‘l5(‘2)|d,z|2 where z is the standard complex
coordinate and d?z the Lebesgue measure. ¢(z) is a random function (a distribution in fact) and one defines
an ”expectation”

(1.1) (F) = / F(¢)e 51 Dy

where Sy, is the Liouwville Action functional
(12 5.00) = £ [ (0.6) + mpe )
C

see Section 2.1 for the precise formulation?.

LCFT has two parameters v € (0,2) and p > 0. The positive parameter p in front of the exponential
interaction term e7? is essential for the existence of the theory (the case yu = 0 corresponds to Gaussian Free
Field theory, a completely different theory) but plays no specific role®. On the other hand, the parameter ~
encodes the conformal structure of the theory; more specifically, one can show that the central charge® of
the theory is ¢z, = 1 + 6Q? with

’7
(1.3) Q=Z+7.

QII\D

The basic objects of interest in LCFT are in physics terminology vertex operators
(1.4) Va(z) = 29

where « is a complex number and their correlation functions (Hszl Va,, (#1)). Their definition involves a
regularization and renormalization procedure and they were constructed rigorously in [13] for N > 3 and for
real a; satisfying certain conditions. The construction of the correlations in [13] is probabilistic and based on
interpreting e~ * Jo 19:6()@°2 Dy i terms of a suitable Gaussian Free Field (GFF) probability measure: see
subsection 2.1 below for precise definitions and an explicit formula for the correlations in terms of Gaussian

Multiplicative Chaos.

2We use brackets and not E for the linear functional (1.1) since it turns out the measure e=5L(#) D is not normalizable
into a probability measure.

SLCFT has a scaling relation with respect to p so that the precise value of this parameter does not matter.

4In this article, the central charge of LCFT will not appear in a transparent way hence we refer to the work [13] or [36] for
an account on the central charge.
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In particular it was proved in [13] that these correlation functions are conformal tensors. More precisely, if

21, ,2zn are N distinct points in C then for a M6bius map ¢(z) = %IS (with a,b,¢,d € C and ad—bc = 1)

(1.5) (TT Ve @Gy = TT 19/ ()l 722 (T ] Ve (20))
k=1 k=1 k=1

where A, = §(Q — §) is called the conformal weight. This global conformal symmetry fixes the three point

correlation functions up to a constant:
3
(1.6) (TT Ve (1)) = |21 = 2221220 — 23722 |21 — 25212 C (1, @2, 3)
k=1

with A1 = Ay, —Ap, — Ay, ete. The constants Cy (o, g, a3) are called the three point structure constants
and they have an explicit expression in terms of the Gaussian Multiplicative Chaos, see Section 2.3. They
are also the building blocks of LCFT in the conformal bootstrap approach as we now review.

1.2. LCFT in the conformal bootstrap. The bootstrap approach to Conformal Field Theory goes back
to the 70’s. It is based on the operator product exzpansion (OPE) introduced by K. Wilson in quantum field
theory. In a conformal field theory, the OPE is expected to take a particularly simple form as was observed
in the 70’s [21, 45, 37]. The simplest CFT’s (like the Ising model) contain a finite number of primary fields
®; i.e. random fields whose correlation functions transform as (1.5). The OPE is the statement that in a
correlation function ([[ ®,,(2;)) one may substitute

i

(1.7) Oi(2)®5(z5) = 3 Chi (26, 2))Pi(2))
k

where ij (zi,2;) is an (infinite) sum of linear differential operators which are completely determined up
to the three point structure constants Cj;i (these are defined in the same way as in (1.6) for LCFT).
Furthermore it was argued that the resulting expansion should be convergent. A recursive application of
the OPE would then allow in principle to express the N-point function in terms of the structure constants
i.e. to “solve” the CFT.

The input in the bootstrap is thus the set of its primary fields, called the spectrum of the theory, and
their structure constants. In unitary CFT’s such as the ones describing scaling limits of reflection positive
statistical mechanics models the spectrum is in principle determined by the spectral analysis of the repre-
sentation of the generator of dilations acting in the physical Hilbert space of the CFT. This space can be
constructed using the Osterwalder-Schrader reconstruction theorem [41, 42] and in case of LCFT this is
rather straightforward given the results of [13]: see [35] for lecture notes on this.

There is also plenty of evidence what the spectrum of LCFT should be [12, 8, 26], see in particular
Teschner’s review [56] for a thorough discussion. It should consist of the vertex operators Vigi,p with
P € R, i.e. there is a continuum of primary fields (unlike say in the Ising model where there are three).
Assuming this, one ends up with the following rather explicit formula for the 4 point correlation functions
for a; in the spectrum [47]:

(Ve (Z)Vaz (O)Vas (1)Va4 (oo)> = /Q " Cv(ala a2, O‘)CW(QQ — &, (3, a4)|‘7:04,{ai}(z)|2da
+iRy

where F, (4,1(2) are explicit meromorphic functions (the so-called universal conformal blocks) which depend

only on the parameters a;, o and the central charge of LCFT ¢z, = 1 + 6Q?. The integral over « is here the

standard Lebesgue integral over P (where o = @ + i P) and corresponds to the sum in (1.7).

Note that the spectrum of LCFT consists of vertex operators with complex o whereas the probabilistic
approach naturally deals with real «. Also, the main application of LCFT to Liouville Quantum Gravity
involves real values for a. In the theory of Liouville Quantum Gravity, the scaling limits of e.g. Ising
correlations on a random planar map are given in terms of Liouville correlations with real a’s and regular
planar Ising CFT correlations via the celebrated KPZ relation [33]: for an explicit mathematical conjecture,
see [14, 35]. Thus the probabilistic and bootstrap approaches are in an interesting way complementary.
The basis for the bootstrap approach, the DOZZ formula for C, (a1, oz, a3), has a unique meromorphic
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extension to aq,as, a3 € C3. In our probabilistic approach we prove that the probabilistic expressions for
C, (a1, asz, as) are analytic functions in the a; around their real values and extend to meromorphic functions
in C? that coincide with the DOZZ expression.

One should note that the bootstrap approach can be turned to a tool to classify CFT’s. By making an
ansatz for the spectrum one can compute the four point function (@, (21)Pa, (22)Pas (23) P, (24)) using the
OPE by pairing the fields in two different ways. This leads to quadratic relations for the structure constants
that one can attempt to solve. This was succesfully carried out by BPZ in [3] for the minimal models and
has lead to spectacular progress even in three dimensions, e.g. in case of the 3d Ising model [19, 20]. In
the case of LCFT one can check that the DOZZ expression indeed solves these quadratic equations: see
the review [47]. Furthermore, given the DOZZ formula the bootstrap expressions are formally defined for
all v € C \ iR°. Hence the values of v for which the theory is defined (within the framework of theoretical
physics) is quite general compared to the path integral formulation which makes sense for v € (0,2)° We
consider the mathematical justification of the bootstrap approach to be a major challenge to probabilists
and plan to pursue this in the case of LCFT in the future (see also [54, 10, 29, 6, 7, 11, 17, 9] for recent
spectacular progress in relating the critical 2d Ising model to the predictions of the bootstrap approach).

1.3. The DOZZ formula. As mentioned above, an explicit expression for the LCFT structure constants
was proposed in [15, 59] . Subsequently it was observed by Teschner [55] that this formula may be derived
by applying the bootstrap framework to special four point functions (see section 6). He argued that this
leads to the following remarkable periodicity relations for the structure constants:

(1.8) Cylan + 5, a2,03) = *%A(%)Cw(al — 3,02, 03)

(1.9) 07(041 + %,ag,ag) = —;—ﬁA(%)CV(al — %,ag,ag)
with g = M and

l(— 2)l(xan)l(xar — x*)(5 (@ — 2010 — X))

1.10 Alx) = 2 .
(1.10) %) = 5@ —x — 203 (@ — 205 - )G (@ — 202 — X))
where & = a1 + as + a3 and
(1.11) l(z) =T(2)/T(1 — z).

The equations (1.8), (1.9) have a meromorphic solution which is the DOZZ formula. It is expressed in terms
of a special function T3 (z) defined for 0 < R(2) < Q by the formula”

(.0 2 _, (smh((—fz) N?\ dt
(1.12) lnTg(z)Z/O <(§—z) e = smh(z)smh(v) ) N

The function T% can be analytically continued to C because it satisfies remarkable functional relations: see

formula (9.4) in the appendix. It has no poles in C and the zeros of T, are simple (if v? ¢ Q) and given

by the discrete set (—3N — %N) U(Q+ 3N+ %N) With these notations, the DOZZ formula (or proposal)

CBOZZ(al, o, a3) is the following expression

2Q—3; a;
(113) CPO%(ay, an,05) = (mpl(L) ()27712) 5

5In fact, LCFT was defined for v € iR in the physics literature quite recently by Ribault-Santachiara [48] but the theory
is very different than LCFT for v € C \ iR hence we will not discuss this case here. Let us just mention that Iklhef, Jacobsen
and Saleur [31] have shown how 3 point correlation functions of Conformal Loop Ensembles (CLE) relate to the three point
structure constants of LCFT with v € iR discovered by Kostov-Petkova [34] and Zamolodchikov [58].

6In fact, one can make sense of LCF'T in the path integral for v = 2 but we will not discuss this case here.

"The function has a simple construction in terms of standard double gamma functions: see the reviews [39, 47, 56] for
instance.
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The main result of the present paper is to show the first important equality between LCFT in the
path integral formulation and the conformal bootstrap approach, namely to prove that for v € (0,2) and
appropriate aq, ag, ag the structure constants C., (a1, @2, a3) in (1.6) are equal to C?OZZ(al, o, a3) defined
by (1.13).

Our proof is based on deriving the equations (1.8), (1.9) for the probabilistically defined C.,. An essential
role in this derivation is an identification in probabilistic terms of the reflection coefficient of LCFT. It has
been known for a long time that in LCFT the following reflection relation should hold in some sense:

(1.14) Vo = R(0)Vao—a.

Indeed the DOZZ formula is compatible with the following form of (1.14):

(115) C,IYDOZZ(OQ, a2, 043) == RDOZZ(OQ)C?OZZ(2Q — 1, 02, 043).
with

2 o T(—2Q=a)y (_2Q=2)
(1.16) RO%() = —(mpy( Ly L2 ) I T

I( W(Q2—04) ) I Q(Q'v_a) ) ’

The mystery of this relation lies in the fact that the probabilistically defined C., (1, a2, avg) vanish if any of
the a; > @ whereas they are nonzero for «; < @, see Section 2.2.

In our proof R(«) emerges from the analysis of the tail behavior of a Gaussian Multiplicative Chaos
observable. We prove that it is also given by the following limit

(1.17) 4R(a) = 251(1) eCy(e,a, )

i.e. R(a) has an interpretation in terms of a renormalized two-point function. We will show that for those
values of « such that R(c) makes sense from the path integral perspective, i.e. a € (3, Q),

R(a) = RPO%Z(q).

It turns out that some material related to the coefficient R(«) already appears in the beautiful work by
Duplantier-Miller-Sheffield [18] where they introduce what they call quantum spheres (and other related
objects). Quantum spheres are equivalence classes of random measures on the sphere with two marked
points 0 and co. Within this framework, the reflection coefficient R(«) can naturally be interpreted as the
partition function of the theory®.

Finally, let us stress that the DOZZ formula 1.13 is invariant under the substitution of parameters

(o))

T o=
[ p (%)

o |2
2w

This duality symmetry is at the core of the DOZZ controversy. Indeed this symmetry is not manifest in the

Liouville action functional (1.2) though duality was axiomatically assumed by Teschner [56] in his argument,

especially to get (1.9). It was subsequently argued that this duality could come from the presence in the
2

action (1.2) of an additional “dual” potential of the form 7% with cosmological constant g in front of it. As
observed by Teschner [56], this dual cosmological constant may take negative (even infinite) values, which
makes clearly no sense from the path integral perspective. That is why the derivation of the DOZZ formula
from the LCFT path integral has remained shrouded in mystery for so long®.

8We will not elaborate more on this point as no prior knowledge of the work by Duplantier-Miller-Sheffield [18] is required
to understand the sequel (see [2] for an account of the relation between [13] and [18]). More precisely, the required background
to understand R(«) will be introduced in subsection 2.7 below.

9Indeed, there are numerous reviews and papers within the physics literature on the path integral approach of LCFT and
its relation with the bootstrap approach but they offer different perspectives and conclusions (see [28, 40, 52] for instance)
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1.4. Organization of the paper. The organization of the paper is the following: in the next section,
we introduce the necessary background and the main result, namely Theorem 2.11. The next sections are
devoted to the proof of the main result. Section 3 is devoted to the study of tail estimates of GMC and
their connection with the reflection coefficient. In section 4, we show that the correlation functions of vertex
operators are analytic functions of their arguments («g)r. We prove technical lemmas on the reflection
coefficient in section 5. In Section 6, we prove various OPEs statements with degenerate vertex operators,
which are used to derive non trivial relations between three point structure constants and the reflection
coefficient. These relations will serve prominently in the proof of the DOZZ formula in sections 7 and 8.

Acknowledgements. The authors wish to thank Francois David, Sylvain Ribault and Raoul Santachiara for
fruitful discussions on Liouville Field theory and the conformal bootstrap approach.

2. PROBABILISTIC FORMULATION OF LCFT AND MAIN RESULTS

In this section, we recall the precise definition of the Liouville correlation functions in the path integral
formulation as given in [13], introduce some related probabilistic objects and state the main results.

Conventions and notations. In what follows, z, x,y and z1,..., 2y all denote complex variables.We use the
standard notation for complex derivatives 9, = 1(9, — i0s,) and 9z = 1(8y, + i0,,) for & = 1 + ixo.
The Lebesgue measure on C (seen as R?) is denoted by d?z . We will also denote | - | the norm in C of the

standard Euclidean (flat) metric and for all » > 0 we will denote by B(x,r) the Euclidean ball of center x
and radius r.

2.1. Gaussian Free Field and Gaussian Multiplicative Chaos. The probabilistic definition of the
functional integral (1.1) goes by expressing it as a functional of the Gaussian Free Field (GFF). Since we
want LCFT to have Mobius symmetry the proper setup is the Riemann Sphere C=cu {00} equipped with
a conformal metric g(z)|dz|?. The correlation functions of LCFT will then depend on the metric but they
have simple transformation properties under the change of g, the so-called Weyl anomaly formula. We refer
the reader to [13] for this point and proceed here by just stating a formulation that will be useful for the
purposes of this paper.

We define the GFF X (z) as the centered Gaussian random field with covariance (see [16, 53] for back-
ground on the GFF)

(2.1) E[X ()X ()] = In [ +Infal. +Inlyl, := G(ay)

where we use the notation |z| = |z| if [z] > 1 and |z|+ =1 if |2] < 1.
Remark 2.1. In the terminology of [13], consider the metric g(z) = |2|3* with scalar curvature Ry(z) :=

—49710,05 In g(2) = 4v with v the uniform probability measure on the equator |z| = 1. Then X is the GFF
with zero average on the equator: [ X (z)Ry(d*z) = 0.

For LCFT we need to consider the exponential of X. Since X is distribution valued a renormalization
procedure is needed. Define the circle average of X by

1 dw
(2.2) Xr(z) := 5 e X(z+ w);
and consider the measure
(2.3) M, (d22) = X @ = FBX @)~ g2,
Then, for v € [0,2), we have the convergence in probability
(2.4) M, = Tlggo M,

and convergence is in the sense of weak convergence of measures. This limiting measure is non trivial and
is a (up to a multiplicative constant) Gaussian multiplicative chaos (GMC) of the field X with respect
to the measure |z|;*d?z (see Berestycki’s work [4] for an elegant and elementary approach to GMC and
references).
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Remark 2.2. For later purpose we state a useful property of the circle averages. First, Xo(0) = 0, the
processes v € Ry — X,.(0) and r € Ry — X_,.(0) are two indepedent Brownian motions starting from 0.
For z center of a unit ball contained in B(0,1)¢ the process r € Ry — X, (z) — Xo(2) is also a Brownian
motion starting at 0 and for disjoint balls B(z;,1) C B(0,1)° the processes r — X, (2z;) — Xo(zi) are mutually
independent and independent of the sigma algebra o{X (z);z € [UN_, B(z;,1)]¢}. .

2.2. Liouville correlation functions. We may now give the probabilistic definition of the functional
integral (1.1):

(2.5) (F) = / e 2UR[F(X —2Q1n |z|4 + )+ M (©)] ge
R

where E is expectation over the GFF. We refer the reader to [13] (or to [36] for a brief summary) for the
explanation of the connection between (1.1) and (2.5). Briefly, the variable ¢ is essential and stems from the
fact that in (1.1) we need to integrate over all ¢ and not only the GFF X which is defined up to constants.
The origin of the factor e~2%¢ is topological and depends on the fact that we work on the sphere C. The
random variable M, (C) is almost surely finite because EM,(C) = [ |2|7*d?z < oo. This implies that (-) is
not normalizable: (1) = oo.

The class of F' for which (2.5) is defined includes suitable vertex operator correlation functions once these
are properly renormalized. We set

(2.6) Vi (2) = e2CeaXe(2) =5 EIX.()°] |48

where we recall A, = §(Q —5). Let 2, € C, i =1,...,N with 2; # z; for all i # j. It was shown in [13]
that the limit'"

e—0

N N
(2.7) (]T Ve (z0)) = 28im (]| Ve e(21))
k=1 k=1

exists, is finite and nonzero if and only if the following Seiberg bounds originally introduced in [52] hold:

N
(2.8) Yo >2Q,  ai<Q, Vi
k=1

The first condition guarantees that the limit is finite and the second that it is nonvanishing. Indeed, if
there exists ¢ such that a; > ) then the limit is zero. Note that these bounds imply that for a nontrivial
correlation we need at least three vertex operators; therefore, we have N > 3 in the sequel. The correlation
function (2.7) satisfies the conformal invariance property (1.5).

The correlation function can be further simplified by performing the c-integral (see [13]):

N N 5
—SA— : e 2p)— Sk 2r)? —40q —s
(2.9) (T Ve (20)) = 2577710 (s) lim I | T s et = F B’ [ 480 1, )
k=1 k=1
where
N
(2.10) 5= Zim O 220

v

Using the Cameron-Martin theorem (see [13]) we may trade the vertex operators to a shift of X to obtain

an expression in terms of the multiplicative chaos:
(/ F(m,z)Mv(de)> ]
C

10The global constant 2 is included to match with the physics literature normalization which is based on the DOZZ formula
(1.13)

(2.11) (] Ve (z)) = 26~y 'T(s) | T e

1
i<j |2 = 2
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where

(2.12) F(z,2) = ﬂ (%)m

k=1
Thus up to explicit factors the Liouville correlations are reduced to the study of the random variable
f(c (d?z). In particular, the Seiberg bounds ay, < @ for all k are the condition of integrability of
F agamst the chaos measure M, (see [13]).
Finally, we remark that expression (2.11) makes sense beyond the Seiberg bounds i.e. for some s < 0.
Indeed, it was shown in [13] that

(2.13) 0<E (/ F(x,z)MW(sz)> ] < o0
C
provided
(2.14) —s<—3 A min 2(Q —ag), ar < Q, Vk

1<k N7

with s given by (2.10). Under condition (2.14), it is then natural to define the so-called unit volume corre-
lations by

(2.15) H () W

i.e. we divide by the I" function which has poles at Z,]cvzl ar — 2@ € —yN. An important ingredient in our
proof of the DOZZ formula is Theorem 4.1 which says that these correlation functions have an analytic
continuation in the «;’s to a complex neighbourhood of the region allowed by the bounds (2.14).

Remark 2.3. The DOZZ formula for the structure constants is analytic not only in c; but also in v. A
direct proof of analyticity of the probabilistic correlation functions in v seems difficult. However, it is an easy
exercise in Multiplicative Chaos theory to prove their continuity in vy, a fact we will need in our argument.
Actually, it is not hard to prove that they are C*° in v but we will omit this as it is not needed in our
argument.

2.3. Structure constants and four point functions. The structure constants C., in (1.6) can be recov-
ered as the following limit
(2.16) Oy (ar,an,a3) = Hm |23 (V,,, (0)Vay, (1) Vg (23))

Z3—>00
Combining (2.11) with (2.16) we get
(2.17) Cyar, az, a3) = 2u*y "I (s)E(p(ar, az, as) ™)

where
|$|7(a1+0¢2+a3)

plag, ag,a3) = Mv(d2$)-

c [z[et|z — 1]y
We will also have to work with the unit volume three point structure constants defined by the formula
C’y(ala g, CY3)

I'(s)

The four point function is fixed by the Mobius invariance (1.5) up to a single function depending on
the cross ratio of the points. For later purpose we label the points from 0 to 3 and consider the weights
aq, ag, ag fixed:

3
—4A
(2.19) (T Ver (z0)) = |23 — 20| 183 5y < 2 [P Be A=A |y 12(Aa 4 B0 A=)
k=0

(2.20) X |2y — z[2(A1+A0—As=22) 7 ((Zo —21)(22 — 23))
0 (20 — 23)(22 — 21)

(218) 07(0417042,0[3> =
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We can recover G, as the following limit

(2.21) Giaa(2) = T (28] (Vi (2) Vi (0) Vs (1) Vi (25))
Combining with (2.11) we get

(2.22) Gao () = |2 % |2 = 1% Tay (2)

aotaitastaz—2Q
ol

where, setting s = , Tao (2) is given by

(2.23) Tao(2) = 20777 T (s)E[Ra, (2) ]
and

jafFhe )
2.24 0o(2) = M., (d*x).
(2:24) Feal2) /c |z — z|reofz[reor |z — 17e A4)

In this paper we will study the structure constants (2.17) by means of four point functions (2.20) with
special values of «y.

2.4. BPZ equations. There are two special values of o for which the reduced four point function 75, (z)
satisfies a second order differential equation. That such equations are expected in Conformal Field Theory
goes back to BPZ [3]. In the case of LCFT it was proved in [36] that, under suitable assumptions on

a1, az, a3, if ag € {3, —%} then 74, is a solution of a PDE version of the Gauss hypergeometric equation
—z(a+b+1)) ab

2.5 82T, (c—2(a 0. Tag(2) — —— T (2) = 0

(225) oo (2) + S 0Tl (2) — ST )

where a, b, ¢ are given by

(2.26) a:%(Qfaofalfag—ag)—%, b:%(QfoqfozgnLag)ﬁLé, c=1+ap(@ — ai).

This equation has two holomorphic solutions defined on C\|1, co[:
(2.27) F_(2) =oF1(a,b,c,2), Fy(z)=2"%Fi(l+a—c,1+b—c,2—c,2)
where 2 F(a, b, ¢, z) is given by the standard hypergeometric series. Using the facts that T4, (2) is real, single

valued and C? in C\ {0,1} we proved in [36] (Lemma 4.4) that it is determined up to a multiplicative
constant as

(2.28) Tao (2) = MIF-(2)|* + Ay (0, 01, 02, 03) | F1. (2)[)
where the coeflicient A (ag, a1, a2, a3) is given by
I'e)?T(1-a)l(1-=bT(a—c+1)T'(b—c+1)
I'(2 —¢)?I'(c — a)'(c — b)T'(a)L(b)
provided ¢ € R\ Z and ¢ —a — b € R \ Z. Furthermore, the constant A is found by using the expressions
(2.17) and (2.23) (note that s has a different meaning in these two expressions):

(229) A'y(QO;O‘hOQaO@) ==

(2.30) A= 7:10 (0) = Cv(al + g, g, 043).
Hence for ag € {—1, —%} 7o, is completely determined in terms of C, (a1 + ag, a2, a3).
In the case ag = —3 we were able to determine in [36] the leading asymptotics of the expression (2.23)

as z — 0 provided %+’y<a1+%<Q:

(2.31) T 3(2) = Oy (o = 5, 02,08) + B(an)C, a1 + 5, . 9) |20 4+ o(|2207))
where
(2.32) B(a) = —u T

(2.33) B(o)C, (ay + g,az,ag) = A (-
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which yields the relation (1.8) (after some algebral) in the case % +7v < a1+ 3 < Q. Hence
(2.34) T 3 (2) = Oy = 3, 02,08) [F-(2) 2 4+ Blan)Cs (1 + 3, a2, 09) [P (2)] .
The restriction % +v < aq + 3 for oy was technical in [36] and will be removed in section 6. The restriction

a1 + 3 < @ seems necessary due to the Seiberg bounds as the probabilistic C, (a1 + 3, s, 3) vanishes
then. Understanding what happens when oy + 2 > @Q is the key to our proof of the DOZZ formula. Before
turning to this we draw a useful corollary from the results of this section.

2.5. Crossing relation. Let us suppose oy < @ and az 4 3 < Q. We have from the previous subsection

(2.35) T 3(2) = Cylar = 3 a0, 08) ([F_ () + A, (=5 a1, a2, )| 4 (2) ).
The hypergeometric equation (2.25) has another basis of holomorphic solutions defined on C\ (—o0,0):
(2.36) G_(2) =oFi(a,b,d, 1—2), Gi(z)=(1—-2)"3FR(1l+a—-d,14+b—c,2—¢,1—2)

where ¢/ =1+a+b—c=1-3(Q — az) (i.e. these are obtained by interchanging o and az and replacing
z by 1 — z). The two basis are linearly related

T'(e)l'(c—a—Db) I'(c)f(a+b—c)

F_(2)= mG_ (z) + T(a)T(b) (1-— Z)C_a_bG+(z)
r'2—-c)(c—a—>b) r2—-cl(a+b—c) —ae
G = —azara=y ¥ Ta—erpro—cr '~ "Gale).
and we get

T3 () = Oy = 3, 02,03) (DG () + E[G.(2) )

with explicit coefficients D, E (see [36], Appendix). On the other hand by studying the asymptotics as z — 1
we get

(237) T 3() = Cylan,az — 2,a0) + Blas)Cy(an,az + Joa0)[1 = 2207 4 0|20,

In view of expression (2.34), exploiting the decomposition of 7"y in the basis |[G_ (2)|%,1G+(2)]? leads to

the following crossing symmetry relation:

Proposition 2.4. Let az +3 < Q and oy +az + a3 — 3 > 2Q. Then

(238) C»Y(Oél — %, a9, Oég) = T(Ozl, a2, 043)07 (041, [6%) + %, 043)
where T is the given by the following formula
1(a)l(b) 1

(©l(a+b—c)|(—2)(122)](2 + L — 122)

(2.39) T(o1, e, a3) = —pmy

Remark 2.5. The relations (1.8) and (2.38) were derived in the physics literature [55] by assuming (i)
BPZ equations, (i) the diagonal form of the solution (2.28) (iii) crossing symmetry (an essential input in
the bootstrap approach). We want to stress that our proof makes no such assumptions, in fact (i)-(iii) are
theorems.

2.6. Reflection relation. One of the key inputs in our proof of the DOZZ formula is the extension of
(2.34) to the case ay + 3 > Q. In order to appreciate what is involved let us first explain what we should
expect from the DOZZ solution. One can check from the DOZZ formula the following identity:

RDOZZ(a)
- RDOZZ(Q+%)'

Combining this with (1.15) we get that (2.34) for a1 + 3 > @ is compatible with

(2.40) B(a)

(2.41) T_3() = Cylor — 2,02, 08)| F_ () + R(1)C5(2Q — a1 — 2,12, 00) Py (5)]
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where
(2.42) R(a) = RP9%2(q).

We will prove (2.41) when a1 + 3 > @ (and under suitable assumptions on a1, az, a3) in Theorem 6.2 with
a probabilistic expression for R(ay). Once this is done we need to prove (2.42) and use these facts to derive
the DOZZ formula.

2.7. Reflection coefficient. The identity (2.41) follows from a careful analysis of the small z behaviour of
E[R_5(2)7*]. This in turn will be determined by the behavior of the integral (2.24) around the singularity
at the origin. To motivate the definitions let us consider the random variable

I(a) := / |z| 77 M., (d*x).
B(0,1)

Ifa> % we have E I(«) = oo and I(«) has a heavy tail. The reflection coefficient enters in the tail behaviour
of I(a). To study this we recall basic material introduced in [18] and in particular we consider the polar
decomposition of the chaos measure. Let X := X;(0) be the circle average (2.2). We have

X(e ") = X, +Y(s,0)
where X is Brownian Motion starting form origin at s = 0 and Y'(2) is an independent field with covariance

e SVet
M e—seid —e—tei?|

(2.43) E[Y (s,0)Y (t,0)] =1

We introduce the chaos measure with respect to Y

(244) Ny(dsdt?) _ eyY(s,e)—Mdsd&
Then we get
[e%s) 27

(2.45) I(a) lgu/ / 1(B.=(@=a)s) 7 g

o Jo
with

27 2 o2
(2.46) 7, :/ eyy(s,e)_wdel

0

This is a slight abuse of notation since the process Z; is not a function (for v > v/2) but rather a generalized
function. With this convention, notice that Zsds is stationary i.e. for all ¢ the quality Z;1s = Z5 holds in
distribution.

It satisfies for all bounded intervals

p
4

(2.47) E (/ sts) <oo, —0<p< .
I v

The following decomposition lemma due to Williams (see [57]) will be useful in the study of I(«):

Lemma 2.6. Let (Bs;—vs)s > o be a Brownian motion with negative drift, i.e. v > 0 and let M = sup,(Bs—
vs). Then conditionally on M the law of the path (Bs — vs)s > ¢ s given by the joining of two independent
paths:

e A Brownian motion (Bl +vs))s < r,, with positive drift v > 0 run until its hitting time Tas of M.
o (M + B} — vt); > o where B} — vt is a Brownian motion with negative drift conditioned to stay
negative.

Moreover, one has the following time reversal property for all C > 0 (where 7 denotes the hitting time
of C)
. ~
(B-%c—s + V(TC - 5) —C)s < 1o = (Bs - Vs)s <L_c

where (’B:S —vS)s >0 45 a Brownian motion with drift —v conditioned to stay negative and L_c is the last

time (Bs — vs) hits —C.
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Remark 2.7. As a consequence of the above lemma, one can also deduce that the process (§L70+s —
v(L_c+ s+ C))s >0 is equal in distribution to (Bs — vs)s > 0.

This lemma motivates defining the process B¢

{ B, ifs<0

Bi=1 B2 ifts>0

S

where BY, B are two independent Brownian motions with negative drift o — @ and conditioned to stay
negative. We may apply Lemma 2.6 to (2.45). Let M = sup, 5, ((Bs — (Q — a)s) and L_js be the last time
B¢ hits —M. Then

(2.48) / V(B:=(Q=)s) 7_gg ta e”M/ "B Zo L ds faw e”M/ e"Bs Z ds
0 —L_m

—L_

where we used stationarity of the process Z; (and independence of Z; and B;). We will prove in section 3
that the tail behaviour of I(«) coincides with that of

J(a) = eVM/ e85 Zds.

The distribution of M is well known (see section 3.5.C in the textbook [32] for instance):

(2.49) P(e™ > ) = Z(i_ﬂ)
T
which implies
0o 2(Q—a)
(2.50) P(J(a)>2) ~ B (/ e"B?ZSds> T

This is the tail behaviour that we prove for I(a) and its generalizations in section 3. Define the unit volume
reflection coefficient R(a) for a € (3, Q) by the following formula

(2.51) R(a) = ]E[(/OO eVBs sts> %(Qfa)].

R() is indeed well defined as can be seen from the following lemma

Lemma 2.8. Let a € (§,Q). Then

(2.52) E[(/OO e'YB?ZSds>p] < 00

— 00

for all —co < p < 7;42'
The full reflection coefficient is now defined for all & € (3,Q) \ Uy > 1{2 — %527} by

(2.53) Rla) = 252 p 2Q=9)2@Q =) p

)

v Y

The function R(a) has a divergence at the points % — ”Tflv with n > 1 because of the I" function entering
the definition. Its connection to the structure constants is the following;:
Lemma 2.9. Foralla € (3,Q)\ U, > 1{% — 2Ly}, the following limit holds

lim e C, (€, @, ) = 4R(«)
e—0

Hence the reflection coefficient should be seen as a 2 point correlation function.
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2.8. Main results. The two main results of this paper are exact formulas for the two point correlation
function (reflection coefficient) and the three point structure constants of the theory. These formulas were
suggested in the context of the conformal bootstrap.

We will first prove the following formula:

Theorem 2.10. For all a € (3,Q) one has
(2.54) R(a) = RP9%%(q)
Finally, the main result of this paper is the following identity:
Theorem 2.11. Let oy, g, a3 satisfy the bounds (2.14) with N = 3. The following equality holds
Cy(ar,az,a3) = C,]YDOZZ(ozl,ag,ag).

From the purely probabilistic point of view, Theorem 2.11 can be interpreted as a far reaching integrability
result on GMC on the Riemann sphere; indeed recall that C, (a1, a2, a3) has an expression in terms of a
fractional moment of some form of GMC: see formula (2.17). There are numerous integrability results on
GMC in the physics literature (see the introduction); to the best of our knowledge, theorem 2.11 is the first
rigorous non trivial integrability result on GMC and we believe the techniques of this paper will enable to
prove many other integrability results for GMC.

3. TAIL ESTIMATES FOR MULTIPLICATIVE CHAOS
In this section, we prove the tail estimates needed in this paper and that involves the reflection coefficient.

3.1. Tail estimate around one insertion. Let |z| > 2 and consider the random variable

%% ::/ MM.Y(de)
B(z,1) |z

_Zlvoz

for F bounded and C! in a neighborhood of z. We assume 7 < a < @ and define auxiliary quantities
8= (%(Q —a)+ %) A % and 77 by (1 —9)8 = %(Q — «) + 7. Hence 7 is strictly positive. With these

definitions we have

Lemma 3.1. For all n <7 we have
R(a) | C
23(@Q-0)1 T 1 2(Q-c)+n

[PV > z) =o' @ P (z)7 (=)

Proof. We will write the integral in polar coordinates of B(z, 1). Define

1 2m

N=— X 9.
o7 J, (z+e")

Then
1 27

(X(z4e %) — X(z+¢€))db

s & 5
2w Jo

is a Brownian motion with B(0) = 0 and we may decompose the field X as
X(Z +x) = N+B,1n|x| +Y;(.T)

where Y, is a lateral noise centered around z given by

1 2m )
Y.(2) =X(z4+2z) — — X (z + |z|e'?)db.
27 Jo
Notice that Y, has same distribution as the lateral noise Y (centered around 0), that Y, and B are inde-
pendent and N is independent of B. We have
(3.1) |E[Y.(z)N]| = |In|z+z| —In|z|| < C|z|

and the variance of N is
E[N?] = 2In|z|.
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Hence, we get the following decomposition into independent components
E[Y. (z)N] ) E[Y. (2)N]
E[N?] E[N?]
We introduce a variable N distributed as N but independent of N, B,Y,. We can rewrite (3.2) as the
following equality in distribution:

(3.2) X(z+z)=N+ B,1n|x| + (Y (z) —

(3.3) X(242) = N+ B_yupay + (Ya(2) - E[]Ez[ﬁg]]v] ) E[]EZ[](\;CQ)]]V] N

Consider the random function u(z) given by

(o) IS on et 0)
z xr

By (3.1) and since F is C* around z we get

Juz) — $| < (C 4 CINHEIR

We may thus write W = Wy + Ws
(3.4) W, 12 N =5 BN % /OO (B (@-0)9) 7 g
Z 0

with Z, and N independent and

V2E(Yz (@) +B_ 1 |53
(Wa| < CeCN+N) €1Bm e V() S >
o < Ce x.
h B(0,1) |z|re-t

One can notice that

YV2E[(Yz (@) +B_ 1 )2
2

B_n o +7Y: (2)— >
/ eYB—1n |zt (z) de la:w/ e’y(Bs*(QforF%)S)stS_
B(0,1)

|z[re=t 0

Recall the Williams decomposition Lemma 2.6. Let m = sup, 5 o(Bs — (Q —a+ %)s) and let L_,, be the
largest s s.t. B, = —m. Then

oo o0 a+Ll
/ e'Y(BS*(Q*’lJF%)S)sts law e"m/ 6763+7 Zsyr_,,ds
0 —L_m
law ~ym - BaJr% m - Ba+%
. =e e s(ds) < e e sds
(3.5) v TP Z(ds) < €Y Yos Zd
—L_ —0o0
where we used stationarity of the process Z;.
For all p < (%(Q—a) + %) A % = /3, we have
(3.6) P(|[Ws| 2 x) < Cz™P
Indeed, for all py,q; > 1 with p% + qil = 1 we have by using Holder and (3.5) that
1 C ot Copr(N+N)11/ Y 1/ c
(B7)  P(Wal > 1) < =E[Wal?] < SB[ VMg [ o8 g agpna < £
x x e x

provided gq; is sufficiently close to 1 and where we used Lemma 2.8 which requires p < 7;42.
We first prove an upper bound for P(W > z). From (3.7) we get for n € (0, 1):
P(W >a)=P(W, +We >z) <PW; >z — xk") + QP17
Proceeding as in (3.5) we get

N2 F(Z)

]P(Wl S r— xlf’n) < ]P(e'y]vf%E[N ]We’YM/ e'YB?ZSdS > — .,11.1777)
z —0o0
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where M = sup, 5, o(Bs — (Q — a)s). Then (2.49) implies

2 N2 F 2 —Q R
P(W > z) < e(2(Q-0)°=1(@-a)EN?]( (24_))%@ ) (O‘L(Qw) + Ozx~Pl=")
|Z| ((E — ;L'l_n)’v
< |z|—4a(Q—a)F(z)%(Q*a) ZR(Oé) + Cm*%(Q*a)*n + C:L-_P(l_n)
z;(Q—a)

for p < . Recall that we defined 7 > 0 by (1 —7)8 = %(Q — a) + 7. We conclude

2 R 2
(3.8) P(W > z) < |2 4@ F(z)W(Q—a)% Cp—2(Q=a)=n
x>
for all n < 7.
Now, we consider the lower bound. We have
(3.9  PW>x)>PWi>a+a' ") —P(Wy < —2' ™) > P(Wy >z +2'77) — Ca 7 (@777

for all n < 7. By the Williams decomposition we get as in (3.5)

W, (e V-2 EN F () /00 B 7 ds = W (L_r).
2[4 ~L_um

where M = sup, 5 o(Bs — (Q — a)s) and M and B* are independent of Z.

Let i’ be such that (1 — n’)% = %(Q —a)+1n'. One has 0’ > 7. Consider the event £ defined by

We have trivially
PW, >z +z' ™M) > PHW; >z +2 77} NE).

Under {Wy > 2+ 2177} N & we have e™ > |z|"". Indeed, if e < |2|7 then under £ we get Wi <

which is impossible. Thus M > — 177—/ In|z| whereby L_ps > L, Ine] and hence W(L_ lnlzl) < W(L_ ).
We conclude ’ ’

PW, >z +z"" >PHAW(L_, lnlzl) >z +z 77N E)

v

2 PW(L_y ) >e+a ") = Ca~ (T

B10) [ OFE R[S 2 HO (gt RO -
Ly 2@ o)t —e
— Inx

for all € > 0 where in the second step we used Lemma 2.8.
We claim now that

(3.11) IE[(/ e85 Z,ds) 7 (@=)] — ]E[(/ B2 Z,ds)5 (@] < Cp

Combined with (3.10) and (3.9) this yields

P(W > z) > || 4@ p(5)5 (@)

(3.12) < 2|7 1Q- ) p() 5 Q) B o-2@-a-n

for all n < 7. (3.12) and (3.8) then finish the proof.
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It remains to prove (3.11). By Remark 2.7, the process BSO‘ defined for s < 0 by the relation BSO‘ =
<

B, + ﬂ,y—/lnz is independent from everything and distributed like (BY)s < . We can then write

’
—L ne
~

/ e85 7. ds —A+z "B

— 00
where
oo
A= / VB Z ds
“Low,
L
and
0
B —/ e SZS_L,ﬂi]nIdS
— 00 Yy

We now distinguish two cases: %(Q —a)<1and %(Q —a)> 1
%(Q —a) < 1. We use (1 —l—u)%(Q*a) —-1< %(Q — a)u for u > 0 to bound

E[(A+ :Cin/B)%(Q_a) — A%(Q_O‘)] < E(Q _ Oé)x*n’E[BA%(Q—a)—l]

2

By Holder’s inequality with p € (1, 7;42), we get
E[BA~ Q-1 < B[BP]Y/PE[49G5 @-)~D]F < o
since B is equal in distribution to f?oo evBe Zsds and A > fooo eVB% Z ds which has negative moments of all

order by Lemma 2.8.
%(Q —ag)>1. Let p:= %(Q — ). By triangle inequality we have

El(A+2~7 By — A7) < ((BLA7)Y7 + 2~ (B[B7]) ") — E[47
< ((]E[Ap])l/p + Cz*n’)p —E[AP] Cx*n’E[Ap]l—l/p < Cz~"
where again we used that A and B have moment of order p. O

Remark 3.2. A simple variation of the proof yields the result (2.50).

3.2. Tail estimate around two insertions. Let for i = 2, 3"
Fi(x)

W= [P
B(zi1) |7 — 2|7

M, (d*z).

We will suppose that |z2| > 2, |23] > 2 and |22 — 23] > 3 so that the balls B; = B(z;, 1) are well separated.
We denote by 72 and 73 the exponents occurring in the tail estimates of Lemma 3.1 applied to W5 and Ws.
Set

~ _ 1 1 _ 1
e=MmA(Q—-a) Az, 3=/ =(Q—a) Az

2|~

Then we have

Lemma 3.3. For all f < f:= (%(Q —az) +72) A (%(Q —asz)+13)
3 2 R(Oé)
P(Wy +Ws >a) —> |z [fei(@i= Q) ()7 (@) | < Oz
po po (@—ai)

Remark 3.4. The above theorem is useful when 3 > %(Q —az)V %(Q — ). This is the case when as and
ag are sufficiently close to each other.

HThe indices 2,3 occur in the applications of this estimate in the main text.
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Remark 3.5. The proof of Theorem 3.3 is based on the fact that the two variables Wo and W3 are “nearly”
independent. Along the same lines as the proof of Theorem 3.3, one can in fact show that for all ps,p3 > 0
there exists some constant C > 0 such that

E[W;*W3*] < CE[W?|E[WS*].

Proof. The strategy here is to apply the previous lemma with one insertion. We start with the upper bound.
We have

(3.13) P(Wo+Ws >xz) <P(Wo+ Ws > a2, Wao > 2) + P(Wo+ Ws >, Ws > 2)
The variables W5 and W3 are nearly independent as we now argue. We consider the circle of radius %
centered at zo. By the Markov property of the GFF, we have the following decomposition inside B(za, %)
X(x) = X +P(X)(x)

where P(X)(x) is the Poisson kernel of the ball B(z2,3) applied to X and X is a GFF with Dirichlet
boundary conditions on B(za, %) independent of the outside of B(za, %) On the smaller ball B(z2,1), the
process P(X)(x) is a smooth Gaussian process hence for all p > 0

[E[ePSUPla—z2l < 1 7’(X)(ﬂﬁ)] < 0.
We set H = sup,_.,| < 1 P(X)(z). Of course, we have
Wy < eH Wg
where Wg is computed with the chaos measure of X. Wg, W3 have moments less than orders %(Q — )
respectively so that for all u,v > 0 and all ¢ > 0 that

P(Wy > u, W3 > v) < ]P(e'YHWQ > u, W3 > v)

1 NE(Q—QZ)—GI —an)— &
S “Zigran o B2 JE[P(Qme2) =0 gy, ]
u~

< o BT, O @) (i > )
u 2

C

X 1.2 ’
20— _e 2 (2(Q-ag)—¢)
w5 (@maz)=€¢yaty

for all p,q > 1 such that % + % = 1. By taking ¢ close to 1 we conclude
c

(3.14) B2 > u.Ws > 0) S igman=e Fia-an

for all € > 0. Therefore, exploiting (3.14) we have for all € > 0

]P(W2+W3>:c,W2>g)glP(W2+W3>x,W2>g,W3<\/E)+IP(W2>g,W3>\/E)
C

- _
SP(Wa >z — )+ 2(Qaz)  H(Q—ag)—<

We get a similar bound by interchanging 2 and 3. Inserting to (3.13) we obtain

C c

]P(W2+W3>$)<IP(W2>$—\/5)+]P(W3>.T—\/E)+ > T +
23 (Q-02) .5 (Q—as)—e

:C%(Q_ag)l'% (Q—OQ)—E

and then we use Lemma 3.1 on one insertion.
Now, we proceed with the lower bound. We have, exploiting (3.14), that for all e > 0
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]P(WQ + W3 > :L') > IP({WQ > ZL'} U {Wg > :C}) > ]P(WQ > ZL') + IP(Wg > :C) — ]P(WQ >x, W3 > :C)
C
23 (Q-a2)+32(Q-as)—e

> IP(WQ > ZL') +]P(W3 > :C) —

and then we use again Lemma 3.1.

4. ANALYTIC CONTINUATION OF LIOUVILLE CORRELATION FUNCTIONS

In this section we study the analytic continuation of the unit volume correlations (2.15). These are defined

for real weights & = (v, . .., ay) satisfying the extended Seiberg bounds
N
- N.1 _ 4 ] 20— .
(4.1) Uy :={aeRY: -(2Q ;ak) <SEA, min ~(Q—ax), Vk:ar<Q).

We will prove

Theorem 4.1. Fiz N > 3 and disjoint points z1,...,zxy € CN. The unit volume correlation function (2.15)
extends to an analytic function of o defined in a complex neighborhood of Uy in CN.

Proof. By Mobius invariance we may assume |z;| > 2 and |z; — z;| > 2. We use (2.9) to write the unit
volume correlation functions as the limit

N N
e —4Aq, .
(4.2) (JT Ve Gzi))uw = 2079 T el ™ lim Fo(a)
where
N 2 )
(4.3) Fo(o) =B |J] e 02 B0 (€, )"

where C, := C\ U,ivle(zk, e~"). F, is defined for all @ € CV and is complex differentiable in «;, hence
defining an entire function in the ;. We show that there is an open V' C C¥ containing Uy s.t. F,. converges
uniformly on compacts of V. Note that this is nontrivial since for o = ay + by we have
| X (o0)= FELX, (7)) 2 gan X, (a1)= BN (7] X (5)?
b2 2 b2

and ez BX(3k)" & ¢ 2" blows up as r — co.

By Remark 2.2, we know that t € Ry — B, := X,14(21) — X,(2) are mutually independent Brownian
motions and they are independent of o{X (x);x € C,.}. Hence

N 2
Frp(a) — H ek Xrp1(2) = FE[X 1 (2k) ](M’y((cﬂ_l)*s — M, (C,)™%)

Now we apply the Cameron-Martin theorem as in (2.11) to the real parts of the vertex insertions to get

(4.4) |Frii(@) = Fr(@)] < Celrt) i %z“E(/ Fr(@) My (d?z)) ™ = E([C fr(@) My (d*2) )]

Cri1

where f,(z) = eXi=179:CGr+1(2:21) and we have defined Gyy1(2,2') = E[X (2)X,41(2)]. We get from (2.1)

f(x) —Supr CH |$|+|Zk|+ 'yak

|zfzk|

We need to estimate the difference of expectations in (4.4). Let

= - d?z).
Y, /@ PRI LEA
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and set also Z, := [ fr(x)M,(d?z). Then

/ fola SB[ @M ) = B Z ) - 27
Cria

E[ly, <|(Zr +Y:)™" = Z°[| + Elly, > [(Z- + Y;) 7" = Z,7°]
where € > 0 will be fixed later. The first expectation on the RHS is bounded by

Ely, <« |(Z, +Y;)™° — Z7°| < Ce sup E(Z, +tY,)~ Rs—1 < Ce
te[0,1]

uniformly in 7. The last bound follows by noting that for —Jts —1 > 0 the expectation is bounded uniformly
in r by CE([ f(z)M,(d?z))~ %=1 which is finite due to (2.14) whereas for —Rs — 1 < 0 we may bound it
for example by CE( [, \¢, M, (d*z))~%=1 which is finite as well.

For the second expectation we use the Holder inequality

Ely, > |2, = Z;°| S OP(Y, > o) P((BZ, ")V + (EZ;7)/9).

Taking ¢ > 1 s.t. —¢R(s) < min; %(Q —aj) A % we may bound the two expectations uniformly in r as in
the previous paragraph and then using Markov inequality we get

Ely, > | Z, 3 — Z,°| < Ce ™/P(BY,™)!/P.

It remains to bound EY,™ for suitable m > 0. We note that C,1; \ C, = U; AL where A% is the annulus
centred at z; with radi e™"~!,e~". Then we obtain for m < 7;42

(45) E}/Tm < CE(§ / f(:L')M.Y(d2SC))m < Cm]gxe*T(’Y(Q*ak)mf“Y m7y = Cefre
k
k r

where in the second step we used the estimate (9.2). Now, let us fix a’ € Uy. Then we can find m > 0 and
§ > 0s.t. 6> 0 for all @ with miny, |ax — a2| < §. Hence, for o € CM with oy, = ay, + b and € > 0

|Fr1(a) — Fr(a)| < CeT DI # (¢ 4 emmipe30),

Taking € = e %" with ¢ = p-i-i’m we then have
|Fra(@) — Fy(a)| < CemC-Ein 50
Hence, F,.(a) converges uniformly in a ball around a® in CV. O

5. PROOF OF LEMMAS 2.8 AND 2.9 ON THE REFLECTION COEFFICIENT

5.1. Proof of lemma 2.8. By symmetry, it is enough to show that

o] p
]E[(/ eVBngds) | < 0.
0

Let first p > 0. If 0 < p < 1 we have by subadditivity

E| (/OOO B sts> "< i E| </nn+1 evB?ZSds) p}

and for 1 < p < % by convexity

[e%e] o p 0 n+1 o p 1/p
E (/ Bl sts) KRS []E (/ Bl sts) }
0 n=1 n
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We set v = ) — a. The process B is stochastically dominated by a Brownian motion with drift —v
starting from origin and conditioned to stay below 1 (see Appendix); hence we have if B; is a standard
Brownian motion starting from 0

n+1 o p n+1 p
]E[(/ evBsZSds> }gCE[<1Bnm<1/ ev(BSmZSdS) }

n+1
< C’]E[(/ sts)p]E[ewsupse[n,,n+1](Bs—Bn)]]E[anim < 1€7p(anrm)]

1 2
_1 (ytvn)
< CE[lp, _yn <18 = Cn : / e mmdy

— 00

vn

where we used (2.47). Considering separately y < —4t and y € [-4¢,1] the last integral is seen to be
exponentially small in n and the claim follows.

Let now p = —¢ < 0. Set 7_; = inf{s > 0, B = —1}. The process Bg, . | +1 is a Brownian motion with
drift —v starting from 0 and conditioned to stay below 1. Therefore, we have if By is a standard Brownian

motion starting from 0 and § := sup, s o(Bs — vs)

=z
—q

oo —q T_1+1 1
E[(/ e'VB?ZSdS) ] < E[(/ e'YB?ZSdS> ] = CE[lg <1 </ e’Y(Bsus)ZSds> ]
0 T—-1 0

since Zy is stationary and B¢ is independent from Z. Finally, we conclude by

—q

1 —q 1
E[lg <1 (/ ev(Bs—VS)sts) ] < E[IB < 1e—qinfse[o,1](Bs—VS)] E(/ Zyds) ™1 < oo
0 0
where (2.47) was used. O

5.2. Proof of lemma 2.9. We use formula (1.6) to write Cy (€, o, &) in terms of (V(0)V, (22)Va(23)) where
we take |z2], |z3| > 2 with |z2 — 23] > 2. Then

2A1p = —2A, = —¢(Q — g) =, 0.
and
2A23 = 2A5 — 4Aa — Oé(Oé — 2@)
e—0
Therefore, we have

lim €Cy (e, 2, 0) = lim efy — 2532 (V(0)Va(22) Vi (25))

= Joa = 2@ @y IR 2(Q - ) lim e[| (o) My (@) HO )
€ C

where ( :
e+2a
2|3

Fe(x) =

aPefe = 2o — e
Let W = fB(Zi,l) F.(z)M,(d*z) for i = 2,3 and A, = f(B(zl,l)UB(zg,l))C F.(z)M,(d*z) so that

/ F.(2)M,(d*x) = Ac + Wa, + Ws .
C

Now, we have the following inequality if %(Q —a)<1

E[(Wa.e + Ws.)7 Q975 < E[(Ac + Wae + W37 (@ 7]

S E[A7 TV L E(Wa, + W) H @05
By the double tail estimate Lemma 3.3 we have

P(Wa. + W) > ) = 2|23 — 23] 2@ 9 R(a)2~ 7@~ (1 + O(z™"))
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2(Q-a)-%
]

for n > 0, uniformly in €. Since eIE[A? converges to 0, this yields

lim e[B[( / Fo(2) Mo (d?2)) 7 (O~ 75] = 24|29 — 25| 2*(Q=*) R(q)
C

e—0

and then

. 2(0-a)2(Q—« 2Q—a)\
lim C (e, 0, ) = 4y (@0 AL 20 Ra) = 4R(a)

If %(Q — a) > 1 we have by triangle inequality and € small enough so that p = %(Q —a) — £>1

[E(WQ,e + W3,6)p]1/p < [E(Ae + W2,€ + W3,6)p]1/p < [E(Ae)p]l/p + [E(Wle + W3,€)p]1/p

and we can conclude similarly as the previous case.

6. THE BPZ EQUATIONS AND ALGEBRAIC RELATIONS

This section is devoted to the study of the small z asymptotics of the four point functions 7"y and 7_2
2

leading to the proof of (2.34) and (2.41). The proof of the latter is the technical core of the paper and the
key input in the probabilistic identification of the reflection coefficient.

6.1. Fusion without reflection. As mentioned in Section 2.4 the relation (2.34) was proven in [36, The-
orem 2.3] with the assumption % +7 < a1+ 3 < Q orin other words 3 + % <a1 < % This interval is non
empty if and only if 2 < 2. In this section we will remove this constraint. The reason for the restriction
3+ % < ay was the following. In order to prove (2.34), one must perform the asymptotic expansion of
T-z(z) around 2z — 0 (2.31) as explained in section 2.4. In the case %Jr—g- < a1, the exponent 2(1 — ¢) which
is equal to v(Q — o) is strictly less than 1 hence there are no polynomial terms in z and Z in the expansion
(2.31) to that order (such terms are present in the small 2z expansion of |F_(z)|?). In the case a; < % + 3,

the asymptotic expansion of T_% (z) around 0 is more involved. Nonetheless, we prove here:

Theorem 6.1. We assume the Seiberg bounds for (=3, a1, a2, a3), i.e. Zzzl ar >2Q+ 3 and ap < Q for
allk. If 3 < a1 < 2 then

Cy (a1 + 2, az, )| P (2)]

(6.1) T 3(2) = Cylar — 2, a0, a8)| F_(2)]> — i >

2 TEETEC TEHETy
and the relation (1.8) holds.

Proof. Let first v2 < 2. (6.1) was proven in [36, Theorem 2.3] in the case %+% <ag < % This result extends

to the interval 3 < a; < % by analyticity. Indeed, for fixed v € (0,+/2), the interval 7+ % <a < % is non
empty. Furthermore, by Theorem 4.1 both sides of eq. (6.1) are analytic in o (with other parameters fixed)

in a neighborhood of the interval 4 < a; < % seen as a subset of C. Uniqueness of analytic continuation
thus establishes (6.1) for 42 < 2. 42 = 2 is obtained by continuity in v (see Remark 2.3 on this).

Let now 72 > 2 and 3 < a1 < %: The proof of (6.1) follows from the study of the function 7_5(z) as 2
tends to 0. Thus by (2.23) we need to study the function (2.24) with oy = —7.To streamline notation let
us set

e - z|772|x|1(2i:1 *k=3)

6.2 K =
( ) (Z’:L') |$|7a1|$7 1|’ya2

and for any Borel set B C C
(6.3) Kp(2) = / K(z,2) M, (d%%).
B

Then R_3(z) = Kc(z). We will also write K(z) for Kc(z). We set p := %(2221 ar — 3 — 2Q). Taylor
expansion yields the relation

B ()] = BIK(0) 7] + 20.B[K(2) 7)o + 20:BIK() ")js0 + R(=)
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where

R(z) := %

Notice that the term 0.E[K(z)7?]|.—¢ is well defined. Indeed we have

/ 1 (z2a§1E[1C(tz)-P] +2220,0-E[K(t2) "] + 228§E[K(tz)‘p]) dt.

0. E[K(2)]joz0 = —p%E[ /(C LK(0,)M (@ 0)(0) 7).

Split the the z-integral over C in two parts, over By/; and over By /2 where in this section we use the
notation B, = B(0,r). Then

1
|IE(/ KO (E2)K(0) 7)< 2EK(0) 7 < o0
c :I/'
1/2
as GMC measures possess negative moments of all orders. For the integral over By we use the Cameron-
Martin theorem to get

]E(/ iK(O,x)Mv(d%)IC(O)_p_l) < CE(/ 2|7 T M () K(0) P
B2 ||

—1l—va ﬁ 2 T, U —p—1
(6.4) = C’/B |z| 71Tty ]E[(/(CK(O,u)e'V G M. (dPu)) "] .
1/2

By /2

To bound the last expectation we note that the integrand is strictly positive on z € By and for example

u € B(3,1). This ball is far away from the singularities, hence on u € B(3,1) the kernel K (0, u)e'VZG(IV“) is
bounded from below away from 0 . Thus

IE[(/CK(O,u)eVQG(””*“)MV(d%))_p_l] < CE(M,(B(3,1)) 777! < o0

as the measure M, possesses moments of negative order. The final integral in (6.4) converges as the constraint

2
o < =
1 ¥

20:I8[(Ko(2)) "?]|z=0 is well defined.
It remains to investigate the remainder R(z). All the three terms are treated in the same way and we
focus on the first. It may be written as a sum of two terms:

RY(2) == p (14 1—2)z2/0 (1 —t)lE[/(C ﬁf((tz,w)My(d%)(IC(tz))—p—l} it

R2(2) ;p(p+1)§z2/l(1t)n«3[(/ L

0 c (z—tz)

The term R' is the leading one contributing and explicit factor c|z|7(@=21), Tt is analysed in the same
way as a similar term in the proof of [36, Theorem 2.3] so we will be brief. First as above we may restrict
the integral to By /o up to an O(z?) contribution from the integral over By 5. By Cameron-Martin and the

guarantees that 1 4+ vya; — l; < 3 - l; < 2 since ¥2 > 2. The same argument shows that

K(tz, z)MW(de)f(lC(tz))*p*Q} dt.

change of variables © — ytz this term equals

1
P PP [
0 B

2
ly— 1=
(y — 1)2|y[ror|yzt — 172

1
2tz

X IE[(/ K(tz,u)e'VZG(tyZ’“))MV(dQU))7p71} dtd®y.
C

Dominated convergence theorem then ensures that this term is equivalent as z — 0 to

2

2 2 —« ! 2 « |y7 1|WT 2 u —p-l

o D@ [ e [ A ey kom0 @) .
0 cy )2yl C

The y integral can then be computed thanks to (9.7) and one can show that this term, combined with the
corresponding term coming from the 92 derivative, gives rise to the structure constant C (a; + 7,2, a3).
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The rest of this proof is dedicated to showing that R? is a o(|z|(?@=21)). We will bound the expectation
occuring in R? so let us denote

(6.5) I(B,tz) = E[(/

B |lr —tz]

2

K(tz,x)Mv(dQ:E)) (/ K (tz, u) M, (d*u))~"~?|.
C

We shall prove

(6.6) I(C,t2) < Cltz1@=o0 =241

with n > 0 which proves our claim since resulting ¢ integral converges at 0 as y(Q —ay) —2 = 772 —-2> -1
We can now put ¢ = 1 and we will bound I(C, z) for z small. For z small enough ‘z—iz‘ is bounded in B§
2

and we have I(B%,z) < C. Since I(C, 2) < 2(I(By,2) + I(Bc%,z)) it suffices to bound I(By, 2).

Next we bound I(A, z) where A is the annulus centered at origin with radii L|z| and 3 and L > 1 will
be chosen later. First, we use Jensen’s inequality in the normalized measure 14(z)K (z, z) M, (d*z) to get

<E| /A ﬁK(z,x)Mv(d%) Kaz)].

Next we observe that on A the covariance kernel of X coincides with that of the exact scale invariant kernel
constructed in [51] (in the Gaussian case) up to a global additive constant. In particular, up to an additive
independent Gaussian random variable, the restriction of X to B% can be constructed as an increasing
function of some white noise in this ball and therefore we can make use of the FKG inequality (see [27,
section 2.2] for the case of countable product) to get

/|x—z|2 (z,2) M, (d*x) Ka(2) /|x—z|2 (z,2) v(d2$)}E[ICA(z)_P_1]

_ ——2 2 — __2
<o [ P C'z'%_””/ ey < Cla| 2@ e )
A T ly|>L Yy

where the last integral was convergent due to ; > 3. This fits to (6.6) provided we take L = |z|~° with
0> 0.

We are left with estimating I(Bp|.|,z). Let us first consider the part not too close to the singularity at
z:set S := By, \ B(z,]z|'*) for some € > 0, to be fixed later. We have

E|( /S ﬁK(z,x)Mv(sz))QlC(z)pQ} < 2T R (2)2K (2) P2,
Then we get, for r € (0,2) using the fact that Kg(z) < K(2)
E[Ks(2)?K(2) 7"~ < E[Ks(2)" (K(2)777"] < C(EKs(2)77) /4

where in the second step we used Holder inequality and bounded the negative GMC moment again by a
constant. Finally, since |x — z| < 2|Lz| on S we get

2 o 1.2 2

[E(Ks(2)")]¢ < CILZI%T[]E[(/ |7 M (%)) TV < O| L@t R Ear
By -

where the last estimate was an easy consequence of the annulus bound (9.2) (see also [13, Lemma A.1]).

Here we need to assume that rq < % A %(Qfozl). Notice that since we assume 3 < a; then % > %(Qfozl)

24+Q-— (
vaq

so that given ¢ we need to have 0 < r < %(Q — a1). The optimal choice for r is r* = this is less

than %(Q —aq) for ay < %), in which case
E[Ks (=) < O|Lz| % (G +@-01)",
Gathering everything we conclude

1 2 2 p—2 ( +Q—« ) —2— 26+ (’Y+Q « )2
[ < 2q 1 1
|EK/S E |K(z,:c)M’Y(d x)) K(z)~ } CL2 |2
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We can now fix &, ¢, e. First notice that £(2 +Q —a1)? —v(Q — 1) = 3(Q — a1 — 3)* > 0. Hence choosing
¢ sufficiently close to 1 and then € < €(q) and finally 6 < d(¢), I(.S, z) can be bounded by (6.6).

We are thus left with proving (6.6) for I(B, z) where B := B(z, |z|'*€). An application of the Cameron-
Martin theorem gives

K K ! 'YZG(I’I,) 2 2 ’ —p—2
I(B,Z) _ (Z,ZL') (Z,:L' )e E[(/ K(z,u)e'y G(z,u)+v°G(x ,u)M’Y(dQU)) :| Pad?x’
B (z —2)(a" = 2) c
_ g—l ! g—l — g —p—2
g2 |xperfaret]e — 2 By lul*tu — 2 u — 2]y
where for upper bound we restricted the u integral to By . By a change of variables z = zy,r = zy' this
becomes
2 1y 24

—1]=" —1="

(6. 1By <cppres [ WA WUy ey
B(1,z¢)2 |y -y |’Y

with

A(y,y', z) = E[(/B lu — Z|% M'y(d2u>)_p_2]

L fulrerfu —yz[Flu — gz
2

Note that the only potential divergence in the y,7’ integral is at y = ¢’ since v? > 2. Hence we need to show
A(y, vy, z) vanishes at diagonal. The behaviour of A(y,y’, z) as y — ' is controlled by the fusion rules (see
[36]). In the case at hand we have four insertions, located at 0, zy, zy’, z that are all close to each other as
z — 0. Fusion estimates have been proven in [36] in the case of three insertions. A simple adaptation of that
proof to the case of 4 insertions is stated in the Appendix, Lemma 9.1. The estimate for A(y,y’, z) depends on
the relative positions of the four insertions. In our case we have |zy —z|V |2y — 2|V |2y — zy/| < |z|A|zy|A|zy'].
This means that the insertions zy, zy’, z will merge together way before merging with 0. We will partition
the integration region in (6.8) acording to the relative positions of these three points or equivalently the
relative positions of y,3’, 1. By symmetry in y, 3y’ we have then three integration regions in (6.8) to consider

eLet Ay :={ly—1| < |y — 1| < |y —¥'|}. Then on BN A; we have by Lemma 9.1
A(y.y'2) S OL =y [2(F 773 Fren =@,
Since 2 — 2ya1 + 3(& + a1 — Q)? = 2+ 7(Q — a1) + (o — %)2 we get

d*yd?y’.

2 1
(6.9) I(B0Ay2) < Cla| (@ etieod? | .
B2 ly —y/ P F 9

The integral is convergent if (377 — Q)% > 0 which is the case if 7% # 2.
o Let Ax :={|ly—1| < |y —¥'| <]y’ —1|}. Then on B; N Az we have by Lemma 9.1

Aly,y'2) < Cly —y/|#(F ~ D755+ =@,
Hence we end up with the bound (6.9) for I(B N Az) as well (since 3; -1>0).
o Let A3 :={ly —¢/| < |y —1| < |y’ — 1|}. Then on By N A3 we have by Lemma 9.1

Aly,y,2) < Cly — y/ By - 1= |z (F o=@,
Hence
1
(Lzl2 |y — y/ -3 (-7

I(B N As) < C|z|2+(@-en+d(e3)’ / d2yd?y'
B

The integral converges since 72 — (27 — Q)? =4 — £Q? < 2. O
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6.2. Fusion with reflection. In this section we uncover the probabilistic origin of the reflection relation
(1.14), (1.15). We prove the following extension of Theorem 6.1 to the case a1 + 3 > Q:

Theorem 6.2. Let ) . a; — 3 > Q and o; < Q for all i. There exists 1> 0 s.t. if Q@ — a1 <1 then

(6.10) T 2(2) = Cyas — %,ag,a3)|F_(zz)|2 + R(01)C5(2Q — o — %,ag,a3)|F+(z)|2.

Proof. We use the notations introduced in the proof of (6.1). We will prove
E[K(2)7] = E[K(0)7"] = pPAT(p) " R(1)|C,(2Q — ar — % az, ag)|z[1197) 4 (|29,

Note that since now y(Q — 1) < 1 we need Taylor series only to Oth order.
The leading asymptotics will result from the integral defining K in a small ball at origin. Let us denote
B := Bj,jp-¢ with § € (0,1) to be fixed later. We define

(6.11) Ty :=E[Kpe(2) 7] —E[K(0)"?] and Th:=E[K(2)?] —E[Kp-(2)7"]
so that
(6.12) E[K(z)7P] — E[K(0)™?] =T1 + T».

We first show that T) = o(|z|"(@~21)). Interpolating we get
1 —p—1
Ty < p/ B (2) = K(0)| (#Cpe(2) + (1 - t)(0)) *|at
0

—p—1
(6.13) < CE“ICBC(Z) - K(o)|(/ch (0)) }
where we used Kpe(z) > CK(0) > Kp-(0) since |x — z|§ > C|x|§ on B¢. Since K(0) = Kg(0) + Kg-(0)
we obtain |T1| < C(4; + Az) where

Ay =E[Kp(0)Kp(0)7""] and Ay = E[|Kpe(2) — Kpe(0)[Kpe(0) 7~

Using Cameron-Martin theorem, we get for A; that
2 2 —p—1
A <C mﬁ%m[(/ KOl — 2|7 My () | e
o] < |2[t=¢ lul>]2]1=¢
Since |u — z| < 2|u| we may bound the expectation by

(6.14) E{(/ublzllﬁ IUI_Wl_éMW(d%))inl} < C|Z|(1_5)¥

where we used the GMC estimate (9.3) in the Appendix. We conclude that

(a1+3-@)2
(6.15) Ay < CJ2| 09 (T (@-a).

Hence A; = o(]z["(@=21)) if e.g. £ < & and 7 is small enough.
Next we bound As. Let A be the annulus A := {z € C;|z|'=¢ < |z| < 1/2}. We can split the numerator
in As into |ICBf/2 (2) — ICBf/Z(O)| and |Ka(z) — Ka(0)| by means of the triangular inequality. On Bf , we

2 2
can use ||z — 2|7 — |z| 7| < Clz| = |2| to get

EllKp; , (2) = Kz, (0)[Kp (07771 < Cl2| B[, (0)Kpe (0) 771 < C2[E[Kp(0) 7] < Cl2].
2 2 2
Finally, using ||z — 2|7 — |2|=| < C|2|= ~'|2| on A and then applying Cameron-Martin, we get

B{ICa(:) KA 07 < O [ et [

ul>|z[1 =8

2 —p—1
K(0,u)|u— 2|~ MW(dQu)) }d%.
Since |z|'*~¢ < |z| we can bound

/ KO, u)[u— 2|~ M, (d%u) > C |7~ M, (du)
lul>|z]1—¢

ul>|z]
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and then the GMC estimate (9.3) in the Appendix gives

(6.16) E[|a(2) = Ka(0)[Kp(0)7"71] < C|z|/ |z 1o+ (a3 -Q)% g2,

A
(6.17) < O)H0-0 (1@-a)+ (@0 =2)) _ o1, 17(Q-an))
for £ < & and n small enough (since ag — % > 2 —n). Hence Ty = of|z[Y(@—an)).

Now we focus on T5. First we show that it suffices to restrict K to the complement of the annulus
Ay = {x € C;e "z| < |z| < |2|'7¢} where h > 0 is fixed: it will serve as a buffer zone to decorrelate the
regions {z € C;|z| < e "|z|} and {z € C; |z| > |2|'~¢}. Interpolating as in (7.11) we deduce

|E[K(z)7P — Kag (2)7P)| < E[K4, (2)K5e (0)7;9—1].

Using the Cameron-Martin theorem we get

(6.18)  [BIK(2)" — Kas (2) 77| gC/ o — 2| % |2| Wl]EK K(O,u)|u7z|*72M.Y(du))_p_l}d2z.

Ap B¢
The expectation was estimated in (6.14) so that we get
(6.19) IE[K(z)7P — K g (2)77)] < C|Z|(1—£)(V(Q—a1)+%(Q a1—3) )

For £ < % and 7 small this yields |E[K(2)7F — Ka¢ (2)77]| = o(|z[1(@=e)),

Therefore, we just need to evaluate the quantity IE[ICa¢ (2) P]~E[ e (2) ~P] where we recall the definitions
B¢ = {|z] > |2|'"*} and Aj, = B°U B,-n|,|. Hence K4 (2) = Kpe(z) Jr/CBe,hm(Z)- We use the polar

decomposition of the chaos measure introduced in Section 2.7. Let |z| = e~*. Then
K O @man [T AT rarsatas—) gl
Be( / / e P (e V 1)N,(dsdf) := K
- /gw /+h oV (B=(@-an)s )Ilfs:i;;'; N, (dsdf) = K.
The lateral noises in K and K? are weakly correlated. Indeed, from (2.43) we get
(6.20) — e < E[Y(5,0)Y(s,6)] < 275

forall s < (1—=¢)t,s’ >t+ hand 6,60 € [0,2n]. Define then the process

P(S, 9) = Y(S, 9)1{s<(17£)t} + Y(S, 9)1{s>t+h}-
Let Y be independent of everything with the same law as Y and define the process

]S(Sﬂ 9) = Y(Sv 9)1{s<(1—§)t} + ?(Sﬂ 9)1{s>t+h}'
Then we get

E[P(s,0)P(s',0')] — e~ < E[P(s,0)P(s',0")] < E[P(s,0)P(s,0")] + 2e .
Let N be a unit normal variable independent of everything. Then the above means that the covariance
- L ~

of P+ ¢ N dominates that of P and the covariance of P + ﬁeifEtN dominates that of P. Since
Klpran = €N 7279 K| p we get by Kahane’s convexity inequality (see [49, Theorem 2.1]) with the convex
function € Ry +— 7P

e O B[(K! + K2)77) < B[(K! + K2)77) < e“FIB[(K! + £2)7)
where K2 is computed with Y. Let

(621) € = e'thJrh_V(Q_al)(t"rh)—ét.
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Then by the Markov property of Brownian motion
_ 21 oo _ |€—s—h+i9 _ |Z_||é _
B:—(Q—aq)s z
(622) ’C2 E/O /O 67( (Q 1) ) |1 — |Z|€—s—h+i9|'yaz N’Y(d(h+t+s)7d9>

where B is a Brownian motion independent of everything. Moreover, by stationarity of Y and its indepen-
dence of everything we may replace N, (d(h 4+t + s),df) by N,(ds,df). As a consequence

(6.23) E[(K' + ec_K?)7P] < B[(K' 4+ K2)7?] < B[(K" + ec4 K3)7P]
where
3 — /°° A (Be=(@=an9) 74
0
and

2
(1te ™=

6.24 =—_—
( ) o+ (1 F |z|e=h)ree

By the Williams path decomposition Lemma 2.6 and (2.48) we deduce

(6.25) jo3 e e"’M/ B 7, ds
—L_
where we recall M = sup, (B, — (Q — a1)s) and L_; is the last time B2 hits —M. We discuss the lower

and upper bounds in (6.23) in turn.

Lower bound. Let us use the notation Jg = fB e8! sts and J for Jr. We have
E[(K! +ec_K3)7P] > E[(K' + ec_e?™.J)77]

Now we can use the standard fact that M has exponential law with parameter 2(Q — 1) to get
—a o -p Y
E[(K* + ec_K*)7?] — E[(K) 7] > Eﬁi;iiu/' B[(K! +ecvg) - (K)o 73 @ gy
1

2 —Q1 2 — —p—2 — > —1—-2 —
= 72@7&1)01@ 'E (eJ)i(Q o) (k)P G 0‘1)}/ ((1+w)_p—1)w 1=3(Q=01) gy
0

5
—2(0 — 2(0 —
_20-a 2@-an N5 (@ a0+ 5@ =) b 2gany [d@en gty p-di@-an)]
i I'(p)
where in the second step we made a change of variables w = Ef@‘jv and for lower bound took the integration

over w = 0. In the last step we used Lemma 9.3 in the appendix to compute the integral and independence
of J from everything. We end up with

2 —Q1 2 — —p— 2 —
E[(K! +ec_ %) 7] — B[(KY) 7] > We @R[ 3 @ ety 7 E @)
where we have have set
(p+2(Q - o))

I'(p)
and R(«1) is the reflection coefficient defined in (2.53). The remaining expectation can be computed thanks

to the Cameron-Martin theorem applied to the term 5@ Since t + h > (1 = &)t we get

W = M_%(Q_al)R(Oq)

]E{6%@*&1)(;@1)*%%@*&1)} — |z|’Y(Q’°‘1)]E[IEBC(Z)*’”*%(Q*M)]
where we defined for D C C

2
_ |z — 2|7

(6.26) Kp(z) ==

7(2Q—a1—F+az+as) 2
b |;L'|'V(2Q70‘1)|:C — 1|7a2 |-T|+ 2 M’y(d ZE)
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and in the case D = C we will write K(z) for K¢ (z). Next, we claim
(6.27) E[Kpe(z) P77 @] _ E[Kpe(0) 7P~ (@70 = o(|[7( @),

Indeed, the LHS is just 7 in (6.11) computed with a larger p and |z|Y® replaced by |z|Y(?Q@=21), Tt is readily
checked from (6.15) and (6.16) that (6.27) holds.
Summarizing all of our considerations related to the lower bound, we have shown that

E[(K1) 7] = B[(K*)77]
> e—CIZI5(| [r(@=an). v(Q o) WIE[IE( )~ p*%(Qfal)} +0(|Z|7(Q—a1))) —-(1- e‘c‘z‘ﬁ)]E[ICBc(z)_P].

The second term on the RHS is O(|z|¢) = o(|z|(Q@=*1)) provided we take & > v(Q —ay) (this is the condiition
that fixes &) so that recalling (6.24), we deduce

lim it |2] 7@~ (]E[ICB " ‘(z)*P—chc(z)*P]) > (14 e M@ ey E[K(0) P 5@ )],
z—0 € Z

Since h is arbitrary, it can be chosen arbitrarily large so as to get
liminf |2/~ (@=) (B[Kp,_, _ ()77 — Kpe(2)7]) > WE[R(0) "~ #(@)]
z—> e Nz

= (PyL(p) " R(a1)|C,(2Q — an —

which is the desired lower bound.

Y as)
2) 2,03

Upper bound: For the upper bound we go back to the formula (6.25) where we need to face the integration
region lower value L_j;. For A > 0 fixed, we consider first the quantity

L(z) := ]EKIC1 +ecpe™ /_Oz e8! (ds))

and we want to show that L(z) = o(|z|7(@—1),
Indeed, interpolating and using Cameron-Martin for the € we get

F- (Y™ )1 < 4y

|L(2)| < C+E[667M/ VB Zds Kpe(2) P 1 < ay] < CeVAIE[/ 67531sts]IE[EICBCQB(Oy%)(z)_p_l]
L_n R

)~ —p—1
<C|Z|7(Qfa1)evAE[/e’YBsZS ds]IE[(/ 2|~ yor—% M, (d%x )) P ]
R lz[*=¢ < f2 < 3

< C€7A|Z|7(Q7m)M%(Q*&r%)z
where we used the GMC estimate (9.3) and Lemma 2.8

It remains to investigate the quantity
1 -P —
UG =B [(K 4™ [ 08 Za) " - () )15 )
L_m

E [(/Cl n ec+67MJ(A)) . (/cl)—f’) 1{M>A}}

where we set J(A) = fi% €8 Zyds. Using again the law of M, which is exponential with parameter
ec+JA
KT

2(Q — aq), and making the change change of variables

U(z) < ME[/AOO ((IC1 + ec+e'7”JA)7p — (]Cl)*P)eﬂ(Q*al)v dv}

2(Q—a %(Q*a) 2(Q- a) 2 o _ _2 @) —2(0—ay)—
:%cﬁ’ B {J v o2(Q- 1)/7AEC+IA ((1+y) p_l)(;c) p—2(Q— 1) 2(Q—an) 1dy]

=y we get
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Now we can use Cameron-Martin as in the case of the lower bound to get that the above expectation can
be rewritten as (recall (6.26))

2(0-—a o0
el I (R [ e e e L)
e T
—a 2(Q-a1) [ _ =~ Cp—2(0—0y) —2(Q—ay)—
:|Z|'Y(Q I)E[‘]IZ \/Ae(\z\e*h)*Q’Y(Q*al)chJA ((ler) pil)KB‘:(@ pm5 (@ )y 7(@ea) 1dy:|.
ey —

Kpe(2)

2
Recalling (6.21) we have €(|z|e™")727(@=1) = e¥Berntr(@=c)(t+h) =5t and thus e(|z]e ")~21(@-) @
almost surely as z — 0 provided a; + 7 > @ which is the case. Dominated convergence theorem then ensures
that the latter expectation converges to

EL7; ¢ IB[R s (2) 7@ / ((1+y) ™ = 1)y~ 7@ gy,
0
We can then conclude as for the lower bound by letting h, A — oo. ]

6.3. The 4 point function with —% insertion. In this section, we prove an analogue of Theorem 6.2 for
the other degenerate insertion with weight —%:

Theorem 6.3. We assume the Seiberg bounds for (f%, a1, 9, a3), i.e. Zzzl Qg > 2Q+% and oy < Q for
all k. There exists n > 0 such that for all ay, a9, a3 € (Q — 1, Q)
628) T 2(2) = Cylan — 2 a0, aa)|F- ()2 + Rlan)Cy (2Q — o — 2, g, 3)| Py (2)2.
Proof. The proof follows the proof of Theorem 6.2 almost word by word and we keep the same notation
with the following obvious modifications. The function K in (6.29) is replaced by

’7(23-:1 ak*%)
|z — 2[?|2],

o — 1)

(6.29) K(z,z) =

2
i.e. most important, the factor |# — z| = is replaced by |z — z|2. Furthermore the exponent p is now given
by p = (a1 + a2 + ag — % —2Q)/~ and it is positive.
We will fix n > 0 and € > 0 so that the following conditions hold for all oy € (Q — 7, Q)

(6.30) 4(Q - an) <(1— )4 —ya1 — 29m)
(6.31) 14(Q - a) <.

Note that for £ =n =0 (6.30) holds since 4 —vQ = 2 — l; > 0 and therefore by continuity for small enough
7 and small enough & > %7} they hold as well.
As in the proof of Theorem 6.2 we start with the splitting (6.12) to T} and T given by (6.11) and we

first show that T3 = 0(|z|%(Q_°”)). We obtain again |T7| < C(A4; + Az) with the same definitions for A;.
The Cameron-Martin bound for A; becomes

2 —p—1
A < c/ |:c|2’7”‘1]EK/ K0, uw)ju— 2|~ Mw(du)) ] &
lz] < |z]*=¢ [ul>|z[1=¢
and as the expectation is bounded by a constant we conclude that

(6.32) Ay < C|z|1-90=re) 0(|z|%(Qfm))

by (6.30).
Next, for Ay the bound (6.16) is replaced by

(6.33)  E[Ka(2) — Ka(0)[K5:(0)771] < C|Z|/ [ 7@ < O] IO = o] 7 (@7e))
A

again by (6.30). Hence T1 = 0(|z|%(Q7°‘1)).
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Now we proceed with T5, again with the obvious changes (e.g. 772 in the definitions for X', K2 and c4
replaced by 2). Hence replacing (6.26) by
|z — 2|2
D |1'|'Y(2Q*0¢1)|:C — 1|’YG¢2

20— —2 P
T (02

Kp(z) =

we obtain instead of (6.27) the bound
(6.34) E[Kpe(2) "7 @] —E[Kpe(0) 773 (@=)] = o(|2|7 (@),

Indeed, the LHS is T} computed with a larger p and |z[7** replaced by |z[7(?@=1). Hence from (6.32) and
(6.33) we get the bound
2

B[Kpe(2) 77~ 5 (@] = B[Kp. (0) 7P~ 3(@=] < O]z|(1-O@-7(2Q-an)

Since 4 —y(2Q —a1) = 4 —ya1 —29(Q — 1) < 4 —~yay —2yn and so (6.34) holds. The rest of the arguments
for the lower and the upper bounds for 75 follow then word by word. O

6.4. Crossing relations. Proposition 2.4 now follows from Theorem 6.1 as explained in Section 2.5. Let
us state it in the form we will apply it and also for the unit volume structure constants:

Proposition 6.4. Let € € (3, %) and a,0’ < Q s.t. a4+ +e— 3 >20Q. Then
%,e,a) =T(d,e,a)Cy( e+ %,a)

where T is the given by the following formula

(6.35) o (o —

1(a)l(b) 1

(636) T(O/v €, a) = —HuT 2 € 2 ¢
lo)l(a+b—c) I(=2N(ENE+ L — L)

where

vyo Q. v, a v 1 vyao Q. v, « 1
6.37 = (=——)+=(=+=-—-2)—= b==(=—-J)+=(z—2)+=
(6.:37) “ 2(2 2)+2(2+2 2) 2 2(2 2)+2(2 2)+2
and
(6.38) c=1+ %(a’ - Q).
where a, b, c are given by
(6.39) az%(a’—i—a—l—e—@—%)—% bz%(a’—a—i—e—@)—i—% c:l—%(Q—a’).

The above relation can be rewritten under the following form for the unit volume correlations (see (2.18)
for the definition)

(6.40) (o — %,e,a) =T(c e,a)C (e + %,a)
where T is given by

_ Fitla+a +e+21—-2Q
(6.41) T(d e,a) = G 2 )T(o/,e,oz).

F(%(a—i—a’—l—e—%—QQ)

Along the same lines as Proposition 6.4, by exploiting Theorem 6.3 with the —% insertion, one can show
the following crossing symmetry relations:

Proposition 6.5. Let when a, € and o close but strictly less than Q with o+ o’ + € > 2Q + % Then
2 ~ 2

(642) CV(CY - 6 O/) = T(aa €, aI)R(G)CV(aa 2Q —€— —, O/)
Y Y

where T is the given by the following formula

(6.43) T(o,e,0) = %
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where
2 a Q 2 ¢ o 2 1 2 a Q 2 ¢ o 1

44 TR 2 A G 4 I T
(6.44) a 7(2 2)+7(2+2 7) 5 7(2 2)+7(2 5) 5
and

2
(6.45) c=14+—(a—Q).

Y

7. PROOF OF FORMULA (2.54) ON THE REFLECTION COEFFICIENT

We will suppose that v2 & Q. This is no restriction since the general case can be deduced from this case
by continuity in v (Remark 2.3). The proof of formula (2.54) for the reflection coefficient is made of several
steps and relies on proving that R satisfies the same shift equations (9.5) and (9.6) as RP©%%. For the benefit
of the reader we give here the summary of the structure of the argument (recall (2.53) and (2.52)):

Subsection 7.1: We prove that R is analytic in the interval (2,Q). More specifically, we show that for all
compact intervals I C (3, Q) there exists 5 > 0 such that R can be extended to a holomorphic function in

I X (_65 6) .
Subsection 7.2: We prove that R satisfies the following shift equation for « € (v, Q)

Y- R(a)
Ty M) O e - B

In fact, we will show this relation in a small interval of the form (Q — 7, Q) with n > 0. By analyticity, this
leads to the same relation for o € (v, Q). One can choose an interval I C (4,Q) of length greater than
such that R can be extended to a holomorphic function in I x (-4, 3). The functional relation (7.1) enables
to extend R to R x (=0, 8); the extension that we also denote R is meromorphic with simple poles on the

real line located at {% —aN}ju{d - %N}

Subsection 7.4: We prove that R satisfies the following shift equation (inversion relation)
(7.2) R(a)R(2Q — a) =1

One key ingredient is the analytic continuation result of subsection 7.3, the so-called gluing lemma, i.e.
lemma 7.3. In fact, we will prove this relation for « in a small interval of the form (Q — 7, Q) with n > 0.
By analyticity, the condition will extend everywhere.

Subsection 7.5: We prove that R (as a meromorphic function on R x (=43, 8)) satisfies the following shift
equation

B R(a+ %)
(7:3) ) = e % - 2

where ¢, = 7742 urR(y) # 0 is an unknown constant depending on ~ (and u). Recall that from the DOZZ
solution we expect that

o
m"“

(pl(3F))~
(%)
This indeed is the case since, quite miraculously, we show that the three equations (7.1), (7.2), (7.3) fully

determine R and in particular lead to the above relation for c,. Now RPO%Z gatisfies (7.1) and (7.3) with
(7.4); these shift equations fully determine RP©?% and therefore we conclude R is equal to RP9?%Z.

(7.4) Cy =

=2
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7.1. Proof of analycity of R in the interval (3,Q). We start with the consequence (6.40) of the BPZ
equations (with o = o)

(7.5) Cyla—7,e.0) =T(a,6,a)C, (a e + 3.a)

which holds for « close but strictly less than @ and € € (3, 2) with 2a + ¢ — 4 > 2Q. In the same way as

in the proof of lemma 2.9, we get for a € (3,Q)

=2 [N

(e = 30, (0~ 3.c.o) =@ HE=2
By Theorem 4.1, for € > %, C (a— %, ¢,
ina € (F+5,Q). Hence the relation (7.5) holds for all € > 3 and a € (§ +

R(a).

@) is analytic in a € (§,Q) and for € > 3, Cy(a, e+ 7, ) is analytic
, Q). Since

_ 2 I(Ley —
lim(e — 2)T(a,e,00) = pm= (o
el3 YI1I+3(a—-Q

we conclude that for all o € (3,Q)

) Bla) — p-3@-)x (Za— 2 — ) D29 ) Ol
YU+ F(a = Q=PI TR 2)2(Q - o)
which proves our claim since C (o, v, @) is analytic in a € (%, Q).
7.2. Proof of the I shift equation. We use again (6.40)
(7.7) (o) — %,e,a) =T(d e,a)C (e + g,a)
which holds for € € (%, %) and o+ o/ + € — 1 > 2Q with o, 0’ < Q.
Let now
o =Q—n, a=%+n
where we fix 77 such that
(7.8) 776(0———)/\V

and consider both sides of (7.7) as a function of e. From Theorem 4.1 we infer that both sides are analytic
in € in the region € > 2n and hence the identity (7.7) extends to this region. As in the proof of Lemma 2.9

we have 4(Q )
b — 2 Q- -«
lim(e — 2n)Cy(o/ — =, €6, 0) = pu~ —_—
lim (e = 20)C5 (0 — 5, ,0) = o 5
This indicates C,, (o’ — 7,6 @) has a pole at € = 2. We will now extract this pole.
Fix points 29, 23 € C such that |22| > 2, |z3] > 2 and |22 — 23] > 3. We have

R(a).

C_VW(CY — %, €, CY) - Ge,a,o/ (22, 23)E Z(C(G) 7%
where 1
—1
GG a,a’ (22’ 23) - 2M ’Y")/ H | —Zj |04104]+2A1J

1<J
with 21 =0, (o1, a2, a3) = (6, 0,0/ — F) = (e, +77,V—)andforAC(C

7.9 jafffereeres M. (d?
( . ) |.T|’Y€ 3 ’Y( :L')

|x — zo|7o2 | — 25|73

Define next
F(G) = E(Zc(6)177 — (ZBI(Z2)(€) + ZBI(ZS)(G))liq).
Importantly, notice that Zg, (.,)(€) and Zp, (.,)(¢) do not depend on € since for x € Bi(22) or v € By(z3)

we have : :; = 1. Hence we denote them by Zp, (...
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We want to show that F(e) is analytic over a neighborhood of the pole at € = 2n (observe that (7.8)
entails 27 < %)

Lemma 7.1. F(e) is analytic in € € (—2n — 6, %) for some § > 0.
Proof. Let us fix § > 0 such that
(7.10) M+6<5 -7y and 4n+d <y

which is possible because of (7.8). As in the proof of Theorem 4.1 we construct F' as the uniform limit as
t — oo of analytic functions F} in a neighborhood of (—2n — 6, %) Let us denote C; = {z : |2] > e~ '} and
define (recall that B, stands for the ball B,.(0))

€

F(e)=E [eextm)f% (Zt(O)l—% — (Zp o + ZBI(ZS))l—;)} _

Let us first show that for each ¢, e — Fj(e) is an analytic function of € in an open neighborhood of
(=21 — 0, %) Let Ry := Zp,(z) + ZB,(z5) and Ry := Z;(0) — Ry. By (2.13) and (2.14) R; admits moments

of order ¢ for ¢ < %(Q —n— %) and Ry has moments of order ¢ for ¢ < %. We interpolate
i 1
(7.11) Bl O (Ry + Ry)' ™5 — Ry 7)) :/ B[O Ry (sRy + Ry)~ 5] ds
0

Let € = €1 +iey. If €1 > 0 then since EePX+(0) < oo for all p < oo and since chaos has negative moments by
1

Hoélder we can bound the integrand by CE[R3]« for any ¢ > 1.

If ¢, < 0 we bound

_ e 1-< -
[E[Ra(sRy + R1)™7]| SC(E[Ry 7|+ E[R2R, ™).

Hence we need 1 — & < % and by (slight variant of) Remark 3.5 we need -5 < %(Q -n— %) =1- 2—$
These conditions hold due to (7.10). F; is easily seen to be complex differentiable in e.

Let us show that the family F; is Cauchy for the topology of uniform convergence over compact subsets.

For this we will bound Fiy1 — F;. First observe that because Zp, (z,)(€) and Zp, (.,)(€) are independent of
X;(0) these terms cancel out in Fi11 — F;. Furthermore, Girsanov theorem gives

€ €1

2 . &3
EeeXt(O)fteTZt(())l—; _ EeZCQXt(O)thT Zt(€1>1_7

Hence as in the proof of Theorem 4.1 we get
t+ 1

(t+1)e3 e e
|Fopr — B <e 2 E|Zya(a)' ™7 — Zila) ™7 |.

From now on, since ¢; is fixed we suppress it in the notation and denote Z;(e1) by Z;. We proceed as in
the proof of Theorem 4.1. Let Y; := Z; 11 — Z;. We fix 8 > 0 and write

_f €1 1— 51 1

1-=L 1—=1 1 11— 1— L 1
E|Zt+1w -2y | < ElYt < e*9f|Zt+1W -2y | + ElYt > e 0t |Zt+17 - Z

X

_a
"
Interpolating the first term is bounded by

€ _f1 € €
Ely, o0 (Z + Yi)' ™5 — Z, 7| < Ce sup E(Z +sY:) T < Ce E(Ze(e)™ )
s€[0,1]

The last expectation is finite since —< < %(Q —n— %) =1- 27" holds by (7.10).

For the second term we use in turn Holder’s inequality (with conjugate exponents p, ¢), the mean value
theorem and the Markov inequality (for some m € (0,1) to ensure finiteness of the expectation last expec-
tation below) to get

€1

1—5L 1—L
Y v
]ElYt > e 0t |Zt+1 —Z |

1

1-4 1-L 1
[P(Y; > e ")NVPIEIZ, " — 2, 7|9
>

e VP sup [BY/(Z, + sY,) "7 |0
s€[0,1]

< Ci(q)e” FIE[Y™VP < Cy(q)er V@ a=-0m="3
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where we used Remark 3.5 and defined

(7.12) Ci(q) = sup [EY;(Z; + sY;) 95 ]a.
s€[0,1]
Summarizing, we have shown
2.2

m-y

te%
(7.13) |Fri1 — Fy < Ce? (e7% + Cy(q)er V(@-a=0m="73")),

Now we have to optimize with respect to the free parameters p, ¢, 0, m. Let us first fix ¢ (hence p). We
first fix ¢ to make (7.12) finite. Let first e; > 0. By existence of negative moments of chaos we get for all
r>q

1
Ci(q) < C(r)[EY]".
4

Hence sup, Ci(q) < o0 if ¢ < %(Q —a)AN5 = %.

If e < 0 we bound Y; < Zp, (e1) and Z;11 < Zp, (1) + Zpe(€1) to get

—g&L
=

Cilq) < [BYZ, 7)1 < C[BZp, ()" + EZp, (1) Zg (1) " )7
The first expectation is finite if q(l + 27,:'—6) < 7;42 and by Remark 3.5 the second one is finite if q%j—é <
%(Q -n - %) =1- 2—3 Due to (7.10) we can find ¢ > 1 such that this condition holds and hence
sup; Ct(q) < 0.
Next, we choose 6 > 0 such that Q — % — 6 > 0 and then m € (0,1) small enough such that

K= p_l(v(Q — % —0)m — 'V;mQ) > 0.

As we have ¢; < % we get from (7.13)

te2
(7.14) |Fip1 — Fy| < Ce™ (e + ).

Hence for €2 < min(0, k) the sequence F; converges uniformly in compacts of a neighborhood of (—2n—4, %)
Finally observe that F(e) = lim;_, o Ft(e) for e € R with € € (21, Q). O

Lemma 7.2. We have

e -2
G (22, 28)B((Z, (o) (€) + Zpy (2 (€)' 75) = L1

M52
p— R(S +n) + Fa(e, 22, 23)

where Fy is analytic in € on (—2n, %) and

lim (e + 2n)Fale) = 25 (1 + 2—77)1?(3 —n).
e——2n v vy
Proof. Let us first make the following general observation. Consider a random variable Y > 0 admitting a
"maximal” moment of order 3 > 0, namely E[Y®] < +oo for a < 8 and E[Y?] = +00. Then the mapping
s € C — E[Y*] is holomorphic on the set {s € C;0 < R(s) < }. Furthermore it diverges at s = 3. The
point is to find an analytic continuation and, for this, we need to know more about the shape of the tail of
the random variable Y.

The simplest situation is when we know that [P(Y > t)—cit~?| < ¢t =779 for some constants ¢y, ¢z, 3, >
0 and for all £ > tg. In this case, we start from the following standard decomposition for s < 3

E[Y?] = /OOO P(Y > t)t*"'dt

that we rewrite as

C1
s—f3
In the above right-hand side, the parametrized integral is holomorphic on the set {s € C;0 < R(s) < 8+ 4}
as can be shown by the theorem of holomorphicity of such integrals and our tail estimate. This provides the
desired analytic continuation for IE[Y®] as well as identification of the pole at s = §.

E[Y®] = /O (P >t)—ert P15 qy) st dt —
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The argument can be extended to situations when we are able to give a more precise asymptotic expansion
of the tail. In our lemma, this corresponds to the case when we have a tail estimate of the type

P(Y >t) — cit™P — ot 72| < egt™P270
for some constants ¢, co, 3,0 > 0 and 0 < 81 < B2. In this case, the analytic continuation (still denoted by
E[Y#]) is given by the expression
C1 C2
s—0 s—p
One again the integral is holomorphic for s < 83 + ¢ and we have two poles. The second pole at s = 52 can
be recovered by taking the limit

= /0 (POY > 1) = (est™™ + et ™)1y 5 1y )17l —

lim (s — B2) (B[Y*] + ——

= C2.
5— B2 S*ﬂl) 2

The statement of our lemma is nothing but the above argument applied to the random variable Y :=
ZB,(22)(€) + Zp, (25)(€). The shape of the tail of this random variable is given by Lemma 3.3 (when o, a3

are both sufficiently close to @ as indicated in Remark (3.4)). O
Combining we get that the function
~ 2 2 Y2052
fle):=Cy(5 —mne 5 +n)— ER(; +1)

is analytic on € € (—27, %) By (7.7) on € € (27, %) f =g where

— T -2 4mO(0 — T2y YT 2pe
9() =T@=me S +mMCQ —met . 240 — —5 R +)
Thus by analytic continuation ¢ is analytic in € on (—27n, %)
Consider now the limit e = —27n. We get from Lemma 7.2
: mo 20 500 R(3 —n)
7.15 lim (e+2n)f(e) =245 (1+ =)R(= — 1) =
(7.15) i (e 20 =2 (4 ZDAG -0 = 5
and then
: 2T(Q —n, =21, 2 + n)R(Q — )
7.16 lim (e+2 €) = .
(7.16) Jim, (e +2n)g(e) ESE
Now, we have for e = —2n = —4 + o/ — o that
2 2
Yo Yo g e
Lo -1 1 b=L(a —a) - - =L
“T2% T @ m =3
and ) )
c:l—l—%( "—Q) a—i—b—c:%(a'—a)—%—l: —(2—1—%—%)

2

2

1+ 3(e = Q)U=")
In conclusion, we get the following relation from the fact that (7.15) and (7.16) are equal:
(2o -2 —1
(7.17) R(a/ — =)= —um (?Ya 2 ) =
2 11+ 3 —@)I-F)

We have proven (7.17) for o close to Q but since by previous subsection R is analytic on (3,Q) it extends to
o' € (,Q). Combined with expression (7.6) for R, we can use the relation (7.17) to analytically continue R
to a neighborhood of R of the form R x (-3, 8) with 8 > 0. In the sequel, we will consider the meromorphic

extension of R to R x (-8, 3). Since RP®?%Z also satisfies (7.17) and 0 < R,ﬁ,(foé)(a) < oo for a € (,Q), one

R(d)
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can see that R and RP9%Z have their poles and zeros located at the same place. For instance, the poles of
R are located at {% —IN}U{Z - %N}

7.3. The gluing lemma. We introduce the following condition:

2 4
(7.18) 2Q+§—;—a2—a3<;/\7/\22111232(@—%), Vi, a; < Q

Lemma 7.3. We suppose that aa, a3 satisfies condition (7.18). Then the function

S Cy(a, a0, 03), ifa <@ |
R(0)Cy(2Q — o, a2, 3), ifax = Q
is the restriction on the real line of a holomorphic function defined on a neighborhood of Q. This holomorphic
function is explicitely given for o = oy + 3 by

Oyl = F.0,08) =TS — UG (@ — 200 — )
X
2

T W(7(a—3 —2Q)I(F(a—2as — 3))I(F (@ — 202 — 3))

In particular, the function S is real analytic in the neighborhood of Q.

(7.19) S:ag

Proof. We will show that a1 +— S(3 +«) is the restriction on the real line of a holomorphic function deﬁned

on the neighborhood of 2 2 Clearly, one can find € > 0 and € < = — 2 such that for all a; € [— —€ = —|— €]
(7.20) 2Q+ < 1 Ay A 2(Q ), Vi <Q
. 5 ~ 1~ Q203 5 1AL glzlri L o), Vi, o4

As a consequence of Theorem 6.1, we get the crossing symmetry relation (1.8); more specifically, one
can find > 0 such that for all as,a3 € (Q —7,Q) and all a; in an interval I C (3, %) of size 1 we have
2Q+%—&1—&2—&3 < 0 and

Cy(@ = 3,82, d)  U=TICEIUE — P)G@E — 28 — 3)

Ty (F(@ -3 - 20)(F(a —2as — )T (6 - 262 - 3))

where @ = @) + @z + @3. By analytic continuation from &1, as, a3 to ag, s, az(see Theorem 4.1), we get
for all ay € (— —62)

O (@ + 5, 82,83) =

a i . O :7Ov(041—%,042,a3) l(_%)l(%)l(%_%)Z(Z(Q—QOQ_%))
Cylar + 5,02, 03) T (3@ -3 —2Q)I(F(a—2a3 — (T (@ - 205 - 2))°

where & = a1 + as + as.

Now, recall that we are working with R extended to a strip R x (=, ) thanks to relation (7.17). As
a consequence of Theorem 6.2 we get the following crossing symmetry relation (derived similarly to (1.8)):
one can find 7 > 0 such that for all ay,a, a3 € (Q —1,Q) we have 2Q + 3 —a; —az —az <0 and

2 ~ ~ —

Cy(ar — 2, a9, (=B — ) (T (a— 20 —

C'V(QQ*FM*Z,&Q,&B):* ’Y( : 2 3) o ( 4)( 2 )§2 ﬁ) (47( ol :1 2~)) DA
- T (@ -3 —2Q)(F(a - 203 — UG (@ - 282 - 3))

where & = ai + az + az. By analytic continuation from a1, (g, a3 to a1, a0, a3 (see Theorem 4.1 and use

the fact that R is analytic), we get for all oy € (— Z+e)

R(@1+3)

i i _ Cylei—Fasa) =TI — UGG — 200 — 3))
R(a1+§)07(2Q7a1*§7a2,043) == T I(2(a— 3 —20Q)(2(a—2a3 — INI(F(a—2a2 — 2))

where & = a1 + as + as. This yields the result.
O
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7.4. Proof of the inversion relation. We use the relation from Proposition 6.5:

(7.21) Cy(a— 2, e,d') =T (a, e,/ )R(e)Cy (0, 2Q — € — 2, a)
v Y

which was proven for a, € and o’ close but strictly less than Q with o + o’ + ¢ > 2Q + %

The case v < /2. By analytic continuation of the unit volume three point structure constants C‘,Y(oz —

%, e,a), Cya,2Q — € — %, o) (given by (2.18)) and R(e), the relation is valid for

2 2
a=Q—-n, e=—+1n, o ==
¥ ¥

for ' in the interval (0,7). One can notice that (7.21) is also valid within this range of parameters with no

poles since

2 4 4
a—Zqerad =144y —p> 1oy
¥ 2 v gl

and
2 / / 2 . ’Y !/
a+2Q—ef;+oz =Q-n+vy—17 +; f2Q+§f77f77
Now, we wish to analytically continue « to the value @) + n by using the gluing lemma 7.3. We can indeed
use the gluing lemma when the 4 point correlation function

(V-3 (Va1 OV (DV3 (00)

stays well defined for all ' € (0,n) and all n” € (—n,n) (indeed, one can show that the existence of the
above 4 point correlation function implies that one can apply the gluing lemma). More specifically, we must
check that

v o2 2 4
20+ ———n"—y+n == <yn(r=20")A(Z —v+20)
2 v v gl

This is possible as soon as 2 <y A (% — ), e v < \/g.

Therefore, the relation (7.21) becomes for « = Q + n,e = % + 17,

n" € (0,n)

- % for n sufficiently small and

(7.22) Cy(a— %, 6,a") =T (a,e,/)R(e)R(a)C(2Q — 0, 2Q — € — %, a’)

(7.23) Cy(Q+n— %, €, %) =T(a, 6,0/ )R(e)R(a)C(Q — 1,2Q — € — %, %)

Now, we consider the limit of (7.23) as € increases to @Q — 1. From (2.17) we infer

2 2 2 2
lim —n—€¢Cy(a——,¢6,—)=—-2, lim —n—¢€)C —n,2Q0 —e——,—) =2
Jm (Q-n-9C (- .e2) Jm (Q-n-90,Q-n20—c~ ")
Indeed, one can notice that the two limits above correspond to insertions such that s goes to 0 in expression
(2.17). Also we get

1
Ii —n—ella) = —, li —n—e)l(b) = —
eﬁanfn(@ n—e)lla) = —v eTgign(Q n—e)l(b) 5
and
lim L)@+ b—c) = 1(1+ T2y =1
im c)ila —C)= —)N\——) =
Q-1 Y Y

This yields R(Q —n)R(Q +n) = 1 for n small hence R(2Q — a)R(«) = 1 on the strip R x (=4, 8) where R

admits a meromorphic extension.
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The case v > v/2. By analytic continuation, the relation is valid for

/

2

a=Q-n e=vy+n, o=-

~y

for i’ around 0. Indeed, in this case, we have

2 2 4
at+2Q-€e——+=-=Q-n—n'+->2Q

Yo Y
and (in Cy(a — %, €,0’) the biggest insertion is at € = v + 7’ since vy > v/2)

2 17,7 / 2
a——+et+a =-—n+y+n +—>2
v 2 v

In fact, both relations above are valid for n and 1’ in a small interval. We want to analytically continue
a =@ —ntoa= Q-+ n by using the gluing lemma. In order to do so, we must check that the 4 point
correlation function

(V-3 (V2 4 OV (V2 (o0)
is well defined during the procedure, i.e. for 7" € [—n,n] and 7’ small. We have
2 2 2 4
I e e 2 s 2y
2 v gl Y
for n small. Hence, we can analytically continue to o = @ + 1 which leads to the following relation

Crlar = 2 6.0) = T(a, 6. ROR(C, (2Q - 0,20 — ¢~ 2,0)

or equivalently for all 7’ small
Y / 2 - o o / /72 ! 2 / 2
Cw(§+7m+77,;)fT(OéfQH?,E—vH?,a fg)R(v+n)R(Q+n)Cw(an,;*n,;)

Now, we can conclude as in the previous case by letting € = v + 7 increase to Q — 7.

7.5. Proof of the % shift equation. We get that for all €, o, &’ close to but strictly less than @ that

2 llce=Dl(c—a—-0b+1) 2
.24 2Q —e— — N = 2Q0 —a— =,
(7 ) R(e)c’y( Q € ,yvava) l(c—a)l(c—b) R(a)07(€7 Q «@ ,7704)
where
2. ¢ Q 2 a+a 2 1 2. ¢ Q 2 a—d 1
2 e A e Y . A -
(7.25) =G - D+ 2T -5 =26 - D 2T+
and
2 2 2
7.26 c=14+4—(—-Q) c—a—b+1=2——(a——
(7.26) 7( ) 7( 7)
This leads to the following values
3 2 Q 2 a+ad 12 Q 2 a—do
(7.27) C*a*§+;(§*§)*;( 5 *;) C*b*2+7(2*2)*7( 5 )
and
2 2 2
(7.28) c—1==(e—-Q) c—a—-b+1=2——(a—-)
v Y v

We fix n very small. Now, we can analytically continue equation (7.24) to the following values

Y / i " ’ 2
7.29 e=o+n, a=g+1", o==+y
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with ' € [n,2n] and n”" € [6n), 7Tn]. This is indeed possible if each side is well defined without taking out
poles. Indeed, we have with these values that

2
2Q—ec—=—+a+ad =2Q -1 +n"+n>2Q
Y
so Cy(2Q — e — %, a, o) satisfies the standard Seiberg bounds. Also, we have
2
€e+2Q-a——+a =2Q+7 -n"+n
0

therefore the quantity C,(e,2Q —a — %, o) exists provided that the largest insertion does not blow up. The
largest insertion is 2Qfozf% = @Q—n" which has a moment of order %77”. The moment of C, (¢, 2Q —a— %, o)
is given by

1 / " 1 1! / 2 1

;(2Q—(2Q+n =" +n) = ;(77 -0 =n)< o

Now, we want to let ' go to —n. To do so, we must use the gluing lemma which correponds to the fact
that the following 4 point correlation function is defined during the procedure (2QQ — € — % =Q-7)
(Vo3 (V2 (0)V5 4 (V2 1 (00))
This well defined if for all 77 € (—2n,7n) we have (biggest insertion is % +7)
2 Y

¥ - 2
20+ g —Z -5 =n"———n<7-2
gl 2 gl

which is equivalent to 77 + 1" + 1 > 21 which holds since 1" € [67, Tn].
Therefore, we get for e = 3 — 7 that for all 5" € [6n, 7]

2 2 lle=1Dl(c—a—-b+1) 2
. 2Q — e — — — " = 2Q —a——,ad
(30 ROREQ- e~ )C(e+ ~00) = St ot R@)C (620 - 0~ o)
Thanks to the inversion relation, we have
R(e) 2 N lle=Dllc—a—-b+1) 2,
31 —_— z = 20 —a— 2
(7.31) R(e_i_%)C’,,(eJrv,a,a) (o= a)i(c—0) R(a)Cy(€,2Q — 7,a)

Now, by analytic continuation, we can let " converge to 0, i.e. a converge to 3. We get the following limit
when 7" goes to 0

llce=Dllc—a—b+1) 1 0
l(lc—a)l(c—0) B(e) 7" =0 l(f%)l(%)l(2+ 7;42 _ 26)( p” )JR(a)
~ 1 (_77_1/)( 2 prR(7) )
o0 U=SIER + 55 =50 7 T (=)
1
RIS TETICERE ST

with ¢y = ngrR('y) and where we have used {(z)l(—z) = —-% and the first shift equation
R(a+3)
[EEETET PRy

It is clear that C, (e + 3,a,a') ~ 2. Now, we can conclude by looking at the limit as 7" goes to 0 of

7 —0 "

R(a) = —pm

Cy(2—n,Q—1n", % +n). We prove below that

2 W
(7.32) lim E[p(Q — 1", 2 — 5,2 +n)5 } — 9.
n'"—=0 2 ol
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This yields that C, (3 —n,Q — 10", % +n) ~ . —-2 and therefore we get the shift equation

77//_> n
R(e) ¢
(7.33) =— - ! -
R(e+2) H==)I(2)(2+ =5 — %)
with ¢y = %uﬂR('}/) # 0.
Remark 7.4. A straightforward computation yields that
2 Y2 \y 5
gl (mul(f))~
Lm0 (y) = LD
72
2))5%
and therefore we expect that cy = % However, at this stage of the proof, we can not determine the
72

constant cy. It will be determined indirectly in subsection 7.6.

It remains prove the limit (7.32), i.e. we study (recall expression (2.17))
¥ 2 n
E P(Q*U//v_*ﬁv_JFU) v :|
2 ¥
as 7" goes to 0 with (o, a2, a3) = Q —n", 3 —n, % + 17, i.e. we put the Q —n’ insertion at 0. We decompose
¥ 2
p(@—=n", 5 =, St 1) = By + Sy
where R, is the reminder
R o |z|1(041+042+0¢3) M (d2 )
" s 3 TP =1
and S, is the rest. We have the following lemma:
Lemma 7.5. For all p € (1,2), we have
n''p 2
(7.34) lim E[R,] | = ——

7' =0

Proof. It is obvious that we can replace R, with

1
/ M, (dz)
| Yo

z| <1 |:C|

We set M = sup; 5 o(Bs — (Q —n")s) where B, is the circle average of X of radius e™*. We set L_ps the

last time B hits —M. Recall that P(M > v) = e~ 27" and therefore E[(e?™)
distribution

TI//P
7]

= % We have in
—p

1 e «
/ —— M., (d*z) faw e'YM/ VB 7 ds.
lz| <1 |z[ves —L_nm

Therefore, we have the following inequality with a = % for instance and R, a two sided Bessel process by
stochastic domination (see the section 9.2 in the appendix on diffusions)

1 fe%e] [e%e]
e @l —
e”M/ VB 7. ds < e”M/ VB 7 ds < eVM/ e "R 7 ds.
0 -S_m

— 00

From these inequalities, we can conclude that lim E[R, ] ] = 5. O
"' —0 n p
Now, we have
BRS ] <Ep@—n" L —n 2+ %] <BRS 1+ 2%
77// X p 77 I 2 777 /7 77 X ,'7// Rn”
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The left hand side in the above inequality converges to 2. The right hand side satisfies for all p,q > 1 such
that 2 +1 =1
p'q
S "

E[R (1+ RLW)T] <E[R,

UPE[(1 + %)%”]1/11
,r]//

1"
yeisi
4 ]
1"

"

Now for all ¢ > 1, E[(1+ %)qg

be taken arbitrary close to 1.

Ve — 0 1 hence we the result (7.32) follows from the Lemma since p can
,r]//*}

7.6. Proof that R = RPO%Z. Let ¢(a) = m@%%. 1 is meromorphic in the strip R x (=4, 3). Since R
and RPO%Z obey the same % shift equation, the function v is % periodic. ¢ is strictly positive in (%, Q) so
by periodicity ) is strictly positive on R. By the % shift equation, one has for all « € R

V() = Cydp(a+2)

for some constant C.,. If 3 and % are independent over the rationals i.e. if 42 ¢ Q then we conclude that
C, = 1and ¥ (a) = 1 is constant in a. From (2.51) we see that R(Q) = 1 and from (2.53) since I'(—z)z — —1
as * — 0 we get R(Q) = —1. On the other hand, from (1.16) follows RP°?%(Q)) = —1 hence the constant
¥ = 1.Hence R(a) = RP9%%(q) for all a.. The case 72 € Q follows by continuity. This concludes the proof.

8. PROOF OF THE DOZZ FORMULA

We suppose that 42 ¢ Q; the general case follows by continuity. Let us fix as, a3 in (Q — 7, Q) for n
sufficiently small and consider the function F' : a1 — C, (a1, a2, 3). Let us collect what we have proven
about F. By Theorem 4.1 F' is analytic on (217, Q) and by Theorem 6.1 it satisfies the the 7 shift equation
(1.8), for 2420 < ag < % Therefore F' extends to a meromorphic function on a strip of the form R x (-8, 8)

2

with 8 > 0 satisfying (1.8). We call this extension F' too.
ol

Now, using the exact expression for R (or relation (7.3) with ¢, = uml(%))
be written as

KN

1(%)~1) Theorem 6.3 can
B!

2 (pl(3)) Ron +2) 2
T_2(2) = Cyfon=, a2, 09) - (2) - “”l(%) l(_%)l(g%);@;% — (203 om0

By the gluing Lemma, the extension F is given in a neighborhood of o = @ by F(«a) = R(«)F(2Q — «).
Hence, one can infer from the above expression the shift equation (1.9) for an € Rx (=8, 8) (same argument
as the one used to derive (1.8)). Hence F satisfies both (1.8) and (1.9).

Now, we consider the function ©q, as @ @1 — ngz(g(l& in the strip R x (—f, 8). This function is

Q1,02 7043)
holomorphic since C’, and C,E) 07z

are meromorphic with the same simple poles and zeros (which can be read
off the 3 shift equation (1.8)). Furthermore, ¥, o, is 7 and % periodic since C, and C,E)OZZ both satisfy
(1.8) and (1.9). Therefore ¥q, as(Q1) = Cay,as fOr some constant cq, q, depending on ag, a.

Since C and C’,IY)OZZ are symmetric in their arguments we obtain o, a5 (1) = Yaq a5 (02) = Yaq 0, (3)
for an, a2, a3 € (Q—n, Q). Hence cq, a4 is constant in as, 3. Therefore C, (a1, o, avz) = a,YC’,IY)OZZ(ozl, o, a3)
for a1, oo, oz satisfying (2.14) with N = 3 for some constant a. (by analycity). Finally a, = 1 since both
C, and C’?OZZ satisfy Lemma 2.9. O

9. APPENDIX

9.1. Chaos estimates. We list in this Appendix estimates for chaos integrals that are used frequently in
the paper. Let A(z,€) be the annulus with radi €, 2e and centre z. Then, for m € [0, 7;42)

72771.2

(9.1) E(M,(A(z,e)™) < C9m—=2
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and as a corollary

(92) E </ |$ _ Z|O¢M’7(d2x)> < CG’Y(Q*a)mf'V 2m
A(z,¢€)
For negative moments we have for a > Q:
-p 1 2
(9.3) E[(/ lz — z|_aM7(d2u)) ] < Cet (a9
|z—z|>€

Lemma 9.1. Assume (;)i=1,.. 4 are real numbers satisfying oy < Q and p := v~ 1>, a; —2Q) > 0
Consider y1,ya,y3,ya € C are such that |y1 — ya| < |y1 — ya| < |y2 — ya| < mingeq 2,3y [y4 — il
DIfaor+a2<Q, 01 +as+ a3 >0 and ay >0 then

_ Yo d%u ez
H u =y 77 M, (d7u) ]
B(y1,10)
l N2
< C(:yl - y3:) z(ataztas—Q) |y1 _ y4|%(a1+a2+a3+a4*Q)2.
Y1 —Ya
2)If or + a2 > Q, ag <0 and ag + ag = 0 then
—p—2
of( [, Tl wenitn) )
B(y1,10) ;—
(‘12
< C(|y1 — y2|)%(a1+az—Q)2(|y1 _ y3|) Llaitaztas—Q)?— 3 |y1 B y4| a1+a2+a3+a47Q)2.
ly1 — sl ly1 — ya

9.2. A reminder on diffusions. A drifted Brownian motion (B; + ut) with g > 0 is a diffusion with
5 d; + u d‘i When seen until hitting b > 0, the dual process Y, of B: + ut is a diffusion
with generator -4 — i coth(u(b— z)) 4. Therefore, b— Y}, has generator dz? + pcoth(pz) 4L which is the
generator of (B; + ut) conditioned to be positive. We denote this process B

We have the following comparison principle:

generator G, =

Lemma 9.2. There exists a probability space such that for all p < ', we have BY < Bf/ almost surely.
Proof. For all z > 0, we consider the drift ¢, (1) = pcoth(ux). A straightforward computation yields

Do — dpze?HT — 1
(,01(,[1/) - (62“1 o 1)2

Therefore ¢, (1) > 0 since e* —ue> — 1 > 0 for all u > 0.

We will need another comparison principle. We want to show that B. starting from 0 stochastically
dominates (B + ut) starting from 0 and conditioned to be above —A with A > 0. This can also be read off
the drift. Indeed, for p, z fixed, we consider ¢, (A) = pcoth(u(z + A)). We have

Vo> — A . (A) =4 (1 - coth(u(x + A))*) <0
0

By taking p to 0 in lemma 9.2 , the above comparison principle can in fact be extended to By where BY
denotes the standard 3d Bessel process.

9.3. Functional relations on Ty and RPOZ%Z_ The function Ty defined by (1.12) can be analytically
continued to C and it satisfies the following remarkable functional relations for z € C
) F(lz) 2 F(%z) v

2 (1)1—%]“%(2), T%(z + ;) = - %z)(i)%%lT%(’z)

2
The function Ty has no poles in C and the zeros of Ty are simple (if v2 € Q) and given by the discrete set
(—3N-— %N) U@+ 3N+ %N): for more on the function Ty and its properties, see the reviews [39, 47, 56]
for instance.
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With definition (1.16) and a little algebra, one can show that RP9%Z(«) satisfies the following shift
equation for all « € C

~ RDOZZ(,,
(95) RDOZZ(O‘ - 5) = THT 72 ~a 72 ( ) ~2 ~a
(=PNE - Pe+5F-%5)
as well as the dual shift equation for all « € C
~? %2 RDOZZ 2
(96) RDOZZ(Q) _ (Mﬂ.ll( i )) l - l - l(s + Z) —
(52) (=2 (G2 + 52— )

9.4. Derivation of RP9%Z form C,]YDOZZ. Recall that the function Ty satisfies the shift equations (9.4).
According to the DOZZ formula (1.13), since T3 (0) = 0, we get for o > 3 and using the above relations

2 _ €27 (0)2 T2 (a)?
T2\ Y \2mn? oy Q=) 1 .
C ~ 4 l R L Y ~
eCla, €, ) o (mpl( 1 ) (2) ) eQT’l(O)?T%(Oz — Q)T%(Q)
2
2 —o Tl(a)
_ V7N (Y y2—ry22 e 3
=4 (=) (=)
) G
(a—Q+2) 2(a—Q)
_ 4(Wﬂl(l2) (7)2,72/2)2(627&) F(V72 = ) (1)1—7(a—Q+%) M(l)%(a—Q)—l
4772 y(@=Q+2) 2 ra-— 2(@4*@)) 2
ro - g, :

A2 (20 PO 2G5 DTS
= ~ ™R —« —a
v 4 F(V(QQ )) r'(1+ 2(Q7 ))

2 e T(- 22 T2
I‘(’Y(Q;a)) F(2(Q7a))

~

9.5. An integral formula. We have:

Lemma 9.3. For all p > 0 and a € (1,2) the following identity holds

/OOO <(1+%)p - 1) U—ladv _D(-a+ 1%1;251))+a_ 0

Proof. We set @ = —a+ 1 and b =p+ a — 1. We have

1 [e’e)
/ # -1 idv — / idv
o \(L+v)P L TRC

_ 1 ) (_1)k(p)k(_a+ D 1

a71k21 El(—a + 2)g a—1

— L Z(fl)kw
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Now, we have

pta—14< Ki(p + a)s
1 _ _
= ZQFl(b,a+b,b+1,Z:71)

Now, we use the following formula (see [30]):

boFi(a,a+b,a+1,2=—1)+aF(ba+bb+1,z

Il
\
—
vt
|
I

I'(a+b)
This yields the desired relation since I'(z + 1) = 2I'(z).
9.6. Some identities. We have the following identity for all z
u)d2u _ |Z|W(Q—a1) m

2 2 2 .
/ Ju— 27— ful T — Gl (G + 2
c [ufres (A=) - 25 + )

By taking the 9., derivative, we get

T )/ u—z* o, AQ=a) MQ=—ar) PO ™ |
4°4 c (2 —u)?|up™ 2 2 22 (A (—L)i(2 — 2 4 22
Hence for z = 1 this yields
2 .2 i 2 2
7y lu—1" 5 7 yar, v o ™
9.7 ———1/7du: —+1-—)(=-—
OO e ae T T S T e
Similarly, we get
2 .2 2 2 2
el lu—1" o 7 yar, v yon ™
9.8 ———1/_7du: —+1-—)(=-— 5 5
R e R R B R e e e
Finally, by taking the 0,z derivative, we get
2 2 2
RERY) lu—1|= 2 gl Y12 m
(9.9) (=) /7d u=(—+1--—) .
4 c |1 — uf?upre 4 2 l(vg1>l(77¢2)l(27%+7{)
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