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Testing un-separated hypotheses by estimating
a distance

Jean-Bernard Salomond*

jean-bernard.salomond@u-pec.fr

Abstract. In this paper we propose a Bayesian answer to testing problems when
the hypotheses are not well separated. The idea of the method is to study the
posterior distribution of a discrepancy measure between the parameter and the
model we want to test for. This is shown to be equivalent to a modification of
the testing loss. An advantage of this approach is that it can easily be adapted
to complex hypotheses testing which are in general difficult to test for. Asymp-
totic properties of the test can be derived from the asymptotic behaviour of the
posterior distribution of the discrepancy measure, and gives insight on possible
calibrations. In addition one can derive separation rates for testing, which ensure
the asymptotic frequentist optimality of our procedures.

Keywords: Hypothesis testing, Bayesian inference, Asymptotic properties of
tests, Nonparametric inference, Goodness-of-fit, Monotonicity.

1 Introduction

Bayesian hypothesis testing, although widely studied in the literature, is still subject to
controversy (see Jeffreys, 1939; Bernardo, 1980; Berger and Sellke, 1987; Gelman, 2008,
to name a few). In particular, a lot of efforts have been puted on reconciling Bayesian
and frequentist testing procedures as in Berger and Sellke (1987), Berger et al. (1997)
or Berger and Delampady (1987). In this paper, we focus on the specific case of two-
hypotheses testing although we believe that the ideas developed here are more general;
more precisely, we consider testing problems of the form:

Hy:0 € Mg, versus Hy : 6 € My, (1)

where My and M, are not well separated, i.e. Mo N M; # 0 where F stands for the
closure of F. When considering prediction, it is now well known that standard Bayesian
methods such as BIC have a tendency to favour the simpler model, even when the more
complex one gives better predictions, as shown in Erven et al. (2012). This phenomenon
also occurs in a testing or model selection setting when hypotheses are nested, and
induces a loss of power for the Bayesian test near the null. In our view, one reason for this
lack of efficiency of standard Bayesian testing approaches, such as the Bayes Factor or
the comparison of posterior probabilities, comes from the fact that parameters that are
close to the boundary between both hypotheses can be approximated from both sides.
Thus, depending on the prior distribution on both the null and the alternative, some
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2 Bayes test

inconsistency may occur. This phenomenon is shown on some examples in section 2. This
loss of power of Bayesian testing procedures, induced by the prior is troublesome as it
is difficult to control for and strongly depends on the prior distribution. Finding good
prior distributions for testing has been a subject of high interest in the recent years. In
particular, Johnson and Rossell (2010) (or the actualised version of their ideas developed
in Rossell and Telesca, 2016) consider a similar case of un-separated hypotheses. Their
idea is to enforce separation through the prior distribution using non local priors. As
exposed in Rousseau and Robert (2010), this approach can be viewed as a modification of
the loss used for testing. It appears on simple examples studied in section 2 that imposing
such a penalty can make it more difficult to detect parameters near the boundary
between hypotheses (see section 2.1 for instance). The problem of finding a good prior
distribution for testing has also been tackled by Johnson (2013), where the author
introduced uniformly most powerful Bayesian test. The author proposes to calibrate
the method by maximizing the probability that the Bayes Factor exceeds a certain
threshold under the alternative. However, the proposed method seems difficult to extend
outside exponential models. In this paper we propose a novel approach to the problem of
testing un-separated hypotheses, based on the evaluation of a discrepancy between the
parameter 6 and the hypothesis at hand. A great advantage of the approach is that it is in
general easy to use in practice and it generalizes directly to nonparametric hypotheses
testing. Let D(6, My) be a discrepancy measure between 6 and Mj. Following the
frequentist approach to testing, our idea is to associate 6 to My if D(6, M) is bellow
a certain threshold 7. This idea of choosing the model closer to the parameter for a
certain metric is quite general and we believe that it could be applied in a wide variety
of settings. In this paper, we might only focus on the simpler problem of two hypotheses
testing.

Although not aiming at the same problem, this approach is similar to the idea of
approximating precise hypotheses by point null hypotheses as studied in Berger and
Delampady (1987), which can be re-interpreted as a use of non-local prior as argued in
Johnson and Rossell (2010). This approximation of hypotheses where latter studied in
Verdinelli and Wasserman (1998) and Rousseau (2007). More specifically, in the latter
the author proposes a generalization of the 0 — 1 loss function from which a Bayesian
test is derived, and which induces a separation of the hypotheses. Following Rousseau
(2007), we consider the following loss function

L(0,0)=qv ifd=1and DO, My) <7, (2)

v ifd=0and D(O, M) > T
where the parameters 79 and v; have the same interpretation as for the standard
weighted 0 — 1 loss (see Robert, 2007) in terms of price of misclassification error. A

default choice is to take 79 = ~;. This modification of the loss function can also be
viewed as a relaxation of the hypotheses

HE : D(0, M) < 7, H* : D(6, My) > T, (3)

For a fixed threshold 7, the same idea was applied in Dunson and Peddada (2008) and
Wang and Dunson (2011) for testing equality in distribution against stochastic ordering.
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J-B Salomond 3

From a decision theoretic point of view, this loss is relevant since it indicates that we do
not pay for misclassified parameters that lie in a region in which we cannot differentiate
the null and the alternative. In addition, as argued in Berger and Delampady (1987),
one is in general not so interested in knowing if # belongs to Mg but rather if 6 € M,
is reasonable approximation. From a more practical point of view, this approach gives
a method for constructing Bayesian tests that separate well the hypotheses in a wide
variety of contexts, including complex alternatives such as nonparametric models for
example. Deriving the Bayesian answer to (3) can also lead to simpler procedures. The
Bayesian estimate associated with a prior II on the parameter set M = My U My, the
loss (2) and data Y™, is given by

57(r) = {o if T{D(0, Mo) < 7Y} > 2o @

1 otherwise

where II(-|Y"™) denote the posterior measure of the parameter ¢ given the observations
Y™. From this last equation, we see that the behaviour of a test based on our modified
0—1 loss is driven by the behaviour of D(6, My). This will prove particularly useful when
testing complex or nonparametric versus complex or nonparametric hypothesis which
is known to be a difficult case to handle and has not received much attention in the
Bayesian literature. In addition even for simpler model, the behaviour of D(6, M) may
also be easy to study for a wide variety of priors, as shown in section 3.1 for instance.
From this formulation, we see that prior distributions that induce a good behaviour
for D(6, Myp) in terms of concentration properties will also be good candidates for
testing with this approach. Note that such priors may differ from the one that leads
to good properties for estimating 6, as shown for example in section 3.2. Note also
that to compute the Bayesian test with formulation (4), we only have to sample under
the posterior. This thus gives leads to tackle two of the main difficulties in Bayesian
testing when studying the Bayes Factor: choosing a appropriate prior and computing
the marginal distribution.

Once the discrepancy measure is chosen, the remaining problem is calibrating the
threshold 7. In an informative context where one has prior knowledge on acceptable
discrepancy from Mg, 7 can be calibrated subjectively. However, such a prior knowl-
edge may not be available. We thus propose a calibration of 7 based on asymptotic
arguments. Heuristically, one would like to find a threshold 7 that minimizes the testing
error. Johnson (2013) proposed a similar idea for constructing uniformly most powerful
Bayesian tests where he proposes to chose a prior for testing that maximizes the prob-
ability that the Bayes Factor exceed a certain threshold for all 8 € M. In our case, in
general, minimizing the testing error might not be possible even for some simple models.
We thus propose a calibration method based on the asymptotic control of the type I
and type II errors. More precisely we chose 7 = 7, to be the smallest sequence such
that

sup Ej {07 (r)} = o(1), (5)
0eMg
where Ej denote the expectation with respect to Y™ ~ Fy. Given the formulation of
the test (4) finding such a calibration will only requires a control of the asymptotic
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4 Bayes test

behaviour of D(0, M) under the posterior. We then study for which sequence of p,, we
have

sup Ef{1 =67 (1)} = o(1). (6)
0eM1,d(0,Mo)>pn

The sequence p,, is thus an upper bound on the separation rate of the test (see
Lepski and Tsybakov, 2000). Separation rates indicates how close a parameter from
M can be to Mg and sill be detected by the test. Although separation rates have
been widely studied in the frequentist literature, to the author’s best knowledge, the
only related result in the Bayesian literature has been proposed in Rossell and Telesca
(2016). Note that if the test separates both hypotheses at the best possible rate in
the minimax sense, it indicates that the decision rule 67 (7) although being a Bayesian
answer to the relaxed testing problem (3), is also an asymptotically optimal frequentist
answer for the original testing problem (1). This indicates that such a test can catch
up with frequentist methods for detecting parameters close to the boundary between
the hypotheses. This is to the best of our knowledge a new result for Bayesian test.
A counterpart will be of course a loss in parsimony enforcement. In the remainder of
the paper, we study on two examples the problems that can occurs at or close to the
boundary between hypotheses. We then propose a general calibration for 7,, for some
usual testing problems and show that our method achieve the minimax separation rates
in these cases. On the last sections, we compare our approach to existing ones for a
non-parametric test.

2 Boundary problems

In this section we illustrate on simple examples the problems faced by the non-local prior
approach to testing proposed by Johnson and Rossell (2010) and further developped in
Rossell and Telesca (2016) and the standard priors when the parameter is at, or near
the boundary between the null and the alternative.

2.1 Point null hypotheses

Consider the following data generating process X™ ~ N (6,1/+/n), and the test Hy : 6 =
0 versus Hy : 6 # 0. To compute the standard Bayes Factor for this problem, define
My = {0} and M; = R\{0}, and let the prior distribution 7 on 6 be 7 : § ~ N(0,0?),
and chose equal prior weights on both hypotheses. We can easilly derive the usual
Bayes-Factor for this problem and get

Jum(@)e 35X =0%qg

Boal(Xn) = o B(X™)2 )

and compare it to 1. Comparing the Bayes Factor with the fixed threshold ¢ = 1 is
equivalent to comparing the posterior mass of My with 1/2. For the non local prior we
use the method of moment proposed in Rossell and Telesca (2016) with parameter fixed
as proposed in their paper, i.e.

2
7T{V[(0) = 977r(9/7).
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J-B Salomond 5

The form of the proposed prior is displayed in Figure 1. We easily derive the Bayes-
Factor associated with this prior

 Je M (@)e EXT0%qp
- o B(X7)

By (X™)
Here again we shall compare it to 1. For the method proposed in this paper, we chose

0.3+

0.24

i/ (6)

0.14

0.0

v v v 0 v
-5.0 -25 0.0 25 5.0

Figure 1: Prior on the alternative constructed with the Method of Moment from Rossell
and Telesca (2016). The hyperparameter 7 is fixed to 0.358.

as a discrepancy measure D(6, M) = |0]. We now have to calibrate 7,, such that the
test satisfies (5)-(6). We shall see in the following Theorem 1 that in this case, choosing
Tn = upn 2 for any u, — 400 will ensure consistency. To calibrate u,,, note that we
have

7(D(0, Mo) > mp|X") =1 — @ (T_m> iy <_T"_m“> (7)

Ox Ox

where 02 = (n + 07 2)7! and m, = nX"o? are the posterior mean and the poste-

rior variance respectively and ® is the cumulative distribution function of a standard
Gaussian. To get low type I error while not deteriorating the separation rate we choose
un = max(®1(0.05),log(log(n))). We run all three methods on simulated data gener-
ated for three different parameters 0y, namely /2log(n)/n, \/log(n)/n and 0. The first
two parameters are getting closer and closer to the boundary between hypotheses as the
number of observations grows while the third is in M. We observe that even when the
parameter is at a reasonable distance from My, the non-local prior seems to penalize
too much, and thus will contract on the simpler model, while the other approaches do
detect the parameter as non-zero. When the parameter is at a distance y/log(n)/n then
the usual Bayes Factor does not clearly detect the parameter has non null, while the
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6 Bayes test

proposed method asymptotically does. The price to pay is a slower decay of the type I
error of the order of log(n) to be compared to a exponential decay for the Bayes Factor.

8o =42log(n)/n 8 =4log(n)/n 8=0

0.05-

R —

/_/ 0.751 e 0.04-

0.03-

0.8-

— — 0.501 =
X ) =
w w Y 0021
06- ~_ k
TN 0.254 ~_
Sl e 0.01-
04- P e
v U -~l 0.00+4 T 0.007 T
6 8 10 12 14 6 8 10 12 14 6 8 10 12 14
log(n) log(n) log(n)

Method — Bayes Factor ---- Discrepancy ==+ Moment Prior

Figure 2: Proportion of test that classifies the parameter as non null for N = 5 x 10*
replications of the test. The Bayes Factor obtained with Gaussian and non local priors
are compared to 1. For the discrepancy method 7, = max[1.96,log(log(n))]/+/n.

2.2 Un-separated hypotheses

We now consider a case where both the null and the alternative have similar sizes.
Using the same setting as before we now test for Hy : 8 < 0 versus H; : 6 > 0, and thus
My = (—00,0] and M; = (0,+00), using the same prior = as before. To compute the
usual Bayes Factor, we thus have the following on M and M; respectively:

m0(0) = 27(0)lperm,, m(0) = 27(60)Loecm, -
We can compute Bayes Factor

S, mOX M)A & (—m,)o,)
By (X") = fﬁl (0| X™)d0 — ®(my/o)

From this formulation, we see that the Bayse Factor By ; will not detect the parameters
6 = 0 (which is at the boundary between M, and M) as belonging to My, leading to
poor frequentist performances of such a test in this case. To compare this approach to
the non-local prior method we construct a prior 717 on the alternative using the method
of moment described in Rossell and Telesca (2016) that will enforce a separation of the

hypotheses. We consider the following modification of the prior 7 () = %771(9/7). A
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J-B Salomond 7

plot of this prior is given in Figure 3. We can then compute the Bayes Factor

—n(X"—0)?/2
Bt (xm) = S ™00 “
) f/vll ,/T{\/[(g)e—n(Xn—a)?/ng

One can easily compute the marginals using simple Monte-Carlo integration. Here again
we will compare the Bayes Factor Bé\fll with the fixed threshold 1. In order to compare

0.6

0.4+

i/ (6)

0.24

0.0

@ N-

Figure 3: Prior on the alternative constructed with the Method of Moment from Rossell
and Telesca (2016). The hyperparameter 7 is fixed to 0.358.

these approaches with the one proposed in this paper, we first need to find a discrepancy
measure D and calibrate the threshold 7. We choose D(6, M) = min(6,0). Using a
simple standard Gaussian prior, we can easily calibrate the threshold 7,, using the same
approach as before. We have that for all sequence u,, that goes to infinity as slowly
as needed, 7, = Cu,n~1/2 leads to a separation rate pn < 27,. We now calibrate the
constant C' and the sequence u,, based on heuristics. Again, denoting 62 = (n+1/0%)~!
and m, = nX"62 the posterior mean and posterior variance respectively, we have

(D6, M) > 7o X™) =1 — & (T" — mw) :
o
We then choose again u,, = max(log(log(n)), ®~1(0.05)) which insure consistency while
not deteriorating the separation rate too much.

Similarly to what we did in the previous section, we compare the results obtained
with the three different methods on simulated data generated with a parameter 6y =
V/2log(n)/n, \/log(n)/n and 0. The resutls are given in Figure 4. We observe that
the Bayes Factor constructed using the non-local prior of Rossell and Telesca (2016)
has difficulties to detect parameters in M; but close to M as positive due to the
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8 Bayes test

penalization induced by the prior. On the other hand the usual Bayes Factor based on
the simple conjugate Gaussian prior do not detect § = 0 in My while the other two
methods have good asymptotic behaviour. We thus see that both the usual Bayes Factor

8o =42log(n)/n 8 =+/log(n)/n 8=0

1.00 w0y 057
- 0.9+ 04
0.96 -
L 03
— . =1 =
D | aFe—ell N <
) . -~ ) -
w [ R s D w RN “ 0.2
0.92- S=a 07 RN
0.6 NS 01- .
; ‘\\ ....?:.\,_‘___
0.887 / A LIt
O 05. S, 00. e e sTITITIT
. , r , ; ; . , r .
4 6 8 10 4 6 8 10 4 6 8 10
log(n) log(n) log(n)

Method — Bayes Factor ---- Discrepancy -+ Moment Prior

Figure 4: Proportion of test that classifies the parameter as negative for N = 5 x 10*
replications of the test. The Bayes Factor obtained with Gaussian and non local priors
are compared to 1. For the discrepancy method 7, = max[1.96, log(log(n))]/+/n.

and the approach based on non-local priors have difficulties to detect parameters at or
near the boundary. More worryingly, the behaviour of these methods near the boundary
strongly depends on the sets My and M; and on the prior contraction on these sets.
On the other hand the proposed method, although a little less efficient for finite sample
sizes, does detect the parameter at or near the boundary. An easy fix in this particular
setting to get better results for the Bayes Factor and non local priors would be to elicit
Mgy = {0}. Nevertheless the same behaviours exposed in the previous section would
remain. Furthermore, for more complex hypotheses, it could be difficult to single out
the boundary as a separated hypothesis. We shall see in the next section that for these
examples, the proposed method attains asymptotically the minimax separation rate.

3 Application to standard testing problems

3.1 Testing parametric hypotheses

Consider the following parametric model for some fixed p > 0, Y™ ~ Pg*, for § € © C RP.
For a fixed subset ©g C © we want to test Hy : 0 € Mg = Og, versus Hy : € M, =
© N B§. This problem has been widely studied in the Bayesian literature (see Robert,
2007, for instance).

In this simple case, the following theorem gives a calibration for the threshold 7, in
(3) such that the testing procedure satisfies condition (5) and (6), and gives an upper
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J-B Salomond 9

bound for the separation rate p,.

Theorem 1. Let IT be a prior distribution on © and d be a metric on the parameter
space ©. Assume that for some positive sequence €, we have

sup Eg.II[d(0,0%) > €,|Y"] = o(1). (8)
0*€O

Then choosing D(0, M) = infg-ce, d(0,0%) and 7, = €, in (3) the decision rule 87 in
(4) satisfies

sup Ef[67(7,)] = o(1), sup E§[1 =65 ()] = o(1).
0€0o 0€0,d(0,0¢)>2¢,

Condition (8) is the standard concentration property of the posterior which is known
to hold for regular models with €, = n~'/2u,, where u,, is any positive sequence increas-
ing to infinity (see for instance Ghosal et al., 2000a; Ghosal and van der Vaart, 2007).
In this case the separation rate p,, for the proposed test is the minimax separation rate
n~1/2 up to some factor u,. The proof of this Theorem is postponed to Appendix 6.1.
From the proof of Theorem 1, we can also derive an upper bound for supge g, Ej[07; (7)]
and SUPpeg 4(9,00)>2¢, Lol — 07 (7)] of the order of supy.cq Ep.I1[d(0,0%) > €,[Y"].
Under some regularity assumptions on the models, we get that the type I and type 11
error can be uniformly bounded by e~Cu for some constant C > 0. Choosing u, of the
order of 4/log(n) will thus give polynomial decay uniformly for both errors. As argued
in Johnson and Rossell (2010), the Bayes Factor usually contracts at an exponentially
fast rate. for a true alternative However, this is to be balanced with the fact that here
the proposed control is uniform over all # € © such that d(8,0¢) > 2¢,.

3.2 Detection of signal in white noise

We now apply our approach to the problem of detecting signal in the standard white
noise model. This problem is closely related to the well studied goodness-of-fit test-
ing problem, where one is interested in testing a parametric hypothesis versus a non
parametric one. Here again this problem has been extensively studied in the literature.
Goodness of fit testing have been considered both from a frequentist and Bayesian point
of view, see for instance Ingster and Suslina (2003), Dass and Lee (2004) or see Tokdar
et al. (2010) for a review. The specific problem of detection of signal in white noise
has also been treated in Ingster (1987); Lepski and Spokoiny (1999); Lepski and Pouet
(2008).

Here we consider the equivalent infinite Gaussian sequence model
S
Vn
where f = (fi) € 1> = {g,>", 9? < oo}. Similarly to Lepski and Spokoiny (1999) we test

/ = 0 against a Sobolev ellipsoid of fixed smoothness s, W5 (L) = {f € lo,> =, f#i* <
L}. We thus have My = {f = 0} and M; = {f € W2Z(L),f # 0}. We consider

Yi=fi+—, & CNO1),i>1, (9)
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10 Bayes test

a conjugate Gaussian prior on as in section 3 of Castillo and Rousseau (2015). For
k, = n?/(4st1D) and all increasing sequence s = (si, Sa,...) such that s, < pAs/(4s+1)

and 2?21 1/(n+s;) < p,/4 we define II by

kn

(s frn) ~ QN0 577, f5 =0V > k. (10)

=1

We choose the discrepancy measure D( f, Mg) to be the l> norm of £, || f]|2 = (3o, f2)'/2.
The following Theorem gives a calibration for the threshold 7, in (3) and an upper bound
for the separation rate of our testing procedure.

Theorem 2. Let Y™ be sample from (9) and consider a prior on f as defined in (10).
Let v, be any sequence increasing to infinity and let p, = von=2%/*+) and 7,, be such
that 72 = Cp, /2 + kn/n + Zf;l nisi for some positive constant C. Setting d to be the
ly norm, the decision rule 0T as defined in (4) satisfies

Eq(67) = o(1), sup E¥(1—465) = o(1). (11)
FEMuIfll2>pn

Here again the separation rate p, of the test is the minimax separation rate as
shown in Ingster (1987). An interesting aspect of this test is that it does not rely on
the precise estimation of the true underlying function but rather on the semiparametric
estimation of D(f, My) which allows us to obtain a separation rate polynomialy faster
than the estimation rate for Sobolev alternative. It is to be noted that the prior (10) is
not optimal for the estimation problem but leads to the best possible separation rate
for the testing problem. The proof of this theorem is postponed to Appendix 6.2.

4 Shape constraints testing

4.1 Statistical setting

We consider the nonparametric fixed design regression problem with Gaussian residuals
forn >0
Y;=f(j/n)+oe, j=1,....n (12)

where ¢ > 0 and (eg,...,€,) is a sequence of independent standard Gaussian random
variable. The approach presented in this paper are also valid for non uniform design and
random design under additional condition but considering these cases will only make
the computations more complex and will thus not be treated here. For this problem,
we consider a piecewise constant prior distribution on the regression function f and a
prior with density m, with respect to the Lebesgue measure on o. More precisely, for
I, =[i — 1/k,i/k) the uniform partition of [0,1], we define functions f,, » as

k
for() = Z willy, .
i=1
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J-B Salomond 11

We choose the following form for the prior on f
dH(f) = ﬂ-k(k)ﬂ—w(wh v 7wk|k)dAk(wl7 v 7wk)dy(k)7 (13)

where )y, is the Lebesgue measure on R¥ and v the counting measure on N. Note that
a similar prior has been studied in Holmes and Heard (2003) for modelling monotone
functions. Here again, although this prior is not well suited for the estimation problem,
it gives good theoretical and practical results for testing the shape constraints stud-
ied in this paper as shown bellow. For simplicity we consider a product form for ,,
(Wi, .., wilk) = Hle g(w;) where g is a density on R. In addition we assume that
the following conditions holds

C1 the density 7, is bounded and continuous and 7, (o) > 0 for all o € (0,5),
C2 the density g is continuous positive on R and bounded from above.

C3 7y, is such that there exists positive constants Cy and C,, such that
edekL(k) < Fk(k) < efCukL(k) (14)

where L(k) is either log(k) or 1.

The condition C1 and C2 are mild and are satisfied for a large variety of distributions.
In section 5.1 we will take g to be a Gaussian density and 7, to be a inverse gamma
density. Simple algebra shows that for this choice of prior, both conditions are satisfied.
Condition C3 is a usual condition when considering mixture models with random num-
ber of components, see e.g. Rousseau (2010) and is satisfied by Poisson or Geometric
distribution for instance.

Define the sets

Fi= {f € Loo([o’ 1]) Vx € [0,1],f(.1’) > O}
FoE) ={f:|Ifll < K,Yz <y f(z) > f(y)}

of positive and monotone non increasing functions respectively. For a > 0 and L > 0,
define H(a,L) = {f,||fllg,a < L} where || - ||g,o is the Holder norm. We consider
both testing problems Hy : f € Mo = Fy versus Hy : f € My = H(a, L) N F§ and
Hy: feMy=F (K) versus Hy : f € My = H(o,L) N F(K)°. . These problem
has been considered in the literature in Juditsky and Nemirovski (2002) and Baraud
et al. (2005) for instance. Note that with a prior chosen as in (13) we have n(Fy) > 0
and 7(F. (K)) > 0. Furthermore, if the true regression function fj is in Fy or F. (K)
then the piecewise constant function with k pieces of the form (13) which minimizes the
Kullback Leibler divergence with Py, will also be in F4, respectively F., (K), for all k.

We then study the posterior separation rate of the test with respect to the metric
d = ds defined as

deo(f,9) = sup |f(z) —g(z)|

z€]0,1]
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12 Bayes test

For each test we compute the the separation rate of our procedure and compare it with
the minimax separation rates, which is n=®/(2**+1) in both cases.

Our approach could also apply to other types of shape constraints such as convexity
or unimodality using similar methods.

4.2 Testing for positivity

We first consider positivity constraints. There exist a few methods to test for positivity in
a nonparametric setting, see for instance Baraud et al. (2005). We propose the following
discrepancy measure for D in (3)

D(f,Fy) =~ inf f(a). (15)

z€0,1]

We immediately have that D(f,Fy) < 0 if and only if f € F,. Here the discrep-
ancy measure can be related to the supremum distance with the set of positive func-
tions. For piecewise constant functions fo g, D(fwk, F+) has the simple expression
D(fuk, F+) = —minj<;<k(w;). This turn out to be particularly useful for the cali-
bration of the threshold 7,. Let G; be the set of piecewise constant function with k
pieces. The idea of the calibration of 7, is the following. In the model Gy, the a posteri-
ori uncertainty for estimating w = (w,...,wy) is of order (k/n)'/2. Hence any positive
function f,, x such that for all i, w; > O{(k/n)*/?} might be detected as possibly posi-
tive. We thus choose a threshold 7* for each model Gy, of similar order. The results are
presented in the following theorem.

Theorem 3. Under the assumptions C1 to C3, and if ¢ < 0 < ¢ for fired 0 < g < 07,
then for a fived constant My > 0, setting T = 7F = My{klog(n)n='}'/2 and 67 the
testing procedure defined in (4), for all K > 0 there exists some M > 0 such that
uniformly for a € [ag, 1], Vag > 0
sup sup B (d;) = o(1)
o<o<o feF4

sup sup fo(1=1087)=0(1)
g<0<7 fudoo{fF1}>p.f€H(aL)

(16)

for all p > pp(a) = M{n/log(n)}~*/2o+Ne, where v, = 1 when L(k) = log(k) and
vp = {log(n)}/? when L(k) = 1.

4.3 Testing for monotonicity

We now consider monotonicity constraints. Tests for monotonicity have been well stud-
ied in the frequentist literature, see for instance Baraud et al. (2003, 2005); Ghosal et al.
(2000b); Bowman et al. (1998). In a Bayesian setting, only Scott et al. (2015) proposed
a test for monotonicity using non local priors. Define the discrepancy measure between
fand Fy as

D(f,Fy) = sup {f(y) = f(z)}. (17)

0<z<y<l
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Here again when considering piecewise constant functions f,, x, (17) we get the simple
formulation D(f,, x, F4) = maxi<;<;<k(w; — w;) which allows for a simple calibration
of 7,, in a similar way as in section 4.2.

Theorem 4. Under the assumptions C1 to C3, for a fized constant My > 0, setting
7 =78 = Mo{klog(n)n='}'/2 and 07 the testing procedure defined in (4), for all K > 0
then there exists some M > 0 such that uniformly for o € [ag, 1], YVag > 0

sup  sup E%(d;) = o(1)
g<o<5 fEF, (K)

sup sup E7(1—d5) =o(1)
<050 fidoo{f, F\ (K)}>p,fEH (0, L)

(18)

for all p > pp(a) = M{n/log(n)} =/t where v, = 1 when L(k) = log(k) and
vn = {log(n)}/? when L(k) = 1.

Neither the prior nor the threshold depend on the regularity a of the regression
function under the alternative. Moreover for all a € (0,1], the separation rate p, ()
is the minimax separation rate up to a log(n) term. Thus our test is almost minimax
adaptive. The log(n) term seems to follow from our definition of the consistency where
we do not fix a level for the Type I or Type II error contrariwise to the frequentist
procedures. The conditions on the prior are quite loose, and are satisfied in a wide
variety of cases. The constant My does not influence the asymptotic behaviour of our
test but has a great influence in practice for finite n. A practical way of choosing My is
given in section 5.1.

5 Simulation study for positivity and monotonicity
testing

5.1 Prior specification and sampling strategy

Conditions on the prior in Theorem 4 are satisfied for a wide variety of distributions.
However, when no further information is available, some specific choices can ease the
computations and lead to good results in practice. We present in this section such a
specific choice for the prior and a way to calibrate the hyperparameters. We also fix
Yo =1 = 1/2 in the definition of J7.

A practical default choice is the usual conjugate prior, given k, i.e. a Gaussian
prior on w with variance proportional to 02 and an Inverse Gamma prior on ¢2. This
will considerably accelerate the computations as sampling under the posterior is then
straightforward. Condition (14) on 7y is satisfied by the two classical distributions on
the number of parameters in a mixture model, namely the Poisson distribution and
the Geometric distribution. It seems that choosing a Geometric distribution is more
appropriate as it is less spiked. We thus choose for A\,;a,b >0, m € R and u > 0
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14 Bayes test

k ~ Geom(\)
=< o2k~ IG(a,b) (19)
wilk,o Zfzvd/\/'(m, o2 /)
Standard algebra leads to a close form for the posterior distribution up to a normalizing

constant. Let n; = Card {j,j/n € [(i — 1)/k,i/k)}, we denote

k

~ 1 . (YT p—
bo=b+3>.9 > (G-Y) 4+ (Yi—m)*

. n; +
i=1 | j,j/n€l; g K

where Y; is the empirical mean of the Y; on the set {j,j/n € [(i — 1)/k,i/k)}, we have

k
me(k|Y™) o ﬂ_(k)g;(a-i-n/Q)uk/Z H(nl _|_'u)71/2

i=1

We can thus compute the posterior distribution of k£ up to a constant. We will thus
be able to sample from 7 (k|Y™) using a truncated approximation of the posterior. In
the examples we choose to truncate at some ky < n. We then compute the posterior
distribution of w and o given k

|k, Y™ ~ IG(a +n/2,by)
mu—l—njf/j o?
nj+p njt+p)

wjlk, o, Y" nd- pr (

Given k, sampling from the posterior is thus straightforward.

A crucial hyperparameter that needs to be calibrate is for My the constant in 7. A
close inspection of the proofs (in particular the proof of Lemma 2) using the fact that
we have a Gaussian posterior, gives us that taking

log(k/n)ko?
Tn = ’
n + kpo?

would induce the desired results.

5.2 Simulated Examples

In this section we run our testing procedure on simulated data to study the behaviour
of our test for finite sample sizes. We first examine the behaviour of the proposed test
for positivity on an example that illustrate that the separation rate of the test is indeed
upper bounded by (log(n)/n)*/(2+1) up to some constant. We then compare our test
for monotonicity to other methods proposed in the literature, and get comparable results
for finite sample size.
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J-B Salomond 15
Testing for positivity

Consider the test for positivity proposed in section 4.2. Similarly to the examples of
section 2, we will consider a sequence of function that are in M i.e. not positive, but
are getting closer and closer to the boundary. More precisely we take

Jn(x) = 10p,(Jz — 0.1] = 0.1)[|;_0.5/<0.1,

and thus p, = doo(f, F4). Plots of f, for different values of n are given in Figure 6.
Since for all n this function is piecewise linear, we thus have that f € H(«, L), with

0.00+

-0.05+

— 100
<= 250
--- 500

-0.104

-0.15-

Figure 5: Plots of f,, for different values of n with p, = 0.4(log(n)/n)/3

a = 1. Given Theorem 3, we have that for some constant M large enough, the test
should be consistent for f, if p, > M(log(n)/n)/3.

We run our test on simulated data generated from the model (12) with f = f,, for
different values of M and with f = 0 that lies at the boundary between hypotheses. The
results are given in figure 5. We observe that the test detects parameter at the boundary
as positive, even for moderate values of n. In addition, for M > 0.4, the function f,
are detected as non-positive, and the asymptotic regime is attained around n = 2000,
while for M < 0.4 the functions f,, are not detected as non-positive. This indicates that
the test does separate the hypotheses at the rate at least 0.4(log(n)/n)'/3, and we thus
recover the results from Theorem 3.

Testing for monotonicity

We now compare our approach to test for monotonicity with the ones proposed in the
literature. We consider the following nine functions adapted from Scott et al. (2015)
and Baraud et al. (2003) and plot in Figure 7.

imsart-ba ver. 2014/10/16 file: Test_rev2_BA.tex date: June 27, 2017



16 Bayes test

1009
T
---------------- M
L —0
0504 L. =02
o
—-0.6
0.254
0004 —m—— < TTTTeemioiieiieieisisimieiieieioisioimimieieioioio.os
(I) 500 1000 lSIOO 2000 2500
n
Figure 6: Proportion of functions classified as non-positive estimated on K = 500

independent replication of simulated data generated from model (12) with f =
10M (log(n) /n)"/3(|Jz — 0.1 — 0.1)I;—0.5/<0.1 for different values of M.

filz) = =4z —0.5) o<y jo— fo(@) = — 0.2z + fa(z)
0.1(z — 0.5) 4 0.25¢~20@=020)" (7)) = — (1 4+ z) + 0.25¢ 02 =05)"
fa(z) =0.1z fol)=—z—1+ 0.45¢—50(x—0.5) 20)
f3(x) =0.1e~50(@—0-5)° folz) = — 0.522
fa(x) = —=0.1cos(6mx) fio(x) =0
fs(x) == 0.2z + f3(x) fu@) =—z—1

The functions f; to fg are clearly not in F (K) with K = 2. The function f; has a
small bump around x = 0.5 which can be seen as a local departure from monotonicity.
This function is thus expected to be difficult to detect for small datasets given our
parametrization. The function fy is a completely flat function and belongs to F< (K).

For several values of n, we generate N = 500 replicates of the data Y™ = {y;,i =
1,...,n} from model (12). For each dataset, we approximate 7 {D(fw,k, Fo) > TT’f|Y"}
based on K =5 x 10* samples from the posterior and reject the null if

K
1 ‘
#{D(fur, Fu) >tk [y} = ?ZH{D(fwi7ki,]:\) > 7k } >1/2
=1

The results are given in table 1.
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f1 f2 f3 f4
0.100 0.100- 0.10-
0.4+ 0.075 0.075- 0.05 -
024 0.050 0.050- 0.00-
0.025 0.025- -0.05 -
0.01 0.000+ 0.000- -0.10-
f5 f6 f7 f8
0.00 -1.00- -1.00-
£-0.05 0.0 -1.25- -1.25-
5-0.10+ -0.14 -1.50- -1.50
c
2-0.15+ -0.21 -1.75- -1.754
-0.20+ -0.3+ -2.00- -2.00+
fo f10 f11
0.0+ 0.50 -1.00-
-0.1+ 0.25- -1.25-
-0.2-
03] 0.00 -1.50
-0.4- -0.25- -1.75-
05+, 3 050 4+—v— 7+ 200 ——
0.00 0.25 0.50 0.75 1.00  0.00 0.25 0.50 0.75 1.00 0.0 0.25 0.50 0.75 1.00
X

Figure 7: Regression functions used in the simulated examples.

For all the considered functions, the computational time is reasonable even for large
values of n. For instance, for f;, we require less than 2 seconds to perform the test for
n = 2500 using a simple R script available on demand. We compare our results with the
ones obtained in Scott et al. (2015) for the Gaussian prior and the methods proposed
by Baraud et al. (2003) and Akakpo et al. (2014). The results are given in Table 1.
The proposed method is a little less efficient than the one based on non-local prior in
average, but it seems to perform better for some functions (e.g. f3). When n grows, the
percentage of correctly classified function goes to 1 as predicted by the theory.

6 Proofs

6.1 Proof for the parametric test

We prove that with the proposed calibration for 7, and D(6, 0¢) = infice, d(6,1), the
decision rule satisfies (5)-(6). For 8* € ©¢, we directly have that

D(6,00) < d(6,07)
which together with (8) gives (5). Now for 8* € © N ©§ we have if d(6*,0¢) > p,
D(0,0) > d(6*,0¢) — d(0,0%) > p, — d(0,0%).

We deduce (6) directly from condition (8) which ends the proof.
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fo o? Barraud Akakpo Scott | Discrepancy
fi 10.01 6 9 100 80
f2 | 0.01 64 33 74 75
f3 1 0.01 53 43 35 7
I fa 1 0.01 92 92 91 100
Hofs 1001 24 25 85 17
fe | 0.01 7 75 99 99
fr | 0.01 1 4 91 39
fs 1 0.01 71 82 99 99
fo 1 0.01 100 100 93 93
Hy| fi0 | 0.01 97 94 95 89
fi1 | 0.01 100 99 97 94
Average 62.3 59.5 87.2 78.36

Table 1: Results of the simulation study. Each entry is the percentage of correctly
classified functions estimated on K = 500 independent replication of the experiment.
Baraud method for Baraud et al. (2003), Akakpo for Akakpo et al. (2014), Scott for
Scott et al. (2015) with Gaussian prior and Discrepancy for the proposed method.

6.2 Proof for the detection of signal in white noise

We fist prove that with the proposed calibration of 7, the decision rule (4) satisfies
(5). In the sequel ¢ will denote a generic absolute constant that may change from
one line to another. We want to bound II(||f||? > 72|Y") when fo = 0 for 72 =
pn/2 + kn/n+ Zk” L For all t+ < 2n we have, using the Chernoff bound we have

1=1 n+s;

with Pj'-probability that goes to 1

kn 2 kn
€: 1
log{TI(If> > 72[¥y™)} < —72 + >t + 3
= It

pn
< ¢
- 2
<l-c¢

for ¢ large enough, which give the result

We now state an auxiliary result that will be needed for the remainder of the proof.
Define H(s, p) = {f € W3 (L), [|fll2 > r}

Lemma 1. Let k, = n* Y and consider Z, = Zf;l(YiQ —1/n). We thus have if
fo € H(s,pp) with p, = vyn=*/4stD where v, — oo slowly with n then for some
c>0

P (Zn < pn) = o(1) (21)

The proof of this Lemma can be found in the supplementary materials.
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We now end the proof by showing that 67 satisfies (6). We want to bound II(|| f||* <
T,|Y™) when fy € H(s, p,). For all n/2 >t > 0 and all increasing sequence s; such that
Sk, < nts/(4s+1) e have for Y™ such that P} (Z, > pn), using the Chernoff bound and
the fact that ngl 1/(n+s;) < pn/4

k
tn?Y? 1 2t
log {II(||f|? < 72|Y™)} < tu, — > i 1 (1 )
og{II(If[I" = ma[¥™)} < tu — (n+s)(n+si+2t) 2 °8 +n+sz'
- s;+t t
<t2f§ tY2(1—27——) —
=t i_l{ i n ) n+5i}
tpn Sk, +t  k,t?
< —— + 2k, —
- 4 + n? + n?
<g¢

for some c for v, large enough by taking t < p,! and s, < 2, where the second line

3 1 1 itt
comes from the fact that m Z nZ (1 — 2ST> .

6.3 Proof for shape constraints

6.4 Auxiliary result

For all functions fo in Lo ([0,1]) denote by Py the probability distribution of Y™ gener-
ated with f = fo and f,0  the function of Gy the set of piecewise constant functions with
k pieces, that minimizes the Kullback Leibler divergence between P; and Fy. Standard
computation gives

W) =nt Z fo(i/n), n; = Card {4,j/n € [(: — 1)/k,i/k)}. (22)
3,3/n€l(i-1)/k,i/k)
The following lemma gives some concentration result for f, ; that will be useful for the

study of D(f,Fy) or D(f, F.(K)) respectively for both monotonicity and positivity
constraints.

Lemma 2. Let M be a positive constant. Let I1 be as define in (13) such that it satisfies
condition C1, C2 and C38. Denote by wy the minimizer of the Kulback-Leibler divergence
KL(Py, ,,Py). Then if there exists a constant C' such that Il(og/0 < C|Y™) = opn(1)
for a constant A > 0 large enough, we have

P'II{ ma w-wQ>AkY")< N }%1. 23
{ (_1Xk|] > Agy" ) < (23)

where &8 = [{k:log(n)}/n}l/2 for all fized positive vo and ;.

The proof of this lemma is given in the supplementary materials. We also state the
following lemma that gives a control on the posterior distribution of k.
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Lemma 3. Let k, = ne2/log(n) if L(k) = log(k) and k, = ne if L(k) = 1 where €,
is either €,(F) if fo € F or en(a) if fo € H(a, L). For Cy a positive constant that my
depend on K or L, let K,, = {k < C1k,}. If 11 is define as in (13) and satisfies C1 or
C1’, C2 and C3 we have

IH(KL[Y™) < opp (1) (24)

The proof is given in the supplementary materials.

Proof for the test for positivity

We first prove that 67 (r,) satisfies (5) for 7,, = {klog(n)/n}'/2. Let fo € Fy, then for
all £ > 0 we have f o ; € 74 which in turns gives

D(fur, Fy) = —min(w) < max |w; — Wl
Note that if o9 < ¢ we get directly for C large enough that II(og/0c < C|Y") =

opy (1)

Applying lemma 2 gives us immediately (5) for M large enough. We now show that
67 (1,,) satisfies (6) with p = p, = M{n/log(n)}~*/?2*+ Yy, for v, as in Theorem 3.
First note that for fo such that fo € H(a, L) doo(f, F+) > ppn we have for all k

. 0 —
~ () 2 o =

which leads to

We thus deduce the following upper bound for II{D(f, F4) < 7,|Y"}:
T{D(f, Fy) < mlY"} ST max fwj = wj| > pn = k=% = 7[Y"),
J=1,y

We ends the proof by applying Lemma 2 together with Lemma 3.

Proof for the test for monotonicity
We first prove consistency under Hy. Let fy € F then

D(fu e, Fu) <2 max |wi — W)

=1,...,

and thus
Al

SEE T N
Yo+

P \T{D(fur, Fu) > 7FY,) <
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as soon as 7 > 2A¢F which gives the consistency under Hy given Lemma 2.

We now prove consistency under H;. Let fo € F and fy € H(«, L) we have

D(furks F) = D(fuo g, F) —2 max |w; — )| (25)

i=1,...,

Assume that p, () < do(fo, F), we derive a lower bound for D( f0 j, F+, ). Let g* be the
monotone non increasing piecewise constant function on the partition {[0, 1/k), ..., [(k—
1)/k, 1)}, withfor1 <i <k, gf = minjgiw?. Given that doo (fu0 k, F) = infger doo (fuo i, 9)
we get

doo(fwo,km/_'.\) < doo(fwo,kvg*) < D(fwo,ka‘/_'.\)

And therefore, given that do(fo, Fv) < doo(fuo ks Fr) + doo(fuo ks fo)

n —deo w9,k -C y
H{D(fW,kyf\)<TT’f|Yn}SH{i_I]fllamkwi—wg|2 onl) = doelenie Jo) = C |yn}

For K,, as in Lemma 3 and k € K,, and M large enough we have p,(a)/4 > 7%. On
the set IC,, we have for M, the constant in p,(c) large enough p,(a)/4 > doo(fuo k, fo)
which in turns gives

H{D(f%k,]:\) < T,’f|Yn} <II |:{‘_Hllan |wi — W) > pnla)/8} N{K, N B, }Y™ +0P5L(1)~

Given (23), we get that for all fy such that doo(fo, F) > pn(a)

Y0

L |
Yo+

Py {H{D(fwyk,]—'\) <7y, <

which ends the proof.

7 Discussion

In this paper we present an approach for testing un-separated hypotheses that relies
on the estimation of a distance between the parameter and the null set. This approach
can be viewed either as a modification of the testing loss function or as a relaxation
of the hypotheses at hand. The test obtained using this approach have been shown
to be consistent and to achieve the minimax separation rates when testing parametric
hypotheses and in some nonparametric settings.

The approach proposed here currently focus on two hypotheses testing, however, we
believe that it could also be applied to more general settings, in particular for the sparse
Gaussian sequence model. In this case Carvalho et al. (2010) proposed a model selection
method for the Horseshoe prior. The idea of their approach is somehow similar to the
one proposed here. Bogdan et al. (2011) and Datta and Ghosh (2013) have derived some
upper bounds on the multiple testing risk from asymptotic properties of each individual
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22 Bayes test

test for the Horseshoe prior. We thus believe that the approach presented in this paper
could also lead to interesting results in this setting. In particular one could adopt a
minimax version of the risk studied in Bogdan et al. (2011) and adapt the approach
studied here.
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Appendix A: Proof of Lemma 1

First recall that Z,, = ngl()@2 — 1/n) and note that

[e%S) k k
2 n 1 n
PSL(Zn<CPn):P51{|f0||2— Z fg,i+\/ﬁzﬁifo,¢+Z(G?—l)<cpn}
=1

n
i=kn+1 i=1

Furthermore, we have that

k 2
2 ~ 4 4
EQ | =D €ifoi < ——— < — =0(1).
<||fo||%i_1 ) Allfol = g~ °

We thus have that % ngl €ifo.i = op, (|| fol|?). We deduce that for Cy large enough

k
1 <& ,
Py (Z, < Cpy) =Py {n Y(E-1<-C pn} =o(1).

i=1

given that k, 1/2 ngl(ef — 1) is asymptotically standard Gaussian.

Appendix B: Existence of test for the regression model
with unbounded variance for the residuals

We prove the existence of an exponentially consistent sequence of test when estimating
the mean of a Gaussian vector with unbounded variance. This result has an interest in
its own as it extend the existing results on Bayesian nonparametric regression developed
in Ghosal and van der Vaart (2007) or de Jonge and van Zanten (2013).

Consider the nonparametric regression problem

Yi=fi + o6, €i%i./\/'(0,1)i:1,...,n

Let II be a prior on f and let d,,(f,g9) = n=1 > (f; — 9;)>. We have the following
lemma

Lemma 4. For F,, a sequence of sieves, define Fi = {f € Fn,j2€2 < dn(f, fo)>+ (0 —
00)? < (j +1)%2€2} and assume that for all j we can have a e,-net for FJ with at most
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eCine, /2 points. Then there exists a sequence of tests ®,, such that

P®, =0, sup PP(L—®,) <e I/
ferd

Proof. We consider 3 cases : |0 — 09| < 1/2, 0 > 30¢/2 and o < 0¢/2.
When |0 — 09| < 1/2: we can construct a test ¥; such that

E¢(¥,) < efcfnef’/; sup Efo(1—9q) < e~ Ciner,
f]’?ﬂ{\o’—ao|§o'o/2}

as in Lemma 2 of Ghosal and van der Vaart (2007) since the d,, norm can be related to
the Hellinger distance in this case.

For o > 300/2 we consider the test Uy defined as

n Y;— ; 2
\IJQZH{Z(UJ’O’> >n01},
i=1 0

for a suitably choosen constant ¢; > 0. Chernoff bound gives
Ep(Uy) < e O
If 0 > 30¢/2 and (f,0) € FJ, thus j > jo/ey for some jo > 0. If Y; = f; + oe; where

g; ~N(0,1) then Y7 | ((V; — fO,i)/UO)2 follow a non central x2 distribution with non
centrality parameter Y . (f(z;) — fo,:)*/0* > 0. Thus setting W ~ x?2

n
Y, — 4 2
{ Jo. } < ncll <pr <W < cm%) .
— 9 o

1=

Efo(1=W3) =Py,

o2
72
)
Chernoff bound gives

Efo(1—Uy) <e O,

Recall that we can construct a e-net for F; with less that eCi’e’/2 points. For o <

00/2 we consider the test U4 associated to f € FJ a point in the £e, net and some
suitably chosen 0 < ¢o < 1 defined as

n ty 2
\I%:I[[Z{Yia_ofi} SCQ”].

As before, given that under Py, 0, >y [{Yi — fI}/ 00]2 follows a non central y2
distribution

imsart-ba ver. 2014/10/16 file: Test_rev2_BA.tex date: June 27, 2017



J-B Salomond 27

Ej (¥%) = Py

n 2
Z {H} < czn] < pr(W < can).

o
i=1 0

Given that the moment generating function of a non central x? distribution with
non centrality parameter A at point s is known to be (1 — 2s)"/2 exp{sA?/(1 — 2s)},
we have for all f,o € FF N {0 < 00/2} such that d,(f*, f) < e,

0_2 n }/1— t 2
T e
n 1 2s 9 o3
< exp {2{log(12s)+02_25dn(f,f) 72502§ .

1

For s small enough we have

2s
1—2s

d(f, f1)? < Asd,(f, f1)? < 4se, < 2sco03.

Which in turns gives for ¢§ > 0 a fixed constant
E;o(1— W) <e "
Taking W3 = max; U4 we get a test such that

EG(¥3) = o(1); sup Efo(1—V3) < e~ Ci’ne,
Fin{o<oo/2}

We conclude the proof by taking ®,, = max{W¥;, Uy, U3}

Appendix C: Concentration rate of the posterior
distribution for Holderian smooth and
monotone functions functions
In this section we prove that the posterior concentrate around fo, oo at the rate (n/log(n))~ /4
if fo € F. and (n/log(n))~*/CotD) if fy € H(a, L).

To do so we follow the approach of Ghosal and van der Vaart (2007). Throughout
the proof, C' will denote a generic constant.

Let KL(f,g) = [ flog(f/g) be the Kullback-Leibler divergence between the two
probability densities f and g. We define V' (f, g) = [(log(f/g)— KL(f,g))*f. We denote
pi(w, o, k) the probability density with respect to the Lebesgue measure of Y; = f,, x +¢;
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when ¢; ~ N(0,0?%) and p; o the true density of Y, i.e. when f = fy. We only consider
the case where f € F. , a similar proof holds when f € H(«, L). We define

Bn(e) = {ZKL{])Z‘(W,O', k}vpi,O) < n62’ Z V{pi(wa g, k)vpi,O} < Tl€2}

=1 i=1

Here p(w, 0, k) and py are Gaussian distributions, we can easily compute

KL{pi(w,0.k),pio} = % og (f) — % <1 - Jg) 1 Loz — fo(a)”

2 o? 2 o?
1 od ? o8 ?
Vot = 5 (1= 2 ) + | B (oo — foe}

We have By, (€,) D {d2(fuk, fo) < Ce2,|0? —05]? < Ce2}.

For fy € F, denoting w? = nj_1 inte fo(z;) and x; = inf(l;), T; = sup(l;) we
have o

A2 (furks fo) = d2(foy fuo k) + A2 (furks fuo k)

and

k

&, (fo, fuo k) = %Z Z {folw:) = fuo k}”
) L

< *Z ni{fo(z;) — fo(5)}?

3

2
2
E}ﬁxg | < ol

?T\Q

Denoting k, = C[||fo||2.{n/log(n)}'/?] we deduce that B,(e,) D {k = kn,|lw —

WOlR < €]0? — o3| < er} where || - ||, is the standard Euclidean norm in R” i.e.

for a = (ay,...,a;) € R¥
k
lallg =%~ af.
i=1

We deduce that for a fixed positive constant Cy that depends on || fol|c ,

kn
w{Ba(en)} 2 (C_int lolioelen)  malof)ednh = k) 2 O (20
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To end the proof the standard approach of Ghosal and van der Vaart (2007) requires
the existence of an exponentially consistent sequence of tests. Their Theorem 4 suited for
independent observations relies on the fact that the set {dn( fuky f0)2 + (0 —09)? > e%}
can be covered with Hellinger balls. Because of the unknown variance, this cannot be
done here, we thus use an alternative approach and to construct tests, and then apply
Theorem 3 from Ghosal and van der Vaart (2007). To prove the existence of tests we
apply Lemma 4. Note that we have

.F]]-CC{||W*w0||k§0jen,|0'70'0‘SCjen}7 (27)

and thus for all £ > 0 there exist a e, net of }~le containing less than (Cj/€)* points.

Appendix D: Proof of Lemma 2

Let fo either belong to F or to H(a, L) and €, represent either €,(F) if fo € F or
en(a) if fo € H(a, L). We denote A,, = {(w,0,k),dn(fu.r, fo)* + |0 — 00]? < €2} with
€n as in Section C. Thus m(A7|Y,) = opyp(1). We now derive an upper bound for

m(max; |w; — wd| > AEF|Y,, Ay). To do so, we look at the following decomposition for
all k, € N,

m(max w; — w?| > AEfL‘Ym An) <
J

k
S w(k[Ya, An) Z/wqwj—w;n > CER Yo, An, by 0)dm (0] Vi, Ap, )+ (k > Fn| V).
k<kn j=1

(28)

Given Lemma C3 we have, choosing k,, = Cine2 a constant C; as in Lemma C3,
w(k > kn|Yn) = 0p5L(1)

We now find an upper bound uniformly in o over A,, for 7(Jw; —w?| > ALY, AnL ko).
We first denote I;(wf, 00) = {loo&) < |w; —w?| < (I+ 1)ooéh}. We have for Iy < A

(jwj — w| > ALY, A, k,0) <> T{L (w9, 00)[ Ve, Ans ki, 0}
1>l
We then write
T () — ;'1'0 wO
Jis oy €77 T )

{05, 00)[¥n, Ans by 7} = (@ ()

where 17(w) = —nlog(c?)/2 — 30 {Y; — fux(z:)}?/0?. Standard algebra leads to

o o 0 £ (UJ]‘ — w.YQ)2 90 0
ln(w)_lno(w ):_ Z 02 + Z eiﬁ(wj_wj)+A(€7o'7ank)7
j=1

:Eielj

DN | =
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where A(e, o, fo, k) does not depend on w and ¢; i N(0,1) under pj. We thus deduce
H{Il(w07 UO)|Y’I’L7 Ana ka U} =

ffz(w 2,00) exp{ 2n (‘*’17‘*’ +Zx161 (62)02 (wy —wj )}dl’[( ) Nle( o)

%
Jexp{~in, (T + er, (€) B (s — w) | dTI(w) Dy (o)
We now prove that on a set & such that PP(E) = 1 + o(1) we have for (¢;) € &,
We have an upper bound for N, /D . uniformly in o € A, for all k& < k,. Let

E = {ﬁk<k ﬂj 1 {‘Zx e, €i < cen/1y log( )}} for some constant absolute constant

c. large enough. We compute

kn K
ZZ Z € > cey/njlog(n) | < 2:;2 = o(1).
k=2 j=1

e
:L’iGI]‘

For (¢;) € £ and uniformly in o over A,, we compute

n; (o)
Dk (o) = [exp ] 3 w; — ) + T — ) Y & f dnle)

Iielj

oo log(n
> / exp 4 —nj(w; — wf)? — 2ce—njlw; — wy| log(n) dm(wj)
lw; —w|<oocel g U

> e—3c§agnj(f:)z/(Qoz)H(‘wj — OJ;)|

S o-3c2ain;(€4)2/(20°) Fooinf
>e oocell xe[l_nKK]{g(:v)}

Similarly for (¢;) € £ and uniformly in o over A,, we have for [ large enough

1 wj —wi| o log(n)
k 0 J J 0 g
Ny ji(o) < /Il(w%o) exp {—2”j|wj — wj| (UZ ~ 2% dm(w)

< 6—1203”1(Eﬁ)Q/(402)H{Il(w;?7JO)}

< e oani(€)*/(4o®) g ekl

We thus have for (¢;); € €, € > 0 and [ large enough, together with condition C2

Naja@) o, (ehy2 /250 LW 00)}
Dy (o) ~ I(Jw; — wf| < goce&h)

< o€y lgllo-
= Ce infxe[_K,K]{g(x)}’
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which in turns gives an upper bound for TI(|w; — w9| > ARV, ALk, o)

eflO;Tinj(g’;P |91l

M(|w; — W9 > AEX|Y,,, Ak, 0) < . .
(loj =g = A8l ) TR P Fo)!

N

We thus deduce for C > 0 an absolute constant and C’ depending only on ,

II( max |w; —w9| > AEK(Y,) < C'kye €105 4+ opn (1),
1<j<k 0

which gives choosing A large enough

n S —wl| > Ak n .
P {H(lr%a%{k |wj —wj| > A& |Yn) < ot —1

Appendix E: Proof of Lemma 3

Let be either k,, = ne2/log(n) if L(k) = log(k) or k, = ne2 if L(k) = 1. Similarly to
before, we have 7 {By,(€,)} > e~ "+. We define N,, and D,, such that
 Dery mlk) [ PEIR (Y dTI(w,0) N,

(K |Yy) = —n
) P 7r(lf)fW(Y”)dl‘[(w,o) D,

Given Lemma 10 of Ghosal and van der Vaart (2007), we have
Py (D < e} = o(1)
Note also that

Eg(Nn) = Z ﬂ-(k)// p(wl,)j'7 k) (Yn)po(yn)dﬂ(w’o_)dyn _ 71'(](3 S kn) S ce—CU,knL(kn)
kexe "

Thus for C' small enough we have

N,
Db, se-cn } +o(1)

< eCneice—C“,knL(kn) +0(1)

<o(1)

Egﬂukenzyw}zEg{
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