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ABSTRACT. In this paper we consider a mathematical model for the in-
verse 3 decay in a uniform magnetic field. With this model we associate
a Hamiltonian with cutoffs in an appropriate Fock space. No infrared
regularization is assumed. The Hamiltonian is self-adjoint and has a
unique ground state. We study the essential spectrum and determine
the spectrum. The coupling constant is supposed sufficiently small.
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1. INTRODUCTION.

A supernova is initiated by the collapse of a stellar core which leads to the
formation of a protoneutron star which may be formed with strong magnetic
fields typically of order 10'6 Gauss. It turns out that the protoneutron
star leads to the formation of a neutron star in a very short time during
which almost all the gravitational binding energy of the protoneutron star
is emmitted in neutrinos and antineutrinos of each type. Neutron stars have
strong magnetic fields of order 10'? Gauss. Thus neutrinos interactions are
of great importance because of their capacity to serve as mediators for the
transport and loss of energy and the following processes, the so-called ” Urca”
ones or inverse 3 decays in Physics,

(1.1) Ve+n=e_+p

(1.2) Te+p=er+n

play an essential role in those phenomena and they are associated with the
5 decay

(1.3) n—pter+7r

Here e_( resp. e4) is an electron ( resp. a positron ). p is a proton and n
a neutron. v, and 7, are the neutrino and the antineutrino associated with
the electron.

See [10], [11], [14], [17] and references therein.

We only consider here high-energy neutrinos and antineutrinos which are
indeed ultrarelativistic particles whose mass is zero or in anyway negligible.

Due to the large magnetic field strengths involved, it is quite fundamental
to study the processes (1.1) and (1.2) in the presence of magnetic fields.

These realistic fields may be very complicated in their structure but we
assume these fields to be locally uniform which is a very good hypothesis
because the range of the weak interactions is very short. Our aim is to study
the processes (1.1) and (1.2) in a background of a uniform magnetic field.

Throughout this work we restrict ourselves to the study of processes (1.1),
the study of processes (1.2) and (1.3) would be quite similar.

The advantage of a uniform magnetic field is that, in presence of this field,
Dirac equation can be exactly solved. We can then quantize the correspond-
ing field by using the canonical formalism and use the Fermi’s Hamiltonian
for the 5 decay in order to study the processes (1.1).

Throughout this paper we choose the units such that ¢ = h = 1.

In this paper we consider a mathematical model for the process (1.1)
in a uniform magnetic field based on a Fock space for electrons, protons,
neutrons and neutrinos and on a Hamiltonian with cutoffs suggested by the
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Fermi’s Hamiltonian for the 8 decay. The Fock space will also involve the
antiparticles of the electrons and of the protons . No infrared regularization
is assumed. We neglect the anomalous magnetic moments of the particles.
Due to the cutoffs the relativistic invariance is broken.

We study the essential spectrum of the Hamiltonian and we prove the
existence of a unique ground state . The spectrum of the Hamiltonian is
identical to its essential spectrum. Every result is obtained for a sufficiently
small coupling constant.We adapt to our case the proofs given in [4] and [7].

In an another paper we shall study the scattering theory and the abso-
lutely continuous spectrum of the Hamiltonian.

The paper is organized as follows. In the next two sections we quantize
the Dirac fields for electrons, protons and their antiparticles in a uniform
magnetic field. In the third section we quantize the Dirac fields for free
neutrons, neutrinos and their antiparticles in helicity formalism. The self-
adjoint Hamiltonian of the model is defined in the fourth section. We then
study the essential spectrum and prove the existence of a unique ground
state.

2. THE QUANTIZATION OF THE DIRAC FIELDS FOR THE ELECTRONS AND
THE PROTONS IN A UNIFORM MAGNETIC FIELD.

In this paper we assume that the uniform classical background magnetic
field in R? is along the z3-direction of the coordinate axis. There are several
choices of gauge vector potential giving rise to a magnetic field of magnitude
B > 0 along the z3-direction. In this paper we choose the following vector
potential A(x) = (A*(x), p=0,1,2,3, where

(2.1) A'(x) = A%(x) = A3(x) =0, A'(x) = —2?B

Here x = (x!, 22, 23) in R3.

We recall that we neglect the anomalous magnetic moments of the parti-
cles of spin % .

The Dirac equation for a particle of spin % with mass m > 0 and charge
e in a uniform magnetic field of magnitude B > 0 along the z3-direction
with the choice of the gauge (2.1) and by neglecting its anomalous magnetic
moment is given by

(2.2) Hp(e) :a'(%V—eA)—FBm,

acting in the Hilbert space L?(R3,C*).
The scalar product in L?(R3, C*) is given by

4
(f,9) = F(x)g(x)d*x
g ;/RS g

We refer to [27] for a discussion of the Dirac operator.
3



Here a = (aq, a9, cvg), [ are the Dirac matrices in the standard form:

I 0 0 a; .
ﬁ_<0 _[>7 ai_<0,i 0)7 2_172737

where o; are the usual Pauli matrices.
By [27, thm 4.3] Hp(e) is essentially self-adjoint on C§°(R?, C*). The
spectrum of Hp(e) is equal to

(2.3) spec(Hp(e)) = (—oo, —m| U [m, 0]

The spectrum of Hp(e) is absolutely continuous and its multiplicity is not
uniform. There is a countable set of thresholds, denoted by S, where

(2.4) S =(-sp sn;n€N)

with s, = \/m? + 2n|e|B. See [19].

We consider a spectral representation of Hp(e) based on a complete set
of generalized eigenfunctions of the continuous spectrum of Hp(e). Those
generalized eigenfunctions are well known. See [22]. In view of (2.1) we use
the computation of the generalized eigenfunctions given by [21] and [9]. See
also [17] and references therein.

Let (p',p?) be the conjugate variables of (z!,2%). By the Fourier trans-
form in R? we easily get

@
(2.5) L*(R3,CY) ~ /2 L*(R,CYHdp*dp®.
R
and
@
(2.6) Hp(e) ~ /2 Hp(e;p',p)dp'dp®.
R
where
.ol 3y

HD(evp » D ) -

(2.7) moy, o1(p' — ex’B) — iagﬁ + p3o3
o1(p' — ex’B) — iagﬁ + plos, —moy

Here o is the 2 X 2 unit matrix.
Hp(e;p',p3) is the reduced Dirac operator associated to (e;p', p?).
Hp(e;pt, p?) is essentially self-adjoint on C§°(R, C*) and has a pure point
spectrum which is symmetrical with respect to the origin.
Set

(2.8) E,(p*)? =m*+ (p*)? + 2nle| B, n > 0
The positive spectrum of Hp(e; p', p3) is the set of eigenvalues
(En (pg))n>0 and the negative spectrum is the set of eigenvalues
(—E, (p3))n>0. Eo(p?) and —FEy(p?) are simple eigenvalues and the multi-

plicity of E,(p®) and —E, (p?) is equal to 2 for n > 1.
Through out this work e will be the positive unit of charge taken to be
equal to the proton charge.
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We now give the eigenfunctions of Hp(e; p', p?) both for the electrons and
for the protons. The eigenfunctions are labelled by n € N, (p1, p2) € R? and
s = £1. n € N labels the nth Landau level. s = +1 are the eigenvalues of
03. The electrons and the protons in all Landau levels with n > 1 can have
different spin polarizations s = +1. However in the lowest Landau state
n = 0 the electrons can only have the spin orientation given by s = —1 and
the protons can only have the spin orientation given by s = 1.

2.1. Eigenfunctions of the reduced Dirac operator for the electrons.

We now compute the eigenfunctions of Hp(—e; p', p3) with m = m, where
m. is the mass of the electron.

Eﬁf) (p?) and —Er(f)(p?’) will denote the eigenvalues of Hp(—e;p!,p3) for
the electrons. We have E{) (p*)? = m2 + (p*)% + 2neB, n > 0.

2.1.1. Eigenfunctions of the electrons for positive eigenvalues.
For n > 1 E,(f) (p®) is of multiplicity two corresponding to s = 41 and
E(()e) (p®) is multiplicity one corresponding to s = —1.
Let Ufl) (x2,n,p', p?) denote the eigenfunctions associated to s = +1.
For s =1 and n > 1 we have

In—l(f)
©) (.3 : 0
© (22 . pl p3) — (En_(P°) +me > p
(2.9) U+1 (w y 1, PP ) - < 2E7(Le)(p3) > m n—l(f)

. 2neB I
ES (p3)+me " 3

where

£ =VeB@ - )

B
16 =( ) expl-€/2)H(6),

Here H, (&) is the Hermite polynomial of order n and we define

(2.11) I4(¢) =0

For n =0 and s =1 we set

U9 (22,0,p",p%) = 0

(2.10)

For s = —1 and n > 0 we have
0
(©)(,3 ! 1n(§)
[& En + me 2
212) U@t = (B s g
2En (p3) En (pS)B“l‘me

In(§)

B (p3)+me



Note that
(2.13) /d$2U§e)($2,n,pl,pg)TUs(re)(wQ,n,pl,pg) = bss
where 1 is the adjoint in C*.

2.1.2.  Eigenfunctions of the electrons for negative eigenvalues.
Forn > 1 —Er(f) (p?) is of multiplicity two corresponding to s = +1 and
—Eée)(p?’) is multiplicity one corresponding to s = —1.
Let Vj(:l) (22, n, pt, p?) denote the eigenfunctions associated with the eigen-

value — B (p®) and with s = +1.
For s =1 and n > 1 we have

3

E—1,-1(§)

B (p3)+me

(€) (3 3 VoneB
. Ey (p°) + me 2 __V2neB
(214) V_i(_l) (£U2, n,pl,pg) — <—2E(e) 3 > Egbe)(pg)_i_me [n(f)
n (p ) [n—l(g)
0

and for n = 0 we set
V9 (a?,0,p',p%) =0
For s = —1 and n > 0 we have

V2neB
. E’V(IE)(pS)‘l'me In—l(f)

(e),3 3
. Ey + me \ 2 -
(2.15) V92 n,ptp?) = <L> E&e)(p3)+m61"(§)

26y (%) 0
1,(€)
Note that
(2.16) /dx2Vs(e)(:L"2,n,pl,pg)T‘/'s(,e)(x2,n,pl,p?’) = gy

where 1 is the adjoint in C*.
The sets (U:E:el)("naplapg))(n,pl’p:a) and (V:I(:el)(-an,plypg))(
L?*(R,C*) are a orthonormal basis of L?(R,C%).

This yields for ¥(x) in L?(R3,C*)

1 s of vectors in
n,pt,p*)

(2.17)

U(x) = % Z L.i.m(

s==+1

Z/ dp'dp’e®' e +r°e%)
RZ

n>0

<C§e) (n,p", YU (@2, 9", p%) + O (n,p", p*) VI (2, n,pl,p3)>> :
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where g(ﬁ(O,pl,p?’) = d'9(0,p",p*) =0
Let W(z2; p!, p) be the Fourier transform of W(.) with respect to ! and
3.

x°:
~ 1 .
(22 pt,p?) = L.i.m—/ e_(p1x1+p3x3)\11(x1,a:z,a:?’)dajlda:?’
2T R2
We have
{9 (n,p*, p%) =/ U (2%, n,p',p*) 10 (2% p", p*)da?
(2.18) &

~

d\ (n,p', p%) =/RVs(e)(wQ,n,pl,pg)T‘I’(xz;pl,pg)de-

The complex coefficients o) (n,p',p®) and ' (n,p',p?) satisfy

|!\I/(.)H%2(R37(c4) =
2.19 . .
B0 T T [(1000 0 0 )R )t <

s=+1n>0

2.2. Eigenfunctions of the reduced Dirac operator for the protons.

We now compute the eigenfunctions of Hp(e;p',p?) with m = my.
ET(LP) (p?) and —ET(LP) (p?) denote the eigenvalues of Hp(e;p',p3) for the
proton. We have jol (p*)* =m2 + (p*)* + 2neB, n > 0.

2.2.1. FEigenfunctions of the proton for positive eigenvalues.

For n > 1 E,(Lp ) (p?) is of multiplicity two corresponding to s = £1 and
E(()p ) (p®) is multiplicity one corresponding to s = 1.

Let U ipl)(:ﬁ, n,p',p®) denote the eigenfunctions associated with the eigen-

value E7) (p?) and with s = +1.
For s =1 and n > 0 we have

(), 3 3
(220) U_E_pl)(x2,n,p17p3) - <w> 2 @, 3, In

2B (p3) ED @) fm, "
__V2neB \/271549[”_1(5)
EP (p3)+my

where
e \/_ 2 pl
—VeB L
(2.21) §=veB(z"+F)
1_1(€) =0.
For s = —1 and n > 1 we have



®)(,3 3 In-1(8)
(222) U (2% n,p'p°) = <—E“ (p )+mp>2 VIeB | (5
2B (p3) EP @) rm, "
b ~1(§)

For n =0 and s = —1 we set
Uipl)(x2,0,p1,p3) =0.
Note that
/dszs(p) (22, n,p", P UL (22, 9", p*) = 0w
where 1 is the adjoint in C*.

2.2.2. Eigenfunctions of the proton for negative eigenvalues.

Forn > 1 —E,(Lp ) (p?) is of multiplicity two corresponding to s = 41 and
—Eép ) (p®) is multiplicity one corresponding to s = 1.

Let Vj(ﬁ) (22, n, pt, p3) denote the eigenfunctions associated with the eigen-

value —E (p?) and with s = +1.
For s =1 and n > 0 we have

P (€
(p) (.3 L BV @) Em, l(é)
2.23) VB (a2 n,pt,p®) = En”(p°) +mp > [ —_y2meB 1, ()
+1 y L, PP QE(p)( 3) En”(p )"‘7721)
n AP I1n(§)
0
For s = —1 and n > 1 we have
___ +/2neB g)
EP (p%) [ BT
n (p°) +my\ 2 #[n_
a2 VR ) = (Z ) | S P
n P 0
[n—l(g)
and for n =0 and s = —1 we set
VB (2,0,p",p%) =0
Note that
(2.25) /d:CQVS(”) (@2, n.p" p) TV (@20, p p?) = b,

where 1 is the adjoint in C*.



The sets (Uipl)(.,n,pl,p3))(n7p17p3) and (Vj(ﬂ)( n,pt,p ))( 1p%) of vectors
in L?(R,C*) are a orthonormal basis of L?(R,C%).
This yields for ¥(x) in L?(R3,C*)

(2.26)

where c(_p%(O,pl,p?’) = d(_I?(O,pl’p?’) =0

The complex coefficients P (n,p',p?) and ¥ (n,p',p?) satisfy

(2.27)
19 ()22 e o) =

Z/( (1@ (n, ", p*) 2 + [dP) (n, p*, p%)| )dpldp3> < 0.
+1n>0

We have

P (n,p', p?) =/ UP (2%, n,p, p*) 10 (2% pt, p*)da?

(2.28) R

AP0 1) = [ Vet ) D s
R

2.2.3. Eigenfunctions of the positron for positive eigenvalues.

The generalized eigenfunctions for the positron, denoted by
Ui_le)(x2,n,pl,p ), are obtained from U(p)(x n,p',p®) by substituting the
mass of the electron m, for m,. The associated eigenvalues are denoted by

B9 (p%) with ES O (p%)2 = m2 + (p%)2 + 2neB, n > 0.

2.2.4. FEigenfunctions of the positron for negative eigenvalues.
The generalized eigenfunctions for the positron,associated with the eigen-

values —E,(fe)(p?’) and denoted by Vi(ze)(xz,n,pl,pg), are obtained from
Vj(ﬁ) (22, n, p', p3) by substituting the mass of the electron m, for M.

2.2.5. Eigenfunctions of the antiproton for positive eigenvalues.
The generalized eigenfunctions for the antiproton, denoted by
Ui_lp) (22, n, pt, p*), are obtained from Uj(:l) (x2,n,p', p?) by substituting the
mass of the proton m,, for m.. The associated eigenvalues are denoted by
EZP (0%) with ES P (09)2 = m2 + (%)% + 2neB, n > 0.
9



2.2.6. Eigenfunctions of the antiproton for negative eigenvalues.
The generalized eigenfunctions for the antiproton,associated with the eigen-

values —Ey(fp )(p3) and denoted by Vi(zp ) (22, n,pt, p3), are obtained from
Vj(:l) (22, n, pt, p?) by substituting the mass of the proton my, for me.

2.3. Fock spaces for electrons, positrons, protons and antiprotons
in a uniform magnetic field.

It follows from section 2.1 and 2.2 that (s,n, p', p?) are quantum variables
for the electrons, the positrons, the protons and the antiprotons in a uniform
magnetic field.

Let & = (s,n,pl,p2) be the quantum variables of a electron and of a
positron and let & = (s, n, pll,, pg) be the quantum variables of a proton and
of an antiproton.

We set 'y = {—1,1} x N x R? for the configuration space for both the
electrons, the positrons, the protons and the antiprotons. L?(T'y) is the
Hilbert space associated to each species of fermions.

We have,by (2.17), (2.18), (2.19), (2.26), (2.27) and (2.28),

(2.29) LA(Ty) = I2(L*(R?)) @ I*(L*(R?)

Let §() and §(_.) denote the Fock spaces for the electrons and the
positrons respectively and let §,) and §_,) denote the Fock spaces for
the protons and the antiprotons respectively.

We have

(2.30) o) =F-0) = 3 = F-p = PR LAT)

n=0 a
Q@ L?(T'y) is the antisymmetric n-th tensor power of L?(I'y).
Q) = (1,0,0,0,...) is the vacuum state in S(a) for a=e,—e,p,—p.
We shall use the notations

da= 3% [ apla?

(2.31) I s=+1n>0
[aa=3% [ ala}
I8} s—+1n>07R?
Set € = +.

be(&5) (resp.bf(&;)) are the annihilation (resp.creation)operators for the elec-
tron when j = 1 and for the proton when j = 2 if e = +.

be(&5) (resp.bf(&;)) are the annihilation (resp.creation)operators for the
positron when j = 1 and for the antiproton when j =2 if e = —.

The operators be(§;) and b} (¢;) fulfil the usual anticommutation relations
(CAR)(see [28]).

In addition, following the convention described in [28, Section 4.1] and
[28, Section 4.2], we assume that the fermionic creation and annihilation
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operators of different species of particles anticommute ( see [6] arXiv for
explicit definitions). In our case this property will be verified by the creation
and annihilation operators for the electrons, the protons, the neutrons, the
neutrinos and their respective antiparticles.

Therefore the following anticommutation relations hold for j = 1,2

{be(&), b2 (§5)} = 0eerd(&5 — &)
{bE(&1), b, (£2)} = 0.

where {b,b'} = bt/ + b'b and b* = b or b*.
Recall that for ¢ € L?(I';), the operators

(2.32)

%@:/m@ma%.
(2.33) A

belo) = [ 861066

are bounded operators on §(.) and §(_.) for j = 1 and on §(,) and §_,) for
j = 2 respectively satisfying

(2.34) 168 ()| = llellzz

2.4. Quantized Dirac fields for the electrons and the protons in a
uniform magnetic field.

We now consider the canonical quantization of the two classical fields
(2.17) and (2.26).

Recall that the charge conjugation operator C' is given, for every ¥(x),
by

Vi (x) —¥i(x)
emelsid)-( 4
Wa(x) —Vi(x)

Here * is the complex conjugation.
Let ¥(.) be locally in the domain of Hp(e). We have

(2.36) Hp(—e)CU = ECV  if  Hp(e)¥ = —ET

By (2.35) and (2.36) we obtain
(2%, n,p',p*) = Ui_le)(lg,n, —pt,—p®) for n>1.
(@ n,pt,p%) = ~U @ n, —pt, —p®)  for n>0.
(2%, n,p", p*) = Ui_lp)(xz,n, —pt,—p)  for n>o0.

VB (@2, n,p',p?) = UL (0% n, —p',—p®)  for n>1.
11



By (2.37) we set

(2.38)
U (22,6) =US @2 n,pL,p2)  for & = (s,n,pt,p),n > 0.
W (22 &) = V_el)(mQ,n, —p,=p®) for & =(1,n,pL,p3),n>0.
WO@2 &) =V @ n,—pl,—pd) for & =(-1,n,pLp})n>1
WO (a2, 6)=0 for & =(—1,0,p%,p%).

By using (2.37) and (2.38) the symmetric of charge canonical quantization
of the classical field (2.17) gives the following formal operator associated with
the electron and denoted by W .)(x):

1
\I’(e) (X) ~o_

- e [ e (0O b, )

F e PO (22,667 (61)).

For a rigourous approach of the quantization see [13].
We further note that

(2.40) {U(0)(x), (o) (%)} = 6(x, %)
See [9].
By (2.37) we now set

(2.41)
UP (22,&) = Uép)(:z:2,n,p;,,pg)for & = (s,n, —pll,, —pg’,),n > 0.
W(p)($2,£2) = Vg)(ﬁ,n, —pll,, —p?,)for Eo = (—1,n,p11,,p§’,),n > 0.
WP (22 ¢) = V_Ii)(x2,n, —pll,, —p?,)for & = (1,n,p§,,p§’,),n > 1.
WP (22 6) =0 when & = (1,0,p}),p§’,).

By using (2.37) and (2.41) the symmetric of charge canonical quantization
of the classical field (2.26) gives the following formal operator associated to
the proton and denoted by W, (x):

1 )
Y (p) (%) :2_/d52 (el(p’l’lerp’B’xg)U(p)(xza52)b+(§2)
(2.42) g

1

om0 WO (2, )0 (6)).
We further note that

(243) {\I’(p)(x), \I’(p) (X/)T} == 5(X - X/)

See [9].
12



3. THE QUANTIZATION OF THE DIRAC FIELDS FOR THE NEUTRONS AND
THE NEUTRINOS IN HELICITY FORMALISM.

As stated in the introduction we neglect the magnetic moment of the
neutrons. Therefore neutrons and neutrinos are purely neutral particles
without any electromagnetic interaction. We suppose that the neutrinos
and antineutrinos are massless as in the Standard Model.

The quantized Dirac fields for free massive and massless particles of Spin%
are well-known.

In this work we use the helicity formalism, for free particles. See, for
example,[27],[23] and [18].

The helicity formalism for particles is associated with a spectral rep-
resentation of the set of commuting self adjoint operators (P,H?). P =
(P1, P2 P3) are the generators of space-translations and H? is the helicity

operator %% where |P| = ( Eg’:l(Pi)z) and ¥ = (32,32, %3) with for

ji=1,2,3

(3.1) 2]’:(‘8’ C?J)

3.1. The quantization of the Dirac field for the neutron in helicity
formalism.
The Dirac equation for the neutron of mass m,, is given by

1
(3.2) Hp = o =V + fma,

acting in the Hilbert space L?(R3, C%).
It follows from the Fourier transform that

D
L*(R3,C*) ~ . Ccld3p.

R
(3.3) o
HD:/ HD(p)d3p.
R3
where
(Mmoo, o.p
(3.4) HD(p) = < o.p, —mnO'())

Here o is the 2 x 2 unit matrix, o = (01,02,03) and p = (p', p?, p?) with
3 .
op=> 100 .

Hp(p) has two eigenvalues E™ (p) and —E™ (p) where E™ (p) = /|p) 2 + m2.
The helicity, denoted by Hs(p), is given by

(3.5) H3(p) = % (% Jop)

el
13



Hj(p) commutes with Hp(p) and has two eigenvalues 3 and —3.
Set (see [27, Appendix.1.F.] and [23])for |p| # p3

B 1 p' —ip?
(36) h18) = o= (lel— )
and
B 1 p* — |p|
(3.7) ") = T ) <p1 +ip2>

and
)=}
We have (0.p)h+(p) = £|p|h+(P)-
Let
1 My, 1
(3.8) ax(p) = ﬁ(l + E(T(p))

The two eigenfunctions of the eigenvalue E(™ (p) associated with helicities
% and —% are denoted by U™ (p, i%) and are given by

1 a4 (p)h+(p)
3.9 U™ (p,£=) = ( -
(39) P %5) = \<a-(p)hz (p)
We now turn to the eigenfunctions for the eigenvalue —E™ (p).
The two eigenfunctions associated with the eigenvalue —E™ (p) and with
helicities % and —% are denoted by V(™ (p, :l:%) and are given by

(n) l B Fa_(p)h+(p)
(3.10) V(e £5) = ( at(p)h+(p) )

The four vectors U™ (p, +1) and V) (p, +3) are an orthonormal basis
of C* .

U™ (p, :t%)ei(p'x) and V™ (p, :l:%)ei(p'x) is a complete set of generalized
eigenfunctions of (3.2) with positive and negative eigenvalues +E™ (p).

This yields for ¥(x) in L?(R3,C*)

(L3 - 30 oi(px)
U(x) _(277)2 Zl L.im. </RS d’pe
(3.11) A=z

(U™ (b, Na(p, A) + V) (p, Ne(p, A))).

with
14



1912 g3 1) =
(3.12) 3 /RS p(jalp, )2 + |e(p, M)[?) < oo.

A=+1

3.1.1. Fock space for the neutrons. We recall that the neutron is not
its own antiparticle.

Let £&3 = (p, A) be the quantum variables of a neutron and an antineutron
where p € R? is the momentum and A € {—3, 3} is the helicity. We set I'y =
R3 x {—%, %} for the configuration space of the neutron and the antineutron.

Let §(,) and §(n) denote the Fock spaces for the neutrons and the an-
tineutrons respectively.

We have

(3.13) Sy =T = PR L*(T2)

n=0 a
Q! L*(T's) is the antisymmetric n-th tensor power of L?(T's).

Q) = (1,0,0,0,...) is the vacuum state in §g) for g = n,n.
In the sequel we shall use the notations

: dé; = d?
(3.14) =30 [ av

_ 1
A=+

be(&3) (resp.bi(&3)) is the annihilation (resp.creation)operator for the neu-
tron if € = + and for the antineutron if e = — .
The operators b.(£3) and b} (&3) fulfil the usual anticommutation relations

(CAR) and they anticommute with bg(fj) for j = 1,2 according to the con-
vention described in [28, Section 4.1]. See [6] arXiv for explicit definitions.
Therefore the following anticommutation relations hold for j = 1,2

{be(83), b8 (€3)} = deerd(E3 — &3)
{bh(&a). b (&)} = 0.
Recall that for ¢ € L?(I'y), the operators

(3.15)

b375(<,0) = b6(53)90(£3)d£3-

I

(3.16)
b, () = /F b (€) p(Es)des.

are bounded operators on §(,) and § () satisfying

(3.17) 165, (@)l = lleoll z2-
15



3.1.2. Quantized Dirac Field for the neutron in helicity formalism.

By (2.35) we get

) (p. 1)) = (_ P TP ey L
(3.18) 1 o ip 1
M)y —2)) — — n)(_py =
Setting
U(ﬂ) — U™ (p. A

™) (&3) = VM (—p, ).

and applying the canonical quantization we obtain the following quantized
Dirac field for the neutron:
(3.20)

U0 = (5)F [ des(COT e (65) + - CHWO b (€0)).

3.2. The quantization of the Dirac field for the neutrino.
Throughout this work we suppose that the neutrinos we consider are those
associated with the electrons.
The Dirac equation for the neutrino is given by

1
(3.21) Hp=a- =V,

acting in the Hilbert space L?(R3, C%).
By (3.3) it follows from the Fourier transform that

&)
(3.22) Hp= [ Hp(p)d®p.
R
where
(3.23) Hpp)=( " 7P
’ DiP) = op, O

Hp(p) has two eigenvalues E*)(p) and —E®)(p) where E*)(p) = |p|.

The helicity given by
1 1(0 I
275 =3\U 0

commutes with Hp(p) and has two eigenvalues % and —%.

The two eigenfunctions of the eigenvalue E)(p) associated with helici-
ties 5 and 5 are denoted by U™ (p, %) The two eigenfunctions of the
16



cigenvalue —FE®)(p) associated with helicities % and —% are denoted by
V¥ (p, i%) They are given by

v+ =5 (i)

vt s - (740

The four vectors U*)(p,£3) and V*)(p,£3) are an orthonormal basis
in C* .
Turning now to the theory of neutrinos and antineutrinos (see [16])a neu-

trino has a helicity equal to —% and a antineutrino a helicity equal to %

(3.24)

Neutrinos are left-handed and antineutrinos are right-handed. U® )(p, —%)
is the eigenfunction of a neutrino with a momentum p and an energy |p|.
cvw )(—p, %) is the eigenfunction of an antineutrino with a momentum p
and an energy |p|.

Thus the classical field, denoted by ®(x) and associated with the neutrino
and the antineutrino, is given by

(3.25)
EVILIRY My 3
d(x) —(%)2L.1.m.< - d’p
i(p.x v 1 1 —i(p.x v 1 1
(€U (.~ Dalp,~3) + ¢ PIVO p. el 3)) ).

with

1 1
WO@%%@Z/d%W@r§F+MR?ﬂ<w'
R3

3.2.1. Fock space for the neutrinos and the antineutrinos.

Let & = (p, —%) be the quantum variables of a neutrino where p € R?
is the momentum and —% is the helicity. In the case of the antineutrino we
set 54 = (p, %) where p € R? and % is the helicity.

L?(R3) is the Hilbert space of the states of the neutrinos and of the
antineutrinos.

Let §(,) and § ) denote the Fock spaces for the neutrinos and the an-

tineutrinos respectively.
We have

(3.26) 8w =30 = DR L’
n=0 a
Q! L*(R3) is the antisymmetric n-th tensor power of L?(R3).
Q) = (1,0,0,0,...) is the vacuum state in §s) for 6 = v, 7.
17



In the sequel we shall use the notations

déy = / d*p
RS RS

/ dé, = / d*p
R3 R3

bi(€4) (resp.b’(&)) is the annihilation (resp.creation)operator for the

(3.27)

neutrino and b_(&;) (resp.b* (£4)) is the annihilation (resp.creation)operator
for the antineutrino . _ _
The operators by (&4) , b7 (€4), b—(&4) and b* (&4) fulfil the usual anticom-

mutation relations (CAR) and they anticommute with bg(fj) for 5 =1,2,3
according the convention described in [28, Section 4.1].See [6] arXiv for ex-
plicit definitions.

Therefore the following anticommutation relations hold for j = 1,2,3

{b4(64), b7 (61)} = 664 — €3)

(b (€4),b" <s4>}=6<€4—%1>,
(3.28) g i

(V% (£0), B (E))} =

(V% (0), bE(E))} = {b’i (€0), bE(E))} =

Recall that for ¢ € L?(R?), the operators

by (¢ /b+ E)p(€)déy.

ba () = [ b_(&a)p(&a)dés.
(3.29) R

b () = / L (€p(Endes.
V(o) = [ B EelEac

are bounded operators on §(,) and § ) respectively satisfying

(3.30) 165 (@)l = lleoll 2

where € = +.

3.2.2. Quantized Dirac Field for the neutrino.

e®X) ) (p,, —$) and !P¥)V ) (p, 1) are generalized eigenfunctions of

(3.21) with positive and negative eigenvalues +E®*)(p) respectively.
By (2.35) we get

1 - 2 1

31 @) (p. 1)) = (L TP o)y L

(3.31) c(v®(p,3) = ( |p1+z.p2|)U (=p.5)
18



Setting

U0, ~3) = U)(&)

(3.32) 1 N
VO (-p,5) = W(g).

and applying the canonical quantization we obtain the following quantized
Dirac field for the neutrino:

1

W) () =(5)F ([ deac @0 €0bs €0)

(3.33) o L
+/d§46_z(p.x)W(u)(§4)bj(§4)>_

4. THE HAMILTONIAN OF THE MODEL.

The processes (1.1) and (1.2) are associated with the S decay of the
neutron (see [14],[16],[17] and [29]).

The S decay process can be described by the well known four-fermion
effective Hamiltonian for the interaction in the Schrdinger representation:

(4.1)
Hint =
[ T — T,
V2 / % (V) ()77 (1 = 9475) Y (2)) (T o) (@) 70(1 = 15) V) (2)
+ % / A% (Vo) (2)70(1 = 75) ¥ (6) (2)) (T ) (@)% (1 = 9475) ¥ ) ()

Here v, a = 0,1,2,3 and 5 are the Dirac matrices in the standard repre-

sentation. W()(x) and W(,(x) are the quantized Dirac fields for p, n, e and
v. Uoy(z) = \I’(.)(x)wo. G = Gpcosf,, where Gp is the Fermi coupling
constant with Gp ~ 1.16639(2) x 107°GeV 2 and 6, is the Cabbibo angle
with cos . ~ 0.9751. Moreover g4 ~ 1.27. See [8].

The neutrino v is the neutrino associated to the electron and usually
denoted by v, in Physics.

From now on we restrict ourselves to the study of processes (1.1).

We recall that m, < m, <m,, .

4.1. The free Hamiltonian.
19



We set

§) = Se) © F (-
3 =34 © 3
(4.2) " =)
Y =350
3= 3(6) ® 3(10) ® 3(n) ® 3(11)
We set
w(&) = EY®*)  for & = (s,n,p",p°)
w(&) =EP (@) for &= (s,n,p",p")
3 (&) = VPP +m2 for & = (p.N)
wl&) = Il for &= (p,—3).

Let Hj(je) ( resp.Hg’),Hgl) and Hg) ) be the Dirac Hamiltonian for the

electron (resp.the proton, the neutron and the neutrino )

The quantization of H (5)7 denoted by Hé’el)) and acting on F©, is given by

)

(4.4) 1 =Y [wlenen e
e=+

Likewise the quantization of H gy)’ng) and Hg), denoted by Hép 2), Ho(n[))
and Héf’l)) respectively,acting on F®), ™ and F*) respectively, is given by

HY) =3 / w(€2)b (E2)be(€2)dE2
(4:5) 1 = [ wlean (@b
1) = [ (b €op €@)der

For each Fock space ), let ©) denote the set of vectors ® € F) for
which each component ®() is smooth and has a compact support and ®(") =

0 for all but finitely many (r). Then Ho(;)[) is well-defined on the dense subset
D0) and it is essentially self-adjoint on D) . The self-adjoint extension will
be denoted by the same symbol H(')D with domain D(HS)D))

The spectrum of H (e) D E 5 is given by

(4.6) spec(H( 1) = {0} U [me,o0)
20



{0} is a simple eigenvalue whose the associated eigenvector is the vacuum
in §© denoted by Q). [me,00) is the absolutely continuous spectrum of

H),.
Likewise the spectra of Héf) A,Héf% and Ho(f% are given by
spec(Hé%) = {0} U[mp, 00)
(4.7) spec(HY")) = {0} U [mi, o)
spec(Hét/[))) = [0, 00).

Q@) QM) and Q) are the associated vacua in F®, ™ and §¥) respectively

and are the associated eigenvectors of H(gp ) ,HO("E) and HO(% respectively for

the eigenvalue {0}.
The vacuum in §, denoted by €2, is then given by

(4.8) Q=00 g0l g oM gol

The free Hamiltonian for the model,denoted by Hy and acting on 3§, is
now given by

Ho=H{)®lolel+loH)olsl

(4.9) (n) )
+1Q10H;p®1+10101Q Hjp,.

Hy is essentially self-adjoint on © = DE@0P DM RDW).

Here ® is the algebraic tensor product.

spec(Hp) = [0,00) and Q is the eigenvector associated with the simple
eigenvalue {0} of Hy.

Let S(© be the set of the thresholds of Héf) :
5 = (ssf);n €N)

with sgf) = /m? + 2neB.

Likewise let S®) be the set of the thresholds of Héf) &:

S — (sﬁlp);n € N)

with sﬁf’) = \/mZ+2neB.

Let S™ be the set of the thresholds of Hé%:

S5 = (nmn; n € N, such thatn > 1)
Then
(4.10) S =256 uskygh

is the set of the thresholds of Hy.
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4.2. The Interaction.

By (4.1) let us now write down the formal interaction,denoted by Vi,
involving the protons, the neutrons, the electrons and the neutrinos together
with antiparticles in the Schrédinger representation for the process (1.1). We
have

(411) Vi = VI(I) + ‘/}(2) + VI(3) + VI(2)
Set

(4 12) qd=Pe+Pp
‘ I =Pn+ Pv-

After the integration with respect to (x T ) V7 is given by

v = / da” / A6 dadgsdey 67

W13 (G0, )7 (1 — 0am) U™ (&) (TO (2 &0)7a(1 — 1)U (&)
3(q" —r1)a(g* — )% (1)b% (€2)b+ (€3)b+ (€a).

v = / d? / déydesdesde, e

A1) T ()70 (1 — 75) U@ (@2, ) (UM (€172 (1 — gars)UP (a2, &)
5(q" —ro(g® — r)bh (£ (€3)b4 (E2)by (&)

(4.15)
v = / dz” / déidéadgzdgy e

(U@ (E)va(l —v5) WO (@2, ) (UM (€)1 (1 — gars) WP (22, &))
5(q" +11)0(q% + rP)b ()b (€)D" (2)b* (&1).

(4.16)
v = / dz? / dg1dgpdgadgy e

(WP (22, 6)7% (1 — gays) U™ (&) (WE (22, €1)7a(1 — 75) UM (€2))
5(q" +r)0(q + r)by(£4)br (€3)b—(E2)b— (&)

VI(3) and VI(4) are responsible for the fact that the bare vacuum will not
be an eigenvector of the total Hamiltonian as expected in Physics.

V7 is formally symmetric.

In the Fock space § the interaction V7 is a highly singular operator due to
the J-distributions that occur in the (VI('))’ s and because of the ultraviolet

behaviour of the functions U() and W) .
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In order to get well deﬁned operators in § we have to substitute smoother
kernels F(% (52 &), G (fl, &4), where 5 = 1,2, both for the J-distributions
and the ultraviolet cutoffs .

We then obtain a new operator denoted by H; and defined as follows in
the Schrodinger representation.

(4.17) H=H"+H? + B + HY
with
(4. 18)
P = [dadgdede, / da?eie™”
( P(a?, €)7" (1= 9a75)U ™ (&)) (U @%, &1)7a(1 = 3)U (&) )
(&2, 63) G (€1, €)b7 (€0)67 (E2)b (€3)b+ (0)-
(4.19)
1y = / dé1dgadéadss ( / da?e
(TP (€701 = 15)U (2%, £)) (U (&)1 (1 = ga75)U P (02, &2)) )
(D(&2,€3) GM (&1, £4)b% (E4)V (E3)b4 (E2)D 4 (€1).
(4.20)
1 = [ ddadgade ( [ aste s
(U (&)1 = 15)W (@2, 6)) (T ()7 (1 — 9a75)W P (22, 62) )
FP (&, &) G (€1, €)% (€07 (E)7 (E2)VE (&1)-
(4.21)
HY = / dé1d€adgsdés ( / da?e
(W0 (2%, £)7°(1 = 9495)0 (&) (WO (@2, €1)7a(1 = 1)U (€4))

F@)(&,83) G (&1, €4)by (E4)by (€3)D—(E2)b(&1).
Definition 4.1. The total Hamiltonian is
(4.22) H=Hy+ gH;

where g is a non-negative coupling constant.

The assumption that g is non-negative is made for simplicity but all the
results below hold for g € R with |g| small enough.
23



We now give the hypothesis that the kernels F#(.,.),GP)(.,.), B = 1,2,
and the coupling constant g have to satisfy in order to associate with the
formal operator H a well defined self-adjoint operator in §.

Throughout this work we assume the following hypothesis

Hypothesis 4.2. For 8 = 1,2 we assume
F®)(&5,83) € L*(Ty x )
G (&, 8&) € LX (T x R?)
Let {.,.)c4 be the scalar product in C*. We have
(4.24)
U®) (22, &)7*(1 = ga75)U ™ (&3) = (UP (27, £2),7"7* (1 - gA%)U(" (&3))ca
U@ (2?61 )7a(1 - ’Ys)U( 1(64) = (U9 (2?,6),7%7a(1 = 95) U™ (&)
U (E)1a(1 = 35)W @2, &) = (U (&), 7 71 = 15) W (2%, &))es

UM (&) (1 — gays) WP (22, &) = (U™ (€3),7°9%(1 — gavs)W P (22, &2)) e
Set

(4.23)

(425)  Co=o(— + ) ("1 = gam)l) (el — )1

2'me.  my
We then have
Proposition 4.3. For every ® € D(Hy) we obtain
IHD®|| < Col FD(, )2 1GD () 2l (Ho + my) B
for j=1,2.
IHD®|| < Col FO ()2 1GP (., ) 2]l (Ho +my) B
for j=3.4.

By (4.23),(4.24) and (4.25) the estimates (4.26) are examples of N, es-
timates(see [15]).The proof is similar to the one of [5, Proposition 3.7] and
details are omitted.

Let go > 0 be such that

(4.26)

2

(4.27) 290Co( D IFD ()2 1GPD )l ) < 1
B=1
We now have
Theorem 4.4. For any g such that g < go, H is a self-adjoint operator in
§ with domain D(H) = D(Hy) and is bounded from below. H is essentially
self-adjoint on any core of Hy. Setting
E =info(H)

we have for every g < go

0(H) = 0ess(H) = [E, 00)
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with £ <0 .

Here o(H) is the spectrum of H and oe(H) is the essential spectrum of
H.

Proof. By Proposition 4.2 and (4.27) the proof of the self-adjointness of H
follows from the Kato-Rellich theorem.

We turn now to the essential spectrum. The result about the essential
spectrum in the case of models involving bosons has been obtained by [12,
theorem 4.1] and [2]. In the case of models involving fermions the result
has been obtained by [26]. In our case involving only massive fermions and
massless neutrinos we use the proof given by [26].

Thus we have to construct a Weyl sequence for H and E + A with A > 0.

Let T be the self-adjoint multiplication operator in L?(R?) defined by

Tu(ps) = |palu(ps). T is the spectral representation of ng) for the neutri-
nos of helicity —3 in the configuration space L*(R?). See (3.27).

Every A > 0 belongs to the essential spectrum of T'. Then there exists a
Weyl sequence (fy),,~; for T'and A > 0 such that

fn € D(T)for n > 1.
| fnll = 1for n > 1.

(4.28) w— lim f, =0.
n—oo
lim (T — ) f,, = 0.
Let

fn(£4) = fn(p4)
(4.20) bralf) = [ b (€T
Lal) = [ B saeoden

In the following we identify b?h 4(fn) with its obvious extension to §.
An easy computation shows that, for every ¥ € D(H),

(4.30)
[H}1)7 *+,4(fn)] U=

/ dg;deydes ( / dz2ei*r?
(UP (22, )70 (1 — gavs)U™) (€3)) FV (€2, £3))
<U<€> (2%, €1),7 7 (1 — ) / fn<s4>G<1><51,54>U<Ve><s4>d54)>C4)

by (€1)b% (§2)by (€3) 0.
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(4.31) [H}”, by a( fn)] =0

[H.?)v b+,4(fn)] v =

- / dgydgrdgs ( / da?e "

(432) (U0 (€)7%(1 = gars)U P (2%, €)) FOD (€3, €3))
([ (606 6,600 606" 1 = 200 51>>C4>
b (€)b4 (€2)D+ (61)T.

(4.33) [HF), b4 fn)] U=0

[H§3)v b+,4(fn)] V=

- / d§1d§2d§3< / dzZe—ie’r’

(34 (U0 (£5)7°(1 = gars) WP (2%, £)) FP) (6, )
</ F(6) G (&1, E)UY (£4) A&, Y07a(1 = 15)W ) (22, g1)><C4 >
D% (&3)b% (£2)b% (&1) 0.

(4:5) HY b a(h)] ¥ =0

(4.36)
ERRIARE

/d£1d52d€3 (/d;p2e—i:v2r2

(WO (22, &)7a (1 — ga75)U ") (63)) FO (3, &)
<W(e)(w2,£l),7°7“(1 —75)( / Fa(€)GD (&1, €)UW) (g4>dg4)>c4>
by (§3)b—(£2)b— (&)W,

(4.37) [H}“, by a( fn)] U=0

Let Py (.) be the spectral measure of H. For any € > 0 the orthogonal
projection Py ([E, E +¢€)) is different from zero because E belongs to o(H).
Let . € Ran(Py([E, E + €)) such that ||®.]| = 1. We set
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(4.38) Une = (b4 a(fn) + bj—A(fn))(I)ea n=>1
Let us chow that there exists a subsequence of (\I/mg)nzl,oo which is a

Weyl sequence for H and E + A with A > 0.
By Hypothesis 4.1,(4.30),(4.32),(4.34),(4.36) and the N, estimates we get

(4.39)
sup (|| [ #3644 w

< CollFD ()l p2(ry xra) / H / Fal€)GW (&, &)U (&4)dEy 4dsl)é
| (Ho + my)? ||,
sup (|[[#1. brath) | w | [H7 01450 )
2

< C'OHF@)(-’-)HLZ(Plxrg)</H/fn(§4)G(2)(§1,54)U(V)(§4)d§4 o dfl)§

1
| (Ho +mp)2 ¥

lewale)

Note that
(4.40) |Upel=1,n>1

We have for every ¥ € D(H)

<H\I/\11n> -
(441) (W G alf) + Ve a(S ) HO + (W5 a(Th) = (b a(T )P
+gUHL (b a(f) + 0 a(f)] ) ).
See [12].
This yields
HU, =
(wa2)  ((bralfa) + VU HO 4 (0 4(Tfa) = (b14(T 1))@
 gUH L (b a(fa) + 03 4 (fa))]0).

and
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(H—E—-\N¥,=
(b4a(fn) + 04 4(fn))(H — E)V.
+ (b4 a((T 4 A fn) + 05 4((T = A) fn)) Ve
+ g[Hi, (b a(fn) + 05 4(fn))]V
By (3.19) this yields for |g| < go
[(H —E = AVp|| <
(4.44) + 26 + 2o 4 (fn) Wl + 2[[((T = A) fu))
+ [9IIHL, by a(fr)]Well + [glI[H, b5 4(fr)]Well
Let {gx|k = 1,2,3,....} be an orthonormal basis of L?(R?) and consider

(4.45) a9k 4(982 )% 4 (Ghg) oo 4 (k)20 € T

where the indices can be assumed ordered k; < ...... < ky,. Fock space
vectors of this type form a basis of §,) (see [27]). By [26, Lemma 2.1] this
yields for every ¢ > 0

(4.43)

5 — nh_)ngo bya(fn)¥e =0,

(4.46) o B
w — nh_)n(f)lo by 4(fn))¥e=0.

By (3.26) and Hypothesis 4.1 we have

(4.47) A /H/fn &)GW (&, 8)UW (&4)d& dfl)% _
nh—lfc}o /H/fn £GP (€1, £)UM (&4)dey dfl)ﬁ 0

It follows from (4.28), (4.38), (4.44), (4.46) and (4.47) that for every e > 0

(4.48) limsup [[(H — E — AW, || < 2e

n—o0
This yields
(4.49) hII(l]llHlSllp (H—-—E—-X\V, ] =0

n—oo

In view of (4.49) there exists a subsequence (¥, EJ)] such that

(4.50) lim ||(H - E— AW, | =0
j—oo
Furthermore it follows from (4.46) that w — lim; 00 Wy, ¢, = 0.

The sequence (‘I’nj,e]») is a Weyl sequence for H and E+ A with A > 0

j=1
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In order to show that E < 0 we adapt the proof given in [4] and [7]. We
omit the details.

This concludes the proof of theorem 4.4.
O

5. EXISTENCE OF A UNIQUE GROUND STATE FOR THE HAMILTONIAN H.

Set
2
K(F,G) =Y [FPC )G )2
(5.1) A=l
C = 2C.
B =2m,C,.
By (4.26) and (5.1) we get for every ¢ € D(H)
(5.2) [Hro|| < K(F, G) (Cl[Hoy[| + Bl[¥[])

In order to prove the existence of a ground state for the Hamiltonian H we
shall make the following additional assumptions on the kernels G(®) (¢, &),
B=1,2.

From now on p, € R? is the momentum of the neutrino with helicity —%.

Hypothesis 5.1. There exists a constant I?(G) > 0 such that for §=1,2
and o > 0

GP) (&, &)

i d§1déy < oo,
() 'y xR3 |P4|2

(ii) / GO (e, ) Pdedes | < R(@)o.
T x{|py| <o}

[N

We have

Theorem 5.2. Assume that the kernels FP)(.,.) and GP)(.,.), B = 1,2,
satisfy Hypothesis 4.1 and Hypothesis 5.1. Then there exists g1 € (0, go]
such that H has a unique ground state for g < g;.

In order to prove theorem 5.2 we first prove the existence of a spectral
gap for some neutrino infrared cutoff Hamiltonians.

5.1. The neutrino infrared cutoff Hamiltonians and the existence
of a spectral gap.

Proof. Let us first define the neutrino infrared cutoff Hamiltonians.
For that purpose, let xo(.) € C*(R,[0,1]) with xo = 1 on (—o0, 1] and
X0 = 0 on [2,00]. For ¢ > 0 and p, € R3, we set
Xo(P4) = Xo(|P4l/0) ,

X7(Ps) =1 = Xo(Py) -
29
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The operator Hj, is the interaction given by (4.17) associated with the

kernels F(B) (527 53)5(0 (p4)G(B) (617 64) instead of F(B) (627 53)G(6) (517 54)
We then set

(54) HO' = HO + gHI,U .

We now introduce
Tio =R*N{lpy <o}, T]=R*n{|pyl >0}

(5.5) 9 - 920
10 =38a(L*(Tay)) , 81 = Sa(L7(I'])) -

S4,0 ® §7 is the Fock space for the massless neutrino such that FW) ~
34,0 ® SZ

We set
(5.6) 57 =5923P 25" @35 and F, = o

We have
(5.7) T3 03, .

We further set
69 13 = [ Ipalb (€0bs (€

In the following we identify Hg with its obvious extension to J.
We let

Hy” :/ P4 |7 (§4)4 (§4)dEs

(59) |p4‘20'

Hg, :/ |P4[0% (§4)04 (§4)dEs -
|p4 <o

We identify HS"U and H(‘io with their obvious extension to §° and §,
respectively.
On §° ® §», we have

(5.10) Hy=Hy" ©1, +1° @ Hy .

where 17 (resp. 1,) is the identity operator on §7 (resp. Fo).
Setting

(511) Hg = H0|3cr and H? = H0|30 .
we then get

H = H), + H), + HY') + Hy” on §° .

(5.12)
H° =Hf+gH;, ong’.
and
(5.13) Hy,=H°®1,+1°®Hj,. on§°®@3F, .

30



On the other hand, for § € R such that 0 < § < mg3, we define the
sequence (oy,)p>0 by

o9 =2me+ 1,
0
(5.14) o1 =me =3,
On+1 = Yo, forn > 1|
where
(5.15) -0
' 1= 2me — 6

For n > 0, we now introduce the neutrino infrared cutoff Hamiltonians on
§" = §7" by stting

(5.16) H"=H’", Hy=H;",

We set, for n > 0,
(5.17) E" =info(H").

We introduce the neutrino infrared cutoff Hamiltonians on § by setting
(5.18) H,=H,,, Hy,=Hyg,,

We set, for n > 0,
(5.19) E, =info(Hy,).
Note that
(5.20) E"=E,

One easily shows that, for g < go,

K(F,G)B

(5.21) Bl =18 < T2
See [6, 4] for a proof.

We now let
(5.22) K(F,G) =2 > IIFD(, 2w, < | K(G)

B=1,2

where K (@) is the constant given in Hypothesis 5.2(ii).
We further set,

. c
(5.23) C= T=wkFO0)
~ B
(5.24) B= T —wkEacr
and



4(2m3 + 1)y

(5.25) D(F,G) = max { , 2} K(F,G)(2m3C + B)).

2m3 )
Let g§5) be such that
2
(9) : T
5.26 0<gy’ <min<l, g9, ———— p .
(5:26) ! { " 3D(F, G)}
and let
1
2 =
(5:27) 9= 9K (F,G)(2C + B)
Setting
gy =inf{gs, g\"}
(5.28) E(F, Q)

C(F,G) =3—=.
(F,G) S

and applying the same method as the one used for proving proposition
4.1 in [4] we finally get the existence of a spectral gap for H". We omit the
details of the proof.

The proof of the following proposition is achieved.

Proposition 5.3. Suppose that the kernels F(ﬁ)(.,.), G(ﬁ)(.,.), 8 =1,2,
satisfy Hypothesis 4.1 and Hypothesis 5.1(ii) . Then, for g < géé), E" is a

simple eigenvalue of H™ for n > 1, and H™ does not have spectrum in the
interval (E™, E™ + (1 — gC(F,G)oy,).

O

5.2. Proof of the existence of a ground state.

Proof. In order to prove the existence of a ground state for H we adapt the
proof of theorem 3.3 in [6]. By Proposition 5.3 H™ has a unique ground
state, denoted by ¢", in §" such that

(5.29) H'¢" = E"¢", ¢" € D(H"), |¢"|=1, n>1.

Therefore H,, has a unique normalized ground state in F, given by ¢, =
" @ Q,, where 2, is the vacuum state in §y,

(5.30) Hyon = E"bn, én € D(Hy), |on]l=1, n>1.

Let Hj, denote the interaction Hr,,. It follows from the pull-through
formula that
(5.31)

(Ho+gH )b+ (64)bn = Enbs(64)dn—w(€a)bs (€4)bn— (gV; (€4)+9V,2(€4)) P

where
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(5.32)
V(&) = /dfld§2d§3 </d$2e_m2r2
(OF €ara(l = 3)U (2%,)) (U ()7 (1~ 0496)0 ) (2%, £)) )
F)(&,83) GW (&1, E4)X7 (P4)V] (€3)4 (£2)by (£1).

(5.33)
‘7,52)(54) = /d£1d§2d£3 (/d:nze_iﬁ“

(U@ ()7 (1 = 1) W (2?,6)) (U ()7 (1 — gars) WP (22, 52)))

F®)(2,63) GP (61, €)X (Pa)bT (E3)0" (€2)0" (&1).
Hence, by (5.30), (5.31),(5.32) and (5.33), we get

(5:30)  (Ho— En+w(0) bs(€0)0n = —g (VI (60) + VP (1)) .
We further note that, for 5 =1, 2,,

VA (€)dnll < CollFP ()|l p2 s xrp IGP (- €0)ll 2y %

(5.35) 1 -
[(Ho + m)2 dnl|.

where
Co = (= )H ({1 = 9a95)1) (a1 = 35)1)

The estimates (5.35) are examples of N, estimates(see [15]).The proof is
similar to the one of [5, Proposition 3.7] and details are omitted.
Let us estimate ||Hooy,||.- By (5.2) we get

(5.36) 9IHrndull < 9K (F, G) (CliHodull + B)
and
(5.37) | Honll < 1Bal + 9llgH1

By (5.21), we obtain
gOK(Fv G)B

=M
—wk G0\ T T gk F o0

By (5.38) ||[Hoby|| is bounded uniformly with respect to n and g < g and
by (5.34),(5.35) and (5.38) we get

(539 | Hodal < -
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(539 b () %H_QCO(ZHF“ M lCP (€l 1) (M +my)

uniformly with respect to n.

By Hypothesis 5.1(i) and (5.39) there exists a constant C(F,G) > 0 such
that

(5.40) / 164 (E0)dnll2des < C(F,G)g?

Since ||¢y,|| = 1, there exists a subsequence ()1, converging to co such

that (¢nk)k>1 converges weakly to a state qﬁ € §. By adapting the proof of
theorem 4.1 in [5, 1] it follows from (5.40) that there exists g such that
0<g < 955) and ¢ # 0 for any g < go. Thus ¢ is a ground state of H.

O
5.3. Uniqueness of a ground state of the Hamiltonian H.

Proof. The proof follows by adapting the one given in [7]. See also [3].

In view of theorem 4.3 E is an eigenvalue of H with a finite multiplicity.
Either E is a simple eigenvalue and the theorem is proved or its multiplicity
is equal to p € N with p > 1. Let us consider the second case. We wish to
show by contradiction that E is a simple eigenvalue for g sufficiently small.

Let (¢1,¢2) be two vectors of the eigenspace of E. Each ¢; with j = 1,2
is a ground state of H . ¢ and ¢o can be chosen such that <<;51, ¢2>$ =
with [} = 1, j = 1,2,

By (5.30) let ¢, be a unique normalized ground state of H,.

We have

0=1[{¢2, ¢1)[* = lim [(¢2, on)[*
(5.41) = lim (B, (Hn)d2, ¢2)
=1 lim (15 — Eyp,}(Hn))o2, ¢2)-

where E4(.) is the spectral measure for the associated self-adjoint oper-
ator.
We have

(5.42) 15— Egg,(Hp) = (1" — Ep, (H") ® Po, + 1" ® (1, — Py,)

We have to estimate

(5.43) <¢27 (1n ® (1n - PQ7L))¢2>7
and
(5.44) (g2, (1" = Egp, (H™)) ® Pa,)¢2)
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We first estimate (5.43).
By applying the same proof as the one used to get estimates (5.38), (5.39)
and (5.40) with ¢y instead of ¢,, we easily get

(5.45) / b4 ()2l dés < C(F, G)g?
This yields

(5.46) (¢2,(1" @ (1, — Po,)$2) < C(F,G)g?
We now estimate (5.44)
Set

(5.47) 1" — Ep,y(H") = Eqp,y(H")*

By proposition 5.3 we get

(5.48)  (H" = E,)Ep,)(H")" > (1 - gO(F, G))ow) Eqs, ) (H") .

and

(¢, E(g,y(H")" ® Pa, ¢2)
<o (1 Gy (2 (H = E)© Poo)
G _ ot g (6 — B © Po,)62)
e gC(lF, G, (2 (e = Eno2)
Note that
(5.50) E < {¢p,Hon) = (¢, H"¢,) = E" = B,

In view of (5.49) and of(5.50) we get

(¢2, (Hn — Ep)2)
(1—-gC(F.G))on

(92, (E—En)pa) (2, (Hy — H)p2)
(5:51) =0 C)on T (1 gOF )
<¢2, - H)gp >
< 1= CFC)on
Hence
(552 (6n, Bpy (H): @ Po, o) < 20 UIn = H)62)

(1-gC(F,G))on,
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Here gé&) has been introduced in proposition 5.3

Estimate of ||(H, — H)¢||. We have
(5.53) H —H, =g(H; — Hy )

H — H, is associated with the kernels F(®) (&, &3)x,, (p,)GP) (€1,&4) .
By adapting the proof of (5.2) to the estimate of (H — H,,) we finally get

(5.54)  |[(H — Hyp)g2| = gl|(Hr — Hrp)d2|| < gKn(F,G)(C|Hog2| + B)

where
2
(5.55) Ko(F,G) =Y 1FP( ) 1xen @) G2
B=1
Under Hypothesis 5.2(ii) we get

2
(5.56) Ku(F,G) <2( " [FO(,)12) K (G)on.
A=1
This, together with (5.55) , yields

(5.57) ’<¢2, (H — Hn)¢2>] < gKop,.

where K = 2(325_, |FP(,.)||12) K(G)(C|Hogal| + B).
Combing (5.41),(5.42), (5.46), (5.52) and (5.57) we finally get

(5.58) (92, (15 — Eqp,) (Hn))d2) < gK'

Here K = +

(1-g5 ' C(F,G))

K is a positive constant independent of g and it follows from (5.41) that,
for g sufficiently small, <¢1,¢2> # 0 . This is a contradiction and p = 1.
This concludes the proof of theorem 5.2.

O
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