N

N

THE INFINITE ATLAS PROCESS: CONVERGENCE
TO EQUILIBRIUM
Amir Dembo, Milton Jara, Stefano Olla

» To cite this version:

Amir Dembo, Milton Jara, Stefano Olla. THE INFINITE ATLAS PROCESS: CONVERGENCE TO
EQUILIBRIUM. Annales de 'Institut Henri Poincaré (B) Probabilités et Statistiques, 2019, 55 (2),
pp.607-619. 10.1214/17-ATHP875 . hal-01584723

HAL Id: hal-01584723
https://hal.science/hal-01584723
Submitted on 9 Sep 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01584723
https://hal.archives-ouvertes.fr

THE INFINITE ATLAS PROCESS:
CONVERGENCE TO EQUILIBRIUM

AMIR DEMBO*, MILTON JARA', AND STEFANO OLLA?

ABSTRACT. The semi-infinite Atlas process is a one-dimensional system of
Brownian particles, where only the leftmost particle gets a unit drift to the
right. Its particle spacing process has infinitely many stationary measures,
with one distinguished translation invariant reversible measure. We show that
the latter is attractive for a large class of initial configurations of slowly growing
(or bounded) particle densities. Key to our proof is a new estimate on the rate
of convergence to equilibrium for the particle spacing in a triangular array of
finite, large size systems.

1. INTRODUCTION

Systems of competing Brownian particles interacting through their rank depen-
dent drift and diffusion coefficient vectors have received much recent attention
(for example, in stochastic portfolio theory, where they appear under the name
first-order market model, see [9] and the references therein). For a fixed number
of particles m € N, such system corresponds to the unique weak solution of

dYi(t) = Y % Lviw-vi, o1 4+ D0 Lyio-vepdWi(®), (1)

j=21 j=21

for i = 1,...,m, where v = (v,...,vm) and ¢ = (01,...,0,,) are some con-
stant drift and diffusion coefficient vectors and (W;(t),t > 0), i > 1 are inde-
pendent standard Brownian motions. Here Y(1)(t) < Y(o(t) < ... < Y (t)
are the ranked particles at time ¢ and the R '-valued spacings process Z(t) =
(Z1(t), Za(t), ..., Zm-1(t)), t > 0, is given by

Zi(t) = Xpsr () — Xa(t) 1= Yiuy () — Yy (£) . k> 1. (1.2)
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2 A. DEMBO, M. JARA, AND S. OLLA

The variables Xj(-) and Zg(-) correspond to the k-th ranked particle and k-
th spacing, respectively, with X; = min; Y; denoting the leftmost particle. In
particular, existence and uniqueness of such weak solution to (I.I]) has been shown
already in [3]. The corresponding ranked process X () solves the system

dX](t) :’det+0]dB](t)+dL]_1(t) —dL](t), ] = 1,,m (13)

for independent standard Brownian motions (B;(t),t > 0), where L;(t) denotes
the local time at zero of the non-negative semi-martingale Z;(-), during [0,?],
with Ly = 0 and L,, = 0. The spacing process Z(t) is thus a reflected Brownian
motions (RBM) in a polyhedral domain. That is, the solution in R7"" of

de = (f}/j-l-l — ’yj)dt + O'j+1dBj+1 — O'dej + QdLJ - dLj+1 - dLj_l . (14)

The general theory of such RBM (due to [IT], 25], c.f. the survey [26]), charac-
terizes those (7, ) for which the stationary distribution of Z(t) is a product of
exponential random variables. Further utilizing this theory, [I8] deduces verious
stochastic comparison results, whereas [13] and the references therein, estimate
the rate ¢,,, m > 1 of convergence in distribution of the spacing process Z(t).
In particular, the Atlas model of m particles, denoted by ATLAS,,(7y) (or ATLAS,,
when v = 1), corresponds to 0; = 1 and 7; = y1;-;. For ATLAS,, () it is shown in
[15, Corollary 10] that the spacing process Z(t) has the unique invariant measure

m—1
pm2) = ®Exp 2y(1—k/m)), meN, (1.5)
k=1
out of which [15, Theorem 1] deduces that
oo ®Exp (27), (1.6)

is an invariant measure for the spacings process of ATLAS.(7) (see also [16] for
invariant measures of spacings when the particles follow linear Brownian motions
which are repelled by their nearest neighbors through a potential). By time-space
scaling we hereafter set v = 1 WLOG and recall in passing that to rigorously con-
struct the ATLAS., we call y = (y;);>1 € R*™ rankable if there exists a bijective
mapping to the ranked terms v < Yo < ym) < ...of y. The solution of
(LI) starting at a fixed y € R* is then well defined if a.s. the resulting pro-
cess Y = (Yi(t),Ya(t),...) is rankable at all ¢ (under some measurable ranking
permutation). The ATLAS,, process is unique in law and well defined, when

P(Ze_o‘mo)Q <o0) =1, for any a >0 (1.7)

i>1
(see [23, Prop. 3.1]), and [I4, Theorem 2] further constructs a strong solution of
(LI in this setting (more generally, whenever of = 0, j — 07, is concave and
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eventually, both 0]2 = 1 and 7; = 0). We focus here on ATLAS,,, where WLOG
all ATLAS,,, m € NU{oo}, evolutions considered, start at a ranked configuration
Y (0) = X(0) having leftmost particle at zero (i.e. X;(0) = 0), and which satisfies
(I). For example, this applies when Z(0) is drawn from the product measure

ploora) ®Exp()\ + ka), A>0,a>0. (1.8)
k=1

2

) is the only invariant measure for
spacing of ATLAS., has been refuted by [21] showing that { uioo’za), a > 0}, forms
an infinite family of such invariant measures (similar invariant spacings measures
appeared earlier, in the non-interacting discrete model studied by [17], 22]).

As for the behavior of the leading particle of ATLAS., [5] verifies [15, Conj.
3], that starting with spacing at the translation invariant equilibrium law ,uioo’Q)

results with

The natural conjecture made in [15] that ,u&oo

t=Y4X (1) < N(0,¢), when t— oo, some c¢€ (0,00). (1.9)

Similar asymptotic fluctuations at equilibrium were established in [8 [10] for a
tagged particle in the doubly-infinite Harris system (the non-interacting model
with v; = 0, 0; = 1), for the symmetric exclusion process associated with the SRw
on Z (starting with [2]), and for a discrete version of the Atlas model (see [12]).

In contrast, initial spacing of law uioo’za) for a > 0, induces a negative ballistic

motion of the leading particle. Specifically, [24] and [2I] show respectively, that
{X1(t) + at} is then a tight collection, of zero-mean variables.

Little is known about the challenging out of equilibrium behavior of ATLAS.
From [I5] Theorem 1] we learn that at critical spacing density A = 2 the unit drift
to the leftmost particle compensates the spreading of bulk particles to the left,
thereby keeping the gaps at equilibrium. Such interplay between spacing density
and drift is re-affirmed by [4], which shows that initial spacing law uioo”\) induces
the a.s. convergence t~'/2X,(t) — x with sign(x) = sign(2 — A). From [19, The-
orem 4.7] it follows that if ATLAS,, starts at spacing law 1y which stochastically

2 (e.g. when vy = p{ any A < 2), then the finite dimensional

72)

dominates p
distributions (FDD) of Z(t) converge to those of i
nothing else is known about the domain of attraction of u,(fo’z) (or about those of

as t — oo. However,

{Mi"o’za), a > 0}). For example, what happens when 1y = uioo’/\) with A > 27

Our main result, stated next, answers this question by drastically increasing

72)

the established domain of attraction of ,uioo spacing for ATLAS,.
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Theorem 1.1. Suppose the ATLAS,, process starts at Z(0) = (zj);>1 such that
for eventually non-decreasing 0(m) with inf,,,{0(m—1)/6(m)} >0 and 5 € [1,2),

m

1

li —_— ; 1.1

S g Z - )

I ! zm: 1 < (1.11)

im 25 .

m—?olipmﬁe ]:1 Og _7 oo,

lim inf s mﬁ, Z =00, f=8/1+8), (1.12)
further assuming in case 5 = 1 that 0(m) > logm. Then, the FDD of Z(t) for

the ATLAS,, converge ast — oo to those of ,u*oo 2

For example, if \; € [c7',¢] and \;z; are i.i.d. of finite mean such that
E(logz1)- < oo, then taking #(m) = 1 and f > 1 small enough for " < 1,
it follows by the sLLN that (LI0)—(TI2) hold a.s. Namely, when 14 is any such
product measure, Z(t) converges in FDD to 1% For independent z; ~ Exp(\))
this applies even when \; 1 oo slow enough so ) 7", A At/ (v/mlogm) diverges

(and hence (I.I2)) holds a.s.), or when A; | 0 slow enough to have m=7 >
bounded (for some 8 < 2, so (ILI0) holds).

]1]

Remark 1.2. As matter of comparison, note that if z; decays to zero slower than
772 log j, then {z;} satisfies the hypothesis of Theorem [l (for B = 1), while
for measures of the form (L), generically z; decays like j~'.

The key to proving Theorem [[I] is a novel control of the ATLAS,, particle
spacing distance from equilibrium at time ¢, in terms of the relative entropy
distance of its initial law from equilibrium.

Proposition 1 3. Start the ATLAS,, system at initial spacmg law 1/0 of finite

entropy H( |,u ) and finite second moment [ |z ||2al1/0 . Then, for any

t > 0 the spacing law l/t(m) 1s absolutely continuous with respect to the marginal

of 11 and the Radon-Nikodym derivative g, satisfies
m— 1

/{ 9. ,—0 }Hze 25 5 < 21H( W’“H%. (1.13)

J=1

Combining Proposition with Lyapunov functions for finite ATLAS systems
(constructed for example in [7, [13]), yields the following information on conver-
gence of the ATLAS,, particle spacing FDD at times ¢, — oo fast enough.
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Corollary 1.4. Starting the ATLAS,, system at initial spacing law l/((]m) of finite
second moment, for any fived k > 1, the joint density of (Z1(tm), ..., Zr(tm))

with respect to the corresponding marginal of uioo’2), converges to one, provided
tm is large enough so both t;llH(l/(()m)mim’z)) — 0, and t;}! Zle Z;(0) = 0 (in

(m

Y )—probability), as m — oo.

Remark 1.5. For concreteness we focused on the ATLAS,, process, but a similar
proof applies for systems of competing Brownian particles where 0]2- =1,v>0
and j — vy; is non-increasing and eventually zero. We further expect this to extend
to some of the two-sided infinite systems considered in [20, Sec. 3], and that such

an approach may help in proving the attractivity of 1> in the ATLAS. system.

In Section Pl we prove Proposition and Corollary [L4] whereas in Section [3]
we deduce Theorem [[T] from Corollary [[L4] by a suitable coupling of the ATLAS,,
system and the left-most k£ particles of ATLAS,, up to time t,,.

2. ENTROPY CONTROL FOR ATLAS,,: PROPOSITION AND COROLLARY [L4]
Recall (I3), which for ATLAS,, is

where L;(t) denotes the local time on {s € [0,¢] : Z;(s) = 0} for 1 < j < m, with
Lo(t) = Ly(t) = 0. Let X,,, := {x 21 < x9... < 2,,} CR™ The generator of
the X,,-valued Markov process X (¢) is then

(Log)x) = =3 02 + 0, (2.2)

defined on the core of smooth bounded functions ¢(-) on X,, satisfying the Neu-
mann boundary conditions

(82, = 0u,11) 9 =0, j=1....m—1.

Tj=Tj41

Specializing (IL4) the corresponding R’ '-valued spacings Z;(t) = X1 (t)—X;(t)
are then such that for 1 < j <m —1,

Zj(t) = Z;(0) = Lgg=iyt + Bja () = B;(1) + 2L;(1) = Lja(j) — Lia(t) . (23)

Let A(™ denote the discrete Laplacian with Dirichlet boundary conditions at 0

and m. Hence, using hereafter the convention of 9,, = 0,,, =0,
AMY, =0, —20. +0.,,, j=1,....,m—1. (2.4)
Following this convention, in combination with the rule

amj:8Zj,1_aZj7 j:17"'7m7
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the generator of the R~ '-valued Markov process Z(t) is thus

m

9.,(A™0,.) — 2., (2.5)

zjl_ _azl:_

l\Dli—‘

j=1 Jj=1
defined on the core C,, of local, smooth functions h(z) such that

(A™d,)h|, _ =0, j=1,...,m—1. (2.6)

Recall that uim’2)(~) is the (unique) stationary law of Z(t) for ATLAS,,. In fact,
for the density on R7 ! of u{™?(-),

m—1
Z) = H aje_ajzj , O{] = 2(1 - j/m) ) (27>
j=1

a direct calculation shows that
m—

1
5 Z ajA(m)azj =—0,, . (2.8)

j=1
Combining the LHS of (Z.0) with (2.8) yields the symmetric form of the generator

m—1

1
m:_2— az]
mj 1

PmA™0.,)) (2.9)

Using (2.9]) and integration by parts, we have for bounded, smooth g, h satisfying

z5)
[ o-Lamie? = [ 1(-Log)aui?

m

-1 / {3000, = 0:)9l(0., , — 0.)h] by = Dy (g, 1)

J=1

(2.10)

We see that d,uimg) = pm(2z)dz is reversible for this dynamic, and the correspond-
ing Dirichlet form D,,(h) := D,,(h, h), extends from C,,, now only as

m

D,u(h) = %/{ (0., , —azj)hf}pm(z)dz, (2.11)

J=1

to the Sobolev space W12(u™) of functions on R7~" with L2(p{*"™)-derivatives.
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We also consider the Markov dynamics on R7™' for the spacing process of
an ATLAS,, whose m-th particle X,,(s) = X,,(0) is frozen. Under the same
convention as before, the generator for this, right-anchored dynamics, is

(azj,l B 0Zj)2 — 0z, (2.12)

for the core C,, of local, smooth functions h(z) such that

(A™a.)h|, =0, j=1,...m—1, (2.13)

where A(™ is the discrete Laplacian with mixed boundary conditions. Specifi-
cally,

AMy, =d, | =20, +0..,, 1<j<m-2, AM™a, =9, , -0, |
(2.14)

For the remainder of this section we identify ,uioo’Q) with its marginal on z =
(21, -+, Zm_1), whose density on R is
m—1
2e7 % (2.15)
j=1
Analogously to ([29) we find that
1 m—1
m = _2— az] qu(m ) (216>
7=1

This (marginal of) ,u,(fo’z is thus reversible (stationary and ergodic) for the right-
anchored dynamics, and similarly to (2.I0)—(2I1]) for bounded, smooth h satis-
fying ([2.13)), the associated Dirichlet form is given (on W12(q,,dz)) by
m—1
- 1 5
Do (h) = 5/{2 (@, — 0:)h] b (2)da. (2.17)
j=1
Indeed, this reversible measure corresponds to starting the right-anchored dy-
namics with X;(0) = 0 and a Gamma(2, m — 1) law for the frozen X,,, with the
remainder m — 2 initial particle positions chosen independently and uniformly on
0, X,n].

Proof of Proposition [L.3. Fixing m > 2, we start the finite particle dynamics of

generator L, of [23), with initial law v\ on R~ whose density

dl/om)

2.18
2 (2.18)

fo =

Y
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has the finite entropy

W) = [Utog fl@pm(e)ta = Ha(f). (219

Recall [I] that a Wasserstein solution of the Fokker-Planck equation
8tft = Emft; (220)
starting at fo, is a continuous (in the topology of weak convergence) collection

of probability measures t ftug’m)

0.,)\/ [s exist a.e. in RT‘I, with

/t Dp(\/fs)ds < 0o Vit < o0 (2.21)

and moreover for any fixed compactly supported smooth function ((¢,z) on Ry x
R

such that for any s, the derivatives (0., , —

/000 {Dm(fta C(t,)) — /&gg(t,z)ft(z)pm(z)dz} dt = 0. (2.22)

By [Il Theorem 6.6], the law I/t(m) that corresponds to a starting measure l/((]m) of

finite entropy and finite second moment, is a Wasserstein solution l/t(m) = ft,uﬁmz)

of @20) [ From [, Theorem 6.6] we further have that then v/f, € W12(;™)
and

D, (\/ﬁ> <00 W0, (2.23)
with t — D,, (\/ﬁ) non-increasing and
Ho(£0 = Holh) = =4 [ D (V) ds. (224
Consequently, for any ¢ > 0,
0

Next, comparing (27) with (2.I5]), notice that g,, = pmh., for the strictly positive

such that

0s), = 0,V = (= = L)) VP (2.26)

1Though we could not find a reference for it, we expect f; to be also a strong solution of
[220) which satisfies the boundary conditions of (Z.8]).
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Hence, for f; = h,,g;, using that 27:1 (Ozjfl — azj) =0 and [ gigndz = 1, we
arrive at

Du(VI) = {30 [0~ 02) Vit (5 = 1o} V] Janterin

:215,”(\/@) — % +/ (Vo — 0., gt]2qm(z)dz. (2.27)

Combining (225) and ([227) we see that for any ¢ > 0,

2B (y/50) < 5 Hnlfo) + 2.28)

where g, is precisely the density of I/t(m) with respect to the marginal of ,u£°°’2). In
view of the definitions (2I7) and (2I9), the preceding bound matches our claim

I3). O

With ﬁk+1(\/§) invariant to mass-shifts ¢g(z) — exp(2 Z?=1 6,)g(z—0), having

Dis1(y/Gm) — 0 does not imply (uniform) tightness of the collection of proba-
bility measures {¢,,qx+1dz} men. Instead, when proving Corollary [[L4], we rely for
tightness on the following direct consequence of [I3] Sec. 3.

Lemma 2.1. For ATLAS,. 1, some ¢; = ¢1(k) finite and D(t) := Z?Zl Z;(t),

lim sup {P(D(t)>=x)} =0, (2.29)

T=0 ¢>c1D(0)
where the supremum is also over all initial configurations.

Proof. Building on the construction in [7, Sec. 3] of Lyapunov functions for RBM
in polyhedral domains, while proving [13, Thm. 3] the authors show that for the
ATLASk+1 (and more generally, for the spacing associated with (I]), whenever
J = 7, is non-increasing and j 0]2 forms an arithmetic progression), one has

E[V(Z())] < e [V(ZO)] + 2, V20, (2.30)

where V(z) = eV for some strictly positive v and ¢y < oo (see [I3] inequality
(51)]). Noting that (v, Z(t))/D(t) € [e; ', c1] (with ¢; := max;{v; \/vj_l}), we get
upon combining (2.30)) with Markov’s inequality that for any initial configuration
Z(0),

P(D(t) > z) < P((v,Z(t)) > x/c;) < e /e tePO 4 )] (2.31)
For ¢ > ¢;D(0) the RHS of ([Z31) is at most e~*/°1(1 + ¢y), yielding @29). O
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Proof of Corollary [L4. Fix probability densities hg # h; WRT the law ¢,,dz on
R~ such that v/hg, VR € WY2(g,,dz). Both properties then apply for hy :=
Ahy 4+ (1 = XN)hg, any A € (0, 1), and it is not hard to verify that

&*Dy (V) iy ™ —2

T :/{Z |:\/ zJ 1 zJ \/_ Zj_1 ZJ) h’O} }a0a1deZ>
j=1

where the non-negative «y ::~h0 /hx, a1 := hy/hy are uniformly bounded (per \).

Consequently, the map h — D,,(v/h) is convex on the set of probability densities

h with respect to the product law ¢,,dz on ]RT_I.

The marginal density on (z1, ..., zx) (WRT the k-th marginal of ,uioo’m), is given
for v{™ (dz) = ¢i@mdz and 1 < k < m, by

gt,k(zh ) Zk) = /gt(z) H 26_2Zjdzj : (232)
Thus, by the convexity of D,,(+/~) and the formula (ZIT), we have that

Dpu(\/7) /D D) H 2 %dz; > Dy (\/Gir) > Dira (Vo) - (2:33)

j=k+1

In particular, fixing £ > 1 and choosing ¢,, — oo as in the statement of the
corollary, we deduce from (LI3) and (2.33) that

1im Diy1 (Fo,x) = 0. (2.34)

For r > 2 and the Markov generator L, of (Z12) consider the functional on the
collection of probability measures v on R’,"" defined by

L) = sup{ / hY(—L,h) du}, (2.35)

h>0

where the supremum is taken over all bounded away from zero, twice continu-
ously differentiable functions having the boundary conditions (m) at m = r.
With h~!(=L,h) then continuous and bounded, clearly I,(-) is Ls.c. in the weak
topology on probability measures in R’ ' Further, recall from [6, Thm. 5] that
I,(v) = oo unless v = gq,dz for a probability density g such that /g € Wh2(q.dz),

or equivalently D »(v/g) < oo, in which case I (v ) =D +(1/9). Hence, (2.34)

amounts to Eg+1(y,f:;’k)) — 0 for the joint law ytm ) of (Z1(tm), - Zx(tm)) and

any weak limit point of these laws must have a density g WRT gy4+1dz such that
Dy11(y/9) = 0. From (ZI7) it is thus necessarily that throughout R,

821\/§:O, (azj,1_8Zj)\/§:07 J=2,...k,
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so as claimed, the only possible limit point is ¢ = 1. By Prohorov’s theorem, it
remains to verify that {I/t(:;k)} are uniformly tight, namely, to provide a uniform
in m tail-decay for Zle Z;(ty,) in the corresponding ATLAS,, system. To this
end, recall [I9, Cor. 3.10(ii)] that under the same driving Brownian motions
{Bj(s)} and initial configuration, the first k£ spacings increase when all particles
to the right of Xj.1(0) are removed. Consequently, it suffices to provide a uniform
in m tail decay for the diameter D(¢,,) of an ATLAS; ; system of initial spacing
distribution u(()m’k). Fixing € > 0 we have from (2.29) the existence of finite ¢; =
c1(k) and = = z(e) such that for a given initial configuration, if ¢ > ¢; D(0) then
P(D(t) > x) < €. By our assumption that ¢ !p,, — 0 in l/ém’k)—probability, for the
(random) initial diameter p,, := Xx11(0) — X;1(0), we have that P(cip,, > t,) < €
for all m > myg(€), in which case

With € > 0 arbitrarily small and * = z(¢) independent of m, we have thus
established the required uniform tightness. O

Remark 2.2. The proof of Proposition is easily adapted to deal with the
right-anchored dynamic (of the generator L,, giwen in (212)). It yields for the
latter dynamic the bound of (LI3), now with (26)"*H(W\™| @ Exp(2)) in the
RHS. The proof of Lemma 2.1 also adapts to right-anchored dynamics, hence the
conclusion of Corollary L4l applies for sequences of right-anchored dynamics when
the latter expression decays to zero at t = t,, — oo such that t,! Z?:l Z;(0) — 0.

3. COUPLING TO ATLAS.: PROOF OF THEOREM [L.1]

Let G(a) = (2m)~Y/2 [*¢~"/2dz and consider the ATLAS. process Y (t) =
{Y;(t)}, denoting by X (¢) = {X,(¢)} the corresponding ranked configuration. We

first provide three elementary bounds for this process that are key to the proof
of Theorem [T 11

Lemma 3.1. For any initial condition X (0), £ > 1 and t,T" > 0,

KF—t—Zﬁlej(O)
v

Proof. Starting wLOG at Y (0) = X (0), we have that for any s > 0,

P( sup {X3(5)} > T) < 2(

s€[0,t]

| =

X@K%ZE®S%-;&®+%W®,
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where W(s) := £=/23Y  Wj(s) is a standard Brownian motion. Thus, by the

reflection principle,

P((sup {Xi(s)} > T) < P sup {—-W(s)} > T - - %ﬁxjm))

s€[0,1] s€[0,t] Vi j=1
- 2IP( S/ )
0 — Z
which upon Brownian scaling yields the stated bound of (B.1]). O

Lemma 3.2. For X;(0) >0, I' and k > 2 such that T® = (I' — X;(0))/3 > 0,
any £ > 1 and t > 0, we have that

P(Ssel[]b%]{Xk(s)} > F) < QQ(QF(@ —t ?/%:f 1X (O>> —|—4/{:Q(I;(/I;)> . (3.2)

Proof. Recall [19] Cor. 3.12(ii)] that keeping the same driving Brownian motions
{B;(s)} and initial configuration X (0), the spacing vector Z(t) is pointwise de-
creasing in 7. Further, by [19, Cor. 3.10(ii)], the first £ — 1 spacings increase
when all particles to the right of X (0) are removed. Consequently, that value of
Xk (t)— X1(t) at the drift v = 1 of ATLAS,, is bounded by its value for a k-particle
Harris system (of v = 0), starting at same positions as the original ATLAS pro-
cess left-most k particles. In the latter case, letting Vi(s) := max}_ {B;(s)}
and the identically distributed V/(s) := max"_,{—B;(s)}, our assumptlon that
X1(0) > 0 results with

Xk(S) — Xl(S) S Xk(()) + Vk(S) + Vk/(S) .

Thus, with I®) = (I' — X,(0))/3 and {B(s)} denoting a standard Brownian
motion, we get by the union bound that

IP’( sup {Xu(s)} > r) < IP’( sup {X1(s) + Vi(s) + Vi(s)} > T — Xk(O))

s€[0,t] s€[0,1]
< IP’( sup {Xi(s)} > r(k)> + 2kIP’< sup {B(s)} > FUC)) .
s€[0,¢] s€[0,1]

Consequently, by ([B]) and the reflection principle,

P(ssém[lo%{xk(s)} >T) < 2g(mk) ! _W%ﬁzl Xj(o)) + 4kg(@) ,

as claimed. O
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Lemma 3.3. For any m > 0, t,I" > 0 and initial configuration Y (0) = X (0),

P(sér[loft] inf {i(s)} < r) < 22%#) : (3.3)

Proof. Removing the drift in the ATLAS model decreases all coordinates of Y (s)
and correspondingly increases the LHS of ([B3]). Thus,

P(mf inf {Yi(s }<r) ZIP’( inf {Wi(s)} < F—XZ-(O))

1>m se(0,t] s€(0,t]

ZQZIP’(W(I)gi) —QZ( Ot F),

i>m i>m

as claimed. H

Proof of Theorem [T Given initial spacing configuration z that satisfies (10
and (LII), consider the following two sequences of initial distributions for the
finite increment vectors Z,,(0) := (Z1(0),..., Zn-1(0)) of the ATLAS,, process,
m > 2. Starting at the measure 1™ (-) = u™? (-2, (0) < z,,) for the given
Zm = (21, .., Zm_1) yields for same driving Brownian motions an ATLAS,, spacing

m
process Z(s) which is dominated at all times s > 0 by the corresponding process

that started at spacing z,,, whereas ™™ () = u{™?(-|Z,,(0) > z,,) similarly
yvields a spacing process Z (s) that dominates the spacing for the original process
which started at z,,. The corresponding relative entropies are then

m—1 m—1 m—1
1} = B D) = —tog ([ 100 = Sy <23 2,
=1 j=1 j=1
(3.4)
m—1 m—1
Hy o= H(pg™ ™) = —log g™ ({ T 10, 21}) = Y —log(1 — =)
j=1 J=1
m— 1 m—1
+ (log ajz;) -] < 2mlogm + Z(logzj)_ , (3.5)
3:1 =1

since —log(l —e™) < 1+ (logu)_ for all w > 0, while o; > 2/m (see ([21)),
hence log(e/a;) < 2logm. By (LI0) and (3.4),

H(y(m,'i‘) |I[L§<m72))

lim su 0 < 0.
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With #(m) > logm in case § = 1, we similarly deduce from (LIT]) and (3.5]) that

. Hwd™ 7™
1 .
S T Bem)

Fixing £ > 2, the uniform over m > 2k first moment bound,
k k
I3 Z00] w200
j=1 j=1
(

yvields by Markov’s inequality that ¢! Z?:l Z;j(0) = 0 in Vom’i)-probability, for

(z+a;t) zj—l—l

I
M-
IIM?r

any t,, — oo. Further, the second moment of Vém’_) is finite (being at most ||z[|?),
as is the second moment of V(()m’+) (being at most the product of e and the finite
second moment of uim’m). For 1)(m) 1 oo, with inf,, {1)(m — 1)/¥(m)} > 0, let

tm = 2mP0(m)Y(m) . (3.6)

Setting m,, = m,(s) := inf{m > 2 : t,, > s,}, our constraints on 6(-) and (-)
yields for ¢, of [B.0) and any s, T oo,

1nf{s }>1nf{ 1}>O.
n>1 UE,, m>2 U t,,

Thus, by the preceding, upon applying Corollary [[L4] to the ATLAS,, model ini-

tialized at V(()m’i) we have that the joint law of the first & coordinates of Z;, (s,),

converges as n — oo to the corresponding marginal of ,uioo’m. The same limit in
distribution then applies for the spacing (Z1(s,), ..., Zk(s,)) of ATLAS,,, started
at z,, (which is sandwiched between the corresponding marginals of Z, (s,)
and Z;, (sn)). Assuming further that sup,,{1/(m)/m} < 1, we claim that for
X1(0) = 0 and the given initial spacing Z(0) = z, the RHS of (B.2) is summable
over m, at t = t,, of (B.0) and

Ly = 36m” 0(m)y(m)? D 0, = [mP/ T (m) VO] (3.7)
Indeed, since 6(+) is eventually non-decreasing, we have then that
1
Tglmlbm = tm > 8900, Ym > m, (3.8)

Further, with k fixed and T, 1 oo, necessarily X;(0) < T',,/8 for all m > m,
large enough, in which case from (B.8)), the rHS of ([B2) is bounded above for
such m, t,,, I',, and £,,, by

2g(\/6i9(£m)) +AkG (3 eﬁ;le(em))
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and recalling that 6(¢,,) > %logm when = 1, it is easy to verify that the
preceding bound is summable in m. Next, utilizing (LIZ), we can further make
sure that ¥(m) 1 oo slowly enough so that for any fixed x < oo,

Xn(0) > (k+ 1)1, Vm > m, (3.9)
so that for m > m, the RHS of (3.3)) is bounded above, at t =t,, and I' = I';,,, by

2§:g(/{rmﬂ/\/ﬂ). (3.10)

Note that ' > 1/2 and 6 := §/(1+ ) —1/2 > 0 is strictly positive when § > 1.
Thus, ' — /2 =68 > 0 and setting x" := (18k)?, we deduce from ([B.6]) and (B

that I

B o) B )
Increasing m,, if needed, we have that mzﬁ‘;@(m) > logm for all m > m,, in which
case for b, := m~"'logm, the expression [3.I0) is further bounded by

> ! > !5 2 !
QZQ<\/2/€’(1 +j/m) logm) <2m™" Ze"”bm < Wm_“
j=1 j=1 m

(recall the elementary bound G(z) < e™**/2 for z > 0). Thus, for any ' > 2,
such choices of t,,, and I',,, guarantee that the RHS of (83)) is also summable over
m. Combining Lemma [3.2] Lemma and the Borel-Cantelli lemma we deduce
that almost surely, the events
Ay = { sup {Xe(s)} <Tpn < inf  {Vi(s)} } ,
$€[0,tm] s€[0,tm],i>m

occur for all m large enough. Note that A, implies that throughout [0, ¢,,] the k
left-most particles of the ATLAS,, process are from among the initially left-most m
particles. From this it follows that under A,,, the spacing (Z1(sy), ..., Zk—1(sn))
for the ATLAS,,,, coincide with those for the ATLAS,,, when using the same initial
configuration z and driving Brownian motions {W;(s)}. Having proved already
the convergence in distribution when n — oo, of the first £k — 1 spacing for
ATLAS,, at time s, and that the events A,, occur for all m large enough, we

conclude that the FDD of spacing for ATLAS,, converge to those of ,uioo’m, along
any (non-random) sequence s, T 0o, as claimed. O
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