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Introduction

Cyber-physical systems are made of discrete-time components, i.e.,
pieces of software, and continuous-time components, 7.e., plants which
continuously and strongly interact each other. Such kind of systems is
usually found in critical applications, e.g., aircraft autopilot or cruise
control mechanism in a car. In consequence, it is important to en-
sure safety of such systems in order to avoid the lost of human life or
catastrophic consequences.

Formal safety verification techniques aim at automatically and ma-
thematically prove that a mathematical model of a cyber-physical sys-
tem is safe. Omne difficulty of this approach is to deal with models
involving a combination of state transition systems, representing the
software parts, and ordinary differential equations, representing the
plant parts. Model-checking techniques based on SAT Modulo The-
ory (SMT) techniques are efficient and robust enough to deal with
such heterogeneous mathematical models. More precisely, SAT mod-
ulo ODE techniques [3, 4] are very promising to prove safety prop-
erties of cyber-physical systems. A SMT solver aims at proving that
a first-order logical formula ¢ involving terms coming from different



theories, e.g., linear integer arithmetic (LIA) or non-linear real arith-
metic (NRA), is satisfiable, i.e., there is a value of the variables which
make the formula ¢ true or unsatisfiable, 1.e., for all values of the vari-
ables, ¢ is false. The main algorithm used in SMT solver is known as
Conflit-Driven Clause Learning (CDCL).

This article is interested in SM'T with NRA theory. This theory is
associated to a solver based on Interval Constraint Propagation (ICP)
techniques [1] which is easily implementable with IBEX library. The
contribution of the paper is the definition of an algorithm dedicated
to the conflict analysis step. This algorithm is an adaptation of the
QuickXplain algorithm [2], mainly dedicated to discrete domain Con-
straint Satisfaction Problems (CSP), to continuous or numerical CSP.

Main contribution

Basically when only one theory T is involved, a SMT solver is made
of a SAT solver and a T-solver, such as IBEX for NRA theory. The
combination of the two solvers works as follows, starting from a log-
ical formula ¢ involving T-terms in normal conjunctive form (CNF),

¢k = Niny \/Tzl li,

1. For each literal ¢;;, e.g., cos(xz) +y < 1, a Boolean variable b(¢;;)
is assigned.

2. SAT solver searches for an assignment « of b(¢;;) such that ¢cenr
is true, i.e., a(b(¢;;)) = true. It can also find a contradiction.

3. T-solver is started if an assignment a exists, it determines if the
conjunction of constraints induced by « is not contradictory in the
theory T'. In particular, the constraints c; are defined such that
¢; = {;; if a(b(¢;5)) is true or ¢; = —¢;; otherwise. If the constraints
¢; are true then SMT solvers returns SAT, otherwise a conflict
clause k is generated and added to ¢cnp to avoid unfeasible paths
during the search of a new « in Step 2.

4. If no assignment « can be found then UNSAT is returned.



In iSat [3], which tightly integrates SAT and ICP solvers, a conflict
learning algorithm, to generate x, is used based on the decision tree
at the SAT-solver level. Otherwise, it seems that no conflict analysis
is defined for T-solver keeping the relative independence between the
two solvers. To cope with this lack, a new conflict analysis method is
proposed for NRA theory and based on the QuickXplain algorithm [2].
An implementation of this algorithm has been performed in IBEX.

Algorithm 1 Continuous QuickXplain algorithm

1: function QUICKXPLAIN(C, U, d)

2 if card(C) # 0 A contract(C, d) = () then
3 return ()

4 end if

5: if U = () then

6 return ()

7 end if

8 Qg, ..., Q,_1 be an enumeration of U

9 k+0;, Ci+C; dy+d

10:  while d; # 0 ANk < card(U) do

11: Cs <+ CsU{ay}; ds < contract(Cs,d); k< k+1
12: end while

13: if d, # () then

14: return ()

15: end if

16: kE—k—1, X<+ {a}; 14 |k/2]

17: U + {Oéo,...,Oél',l}

18: U2 < {Oéi,...,Oék_l}

19: if Uy # () then

20: Co+—~CuljuX

21: Xy + QUICKXPLAIN(Cy, Uy, d)
22: X+~ XUXy

23: end if

24: if U; # () then

25: i+~ CuX

26: X; « QUICKXPLAIN(CY, Uy, d)
27: X+~ XUX,

28: end if

29: return X
30: end function




Results

The new conflict analysis method is given in Algorithm 1 where C
stands for the smallest set of conflicted constraints (initially (), U
stands for the initial set of constraints, d stands for the domain of
variables. The contract operations in Line 2 and 14 is implemented
using the HC4 algorithm. A positive side effect of this adaptation to
continuous constraints of the original work [2] is that some propagation
operations have been removed.
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