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the weighted Radon transforms
along hyperplanes in multidimensions
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Abstract

We consider the weighted Radon transforms Ry along hyperplanes in R?, d > 3, with strictly positive
weights W = W(x,0), = € R?, 6 € S?~!. We construct an example of such a transform with non-trivial
kernel in the space of infinitely smooth compactly supported functions. In addition, the related weight W
is infinitely smooth almost everywhere and is bounded. Our construction is based on the famous example
of non-uniqueness of J. Boman (1993) for the weighted Radon transforms in R? and on a recent result of F.
Goncharov and R. Novikov (2016).
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1 Introduction

We consider the weighted Radon transforms Rw, defined by the formulas:

Rw f(s,0) = / W(z,0)f(x)dz, (s,0) e Rx S* ' z e R d>2, (1.1)

xh=s

where W = W (x,0) is the weight, f = f(z) is a test function on R<.
We assume that W is real valued, bounded and strictly positive, i.e.:

W=W2>c>0 WeL°R xS, (1.2)

where W denotes the complex conjugate of W, ¢ is a constant.

If W = 1, then Rw is reduced to the classical Radon transform R along hyperplanes in R%. This
transform is invertible by the classical Radon inversion formulas; see [Rad17].

If W is strictly positive, W € C®(R? x S*7') and f € C§°(R?), then in [Bey84] the inversion of Rw
is reduced to solving a Fredholm type linear integral equation. Besides, in [BQ87] it was proved that Rw
is injective (for example, in L3(R9)) if W is real-analytic and strictly positive. In addition, an example of
Rw in R? with infinitely smooth strictly positive W and with non-trivial kernel KerRw in C§°(R?) was
constructed in [Bom93]. Here C§°, L2 denote the spaces of functions from C*°, L? with compact support,
respectively.

In connection with the most recent progress in inversion methods for weighted Radon transforms Rw,
see [Gonl7].

We recall also that inversion methods for Ry in R® admit applications in the framework of emission
tomographies (see [GN16]).

In the present work we construct an example of Ry in R%, d > 3, with non-trivial kernel KerRy in
C5°(RY). The related W satisfies (1.2). In addition, our weight W is infinitely smooth almost everywhere
on R? x s,

In our construction we proceed from results of [Bom93] and [GN16].

In Section 2, in particular, we recall the result of [GN16].

In Section 3 we recall the result of [Bom93].

In Section 4 we obtain the main result of the present work.

*CMAP, Ecole Polytechnique, CNRS, Université Paris-Saclay, 91128 Palaiseau, France;
email: fedor.goncharov.ol@gmail.com

fIEPT RAS, 117997 Moscow, Russia;

email: roman.novikov@polytechnique.edu



2 Relations between the Radon and the ray transforms
We consider also the weighted ray transforms P, in R?, defined by the formulas:

Py f(z,0) = /w(x +16,0) f(x + t0) dt, (z,0) € TS ', (2.1)
R
TS ={(z,0) e R x $* " : 20 = 0}, d > 2, (2.2)

where w = w(z, 0) is the weight, f = f(z) is a test-function on R%.
We assume that w is real valued, bounded and strictly positive, i.e.:

w=w>c>0,we LR x "), (2.3)

We recall that TSY~! can be interpreted as the set of all oriented rays in R%. In particular, if v = (z,0) €
TS then

y={yeR:y=xz+1t0, t € R}, (2.4)

where 0 gives the orientation of .
We recall that for d = 2, transforms P,, and Rw are equivalent up to the following change of variables:

Rw f(s,0) = Py f(s0,0),s € R, 0 € S', (2.5)
W(z,0) =w(z,0"), z € R* 6 S, 26)
0+ = (—sin ¢, cos ¢) for 0 = (cos ¢, sin ¢), ¢ € [0, 27), .
where f is a test-function on R2.
For d = 3, the transforms Ry and P, are related by the following formulas (see [GN16]):
Rw f(s,0) = /ow(sa + 1[0, a(8)], a(8)) dr, (5,0) € R x S, (2.7)
R
W (z,0) = w(z,a(f)), z € R, 0 € S?, (2.8)
0] .
i 6 # 4,
a(0) = 4 |ln, 0]l (2.9)
any vector e € S?, such that e L 6, if § = %,
where 7 is some fixed vector from S?, [-,] denotes the standard vector product in R®, 1 denotes the

orthogonality of vectors. Actually, formula (2.7) gives an expression for Rw f on R x S? in terms of P, f
restricted to the rays v = y(z, #), such that 6 L 7, where W and w are related by (2.8).
Below we present analogs of (2.7)-(2.8) for d > 3.

Let
S(s,0) ={xeR:20=5}, secR, 0 S, (2.10)
Z(vi,...,vx) = Spanf{v1, ..., vk}, v; € RY i=T1,k1<k<d, (2.11)
Ovi,v2) ={0€S¥ 10 L 1,0 Lu} ~S"3 w102 € R, 1 L vz, (2.12)
(e1,€2,€s3,...,€eq) - be some fixed orthonormal, positively oriented basis in RY. (2.13)
If (e1,...,eq) is not specified otherwise, it is assumed that (e1,...,eq) is the standard basis in R<.

For d > 3, the transforms Rw and P, are related by the following formulas:

d—2

Rw f(s,0) = / Puf(s0+ > 7Bi(0),0(0)) dri ... dTa s, (5,0) € R x S, (2.14)
Rd—2 i=1

W(z,0) = w(z,a(d)), z € R?, § € S*, (2.15)

where a(0), Bi(0), i = 1,d — 2, are defined as follows:

direction of one-dimensional intersection X(s, ) NE(e1, e2), where

a(#) = { the orientation of a(f) is chosen such that det(a(6),0,es,...,eq) >0, if 0 € O(e1,e2),  (2.16)
any vector e € %71 N E(e1,e2), if 0 € O(e1, e2)

(a(0),B1(0),...,Ba—2(0)) is an orthonormal basis on (s, ), (2.17)

I

and X(s, 0), ©(e1, e2) are given by (2.10), (2.12), respectively. Here, due to the condition 6 & ©O(e1,e2):

dim(X(s,0) N E(e1, e2)) = 1. (2.18)



Formula (2.18) is proved in Section 5.

Note that formulas (2.14)-(2.18) are also valid for d = 3. In this case these formulas are reduced to
(2.7)-(2.9), where ez = —n.

Note that, formula (2.14) gives an expression for Rw f on R x S?~! in terms of P, f restricted to the
rays v = (x,a), such that o € S“"* N E(ey, e2).
Remark 1. In (2.16) one can also write:

a0) = (=) x(OAes A Nea), if O € O(er, e2), (2.19)

where *-denotes the Hodge star, A - is the exterior product in A*R? (exterior algebra on ]Rd); see, for
example, Chapters 2.1.c, 4.1.c of [Mor01].

Note that the value of the integral in the right hand-side of (2.14) does not depend on the particular
choice of (81(0), ..., Ba—2(0)) of (2.17).

Note also that, due to (2.8), (2.9), (2.15), (2.16), the weight W is defined everywhere on R% x S, d > 3.
In addition, this W has the same smoothness as w in z on R* and in 6 on S*~'\O(e1, e2), where O(e1, e2)
is defined in (2.12) and has zero Lebesgue measure on S,

3 Boman’s example

For d = 2, in [Bom93] there were constructed a weight W and a function f, such that:

Rwf=0onR xS, (3.1)
1/2<W < 1L,W e C®(R® x §'),
feCF([R?), f#0,supp f C B> ={z € R*: [z < 1}. (3:3)

In addition, as a corollary of (2.5), (2.6), (3.1)-(3.3), we have that
Puofo=0on TS, (3.4)
1/2 <wo < 1, wo € C(R* x §Y),
fo € C5°(R?), fo #0, supp f € B? = {x € R* : [a| < 1},

where
wo(x,0) = W(z,—0"), z € R*, 0 € S, (3.7)
fo=f (3.8)
4 Main results
Let
BY={zeR%:|z| <1}, (4.1)
Bd={z eR": |z] <1}, (4.2)
(e1,...,eq) - be the canonical basis in R%. (4.3)
Theorem 1. There are W and f, such that
Rwf=0onR xS, (4.4)
W satisfies (1.2), f € C§°(RY), f £ 0,
where Ry is defined by (1.1), d > 3. In addition,
1/2<W <1, W is C*°-smooth on R* x (S*"'\O(e1, e2)), (4.6)

where O(e1,e2) is defined by (2.12). Moreover, weight W and function f are given by formulas (2.15),
(4.8)-(4.10) in terms of the J. Boman’s weight wo and function fo of (3.7), (3.8).

Remark 2. According to (2.15), (2.16), W(z,0) for 6 € ©(e1, e2) can be specified as follows:

W(z,0) = W(zi,...,24,0) "2 wo(ar,z2,e1), 0 € Oer, e2), z € R%. (4.7)
Proof of Theorem 1. We define

w(z,a) =w(z,. .., Td, Q) %f wo(z1, T2, a1, 2), (4.8)
f(@) = flan,. . wa) D w(es, .. xa) folar, 22), (4.9)
for x = (1’1, .. .,l’d) S Rd, o= (041,042,0, e 70) S st tn 5(61762) ~ 817



where
¥ e C°(R™?), supp e = B2 and (z) > 0 for z € B2, (4.10)

From (2.1), (3.4), (4.8)-(4.10) it follows that:

Puf(z,a) = [ w(z1 + taa, z2 + tag, x3, . .., x4, @) f(x1 + tar, z2 + tag, x3, ..., xq) dt

%\

= 1/)(%3, ce 7acd)/wo(x1 +tar, x2 + ta27a17a2)fo(ac1 +tar, z2 + tOéz) dt
R

=(xs,...,2d)Puwfo(z1,22,a1,2) =0 for any o = (a1, @2,0,...,0) € E(e1,e2) N st ~ st

(4.11)
Properties (4.4)-(4.6) follow from (2.15)-(2.17), (2.19), (3.2), (3.3), (4.7), (4.8).
Theorem 1 is proved. O
5 Proof of formula (2.18)
Note that
dim(E(e1, e2)) + dim(X(s,0)) =d+1 > d, (5.1)
which implies that the intersection X(s, ) N E(e1, e2) is one of the following:
1. The intersection is the one dimensional line [ = I(s, 0):
I(5,0) = {z € R? : & = z0(s,0) + a(0)t, t € R}, a(0) € S?, (5.2)

where zo(s, 0) is an arbitrary point of X(s,60) N E(e1, e2), the orientation of a(f) is chosen such that:
det(a(0), 0, es3,...,eq) > 0. (5.3)

Condition (5.3) fixes uniquely the direction of a(#) of (5.2).
Formulas (2.10), (2.11), (2.12) imply that (5.3) can hold if and only if 6 ¢ O(ey, e2).

2. The intersection is the two-dimensional plane Z(e1,e2). Formulas (2.10), (2.11) imply that it is the
case if and only if
s=0,0_Ler, 0L es. (5.4)

3. The intersection is an empty set. Formulas (2.10), (2.11) imply that it is the case if and only if
s#0,0 Ler, 0L es. (5.5)
Note that
cases 2 and 3 occur if and only if 0 L e, 0 L eg, ie., 0 € O(e1,e2). (5.6)

This completes the proof of formula (2.18).
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