N

N

Phase Separation for the Long Range One-dimensional Ising
Model

Marzio Cassandro, Immacolata Merola, Pierre Picco

» To cite this version:

Marzio Cassandro, Immacolata Merola, Pierre Picco. Phase Separation for the Long Range One-dimensional
Ising Model. 2016. <hal-01583368)

HAL Id: hal-01583368
https://hal.science/hal-01583368v1

Preprint submitted on 5 Oct 2023

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-01583368v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

arXiv:1611.02310v1 [math-ph] 7 Nov 2016

PHASE SEPARATION FOR THE LONG RANGE ONE-DIMENSIONAL ISING MODEL *

Marzio Cassandro !, Immacolata Merola 2, Pierre Picco 3
b b

Dedicated to the memory of Enza Orlandi

Abstract We consider the phase separation problem for the one-dimensional ferromagnetic Ising model

2+a where n € IN denotes the distance of the two spins

with long-range two-body interaction, J(n) = n~
and a €]0, oy [ with a; = (log 3)/(log2) — 1. We prove that given m €] — 1,41][, if the temperature is small
enough, then typical configuration for the 4™ Gibbs measure conditionally to have a empirical magnetization

of the order m are made of a single interval that occupy almost a proportion %(1 — ) of the volume with

mg
the minus phase inside and the rest of the volume is the plus phase, here mg > 0 is the spontaneous

magnetization.

1 Introduction and main results
We consider a one-dimensional ferromagnetic Ising model with a two body interaction J(n) = n=2+¢
where n denotes the distance of the two spins and « tunes the decay of the interaction.

A systematic and successful analysis of these one dimensional models started more than forty years ago.
[23,37,10,11,12] proved existence, uniqueness of the Gibbs states and analyticity in 8 of the free energy for
a < 0 and [16,17,18] proved the occurrence of a phase transition for o > 0.

The borderline case a = 0 was already distinguished by a number of unusual features in the early seventies
[38, 18]. It took more than a decade to prove Dyson’s conjecture [16] about the existence of a spontaneous
magnetization at low temperature. This result was proved by Frohlich & Spencer [22] by introducing a
suitable notion of contours. Precise estimates on the low—temperature decay of the truncated correlations
were given by Imbrie [26]; the existence of a Thouless effect [38], that is a discontinuity of the magnetization
at the critical temperature was proved by Aizenman, Chayes, Chayes & Newman [1] and all these works
culminate in the proof of the existence of an intermediate phase similar to a Kosterlitz-Thouless phase with
a variable exponent power law decay for correlation functions given by Imbrie & Newman [27].

In one-dimensional systems it was proved that Fannes, Vanheuverzwijn & Verbeure [20] and Burkov &
Sinai [4] that used an energy argument that comes from Bricmont, Lebowitz & Pfister [2] there are no non-
translation invariant extremal Gibbs states. This argument was used in particular in [2] to prove uniqueness
of Gibbs states for one-dimensional Ising systems under the Ruelle’s condition [37].

In a more recent work, [5] revisited [22] to extend Peierls argument to the 0 < o < 1 case. This already
allowed to study the behaviour of these systems when an external stochastic field is added [8, 9] and also to
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study the localization of the interface when taking, say — boundary conditions on the left of an interval and
+ boundary on its right [7].

Another important fact currently observed in everyday life, therefore macroscopic, is the phase separation
or phase segregation phenomena. To deduce it from Statistical Mechanics was first considered in a remarkable
paper on the short range Ising model by Minlos & Sinai in 1967, see [31], we share with Pfister, see [33], that
”many important ideas, which were later on developed in Statistical Mechanics were in germs in it”. Then
in 1988, Dobrushin, Kotecky & Shlosman, see [14], derived from statistical mechanics the phenomenological
macroscopic theory of Wulff, that gives the shape of the spatial region occupied by one phase immersed in
the other one. Later this was called the DKS theory. See also Pfister [33] for recent version of Minlos &
Sinai work and of DKS theory, also Pfister & Velenik, see [34] for large deviations and continuum limit and
[28, 29] for extensions of the DKS theory for all temperature below the critical one.

In this paper, we address the problem of phase separation or phase segregation where the empirical
magnetization is fixed in the interval | — mg, +mg[, where mg is the spontaneous magnetization. We assume
that 3 is large enough to have mg > 0, a sufficient condition on § was given in [5].

To be more precise, we consider in the finite interval A = [-L,+L] N Z, the system of Ising spin
configurations g, = (0y,7 € A) described by the Hamiltonian with + boundary conditions

AN R SN e U g (T ) (11)

(i,J)EAXA i€EA jEAC

where the pair interaction J(i — j) is defined by

0 if n = 0;
Jm) =4 J+1>>1 ifn=1; (1.2)

and « € [0, ay) with ay = (log3)/(log2) —1. In (1.2), the nearest neighbour interaction J+1 is chosen large
enough as in [5] appendix A, however new conditions will be imposed here. As proved in [5], or in [16] for
such system, when 8 > fy(«) for some () that comes from an energy-entropy argument within a Peierls
argument, there exist at least two different extremal Gibbs states MZ;L and pg that are limit when |A] 1 o0
of the finite volume Gibbs measure with +, respectively — boundary conditions. Then the spontaneous
magnetization is

mg = 5 [oo] = = o] > 0. (13)

Let us take a 8 > f1(a)(> Bo(e)) as in [7] to have convergence of the cluster expansion then it follows from
theorem 2.5 in [7] that
phloo] =1 — [2677(8) (1 + B(z, ++))] (1.4)

where
§++(ﬁ) — ¢~ 28(C2=)+J) (1'5)

with (2 — a) the Riemann zeta function, and B(x, ++) is an absolutely convergent series that satisfies
— 45 (Feay —39)
B, +4+)] < ¢ (16)
where § is given in (6.25) and {, =1 —2(2* — 1).
Let

=A% a>0 (1.7)
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and given m €] — 1, +1], let

= - 1-8

Let g* = 8*(Jm|) such that mg« = |m|+ 7 = (14 |m|)/2. Note that |m|+ 7 < 1 and therefore f* < co. By
GKS inequality we have : for all § > §*

mp — |m| > mg« — |m| =71 (1.9)

we assume that |A] is large enough to have

T > € (1.10)
therefore we get
mg—lml T €0 (1.11)
mg mg mg

Let
Aley) = Zaz (1.12)

i€EA

be the empirical magnetisation. We consider the system under the constraint that
Ima(gy) —m| < eomg. (1.13)
Note that ma(gy) €] — mg, +mg], in fact it follows from (1.13) and (1.10) that for all 8 > 5*, we have
mg — |ma(gp)| > T —empg>T—¢€ >0 (1.14)

i.e. ma(gy) is well separated from mg and —mg as it should be.

Since the interaction is ferromagnetic, under the constraint (1.13) with ey = 0 and m is a rational number
of the form k/|A| for some positive odd integer k < |A], say k = 2¢ + 1, a minimum of (1.1) is reached
by a configuration made of a single run of —1 of length L — ¢q. In other word a ground state contains a
single interval of —1 with the correct length to satisfies (1.13) with ¢g = 0. However it can be located
anywhere in A, therefore the ground state is L + 1 + ¢ times degenerated. The main problem is therefore to
understand what remains of this = oo picture for the configurations that are typical for the Gibbs measure
,ug conditioned by (1.13) when we take § large enough but finite.

Roughly speaking, we show that for |A| very large, the configurations that are typical for the finite volume
conditional p{t measure, given (1.13), are as follows:

1 There exists in A an interval A’ with [A’| ~ (JA[5(1 — mﬂﬂ) where

|A,|Zaz —mg; (1.15)

i€EN’

while

IA\ Z o A (1.16)

zEA\A/

2 The statistics of the spin configurations, in the limit |A| 1 co, in the interval A’ are similar to the one of
the — phase, while in the region A\ A’ they are similar the one of the + phase.

In this paper we deal only with the case @ > 0. For @ = 0 the argument goes along the same lines but
now , since many of the bounds we use are no more exponential, the proofs require substantial modifications.
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These proofs will be presented in our next paper where we study the fluctuations of the interval where , with
plus boundary conditions, the phase is negative. In this case the value of alfa should play a relevant role.
In fact from our previous work [7] , where we study the separation point when the right and left boundary
conditions are different (+,—) we have: 1) for @ > 0 the density distribution of the fluctuations of the
transition point ,suitably normalized, converges to a Gaussian , 2) for a = 0,rescaling the volume [—L, L] to
[—1, 1], the distribution converges to a non degenerate distribution with an explicit density in the interval
[-1,1].

In section 2, we define the model, state the main theorem and two propositions that will imply the
theorem.

In section 3, we state and prove two lemmata that will be extendedly used.

In section 4 and 5 we give the proofs of the two propositions of section 2.

All the proofs in these sections are based on the geometrical description of spin configurations introduced
in [5] and use the cluster expansion developed in [7]. The appendix contains a resumé of the results obtained
in [5], [7].

2 Definitions and main result
Let A = [~L,+L]N Z and Sy = {—1,+1}* be the set of spin configurations in A. We denote by
op = (04,1 € A) € Sp a configuration. For any subset A C A, we denote by o4 = (0,7 € A) the restriction
of the configuration g, to the subset A. For f a cylindrical bounded function with cylinder basis that is a
subset of A, the finite volume Gibbs measure with + boundary conditions is given by

Yo, €5 flapy)e PhTen)
Z{T(B)

pAlf] = (2.1)
The infinite volume limit, limarz pf (f) exists by FKG inequalities, see [19], [21] or [32] and is translation
invariant as all extremal Gibbs state are by [4] and [20].

Definition 2.1 For ¢y = |A|7%, with 0 < a < 1 to be chosen later, assuming that |A| is large enough to have
(1.10), and for m € [—1,+1], let
Sa(m,e0) ={ap € Sa : |malay) —m| < egmgs}. (2.2)

Since the boundary condition is fixed, there is a bijection between spin configurations and spin-flip con-
figurations, a spin-flip being a pair of consecutive sites (é,7 + 1) with o;0,11 = —1. Triangles are a graphical
representation of pairing together spin-flips, say (i,7 4+ 1) and (j,j + 1) where ¢ < j, with the property that
oi+10; = +1. It is obtained by an algorithm described in [5], see also section 6. In particular two triangles
are either disjoint or one inside the other.

The mass of a triangle T will be denoted by |T| and is just the number of sites of ZZ in the base of the
triangle, i.e if T is associated to the two spin-flips (4,4 4+ 1) and (j,5 + 1) with ¢ < j then |T| = j —i.

We say that a family of triangles T' is compatible, if there exists a spin configuration g, such that

T = T(o,), this spin configuration will be denoted by o, (T). The set of compatible configurations of
triangles will be denoted by Ty .

Definition 2.2 For e; = |[A|™7 with 0 < v < 1 to be chosen later, let
Timall(e)={T € Ty : VT € T, |T| < e5|A[} (2.3)
be the set of compatible configurations of small triangles and

Simall (e,) = {QA €Sy : T(oy) € ﬁmall(es)} (2.4)
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be the set of spin configurations such that the associated family of triangles is made of small triangles.

Remark 2.3 . It follows from [7] that for es = |A|™7Y, there exists a Po(a) such that for all § >
Bo(a), the typical configurations of triangles for the measure uj{ are within S (e5), in the sense that
limarz pf [S§m (e5)] = 1. The set S§™% (es) plays the réle of the phase of small contours as in [33].

Definition 2.4 For a given family of compatible triangles T € Ty, we say that a triangle T € T is external
with respect to T or more simply, external, if it is not contained in any other triangle of T. We say that a
family of triangles T is made of mutually external triangles if each triangle T € T in external with respect
to any other triangle of T

Definition 2.5 Given a configuration g, € Sa, we denote by T (a,) the subfamily of all triangles in T(c )
that are external with respect to T(c,) and not small. i.e.

TP(gp\) = {T € I(cy) : Tisexternal, |T| > e,|A|} (2.5)

On the other hand, given a family T of mutually external triangles that satisfies VT € TF, |T| > es]|A] we
say that it is a compatible family if there exists a configuration g, such that TF =T1F (ap)-

Definition 2.6 Given e; > 0 let

TE = {I € Ta : T are mutually external, VT € T, |T| > 65|A|} . (2.6)

Irrf e TE we denote
"= Y |T). (2.7)

TeT?

Given TF € TE, there is a specific spin configuration, say E(ZE ), defined by

7i(L") = ~Lgea@ry + Liiema@e)) (2.8)

where A(IE ) is just the union of the bases over all the triangles, large and external, that define TF.
Let us define an equivalence relation on Sp by g, ~ ¢/, if and only if TF (op) = TF (ah)-

Definition 2.7 Given o T ¢ TE, let Sy be the equivalent class of spin configurations corresponding to

the representative TE.

Then we have Sy # Spe if T¥ £ TF and therefore, recalling (2.4) the partition

Sa=38""es) |J Sre. (2.10)
ZEGTAE

Using (2.8), the point is that Vo, € Sps with g, # 7(T") we have
W (ga) > k@ (). (2.11)

Notice that given g, € Spr, all triangles T € T(c,) \ T”(g,) describe fluctuations with respect to the
fondamental state ¢(TF).
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Definition 2.8 Given 0 < p < 1, for e, = |A|77 with 0 < v < 1, and assume that |A| is large enough to

have p > e, let
TV (p) = {T" € T : |IT”| = p|Al} (2.12)

and
Sh(p) = {an € Su : T(r) € TE(0) }. (2.13)

Remark 2.9 . In this article the letter T always denotes a set of compatible configuration of triangles as
for TE(p) in (2.12) while the letter S always denotes a set of spin configurations as for Sx(p) in (2.13).

Note that S} (p) depends on € since €5 appears in the definition of 7%, however for simplicity we do not
write this dependence. Moreover if 0 < p < 1 is not a rational number that can be written as k/|A| for some
integer k, the set S (p) is empty. For future use let us denote

Or=1{pel0,1] : Ik e{0,....JAl}, p=k/|A|]}. (2.14)

Lemma 2.10 Given 0 < p < 1, and €, = |A|™7, the number of configurations of external triangles in
T (p), say [T (p)]., satisfies

HTE (p)] < G oe AL, (2.15)
The proof is done in section 6.
For e, = |A|7%, 0 < v < 1, we define also

Sipe)= U Sk (2.16)

p—ec<p’'<ptec

Note that the previous union is merely over the set {(p—e€.) Ves < p' < (p+e.) A1} N QA whose cardinality
is less than |A].

Definition 2.11 For all p € (0,1) N Qa and for e. = |A|™" and |A| large enough to have 8¢. < p, for all
T € T (p) let
L") = > Wre i zei-e Al (2.17)
TEeTE

be the number of triangles in T with mass larger than |T¥| — 6e.|A|, a number larger than 2e.|A|. Moreover
let

T (p) = {T" € TE(p) = no[L”] =1} (2.18)
and

St (p) = {ar € Silp) : TP(ar) € T (p)} (2.19)

be the set of spin configurations that give rise to a family of external triangles of total mass |ZE| = p|A| that
contains a single external triangle, say Th, that satisfies |T1| > (p — 6€c)|Al.

Remark 2.12 . Notice that the total mass of the other triangles of TF, that are mutually external and large
by definition, fits the rest of the volume i.e.

> T =p|Al = |T1] < Gec[Al. (2.20)
TeTE T#T,

In a way similar to (2.16) and with the same convention, we define

Sfped= U SE). (2.21)

p—ec<p'<ptec
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Choice of the parameters and some rounding conditions
Given m €] — 1, 1[, and assume as in the introduction that 8 > 5* to have (1.11), let us define

1 m
0 =—|1-——]. 2.22
pm) =5 (1= ) (222)
The point is that we have the following

Lemma 2.13 If 8 > Bi(«), for all m €] — 1,1[, for all T® € TF such that |TF| = p(m)|A| then

106++(8) 1

(1= a) A= (2.23)

palma(ap)|Spe] =m +

where XF(B) is defined in (1.5). On the other hand, for all p €]0,1], for all all T® € TF such that
IT7| = p|A| then

palmaley ISpe] = (1= 2pyms + 2Pt (2.21)

The proof which is a consequence of the cluster expansion will be done in section 6.
Note that it follows from (1.11) that
T T

T o<hm)<1-———. 2.25
25_p(m)_ 27 (2.25)

To avoid rounding problems, let us define

p(m) = pa(m) = sup{p € Qn : p < p(m)} (2.26)
where Q5 is defined in (2.14). Notice that p(m) < p(m) and p(m) — p(m) < |A|7L.
Now we collect conditions on the parameters introduced above. We always assume that
es= A", e0=|A"",and e, = |A|7". (2.27)

with
v+ rva

0 <+ < min{a —v,2/3}; 1
-«

<(Ql-v)a;v<aandv <vy(l-a). (2.28)

Remark 2.14 . The first condition 0 < v < o — v comes from (5.25), the condition 0 < v < 2/3 is stated
before (5.44). The condition X2 < (1 — v)a comes from (4.34), to be able to find an 1 in between 12

11—

and (1 —v)a, v < ais for (2.81) where 2e. — €q is present and the last v < y(1 — «) condition is (5.32) i.e.
at+v1l—-—a)—v>a,
Remark 2.15 . It is easy to check that a possible choice is

a(l—a)

B a(l —a)
4 y Y=

fa=——— L (2.29)

!
v= —
4’ 2

The following theorem shows how the phenomenon of phase separation holds for long range Ising model
in one dimension at low temperature. It is the analogue of the Minlos & Sinai theorem and its extension by
Dobrushin, Kotecky & Shlosman that hold for the two dimensional short range Ising model.

Theorem 2.16  For all 0 < o < ag, for m €] — 1,1], for (eo, €s, €c) that satisfy (2.27) and (2.28) there
exists a B3(a,m) such that for all 8 > P3(c, m) we have

lim p{ [SK (p(m), €0)]Sa(m, e0)] = 1. (2-30)
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The proof of the theorem 2.16 is a direct consequence of the two following propositions that give more
precise estimates for the involved probabilities.

Proposition 2.17  For all 0 < a < a4, for m €] — 1,1], for (eo, €5, €c) that satisfy (2.27) and (2.28) there
exists a Ba(a,m) such that for all 8 > Ba(a,m), if |A| is large enough, we have

1 (S (p(m), €0)| S (my )] > 1 — [em$EP@ememalalr 0o | —BEEIRE s} | g 5y

where (o, =1 —2(2% —1).

Proposition 2.18 For all 0 < a < a4, for m €] — 1,1], for (eo, €5, €.) that satisfy (2.27) and (2.28) there
exists a Bs(a,m) such that for all 8 > P5(a,m), if |A| is large enough, we have

B Ca
e*a(l—,a)f(écV\\)a

u [Sx(p(m), ec)|Sa(m, €0)] = ui [SK (p(m), ec)|Sa(m, €0)] x |1+ 1 (2.32)

| — 90— 2y s el p(m)[ Al

where c(a) is given in (4.11).
The proof of proposition 2.18 will be done in section 4, the one of proposition 2.17 in section 5.

3 Preparatory lemmata

In this section we first give an estimate from below of the energy cost to fragmentize a large triangle. Then
we give an estimate for the Laplace transform of the probability distribution of the empirical magnetization
for the Gibbs measure conditioned to some specific subsets of configurations.

Since the system is ferromagnetic and the strength of the interaction between two spins decays with their
distance, conditionally on Sa(m,€p), one can expect that at low temperature the system prefers to form a
single interval of consecutive minuses (therefore a triangle) of size of order p(m)|A| instead of various intervals
whose sum of lengths will be of order p(m)|A|. We first show that it is true at the level of the energy.

So let us start with {I, I, I3, ..., I;} a family of disjoint intervals in A, labelled in such a way that I; is
on the left of I;44 for allé € {1,...,k—1} and let g, ({1, ..., I;) be a spin configuration where o, (I1,. .., Ix)
is minus in each of the intervals I; and plus on A\ U?le j, then we have

k
W ol Ie) =Y b (o 0lng) -2 Y. Wi, 1)) (3.1)

i=1 1<i<j<k

where o7, 0 1,,;, is the configuration which is minus on 7; and plus on A \ I; and

L€l L]}

Let d(i,7) be the inter-distance between I; and I;, since W (I;,I;) is a decreasing function of d(i,j) any
transformation that decreases some d(i,j) and keeps constant the others decreases the energy (3.1). In
particular if we set all the d(i, j) equal to zero, that is we merge all the intervals {I3, I, I3, ..., I, } in a single
one, say I7 . then we have

Rt (ap(Th, .., Ix)) — R T (apn (I &) > 0. (3.3)

.....

In the following Lemma we exploit the structure of triangles to get an explicit lower bound for this difference
in some specific cases.
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Given p € Qa, see (2.14) and e, that satisfies (2.27) and (2.28) we can assume that |A] is large enough to
have p > 8¢, recalling (2.12), let us define

TEW) =T € TE@) - sup 7] 2 (p—6ec)|AL) (3.4)

Note that with this definition, recalling (2.19) and remark 2.12, we have SF(p) = {o, € Sa : TF(g,) €
T (p)}-

We introduce a discretisation of an interval of size 2¢. around a generic point p:
B(p.ec) = [p— e, p+ €] N Qa, (3.5)
in the special case where p = p(m) defined in (2.26), for simplicity we denote
B(m,e.) = B(p(m), .)- (3.6)

Lemma 3.1 For all p € B(m,e.), with ¢, that satisfies (2.27) and (2.28), for all T¥ € TE(p)\ TE (p), let
Ty be an arbitrary triangle with |To| = p(m)|A|, recalling the definition of @(TF) in (2.8), we have

Ca

h++(E(IE)) _ h++(E(T0)) > m

(eclAD® (3.7)

where (o = 1 — 2(2% — 1) which is strictly positive if « < ay = (log3)/(log2) — 1.

Proof:
Given an interval J C Z, and T € T;F let

Q(J, L") =T N AL")] (3.8)

be the number of points in A(T*) = UpereA(T) that belong to J. Recall that T is made of mutually
external triangles, therefore the previous union is over disjoint triangles. Note that Q(J,T%) < |J| and
Q(J,TF) is additive with respect to 7, that is if 7 = J; U Jo with J1 N Ja = 0 we have Q(J,T%) =
Q(1,T7) + Q(R, TF).

Let T} be a triangle in 7% with the largest mass. Since T¥ € T (p) \ T2 (p), we have |T1| < (p — 6¢.)|A|.

Let us first assume that |T1| > 2¢.|A|, the other case will be treated later. Let I” = {z € Z : = > A(T1)}
and I< ={z € Z : © < A(T1)} be the semi-infinite intervals respectively on the right and on the left of T7.
Since Y pere [T = p|A] we have

QI TP) + QU< I%) = Y Wypumy|T| = plA| = |Ti| > 6e|Al (3.9)
TeTl®s

then either Q(I~,TF) or Q(I<,T¥) should be larger than 3e.|A|, let us assume that it is Q(I~, T%). Given
a positive number kK < 3¢, to be fixed later, let I = {x € Z : x — k|A| > A(T1)} be the semi-infinite
interval at distance x|A| of T} and on its right. Let I = {z € Z : o > A(Th),z — k|A] < A(Th)}, the
interval of length s|A| on the right of T} and adjacent to it. Since Q(IF,TF) < k|A|, by additivity with
respect to J of Q(J,T¥), we have recalling that by hypothesis Q(I>,TF) > 3e.|A|,

QI7,T") > (3¢ — w)|A. (3.10)
We define a new configuration ©((T%)) as follows:
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1) All the spins o; with ¢ € I that are minus are changed in plus. This will erase all the triangles in T8
that have basis in I}. If a triangle, say Ty in TF intersect both I + and I then it becomes a smaller
triangle with base A(T) N I>.

2) We merge all the bases of triangles T such that A(T) C I7 into a single interval, say I3, that we put at
a distance exactly x|A| from T1, the length of this interval is

13| = Q(I7, L") > (3¢ — r)|A| (3.11)

and all the spin are minus there.
3) We merge all the bases of the triangles T' such that A(T) ¢ I<(T}) with A(T}) to get an interval, say I}
where all the spins are minus. Using that |T1| > 2¢.|A[, we have

IHEN (3.12)

We get a spin configuration, ©(z(T%)) which is minus on IF U I3 and plus everywhere else. We have
dist(I7, I}) = k|A| with (3.11) and (3.12). If we choose k = €. we get

dist (I}, I3) = eJA| < min{|I], |13]}. (3.13)

Recalling Definition 6.1, the family of triangles T(0(7(Z¥))) cannot be made of two triangles with basis I}
and I3 as it follows comparing (3.13) and (6.5).

Therefore it should be made of a large triangle with basis the interval [z_(I}), x4 (I3)], say T7* with
|T7| = |IT] + €c|A| + |I3]. We have |IT]| + |15 > (p — €.)|A| because we erase less than €.|A| minuses in the
volume [} with k = e.. Therefore we get

T3] > oAl (3.14)

Inside this triangle T, there is a triangle, say T5™, of size exactly e.|A|. We have
WEHE(ZT) = O EF(TT))) > 0. (3.15)

To get (3.7) it remains to estimate from below ht*(0(@(TF))) — h*+(3(Tp)).
It is precisely here that we use the structure of triangles. Using (2.4), (2.6) and (2.8) in [5], noticing that
T5* is the smallest triangle and taking into account of the missing a(1 — a), see after Lemma 6.2, we get

Ca

Wt eEE?) - htt(E(T) > ol —a)

(el AN + RTH(TH) — W (5(Ty)). (3.16)
Since for a configuration made of a single triangle T" in ZZ we have

AT 2 s e,
a(l —a) agh ((T»Sa(l—a) 2<1 a)’ (3.17)

we get, for |A] sufficiently large and how large depends on m, a, and v, see (2.27),

WHO(E(Z")) -k ((Th)) > 7% (ec|AD® + 72_ [(p(m) =€) = (p(m))*][A[* =2
a(l —a) a(l —a)
) (3.18)

where we used that p > p(m) — e..
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It remains to consider the case |T}| < 2¢.|A|, then all the triangles of ¥ have a mass that is smaller than
2¢.|A|, since by definition |T}| is a triangle with maximal mass in T'7.

Given an integer t € [z_(TF), x4 (T)], let Q(t,TF) = Q([[x_(TF)], ], T¥) where [z_(TF)] is the integer
part of z_ (TF). Q(t,TF) is the number site i < t where o; = —1 in 7(Z¥). Then, Q(t,T%) is a non-strictly
increasing function that increases linearly with a slope 1 when ¢t € A(T) for some T € T¥ and is constant
for ¢ in between two such triangles. We have also Q([z_ (TF)],TF) = 0 and Q([z, (L®)],T¥) = p|A|. In
particular the graph of this function intersects the level p|A|/2 in two possible ways: either in a constant
part of the graph or in the linear part of the graph. So let p = inf{p € Z : Q(p,TF) = p|A|/2}.
Let J* be an interval centered at p and of size €.|A|, then Q(JT,T%) < eJ]A|. On the other hand
O (T5V],p — SIALTE) > (4 — co)|A] and Qfp + <ALz (TF)], TF) > (& - e.)|Al. At this point we
proceed as before: all the spin o; with i € J+ that are minus are changed in plus ; we merge all the bases
of the triangles that are on the left of JT and all the triangles that are on the right of 7*. The rest of the
proof is the same as above. W

Now we collect some estimates for the Laplace transform of the probability distribution of the empirical
magnetization conditioned on two kind of subsets of spin configurations. The first kind of subsets are simply
Sr, with Ty a triangle with |Ty| = p|A[, see (2.9). For the other ones, recalling (2.13), given T, € TF(p),
see (2.12), let

SYS(TF, p,es) = {on € Spz 1SK(p) + VT € {T(on) \ T}, |T| < esfAl} (3.19)
be the set of spin configurations that give rise to the family 7%, but all the associated triangles that are not

in IE are small. This is relevant for the triangles that are internal to IE .
Lemma 3.2  There exists a Bg(a,m) such that for all B8 > Bs(a,m), for all t such that

Ca
t| < 3.20
1= 4da(l — a)(es]|A|)1—= (3:20)
where (o =1 —2(2% — 1) and €5 is defined in (2.27), we have
+ [ Bt oi|QVS/TE + VS (mE B 2 k1287
[log s [ 2uien ™ [SYS(L, pu )] = BUA i Ima(@a)ISK S (L7 pr ]| < S e2Ae™. (321)
On the other hand for all p €]0,1], for all t such that
<a317a¢
t| < 3.22
= G 52
for all Ty with |To| = p|L|, we have
+[.Bt> o + 8% o —28J
[log iy [ 2100 %1, ] = BUIA| ik [ma(20)IS5]| < Se2IALe2. (3.23)

Proof:

It follows from the Taylor formula that for any set of configurations S we have

~ . t s ~
loguf [ 20 8] = Bt ikl (@)IS] = 1A [ as [Carm S itlensls) 329

(i,7)EAXA
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where for all 7,5 € A _ B B _
pi (r)oi, ;18] = g (r)[oi0;|S] = px (r)lolS]px (r)]o;1S] (3.25)

and for any cylindrical function f and r € IR

5, csflen)e " @)e’ Ten
o

ZU €§6_6h++(21\)

=A

i (n1f18]) = (3.26)

We need an estimate uniform in |r| < ¢ of the two point truncated correlation function (3.25) for the
conditioned measure (3.26) with a magnetic field r. Note that in all the considered cases the magnetic field
is going to zero when |A| 1 occ.

This will be done using the cluster expansion. As shown in chapter 6, a sufficient condition to be able to
use the cluster expansion of [7] in presence of a magnetic field ¢ is simply

Ca
2a(1 — )

Ca

T — |¢||T] > —=>2
T — |t] |_4a(1_a)

T | (3.27)

i.€e.

Car .
lt] < inf —
da(l — o) 7¢3 |T |-

(3.28)

In the case S = S{S(TF, p, e,) this gives (3.20) while in the case S = Sy, with |Ty| = p|L|, this give (3.22)
where we have used (6.6) that implies that all such triangles T that are internal to some triangle 7*(T) € T
satisfies

e Lo L B

IT| < §|T (1) < §|Z | (3.29)

4 Proof of the Proposition 2.18
Let us first note that since S} (p(m),e.) D SE(p(m), €.) we have

A [Sk(p(m), €0)|Sa(m, €0)] = X [SK (p(m), ec)|Sa(m, €0)] (4.1)

Therefore we need just to prove an upper for 3 [Si(p(m), ec)[Sa(m, eo)]. We start with

L[Sk ((m). e)|Sa(m, )] =14 [SE (p(m), e)|Sa (m, co)]

(
B3 [SA(p(m). ) \ SB(p(m). <0). Sa(m. )] | (42)

T TSR (0m). o), Sa(m, )]

where pf[A, B] = uf[AN B]. Recalling (2.18), let us define for p €]0.1] and = € A,
TP (0.2) = {28 € TE () \ TR () - (L) = =} (4.3)

where, see (6.1), z_(TF) = mingeqe v (T).
We have
A [Sa(p(m), ec) \ 8K (p(m), €c), Sa(m, €0)] <

<9 2D DD VIR DR 49

rEN peEB(m,ec) TEETE\B(p z) UAESTE NSa(m,eo)
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where B(m,e.) is defined in (3.6) and Spr is defined in (2.9).
On the other hand, for Ty a fixed triangle with basis in A with mass |Ty| = p(m)|A|, recalling (2.13), we
denote
St,(p(m)) = {ax € Si(p(m)); T(ar) =To } - (4.5)
Then we have

1 —Bhtt (o
1k [SK (p(m), €c), Sa(m, €0)] > —= > e BhTT (2, (4.6)
A g, €81y (p(m))NSa(m,eo)

For TF ¢ 7;\E\B(p, ) with p € B(m, €.), recalling the definition of 7(TF) in (2.8), for simplicity let us denote

ZiMTPme)= Y e et EEt) (4.7)

oAESENS(m,e0)

even if Z{ ¥ (Spe,8(m, €)) should be less ambiguous. Zj{"’ (To, m, €) is defined analogously when TF = Tj,.
To avoid confusion, note that in this constrained partition function not only the triangle Ty is present but it
is the largest external triangle and all the other external triangles are small.

Calling R1(Tp) the ratio of the right hand side of (4.4) over the right hand side of (4.6), we have

_ _ Z++(TE m, €o)
R1(Ty) < e BN EETF)—nt T (E(T))) Za _\L T C0) 48
1(To) < Z Z Z 75 (To, moe0) (4.8)

TEA peB(m.ec) TETENE (pa)

It remains to consider the last ratio in (4.8). Let us denote for TF ¢ T an arbitrary family of external
triangles,

@)= 3 e @)k @) (4.9)

OANESLE

then we have ZX"’(IE,m,eO) < ZX"’(ZE) We estimate from below ZXJ’_(TQ,m,GQ), when Ty satisfies
|To| = p(m)|A|. We claim that there exists a 87(«) such that for all 8 > 87(«), we have

Z{H Ty moe0) 2 Z}H (To) (1 — 267 7w sy () e mIN") (4.10)
where
a31—o¢
from which we get
Z++ (B Z++ (mE
2EZA (T ,m,eo)<ZA (") 1 _ R, 1

1 — 90~ wtizay sy el {p(m) Al
(4.12)
Let us first prove the claim (4.10) and then estimate R3. The claim will be a consequence of an estimate

Zi (To,mye0) — 24T (To) 1 — 20 ey st (@ lmIAT}”

for

ZiM (T, me0) _ AL A<

A = i} [Sa(m, €0)[ST,] = 1 — p™ [MZ (m, €0)|S, ] — 1 [M3(m, €0)| ST, ] (4.13)
Zy " (To)

where

S(m, o) :={ma(gy) > m+ eomga}; i)
X(m, €0) := {ma(g,) <m —eomg}.
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Therefore it is enough to get an upper bound for the last two terms in (4.13). Let us consider first
pwt M3 (m, €0)|St,). By Markov inequality, we have for ¢1 > 0

i MG (m €0) S, ] < e P mbeoma) [P 2

Sn) - (4.15)

Using Lemma 3.2 and Lemma 2.13 to estimate 3" [ma(c,)|Sr,] and assuming

€0 10§++(B) 1 ﬁ2 —28J
— > — . .
2" = a1 —a) [Al@ Tghe (4.16)

we get, for ¢ satisfying (3.22) with p = p(m),
i M3 (m, €0)| Sr, | < e PlAIZms, (4.17)

Let us now consider the second term in the right hand side of (4.13), by Markov inequality for any t2 > 0,

we have

ut [MX (m,€0)|STO] < €+5t2\1\|(m*€om5)‘u1‘ [6*5’52 Daen i ST0:| (4.18)

the estimates are similar to the previous ones and under the same condition (4.16) for ¢ instead of ¢; we get
1t [SR (m, €0)|Sp,] < emPralMFms (4.19)

This end the proof of the claim (4.10).

Recalling (4.12), it remains to estimate Rg = ZIJ{JF(IE)/Z[J{* (Tp) for TF € ﬂE\B(p, x). This will be done
using a cluster expansion. By Lemma 6.7, used for ¢ = 0, we consider first the leading terms of log Rs which
is

(TP, Ty) = 3 (€L (@) — € (a)) (4.20)
TEA
where
—B( 27+ J(z—y)
fE(zE)(x) _Je ( EyezE\{x} Y )7 foe A(ZE) \Sf(IE); (4 21)
—B( 27+ J(z—y)
e ( EyeA\A(ZE) Y )7 if 2 ¢ A(IE) U Sf(IE);
and a similar formula holds for £€7(70) (z). Note first that 0 < ¢&(Z")(2) < 1 and 0 < £7T0) (z) < 1.
Given 0 < 1 < 1 to be chosen later, let us denote
OnTo = {z € A : dist(z, Tp) < |A"} (4.22)
and
0,TF = {x € A : dist(z, T%) < |A]"}. (4.23)
It is easy to check that
|0y To| = 4|A|" and [9,T"| < 4|A|"$[T") (4.24)

where #[TF] is the number of triangles in the family T%. Note that since T% € UIGA'Y;\E\B(p, x) and all
triangles in 7% are larger than e,|A|, where e, satisfies (2.27), we have

) < 20 < pap, (4.25)

T elA
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Therefore
> T - @) < sjaprre2s, (4:26)
€8, ToUd,TE

To estimate the remaining terms in (4.20), recalling (1.5), we write them as

ENTF, Ty) = £7(8) 3 FE(Z (z) {E(TU)(x)] . (4.27)

2€A\(8, ToUd, TE) & (B) £ (B)

Using (4.21) and (1.5), the two ratios in the bracket in (4.27) are larger than 1. However, given = €
A\ (8,Th U8, TF), by comparison with an integral we have

Waist(z.y)> A"} 2 I
% |z — y|2— S AP0-) 1 — a = 2g(|Al) (4.28)
Y

Using that for 0 < z < 2g(JA|), if |A] is large enough to have 2g(JA|) < 1 then
1+z§ez§1+z(1+gez> <1+ 2(1+3g(A]) (4.29)

we get, if |A| is large enough and how large depends on § and (o, 7),

eI (g
Z {”’"”'7(;)) < [A[+28 Z Z J(x—y) (1 + 39(|A|)) (4.30)
2€A\(8, ToVO, T F) z€A(TF) yeA\A(TF)
and
&) () 6|A[”
2 S A - —— - :
> 00) > A= (1~ )+28 > > J@-vy) (4.31)
zeA\(8, ToUd, TF) T€A(Ty) yeA\A(To)

Therefore, collecting (4.26), (4.30) and (4.31), we get

6|A["

6 aty—(l—«
T ~|A| +y=(1-a)n

) +§++(B)a(T

@)

E(T,Ty) < 266" (8) [+ (3(I7)) — K+ ((T))] + €7+ (8) (

where the last term correspond to g(|A|) in (4.30) and comes from the following rough estimate:

wet) < 3wy < 200 57 < R (2 IAEE
TerP? Ter® ’ e

and (4.28).

Since we want to use the lower bound (3.7) and (e.|A|)® = |A| "), we assume

n<(1-v)jaand a+y—-n(1—-a)<(1-v)a (4.33)
that is
71+ re < n<(1-v)a (4.34)
-«
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Adding the error terms of the cluster expansion that are of the form (1 + e_?’%(a(fgﬂ)_?’é)) to logRs,
inserting the result in (4.8), using Lemma 3.1 and Lemma 2.10 we get that there exists a S5 = f5(a) such
that for all > Bs(«), if |A| is large enough, we have

e*ﬁﬁ(écmwx
R1(Ty) < . 4.35
1(To) < | — 90— 2ty s el {p(m)[ Al (4:35)
Therefore, collecting (4.1), (4.2), (4.8) and (4.35) we get
el reB e*ﬁﬁ(ecll\\)"‘
2N [SA(p(m)7 60)|SA(m7 60)} = HA [SA (p(m), EC)|SA(m7 60)] 1+ —_E 0 (o) o (4'36)
1 —2¢ at—a) pm) C\& p(m)|Al}
this prove (2.32). W
5 Proof of the Proposition 2.17
Let us first give a lower bound for probability of the event we are conditioning on:
Lemma 5.1 There exists a g = Bs(a) such that for all B > Bs, if |A| is large enough, we have
——28 __(p(m “1=X_
HX[SA(m,eo)] > e al-a (p(m)[AD[1=A (B)](l —2m(B,A)) (5.1)
where
A-(B) = 26T H(B)(1 — e () (5.2)
with EY1(B) defined in (1.5), (o and & defined in Lemma 6.7, and
m(B,A) = e—éeomacam\aﬂu—a)' (5.3)

Proof
Given a triangle T with |T'| = p(m)|A| and A(T) C A, recalling (2.9), (2.13), and using (3.19) in the
particular case TF =T, let

SYO(T, p(m), ;) = {an € ST NSA(p(m)) : VT # T, |T| < e5[A]}. (5.4)

We have
pxSa(m, o)) > [1 — pi T [(Sa(m, e0))*ISX (T, p(m), €5)]] X [SX (T, p(m), e5)]. (5:5)
Let us start with a lower bound for u{[SX®(p(m),€s)]. Using (2.8) with 7% = T and |T| = p(m)|A|, we

have

1 _ghtt(F Bl V(T
1 [SY % (p(m), es)] = Z++(ﬂ)e AR (or) Z e AT @)=k (Er)] (5.6)
A AESYS(T,p(m),ea)

using the cluster expansion to estimate

—log Z{(B) +log [ Z e_B[h++(9A)_h++(ET”} (5.7)
QAESXS(Tvp(m))ES)
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we get

{ISY5(p(m), )] > =P ErIGET (@26 @ —e G

Haloa (5.8)
S BN @A (B)]
where A_ () is defined in (5.2). Using (3.17) we get
HAISK (p(m), €5)] = exp {—i(P(mNADa[l - A (ﬂ)]} : (5.9)
ALEA A= a(l—a)

Recalling (5.5), let us now give an upper bound for u{*[(Sa(m, €0))¢|SY*(T, p(m), €5)]. Recalling (4.14),
we have

(SA(m, 60))c = Mi(m, 60) @] Mf\(m, 60). (510)

We use again the Markov inequality to get on the one hand for 3 > 0

U MR (m. )ISY S(T. plm), )] < e~ Pstmteoma)N o t8maa M SVS(T, p(m). )] (5.11)
and on the other hand, for t4 > 0

KA IME (m,€0)[SX (T, p(m), €5)] < et PamcommiN ot [e=Stamale ) NISYS(T, p(m), e)]. (5.12)

Using Lemma 3.2 and Lemma 2.13 after some easy computations, if |[A| is large enough and how large
depends on 3, a, we have

i8R (m, ) |SY (T, plm), e,)] < e Seomse N =y (5,4) (5.13)
and by similar arguments, we get
pAHISK (m, €0)[SX (T, p(m), )] < m (B, A). (5.14)

Recalling (5.5), (5.9), (5.13) and (5.14) we get (5.1). W

To prove (2.31), recalling (2.16), let us define the partition

(Sa(p(m),ec)) = S5 (p(m), ec) USK (p(m), ec) (5.15)
where
Sx(pm),e) = |J  Silp) (5.16)
p<p(m)—ec
and
Sy(pm),ee) = |J Skl (5.17)
p>p(m)+ec

with the same conventions that are mentioned after (2.16).
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We consider first the set (5.17), we have

ui [S3(plm).e) Salmee)] < 32wk [SA(o)] (5.18)

p=p(m)+ec

where the sum is merely over {p > p(m) + €.} N Q. By similar computation as in the proof of Proposition
2.18 we have

1k [Sa(0)] < ux [SK (0] [1+n2(8, A)] (5.19)

_pg—Sa o
e E4a(17a)( clAD)

where S¥(p) is defined in (2.19), n2(8,A) =

and ¢(«) is defined in (4.11). We have

| oo~ wizay 0e(IAI
Wt (5(TE Z++(IE)
ni[SRe] < Y e EEIEA s (5.20)
TEETE (p) A

where ZX"’(IE ) is defined in (4.9). Using cluster expansion, we get

_Bhtt(a(TE _
MX [S’f(p)} < Z e BRTT([@(LT))1-A+(8)] (5.21)
TPeT,E(p)
where .
AL (B) = 261 (B)et @) (1 4 e (mnTe ), (5.22)

and note that recalling (1.5), we have A (8) | 0 as S 1 oo since J defined in (1.2) is large and therefore we
can assume that J > (2 — a). Using (3.3) we get that for all p > p(m) + e, for T¥ € TE(p),

2

PN i

((p(m) + €c)[A])* (5.23)

and therefore using Lemma 2.10 and lemma 5.1, after a short computation, if |A] is large enough and how
large depends on (m, a, 8,v), we have

_ 28(p(m)[AD® o yo_
15 1S3 (p(m), €0)|Sa(m, eg)] < e aimr {17t =1, (5.24)
where the —1 in the brackets comes from the lower bound (5.1) and we have assumed
a—v>7y (5.25)

to neglect the terms that come from Lemma 2.10 when performing the sum in (5.21). This gives the second
term in (2.31).

We consider now the set (5.16) and we write

y’j\_ [SX (p(m)v 60)7 Sa (m7 60)} < MX[{mA (QA) m+ EOmﬂ}v S[f (p(m), 60)]

<
<[Al sup  [pf[{ma(cy) < m+eomp}, Si(p
| |p§p(m)7ec[ Al{ma(an) oms}, Sx(p)]] (5.26)

< |A| o [k [{ma(ay) < m+ eoms} Sy (p)]]
p<p(m)—e.

since pf [Sk(p)] < 1. Note that p(m) — €. > 0, by (2.27) if |A] is large enough and how large depends only
on 8 and m.
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Using exponential Markov inequality, for ¢ > 0 we get

1 [{ma(cn) < m+ eomp}|Sh(p)] < etBmreomalAl it o= 2 uen 7Sk (p)]. (5.27)

To estimate the last term in (5.27), we use the following Lemma.
Lemma 5.2 There exists a $10 = Bro(a,n) such that for all 0 < t < t*(es)/2 = MW, for all
B > Bro, for all p < p(m) — €. we have

i [P e SYI(T",p,es)| (14 ms(B, M) (5.28)

S}x(p)} < sup i [eiﬁtZiEA i
TPeTE(p)

where TE (p) is defined in (2.12), SY3(TF, p,es) in (3.19) and

__ Bla ¢ o __ Bla a(l—7v)
n3(B,A) =e saam (<A = omsaata (1AD o . (5.29)

Let us postpone the proof of this lemma and continue, using Lemma 3.2 and Lemma 2.13, inserting (5.28)
in (5.27), using p < p(m) — €., m(p) = (1 — 2p)mg, and m = mg(1 — 2p(m)), we get

pil{malay) < m+eomg}|Si(p)] < e PEeem0lmsl(1 4 py(5,A)) (5.30)
Taking t = t*(e5)/2, we get that the exponential in the right hand side of (5.30) is

B(2ec—eo)mg|A|* ‘a+w(1—a)—u

¢ TaTe) (T < ¢~ Tt Amsld (5.31)
if |A| is large enough and how large depends only on (a, v), see (2.27).
Remark: We assume here €. > ¢g that is a > v.
Assuming
a+y(l—a)—v>a, (5.32)
using (5.1) and recalling (5.26), if |A| is large enough, and how large depends on («a, v, V), we get
i [Sx(p(m), €c)|Sa(m, )] < o wati=ay Al(2ec—co)mp)[A[* T (5.33)

where we have used a part of (5.31) to bound by 1 the terms coming from the factor (1 4+ n3(8,A)) and the
lower bound (5.1). This gives the first term in (2.31) . B

Proof of Lemma 5.2

We start with

_Bhtt(5(TF Bt oVt FTEN] —BtS o
Spreregp e TTEEN T o e AT 0T ET] e

+[e*5t Z'LEA o

1A Sx(p)) =

= (5.34)
_ ol — ++(oc,V=ht+(c(TE
D VP Bt (g ) —hHF @ (T))]

2 TEETE ()

where we used (2.12), (2.8), and (2.9).
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Now for each T € T;€(r), see (2.12), we have 3, , @i (L") = |A|(1—2p), because T is made of mutually
external triangles. Therefore introducing

ZHHTE —t) = ¥ e Pl e h )] At e, [T (L) (5.35)

INESyE

we get

_Bhtt(E(TEY) &
Yreerpme M CEDZINTE, )

Pt a7 ISk (p)] = e N2

s gm oy e BTEEE) ZHH(TE )

— E
<P g 2 (L)
reeTE( Z4 H(T,0)

Therefore it remains to estimate the last ratio in (5.36) for T € T (p). In a way similar to (5.4), let us
define
SKS(TE pres) = {on € Spe 18K (p) + VT € {T(on) \ T}, |T| < eslAl} (5.37)
and
Z{J\r+,VS(1E, —t) = Z o Bl @) —rt T E@EP)] Bt Y iealoi—Ti(TF)] (5.38)

QAESXS(ZE)P;ES)

We claim that, if |A] is large enough and how large depends on «, 3, v see (2.27), we have

ZEH (P, —t) < Z7PVS(TE 1) (1 + 03(8, A €4)) (5.39)

where n3(3, A, €5) = e~ 2 (A" with the choice es = |A|77 we have n3(8,A,es = |A|77) = na(B,A) =
e PN Lot us assume that (5.39) is true and continue. Then the last ratio in (5.36) can be

bounded as follows
ZiH (TP, 1)
———— = < (14+n3(B,A,¢e5)) X
Zrar) < e

ZiVS (@, -
Z/—\i—-l‘,VS (IE, 0)

(5.40)

Recalling (5.36), we get immediately (5.28). W

It remains to prove the claim (5.39). The proof is based on an estimate of an energy cost when the
magnetic field is negative and then a Peierls type argument. Let us start with the energy estimate which is
(5.48). Recalling definition 2.8, given 0 < p < 1 and T% € T (p) let us define

Sre(p) = {as € Salp) : T"(ay) =T"}. (5.41)
As in section 6, for o, € Spr(p) there is a bijection between
ap ¢ (LF(ap),L(aa)) (5.42)

where I'(g,) is the family of contours obtained by implementing the algorithm R on T(g,) \ T%(g,).
Moreover,

L(op) = (L(gp), I (ap)) (5.43)

where (0, ) is a family of all contours made of small triangles i.e. YT' € L(g,), for all T € T, |T| < e,|A|.
While, if they exist all the large triangles of T(g,) \ T (c,), i.e. the T* such that |T*| > €,|A|, are internal
with respect to T¥ and belong to the unique contour I'*(g ).
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The uniqueness of I'*(g, ) is a consequence of (6.18). In fact, picking up two of them, say I't, T}, using
(6.18) and the fact that 0 < v < 2/3 we should have

dist(T'},T3) > Cmin{[[5[%, [T5°} > Cel|APP > |A] (5.44)

which is not possible for two contours having their supports within A.
The fluctuations with respect to the ground state E(ZE ) are therefore described by the family of contours
(I'(gp), T*(gp))- Using the bijection between spin configurations and contours we write

W (gy) = b @ETP) + 1) oi = HI,T*) +tY oi(L,T%) (5.45)
i€A €A

Consider now the basis of the triangles belonging to I'*, they define a set of intervals whose interior
boundary is made of spins with the same sign. Calling I (resp. I~) the union of intervals with interior
boundary + (resp —) we have that A(T*) = I U I~. If we define the transformation 7* that depends on
I'* by : If i € A(T™)

—oi. ifie It
Tf(g,\)—{ o, ifiel™; (5.46)

o, otherwise.

while if ¢ € A\ A(T™*) then 7/(g,) = 04, then we get

W (an) = BT @) + ) i (ap) = HI) +¢ ) 7 (D) (5.47)
i€EA €A

so that the excess of energy when the magnetic field is negative, due to the presence of I'* is

HET) = HO + 4 ) =702 S+ 2 3 o) 2 G0 (649

ielt ielt

where we have used (6.25), c19(a) = %ia) and the fact that >, ;4 0;(L,I') is positive.

To check this last fact, we remark that a necessary condition for a spin o;(I',T*) at i € I'" to be negative
is that it belongs to a contour of I'. Since the number of contours of mass m, see (6.10), that are in It is
less or equal to |[I7|/(Cm?3) because the inter-distance between two such contours is larger than Cm3, see
(6.18). On the other hand, it is easy to see that the number of negative spins in a contour is smaller or equal
to the mass of this contour with equality for contours made of mutually external triangles. Therefore if we

denote by M~ (I7)(g) = 3,/ 152 and M (IT)(g) = 3o+ 1% the number of negative, respectively

positive spins in I, we have

N . It <& m 2|I+|
M~ (I")(e(L,T¥)) < Tmzz 3 (5.49)

Since M~ (I")(a(L,I*)) + M*T(IT)(a(L,T*)) = [IT], from (5.49) we get

2
S (L) = 1] = 20 () ) 2 1] (1 5 ) 0 (5.50)

ielt
if C > 72/3, that we can assume. This ends the proof of (5.48).
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The above mentioned Peierls type argument runs as follows: Let us write

ZIH(TP, —t) = ZPO(@P, 1) + Z{TVS (P, ) (5.51)
where,
v S S G EN SR G B VS L) (5:52)
gAeng
and

Sfe = Spe(p) \ S °(TF, p,€s), (5.53)

see (5.37) and (5.41). We have

SRR SIS SRR UM (5.54)
D*~TF T pur®

where the first sum is over the I'* ~ TF that is the set of I'* such that there exists a configuration g, such
that, recalling (5.43)
I*(g,) =T* and T¥(g,) = TF (5.55)

and analogous definition for the second sum. Using (5.48)

ZiHer—n< Y0 0B 7, 3 e BHD+Y, oi(D) (5.56)
F*NzE ENF*UIE

and therefore using (6.26)

ZirO@P < Y e PTERIT Il zHnVS(TE g
I*~T® (5.57)
< 2|A|€—B”%(a) (€s|A\)az++,VS(IE, —1).

which is (5.39). W

6 Appendix 1: Triangles, contours and Polymers

In this section we regroup all the definitions and estimates that comes from [5] for the Peierls argument
and from [7] for the cluster expansion.
6.1 Triangles configurations

In this section we start recalling the content of [5]. For all i* € A*, we consider an interval [i* — 155,i* +
ﬁ] C IR and choose one point in each interval, say 7;« € IR in such a way that for any four distinct points
Tj,j: 1,...,4 |T‘1 —T‘2| 75 |T‘3—T‘4|.

Given a spin configuration o, € Sa, consider the set of its spin flip points £*(op) 4.e. the set of i* € A*

such that 0. _1 = —0;. 1 and the corresponding points (ry-,i* € L*(04)) C IR.

1
We next eml;ed IR in IR? where the line containing the ;- represents the state at ¢ = 0, and the orthogonal
axis represents the evolving time of a process of growing “V-lines”: each point 7;« branches into two twin
lines growing at velocity 1 in the positive half plane, in the directions respectively of angles 7/4 and 3 /4,
until one of the two meets another line coming from a different r;«. At the instant when two branches of

different V-lines meet, they are frozen and stop their growth, at the same instant their twin lines disappear,
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while all the other V-line associated to the other points are undisturbed and keep growing. The collision of
two lines is represented graphically in the (r,¢) plane by a triangle whose basis is the interval between the
two points r;«, 7+, roots of the two lines that collided, and the third vertex is the point representing the
collision in the plane (r,t).

This construction is a way to construct a pairing of spin flips with a criterion of minimal distance. Our
choice of r;» makes the definition of triangles non—-ambiguous.

For any finite A the process stops at a finite time ¢ < |[A| + 1 giving rise to a configuration of triangles.
The triangles will be denoted by T and a family of triangles will be denoted by T.

Definition 6.1 Given a spin configuration o, € Sn, we denote by T(c,) the configuration of triangles
obtained following the above mentioned procedure.

x_, x4+ will denote respectively the left and right root of the associated V-lines. We will also write:

A(T) =[z_(T),2+(T)|NZ the basis of the triangle T (6.1)
IT| =#{A(T)} =|A(T)| the mass of the triangle T (6.2)
sf(T) = {inf(A(T)) — 1,inf(A(T)), sup(A(T)),sup(A(T)) + 1} (6.3)

where Z is equipped with its natural order;
dist(T,T") = dist(sf(T),sf(T")). (6.4)
From our construction it follows that for all triangles T; # T},
dist(T;, T3) > min(|T3], |T5])- (6.5)

In particular if a triangle T is interior to a triangle T, i.e. is such that A(T) C A(T), then
~ 1
) < 517 (6.6

We denote Ty the set of configurations of triangles T = (T4,...,T,) that satisfy (6.5) and such that
A(T;) C A for all i € {1,...,n}. Since here the spins at the boundary are specified, _;_1 = dr4+1 = 1,
where we recall that A = [-L,+L] N ZZ, the above construction defines a one to one map from Sp to 7x.
In particular, if T denotes the spin configuration in A constantly equals to +1, 1T is mapped to the empty
configuration of triangles.

We say that two collections of triangles S’ € Tx and S € Tj are compatible and we denote it by S’ ~ S
iff S US € Ty (i.e. there exists a configuration in Sy such that its corresponding collection of triangles is
the collection made of all triangles in S’ and S.)

The basic estimates for a collection of triangles T' € Ty is given in Lemma 2.1 and appendix A.1 of [5]:

calling
HY(T) = h** (oa(T) (6.7)

note that from (1.1), the configuration with no triangles has an energy 0 and is a ground state.

Lemma 6.2 For all 0 < a < —1+ (log3/log?2), for J large enough, for all T € Ta

THHT) > 2o ST (63)
Ter
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where (o, =1 —2(2* —1) > 0.

The proof is given in Lemma 2.1 and appendix A.1 of [5] by exploiting the property (6.5). Note that in
[5] formula (3.4), there is a misprint where < should be replaced by >. Note also the factor 2/a(1 — «) that
was present in appendix A in [5], see the proof of Lemma A.1 there, is missing in formulae (3.4) and (2.9)
in [5]. Unfortunately this missing factor «(1 — a) propagate also in [7].

Let us now give the
Proof of Lemma 2.10 Let us make a partition of the interval A in segments of size €;|A|/2, there are
less than 2|A|/(es|A|) such segments. Given a family of triangles T% € T (p), see (2.12), let n(TF) be
the maximum number of segments contained in A(TF) = Ujere A(T). We have p|A|/(es|A]) < n(TF) <
2p|A|/(es|A]). Given an integer n and a family of n such segments, the number of families of external triangles
that can contain this particular family of segments is less than (es|A])”. Then taking e€; = |A|™7 we get

2p|Al/(es|Al) |A|’Y
ﬁ[ﬂE(P)] < Z < n >(65|A|)” < |A|’Y(|A|17’Y)ZPIA\W2IA\W < e(Z=IAM log A (6.9)
n=p|A|/(es|A])

if |A| is large enough and how large depends only on v. W

A contour will be a family of triangles I' = {T" : T' € T'} that satisfy the properties listed in the Definition
6.3.
Let us define

| = Z |T'| the mass of the contour (6.10)
Ter

and for a > 0 we define

ITlle = 171" (6.11)

Tel

Recalling (6.1) to (6.4), let us denote
AI) = | A (6.12)

Tel

z_(T) = ¥161? x_(T) (6.13)

sf(T) = | sf(T) (6.14)

Tel
dist(T,T') = inf dist(T,T") (6.15)
T’J;gg/
T()={T:Tel} (6.16)

Definition 6.3 Given a configuration of triangles T in Ta, a configuration of contours T' = T'(T) is the
result of the implementation of an algorithm R on the family of triangles T, denoted by T'(T) = R(T). It is
a partition of T whose atoms, called contours are determined by the following properties P.0, P.1, P.2 :

P.0 Let R(I) = (Fl, ..,Fn), Fl = {iji,l S] S kz}, then I = {Tjﬁi,l S ) S n, 1 S] S kl}

P.1 Contours are well separated from each other. Any pair T # T in R(T) verifies one of the following two
alternatives. (1): AL)NA) =0, or (ir): AT)NA(T) # 0, then either T(T') C A(I) or T(T) C A(T);

moreover, supposing for instance that the former case is verified, (in which case we call T an inner contour,
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IV is external w.r.t '), then for any triangle T] € I, either T(T') C T} or T(I') N T/ = (). Namely either
AT)NAT)=0 or

> Trayeamyy + Y, Treycay = 1. (6.17)
T el Tel
In both cases
dist(T',T’) > C min {|T?, T’} (6.18)

where C is a constant chosen such that, as in [5], we have

4M
2] <

(6.19)

N | =

and dist(T',T") is defined in (6.15).
P.2 Independence. Let {I(l), . ,Z(k)}, be k > 1 configurations of triangles; ’R(Z(i)) = {F;i),j =1,...,n;}

the contours of the configuration TW . Then, if any distinct pair I‘gi) and l"g»fl) satisfies P.1

R (z<1>,z<2>, N .,T(k)) — T =1, ni = 1,., k) (6.20)

Definition 6.4 (compatibility between contours) We say that two contours I',T" are compatible if (6.18)
is verified. We denote
~T" <= TI,I' are compatible

6.21
I AT <= T,I"are incompatible. (6.21)

Therefore we have a bijection between spin configurations in Sy and triangles in 75 and another one be-
tween T) and its image by R, in particular there is a one—to—one correspondence between spin configurations
and contour configurations. We denote by Gp the set of all possible configurations of compatible contours
associated to Sj.

Moreover denoting by T'(I') the configuration of triangles that are in I, we define

HH(L) = HT(Z(L)) (6.22)

For I € Gp let g, (I') be the corresponding spin configuration.

Definition 6.5 Given a collection of contours ', a contour T' € T is external with respect to I if each
triangle of A(T') is not contained in some triangle that belongs to the others contours of T.

VIrel, AT ¢ |J A@) (6.23)
[/el:T'#T

A contour which is not external is called internal.
The following Proposition regroups all the basic estimates that we need. It is proved in [5].

Proposition 6.6 If0 < a < a; =—1+ (log3)/(log?2), then for any contour T,

HYH(I) > G

= m”rna (6.24)

with (o as in Lemma 6.2. and ||T||q is defined by (6.11).

8/october/2018; 5:05 25



For any familly of compatible contours (T'g,T),
HYH(ToUL) — H™(T) > 6||Tol| (6.25)

where if 0 < a < oy, § = c19(a)/C with C as in (6.18) and cip(a) = 27%(3a(1 — a)) 7!
There exists a by = bo(a) such that for all b > by, for all integers m > 1,

> el < gemtm®, (6.26)

Dz (T)=0
[T|=m

Cluster expansion

Let us recall the result on the cluster expansion given in [7]. Section 4 of [7] gives the derivation of the
partition function as that of a gas of polymers with an hard core condition and Proposition 5.4 there proves
that the cluster expansion for the logarithm of the partition function is convergent is

> (R) << 1 (6.27)

R30

where €T (R) is the activity of the polymer R and the sum is over al the polymers containing the origin.
In [7] it is proved that (6.27) follows basically from (6.8), or modification of it as (6.24) by taking § large
enough. The consequence of the convergence of the cluster expansion is that we have

log Zyt = ¢"H(RY) 1+ B(x, ++)] (6.28)
zEA

where:
1) R. is the triangle of size 1 located in z, i.e. is the simplest contour and also the simplest polymer made

of a singleton and
ETH(Ry) = e 2P, (6.29)

where ((2 — «) is the Riemann zeta function and J is defined in (1.2).
2) B(z,++) is an absolutely convergent series

Bz, ++)| < e~ % (w0 39 (6.30)

where (, is the same as in lemma 6.2 and § is the same as in (6.25).

Here we are considering instead of (6.28) the logarithm of a constrained partition function as

Z{J\r+ (IE7t) = Z 675[h++(EA)*h++(E(ZE)]eBt ZieA(Ui_Ei(IE)) (631)

INESLE

the partition function restricted to the set of configurations Sye, see (2.9), where an external field ¢ is
present. Here T% € T (p), see (2.12) for some 0 < p < 1.
In the case t = 0, the ground state is ('), see (2.8) and (2.11) and the energy fluctuations T are in

@) ={TeTa: T~ 1" TF o (TUT")] =17} (6.32)

that is the set of family the triangles f that are compatible with T their presences does not modify the
family of external triangles T in particular the triangles of T that are external to ¥ are all small.
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Let us define, for T € 77( (TF)

HiHT) =htH (@ ul?)) - bt (@(T")) (6.33)

that will be simply denoted H**(T) if no confusion could arise. One can check that if g, € Syr and
T =T(c,) is the associated family of triangles in 7;\f(IE ) then

Wt(a,) —htT (@ —tY (o —T(L7) = HY D) — |t Y [T). (6.34)
€A TeT

Therefore, in presence of a magnetic field ¢ as in (6.31), an analogous of the condition (6.8) is: For all
TeT{(T")

HTH(T) — [t Y |7 > 2 Z 7|, (6.35)

Ter TeT
This condition is satisfied if for all T € T (T'F)

2o Ca

mITIQ —[tT] = mITIﬂ (6.36)
ie. if . .
S G S e s 040

where we have used (3.29).

We regroup in the following Lemma the contribution of the dominant term of the constrained free energy
obtained by cluster expansion. The proof is the same as the one of (6.28) given in [7]. On the other hand
since all polymers that can occur in the expansion of log Z;{"’(ZE ,t) occur also in the expansion of (6.28),
the error terms satisfy the same bound.

Lemma 6.7 There exists a 1 = f1(a) such that if 8 > P1(a), for all p € [0,1] N Qn, for €5 = |A|77 with
0 <5 < 2/3 and for A so large to have p > €, then, for t < (o3'"*/(4a(l — a)(p|A)'~*) = X ,(p) where
Co =1—2(2% —1) > 0 we have, for all T* € T (p),

~ B _2Bt5. (TE
log ZX (TP, 1) = Y Taise(aspren=y 67 E N ()e 7LD (14 B(x, T, 1)) (6.38)
zEA

where £7L") = e~ BT TEIT@E) - GTE)] gpng TG (TF) is the configuration equals to @(TF) every-
where but at = where the spin 7, (TF) is reversed and B(z, T, t) can be written as an explicit absolutely

convergent series and satisfies

|B(a, T, 1)| < e~ 81w =30 (6.39)

where as in Proposition 6.6,

§=2r%3a(l —a)) O™t (6.40)

and C' is the constant that appears in the definition of contours (6.18).

Remark: For future reference we notice that: if x € A

F(TP) e e2ﬁ EyeZ\A(ZE) J(z*y), ifre A(IE) \Sf(IE);
@) =) x4 ey Ho—p) (6.41)
e vEALE)\ {2} , ifxd A(IE) U sf(IE).
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Let us now prove Lemmata 2.13 and 3.2
For the proof of (2.24), given t = (t;,i € A) € IR™, let us define for T¥ € T (p),

ZIr@P = Y e P e E ] s 3 en tile=T(LP)) (6.42)

INESyE

By elementary computations, one can check that

1kt oi|Spe) = 7:(T7) + —[In ZHTE ) . (6.43)

Then it is immediate to check that

P Zal (1—2p) (6.44)

since 7(TF) is made of p|A| sites in A with —1 and what remains is +1. Now recalling (6.38), the dominant
terms that comes from the second term in (6.43) gives a contribution to the mean

E
|A| Z 20E I[{dlst(z sf(TF) >1}§ @ (‘T) (645)
€A

Recalling (1.5) and writing £7€") (z) = [{E(ZE)(I) — & (B)| +E7T(B) in (6.45), to the term with £ ()
corresponds

a Z —25,(TP)ETH(B) = =26+ (8)(1 - 2p). (6.46)

IS

Recalling (1.4), we get (2.24) since, by similar arguments as in the end of section 4

[A] Z

i€EA

10674(8)

§UT §++(6) Sﬁ

|A|*~1 (6.47)

from which we get (2.24). Using (2.22) we get (2.23).

Let us now complete the proof the Lemma 3.2. It is enough to have an estimate uniform in the magnetic
field r which satisfies (3.20) or (3.22) for the two points truncated correlation function (3.25). For notational
simplicity, we consider only the case of (3.23), the case of (3.21) can be proved mutatis mutandis. Here we
have to start with a Ty with |Ty| = p|A|. Considering Z/‘\H'(TO,L) as in (6.42) we take first ¢ = r + £(¢,§)
where t;(4,7) = 0, if k #4,j while ¢;(4, ) = ¢, t;(4,j) = t; and then we get easily

0
ool LD o e 6.48
I (’f') [0_ 7U]| TO] 52 3151[%] 08 4\ ( 0,7+ (7/ j)) §5.1)=0 ( )

Note first that if the presence ot T impose that o; or o; are fixed, that is when 4 or j are in sf(Tp), see (6.3),
then the corresponding truncated correlation is zero. On the other hand, assuming that |i—j| > 2, depending
if |i — j| is smaller or larger than C, the dominant terms in (6.48) coming from the cluster expansion of
log Z]\LJF(TO, r + (i, 7)) are different. In the first case it comes from a single polymer made of a single contour
with two unit triangles located at site 7 and j, say T;, T} that should be compatible with the presence of Tg.
In the second case it comes from a single polymer made of two contours each one made of an unit triangle
located at site ¢ and j, that should be compatible with the presence of T} .
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It follows from [7], appendix 2, and proposition 5.4 there, that the corresponding activity is

£7(T0) (7)€7(T0) ()= Blr+1)274(T0) =B (r-+;)27, (To) B [H (T —HE (T LT (6.49)

where we have used (6.33). It can be checked by simple algebra that

20, (To)7; (1t
Hi (T, Ty) — HiH(T) — Hi (T)) = — W (6.50)
1= 7“7
Therefore, taking into account the error terms that come from the cluster expansion, we get
1ix (r)loi, 0|Sn,] =
25, (T0)7 (To) (6.51)

€710 (i) (T0) () e~ rami(To) ¢ =6r27: (To) 4, (T4 ) (To) [67 - 1] (12 Bilaim =)
inserting it in (3.24), it implies (3.23). W

Acknowledgements: We are indebted to Errico Presutti for many clarifying discussions, interest and

suggestions.
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